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Abstract

In this survey we will describe the most important state-of-the art surface representations,
and we will investigate their usefulness as modeling tools in geologic applications. The
representations that we will analyze include wavelet based representations, hierarchical
splines, subdivision surfaces, mesh based methods, schemes based on signal processing
tools and classic representations used in geoscience. These representations will be evalu-
ated using the most important requirements that a modeling system in geoscience should
fulfill. We conclude the survey with the description of some interesting research topics to
improve on the representations currently available.

1 Introduction

The representation of complex surfaces has been one of the core fields of computer graph-
ics, and over the years many different approaches to this problem have been constructed.

The word representation should not be identified with the data structures that allow to ren-
der complex meshes very fast and very accurately, since this is just one of the require-
ments that a good representation must fulfill. Other requirements include being able to
compute intersection curves between surfaces, model the error, edit surfaces at different
levels of resolution, fitting surfaces through clouds of points, and many more. A complete
list of the most important requirements for a surface representation in geoscience applica
tions can be found in Section 2.

None of the representations currently available is capable to meet all the surface require-
ments that an application might specify. Some of the requirements are not compatible:
constructing compact representations is often very important, but storing some redun-
dancy in the data usually allows to construct faster algorithm. As a consequence the cur-
rent representations concentrate on meeting a few important requirements.

In this survey we are going to analyze the state-of -the-art surface representations currently
available as well as the most influential classic representations. This analysis includes a
description of the theory that defines the representations, the operators used in the algo-
rithms, and an evaluation based on a set of requirements.

Figure 1.1 gives ataxonomy of the representations investigated in this survey. They can be
grouped into six categories.
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1. Wavelet based representations: Wavelets are very well understood from a mathematical
point of view, and they are defined in arigorous framework.
This category includes standard first generation tensor product wavel ets, second gener-
ation wavelets, the BLaC wavel ets and wavel ets over manifolds.

2. Hierarchical splines. The H-Spline representation is a pioneer work in hierarchical rep-
resentation of surfaces. This representation is based on the B-Spline basis function.

3. Subdivision surfaces: Subdivision operators generate smooth surfaces from polygonal
meshes, which by definition are piecewise linear. The first papers on subdivision are
more than twenty years old, but new papers are still improving the representation.

Surface representations schemes

— Wavelet schemes M esh based schemes

— Tensor product wavelets — Vertex removal

— Second generation wavelets — Progressive meshes

| BLaC wavelets —{ Pair contraction
— Wavelets over manifolds Progressive compression

| of 3D meshes

—1 Subdivision surface schemes

Signal processing on meshes

Subdivision surfaces | Signal processing on meshes

Subdivision Wavelet Transform Multiresolution editing of
arbitrary meshes

i i Multiresolution ~ Signal
| Classic representations used | Processing for meshes

In Geoscience | Implicit Fairing Using
DS Curvature Flow
Quadtrees Hierarchical B-Spline

Figurel.l A taxonomy of representationsanalyzed in this survey
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4. Mesh based methods: All the representations that work on piecewise linear representa-
tion of surfaces, which are either triangular or polygonal meshes, are listed under this
category. Wavelets, H-Splines, subdivision schemes and also signal processing methods
are not mesh based methods since they represent surfaces using higher order functions.
Some of the better known algorithms such as progressive meshes and the classic vertex
removal algorithm belong to this category.

5. Sgnal processing schemes: This family of representations apply discrete operators
based on signal processing tools on meshes with arbitrary connectivity.
These representations construct fairing operators to smooth meshes, and they use clas-
sic mesh based approaches to store the meshes.

6. Classic representations used in geoscience: there are two main representations used in
geoscience. The DSI agorithm allows to create surfaces that satisfy a number of user-
specified constraints, such as positional and higher order constraints on the vertices of a
mesh. Since the most commonly used data format in geoscience is the regular grid,
guadtree structures are often used to construct efficient representations.

In Section 2 we will list the most important requirements that a representation must fulfill
to optimally represent geologic models. The different requirements will be described and
weighted depending on their importance. In Section 4 through Section 9 we will describe
the different representations and evaluate them using the requirements listed in Section 2.
In Section 10 we will give some conclusions and directions for future work.
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2 Surface Representation Requirements

The development of complex surface representation schemes has been one of the core
fields of computer graphics and geometric modeling. The different representations cur-
rently available have succeeded in modeling certain properties of surfaces well, but none
of them was general enough to satisfy all the requirements that could be imposed on a rep-
resentation.

Since no representation is able to satisfy every modeling and visualization requirement,
we need to define a set of crucial surface requirements, and weight them with respect to
their importance. This step will allow us to evaluate all surface representations and to rank
them with respect to their usefulness in representing geologic models.

Table 1 summarizes the most useful requirements needed to represent geologic models:

Requirements Importance

Modeling of two-manifold surfaces with boundaries
Computation of surface-surface intersections

Scalable representation

Modeling of non-manifold singularities, tears and cracks
Error modeling

Smoothness of the surface

Multiresolution editing

Surface fitting

Support of local high variation in the curvature of the surface
Scale independence

Changes of the surface over time

A DD W W WDNDNE PP

TABLE 1. Requirementsfor the surface representations

The smaller the importance value associated with each requirement, the more important
the requirement is. requirements with an importance of one are mandatory, while require-
ments with an importance of four describe less crucial features.

In the remaining of this section the requirements listed in Table 1 will be described in
detail.

2.1 Modeling of Two-M anifold Surfaces With Boundaries

In order to properly describe what a two-manifold is, the concepts of macrotopology and
microtopology need to be defined.

» Macrotopology: describes the set of topologic properties that are independent of the
discrete representation of surfaces. The definition of a two-manifold and the genus of a
surface are two examples of macrotopol ogy.
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» Microtopology: describes the set of topologic properties that depend on the discrete
representation of surfaces. The definition of a pseudo-manifold and the concept of a
simplex connectivity are two examples of microtopology.

Surfaces can be classified according to their complexity: the simplest surfaces are defined
as height field over regular grids, the most complex surfaces are non-manifolds surfaces.
One important question that has to be answered is what type of surfaces must be supported
by the representation.

In order to be able to build geologic models we have to be able to model at least two-man-
ifold surfaces with boundaries. A two-manifold can be interpreted intuitively as a surface
that does not intersect itself. A more rigorous definition is given in Definition 2; additional
information can be found in [63]:

Definition 1. A homeomorphism is defined as a continuous invertible map f: K -~ H
whoseinverse f-1: H - K isalso continuous.

Definition 2:  An n-dimensional manifold with boundary M is a Hausdorff space such
that each point has an open neighborhood homeomorphic to R" or to
RY = {(xg, ..., x,) O R“|xn >0} . A two-manifold with boundary is an n-

dimensional manifold with boundary with n = 2.

Two-manifold surfaces are powerful enough to model simple horizons and faults that are
usually represented with regular grids as well as more complex objects such as salt domes.
Furthermore a representation that supports two-manifold surfaces with boundariesis capa-
ble of storing most of the surfaces that are generated by the intersection of two surfaces.

Two-manifold surfaces are not capable to represent some of the most complex faults and
horizons, such as the examples shown in Figure 2.1.

a) b)

Figure2.1  Complex non-manifold geologic surfaces
a) Thrust duplex structure
b) Normal and inver se faults
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Figure 2.2 illustrates a real world example of a complex geologic surface, a folded shale.
The picture was taken in Brienz, Switzerland.

Figure2.2 Folded shale (picture courtesy of H. Einstein and V. Ivanova)

If this type of non-manifold surfaces are present in a geologic model, it is possible to
decompose them in two-manifold surfaces, for example using the algorithm developed by

Gueziec et al. in[1].

2.2 Computation of Surface-Surface | nter sections

A geologic model isbuilt by first selecting avolume of interest and then inserting geologic
objects such as faults and horizons into the volume. This process is shown in Figure 2.3;
for a more accurate description of the problem of building geologic models refer to [70]

and [72].
_~
a) b) c)

Figure2.3  Construction of a geologic model
a) Subdivide aregion of interest with surfaces
b) Insert a subvolumeinto theresult
¢) Mark features such aslayers, horizons, and salt bodies
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Figure 2.4 illustrates how a geologic model is built using the Common Model Builder
(CMB), a modeling framework developed by Schlumberger. Additional information on

the CMB framework can be found in [58].

Volume of
Interest (VoI)

eologic horizon 1
Geologic horizon 2
8

c)

Intersection of the top
of a salt dome with
the two survey planes

Extrapolated top
surface of the salt dome

LAMESTONE

SANDSEONE

SHALE

Top layer

Salt dome Middlelayer

Bottom layer

d)

Figure2.4 A model in CMB (pictures courtesy of Schlumberger)
a) Seismic data extracted from a geologic survey
b) A surfaceisfitted through the seismic data
¢) Themodel after three surfaces have been introduced
d) The surfacesin the model boundsregionswith different material properties

The information on these modelsis stored in a boundary representation. This means that a
3D volume is defined by its 2D boundaries, 2D surfaces are defined by their 1D bound-
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aries and 1D curves are defined by their OD boundaries. An example of a boundary repre-
sentation is described in Figure 2.5.

A a B S
! ' %\
D‘ C g C A B C D
a) b)

Figure2.5 Boundary representation of a smple model
a) Labeled model
b) Boundary representation of the model

The information needed to keep a consistent boundary representation of geologic models
is computed via surface-surface intersection algorithms. These algorithms are used when a
fault or horizon is added in the model, or when one of the surfaces already in the model is
edited.

2.3 Scalable Representation

The complexity of geologic models varies greatly: some models are relatively simple and
are described with a few thousands primitives, other models are much more complex and
are described with millions of primitives.
A good surface representation must be able to handle surfaces of any complexity, i.e. it
should fulfill the following requirements:

» The time required to build a representation of a surface must have a low complexity,
equal or smaller than O(n ogn), where n corresponds to the number of verticesin
the piecewise linear approximation of the surface.

» The storage requirements for a representation of a surface must aso have a low com-
plexity, equal or smaller than O(n ogn), where n corresponds to the number of trian-
glesin the piecewise linear approximation of the surface.

» Once the representation of the surface has been constructed and stored it must be possi-
ble to generate error-bounded approximations of the surface. The quality of the approx-
imations must depend on two factors:

1. It must be possible to interact with the model. Since it is currently not feasible to
interact with full resolution models, the representation has to return an approxima-
tion of the model that minimizes the error norm, but still allows interaction with
the model.
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2. The representation must scale with the available hardware: the approximations on
less powerful workstations will be coarser than the representation on powerful
supercomputers.

The importance of scalable surface representations is growing steadily, since data acquisi-
tion systems are able to extract more and more information and build better and more
complex models.

2.4 Modeling of Non-Manifold Singularities, Tearsand Cracks

A representation that can model two-manifolds is capable of modeling most of the sur-
faces commonly found in a geologic model. However other primitives exist that would be
useful to model:

» Aswe have seen in Section 2.1 a representation that can model two-manifold surfaces
is powerful enough to model most geologic models. There is one particular instance of
non-manifold surfaces that we would like to model: pseudo-manifold singularities,
which are defined in Definition 3 aswell asin [63].

Definition 3: An n-dimensional pseudo-manifold is an n-dimensional finite, regular CW-
complex which satisfies the following three conditions:
1. Everyfaceisa face of some n-cell
2. Every (n—1)-dimensional cell isa face of exactly two n-cells
3. Given any two n-cells e and € there exist a sequence of n-cells
€y .-, € Suchthat e, = e, g = € and each pair (¢, _;,€) hasa
common (n—1) -dimensional face.

The vertex v in Figure 2.6 is an example of a pseudo-manifold singularity:

Figure2.6  Pseudo-manifold surface

The surface drawn in Figure 2.6 is not atwo-manifold, since the vertex v does not have
aneighborhood homeomorphic to either R2 or R2, but it is a pseudo-manifold, since it

satisfies the conditions of Definition 3.

These vertices are obviously very important: the removal of v from the mesh would not
only change the connectivity locally, but it would also change it globally, since the hole
in the surface would no longer exist.
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» The second type of objects we would like to represent includes tears and cracks. These
objects could be represented easily if we could embed curves in the surfaces. Embed-
ded curves could aso be used to represent intersections.

2.5 Error Modeling

Error modeling is an essential component of a surface representation that gives the user
feedback on the quality of the approximated model he is interacting with.

Real-time interaction with full-resolution geologic models is often not feasible, since the
models are too complex and they are represented with too many primitives; it is often nec-
essary to build simpler approximations that can be handled in real-time. Specific informa-
tion on the requirements of a scalable representation can be found in Section 2.3.

The simpler models do not contain al the information of the full-resolution models. The
differences between the approximations and the original models are introduced by:

* reducing the number of primitives, usualy triangles, in the model
» approximating the location of the verticesin the model

The goal of an error modeling system is to give the user an insightful application-depen-
dent feedback on the quality of the approximations.

As an example, a geologist visualizing a model might be interested in an error norm that
describes the difference between the approximated and the original full-resolution model
from a visualization point of view. On the other hand during a flow simulation the error
norm could describe the differences between the volumes defined in the approximated
model and the volumes in the full resolution model.

2.6 Smoothness of the Surface

The mesh that describes a surface can be interpreted in two different ways:

» the mesh fully defines the surface. The surface is identified with the collection of poly-
gons and vertices that specifies the mesh.
Representations based on this assumption can usually model surfaces with any connec-
tivity, but they are not very well suited to model the error and to edit surfaces.

» themesh isused as a constraint to build the surface representation, which is defined as
a piecewise defined smooth function.
Representations based on this assumption are usually restricted to simple connectivity,
such as quaternary subdivision meshes, but they are better suited to model the error and
to edit surfaces.

Since there is no unigue surface that interpolates a given set of points, there is some free-
dom in the choice of the surface. We choose to construct smooth surfaces, with non-
smooth regions only where needed. Among other benefits, this choice allows to easily
define which component in the input data is noise.

10
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2.7 Multiresolution Editing

Editing is an integral component of a surface representation for geoscience. The most
important application of a multi-resolution editing tool is the ability to enforce geologic
constraints to models that were generated automatically using a surface fitting algorithm.
Thisisacrucial step in the construction of a geologic model, since fitting algorithms build
geometrically consistent models, but they cannot guarantee that geologic constraints are
met.

Multiresolution editing tools make the editing easier by allowing the user to edit surfaces
at different levels of resolution, which means that the support of the edit operations can be
made larger or smaller depending on the type of edit needed.

Furthermore multiresolution editing tools edit either smoothed polygonal meshes or
higher order functions, so that a surface generated by an edit operation is as smooth as the
surface before the edit, and an edit affects the correct frequency interval of a surface.

2.8 Surface Fitting

There are two principal types of data used to construct geologic models:

» Borehole data: the data is measured in a borehole. This type of data is precise and
densein depth, but it is very sparse, since the distance between boreholesis large.

» Seismic data: the datais acquired by emitting sound waves into the ground and analyz-
ing their reflections. These datasets are much more dense, but less precise.

The borehole and seismic information is not directly available as a set of faults and hori-
zons that define the geologic model in the boundary representation; instead the informa-
tion is specified with sets of points or sets of curves. These points and curves must then be
connected together to form surfaces, and thisisthe goal of the surface fitting methods.

2.9 Support of Local High Variation in the Curvature of the Surface

As we have seen in Section 2.6 one of the surface requirements is to generate smooth sur-
faces using (piecewise) smooth functions. We have chosen to construct smooth surfaces,
since the resulting models will look more natural. While surfaces should be represented as
smooth objects, portions of the surfaces might not be smooth. These non-smooth regions
should be represented correctly by the surface representation.

Ridges and horizons cut by faults are two examples of non-smooth regions.

2.10 Scale Independence

Geologic data ranges from millimeters to kilometers: as already discussed in Section 2.8
the distance between boreholes is usually measured in kilometers, but the data that is col-
lected in a borehole has a resolution of a few millimeters. A surface representation must
therefore be independent of any scale and be able to represent very high resolution data as
well as coarse data.

11
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All the representations that are going to be analyzed in this survey fulfill this requirement,
and we will not discussit further.

2.11 Changes of the Surface Over Time

The geologic models are built from the information generated from the acquisition sys-
tems. These models describe portions of the earth crust at a given point in time. Thisinfor-
mation is then used to describe flows of gases and liquids, such as oil, gas and water. In
order to model this information it is necessary to extend a surface representation to four
dimensions:. three dimensions describe the geometric position of the vertices, one dimen-
sion specifies the temporal position of the model.

12
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3 Introduction to the Surface Representations Schemes

In the following six sections we will introduce the most important state-of-the-art surface
representations available today. We will describe these representations and evaluate them
with respect to the requirements introduced in Section 2; more details on the representa-
tions can be found in the original papers.

Since there are so many representations currently available, it is not feasible to present
them all separately, therefore we grouped them into different categories. For each of these
categories the basic mathematical background will be described, as well as some of the
most interesting results. Due to the sheer number of papers and theoriesin thisfield we do
not claim completeness, unintentionally some representations may have been left out.

The representations that will be discussed in this survey can be categorized in many differ-
ent ways. For our purposes we decided to distinguish between representations that work
on:

» Higher order functions: the surfaces are not defined by the polygona meshes, but by
piecewise defined higher order functions. The subdivision surface schemes are one well
know example: although the basic components of this representation are polygons, in
the limit these schemes generate provably smooth surfaces.

» Polygonal meshes: these algorithms work directly on the mesh and build data structures
to efficiently store, access and visualize meshes.
Note that the polygonal meshes can also be interpreted as linear CO approximations of
smooth surfaces.

The two approaches have been mutually exclusive up until recently: arepresentation either
worked on a polygonal mesh or it work on higher order functions. This is not true any-
more: it isimportant to notice that some of the most recent works are trying to unify these
two different approaches by using signal processing tools on meshes with arbitrary con-
nectivity.

13
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4 Wavelet Based Representations

4.1 Tensor Product Wavelets

In this section we give an overview of the classical multiresolution analysis applied on

functions defined over R" in the context of wavelet transform. We first describe the basics
of multiresolution analysis, and then give some examples of basis functions that could be
used to represent surfaces in geoscience.

The theory presented in this section is meant to give an overview of the vast field of multi-
resolution analysis and wavelets. More details on multiresolution analysis, wavelets and
filter banks can be found in the original paper of Mallat [61], in the classic books of Chui
[10], Daubechies [16], Yves Meyer [64], Eric Stollnitz et a. [78] and [79], as well asin
[65], [80], [12], [4] and [60].

A surface representation framework based on first generation wavelet is described in [39].

The results presented in this section allow to construct a multiresolution representation of
surfaces defined as height fields over regular grids. As a consequence it is possible to
model most faults and horizons present in ageological model, since most of these surfaces
are currently represented using this regular grids.

4.1.1 Definitions

The classic wavelet theory analyzes the space L2(R) of all measurable functions f(x)
defined in EqQ. 4.1:

[oe]

Jlf(x)|2dx<oo (EQ4.1)

In a similar way Eq. 4.2 defines the space 12(R) of al bi-infinite square-summable
sequences {c;, i 0 Z} :

Y of?<o (EQ4.2)

| = —o0

One integral component of a multiresolution analysis is the inner product between two
functions f(x), g(x) O L2(R) defined as

(), 9090 = [ f() (x)dx (EQ43)

Eq. 4.3 can be used to define the two-norm of afunction f(x):

14
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If(x)ll, = CF, fi/2 (EQ 4.4)

Furthermore, the Kronecker function is defined as

5 :Ellforj =k (E045)
kT Hofor j £k '

A sequence of elements { e, i 1 Z} inan Hilbert space H formsaRiesz basis of H if:

1. For any sequence of elements {c;,i0Z OI>(R) there exists constants
0 > b, >b, >0 such that

b, O{c}|5= Zci [e,

js b, O{c} |5 (EQ46)

2. The vector space Zci [ isdensein H.
|

For a definition of the Hilbert spaces see[71] and [76].

4.1.2 Multiresolution Analysis
We start our investigation by constructing afunction (x) that can generate L2(R) .

The first property of {(x) can be extracted directly from Eq. 4.1: the value any function

f(x) O L2(R) must either decay exponentially to zero towards o or have a compact
support.

The most straightforward strategy that allows (x) to cover R isto consider its integral
shift:

P(x—Kk), kO Z (EQ4.7)

The function Q(x) must aso be able to capture the information of any function
f(x) OL2(R) at different levels of detail, from small scale changes in the function to
large scale changes. This information can be captured by binary dilation of {(x):

P21 x),jOzZ (EQ4.8)

From Eqg. 4.7 and Eq. 4.8 anew set of functions can be defined:
W ((¥) = W2 x-K) (EQ4.9)

that are generated by the single mother function (x) .

15
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If the generating function Y(x) is assumed to have unit length, meaning that
lw(x)l, = 1, then the new functions W (x) can also be scaled to have unit length by
defining:

W (x) = 272 0p(2) Dx—k) (EQ4.10)
If the set of functions { W, «(X)} isan orthonormal basis of L?(R), which means that

Hpj'k(x), W ()0 = 61-,, By m (EQ4.11)
and each function f(x) O L2(R) can be written as

f(x) = Z Z Cj k W k(X) (EQ 4.12)

j= —ook = —00
then the generating function (x) is called an orthonormal wavel et.
If the set of functions { W, I((x)|j, k0Z} isaRieszbasisof L2(R) then the generating

function Y(x) O L2(x) iscaled an R-function. Furthermore an R-function is also an R-
wavelet if there exists afunction ()(x) O L2(R) , aso-called dual wavelet, such that:

W5 (), Oy (0 =8 | By (EQ 4.13)

)= 5 5 O, W), (90 | (x) (EQ4.14)

]:—Ook:—OO

Next, we can define the space generated by the closure of the linear span of

(W, (0): kD7 :
Wi = cIost(R) span { qu,k(x): kOZ} (EQ4.15)

From the definition of a space W in EQ. 4.15 and the definition of the function Y(x) the
space L2(R) can be described asadirect sum O of the spaces W;:

a
2 —
L4(R) = Z W; (EQ 4.16)
joz
One last component needed for amultiresolution analysisis the definition of the space V i

Vi= L OW 8 W, (EQ4.17)

16
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Definition 4: Any R-wavelet (or wavelet) generates a direct sum decomposition of
L2(R) described in Eq. 4.16. Equivalently any wavelet builds a multireso-
lution approximation of L2(R) with the following properties:

1L..0V. 0 vy M,

N

N V; ={0} and [] Vv, isdensein L%(R)

j =

j
3. f(x)0V; = (239 0V, forall f(x) OL*(R) andall j0Z

4. f(x) OV, = f(x—k) OV, forall f(x) 0L*(R) andall kOZ

5. Vj+1:VjDWj,foralljDZ

6. There exists a mother function @(x) O L2(R) that defines a set of scalar basis functions
@; k(X) = 21/2 0p(2) Tx—k) whose closure generates V :

Vj = cIost(R) span {(pj’ (X): kO Z} (EQ4.18)

One fina comment: the scalar and wavelet basis functions defined in this section satisfy
the two-scale relation, which is used to construct the basis functions at level j using alin-
ear combination of the basis functionsat level j + 1:

@ 1(x) = Z P [89; 4 1, k(%) (EQ4.19)

Kk = —0

W (x) = z Ok 100 4+ 1, k(X) (EQ4.20)

k = —o0

4.1.3 Filter-Bank Representation of Signals

As discussed in the previous sections the wavelet theory is used to represent any function
f(x) OV, in L2(R) at different levels of resolution. This is accomplished by projecting

the function f(x) in the subspace V, _,, and by storing the difference in the orthogonal
subspace W; _; . This process can be repeated n times, resulting in a multiresol ution rep-
resentation of the function f(x).

The decomposition and reconstruction operations can be defined with four matrices A, B,
P, and Q asfollows:

17
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» Thetwo analysis matrices A and B decompose adiscrete signal ¢; [ V; into a coarser
discretesignal ¢; _; OV, _, and adifferencesignal d, _; OV, _;:

c_, = Alg (EQ4.21)

d_; = BLE; (EQ4.22)

» Two synthesis matrices P and Q reconstruct the discrete signal ¢; OV; from the
coarsesignal ¢; _; 0V, _, andthedifferencesignal d, _; OW,; _;:

¢ =PLL_;+Q_, (EQ 4.23)

These two steps can be repeated on the input signal, thus generating a multiresol ution rep-
resentation of the signal. The resulting algorithm, called filter bank algorithm, is illus-

trated in Figure 4.1 for adiscrete input signal ¢, 0V, :

chY .0V, ic,zmv \\cmv

i1 OW,_4 i W, _5

a)

c; LV, L» Ci+ UV, » C_1 0V, 1—>C OV;

deWjK J+1DWJ+1/ / i1 U Wi_ /

Figure4.1  Filter bank algorithm
a) Decomposition step
b) Reconstruction step

After the decomposition step the input signal ¢; [ V; is represented by its projection ¢ J-
onto the space Vv plus all the discrete details signals { d, [ Vk|k =J,....,i—1} needed

to reconstruct the signal.
The matrices P and Q used in the reconstruction step can be derived from the two-scale

relations expressed in Eq. 4.19 and Eq. 4.20, and the projection matrices used in the
decomposition step can be constructed using Eq. 4.24:
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% = (PO (EQ4.24)
Let dim(c;) denote the size of thesignal ¢, O V, . The size of the matrix P which upsam-
ples the signal c; [V, to the space V,, ; hasthe size dim(c; , ;) x dim(c;), the matrix
Q, which adds the details d, 0 W, back to reconstruct c;,,0V;,,; has the size
dim(c; 1) x (dim(c; , ;) —dim(c;)).

The size of the matrix A, which projectsthe signal ¢; . ; OV, to ¢; 0V, hasthe size
dim(c;) xdim(c; , ;), and the matrix B which is used to compute the detail signal
d; OV, hasthesize (dim(c; , ;) —dim(c;)) x dim(c; . ;).

4.1.4 Orthogonality of Wavelets

In the literature many different scalar and wavelet basis functions have been constructed
that satisfy the conditions described in Section 4.1.2; some of the better known basis func-
tions will be described in Section 4.1.5. These bases can be classified according to their
degree of orthogonality:

» Orthogonal wavelets: full-orthogonality is the tightest constraint for a basis function,
which must satisfy

Eq. 4.25 implies that the inner product between a wavelet basis and a scaled and/or
trandlated wavelet basis must be equal to zero.

» Semi-orthogonal wavelets: semi-orthogonality is a more relaxed constraint, which
requires a basis function to satisfy
b (), Wy ()0 =9 (EQ 4.26)

Eq. 4.26 implies that the inner product of two wavelet basis at different scales must be
equal to zero.

» Bi-orthogonal wavelets. if awavelet basis does not satisfy the semi-orthogonality con-
dition, then it must satisfy the bi-orthogonality condition

(5 (%), U ()0 = 51 By m (EQ4.27)

Eq. 4.27 implies that the inner product between the primal wavelet basis i k(x) and

the dual wavelet basis JJ,, m(X) at different scales and/or for different translations must

be equal to zero.

The orthogonality conditions for the scalar basis functions follow directly from Eq. 4.25
through Eq. 4.27.
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4.1.5 Basesfor Tensor Product Wavelets

The multiresolution analysis described in Section 4.1.2 did not specify which functions
@(x), the so called scalar functions, and (x), the so called wavelet functions, are valid
generating functions. In this section we briefly examine some well known basis functions:

* B-Soline wavelets: are constructed from the B-Spline functions, and they represent one
of the better known family of wavelets. The scalar and wavelet functions are defined as:

@ k(X) = N™(2] [k~K) (EQ 4.28)
3m-2
Pk = > 0 g k() (EQ4.29)
=0
m
g = (-1)'@-mOy %D\lma +1-n) (EQ 4.30)
n=0

where the NM(x) isthe B-Spline function defined by:

Mifusu<u;,,

Ni(u) = O _ (EQ4.31)
0 otherwise
u—u U: —u
NM(u) = ————NM=3(u) + —L— NM=(u) (EQ4.32)
i+m Ui Usm+1—Uis1

and m specifies the order of the B-Spline basis function. The set of parameters
{u |i [0 Z} define apartition of the unit interval where the B-Spline basis functions are

defined.
The most important properties of B-Spline wavelets are listed below:

1. They are symmetric for even m and antisymmetric for odd m
2. They build a semi-orthogonal basis

3. They have m—1 vanishing moments
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The scalar and wavelet basis functions generated by a cubic B-Spline are drawn in
Figure 4.2.
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Figure4.2  Cubic B-Splineswavelets
a) Scalar basisfunction
b) Wavelet basisfunction

The wavelet transform for discrete surfaces computed with the B-Spline basis functions
Is implemented with matrix operations. The matrix-matrix and matrix-vector multipli-
cation operations needed to compute the wavelet transform are very expensive: they
have a complexity of O(n2), where n is the number of points on the surface. In order
to compute the wavelet transform faster linear algebra approaches are necessary to
reduce the total complexity of these operations. Using these approaches the complexity
can be reduced to O(n) .

More information on the endpoint interpolating B-Spline basis functions can be found
in[68], [11], and [69].

Battle-Lemarie wavelets: these basis functions were constructed independently by Bat-
tlein [2] and Lemarie in [52]. The Battle-Lemarie scalar and basis functions orthogo-
nalize the semi-orthogonal scalar and wavelet B-Spline basis functions.

This goal is achieved by use of atheorem that states that the family { @(x —k): k 0 Z}
isan orthonormal basisif and only if the following equation holds:

Z |P(w+21K)[2 = 1 (EQ 4.33)

k = —0
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where ®(w) isthe fourier transformed of the basis function @(x) .

This theorem can be applied directly to define the Fourier transform ®(w) of the new
scaling function as

W)
Oy N
B S

where N™(w) is the Fourier transform of the B-Spline basis defined in Eq. 4.31 and
Eq. 4.32.
The Fourier transform of the new wavelet function W(w) is defined as

P(w) =

(EQ 4.34)

W(w) = —e D—¢(w+2n) (EQ4.35)

dJEWr%

The formulafor the scalar and wavelet basis functions can be defined as;

o(x) = z c, INM(x—n) (EQ 4.36)

n=—o

P(x) = z (d,,,—2d,+d,_;) Op(2x—n) (EQ 4.37)

n=—oo
The coefficients ¢, for the scalar basis function Eq. 4.36 correspond to the Fourier

coefficients of Eq. 4.34, and the coefficients d,, for the wavelet basis function in
Eq. 4.37 correspond to the Fourier coefficients of Eq. 4.35.
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Figure 4.3 illustrates the Battle-Lemarie scalar and wavelet basis function obtained
from the cubic B-Spline basis functions via the orthogonalization process:

1 0(X) B(x) ;'\
|
c“\ 1 I
[ “
\‘\ “
0.8 [ ‘\
[ \
[ \
N |
061 ‘ | 0.59 “
L
a 1
0.4+ “ ‘\ N;\‘ \ ‘ “H\/
| — / | \
| | 0 ~_ " / | | \ /N —
| \ \ “ “ Y
0.2 “ “ ]
| ]
‘/\ “ “ “A\ 0.5 H H
| I\ . -
TNV [
| |
I |
02] J V|
% -4 2 0 2 4 6 8 % -4 2 0 2 4 6 8
a) b)

Figure4.3 Battle Lemariewavelets generated from the cubic B-Spline function
a) Scalar basisfunction
b) Wavelet basisfunction

The orthogonalization process described in this section that allows to build the Battle-
Lemarie wavelets has the drawback of generating wavelets without alocal support: the
scalar and wavelet basis functions shown in Figure 4.3 decay exponentially toward
zero, and their support is the whole real line. As aresult the matrices P, Q, A, and B
are dense, and the complexity of the decomposition and reconstruction steps of afilter
bank algorithm is therefore quadratic in the number of pointsin the surface.

A detailed description of the Battle-Lemarie wavelets can be found in the origina
papers of Battle [2] and Lemarie[52], aswell asin[10] and [16].

Gabor wavelets: the Gabor wavelets have been primarily adopted in image processing
applications as an analysis tool. One important feature of Gabor waveletsisthey mimic
the behavior of pairs of cellsin the primary visua cortex well. The wavelet transformis
not computed with a tensor product ansatz using one-dimensional basis functions asin
the case of the other wavelet bases described in this section, but by convolution:

[oe]

r(x) = J’ f()P (X —x)dx' (EQ4.38)
The scalar function is defined as a Gaussian curve
1 _XTx
@®(x) = —e 2% (EQ 4.39)

Jno
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whereas the wavel et function is modeled as a plane wave weighted by a Gaussian func-
tion:

1 _XIx
X) = ———¢ilxg 20° (EQ 4.40)
P(x) Tro

Furthermore, the plane wave can be oriented, so that many different wavelet functions
are generated.

Note that the Gabor wavelets do not have vanishing moments.
Figure 4.4 illustrates an example of Gabor scalar and wavel et functions:

a)

Figured4.4 Gabor wavelets
a) Scalar basisfunction
b) Wavelet basis function

More information on Gabor wavel ets and filters can be found in [38], [3] and [20].

Daubechies wavelets: the Daubechies scalar and wavel et functions do not have a closed
form; the bases are implicitly computed, for example, by spectral factorization of atrig-
onometric polynomial. As an example, we show how to construct an orthonormal basis
with a compact support and maximum number of vanishing moments.

Thefirst step consists in finding the non-vanishing coefficients h,, of
2N-1

Mo(w) = 1p > hyQeine (EQ 4.41)
n=0

2

The function my(w) is used to define a two-scale relation-like formula for the scalar
basis function in Fourier space:
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— m (W (W0
P(w) = mODzDDCDEQD (EQ 4.42)

The coefficients can be computed using the assumption that

=N
mp(w) = FE (@) (EQ4.43)

where

L(@) = IS(@)? = Pganmﬁ -

oo~
(EQ 4.44)
d\' 1”@ QPPPRNTS da D}_snmﬁ
y- 0 K DZD [Pl (bt

In order to generate a set of orthonormal basis functions with minimal support and
maximal number of vanishing moments Eq. 4.45 must hold:

R% smg*zgzg =0 (EQ 4.45)

The coefficient h, can then be computed by evaluating L (w) and representing it as

M
L(w) = Z |, Ccos(mw) (EQ 4.46)
m=0
and then using a Lemma of Riesz, which states that for each trigonometric polynomial
of the form Eq. 4.46 there exists atrigonometric polynomial of the form

M
B(w) = Z b,,, Cemw (EQ4.47)
m=0
such that |[B(w)|? = L(w).
Once the coefficients h,, have been computed it is possible to compute the scalar and
wavelet bases using the two scale relation:

o(x) = ﬁz h,®(2x—n)
n (EQ 4.48)

B(X) = N25 (1), 10(2x 1)

Finally, it is necessary to compute the value of @(x) at afinite number of positions, for
example at all integer positions, and then use the two scale relation formula to compute
the value of the function at any other position.
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Figure 4.5 shows some basis functions generated using this scheme:
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Figure4.5 Daubechieswavelets
a) Scalar basisfunction for N=2
b) Wavelet basis function for N=2
¢) Scalar basisfunction for N=5
d) Wavelet basis function for N=5

The scheme we presented in this section constructs wavelet bases with a maximum
number of vanishing moments. The scheme generates a subset of the family of the
Daubechies wavelet functions. More information on this topic can be found in [16],
[15], [17], and [13].

4.1.6 How to Represent a Grid with First Generation Wavelets

In this section we show how to construct a multiresolution representation of atwo dimen-
sional regular grid using the simple Haar basis function defined as:
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(x) = O if0sx<1 (EQ 4.49)
¢ EO otherwise '
049 1
i 1 |f0£x<2
= B 1 EQ4.50
qJ(X)_E—l if =<x<1 (EQ4:50)
i 2
0O otherwise

A wavelet representation for a multidimensional grid can be computed easily using the

tensor product approach: a one dimensional wavelet transform is applied at each dimen-
sion, one at atime.

Figure 4.6 shows the decomposition step of atwo-dimensional image:

b) o c)

d) - e)

Figure4.6  Wavelet decomposition of an image (magnitude of the wavelet detailsincreased by 4)
a) Original input data
b) One dimensional wavelet transform in x
¢) One dimensional wavelet transform in y; first level of decomposition
d) Onedimensional wavelet transform in x
€) Onedimensional wavelet transform in y; second level of decomposition

One level of decomposition of an input two dimensional grid (Figure 4.6-a) is achieved by

first computing a wavelet transform along one dimension (Figure 4.6-b), and then along
the other dimension (Figure 4.6-c).

Using the terminology developed in Section 4.1.3 the input grid can be thought as a dis-
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cretesigna ¢; ; U V; x V,. Thefirst wavelet transform decomposes one of the dimensions,
which results in two new signals:

Ci—l,i:AEbi,iDVi—lei (EQ4.51)
di_q; = BLE  DW;_; xV, (EQ4.52)

In Figure4.6-b ¢; _, ; is represented by the upper-left half of the surface, which retains

many of the features of the original surface, and d; _,

which isamost flat.
After applying the wavelet in the second dimension, the surface is divided into four sub-

is represented by the other half,

patches: ¢; _, ; isdecomposed in
Ci_gi-1 = AL 0Vi_1xVi (EQ4.53)
dl_y i1 =BG, OVi_1 xW_, (EQ4.54)
and d; _, ; isdecomposedin
d2 -1 = ATy OW 1 xVi_y (EQ4.55)
d g -1 = BO 3 i OW_ X W, (EQ 4.56)

The subpatch ¢; _, ; _;, which contains the coarser representation of the surface, is then
further decomposed in Figure 4.6 d-e.

4.2 Second Generation Wavelets

As we have seen in the previous section, classic tensor-product wavelets that span L2(R)
are generated through binary dilation and dyadic translation. This type of basis functions

is more than adequate to represent functions f (x) defined over L2(R), but it is not gen-
eral and powerful enough to handle irregular settings, such as a function defined on a
sphere.

In second generation wavelets, basis functions are generated using the lifting scheme,
which alows to construct a broader range of bases than the dilation and transl ation opera-
torsin thefirst generation wavel ets: the construction starts with a choice of asimple wave-
let, which is lifted to a new and more complex wavelet that possesses a set of properties
useful to model specific types of signals. The lifting scheme allowsto generate first gener-
ation wavelets, as well as new types of wavelets defined over more complicated domains,
such as spherical domains or quaternary subdivision meshes.
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In the first subsection we will introduce the basics of the new multiresolution analysis for
the second generation wavelet; next we will present the lifting theorem, and finally we will
give asimple examples of how the lifting process works.

More detail on second generation wavelets and their related theory can be found in [81],
[82], [83], [84], [33], [19], [73], and [85].

4.2.1 Multiresolution Analysis of Second Generation Wavelets

Second generation wavelets generalize the wavelet theory to more general settings than

L2(R) . Ideally this new generation of wavelets should preserve some of the properties of
the first generation wavelets, such as:

1. Thewavelets must form aRiesz basisof L2(R) (see Section 4.1) aswell as an uncondi-
tional basisfor a space F, so that afunction f(x) 00 F can be represented as

FO=5 > VimWm®) (EQ4.57)

j:-oom:_oo
where {qu,m(x)|j,mDZ} is the set of wavelet basis functions and
{yj, m(X)J, mO Z}  arethe coefficients of the linear combination.

2. The wavelets are either orthogonal or the dual wavelets are known.
3. The wavelets and the dual wavelets are local both in space and frequency.
4. The waveletsfit into a multiresolution analysis framework.

In addition to this basic set of properties the second generation wavelets are expected to
fulfill the following properties as well:

1. 1t should be possible to define wavel ets on more general settings than R", like wavelets
on curves, surfaces and more generally on manifolds.

2. It would be desirable to define wavelets over irregularly sampled data, since the data
acquired in red lifeisoftenirregularly sampled.

Now that the goals of this new representation have been set, we will begin the investiga-
tion of the second generation wavelets by constructing a multiresolution analysis. The

multiresolution analysis is built on a space L2 = L2(X, Z, u), where X O R" is the spa-
tial domain, X~ isa o-agebraand p isanon-atomic measure on . Then:

Definition 5: A multiresolution analysis M of L2 is a sequence of subspaces
M ={V;D L2|j0J02Z suchthat

1L .0V Vg ¥,
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2. N V;={0} and []V; isdensein L2
j0J

jod
3.V, has a Riesz basis defined by{(pj’k(x)|kDK(j)} , Where K(j) is
an index set

The lifting scheme does not lift orthogonal or semi-orthogonal bases (see Section 4.1.4) in
general, but only bi-orthogonal bases. Therefore it is necessary to define a dual multireso-

lution analysis M = {V; 0 L2|j 0J} . The spaces V; have a Riesz basis defined by
{, | kOK()} -

The construction of the scaling functions 9, «(X) and their duals (ij, k(X) are computed
using the two-scale relation formula:

@ (x) = KZ hi k1 094 1,1(X) (EQ 4.58)
IOK({+1)

Gk = Y ki D00 (EQ459)
IOK(j+1)

Where{hj‘k‘,|l OK(j+1)} and {ﬁj,k,||l O R(j + 1)} arethe sets of coefficients of the

two linear combinations. A more detailed description of this construction can be found in
[81].

Definition 5 specified a multiresolution analysis for this new setting and defined the scalar
basis functions. Definition 6 describes the wavelet basis functions:

Definition 6: A set of functions{qu’m(x)|j O0J, mOM(j)} , where M(j) isdefined as
M(j) = K(j +1)\ K(j), isaset of wavelet functionsif:
1. Thespacer = clos,, span{qu’m(x)|mD M(j)} isacomplement of

O W, m(X) . _ OO @ k(X)
2. I OJ=N,mOdM 0 )
v, ]| MR o

2 Y, m(X) j0J=2Z,m0O M(j)g forma Riesz basisfor L2.
H

k O K(O)S or
[

As aready mentioned the lifting scheme will not lift orthogonal or semi-orthogonal bases
in general, but only bi-orthogonal bases. It is therefore necessary to define a complement
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Space \7Vj and a complement set of wavelet basisfunctions{JJj7m(x)|j 0J,m0O I\7I(j)} )

The new space \7Vj is the complement of \7j in \7,- +1,anditisorthogonal to V.

The primal and dual wavelet basis functions must also satisfy the two-scale relation
defined in Eq. 4.60

Wi m(x) = KZ 95 m,1 195+ 1,1(X) (EQ 4.60)
IOK({]+1)

Gim) =Y G W 11(%) (EQ4561)
IOK(j+1)

Where{gj’m,||l OK(j+1)} and {éj,m,l“ 0 R(j + 1)} arethe sets of coefficients of the
two linear combinations.

The orthogonality conditions that a wavelet basis function must meet are described in
Section 4.1.4.

4.2.2 TheLifting Scheme

As we mentioned in the introduction of this section, the core component of second gener-
ation wavelets is the lifting step. A lifting step can either lift the dual scalar function and
the primal wavelet function or the primal scalar function and the dual wavelet function.
These two lifts will be introduced in Theorem1 and in Theorem 2. Figure4.7 and
Figure 4.8 show how the lifting steps can be implemented into a fast wavelet transform.

Theorem 1 describes how to lift the dual scalar basis function and the primal wavelet basis
function:

Theorem 1: From an  initial set of  biorthogonal basis  functions
{ @9d(x), @9(x), wold(x), Hod(x)} a new set of biorthogonal basis func-
tions { e(x), ®(x), W(x), P(X)} can be constructed as:

05 k() = 99%(x) (EQ4.62)

Gk = Y M ei00+ Y S Dm0 EQ463

10K +1) mOM(j)

Wi m(X) = wﬁ'?n(X)— DZ Sj, k, m [89j, m(X) (EQ4.64)
kOK())

Oim) = Y 9% je11(X) (EQ4.65)

IOK( +1)
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Theorem 1 can be easily implemented using a fast wavelet transform. Figure 4.7 shows
how to construct the decomposition and reconstruction steps of the filter bank algorithm

presented in Section 4.1.3 for an input signal {cj +17k|k OK(j)} .

Forward transform from level j + 1 tolevel j:

Ok OK(j): ¢ = g 'R T4 q,
IOK({ +1)

Om O M(j): dj,k: KZ ngl 1
IOK({ +1)

Ok OK()): ¢ = ¢t D% Sj,k,m ) m
()

Inverse transform from level j +1 tolevel j:

(1)

DIOK@G+1): €40 = g1 it 991 ), m
kOK()) mdM™M(j)

Figured.7 Lifting of the primal wavelet basis functions

Theorem 2 describes how to lift the primal scalar basis function and the dual wavelet basis
function:

Theorem 2: From an  initial set of  biorthogonal basis  functions
{ @9d(x), @9(x), wold(x), Hod(x)} a new set of biorthogonal basis func-
tions { e(x), ®(x), W(x), P(X)} can be constructed as:

(Pj,k(x) = Kz ho'ﬂ RECEY 1(X) + D% Sj,k,mﬂbj,m(X) (EQ 4.66)
1+1) (1)

0,k = PE(X) (EQ4.67)

Y m(X) = KZ 999, [ 4 1 1(X) (EQ4.68)
T+ 1)

Bj,m() = BILO0 = T8 4 m 05, m(X) (EQ4.69)

kOK(j)
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Theorem 2 can aso be implemented using the fast wavelet transform. The reconstruction
step of the filter banks algorithm are shown in Figure 4.8:

Forward transform from level j + 1 tolevel j:

IOK{]+1)

OmOM(j): dj = g @ﬁlﬂw,l[bjﬂ,l_mz Si, k. m L€
IOK{T+1) k OK(j)

Inverse transform from level j + 1 tolevel j:
k

OlOK(j+1): ¢,q = DZ hod | e, \ + 991 ), m
k (i m (1)

Figure4.8 Lifting of the dual wavelet basis functions

From Figure 4.7 and Figure 4.8 we see immediately how simple the implementation of the

lifting scheme is: in the forward transform the detail values d j are modified with a linear
combination of the scalar values c;, and the scalar values c; are then modified with alin-
ear combination of the detail values d i These two operations can be inverted, and the
reconstruction process can be performed efficiently.

The operator {sj’k’m|k OK(j),mOM(j)} alowstolift aset of basisfunctionsto anew

set of functions that possess some new properties. For example, it is possible to choose
{sj, K m|k OK(j),mOM(j)} sothat the p-th vanishing moment becomes zero.

4.2.3 How to Lift the Lazy Wavelet

In this section we show how to lift the lazy wavelet to a biorthogonal wavelet of Cohen-

Daubechies-Feauveau with N = 2 and N = 2. More information on this set of basis
functions can be found in [14].

The lifting process is described by the following steps:

1. The lifting process is started by defining the lazy wavelet, the simple input wavelet
function:

C_1,k = Co, 2 (EQ4.70)
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d_; k = Cook+1 (EQ4.71)

An input one-dimensional signal can now be decomposed using the lazy wavelet into a
set of scalar values and a set of detail values. Figure 4.9 shows a simple example:

ﬂ ﬂ
/ \UEDU

c_, U V_1

b) C)

Figure4.9 One-dimensional input signal decomposed with the lazy wavel et
a) Original input signal
b) Scalar values
d) Detail values
2. The second step consists in finding a good prediction for the detail values d_; using a
linear combination of the scalar values c_; . Asasimple prediction strategy the average
of thetwo scalar values c_; \ and C_; (4 4 1) mog n CaN be used:

nGN—d

1
Lk T MLk Q(C—l, k¥ C1, (k+1) mod ) (EQ4.72)

The changesin the detail values d_; areillustrated in Figure 4.10:

d,O0W,_, dngw [ Whew

a) b)

Figure4.10 Lifting applied to the dual wavelet basisfunction
a) Detail values before thelift
b) Detail values after the lift

This step corresponds to the lift of the dual wavelet basis defined in Theorem 2.
3. Inthelast step, the scalar values c_; are scaled to satisfy Eq. 4.73:
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Z Cik = %Z Co, k (EQ4.73)

Thisis accomplished by setting

1
ChPN = Cypt Z(d—l, (k—1) modn + d_1 1) (EQ4.74)

The changesin the scalar values c_; areillustrated in Figure 4.11.

s
chew [ \/new

a) b)

Figure4.11 Lifting applied to the primal wavelet basis function
a) Scalar values before thelift
b) Scalar values after thelift

This step corresponds to the lift of the primal wavelet basis defined in Theorem 1.

4.3 Multiresolution Analysiswith Non-Nested Spaces

George-Pierre Bonneau introduced in [7] and [5] the concept of multiresolution analysis
over non-nested spaces, which are generated by the so-called BLaC-wavelets, a combina-
tion of the Haar function with the linear B-Spline function.

This concept was then used in [8] and [6] to construct a multiresolution analysis over
meshes with arbitrary connectivity.

4.3.1 BLaC Wavelets

The BLaC scalar function is defined as a blending of an Haar basis function and a linear
B-Spline basis function, and it is defined as a function which depends on one scalar

parameter A

H X ifO<x<A
EA if0<

|:| .

H1-X22 if1<x<1+4
o A

oo otherwise
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Figure 4.12 shows the BLaC scalar function for different values of A:
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Figure4.12 TheBLaC scalar function for different valuesof A
This set of basis functions do not define a set of nested spaces, since the two scale relation

is not satisfied. However the two scale relation can still be used to approximate the func-
tion at a different scale:

(ij,k(X) DijA,k(X) =a @ jA+ 1, 2k—1(x) + (ij+ 1, 2k(x) + (1—(}) [tij+ 1, 2k + 1(X) (EQ 4.76)

where the value of a can be computed as the solution of
a - —
ﬁufpﬁk(x)—cpﬁk(x)” =0 (EQ 4.77)

Eq. 4.77 has to be interpreted as a step that minimizes the non-orthogonality of (pJA K(X).

Figure 4.13 shows the approximate functions generated by the two scale relation:
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Figure4.13 Function constructed with the two-scale relation for different valuesof A
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Now that the scalar basis functions have been constructed, it is necessary to define and
build the wavelet basis functions. The wavelet functions must satisfy the two-scale rela-

tion, which means that the wavelet bases at level | must be expressed as alinear combina-
tion of the scalar bases at level | + 1, asshownin EqQ. 4.78:

UJjA,k(X) = z Qi EtPjAJ,lJ(X)

(EQ4.78)
| = —0

Since the size of the support of the wavelet basis functions is bounded by the size of the
support of the linear spline wavelet basis function, it is possible to reduce this infinite sum
to asum with six terms:

5
LleA'k(x) = z Ak [tij+ 1,1(X)
1= 0

(EQ4.79)

In order to construct a unique set of wavelet basis functions the following two constraints
are imposed on the wavelet functions:

WA (), o ()0 =0, | = —o,.

.y 00

(EQ 4.80)
lwa ()| =1 (EQ 4.81)

These two constraints allow us to determine the value of the coefficients g; in Eq. 4.79
and thus eval uate the wavel et basis functions.

Some examples of wavelet basis functions for different values of A are presented in
Figure 4.14:
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Figure4.14 BLaC wavelet basisfunctionsfor different valuesof A
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One final remark: the standard filter bank algorithm (see Section 4.1.3) needs to be
extended in order to be used with the BLaC wavelets, since the spaces V,, are not nested.

A single step of the filter bank algorithm is shown in Figure 4.15:
A

~ ~ R
B d,0wW,

Figure4.15 Filter bank algorithm for non-nested spaces

Theinput signal ¢ 41 is projected onto the space generated by Epﬁk(x) , the scalar basis
function that is generated by the two scale relation, using the analysis operator A. The
result ¢ J- is then projected onto the space generated by (pﬁk(x), the correct BLaC basis

function for the resolution j, using the projection operator R.

4.3.2 Multiresolution Analysison Irregular Meshes

The idea of using non-nested spaces to represent functions can be generalized to meshes
with arbitrary connectivity.

The construction of wavelets over arbitrary connectivity is complicated, since the scalar
and wavelet basis functions not only depend on the geometric information, as in the case
of tensor product wavelets and second generation wavelets, but a'so on the connectivity of
the mesh. Theidea of Bonneau isto avoid the construction of any basis function explicitly:
instead he builds directly the analysis and synthesis matrices that are used in the filter-
bank algorithm. In this way it is possible to construct compact pseudo-wavelets that are
easy to implement, but are not as rigorous as standard wavelets.

The multiresolution analysis that Bonneau constructed has the following properties:

» The pseudo-wavelets can be used on meshes with arbitrary connectivity, but the macro-
topology of the mesh is restricted: the mesh must be either parametrized over a plane
defined as an height field or over a sphere. This is a mandatory requirement, since the
algorithm needs a parametrization to build the analysis and synthesis matrices.

» The pseudo-wavelets do not encode the geometric information of the vertices that
define the mesh; instead they code one scalar value per triangle. The topologic and geo-
metric information has to be stored using conventional mesh-based algorithms.

» The construction of the multiresolution representation for meshes is based on a stan-
dard mesh decimation algorithm (see Section 7). In the original paper Bonneau used
the vertex removal agorithm constructed by William Schroeder (see Section 7.1).

We saw in Section 4.1.3 that in order to construct a filter bank agorithm two analysis
matrices A and B and and two synthesis matrices P and Q must be constructed.
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In order to better describe the constructions of these matrices it is worthwhile to visualize
the vertex removal operation which mapsamesh at level n tothemesh at level n—1:

B0

a) Number of triangles: t b) Number of triangles: t,_,
Level: n Level:n—-1

Figure4.16 Thevertex removal operation
a) Region of themesh at level n
b) Sameregion of the mesh at level n-1 after the vertex removal operation

The matrix A isbuilt using a simple strategy: the value of onetriangle at alevel n—1 is

computed as the weighted average of the values of thetriangles at level n. Theweightsare
computed as the area of the intersection of two triangles in parameter space:

Carea (T2 n TN
a . =

= EQ 4.82
"o aea(TPY) O (FQ482)

where T"—1 isthe projection of the i-th triangle in the mesh at level n—1 in parameter

space, and Ty is the projection of the j -th triangle in the mesh at level n in parameter
space.

This means that the value of c is different from zero only if the i-th triangle in the

coarse mesh intersects the j-th triangle in the fine mesh. The matrix A has a size of
th_q Xt,.

The only requirement imposed on the matrix B is to store enough information to be able

to reconstruct c". This leaves alot of freedom in the choice of B. An additional require-

ment imposed by Bonneau is that B must be orthogonal to the matrix A. This can be
accomplished very easily by setting

B = X (EQ 4.83)

where | is the identity matrix of size (t,—t _,) x(t,—t,_;), and X is an unknown
matrix of size (t,—t _,) xt,_ ;. Thevalue of the sub-matrix X is computed as the solu-
tion of
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row;(B) Dowj(A) =9 j (EQ 4.84)

which corresponds to t,,—t__, linear systems of equations with t,_; unknowns each.

The rows of the matrix B can also be orthogonalized using a Gram-Schmidt orthogonal-
ization. The resulting matrix B hasasizeof (t,—t _,)xt, ;.

Finally, the synthesis matrices P and Q are computed using Eq. 4.85:

-1

(PQ) = (EQ 4.85)

[

A
B

[

4.4 Wavelets Over Manifolds

There is little literature on wavelets over manifolds. The main problem with this type of
waveletsis that the bases depend on the connectivity of the underlying mesh, and it is still
not clear how to construct proper wavelets in this setting. Wavelets also need a global
parametrization, and the construction of parametrizations over meshes with arbitrary
topology is still an open research topic.

Nonethel ess there are some papers on the subject:

* One of the most interesting papers on this subject was written by Wolfang Dahmen in
[87]. The paper is till very theoretical and does not give to much insight on how to
build wavelets over manifolds.

* A very successful approach has been constructed by Lounsbery, who builds wavelets
over subdivision surfaces. This strategy called Subdivision Wavelet Transform (SWT)
has been developed by Lounsbery in [57], [23], [56], and it will be described in detail in
Section 5.2. This representation, described in detail in Section 5.2, has been expanded
by Eck et a. in [31] and by Guskov et al. in [46] to handle meshes with arbitrary con-
nectivity.

» Andreas Dreger is working on the construction of B-Spline wavelets over quaternary
subdivision meshes. Information on his work can be found in [27].

4.5 Evaluation

In this subsection we will evaluate the wavelet based representations described in
Section 4 using the criteria specified in Section 2.

* Modeling of two-manifolds with boundaries: wavel et based representations are defined
in a rigorous mathematical framework. One of the consequences of this rigor is they
cannot model surfaces defined inirregular settings.

The three representations described in this section have different capabilities:
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Tensor-product wavelet by definition can only be used to model height fields
defined over regular grids. Furthermore the size of the grid isusually restricted to a
power of two plus a constant.

The basic wavelet representation could be generalized to handle more complex
surfaces, such as:

1. gridswithirregular boundaries. surfaces defined over regular grids with irreg-
ular boundaries can be encoded using wavelets. This can be accomplished by
filling the missing values around the irregular boundary, until the boundary
becomes regular.

The choice of the missing values should minimize the detail values in the
wavel et representation and therefore it depends on the scalar and wavelet basis
functions.

2. structured grids: store a (X, Y, z) value per grid point instead of one single
height value. Structured grids allow to model slightly more complex surfaces,
such as salt domes.

Structured grids can be modeled using the wavelet representation by comput-

ing three wavelet decompositions for the x, y, and z values. A change of the

coordinate system via a principal component analysis (PCA) would probably
result in a better representation.

3. Two-manifold surfaces: there is no elegant solution to the problem of repre-
senting two-manifold surfaces with arbitrary connectivity with first generation
wavelets.

Two-manifold surfaces could be represented with tensor product wavelets by
fitting B-Spline patches through the vertices that define the surface, and then
compute a wavelet representation for each of the patches. However it is not
clear how to keep cross-boundary continuity across neighboring patches.

For more information on how to fit B-Spline patches to unstructured clouds of
points or to polygonal surfaces see for example [32] and [49].

Second generation wavelets are more general than standard tensor product wave-
lets as it is theoretically possible to construct basis functions for more general set-
tingsthan L2(R).

The bases that have been constructed until now usually handle ssimple grids with
uniform or non-uniform sampling in u and v as well as two-manifold triangular
meshes with subdivision connectivity.

The pseudo-wavelets constructed by Bonneau, as we have seen in Section 4.3.2,
are capable of modeling surfaces defined as height fields with arbitrary connectiv-
ity. Hiswork could be extended to two-manifolds, using any of the local or global
parametrization algorithms for 3D meshes, such as the hinge map used in [46] or
the global parametrizations constructed in [51] and in [30].

The most important drawback of this approach is that the multiresol ution represen-
tation does not encode the geometric and topological information of a mesh, but
merely a scalar value per triangle. The geometric and topologic information is
stored using a classic mesh representation. In the original paper Bonneau used the
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vertex removal scheme of W. Schroeder presented in [74].

Furthermore Bonneau never constructs the wavel et basis explicitly; instead he sim-
ply constructs the analysis and synthesis matrices that are then used in the filter
bank algorithm. Consequently the properties of the basis functions are unknown.

» Computation of surface-surface intersections: the wavelet representation of a mesh
does not contain the information required to compute an intersection. This means that
the information must be either stored in a different structure or be computed when
needed. There are two main techniques that can be used to compute intersections:

Bounding boxes. a hierarchical bounding box data structure is usually built as a
tree, each node containing the size of the cube that bounds a portion of the surface.
Leaf nodes in the tree contain cubes which bound small patches of the surface, for
example a couple of triangles, the root node contains a cube that bounds the whole
surface. This data structure allows to find triangles interested in an intersection in

O(n Oogn) in average, amuch faster alternative than a brute force test, which has
acomplexity of O(n?).

This hierarchical structure cannot be integrated in the wavelet representation, but
must be kept separately. Furthermore the information stored in this structure is not

retrieved from the wavel et representation, but from the piecewise linear representa-
tion on the surface.

Algebraic methods: if the surface is represented using higher order functionsiit is
possible to use complex methods to construct robust surface-surface intersection
algorithms. One well known example is represented by the family of the algebraic
methods. This family of algorithms can be applied to some of the representation
generated by the tensor product and second generation wavelets.

In [62] and in [50] S. Krishnan and D. Manocha presented an agorithm to com-
pute the intersection of Bezier patches. This algorithm could be generalized to han-
dle the surfaces stored in a wavelet representation that uses B-Spline basis
functions. A survey on this technique can be found in [41].

» Scalable representation: the wavel et based representations presented in this section are
al scalable, since they build a compact multi-resolution representation of a surface

using a coarsification operator represented by the analysis matrices A and B.

The wavelet representation is compact: the wavelet based multiresolution repre-
sentation of a surface has the same storage requirements than the surface itself,

which means that the representation of a surface of size nx n also has a size of
nxn.

For first generation wavelets if the basis functions are orthogonal, the most impor-
tant information can be extracted easily from the wavelet representation, since
there is a direct correlation between the importance of a detail value d; ; and its

absolute value.

The basis functions generated using the lifting step in the second generation wave-
lets are in general only bi-orthogonal. As a consequence it is much more difficult
to find the optimal subset of detail values that can be removed to obtain an best
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approximation of the surface. It is nonetheless possible to remove details with
small absolute value and obtain good approximations.

The basis functions used by Bonneau in his pseudo-wavel ets are not known, so it is
not clear how to find the optimal set of detail values that must be removed to obtain
the best approximation of the surface. However it is possible to leave out details
with small absolute value an obtain good approximations.

» The agorithms used to build the wavel et representation have a very low complex-
ity: it is possible to construct tensor product wavel ets based on endpoint interpol at-
ing cubic B-Spline in O(n) time and storage requirements. As shown in
Section 4.2 the decomposition and reconstruction of second generation wavelets
can be computed in linear time using the fast wavel et transform. The pseudo-wave-
lets presented in Section 4.3 can also be constructed in linear time.

* Modeling of non-manifold singularities, tears and cracks: first and second generation
wavelets are not capable to model non-manifold surfaces, since they cannot be repre-
sented in terms of the regular spaces these frameworkswork on, such as grids or quater-
nary subdivision surfaces. Tears and cracks can be embedded as piecewise linear curves
in the piecewise linear polygona mesh.

The pseudo-wavel ets constructed by Bonneau are based on an underlying surface repre-
sentation. In his paper Bonneau used the Schroeder’s algorithm to simplify the mesh.
Since this simplification algorithm can handle non-manifolds (see Section 7.1 for more
details) it is plausible to extend the pseudo-wavelets over non-manifolds. The main
issue that needs to be solved is to find a good parametrization to compute EqQ. 4.82.

» Error modeling: the wavelet theory is especially powerful at modeling the error of a
surface; some theoretic results can be used to construct error models that evaluate the
error introduced by an adaptive representation of surfaces.

The error associated with bases generated in the classic tensor product setting is well
understood, and good error estimates can be built, particularly if the basis functions are
orthogonal.

The error associated with bases constructed with the lifting scheme must be constructed
explicitly. If the basis can be constructed using standard first generation techniques,
then the error is well understood, otherwise a suitable error model must be constructed.

The error associated with the pseudo-wavelets is not well understood since, as already
mentioned, the basis functions are never constructed explicitly: instead the algorithm
builds the analysis and synthesis matrix from the 3D mesh. As a consequence this rep-
resentation has not been studied using tools from approximation theory.

One point that should be investigated further is how the error should be defined: the
norm used to compute the error during aflow simulation is probably different from the
norm used to compute the error during an interactive visualization of asurface. It would
be of great interest to develop norms that could capture these different types of error.

» Smoothness of the surface: if the surface is being represented with either first or second
generation wavelets the smoothness of the surface depends on the choice of the basis
functions. If the surface is encoded using the Haar basis function described in
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Section 4.1.6, then the surface is defined as piecewise constant; using a cubic B-Spline
basis function will result in asmooth C2 surface.

An analysis of the pseudo-wavel ets generated by Bonneau suggests that the representa-
tion is not smooth, and that the surface is represented as piecewise constant. The lack of
explicit basis functions proves to be a problem that makes a good understanding of the
representation difficult.

Multiresolution editing: edit operations at different levels of resolution can be applied
on surfaces represented using first and second wavel et framework, because:

» surfaces are represented as (piecewise defined) functions. This means that an edit
operation changes the shape of afunction and not the position of asingle vertex in
the mesh, and this allows to compute natural changes.

* inthe multiresolution setting, the scalar values c" that define the surface at level n
and the detail values d" that are used to reconstruct the scalar values c"*1 are
orthogonal. This means that an edit at the level n need not be propagated to the
levels j > n, but only tothelevels j <n.

The representation proposed by Bonneau generates a multiresolution analysis, and the
information needed to transform a coarse mesh at level n to afiner mesh at level n—1
is coded with differences and not with absolute values. This means that a multiresolu-
tion editing tool could be built easily. On the other hand the lack of explicit basis func-
tions makes it difficult to understand how the surface would change with an edit
operation, since the basis functions have a direct impact on the edits.

Surface fitting: for first and second generation wavelets the fitting process heavily
depends on the basis functions chosen for the representation. Some basis functions are
well understood, and it is possible to construct fitting schemes very easily; other basis
functions can result in more elaborate schemes.

Example: fitting a height field defined over a regular grid through a cloud of points
using a cubic B-Spline basis function is a straightforward operation: Forsey [34] uses a
similar strategy to fit an H-Spline surface.

Fitting is currently not supported by the pseudo-wavel ets, since the representation does
not work on either the topological or geometric information. The fitting process would
probably need to be a pre-processing step, and it would not automatically generate the
multiresol ution representation described in this section.

Support of local high variation in the curvature of the surface: the representation gener-
ated using first or second generation techniques can model high variation in the curva-
ture only if the basis functions chosen are not smooth. If a surface is represented using
smooth basis functions, for example by using uniform cubic B-Spline basis functions,
then it is not possible to model discontinuities in the curvature; if a surface is repre-
sented using linear or constant basis functions, then high variation can be modeled eas-
ily, since no continuity in the curvature is neither required nor guaranteed.

The representation of Bonneau based on the pseudo-wavel ets supports high variation in
the curvature well, since the underlying surface representation based on Schoeder’s
algorithm can support this feature. High variation can be maintained by not removing
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the features in the mesh that generates the high curvature. A more detailed description
of the algorithm developed by W. Schroeder can be found in Section 7.1.

Changes of the surface over time: in the classic tensor product setting time can be mod-
eled elegantly by adding one more dimension to the wavelet representation and making
use of the tensor product ansatz.

Bases generated using the lifting step can model time as easily asfirst generation wave-
lets only if they are defined using tensor product. If the basis functions are more com-
plicated, the ability of modeling time depends on the basis and on the domain thisbasis
isworking on. In theworst scenario it might be necessary to keep different copies of the

representation for every point intime t; .

The complexity of topological changes of the surface over time determines how easily
the pseudo wavel et representation can handle time:

1. If the changes of the surface do not alter its topology but only the scalar values
associated with each triangle, then these changes can be modeled very easily by

storing afunction f(t) per triangle, which depend on the time t, instead of asin-
gle scalar value.

2. |If the changes affect the connectivity, but the macrotopology of the mesh does not
change, it is possible to compute a remeshing of the surfaces at each point in time

t; in order to generate new surfaces with the same connectivity. Once all the sur-

faces have the same connectivity approach 1. can be used to represent changes
over time.

3. If the topological type of the mesh changes, the only solution is to keep different
representations of the surfaces at each point intime t; .

45



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

5 Subdivision Surfaces

5.1 Classic Subdivision Schemes

An alternative to wavelet representations are subdivision schemes. Wavelets use sets of
basis functions to decompose asignal and create a multiresol ution representation; subdivi-
sion surfaces do not work explicitly with basis functions, but they use fixed schemes to
refine surfaces. The limit surface generated by an infinite number of refinement operations
using a subdivision rule on an input mesh is provably smooth.

A subdivision scheme can be described with:

» atopological component: every scheme changes the microtopology of surfaces by add-
ing and/or removing vertices and by changing their connectivity. Subdivision schemes
can further be categorized as

* primal: primal schemes subdivide each face of the input mesh in a number of sub-
faces. An example of aprimal scheme isthe quaternary subdivision scheme, where a
triangle face is subdivided into four faces. To accomplish this three new vertices are
introduced on the edges that define the original triangle.

e dual: dual schemes not only introduce new vertices in the mesh, but they also
remove old vertices and change the connectivity of the input mesh. Thisimplies that
anew face can span more than one face of the original mesh.

» ageometric component: the change in the position of the vertices can be interpreted as
a low-pass filtering of the mesh, and as a result the surface is smoothed. Subdivisions
can be categorized as

* interpolating: the position of the vertices of the original mesh does not change, the
position of the new vertices can be decided freely.

* non-interpolating: the position of the old and the new vertices can be changed as
needed.

Subdivision schemes are not a new surface representation: the first papers on this topic
were published in 1978, but new papers on the subject are still being published, since sub-
division is a very powerful operator particularly useful in animation. During this long
period many different schemes have been proposed, the most important ones being:

* Doo-Sabin (1978): anon-interpolating dual scheme [26] and [25].
o Catmull-Clark (1978): a non-interpolating primal scheme[9].

* Loop (1987): anon-interpolating primal scheme [55].

» Buitterfly (1990): an interpolating primal scheme [29].

In the next subsections we are going to describe these four schemes:

* We will present the Doo-Sabin scheme in depth: we will show how the scheme is con-
structed in a regular setting, and how to extend it to meshes with irregular topology.
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Then we will show how to generalize it to non-uniform subdivision in order to better
model non-smooth regions of the surface.

» The remaining schemes will not be treated in full detail: for each scheme we will only
give the topological changes introduced by a refinement step as well as the masks used
to compute the new vertex positions.

For additional information on the scheme that will be introduced in this section refer to the
original papers.

5.1.1 Doo-Sabin Scheme

The scheme developed by Donald Doo and Malcom Sabin is based on a bi-quadratic uni-
form B-Spline refinement: the limit surface of this subdivision scheme is a bi-quadratic B-

Spline patch; it generates a G1 surface, which is a C1 continuous surface everywhere
except at afinite number of points, called extraordinary points.

In the following we will present the classic Doo-Sabin scheme for the one dimensional
case, for the two-dimensional case over a regular grid, and for the two-dimensional case
for surfaces with arbitrary connectivity. More detailed information on this standard
scheme can be found in [26] and in [25].

Once the basic subdivision scheme has been defined we will present an extension that gen-
erates in the limit non-uniform recursive quadratic B-Spline surfaces. This new scheme
has been constructed by T. Sederberg et . in [75].

5.1.1.1 Onedimensiona uniform subdivision

The one dimensional scheme is the easiest scheme to construct, since the connectivity of
the curve is trivial. The tensor product ansatz will allow us to generaize the results
obtained in this section to the regular two-dimensional setting.

The input of the algorithm is a piecewise linear curve. The vertices d, that specify the
curve are considered as the control points of the quadratic B-Spline surface defined as

n

S(u) = Z d; CNZ(u) (EQ5.1)
i=1

where N2(u) isaquadratic B-Spline that can be constructed using Eq. 4.31 and Eq. 4.32,

and u isthe parameter value. One important property of the Doo-Sabin subdivision is that
it works with uniform quadratic B-Splines, which means that

Au; = ui—u_y (EQ5.2)
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isaconstant. In Section 5.1.1.4 through Section 5.1.1.6 this method will be generalized to
a non-uniform quadratic B-Spline, where the size of the intervals in the parameter space
will vary.

The curve generated by Eq. 5.1 can be evaluated in three different ways:
1. Thevalue of S(u) in Eq. 5.1 can be evaluated directly by computing the values of the
B-Spline bases N2(u).

2. Thevalue of S(u) can also be computed using the de Boor algorithm, which uses linear
interpolation to evaluate Eq. 5.1:

di = (1-af) [olfkof +aK it (EQS3)
where
ak = u-u (EQ5.4)
L Uz kY |

d? = d;,and d? = S(u).

3. Thethird possible strategy used to compute S(u) consists in inserting new knots at the
midpoint of each knot interval, as shown in Figure 5.1.

d Knot insertion
4

Figure5.1 Knot insertion for the uniform quadratic B-Spline
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After an infinite number of knot insertion operations at midpoint of the knot intervals
the set of control points d'; will converge to the curve S(u) .

The position of the new control points d'; is computed via the knot insertion algorithm
and is based on the de Boor algorithm:

, 3
dy_g = [di—1+z1r[di (EQ5.5)

. 3 1
dy = 7 0+ 7 iy (EQ5.6)

where the weights of %1 and g have been computed assuming that the knots have a uni-

form distance.

The knot insertion operation described by EQ.5.6 and EQ.5.6 is presented in
Figure 5.2.

d
dyi_y = df | di-1
dy = di 4 dt
. di2+1
q di+1
d;_1 d,, i+1

Figure5.2  Computation of the new control pointsfor the uniform quadratic B-Spline

5.1.1.2 Two dimensional uniform subdivision over regular grids

The first extension to the one dimensional subdivision is a two dimensional scheme that
makes use of the tensor-product ansatz. Topologically, the mesh of control points is a
quadrilateral.

Aswe have seen in Section 5.1.1.1 a subdivision scheme computes the value of

n m

Su,v) = z Z d; | IN2(u) INZ(v) (EQ5.7)
i=1j=1
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by doubling the number of control pointsin the control matrix. The evaluation of Eq. 5.7
in two dimensionsis very similar: Eq. 5.6 and Eq. 5.6 are first applied in the u direction,
thenin the v direction. This approach is called separable construction:

____:di+1,i :(_ji_+_1,i+1
idi,i i ii+1
____:di+1,i :C_ji_+_1_,i+1 1 3
R G .- -- doivi = 79+ 7% 1
Taieni Boivnisn g 3y 1y
. 2i,1i 414 i+21i
dy PRES! , 1 3
R ® - d2i+1,i+1: Zdi,i+1+z1rdi+1,i+1
T T \ _3 1
1, g doive = zGivat 7000042
L Lo
dierir | G . 3, 1,
! ! doivr2i = 702ie1iF 702041041
_____. _____ _ == = = =
idl2i+1v2i idz”l'z”l d'si 2 = ngZi,i-l_%_d'Zi,Hl
| |
do 5 doils . _ 1, 3.,
| -@- AP g AEL. Aoivr2ie1 = 7920410 F 70240141
| |
N T o , _ 1, L3,
dir | C i Aoizivr = 7020 7020141
| |

Figure5.3 Knot insertion in two dimensions for the uniform Doo-Sabin subdivision
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The results presented in Figure 5.3 can be re-written in a form similar to the well-known
Doo-Sabin subdivision rule, as shown in Figure 5.4:

Ot itdivg it diieg

4
d . +d .
. . . . E. = i,i i+1,i
T L L ; 2 ]
: I | : ) 1,.+ PrLi+1
a0 By e BpE s
L i do ... +d .
Aoivr o o1 oien E,= —hixl 1i+d
----- | _e-LInY g dlmIIZ. 2
| |
| . e :di,i+1+di,i
E® | o | eE, 4 2
| | ' di+V+E,+E,;
_____ I N SUU SN d'yi i = 4
2,2 A2 gie1 g d,, +V+E +E,
----- ' g — - - - - 2i+1,2i " '
di,i: : E4 : :di,i+1 4
| | | | \ _di+1,i+1+V+E2+E3
! ! ! ! d2i+1,2i+1_ )
d _di it VHE3+E,
2 2i+1 2

Figure5.4  Uniform quadratic subdivision for regular grids

5.1.1.3 Two dimensional uniform subdivision for meshes with arbitrary topology

The Doo-Sabin subdivision can aso be applied to meshes of control points that have arbi-
trary connectivity. The limit surface in this case is aso a bi-quadratic B-Spline surface, but
a finite number of extraordinary points on this surface will not be C1 continuous. These

extraordinary points correspond to the centers of al the non-quadrilateral faces generated
after one subdivision step.

Meshes with arbitrary connectivity do not possess a natural global parametrization, soitis

not possible to apply the de Boor algorithm in this setting to compute the position of the
new vertices.
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Although the connectivity of an input mesh is not restricted, a slightly modified version of
the subdivision rule presented in Figure 5.4 can be used. The resulting schemeis shownin
Figure 5.5.

i+(n-1)

V = Z d;

=i

it di(41)modn
] 2

diyj*EG_1ymaan tEj+V
ivj = 7]

Figure5.5 Uniform quadratic subdivision for mesheswith arbitrary connectivity

Figure 5.6 shows an example of a Doo-Sabin subdivision applied on a simple two-mani-
fold surface with no boundaries:

Original input mesh Mesh after one subdivision step

Mesh after two subdivision steps Mesh after three subdivision steps

Figure5.6 Example of the Doo-Sabin subdivision
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5.1.1.4 Onedimensional non-uniform subdivision

We now consider an extension of the classic Doo-Sabin scheme based on non-uniform
guadratic B-splines. The basic algorithm is the same as the algorithm used in

Section 5.1.1.1, but the resulting equations for the new control points d',; and d',; , ; will
differ from Eq. 5.6 and Eq. 5.6 in that they will consider the non-uniform knot distances

Ay = uj—u;_y (EQ5.8)

The refinement step is computed viaknot insertion at midpoint of each knot interval, in the
same way it is computed for the uniform Doo-Sabin scheme. The refinement continues
until the control polygon convergesto the limit surface. A single knot insertion step for the
non-uniform Doo-Sabin subdivision isgiven in Figure 5.7:

d, ds
Knot insertion
u' u' u' u' u' u'
1 3 5 7 9 11
(I T I O O | | |
[T 7T 1T 1T 1T 1T 11 I [ ]
Ug U, U, Ug Ug Uqo
Au,; :
o " - (i+1)dv2
Auy = uj—u;_y = >

Figure5.7 Knot insertion for the non-uniform quadratic B-Spline
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The de Boor algorithm presented in Eg. 5.3 and Eq. 5.4 can also be used for the non-uni-
form case; Figure 5.8 shows how it is used to compute the position of the new control

points:

at
d?: g

1
di+1

1
%AUH g+ U+ 58U Ad

dy_q = dt =

Aui+1+Aui+2

%Aui +2 Ay +:5di + %Aui +z%di +1

d., = di =
2i i+1 AUi+2+AUi+3

Figure5.8 Computation of the new control pointsfor the non-uniform quadratic B-Spline

It is easy to check that by setting Au; . ; = Au;,, = Au;, 5 = Au, basically setting the
knot intervals at uniform distances, the equations computed in Figure 5.8 reduceto Eqg. 5.5
and Eq. 5.6 that were derived in Section 5.1.1.1.

5.1.1.5 Two dimensiona non-uniform subdivision over regular grids

The results described in Section 5.1.1.4 can be extended to regular two dimensional sur-
faces using the tensor product ansatz in the same way it was used in Section 5.1.1.2.

Asin the uniform case the goal isto compute

Su,v) = z Z d; | IN2(u) INZ(v) (EQ5.9)
i=1j=1
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Thisis accomplished by first inserting new knots at the midpoints of the knot intervals of
the knot vector u and then inserting new knots at the midpoints of the knot intervals of the
knot vector v, as shown in Figure 5.9.

| . : :
L :di+1,i :c_ji_+_1_,i+1 d|_+_1_|I : : ICJ|_+_1 i+1

| |
| |

----OCF -------- ® - - -@- - - ._.____'

2i +1,i d2i+1,i+1 :d2|+12| :d2l+1.2i+1
| |
dl2| i d'2l i+1 :dl2| 2i :dI2| 2i+1

- - & T __ - — - ______. _____ pi e
_‘ | |

- ___ - I I .

I,i :d|’|+1 dI,I: : : :di,|+1

| | |

EEAui +otAU Ddi’i + EEAu- Ud,

p p=ri+ i+1,i
d'Zi’l ) Aui+2+Aui+3
%AUH Ddi,i +%3ui+2+%Aui+:%di+1,i
doivei = AU, + AU,
%AUHZ-'—AUHEDlel %Auwajdwlwl
d'Zi’Hl ) Aui+2+Aui+3
%Auwiﬂdlwl %lu|+2+1Au|+3jd|+1|+1
d'2i+1’i+1: Aui+2+Aui+3
%Avi +AV|+de2|| % |+2Dd2||+1
V2.2 i AVi, o+ AV, 3
' % |+3]d2|| %VI+2+1AVI+3:|d2II+l
Ay 2iv1 = AV, ,+ AV,
' %AVHZ"'AVHS]dZHll Et} |+2]d2|+1|+1
d2i+1’2i ) AVi+2+AVi+3
DlAVH:gdzHl|+%3V|+2+]2-Avl+q]d2l+1|+1
dyivg2i41 = AV, , + AV,

Figure5.9 Knotinsertion in two dimensionsfor the non-uniform Doo-Sabin subdivision
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Also for the non-uniform subdivision it is possible to rewrite the results presented in
Figure 5.9 in a form similar to the classic Doo-Sabin subdivision rule. This is done in
Figure 5.10.

di+1i :di+1,i+1
Aoivr o G241 241
_____ L — — _______.________
SR VAR
_____ ___._______ _I_______
:d'2i,2| :dZi,:.i+1
_____ Il ‘____.
A i | v
|

V = diitdicgi+tdiigiva*tdiivg
(BU; o+ AU, 3) TTAV; 4 5 + AV; , 3)

i+1,i i

d. .. =
2i, 2i 2 4[(Aui+2+AUi+3) [(Avi+2+AVi+3)

_ di,i-'-V_I_Aui+2AVi+2 [(d' '+d',i+1_di,i_di+1,i+1)

d. = Gijiva*tV AU AV g Hdi i+ divgiva—iiva—0ivgi)
21, 21+1 2 ATAU; , ,+ AU, ) AV, , + AV, o)

d. .. = di+1,i+V+Aui+3AVi+2E(di,i+di+1,i+1_di,i+1_di+1,i)
2i+12 2 ATAU; , ,+Au ) TAV,, , + AV, o)

g o= GienieatV AU AV, 3Ty i+ i g —Gii— i)
2i+12 2 ATAU , ,+ AU, 3) TAV,, , + AV, o)

Figure5.10 Non-uniform Doo-Sabin subdivision for regular grids

5.1.1.6 Two dimensional non-uniform subdivision for meshes with arbitrary connectivity

The results presented in Section 5.1.1.5 can be generalized to handle meshes with arbi-
trary topology.

In order to describe how to compute the refinement of the control points in this irregular
setting it is necessary to introduce new parameters that will be used to describe the knot
intervals. Two-manifold meshes with arbitrary topology do not possess a natural global

parametrization. Since there isno u and v knot vector anymore, it is not convenient to
denote a knot interval as Au, or Av,. In the remainder of this section a knot interval
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between two vertices d; and d; will becaled 4, ;.

The refinement operator for the non-uniform quadratic subdivision for two-manifolds sur-
facesisshown in Figure 5.11.

d.

I) Compute the position of the new control vertices
d+V
.= +C
I
n
Z Ak—l,kmk+1,k[dk
V = k:1n
Z D1k By ypk
! ¢ pri i
-nd, + Z ETJ'HZCOSDTDde
- =1
C=(Bisgi+2BirziratBi_1i-2Bi_3i_2) 0 =
8 > Dy 1 kBk+1,k
k=1
n isthe number of sides of the face
[1) Compute the new knot intervals
. Biivy g, Bii_1 b1, Ay
Niije1= =5 b =50, =5 A = I’é
o A A A A A A
. _ Biji+1 4 _ Bii-1 4 _ Siji-a A i+l K
AV 'é A -1 = Ié il,iz_%Ail,in_%

Figure5.11 Non-uniform Doo-Sabin subdivision for mesheswith arbitrary connectivity
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5.1.2 Catmull-Clark Scheme

The scheme constructed by Ed Catmull and Jim Clark is a generaization of the bi-cubic
uniform B-Spline surfaces; the details on this subdivision can be found in the original
paper [9]. This subdivision scheme can also be generalized to construct non-uniform bi-
cubic B-Spline surfaces, as shown in [75] by Sederberg.

The Catmull-Clark scheme generates limit surfaces that are G2: locally the surfaces are
uniform bi-cubic B-Splines at every point except at a finite number of extraordinary
points. The extraordinary points correspond to the vertices with a valence larger than four
after one subdivision step. The scheme can be classified as primal and non-interpolating.

The scheme is described by two components:

» Topological changes: this scheme inserts new vertices at each edge and at each face of
the input mesh. These new vertices and the vertices of the original input mesh are then
connected together, splitting the original faces into subfaces, as shown in Figure 5.12.

a)

connectivity of the mesh
new connectivity of the mesh after one subdivision step

Figure5.12 Topological component of the Catmull-Clark refinement scheme
a) surface before the refinement step
b) surface after therefinement step

Since the vertices present in the mesh before the refinement step are not removed dur-
ing the refinement this scheme is primal.

It isinteresting to see that after one iteration all the faces of the mesh are quadrilaterals.

» Geometric changes: In order to describe the geometric position of the vertices after a
subdivision step three masks are used: the first mask describes the position of the new

face vertices d , the second describes the position of the new edge vertices d and the

third describes the new position d"®¥ of the old vertices d; .
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The three masks are presented in Figure 5.13.

" d+d +d- +d n—3)V.
e =303 ¢ | g = SR e - 0L 20,8
i=1
a) b) c)

Figure5.13 Geometric component of the Catmull-Clark refinement scheme
a) The face mask is used to compute the position of the new face vertices
b) The edge mask is used to compute the position of the new edge vertices
¢) Thevertex mask isused to compute the new position of the old vertices

Applying the Catmull-Clark subdivision to the surface presented in Figure 5.6 results in
the meshes shown in Figure 5.14:

Original input mesh Mesh after one subdivision step

==
Mesh after three subdivision steps
Figure5.14 Example of the Catmull-Clark subdivision

59



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

5.1.3 Loop Scheme

The Loop scheme is based on the subdivision of quartic uniform box splines and it is
applied on triangular meshes. A detailed description of box splines can be found in the
book of de Boor et al. [21], and the Loop scheme is analyzed in detail in the thesis of C.
Loop [55].

The Loop subdivision generatesin the limit a G1 surface: atangent plane continuous sur-
face everywhere except at a finite number of extraordinary points. The extraordinary
points in a limit surface generated by the Loop scheme correspond to the vertices with a
valence different from six in the original input mesh. This subdivision can be classified as
anon-interpolating primal scheme.

There are two components that have to be described to fully characterize this scheme:

» Topological changes. in a refinement step of this scheme subdivides the triangles
present in the mesh using the quaternary subdivision rule, as shown in Figure 5.15.

dhew

a) b)
connectivity of the input mesh
connectivity introduced by the Loop scheme

Figure5.15 Topologic component of the L oop scheme
a) Mesh before the refinement
b) Mesh after the refinement

» Geometric changes. the position of the vertices after a subdivision step can be
described using two masks: the first mask, shown on the left side of Figure5.16,

describes the new position d"®V of the old vertices d; , and the second mask, shown on

60



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

the right side of Figure 5.16, describes the position of the new vertices introduced by

the quaternary subdivision rule at the midpoint of every edge d.
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ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

5.1.4 Butterfly Scheme

The butterfly scheme has been presented by Dyn, Gregory and Levin in [29] and then
refined in [28]; it is an interpolating primal scheme.

This scheme works over regular quaternary subdivision triangular meshes; the resulting
limit surface is tangent plane continuous (C1 continuous).

This scheme is completely characterized by two components:

» Topological changes: the butterfly subdivision uses the same rule to refine the microto-
pology of the input mesh as the Loop scheme. A refinement is computed with the qua-
ternary subdivision rule, as shown in Figure 5.18.

di dnew

a) b)
connectivity of the input mesh

connectivity introduced by the Loop scheme

Figure5.18 Topological component of the Butterfly scheme
a) Mesh before the refinement
b) Mesh after therefinement

» Geometric changes: The position of the vertices after a subdivision step can be com-
puted using two masks: the first mask maps the old vertices d; to the new position
dhev, and the second mask describes the geometric position new vertices dg intro-

duced by the quaternary subdivision scheme. The two masks are shown in Figure 5.19.
ds dy dg

dre = d, | |dg = 3 0d; + dy) + 20 ({dy + d) ~ 0 [{dg + dg + dy + )

Figure5.19 Geometric component of the Butterfly scheme
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It is important to understand that this mask convergesto a C1 surface only if the input

mesh is a quaternary subdivision triangular mesh. Extensions to the Butterfly scheme,

such as the scheme presented in [89], alow to use the interpolatory scheme on irregular

meshes.

Since this scheme works only on regular meshes it is able to generate C1 limit surfaces

that are smooth everywhere and do not contain any extraordinary points.

Figure 5.20 illustrates some of the meshes generated with this scheme. The input surface
used in this exampleisthe same surface used in Figure 5.17. Note that the input mesh does

not have quaternary subdivision connectivity.
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»ﬂﬂﬂhﬂ!

Original input mesh

W
O NN
NN
A“VA0<PAVAEEEE

Mesh after three subdivision steps

ter two subdivision steps

Figure5.20 Example of the Butterfly subdivision

In Figure 5.20 artifacts can be observed that strongly degrade the quality of the surface.

More advanced interpolating subdivisions have removed these artifacts.
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5.2 Subdivison Waveet Transform

The Subdivision Wavelet Transform (SWT) is atechnique that makes use of the theory of
multiresolution analysis and of the subdivision rulesto construct a multiresolution surface
representation for surfaces of arbitrary topological type that have subdivision connectivity.

This section introduces the theory behind the SWT. A multiresolution analysis using sub-
division surfaces can be constructed using the following steps:

» Construction of refinable scalar basis function

» Construction of nested linear spaces

» Construction of an inner product

» Construction of the wavelet function

» Construction of afilter bank algorithm

In the next subsections each of these stepswill be described. More details on this represen-
tation can be found in [57] and [56]. Eck et al. presented in [30] are-meshing strategy that

allows one to represent any mesh with the subdivision wavelet transform scheme, thus
overcoming the limitation imposed by the subdivision connectivity.

The multiresolution analysis depends on the subdivision scheme used and on the connec-
tivity of the input mesh. In the theory described below we will restrict our attention to tri-
angular meshes and use the quaternary subdivision scheme for refinement. The results
obtained with these assumptions can be generalized to any subdivision scheme.

5.2.1 Definitions

In order to construct the refinable basis functions that are needed for the multiresolution
analysis based on subdivision surfaces, some definitions are helpful:

« MO storesthe topological component of the mesh at the coarsest level 0.
CO stores the geometric position of the vertices defined in M9.

« MsS and CS store the mesh and the vertices generated from the coarse mesh M2 using
the subdivision rule s times.

« Next, a parametrization S(x) that maps any point x 0 M9 to a point on the limit sur-
face is required to construct the basis functions. The parametrization is constructed in
three steps:

1. P(x) = x,OxO MO
2. S(x) = alt;+pBLeg+yLles, wherecs, c5,cSOCS, and @ B y ) definesthe
barycentric coordinates of the point x inthetriangle {a, b, ¢} (1 MS.

3. S(x) = lim S(x)

S - 00
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These three steps are illustrated in Figure 5.21.

S(x) = X S(x) = alEs+BEs+ylEs  S(x) = lim S¥(x)

S 5

3) b) )

Figure5.21 Parametrization of x

a) Position on theinput mesh M9

b) Position on the mesh M S obtained after S refinement steps
¢) Position on the limit surface generated by the subdivision scheme

5.2.2 Construction of the Scalar Basis Function

With the definitions introduced in Section 5.2.1 it is possible to define a refinable basis
function, which maps any point x 0 M9 to the limit surface.

Lemmal: Forall j>0 and s> j thereexist a vector of functions ¢S < (x) such that

Proof 1:

S(x) = @5 i(x) ] (EQ5.10)
Equation 5.10 can be re-written as
S3(x) = bS(x) Cs (EQ5.11)
where the vector bS(x) isdefined as
bs(x) = (0...000...0BO0...0y0...0) (EQ5.12)

and a, 3, and y are the barycentric coordinates of the point x as described
in Section 5.2.1.

The vertex vector CS can be written as
Cs = ps-1ps-2(],. [PO[TO (EQ5.13)

where CO is the geometry of the input coarse mesh at level 0, and P' isa
matrix that maps C' to C' *1. The matrices P' model the geometric compo-
nent of the i -th step of the subdivision.
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The definitions introduced by Eq. 5.12 and Eq. 5.13 alow us to define the
function @S - 1(x):
@S~ I(x) = bS(x) (Ps-10.. [P (EQ5.14)
Thislemma can be used to prove the theorem:

Theorem 3: For any local and uniform convergent continuous subdivision and for any
j =0 avector of scaling functions @i(x), x 0 MO exists such that:

S(x) = @i(x) Tl (EQ5.15)

Proof 2: From the definition of S(x) givenin Section 5.2.1 and Lemma 1 it follows

S(x) = lim (¢° I(x) CCJ)

S - 00

(lim ¢° - I(x)) I

S 5

(EQ5.16)

From which the scalar basis function @i(x) is extracted
I(x) = lim ¢°=J(x) (EQ5.17)
A direct consequence of Lemma 1 and Theorem 3is stated in
Theorem 4: The scalar functionsin @i(x) arerefinable
Proof 3: The proof follows directly from Eqg. 5.17 and Eq. 5.14:
@I(x) = @I *1(x) [P (EQ5.18)
5.2.3 Construction of the Nested Linear Spaces
The linear space VI(M?9) associated with amesh M0 is generated by the span of @J(x):

VI(MO) = span (¢i(x)) (EQ5.19)

This definition is equivalent to the definition of alinear space V! in classic wavelet theory,
but its interpretation is more complex: EqQ. 5.19 can be interpreted as the space of all the

limit surfaces that can be generated by the subdivision rule that uses the coarse mesh M©
asinput.

The space Vi(M?9) can be constructed either by computing the limit surfaces generated by
the space of the geometric vectors CJ or equivalently by computing the span of @I(x)
over the space of the geometric vectors Ci .
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From the definitions of the linear spaces given in Eq. 5.19 and Theorem 4 it follows that
these linear spaces are nested:

VoMo OviMoO..O0 viimoO... (EQ 5.20)
5.2.4 D€finition of the Inner Product

The inner product of functionsin VIi(M9) is another essential component of a multireso-

lution analysis. For the SWT the inner product between two functions f, g O VI(MO) is
defined as:

f, g0 = J f(x) Cg(x)dx (EQ5.21)
x O MO

For simplicity dx is set to the area of atriangulation homeomorphic to M9 consisting of
equilateral triangles with edges of length one.

Since the scalar basis function @i(x) isonly defined in the limit, the limit surfaces gener-
ated by a subdivision scheme do not have a closed form. Therefore it seems impossible to
compute the exact solution of Eqg. 5.21, and that the solution can only be approximated
using numerical integration algorithms. This is not the case: most subdivisions only use
local subdivision rules for the refinement, and in these cases it is possible to compute the
inner product exactly.

There is no unique strategy to evaluate the inner product Eqg. 5.21, since the computations
depend on the subdivision rules, but Lounsbery outlines a general strategy:

1. Thefirst step consistsin re-writing Eq. 5.21.
Since the two functions f, g both belong to Vi(M9) they can be expressed as

f(x) = @l(x) [F
g(x) = @i(x) (G
where both F and G are vertex vectors. Eg. 5.21 can now be rewritten as

(EQ5.22)

O, g = [@IC)F)T [ (x)G dx = FT([(9/(x)T Bpl(x) dX)G = FTLIG (EQ5.23
where (L1); = Ll (x), @) (x)0, and @i(x) isthe i -th element of the vector ¢i(x).

2. Once the matrix L} has been computed it is possible to compute the matrix Li-1 by
making use of Eq. 5.18:

LI = [(@ ()T 2pi(x) = [(PHT(@) *1(x))T [l *Y(x)PI = (P)TLI*IPI (EQ5.24)
Eq. 5.24 implies that once the matrix L" for the finest level n of the input surface has
been computed, then all the other matrices LX, k < n can be computed with two matrix-
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matrix multiplications, which can be computed efficiently, since the matrix P is
Sparse.

3. Finally, the entries of the matrix L" at the finest level n have to be computed. Thereis
no fixed rule to compute these entries, but using the locality of the subdivisions it is
possible to construct a system of equations whose solution corresponds to the entries of

LJ: for example Cipl(x), @d(x)Tis zero if the support of the i -th scalar basis function
does not intersect the support of the k-th scalar basis function.
5.2.5 Construction of the Wavelet Basis Function

In order to define the wavelet basis functions some notation must be introduced: the scal-
ing functions for any primal subdivision rule can be written as

@l(x) = (OJ(x), Ni(x)) (EQ5.25)

where Ol(x) consists of all scaling functions associated with the old verticesof M1, and
Ni(x) consists of all scaling functions associated with the new vertices introduced by the
refinement from M to Mi*1, Inasimilar way it is possible to write the matrix Pl as

Pi = (OJ,NJ) (EQ 5.26)

where Ol is the submatrix that maps the old vertices of M1 to their new position, and NJ
is the submatrix that define the position of the new vertices introduced by the subdivision.

The wavelet basis function is built indirectly by first constructing a basis for Vi*+1(M9):
{@)(x), NI*1(x)} (EQ5.27)

where @J(x) is the basis for VI(M9), and Ni*+1(x) is defined in Eqg. 5.25. One of the
obvious requirements for this basis to exist is that the matrix Ol(x) hasto be invertible.

Ni+1(x) isnot admissible yet as awavelet basis, since in general it is not orthogonal to
@I(x), but can be written as

NI*+1(x) = @i(x)+@i(x)a) (EQ5.28)

The unknown ol in Eq. 5.28 can be obtained by solving
Cipl(x), @I(x)ier | = Cipl(x), NI*10x)0 = (PI)TLpl *1(x), NI *1(x)0  (EQ5.29)
Eq. 5.29 is obtained from Eq. 5.28 using the definition Eq. 5.18, and observing that ¢(x)

and i(x) areorthogonal.
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The solution of Eq. 5.29 is then used to compute the value of i(x):
Pi(x) = NI*1(x) —@l(x)a! (EQ 5.30)

5.2.6 Filter Bank Algorithm

The final step of this multiresolution analysis is the construction of afilter bank algorithm
that decomposes an input mesh into a set of scalar and wavelet values. It has aready been
discussed in Section 4.1.3 that four matrices are needed to build afilter bank algorithm:

1. Two analysis matrices Al and Bl used in the decomposition step.

2. Two synthesis matrices P and QI used in the reconstruction step.

The synthesis and analysis equations are given in Eq. 5.31:
(@I(x), YI(x)) = @I *(x) AP, Q)
. . j :
(@00, 9100) L = 017200

(EQ5.31)

The synthesisfilters are then constructed using Eqg. 5.18, Eqg. 5.25, Eg. 5.30, and EqQ. 5.31:

. OAj inj O
(PL,Q)) = DOJ_ _OJqJ_D (EQ5.32)
ONJ 1=Nigil

where O and NI have been defined in Eq. 5.26.

The two analysis matrices are obtained from the inverse of the synthesis filters computed
in Eqg. 5.32:

j o
@E = (P, Qi) (EQ5.33)

5.2.7 Problems of the Subdivision Wavelet Transform Representation

The theory presented in this section briefly describes the multiresolution analysis for the
Subdivision Wavelet Transform; most of the proofs are constructive and it is possible to
build the SWT for a specific subdivision scheme.

What was not discussed is the complexity of the operations needed to compute the SWT.
Most of the details can be found on the two papers of Lounsbery; we will just mention the
two most important problems that increase the complexity of the representation:

1. Theevaluation of al in Eq. 5.29 requires the inversion of the matrix Li. Although this
matrix is sparse its inverse is not, and therefore the evaluation of a’ has a complexity
of O(n?).
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2. The synthesis filters are sparse if the subdivision rule has a compact local support, but
their inverse, the analysisfilters, do not have a compact support in general. Thisimplies

that the decomposition step has atotal complexity O(n2).

These problems have been investigated by Lounsbery, who proposes some possible solu-
tions. The complexity of the SWT can be reduced by using “almost” orthogonal wavelets.

5.2.8 An Example of the SWT Representation

In this section we will show a simple example of the subdivision wavelet transform repre-
sentation using the most simple subdivision rule, which is defined as:

» Thetopology isrefined using the quaternary subdivision rule

» The position of the old vertices is interpolated, and the position of the new verticesis
set at midpoint of the old edges.

Figure 5.22 shows a SWT refinement step: the input mesh M9 isfirst transformed into the
mesh M1 using the subdivision operator (@) *1(x) P! in Eq. 5.31), and then the detail
values are added back to the surface (¢! +1(x) QJ in Eq. 5.31).

a) b )

Figure5.22 The subdivision wavelet transform
a) surfaceat level 0
b) surfaceat level 1 after subdivision
¢) surfaceat level 1 reconstructed completely

5.3 Evaluation

In this section the basic subdivision schemes presented in Section 5.1 as well as the subdi-
vision wavelet transform presented in Section 5.2 will be evaluated using the criteria spec-
ified in Section 2.

* Modeling of two-manifolds with boundaries: the representations based on subdivision
that are described in this section are capable of generating two-manifold surfaces; the
macrotopology of the mesh is not restricted, but the meshes that are generated have
subdivision connectivity.

The basic subdivision schemes do not introduce any new feature in the mesh, they only
refine the mesh and smooth the vertices, until in the limit a smooth surface is generated.
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When constructing the coarse mesh that will be fed to the subdivision algorithm it is
therefore crucia to include all the features that need to be present in the surface.

The subdivision wavelet transform extends the basic scheme to a multiresol ution repre-
sentation, where the limitation described above does not apply. The SWT algorithm
starts from a full resolution mesh that has subdivision connectivity, and using coarsifi-
cation algorithms it builds the representation. Since the algorithm works with the full
resolution surface all the features will be present and can be modeled.

The subdivision rules described in this section have one serious limitation: they are
only defined in the interior of the meshes, and they define no rule to refine the bound-
aries of the meshes. Some papers address this problem and try to construct viable solu-
tion to smooth the boundaries of a surface, see for example the work of A. Levinand D.
Zorinin[53], [54] and [88].

Computation of surface-surface intersections: Asdiscussed in Section 4.5 there are two
different approaches to the computation of surface-surface intersections:

1. A hierarchical bounding box data structure can be stored to speed up the computa-
tion of the intersection. The data structure is separated from the data structure of
the representation, and it is only used to resolve intersections.

2. It can be argued that algebraic methods could be applied on subdivision surfaces
easily, since the limit surface of the Doo-Sabin and Catmul-Clark subdivisions
generate in the limit bi-quadratic or bi-cubic B-Spline surfaces everywhere except
at afinite number of extraordinary points. The problem with this representation is
that in general meshes with arbitrary connectivity do not have a global parametri-
zation. Furthermore the implicitization of the spline function in this setting is very
complex, if at all possible. It can be concluded that algebraic methods are not a
viable solution at the moment for subdivision surfaces.

Scalable representation: The subdivision operators of the schemes defined in
Section 5.1 are by definition a refinement operator. Applying a subdivision step to a
mesh will increase the number of vertices in the mesh. The basic subdivision is there-
fore not a scalable representation of surfaces.

The SWT representation constructs a multiresolution analysis based on the operators
defined in Section 5.1. The resulting framework is therefore scalable. The properties of
the SWT are outlined below:

» The subdivision wavelet transform allows to construct multiresolution representa-
tions of meshes that possess subdivision connectivity. The representation is com-
pact: the geometric information can be stored without overhead, and the topologic
information need only be stored for the coarse level mesh. The topology of the
finer levels of the mesh do not need to be stored explicitly, since it is based on the
regular subdivision operator, such as quaternary subdivision.

» A full resolution mesh can be approximated by starting from the coarse representa-
tion of the mesh and by adding as many of the detail values as needed to achieve a
certain quality. Furthermore if orthogonal wavelets are constructed, it is possible to
build best approximations to the full resolution mesh simply by leaving out the k
details with smallest absolute value.
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» It has been discussed in Section 5.2.7 that the construction of the representation

might have a high complexity of O(n2). This happens because the coarsification
operator can have a global support on the mesh. It is however possible to construct
wavelets that are only “amost” orthogonal much faster.

The reconstruction algorithm is much faster and has alinear complexity.

* Modeling of non-manifold singularities, tears and cracks: both basic subdivision

schemes and the SWT cannot model non-manifolds, since the subdivision operators are
only defined over manifold surfaces. In order to model non-manifold surfaces correctly
it would be necessary to construct special operators.
It is very difficult to embed curves in the limit surface, but it would be easy to embed
curvesin the surface obtained after n subdivision steps, since the resulting mesh would
still be piecewise linear. Embedded curves would therefore need to be stored in a sepa-
rate data structure.

» Error modeling: The first few papers on subdivision surfaces did not have a strong
notion of error, and it was not well understood how to compute the position of a point x
on the limit surface. Recent papers on subdivision surfaces built methods to map points
from any level to the limit surface using eigenanalysis, and this would help to construct
better error models.

The construction of rigorous errors for the SWT is more difficult. As already discussed
the error associated with subdivision schemes is well understood, and the wavelet com-
ponent of the SWT explicitly defines an inner product. One of the components that is
missing for an error analysis are well defined basis functions. In Section 5.2.2 and in
Section 5.2.5 the scalar and wavelet basis functions have been defined only as a limit
toward infinity.

» Smoothness of the surface: The different subdivision operators generate different sur-
faces in the limit, but all of them try to generate smooth surfaces. The better-known

operators presented in Section 5.1 either generate G1 or G2 surfaces.

The SWT representation is based on the subdivision operators, and it can therefore gen-
erate smooth representations. If the full resolution surface is not smooth it is sufficient
to compute more subdivision steps to get a smoother surface.

» Multiresolution editing: The basic subdivision schemes do not define a multiresolution

representation of meshes, they just provide operators to refine and smooth meshes.
These operators are applied to the input coarse mesh, and in the limit they generate
smooth surfaces. It is therefore not possible to compute multiresolution edits on these
schemes.
It is however possible to construct separate data structures that store the edits, which
could then be integrated during the subdivision steps. Such an implementation would
result in smooth edits, since subdivisions always generate smooth surfaces indepen-
dently of the input mesh.

The SWT provides a natural framework for edits at different levels of resolution, since
the meshes are represented in a multiresolution hierarchy. The edit operations will be
smooth, since the underlying basis functions are the subdivision operators.
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» Surface fitting: In histhesis [42] Hoppe describes a strategy to fit a subdivision surface
through acloud of unorganized points, for which nothing is known, not even the macro-
topology of the surface that they define. Thisis accomplished by first fitting atriangular
mesh through the points, then by simplifying it, and finally by building the representa-
tion based on a subdivision operator.

There is no automatic fitting procedure which constructs a SWT representation. It is
however possible to use Hoppe's thesis to construct a triangular mesh with subdivision
connectivity and then to construct the wavel et representation on top of it.

» Support of local high variation in the curvature of the surface: Although the basic sub-
division operators described in this section generate smooth surfaces, it is possible to
extend them to model non-smooth regions. There are three main contributions that
allow usto model non-smooth regions:

1. Inhisthesis[42] Hoppe describes an extension of the Loop subdivision that allows
to define edges in the mesh that do not have to be smoothed.

2. T. Sederberg describes a Non-Uniform Recursive Subdivision Scheme (NURSS)
that extend the classic Doo-Sabin and Catmul-Clark schemes to non uniform B-
Splines. This extension has been described in Section 5.1.1; further information
can be found in the original paper [75].

3. T. DeRose presented in [22] a smple strategy that allows to model non-smooth
regions with subdivisions.

The SWT representation can also be extended to support high variation in the curva-
ture, but it would be necessary to construct the appropriate basis functions and matrices
for the filter bank agorithm.

» Changes of the surface over time: The problem of encoding changes of the mesh over
time for the basic subdivision schemes and for the subdivision wavelet transform
reduces to the problem of representing the changes in the coarsest input mesh over
time. If this can be accomplished, then both representations can automatically handle
changes over time.
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6 Hierarchical B-Splines

Hierarchical B-Splines are yet another possible surface representation for geologic data.
Traditional approaches that use control vertices and locally supported basis functions rep-
resent a surface as

u,v) = ZZdilj [NK(u) CNJ(v) (EQ6.1)
]

where {d; j} is a set of control vertices, NX(u) and N}(v) are basis functions with a
local support, k and | represent the order of the basis functions, and u and v define the
global parametrization of the surface.

The problem with this representation is that either:

1. There are not enough control vertices to model all the desired surface.

2. There are too many control vertices that are not used to model anything.

The hierarchical B-spline approach starts with a sparse set of control vertices and adds
more control points locally where they are needed to model small details.

In the next subsections the tools necessary to build a hierarchical B-Spline representation
will be developed, namely:

» arefinement operator that increases the number of control pointsin Eg. 6.1. Increasing
the number of control points decreases the support of the basis functions. Thisalowsto
introduce small details to the surface.

» an operator that allows to apply a refinement locally on the surface. Next, the concept
of overlay will be introduced, that will be used to store fine level patches relative to the
coarser level patches. This will alow to propagate edit operations from the coarse
patches to the fine patches.

All the details regarding hierarchical splines and some of the applications/enhancements
can be found in the original papers[36], [35], and [34].

6.1 Refinement Operator

The hierarchical structure presented in this section works with any surface representation
that models a surface using locally supported basis functions. To better illustrate the
behaviour of the H-Spline representation the cubic B-Spline function will be used as an
example. Operators for other basis functions can be computed similarly.

The input of the refinement operator is a surface defined as

Su, v) = ZZdilj [NK(u) CNJ(v) (EQ6.2)
™
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The number of control pointsin the surface can be increased by decreasing the support of
the basis function. The surface would then be defined as

Su,v) = szli'j [NK(2 C) N (2 O) (EQ6.3)
™7

The shape of the new surface described in EQ. 6.3 must remain the same as the shape of
the original surface defined in Eq. 6.2. This can be achieved easily, since a B-Spline func-

tion NX(u) can be written as alinear combination of B-Spline functions N¥_, (2 [U):

k

Nf(u) = 27D oy TN o (20) (EQ6.4)
j=0 ]
An exampleis shown in Figure 6.1:

a1 2 3 a

Figure6.1 Two scalerelation for cubic B-spline functions

From Eq. 6.2, Eq. 6.3, and Eq. 6.4 the value of the new control points d';  can be com-
puted using EQ. 6.5

m n
dis= 5 5 afnaj(s)d; | (EQ6.5)
i=0j=0
where the value of a(r) and a}(s) isderived directly from Eq. 6.4.
In matrix notation, a refinement of the control verticesis specified as
D' = O (D D (EQ6.6)

The equations derived in this section enable usto refine agrid of control pointsinto afiner
resolution grid. This, as already mentioned, enables us to create more detailed surfaces.
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The operation described in this subsection refines the whole surface. This could introduce
a large overhead if the surface has large flat regions, since only few control points are
required to model theseregions. A straightforward improvement to the representation con-
sists in building operators capable to refine the surface only locally, thus minimizing the
number of unused control points.

Forsey was the first to use the refinement formula Eg. 6.4 to construct a multiresolution
representation of a surface. Thisideawas used some years later to construct a wavel et rep-
resentation that uses endpoint interpolating cubic B-Spline basis functions.

6.2 Offset Referenced Overlays

In the previous section a general subdivision rule for B-Spline surfaces was developed. If
this subdivision ruleis applied to all the control points of atwo-dimensiona surface, then
the number of control points would increase by four. Thisis usualy not desirable, since
only some regionsin the surface need the additional degrees of freedom.

We will show an example of how to build alocal overlay. The white squaresin Figure 6.2
represent the area of influence of the control vertex d; ;: if this control points is moved,

the surfaces enclosed in the white rectangles will move with d; ;.

[ ] @ L 4 2 L 4 9 [ J

[ ] @ L 4 2 L 4 9 [ J

[ J @ L 4 4 4 ] [
di,j

[ ] @ 4 2 L 4 9 [ J

[ ] [ @ L L 2 L ] [ J

Figure6.2 Thesupport of a control vertex of a cubic B-Spline surface

If the area of influence of the control vertex is too large, and a users wants to insert finer
level detailsinto the surface, then it is necessary to compute arefinement around d; i The

new set of control points generated in thisway, called overlay, will have asmaller support,
thus allowing to edit smaller parts of the surface. A ssimple overlay is illustrated in

Figure 6.3: the support of the center control point d'; j of the overlay, drawn as a set of
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gray squaresin the figure, is now just one fourth of the support of the original control point

di -

Figure6.3  An overlay for a cubic B-Spline patch

These overlays can be inserted where needed, so that control points are added only where
the complexity of the surface requires them.

There is still one problem that was not addressed: if one of the black control verticesin
Figure 6.3 is moved, then this change needs to be propagated to the overlay, since the sup-
port of the black vertices and the support of the white vertices of the overlay are not dis-

joint. If the control vertices d J- in the overlay are initialized using Eq. 6.6, then changes

in the black control vertices that define the coarse level shape of the surface cannot be
propagated to the overlay, and therefore edit operations will not be executed correctly. The
author solved this problem by making use of local frames: the control points of the overlay
are stored in the form

dij =1 ;*t0 (EQ6.7)
where
{ri,} =0 e (D Doy (EQ6.8)

storesthe initial position of the control vertices dictated by the control verticesin the base
mesh, and o; j Stores the edit operations applied to the overlay with respect to a local

coordinate system.

6.3 An Example of the H-Spline Representation
In this section we present a small example showing how the H-Spline representation

works; we will also show why it is necessary to store the control points of overlaysin a
local frame.
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Figure 6.4 illustrates some edits computed on an surface represented with an H-Spline:

oceoooooo
oooo
ooooooo
oooo
oooo
ooooooo
ooooooo

cocooooao
oooooooao
ooooooao
coooooao

ooooooo
o
ooooooo
ooooooo
ooooooo

Figure6.4  Edit of a surfacerepresented asan H-Spline

The next list briefly describes the edit operation presented in Figure 6.4:

* Q) represents our initial surface: al the control points lie on a plane, and therefore the
surface that they define also lies on a plane.
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* Inb) the central control point is moved vertically; this results in an edit operation that
has support on the whole patch.

* Inc) an overlay around the central control point is constructed. The initial position of
the control pointsin the overlay guaranteesthat the surface in c) interpolates the surface
b). The white spaces between the two patches are used to better distinguish between the
patches; after the overlay has been inserted the surface remains continuous and smooth.

* In d) the central control point of the overlay is moved horizontally. This does not
change the overall shape of the initial patch, but just the dark gray component that
describes the support of this control point.

* Ine) only the coarse level of the surface is shown. The edit computed in d) is not visi-
ble, since it was computed in the overlay. The central control point of the coarse mesh
is moved to the right.

» Finally, in the surface shown in f) visualizes the two edit operations computed in d) and
e). If the overlay was not stored in alocal frame the edits would have not looked natural
and the results would have been counterintuitive.

6.4 Evaluation

In this section the hierarchical spline surface representation will be evaluated using the cri-
teria specified in Section 2.

* Modeling of two-manifolds with boundaries: H-Splines can be used to model complex
two-manifold surfaces. Since a global parametrization is required, and since the basic
H-Spline algorithm uses uniform splines, it is not possible to model an arbitrary two-
manifold surface.

The H-Splines require a certain regul arity, since aglobal parametrization defined by the

two coordinates u and v must exist, but they allow us to model surfaces with irregular
boundaries.

» Computation of surface-surface intersections. The surface intersection problem could
be solved using the two solution already described in Section 4.5 and Section 5.3:

1. aseparate hierarchical bounding box data structure can be used to accelerate the
computation of the intersection curves. This data structure stores information on
the piecewise linear approximation of the spline that is used for rendering.

2. an algebraic method can be used to compute more precise solution on the B-Spline
surface. This could be accomplished by generalizing existing methods that works
on Bezier patches.

» Scalable representation: The H-Splines are scalable in the sense that they do not
require a uniform refinement in order to model small detailsin a surface.

» The representation is compact: an expert user is capable of modeling a surface
using the minimum number of control points. Novice users usually generate far too
many control points, most of which are not used to model any feature. All these
control points could be considered as an overhead.
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» |t iseasy to extract a good approximation of a surface using a few control points:
an approximation can be constructed smply by taking the coarse set of control
points and adding any number of overlays.

» The construction of the representation and the reconstruction of the surface are
both very fast algorithms that work in real-time.

Modeling of non-manifold singularities, tears and cracks: In general it isnot possibleto
represent any non-manifold or pseudo-manifold singularities, but some non-manifold
surfaces can be easily constructed using B-Splines. For exampleit is very easy to model
a surface that intersect itself, but in general it is not possible to model an horizon or
fault that splitsinto two horizons or faults.

Embedding of curvesis not feasible, since the basic primitive of the H-Splinesis the B-
Spline, and a curve defined over a B-Spline patch might be represented only with ahigh
order polynomial. Piecewise linear curves can be embedded in the piecewise linear
approximation of the surface.

Error modeling: The basis function used as a modeling primitive in the H-Spline repre-
sentation is the B-Spline. This basis function is very well studied, and it allows to con-
struct advanced error models.

Smoothness of the surface: Depending on the degree of the B-Spline basis function that
is chosen to model surfaces, the H-Splines representation is able to model smooth sur-
faces, for example using cubic B-Splines, or not, for example using the simple order
zero B-Splines.

Multiresolution editing: The original paper that introduced the concept of H-Spline
described a multiresolution editing tool. This capability is fully integrated in the repre-
sentation. Edit operations affect the control points of the B-Spline functions and there-
fore the changes in the surface will be smooth.

Surface fitting: Forsey presented in [34] a technique for an automatic surface fitting of
clouds of points. However the surface generated by the algorithm had to be a smple
height field.

Support of local high variation in the curvature of the surface: If the underlying B-
Spline basis is smooth, then the H-Spline representation will not be able to model non-
smooth regions well; if the B-Spline basis is not-smooth, then local high variation in
the curvature can be modeled easily.

In the original concept of the H-Spline it is not possible to model non-smooth regions
with higher order splines, since the representation can only use uniform B-Splines. It
would be of interest to construct an extension of the H-Spline representation that is
based on the non-uniform B-Spline basis functions.

Changes of the surface over time: Changes of the surface over time can be modeled ele-
gantly with H-Splines. it is only necessary to construct three dimensional overlays
instead of the standard two dimensional overlays. This strategy would probably intro-
duce some overhead, since overlays might not be needed in the same place at different
pointsin time.
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7 M esh Based Representations

The mesh based surface representations define a surface with a collection of vertices and
polygons, usualy triangles. This means that these representations only work with piece-
wise linear surfaces.

In this section some of the better known representation will be described:

» W. Schroeder’s vertex removal algorithm [74].

* H. Hoppe's progressive meshes algorithm [43].

* M. Garland’s and P. Heckbert’s pair contraction algorithm [37].

» Li’'scompression of 3D models[47].

Closely related to these representations are the papers that apply signal processing tech-
nigues to meshes with arbitrary connectivity that will be presented in Section 8.

7.1 Vertex Removal Algorithm

William Schroeder et al. presented in [74] a simple algorithm for mesh decimation based
on a vertex removal strategy. The algorithm is general enough to be able to handle non-
manifold surfaces, and it allow the user to set constraints to maintain some of the features
of the original surface.

The algorithm is subdivided into three steps:

» characterization of the local topology of a vertex: each vertex in the mesh is classified
according to the microtopology of the neighborhood. The five possible classifications
of the vertices are given in Figure 7.1:

OO0

Simple Boundary Non-Manifold Interior edge Interior corner

Figure7.1 Classification of the vertices of a mesh

Thefirst two elementsin Figure 7.1 represent the local connectivity common to the ver-
tices of a two-manifold surface: the neighborhood of a vertex is either homeomorphic
to adisc, asin the case of simple, or to ahalf disc, asin the case of boundary.

In the non-manifold case the surface intersects itself at the vertex, possibly resulting in
some edges bounding more than two triangles.

The interior edges and interior vertices are used to constrain the decimation of the sur-
face. Interior edges define the boundary of regions with different properties. For exam-
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ple an interior edge could be inserted if the dihedral angle between the two triangles
that share the edge is larger than a user-specified threshold.

* error norm evaluation: after the first step all the vertices have been classified. In this
second step the error introduced by the removal of a vertex must be computed.
Schroeder did not use just one error norm, but he constructed different error norms for
the different classes of vertices. The following list describes the error norms used in the
original algorithm:

» Smple vertex: the error introduced by the removal of a simple vertex v is com-
puted as the distance between v and the average plane p defined by the vertices on
the star of v, asshownin Figure 7.2.

Y
Figure7.2 Removal of a simple vertex
The distance d can be computed efficiently as
d = |nQv-x)| (EQ7.1)
where
N
n= — EQ7.2
N] (EQ7.2)
m-1
> XA
x = L2l (EQ7.3)

m—1
2 A
i=0

and
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m-1
Z n; OA,
— =0
N = =F— (EQ7.4)
2 A

i=0
n, = (v—v(i +1) mod m X (V=V;) (EQ7.5)

V+V, +V
X, = i (é+ 1) mod m (EQ7.6)
A; : areaof the triangle defined by (v, Vi, Vj 1 1) mod m) (EQ7.7)

* Boundary vertices and interior edge vertices: The most important visual artifact
introduced by the removal of both boundary and interior edge vertices is not the
“flattening” of the geometry, but the change of the shape of the boundary and of
the interior edges.

It makes sense therefore to use a different error norm than the norm defined in
Eq. 7.1, such as the error mode! illustrated in Figure 7.3:

Figure7.3 Removal of a boundary edge or of an interior edge

The error norm is therefore proportional to the minimum distance between the ver-
tex v that has been removed and the new edge (v, V,,_1) -

* Non-manifold and interior corner vertices. these two types of vertices are not
removed in the decimation process, since their removal could change the topology
of the mesh or remove essential features.

The error introduced by the removal of each vertex is stored in a sorted list. The algo-
rithm will then remove the vertex that introduces the smallest error.

vertex removal: in the previous step the vertices have been ranked according to the error
that their removal would introduce in the surface. In the next step the vertex that intro-
duces the smallest error is removed from the mesh. After this removal operation the
mesh contains a hole that was not present before. It is therefore necessary to re-triangu-
late the hole.
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The algorithm used in the paper isfairly simple, and it is based on a divide-and-conquer
strategy. The ideais to connect two vertices on the boundary of the hole with an edge,
thus splitting the problem into two sub-problems. Since the algorithm should be capa-
ble to handle any non-manifold mesh it is very easy to construct an example where such
an algorithm would fail. In this case the vertex is not removed from the mesh.

An example outlining the divide-and-conquer strategy is presented in Figure 7.4:

a)

b)

Figure7.4 Re-triangulation via divide-and-conquer strategy
a) Boundary of the hole that must betriangulated
b) Triangulation of the hole

The error norm evaluation and the vertex removal operations can be applied to ssimplify
the mesh by removing one vertex at atime:

M =MM_, MP-1, . L M (EQ7.8)

After the removal of avertex v from the mesh the error associated with the vertices on its
star must be recomputed, since the removal operation might have changed the error associ-

ated with these vertices. The new error values will replace the old values stored in the error
list.
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7.2 Progressive Mesh

The progressive mesh (PM) agorithm by Hugues Hoppe is probably one of the better
known mesh based schemes to organize, store and transmit meshes of triangles. A detailed
description of this scheme and its various extensions, such as view dependent PM and pro-
gressive simplicial complexes, can be found in [43], [44], [67], and [45]. Progressive
meshes have been extended to three dimensional tetrahedral meshesin [77].

The progressive mesh scheme builds a continuous level-of-detail approximation of an
input mesh M ; the two components that define the representation are:

1. A coarse mesh M9, This mesh is much less detailed than the original mesh and it con-
tains fewer triangles. Usually the mesh M corresponds to the coarsest possible mesh

that has the same topological type as the input mesh M.

2. A set of vertex split records vsplit;, i = 1, ..., n. Each record vsplit, contains enough
information to split a vertex in two vertices, thus inserting one or two new triangles in
the mesh. If asingle vertex split operation is applied, it will transform the mesh Mi-1
to M. Applying al the n vertex split operations to the mesh M will result in the

original mesh MM = M.

In typical applicationsthe only information available is the input mesh M : no information
is available on the mesh M© or about the vsplit; records. It is therefore necessary to
develop an algorithm to compute this information.

The necessary information is generated starting from the input mesh M applying n edge
collapse operations ecol;, i = 1, ..., n, which are the inverse of the vsplit; operations.

These two operations are shown in Figure 7.5.

ecol; (v ;)

vsplit; (Vg V), V,, Vy)

Figure7.5 Edge collapse and vertex split operations
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The information for the progressive mesh scheme is then constructed as follow:

« Starting from the input mesh M = M" perform n edge collapse operations. The
resulting mesh is our coarse mesh M9

M=M"_ MN-1_, . _, MO (EQ7.9)

« Storetheinverse of the ecol; operations as vsplit; operations:

(ecol;)™ = vsplit, _; _; (EQ 7.10)

» The last important component required to construct a progressive mesh representation
of meshes is an error norm. Eq. 7.9 and Eqg. 7.10 specify how to build the representa
tion, and the error norm drives the construction by specifying which vertices should be
removed first.

The error norm will be used to decide how important edges are. This will allow usto

compute an edge collapse ecol; that removes the i -th least important vertex from the
mesh. Since least important vertices are removed first, it is possible to construct an
error norm that guarantees that the error associated with amesh M! is smaller or equal
than the error associated withamesh M J if i > j. Thisisformalized in Eq. 7.11:

E(M)<E(MI),i>]| (EQ7.11)

However the greedy nature of the algorithm does not construct best approximations: in
order to guarantee that an approximation satisfies an error too many triangles will be
used.

Furthermore to any approximation M' thereis an associated error E(M') that specifies
how different the approximation is from a reference mesh, usually the full resolution
surface.

The error function that Hoppe has chosen is defined by an energy function:

E(M') = Egg(M") + Egying(M') (EQ7.12)

Egg(M') = Zdz(vp MT) (EQ7.13)

Eqring(M) = 5 K|vj=v (EQ7.14)
{j, K isand edge

where {v}} are a collection of vertices whose distance d?(v;, M') to the mesh M' is
measured, and K isan elasticity constant.

The distance energy described in Eq. 7.13 measures the total squared distance of a col-

lection of points sampled on the reference mesh to the mesh M. The spring energy
function described in EQ. 7.14 corresponds to placing a spring on each edge with ten-
sion kK.
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The vertices used in the i-th edge collapse operation are chosen in such a way that
Eqg. 7.15 isminimized:

min (E(M"-1) —E(MN-i+1)) (EQ7.15)

The algorithm that constructs the PM representation described in this section only used the
geometric information to compute the error associated with an edge collapse operation. If
other information is available, such as normals, material properties, shading techniques,

texture coordinates, then this could also be used in the evaluation of the error E(M1). If
the representation would be used in a seismic ray tracer for example, the error associated
with the normals at each triangle would be as important as the error associated with the
geometry position of the vertices. The error norm should then try to find the edge collapse
that minimizes both the changes in the geometry and in the normals.

A more detailed discussion on the progressive mesh representation can be found in the
original papers of Hoppe [43].

7.3 Pair Contraction

In [37], Michael Garland and Paul S. Heckbert presented a surface simplification algo-
rithm based on a quadratic error metric.

The algorithm proposed in this paper is similar in flavor to the progressive mesh scheme.
Theideaisto build a sequence of meshes M", ..., M0 from an input mesh M = Mn,

The two most noticeable differences between this representation and PM are:

» Instead of using an edge collapse operation (as in Section 7.2) Garland created a new
operator called pair contraction. A pair contraction (v, v,) — V introduces a new ver-

tex v in the mesh, movesthe vertices v, and v, to v, connects all the incident edges of

v, and v, to v, and finally removes v; and v, from the mesh.

This operator is very similar to the edge collapse operator; the most important differ-
ence between the two operators is that the pair contraction operator can contract two
vertices that do not share an edge, as shown in the right of Figure 7.6. The resulting rep-
resentation has therefore the ability to change the topology of the mesh.

From the definition given above any pair of vertices (v4, v,) could be used for a pair

contraction. This would not generate high quality resultsin general, since merging dis-
tant vertices could introduce visual artifacts aswell as self-intersectionsin the represen-
tation. The author introduced therefore the concept of a valid contractions:

Lemma?2: a pair contraction of (v,, Vv,) is defined as valid if either an edge connects
the two vertices or

Ve —Vof <t (EQ7.16)
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where t isan mesh dependent threshold parameter.

Vo <i>
2

<

~_ ~_ 7

(V, Vy) = V (Vi Vp) = V

a) b)

Figure7.6  Pair contraction operator
a) Thepair contraction operator collapsesthe edge (v4, Vo)

b) The pair contraction operator collapsestwo verticesthat do not share an edge

The second important difference is how the error norm is used to evaluate the error
introduced by a pair contraction operation.

In PM the error is measured with an energy function: the lower the change in energy the
better the edge collapse.

Garland and Heckbert constructed a quadratic error metric: each vertex is assigned a

4 x 4 matrix Q, and the error at a vertex is defined as

A(v) = v Q¥ (EQ7.17)
Q= Z Ky (EQ7.18)
p O planes(v)
a2 ab ac ad
2

ac bc c? cd

lad bd cd d?|
P=labcd| (EQ7.20)

Basically the matrix Q contains the information needed to compute the sum of the dis-
tances of the vertex v to a set of planes. This error metric allows to compute the posi-
tion of the vertices that minimizesthe error.

The main advantages of quadratic error metrics are their efficiency, since the storage
requirement is of 16 floating point values per vertex and the error can be evaluated with
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two matrix-vector multiplications, and the intuitive understanding of what the error
means.

Once these two components have been defined, the rest of the algorithm is very similar to
PM: at iteration i the error introduced by every legal pair contractions is measured, and

the contraction that introduces the smallest error is used to compute the mesh MnN =i,

7.4 Progressive Compression of 3D Meshes

Li et al. [47] developed a strategy to compress 3D meshes progressively. The interesting
aspect of this approach is that both the topology and the geometry are progressively
encoded in the same bitstream. In this way it is possible to transmit the most important
information first.

In order to build the bit stream, two operations must be available:

» Coding of topological information: this information is coded using a vertex removal
strategy, such as the algorithm constructed by William Schroeder: unimportant vertices
are removed, and the hole that is generated by the removal operation is re-triangulated
using a divide-and-conquer strategy. An example of vertex remova is shown in
Figure 7.4 in Section 7.1.

This is a simple approach and it allows to remove vertices progressively. In order to
reconstruct the original mesh, i.e. to invert the removal operation, it is necessary to
store enough information to recover the neighborhood of the vertex that has been
removed. Li usesthe following information to invert a vertex removal operation:

1. Theindex of one of the new triangles generated by the vertex removal operation.
2. One bit per edge: avalue of 1 specifies that the adjacent triangle was also gener-
ated by the removal operation, a 0 specifies the adjacent triangle wasn’t generated.

A vertex is then re-inserted in the mesh by first computing its star and then applying a
trivial re-triangulation. The star is retrieved by finding al the triangles that were
inserted during the vertex removal step: the index of one of these triangles is stored in
the representation, and the others can be found using the 1's and 0's. An example is
shown in Figure 7.7.

» Coding of geometric information: A second operator is needed to encode the geometric
information. In hisoriginal paper Li used a progressive quantization approach.

Standard quantization algorithms map avalue x 1 S;, where S; is a set of finite size,
ontoavalue X 0 S,, where S, isaset of finitesizeand |S,| » |S,| . The standard exam-

ple consists in mapping afloat or double value, a 32 or 64 bit value, onto a smaller set

of size 2, where i isaparameter that specifies the trade-off between the quality of the
quantization and the compression rate. If this approach is applied to the geometric
information of a mesh, then it is possible to compress the information. The problem
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with this approach is that the information in the bitstream is not sorted in order of
importance: the vertices are stored sequentially.

b)

Figure7.7 Introducing avertex in the mesh
a) mesh before the insertion of the vertex.
b) mesh after theinsertion of the vertex.

A better strategy consists in progressively quantizing the information from the most
important part of the information to the least important. The most important informa-
tion of the geometry component of a mesh corresponds to:

1. themost significant bits (MSB) of every vertex of the mesh.

2. the most important vertices in the mesh defined by the vertex removal agorithm.

Therefore, it makes sense to encode the MSB of the important verticesfirst, and only in
a second step store the least significant bits (LSB) or the position of unimportant verti-
Ces.

This idea can be easily implemented using a threshold T, and the two rules defined in
the following list:

0. initialization:
T, = half of the maximum magnitude of the geometric data

1. significance identification:

If Vi > T; then Sj]i’C =1 and Ejic= V150,
If Vj,c<_Ti then Sj,i’C =-1 and Ej,i’C =Vt 1510,
Otherwise Sjic=0 and Eiic=Vjc

2. refinement quantization:
If Ej,i_llczo then Riic=1 and Eiic=Eji—1c—Tic

If Ej,i—l,C<O then Rj,i,C _1 and Ej,i,C: E —l,C+Ti,C

ji
where v; . representsthe c-th component of thevertex v;, the § ; . storethesignand

the magnitude of the c-th component of the vertex v i the E; j,c Store the part of the
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c-th component of v j that has not been quantized yet, R are the quantized bits of

the c-th component of v i andthe T, are the threshold values used in the process.

The significance identification rule is used for the first k iterations, where k is defined
by |vj ¢ <T;,i = 0...k=10|v; | >T, and once S; , . has been set to either 1 or
—1 the refinement quantization rule will be used for the remaining iterations.

The geometric value of a vertex can then be reconstructed from the sequence
Sj oSk Rjkers R where m corresponds to the number of bits used in

the quantization process.

jym>

Finaly, thevaues S i, and R i1 can be encoded progressively by first encoding all the

values at iteration 0, then the values of iteration 1 and so on.

The two algorithms presented in this section, vertex removal and progressive quantization,
allow usto ssimplify the mesh by reducing the number of vertices and to store the geomet-
ric information according to its importance. The next step consists in merging the two
algorithms together, in order to build a single bitstream that encodes both geometric and
topological information. One possible coding strategy consists of:

1. Set T to the value of the maximum magnitude of all prediction residues of every vertex
that has to be removed, then define a threshold sequence for the geometric information

T =17 _ T EQ7.21
0= 5 w1535 (EQ7.21)

2. Define athreshold sequence for the topologic information

©=5,>§>S >.. (EQ7.22)

where § = J%Ti , and K represents the average number of bits required for a vertex
addition.

3. Inlayer i all the vertices with prediction residue [S,_;, S] are added, and the geomet-
ric information of all the vertices present in the mesh arerefined upto T; .

7.5 Evaluation

In this section the mesh based methods described in Section 7.1 through Section 7.4 will
be evaluated using the criteria specified in Section 2.

* Modeling of two-manifolds with boundaries: The main strength of mesh based repre-
sentations is their ability to model most triangular meshes. All of the representations
described in this section can model two-manifolds with boundaries, and most of them
can model non-manifold surfaces as well.
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» Computation of surface-surface intersections. The previous representations described
in Section 4 through Section 6 could in theory use two different approaches to compute
intersections, using either a separate bounding box data structure or algebraic methods.
Mesh based representations can only use a hierarchical bounding box data structure to
accelerate the intersection computation, since algebraic methods require some degree
of regularity in the surface and are usually applied to higher order functions.

Most of the mesh based representations construct a multiresolution representation
which is not described by atree, but by adirect acyclic graph (DAG). As a consequence
more triangles need to be tested during the computation of the intersection, since there
are many more dependencies in the representation.

» Scalable representation: The mesh based representation described in this section are all
scalable, since they all fulfill the following properties:

* The representations are compact: the progressive mesh representation and Heck-
bert and Garland representation based on pair contraction require less storage than
atrivial single resolution representation of a mesh.

Li brings this concept even further and describes a method to reduce the storage
requirements even more by encoding both the topological and geometric informa-
tion in a bitstream.

Schroeder’s algorithm is not as advanced, and the storage requirements are there-
fore higher. The problem of this representation is that it is difficult to store the
topology at al the resolutions in a compact way, since the connectivity changes
after each vertex removal.

* The representations are capable of generating simplified approximations of a
mesh, thus alowing us to interact with very complicated and dense geological
models. These approximations are usually not “optimal”, i.e. they do not minimize
an error norm, they are just good approximations constructed using greedy algo-
rithms. The approximations are constructed starting from a coarse representation
of the surface and adding enough details to meet the needs of the user: for example
using the progressive mesh representation the approximation would be constructed
by first taking the coarse representation and by applying n vertex split operations.

Schroeder’s representation based on vertex removal isthe only exception. Surfaces
are not stored in a hierarchical representation; the algorithm is only capable to take
afine resolution mesh and simplify it.

» The construction of the representation is also very efficient: al the algorithms pre-
sented in this section can construct a representation in O(n ogn) time. If the
user specifies more complex error normsthe total complexity of the algorithms can
increase, usually resulting in O(n?) algorithms.

Once the representation of a mesh has been constructed these algorithms can build
an approximation of the full resolution mesh in linear time.

* Modeling of non-manifold singularities, tears and cracks: Basically all the mesh based
representations described in this section can handle non-manifold surfaces.
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Schroeder’s representation can model two-manifolds easily, since special masks are
defined in order to handle these singularities (see Figure 7.1). Pseudo-manifolds are not
handled explicitly in the original paper, but it would be possible to extend the algorithm
to correctly handle these singularities.

The original paper on progressive mesh did not address the problem of representing
non-manifolds using the edge collapse and vertex split operators, but in the paper of
progressive simplicial complexes J. Popovic and H. Hoppe [67] extend the theory of the
progressive mesh to non-manifolds. Pseudo-manifolds were not handled explicitly, but
it should be possible to extend the representation to handle these singularities as well.

The representation constructed by Heckbert and Garland does handle non-manifolds as
well, since the representation is very similar to the progressive mesh. Pseudo-manifolds
are not handled explicitly, but it should be possible to extend the representation to han-
dle them correctly.

Li’s representation is based on Schroeder’s representation, and therefore it can handle
non-manifold singularities well, and it could be extended to handle pseudo-singulari-
ties.

The mesh based representations can model tears and cracks as piecewise linear curves
embedded in the piecewise linear representation of the surface. The data structure that
describes the curves is separate from the multiresol ution representation of the mesh.

Error modeling: During the construction of the representations the mesh based algo-
rithms minimize some error norm. The resulting representations are therefore usually
capable to construct approximations which satisfy some error conditions.

All the algorithms presented in this section have the drawback of constructing the sur-
face representations using a greedy approach: Schroeder and Li remove the vertices
that introduce the smallest error, and Hoppe and Heckbert-Garland collapse pairs of
vertices that introduce the smallest error. As a consequence the representations will
usually not be optimal, i.e. they use too many triangles to guarantee any error norm.

Smoothness of the surface: All mesh based representations assume the surface is piece-
wise linear, and therefore they cannot build smooth representations of surfaces.

Multiresolution editing: Schroeder’s representation does not support multiresolution
editing since it does not construct a multiresolution representation of surfaces.

Hoppe's and Heckbert-Garland's representations construct a multiresolution represen-
tation of surfaces, so it may be argued that it is possible to build a multiresolution edit-
ing tool on top of the representation. A multiresolution editing tool built on top of these
representations would not generate good edits for two reasons:

1. an edit would affect both low and high frequency components of the mesh. Good
edit operations are usually only performed on the low-pass component of the mesh
which contains the structural information the user wants to edit.

2. the information needed to reconstruct the full resolution mesh is not stored using
details, nor it is encoded using local frames. Asaresult an edit at any level of reso-
lution but the finest would result in meaningless changes in the mesh.

Li’s representation does not construct a multiresolution representation explicitly, but
the bitstream it generates implicitly defines a multiresolution representation that could
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be used to construct a multiresolution editing tool. Such atool would have the same two
problems described above for Hoppe's and Heckbert-Garland’s representations.

Surface fitting: There is no fitting algorithm that takes as input a collection of points
and generates a representation based on Schroeder’s algorithm. However it could be
possible to construct a triangular mesh from an unorganized cloud of points and then
compute Schroeder’s representation as a post-process.

In his thesis Hoppe constructed a fitting scheme which constructed a representation
very similar to his progressive mesh representation. This algorithm could be adapted to
generate PM representations automatically.

Since the PM representation is very similar to the representation constructed by Heck-
bert and Garland it would be possible to take Hoppe's fitting scheme and adapt it to use
the quadratic error norm and to automatically construct a representation based on the
pair contraction operator.

Li’s representation is based heavily on Schroeder’s algorithm, so the same comment
applies to this scheme: the simplest approach would be to construct a triangular mesh
that fits the collection of points and in a post-process to construct Li’s representation.

Support of local high variation in the curvature of the surface: All the mesh based rep-
resentation can model local high variation in the curvature since the underlaying sur-
face representation is a piecewise linear surface.

Changes of the surface over time: Depending on the changes in the topology of the
mesh over time, these changes can be model more or less easily. The same classifica-
tion of the changes used in Section 4.5 for the pseudo-wavelets applies here as well:

1. If the connectivity of the mesh remains the same at all times t; then the changesin

the geometry can be encoded easily by storing a function f(t) at each vertex
instead of a single vector value (X, Y, z) .

2. |If the connectivity changes, but the topological type remains the same at al times
t; then changes can be encoded by first computing a remesh of the surface at all

the times t; , and then by applying the solution constructed in 1.

3. If thetopological type of the surface changes aswell in time, then the only solution
isto store different representations of the surface at each time t;
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8 Signal Processing for Meshes

In this last section some of the representations based on signal processing tools will be
analyzed. These primitives are used to smooth the surface usually by minimizing the
Laplacian operator. There are four main contributions to this field:

» Gabriel Taubin [86] was the first that tried to map standard filtering techniques to
meshes with arbitrary connectivity.

» Leif Kobbelt [48] used the work of Taubin as a starting point to construct a multiresolu-
tion editing tool for meshes with arbitrary connectivity. In order to accomplish this he
constructed an operator to smooth surfaces as well as alocal frame operator.

» Igor Guskov et a. constructed in [46] a better smoothing operator, and used it to build
non-uniform subdivision schemes and a multiresol ution representation of meshes.

» Desbrun et al. constructed in [24] a smoothing operator based on the notion of curva-
ture flow, and used implicit integration instead of the less stable explicit integration to
accelerate the convergence of the algorithm.

8.1 Signal Processing on Meshes

Gabriel Taubin presented in [86] a new idea based on signal processing techniques that
allows to smooth surfaces while imposing different types of constraints. In this section the
basic ideas of this signal processing approach will be discussed briefly.

8.1.1 Fairing of One Dimensional Curves

Given a curve defined by the vector x = (X4, ..., X,)T, wherethevalues x;,i = 1, ...,n

represent the vertices and the edges are defined between each pair of vertices
(X;, X;+1),1 = 1,...,n=1, the Laplacian operator is defined as

1 1

and can be represented in matrix form as
Ax = —K [X (EQ8.2)

The one dimensional curve can now be faired with two different methods;

1. One obvious strategy consists in computing the Discrete Fourier Transform (DFT) of
the signal x and removing the high energy component from the signal. Using a Fast
Fourier Transform (FFT) this could be accomplished in O(n Cogn)

Instead of computing the FFT of the input signal X it is also possible to compute the
eigenvalues k;, i = 1, ...,n and theeigenvectors u;,i = 1, ..., n of thematrix K. The

vector x could then be re-written as
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n

x= 3 & (EQ83)
i=1

§ = Ok u] (EQ8.4)

The high frequencies in the signal could be eliminated by leaving out the eigenvectors
that correspond to higher frequencies, which are defined as the eigenvector whose cor-
responding eigenvalue is larger than a threshold. This second strategy has the same
complexity asthe FFT approach: O(n Cogn).

Note, that the removal of high frequency information from the DFT of the signa x
results in the same faired signal as the reconstruction of the signal x via Eq. 8.3 using
only eigenvectors that correspond to low frequency information.

An example of surface fairing using this strategy is presented in Figure 8.1. The images
were obtained using Eq. 8.3 to reconstruct the signal:
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Fairing of a 1D signal using an eigenanalysis
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2. A ssimpler and faster operator that allows to remove high energy information from aone
dimensional curve is the Gaussian filter, or more generally any low-pass filter. These
filters do not compute the exact projection of a signal into the space of the low-fre-
guency signals, but they compute good approximations very fast.

One of the most simplefilter is the Gauss filter, which can be defined as

X' = X+ A [AX

(EQ8.5)
withO<A<1.
An example of thislow-passfilter is given in Figure 8.2:
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Figure8.2 Gaussian filter

The most important drawback of the gaussian filter is that while it smooths the signal it
also shrinks it, and thus the area or volume of the signal is not preserved in any way.

The method constructed by Taubin, which will be presented in the next section, will
overcome this limitation.

8.1.2 Fairing of Arbitrary Meshes

The strategies presented in the previous section allow to smooth a one dimensional sig-

nals. In this section a smoothing operator will be described that can be applied on two-
manifold meshes with arbitrary connectivity.

The Laplacian operator at the vertex X; is defined as the weighted average of the edge vec-
tors (x; —X;):
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Ax; = S W X =Xg) (EQ 8.56)
j O star(x)

w =1 (EQ8.7)
j O star(x)

The matrix K can be defined as
K=1-W (EQ 8.9)
where | isthe identity matrix, and Wis the matrix whose (i, ) element corresponds to w ;.
The low-pass filtering can now be redefined in matrix form as
x(k+1) = f(K) xK (EQ8.9)

The goal is now to find a function f(K), for which f(K)N=1 for the low frequencies,

and f(K)N =0 for the high frequencies present in the surface. A simple function satisfy-
ing this criteriais

f(K) = (I —p [K) I =\ [K) (EQ8.10)

where A >0 and u<-A.
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The fairing operator has been applied to a synthetic model that was generated using the
L oop subdivision scheme (see Section 5.1.3) and successively noising the right half of the
mesh. The results are presented in Figure 8.3:

v

Input noisy surface Surface after 5 smoothing steps
Surface after 10 smoothing steps Surface after 50 smoothing steps

Figure8.3 Non-shrinking fairing strategy

Thisfairing algorithm does not suffer the problem of shrinkage as the smple Gaussian fil-
ter does described in Section 8.1.1, since after the Gaussian smoothing step represented by
(I =A K) in Eg. 8.10 an un-shrinking operation represented by (I —p [K) inEqg. 8.10is
performed.

This algorithm can be further generalized by imposing constraints to the fairing process.
The different constraints that can be applied are quickly described below:

* Interpolatory constraints: fix the position of some vertices so that they are not moved
during the smoothing step. There are two possible implementations of these constraints,
one resulting in a non-smooth neighborhood of the interpolated vertices, the other in a
smooth neighborhood.

* Smooth deformations: the smooth interpolatory constraint can aso be used to build
smooth deformations of the mesh.

» Hierarchical constraints: labelling the vertices using some pre-defined rules makes it
possible to smooth specific regions of the mesh; for example it is possible to smooth
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only the boundary of the mesh or to define different regions of the mesh that will be
smoothed separately, which means that there will be no smoothing across the bound-
aries of the regions.

» Tangent plane constraints: by defining the normal at avertex v it ispossible to put con-
straints on it.

Remark: the fairing operator presented by Taubin can aso be used to construct a subdivi-
sion scheme that does not suffer the problem of shrinkage, as opposed to the classic subdi-
visions presented in Section 5.1.1 through Section 5.1.3. This is accomplished by using
the fairing operator that was developed in this section to smooth the geometry in conjunc-
tion with any subdivision operator. This subdivision scheme was used in [90] to construct
amultiresolution editing tool based on subdivision surfaces.

Figure 8.4 shows the subdivision surface generated using the fairing operator to smooth
the geometry of the mesh:

Figure8.4 Non-shrinking subdivision surface using the fairing scheme

8.2 Multiresolution M odeling of M eshes

Leif Kobbelt et a. introduced in [48] amultiresolution editing tool that can handle meshes
with arbitrary connectivity. The authors achieve this goal by defining two operators on the
mesh: alocal frame operator and a discrete fairing operator.

8.2.1 The Local Frame Operator

Local frameswere first introduced in [36] and they are used to encode the geometric infor-
mation of vertices in alocal coordinate system. Since vertices are encoded using a local
coordinate system, edit operations at any level of resolution are automatically propagated
to the full resolution mesh.

Local frames could be defined in many different ways. In the paper of Kobbelt they are
constructed using the following strategy:
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1. Construct alocal frame space that will be used to code the vertex. This space is defined
as a parametric function

2 2
F(u,v) :a+u[au+anv+uEEauu+uB/[auv+V§an (EQ8.11)

over alocal neighborhood of the mesh, as shown on the | eft of Figure 8.5:

Figure8.5 Local frame space define over alocal neighborhood of a triangle mesh

In order to evaluate the unknown a, a,, a,, a,,, a,,, and a,,, in Eq. 8.11 itisfirst

necessary to define the support of the frame space, which is defined by a triangle and
the three neighbor triangles, as shown in Figure 8.6:

X2
X4 X3
Xo X1
X5
Figure8.6  Support of the frame space
Next, a parametrization (u;, v;) for the points x;,i = 0,...,5 must be constructed.

The parameter position of the first three vertices can be freely set to

(Ug: Vo) = (0,0) (EQ8.12)
(up,vq) = (1,0) (EQ8.13)
(uy v,) = (0,1) (EQ8.14)

The parameter position of x5, X,, X5 iS not unique, and it depends on the projection

operator.
A simpleideaisto first project these points on the plane defined by (Xq, X5, X,) :

X' = x;—(xfthyth ,i =3,...,5 (EQ 8.15)
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_ dpxd,
n = M (EQ 8.16)
d, = —— (EQ8.17)
L xx
X2 = Xp
d, = —— (EQ8.18)
2 xa=xd

Next, Eg. 8.12 - Eq. 8.18 can be used to compute the parametrization of the vertices
X3, X4, X5

(U, v;) = (¢4, Cy) (EQ 8.19)
where
X{'" = ¢, d; + ¢, [, (EQ8.20)
and
. = dI X, —(dI Edz) [(d-zr D(i) 0821)
' |d; - (d] [d,) [, 2
¢, = d O —(d] ) [k, (EQ8.22)

Once the parametrization of the vertices X, ..., X5 has been computed it is possible to
compute the unknown in Eg. 8.11:

a = Xg (EQ 8.23)
_ 1
a, = (Xl—xo)—§ (A, (EQ8.24)
_ 1
a, = (Xo—=Xg) — 5 (A, (EQ8.25)
7 . -
= -1 = -1 - -
2”3(“3 ) UzVa 2V3(V3 ) (X3 _ XO) + u3(x0 — Xl) + VS(XO - X2)
%u4(u4—1) A %v4(v4—1) a,,|  |(Xa=X0) FUs(Xg=Xg) +Vu(Xg=X)
1 1 = [(Xg—=Xg) + Ug(Xg—Xq) + V5(Xg—X5) EQ 8.26
éus(u5 -1) UsVe EVS(VS -1) Ay 0 (EQ )
T 0 0 A 0
21 0 L 0 i
L 0 0 T ]
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The parameter 1 [J[0, 1] in Eq. 8.26 is used to control the curvature of the frame
space. If 1 is set to zero the curvature is not constrained, and the local frame space
F(u, v) will interpolate the six points x;,i = 0, ..., 5 that generateit.

. In a second step a vertex g has to be coded in the local frame space. The vertex is
coded as a triple (G, v, h), where (0, V) is the parameter position of the point on
F(u, v) whose normal intersects the vertex q, and h specifies the distance between the
frame space and the vertex .

The triple (0, v, h) can be computed by first making an initia guess on (G, V), for
example

(uv) = % % (EQ 8.27)

and then using an iterative algorithm to relax the approximation to the solution. In the
origina paper a Newton iteration was used, as shown in Eq. 8.28 through Eq. 8.30

(U, v) < (u,v) + (Au, Av) (EQ8.28)
d=qg-F(uv) (EQ8.29)
T T T
FutFu FutFy D[Au} _ |Futd (EQ 8.30)
FIOF, FJ OF,| AV FrId

The system iterates until the approximation is close enough to the solution. Finaly, the
vector d iscoded inasinglevalue h:

h = sign(dT (F,xF,)) Old| (EQ8.31)

It is possible to code d into asingle value h, since d is parallel to the normal of the
frame space F (u, v) at the position (T, V) .
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An example of Newton iteration is given in Figure 8.7:

T~ TS
SOAYASANNS N
"'A'AV\

N
OSSO
5

After 2 iteration Converged solution
Figure8.7 Newton iteration isused to computelocal frame coordinates

The local frames can now be used with any existing decimation scheme to efficiently code
vertices that have been removed in a local coordinate system. They can also be used to
store the original position of the vertices that are being smoothed with the discrete fairing
operator that will be introduced in the next subsection.

8.2.2 The Discrete Fairing Oper ator

The second operator that is needed to correctly edit meshes with arbitrary connectivity at
multiple levels of resolution is a discrete fairing operator. This operator is used to smooth
the mesh in order to remove high frequency information. The smoothing operator is very
useful, since edit operations are usually applied only to the low-pass component of the
mesh.

The discrete fairing has been implemented with the so-called umbrella algorithm. The
goal of thisalgorithm isto minimize either the so-called membrane energy defined as

Eu(f) :J'f§+f3 (EQ8.32)
or the thin plate energy defined as

Ep(f) = J’fgu+2fgv+f3v (EQ8.33)
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Eg. 8.34 and Eq. 8.35 shows the partial differential equations (PDE) that correspond to the
energy minimization of Eq. 8.32 and Eq. 8.33:

Af = f +f,. =0 (EQ 8.34)

uu \A%

A%f = f +2f

uuuu uuvv

+fow =0 (EQ8.35)

The operators used to minimize both energies are local: the function that updates a vertex
X uses only the information on the vertices surrounding x, represented by the vertices
Xgs +--1 X1 INFigure 8.8:

Figure8.8 Verticesused in theumbrella algorithm
The parametrization of these vertices has a direct impact on the fairing function. Kobbelt
has chosen a simple symmetric parametrization for the vertices x;,i = 0, ...,n—1:
(U, v;) = %os%nlrg, sin%n:—HH,i =0,..,n-1 (EQ 8.36)
The use of this parametrization allows to construct a discrete operator that models the
Laplacian Af

n-1
U(x) = %Dz X; — X (EQ8.37)
i=0

aswell as a discrete operator that models A2

n-1
U2(x) = %DZ U(x;) = U(x) (EQ8.39)
i=0

Finally, the fairing is obtained using a fixed-point iteration of either Eq. 8.37 or Eq. 8.38:

1. the solution of the discrete problem U(x) = 0, which minimizes the membrane
energy, is computed by using a simple fixed-point iteration:

Xi(k+1) = Xi(k) + U(xi(k)) (EQ 8.39)
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The algorithm iterates, until the system converges towards a mesh with the property

U(x) = 0 for all vertices x.
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An example of the relaxation procedure is shown in Figure 8
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Figure8.9 Minimization of the membrane energy

= 0, which minimizes the thin plate

energy, is dightly more complex, but it can also be solved with afixed point iteration of

2. The solution of the discrete problem U?2(x)
the form

(EQ 8.40)

()

UJ2(x

1
v

= x(K) —

x(k+1)

where

(EQ 8.41)
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The parameter v; represents the valence of the vertex x;, and v; ; represents the

valence of the j-th neighbor vertex of x;. The algorithm will iterate Eq. 8.40 until a
mesh with the property U2(x) = 0 is created.

An example of the iterative process that minimizes the thin plate energy is given in
Figure 8.10:

'ﬁﬁ\
ZAINN
AVAVANN
AVAVANS

7
75

AVAVAVAN
SRR

K
N
N/

/
AN

4]

<

<

y

Y.
T
7

A
A
VY

7

//

4

Mesh after 4 iterations

Figure8.10 Minimization of thethin plate energy

8.2.3 Construction of an Edit Operator

The local frames and the discrete fairing operators developed in the previous sections can
now be used to construct a multi-resolution editing tool that can handle meshes with arbi-
trary micro-topology. In this section the algorithm will be presented briefly; further infor-
mation can be found in the original paper of Kobbelt:

 thefirst step consists in the coarsification of the mesh using any decimation agorithm,
for example any of the algorithms presented in Section 7.1 through Section 7.4 could
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be used. The position of the vertices removed from the mesh is stored in local frames,
so that the edit operations automatically affect these vertices as well.

It is important to remove as many vertices as possible in order to compute rea-time
edits on the mesh; on the other hand the coarse mesh should contain the structural
details that need to be edited.

* In asecond step the surface is smoothed using the discrete fairing operator. Either the
membrane or the thin plate energy can be minimized. The difference vectors between
the original position of the vertices and their position after the smoothing are stored in
local frames.

* Next, the user needs to specify the area where the edit operation has to take place and
how the edit will modify the mesh.

* Once the edit has been computed, the detail vectors storing high frequency information
of the mesh are re-introduced.

 Finally, the mesh can be refined, re-introducing the vertices that have been removed in
the first step of the algorithm.

8.3 Multiresolution Signal Processing for M eshes

In [46] Guskov, Sweldens and Schroeder present a new signal processing algorithm that
can be used to fair meshes with arbitrary microtopology, which is based on the technical
report [40] of Guskov. The most important difference between this new approach and the
approach of Taubin [86] and the approach of Kobbelt [48] is that the operators that
approximate the Laplacian also consider the geometric information and not only the topo-
logical information.

In the first subsection the difference operator of first and second order will be constructed
for meshes described in a functional setting, which means that each vertex position is
described as

Xi = (Ui, Vi, 9(W;, V) (EQ 8.42)

where u; and v; correspond to the global parameter position of the vertex x; and g(u;, v

is afunction which describes the z-values.
The results produced in this setting will then be generalized to the standard 3D setting,
where two-manifold meshes do not have a natural global parametrization.

Next, an irregular subdivision scheme based on the operators described above will be
introduced, which allows to construct smooth surfaces with irregular connectivity.

An extension of the Burt-Adelson pyramid based on the subdivision and difference opera-
tors will also be derived. This scheme allows to compute smooth downsampling while
storing the information needed to invert the process.
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8.3.1 Difference Operatorsin the Functional Setting

In order to introduce the first and second order difference operators some notation needsto
be defined. The components needed for the construction of these operators are given in
Figure 8.11:

Figure8.11 Trianglesin thefunctional setting

The first order divided difference of the function g(u, v) for atriangle f = {i, j,k} is
defined as the gradient of g(u, v) :

Org(uv) = ALY 20T (g (1, v), g, (u,v)) (EQ849)

The gradient of the function g(u, v), function only defined at the vertex positions, at the
triangle f can be computed solving the linear system of equations:

1y C 9(u;, v;)
1uj v Ooy(f)| = g(uj,vj) (EQ 8.44)

1u v [9/(F) 9(U vy
which resultsin

(9(u;, vi) —a(u;, v)) (v = V) = (9(Uy, vi) —9(u;, vi)) (v —V;)
Ali ik

gi(f) = (EQ 8.45)

(9(u vi) —9(u;, vi)) (uj — 1) = (g(u;, vj) —9(u;, v;)) (U — U;)
Al j.4

ge(f) = (EQ 8.46)

where
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Ani, g = (U =) Tve=vy) = (U= 1;) v = v)) (EQ8.47)

It should be noted that the gradient in the interior of atriangle f of the mesh remains con-
stant, since the function g(u, v) isonly defined for the three vertices that define the trian-
gle and the function g(u, v) isassumed to be piecewise linear in the interior of f.

Next the author defines the second order differences. This can be computed as the differ-
ence between the first order divided difference associated with two neighbor triangles.
Equivaently it can be defined as the difference of the normals of two neighbor triangles,

where the normal of atriangle f = {i, j, Kk isdefined as
ng = (-g,(f), —9,(f), 1) (EQ 8.48)
Thisresultsin avector that describes the second order difference
g9d(e) = gi(f,) —gi(fy) (EQ8.49)
g¢(e) = gy(fa)—gi(fy) (EQ8.50)

where f, = {i, ],k , f, = {l,k, j} and e isthe edge shared by the two triangles (see
Figure 8.11). Eq. 8.49 and Eq. 8.50 can be expanded to:

(V; —Vvy) Vv, —V,
2(e) = < t(uy, vp) + Ak 5 Lo v)) +
fi. .4 ik A
(EQ 8.51)
179 v + L Dy, v
Al i .4 A[u g
(Uu-u) —Uu
g\%(e) - Ak |:g(ul’ I) + |%|.A\| A kD [g(uji j) +
fi. .4 nik A
(EQ 8.52)
+ (U= 4) Co(uy, v)) + i e B [g(uk, Vi)
At i A, g A[l g

Finally, the curvature at an edge e can be estimated by computing the signed norm of the
vector components defined in Eq. 8.51 and Eq. 8.52:

ng = Ce i [g(uu |) + Ce j I:g(u]’ J) + Ce k Eg(uk! Vk) + Ce | [g(uh V|) (EQ 8-53)
where

Lo = Lo

el —
Al .k AllL K

C (EQ8.54)

ei
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o - Le DA i C., = Le DA 1 o855
) » Ce, )
P A P P ETIT
and
Le = [(ue—uj, v; =V, 0)] (EQ 8.56)

represents the length of the edge e projected onto the parameter space.

The operator computed in Eq. 8.53 can now be used in arelaxation algorithm to compute

the new values of g(u;, v;) for all vertices i, so that the energy

E = (D2g)? (EQ 857)
U edge e

computed from Eq. 8.53 is minimized.

Therelaxed value of apoint (u;, v;, g(u;, v;)) isthen computed as

Rgi = min % DZ (Dgg)% = Wi,j [g] (EQ 8.58)
efg,(i) 1 OV(i)
where
; Ce,i [be, j
Wi,j — {e0e,(i)]] O w(e} > (EQ 8.59)
(Ce,i)
ele5(i)

The set V(i) is defined as all the vertices on the 1-ring with flaps of the vertex i, as
shown on the left of Figure8.12, the set w(e) represents the indices {i, j,k,I} in

111



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

Eq. 8.53, and €,(i) isthe set of all the edges on the 1-ring of the vertex i, as shown on the
right of Figure 8.12.

V(i) = {¢ (i) = {—3
a) b)

Figure8.12 Parametersof Eq. 8.58
a) Vertices on the one-ring with flaps of i
b) Edges on the one-ring of i

8.3.2 Extension to the Non-Par ametrized M eshes

The operators derived in Section 8.3.1 are not directly applicable on arbitrary meshes,
since in general no global parametrization of meshes is known. Furthermore if such a

parametrization would exist, the three components of the vertices, x, y, and z would have
to be faired separately.

It is however possible to generalize EqQ. 8.58 dlightly and to construct a new operator that
smooths non-parametrized mesh vertices X; :

Rx, = w; j LX; (EQ 8.60)
 OV(i)
In order to correctly compute the weights w; j the value ¢, ; (see Eg. 8.59) needs to be

computed. This operation requires a local parametrization of the mesh. Fortunately the
support of this parametrization is very small: it just has to cover the two triangles that
share the edge e, since the operator Eq. 8.53 has exactly this support. A simple parametri-
zation that does not introduce distortion is presented in Figure 8.13: the edge between the

112



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

two triangles is used as a hinge, and one triangle is rotated on it until the two triangles lie
on the same plane. This parametrization is called hinge map.

a) b)

Figure8.13 Local parametrization using hinges maps
a) Two trianglesin 3-space
b) The hinge map rotate onetrianglein the plane defined by the other triangle

This ssmple parametrization allows one to compute the values described in Eq. 8.54 and
Eq. 8.55, basically four areas and the length of the edge e.

Once the weights w; j have been computed, the same relaxation step can be performed on
the mesh vertices x;, until the mesh has been faired.

8.3.3 Non-Uniform Subdivision

The second order difference operator can also be used to construct a so-called non-uni-
form subdivision scheme. This non-uniform scheme is defined over a mesh based decima-
tion scheme; in the origina paper the authors used a simplified progressive mesh
algorithm based on half-edge collapse, where one vertex is removed from the mesh by col-
lapsing it into another neighbor vertex.

The flow of the algorithm is outlined below:

* thefirst step consists in constructing a progressive mesh representation from an input
mesh. An important difference between standard subdivision schemes and this new
scheme is that in the former case the input mesh is coarse and it is refined, whereas in
the latter case the input mesh is afine mesh that is coarsified through a decimation algo-
rithm.

The result of this step is a sequence of meshes

QM- Qm-1 . ... QM (EQ 8.61)

« The subdivision algorithm starts with the coarse mesh Q™. Each subdivision step
introduces anew vertex, defined by the vertex split operation. Going from a subdivision

level Q"—1 tothe new level Q" isaccomplished in the following steps:
» The position of the vertex being introduced is computed using Eq. 8.60:
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x{(n = wgf‘} D(ﬁ”—l) (EQ 8.62)
jOV,(n)

e The position of the vertices on the one-ring of the newly introduced vertex n are
also updated using Eq. 8.60:

x(n = Z w(m D¢ =1 + wln O (" (EQ 8.63)
kDO V,(ND\{n}
+ All the other vertices in the mesh do not move:

x(W = x(n-1) (EQ 8.64)

8.3.4 Burt-Adelson Pyramid

The Burt-Adelson pyramid can be used in conjunction with the second order difference
operator to construct a hierarchical representation of a mesh. The removal of a vertex n

from an input mesh Q" is computed in four steps:

* Pre-smoothing: downsampling a signal without first pre-smoothing it usualy intro-
duces aliasing effects. It is therefore necessary to smooth the one-ring neighborhood of

the vertex n:
Xgn -1) = Z Wj(nﬁ Dq((ﬂ) (EQ 8.65)
k O V,(n\{n}

* Downsampling: the vertex n is removed from the mesh. The remova could be per-
formed with the half-edge collapse operation.

» Subdivision: the subdivision scheme presented in Section 8.3.3 can be used as a refine-
ment operator. The mesh is refined by introducing the vertex n back in the mesh and
computing its position using Eqg. 8.60 as well as the new position of the vertices on the

one-neighborhood of n.
Thisinformation will be used to compute the detail information in the next step.

Using the subdivision rule Eq. 8.62 the position of the vertex n can be estimated as:
s(n = g w(n) D=1 (EQ 8.66)
k OVy(n)

and using the subdivision rule Eg. 8.63 the position of the neighbor vertices of n can be
estimated as:

s{M = Z wln) O = + w(m (M (EQ8.67)
kDO V,(NH\{n}
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» Computation of the details: the detail values needed to invert the downsampling step,
one for the vertex n and one for every neighbor of n, are stored in a local frame

_1 .
F(n=D(x):

— -1 _
d(m = F(n-D(x{M - (M) (EQ8.68)

These four steps are presented graphically in Figure 8.14:

-1
Downsampling ‘ X1
Pre-smooth Subdivision
() ? és(n)_x(n) F-D) d(m

Figure8.14 Extended Burt-Adelson pyramid scheme

The parameters x{1) and in d{}) store enough information to reconstruct the original
mesh. The reconstruction process is described by the following steps:

» The vertex n isreintroduced, and its geometric position is guessed using the non-uni-
form subdivision scheme

sin = wiM Dx =1 (EQ 8.69)
JOV,(n)

The position of the vertices on the one-neighborhood of n are aso smoothed using the
rules constructed in Section 8.3.3:

Sgn) - z wj(f‘,l [ql((n—l) + W,(,”r)\ [sgn) (EQ 8.70)
kO V(D n}

* Inasecond step the detail values stored in d{" are added back to the vertex n and the
vertices on its one-neighborhood:

qim = s(W+ (F{n=1)=1(d(M) (EQ8.71)

8.4 Implicit Fairing Using Curvature Flow

M. Desbrun et al. presented in [24] some interesting enhancements to the basic smoothing
strategy constructed by Taubin presented in Section 8.1. These enhancements alow to
construct a more robust algorithm to smooth meshes with arbitrary topology and reduce
the need of human supervision during the smoothing process. Furthermore the operators
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presented in this paper allow to obtain better results, both with respect to the quality of the
smoothing and the shape of the trianglesin the mesh.

In the next few subsections the following improvements will be discussed:
» Useof animplicit solver in the smoothing process

» A simple strategy to guarantee the preservation of the volume of a mesh during the
smoothing process

* A new geometry-based operator based on the Laplacian
* A new operator based on the concept of curvature flow

8.4.1 Implicit Fairing

The fairing process described by Taubin using Eq. 8.9 correspondsto integrating the diffu-
sion equation using an explicit Euler scheme. The equation for the smoothing step is
shownin Eqg. 8.72

x(k*+1) = (-AdtK)x k) (EQ8.72)

The inherent problem with this approach is that explicit methods behave poorly if the sys-
temisstiff, and in order to converge to the correct solution it is necessary to use very small
time steps. The choice of the time steps is dependent on the input mesh, more precisely it
is dependent on the length of the edges of the input mesh, and therefore manual interven-
tion is necessary to compute good-quality results. Since the time steps are required to be
small usually many iterations are needed to converge to the smooth mesh.

The problems of the previous approach can be solved by using implicit integration. It is
well known that implicit integration methods are more stable than explicit methods. As a
consequence fewer iterations will be needed to converge to the solution, since larger time
steps dt can be used. In an implicit method the approximation of the Laplacian Ax is
computed using the geometric information at iteration (k + 1) and not the information at

iteration k. If this concept is applied to Eq. 8.72 the following system of equations can be
derived:

(I + AdtK)x(k+1) = x(k) (EQ8.73)

From an algorithmic point of view, the most important difference between Eq. 8.72 and
Eq. 8.73 isthat while Eq. 8.72 can be evaluated very easily using a matrix-vector multipli-
cation, a system of equations must be solved to compute the result of Eq. 8.73. Although
the implicit method can require more time to compute an iteration, the authors found out
that the algorithm is usually faster, since fewer iterations are required to converge to the
solution.
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In Figure 8.15 a simple comparison of the two integration methods is presented. For the
same number of smoothing iterations the implicit method generates better results, since it
ismore stable and can work with larger time steps.

a) b)
. 'd)

Figure8.15 Comparison of explicit and implicit integration
a) Original triangular mesh
b) Noiseisadded to the mesh a)
¢) Result after five smoothing steps using an explicit method
d) Result after five smoothing stepsusing an implicit method

8.4.2 \Volume Preservation

In his original paper Taubin avoids shrinking in the mesh by applying an un-shrinking
step, as shown in Eq. 8.10. In general this approach gives good results, and no shrinking
effects occur during smoothing. The major drawback of this scheme is that the volume is
not preserved in any way: the volume can vary from smoothing step to smoothing step.

Desbrun proposes in [24] a simple strategy that allows to maintain the original volume of
the mesh using a simple linear time algorithm. The author computes the volume of all ori-
ented pyramids defined by the triangles in the mesh and by a point in space (the origin for
example). This volume can be computed easily using Eg. 8.74

V = %D g, (N, (EQ 8.74)

t O Tniangles
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where
(xt + %2+ x3)
Oy = Lt b 3t ! (EQ8.75)
and
N = (x2=x#) O(x@—x¢ (EQ 8.76)

xt, X2, x3 represent the three vertices that define the triangle t .

The volume can then be preserved during the smoothing process by first computing the
initial volume of the mesh V,, and by scaling the vertex positions of the mesh during iter-

1/3

Vv
ationk by B = -4
VAN

8.4.3 A Geometry-Based L aplacian Operator

Desbrun et a. identified afundamental problem in the formulation of the Laplacian opera
tor defined by Taubin in [86] and by Kobbelt in [48]: their definition of the Laplacian is
based only on topological information and not on geometric information. This problem
has been identified by Guskov et a. as well who also presented a new operator (see
Section 8.3).

The most important drawback that purely topological methods have isthat if the mesh has
non-uniform density, then after smoothing the mesh will lose some features, such as sym-
metry (see the original paper for pictures describing the problem in more detail).

The authors extended the basic Laplacian operator by considering edge lengths, and not
only the valence of the vertices. The resulting formulais shown in Eq. 8.77

2 X=X
Ax; = 20 (EQ 8.77)
i0fto) (6l

where
E = g |ei' j| (EQ8.78)
JON(x)

N, (X;) representsthe vertices of the star of x; and |ei, j| represents the length of the edge
e ; defined between the vertices x; and x;.

Note that if all the edge lengths |e; ;| are equal to 1 then Eq. 8.77 reduces to the operator
constructed by Taubin.
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8.4.4 The Curvature Flow Operator

Perhaps the most interesting extension presented in the paper is the new operator based on
the concept of curvature flow. The operator that was presented in Section 8.4.3 still has
one shortcoming: if the algorithm is applied to a flat triangular mesh, where all triangles
lie in a plane, the smoothing step will move the vertices in the plane. The mesh generated
isstill flat, but the shape of the triangles has changed during the smoothing step.

The curvature flow operator is formulated in such a way as to avoid these changes in the
shape of the triangles. Thisis accomplished by moving the vertices only along the surface

normal n with speed proportional to the mean curvature K , as shown in

0X; _
5 = K [h; (EQ8.79)
The mean curvature K; is defined as
Ky +K
Kj = Ka* ko) 12 2 (EQ 8.80)

The authors used the following definition of curvature normal to build the operator for
meshes with arbitrary connectivity:

NIIZI
>>

= K [h, (EQ 8.81)

where A isthe area of asmall region surrounding Xx;, and CJA is the derivative of A with
respect to the coordinates of x;. If the area A is assumed to be the union of the triangles
that surrounds X; , then Eq. 8.81 can be expanded into

Rh, = 4iAD (cot(a) + cot(B,)) X, - x;) (EQ8.82)

JONL ()

where a j and 3 j represents the angles opposite to the edge g, :, asshown in Figure 8.16.

0

Figure8.16 Notation used in Eq. 8.82
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8.5 Evaluation

In this section the fairing operators presented in this section will be evaluated using the
criteria specified in Section 2.

* Modeling of two-manifolds with boundaries. The fairing operators presented in this
section only require alocal parametrization on a very small neighborhood, so they can
be applied to any two-manifold mesh, and no subdivision connectivity is required. If
the two-manifold has boundaries, special operators need to be constructed to avoid
shrinkage.

» Computation of surface-surface intersections: The fairing operators described in this
section do not encode the topology of the surface they are applied on, instead they are
normally used to encode the geometric information. The goal of these operators is to
fair meshes and generate smooth approximations of non-smooth meshes. The represen-
tations constructed with these operators do not contain the information needed to com-
pute intersection curves, and it is therefore necessary to use an external data structure
such as a hierarchical bounding box to accelerate the computations.

Kobbelt’s and Guskov’s representations are based on progressive meshes, and therefore
they have the same problem the standard progressive meshes have: too many triangles
have to be tested to find the intersection. For more information refer to Section 7.5.

» Scalable representation: Taubin’s and Desbrun’s representations are not scalable, since
they do not construct a multiresolution representation of the surface. The fairing opera-
tors affect only the geometry of a surface, but not the connectivity.

» If the surface is stored in a compact data structure then this representation is also
compact, since it only modifies the geometry of the surface.

» The representation can only return a faired mesh, but it does not compute a coarse
approximation of the mesh.

» All the fairing agorithms have alinear complexity O(k [h), where k is the num-
ber of iterations used in the fairing step.

Kobbelt’s representations use a fairing operator in conjunction with a mesh ssimplifica-
tion algorithm such as progressive mesh. As aresult the author is able to construct scal-
able multiresol ution representations of surfaces that satisfy these properties:

» Therepresentation is compact, since it is based on progressive mesh. Faired verti-
ces as well as the detail information stored by the progressive mesh representation
are stored in local framesto allow multiresolution editing of surfaces, and thisrep-
resentation does not introduce an overhead.

» The representation is capable of building faired approximations of the mesh. In
order to do that Kobbelt first extracts an approximation from the progressive mesh
representation, and then he fairs it using the umbrella algorithm.

» Theconstruction of the progressive mesh representation takes at least O(n Cogn),
and the reconstruction can be performed in linear time. The umbrellaalgorithm has
alinear complexity of O(k [h), where k represents the number of smoothing iter-
ations on the mesh.
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However this approach is not well suited for an adaptive representation, since the fair-
ing process is not integrated into the progressive mesh representation, it is a post-pro-
cess applied to the mesh extracted from the progressive mesh.

Guskov's representation also used a fairing operator in conjunction with a progressive
mesh representation, but he constructs a non-uniform subdivision that integrates the
smoothing in the progressive mesh.

* The representation Guskov describesin [46] is not compact: the topology is stored
compactly using the PM representation, but the geometry is not. Anayzing the
encoding step of the geometry, described by Eq. 8.65 through Eq. 8.68, shows
immediately that in order to store the geometry of a single vertex being removed,

1+V,(]) details values must be stored, where V,(j) represent the valence of the

vertex j. In [18], Daubechies and Guskov describe how it would be possible to
construct a compact critically sampled representation, but no practical solution to
the problem is provided.

» Therepresentation described in Section 8.3 is capable to construct approximations
of full resolution surfaces. This is accomplished constructing an operator that
inverts the representation that is constructed using the Burt-Adelson pyramid
described by Figure 8.14.

» The construction of the representation has a minimum complexity of O(n Cogn),
which is the time required to construct a PM representation. The encoding of the
geometry can be performed very efficiently and it does not increase the compl exity
of the construction algorithm. An approximation can be extracted from the repre-

sentation in O(n) time.

» Modeling of non-manifold singularities, tears and cracks: The Laplacian is not defined
at non-manifold singularities, and therefore the representations presented in this section
are not able to model them.

Taubin and Kobbelt assume the vertices on the star of a vertex can be parametrized reg-
ularly using Eqg. 8.36. This parametrization assumes that the operator is applied over a
manifold surface.

Guskov's representation does not require a regular parametrization, since the ideaisto
use not only topological information, but also geometric information. Since the only
parametrization the author requiresis very local and can be constructed in many ways,
such as using the hinge map, at first it seems that this representation might be powerful
enough to represent these singularities. This is not true however, since in the construc-
tion of the weights used in Eqg. 8.60 the author assumes that an edge bounds at most
only two triangles.

Desbrun also assumes implicitly that his operators are applied on two-manifold
meshes, since he makes use of primitives such as the Laplacian and normal which are
not well defined at non-manifold singularities.

None of the three representations can represent curves in the surface with their data
structure. Since the surfaces are represented as piecewise linear meshes, it is possibleto
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construct a separate data structure that stores the embedding of the piecewise linear
curve in the mesh.

Error modeling: None of the representations described in this section construct an error
model, since the goal is not to construct the most accurate approximations of a surface,
but to smooth piecewise linear meshes and eventually to construct a multiresolution
representation of meshes based on a smoothing operator.

An interesting error that could be analyzed further describes how well the different
operators described in Eq. 8.6, Eq. 8.37, and Eq. 8.53 approximate the Laplacian. Since
the Laplacian is not well defined in this setting the evaluation of the quality of the oper-
ators remains an outstanding problem.

Smoothness of the surface: The four representations are by definition not smooth, since
they operate on a piecewise linear approximation of smooth surfaces. However the goal
of the operatorsis to minimize the discrete Laplacian by modifying the geometry of the
meshes, which means they are constructing the smooth approximation of a mesh using
the same number of vertices and the same connectivity. This corresponds to projecting
apiecewise linear mesh to the space of the meshes with lower frequency.

Multiresolution editing: Taubin’s and Desbrun’s representations do not construct a mul-
tiresolution representation of surfaces, and they are therefore unable to edit the surface
at different levels of resolution.

Kobbelt constructs a representation based on a smoothing operator similar to the opera-
tor built by Taubin, but it uses it in a multiresolution representation based on progres-
sive mesh. The resulting representation alows to compute edit operations at any level
of resolution well. The quality of the editsis further enhanced by storing the geometric
information in local frames.

The representation based on the Burt-Adelson pyramid constructed by Guskov also
allows multiresolution edits, sinceit is based on the PM representation and encodes the
geometric information in local frames.

Surface fitting: Non of the existing surface fitting algorithms construct any of the repre-
sentation described in this section automatically. Any fitting scheme that generates a
single resolution mesh can be used in Taubin’s and Desbrun’s representations to con-
struct the input mesh that will then be smoothed with their operators. The fitting strat-
egy developed by Hoppe in his thesis can be used to construct the basic PM
representation that will then be used by Kobbelt and Guskov in their representations.

Support of local high variation in the curvature of the surface: All four representations
work on piecewise linear representation of meshes, and they are therefore capable to
model high curvature in the surface. The smoothing operators are then used to remove
these regions of high curvature. If curvature must be maintained in some specific region
of the mesh, then it is necessary not to apply the smoothers there.

Changes of the surface over time: This family of representations can model changesin
the surface over time only if the changes do not affect the topological information too
much:

1. If the connectivity of the mesh does not change over time, then the geometric
changes over time can be modeled easily by defining afunction f(t) at each ver-
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tex instead of asinglevalue (X, y, z) . At atime t; the value of the vertex would be
extracted from the function: f(t;) = (X, v;,z).

2. If the connectivity changes over time, but the macro-topology remains the same,
then it would be possible to compute a remeshing of the surface at all times t; to

generate surfaces with the same connectivity. Once this has been done the solution
presented in 1. can be applied.

3. If the micro-topology of the mesh changes as well, then the only viable solution is
to keep different representations at each pointintime t; .

The operators presented in this section could also be used to compute antialiasing in
time, thus generating smooth changes of the surfaces over time.

123



ETH Zirich, CSTechnical Report #335, Institute of Scientific Computing, February 28, 2000

9 Representations Commonly Used in Geoscience

In this last section two of the most used representations in geoscience will be described:

» Discrete Smooth Interpolation: this algorithm allows to smoothly fit data through a dis-
crete set of vertices in a surface. The main advantage of this scheme is the ability to
apply awide number of constraints during the fitting step. This allows to enforce geo-
logical constraints and therefore to generate meaningful representations.

* Quadtrees: this classic representation is used in different fields to represent data that
can be stored in regular grids. It iswidely used for terrain visualization and it has been
used in geologic applications. Quadtree representations can often be defined as a wave-
let representation using either the Haar or lazy wavelet basis functions.

9.1 Discrete Smooth Interpolation

The goal of the Discrete Smooth Interpolation (DSI) algorithm, presented by J. Mallet in
[59] isto construct an approximation of the value of afunction f (i) for al the vertices i

in a mesh where f(i) is not defined. The algorithm presented in the paper works on
meshes built from polygonal faces. We will limit our description to triangular meshes.

The problem can be formulated as follow: the DSI agorithm will minimize the criterion
specified in Eq. 9.1

E(f) = R(f) +p(f) (EQ9.1)

Thefirsttermin Eq. 9.1, R(f), isaroughness criterion. This criterion is used to select one
of the infinite number of surfaces that satisfy the second criterion p(f). The approxima-

tion of the function f (i) at al vertices i where f (i) isunknown will then minimize this
criterion. The roughnessis defined as

R(f) = gvu(i)ﬂ?(fli) (EQ9.2)

The term p(i) represents a non-negative weight associated with each vertex i, and
R(f|i), thelocal roughness criterion at the vertex i, is defined as

R(f[i) = ‘m%mv(i’ ) Df(j)‘2 (EQ93)

The set N(i) represents the set of vertices on the k-th star of the vertex i, where k isa
user-specified parameter. A vertex | isinthe k-th star of i if thereisapath i, py, ... Py, ]

between vertices i and | of length smaller or equal k+ 1. Theterm v (i, j) represents a
weighing coefficient associated with the pair of verticesi and j.
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The second term in Eq. 9.1, p(f), describes a set of linear constraints that must be satis-
fied during the interpolation step. Linear constraints can be specified using alinear system
of equations such as

f(0)
AO Ob (EQ9.4)
f(n-1)
Since there might be more constraints than degrees of freedom, it is not always feasible to
satisfy all the constraints, and therefore the symbol [0 was used in Eq. 9.4. Furthermore it
is possible to assign aweight w, , a positive scalar value, to each constraint that describes
itsimportance; as aresult it is desirable to minimize

f(0)
row (A1) —Db, (EQ9.5)

f(n—1)

0

for each row i of the matrix A and vector b.

The violation of the set of constraints described in EQ. 9.4, i.e. how much Eq. 9.5 differs
from zero for each constraint, is expressed by p(f), asillustrated by

c-1 f(0)

p(f) = Zwi row (A i)0 —b; (EQ 9.6)
=0 f(n-1)

Theterm C describes the number of constraints applied to the vertices O, ..., n—1.

Now that Eq. 9.1 has been fully described it is necessary to solve for the function value
f(i) for all vertices i where the function is not defined. In order to accomplish thisit is
helpful to reformulate EQ. 9.1 as

£(0)
E(f) = [£(0) ... f(n-1)] RO ... [+20¢(0) ... f(n-1)] L+c (EQ97
f(n—1)
The matrix Q isdefined as
Q=0Q'+Q? (EQ938)

The matrix Q1! is derived from the expansion of Eg. 9.6
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c-1
Ql = Z w; Crow(A, i)T Crow(A, i) (EQ9.9)
i=0

and the second matrix, Q2 is derived from Eq. 9.2 and Eq. 9.3. Eq. 9.10 describes the
value of theentry (i, j) in Q2

Q?j = (k) D(i, k) Dv(j, k) (EQ9.10)
KO{N@n NG}
Thematrix L isderived from Eq. 9.6 and it is defined as

c-1
L =3 oow(A, i)T b, (EQ9.11)
i=0

The value of the constant ¢ is also derived from Eq. 9.6 and it is defined as

c-1
c= % o (EQ9.12)
i=0

The index associated with each vertex can be changed without affecting the mesh or the
DSl agorithm. For the sake of simplicity it is assumed here that the value of f(u) for the

vertices uJ {0, ...,i—1 is unknown, whereas the value of f(k) for the vertices
kO{i,...,n=21 isknown. Using thisassumption it is possible to decompose the vectors
and matrices defined in Eq. 9.7 as
k
Q= {Quu Qu} (EQ9.13)
Qku Qkk
L = {LL] (EQ9.14)
Lk
f(1) _ [ _ .
= ok ,ud{o,...,i—-14,kd{i,...,.n=-1 (EQ9.15)
Thevaueof f(u),ud{O0,...,i—1 isthen computed by solving
%E—((uf)) = 2 QU If (u) + 2 (UK If (k) + 2 (LY (EQ9.16)

which resultsin the linear system of equations described in Eq. 9.17
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QUUIf (u) = —QUkIf (k) + L, (EQ9.17)

If a unique solution to the DSI problem is needed, then some constraints must be applied
to the user-specified weights. The constraints have been formulated in

Theorem 5: If the mesh is consistent, i.e. thereisa vertex i in every connected component
for which f (i) isknown, and if the global roughness criterion R(f) satisfies

e u(i)>0,i0{0,...,n
e V(i,])>0,jON(),j#i

e v(i,i) = - v(i,j)#0
jm%\{i}

then the DS equation based on R(f) has a unique solution.
For aproof of this theorem please refer to the original paper [59].

The evaluation of the Q and L matrices needed to evaluate the function f (u) at the set of
vertices u = {0, ...,i—1} isvery expensive, with respect to both the computation and
the storage requirements. In order to avoid this problem the author constructed an iterative
method that converges to the solution. This is accomplished by observing that in order to
satisfy

0E(f)

af_(i) =0 (EQ9.18)

f (i) must satisfy the so-called DS -equation
1 0 0 o ' o
f(i) = MO D% (v, J) NZ v, f(kg+ > Mg (EQea9)
0y of )¢y O kO N\ i} 0 o O

where

Cc-1

M(i) = ROV D2+ S o A )2 (EQ9.20)
JONG) j=0

-1

M) = o OA EDZ A  Of (k) = bf (EQ9.21)

I o o

=0
k#i

An iterative algorithm would then continuously update the value f (i) at the vertex posi-
tions i wherethevalue of f(i) isnot known.
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If Theorem 5 is satisfied, then thisiteration will converge to the unigue solution of the sys-
tem of equations Eq. 9.17 independently of the choice of the initial value of the f(i)s. A
good choice of theinitial values would however make the system converge faster.

A more detailed derivation of the iteration processis described in the original paper.

The theory presented in this section can aso be extended to the case where more than one
function must be interpolated. If the functions are independent, then the algorithm
described in this section is adequate: every function is treated separately. If the functions
are dependent however, like in the case where three functions are used to code the geomet-

ric information of the vertices (one function per x,y, and z coordinates), then the DSI
algorithm must be extended. The extension is trivial and can be found in the original
paper.

Some application of the DSI algorithm to geometric modeling include:

» Given a mesh, the exact position of some of the vertices, the approximate position of
the remaining vertices and some vectorial constraints, the DSI agorithm will compute
the geometric position of the vertices such that the vectorial constraints are satisfied as
much as possible, and that the final position of the verticesis as close as possible to the
approximate position specified by the user.

* In an interactive environment, a user can be presented with a geological surface. The
user then interacts with the surface by changing the constraints and moving (editing)
the position of some vertices. The DSI algorithm then computes the new shape of the
mesh after the edits.

9.2 Restricted Quadtree Triangulation

Many approaches exists to construct a quadtree representation from aregular grid, most of
them are optimized depending on the particul ar application. The quadtree representation is
very compelling, sinceit isfairly simple, but powerful enough to represent large models.
In this survey we will discuss one representation constructed by R. Pgjarolain [66]. This
particular paper has been chosen, because it describes a specific implementation of the
Restricted Quadtree Triangulation (RQT) that can handle very large datasets.

This section is organized as follow: in the first subsection the notion of a quadtree and of a
restricted quadtree will be introduced. Next, a practical algorithm to extract an approxima-
tion from the quadtree will be presented, as well as a ssmple algorithm to construct an
approximation of the error. An elegant and fast triangulation strategy will be discussed
briefly.
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9.2.1 Restricted Quadtree Triangulation (RQT)
As already mentioned, there are multiple ways to construct a quadtree, for example using

the wavelet theory and the Haar or Lazy wavelet basis functions. The hierarchy used in
[66] is different: afew levels of the quadtree representation are shown in Figure 9.1.

-
gaEs

a) b) c)

Figure9.1  Quadtree hierarchy
a) Full-resolution grid
b) Level 0 of the quadtree (root node)
c) Level 1 of the quadtree
d) Level 2 of the quadtree (leaf nodes)

From now on, the term L, described the set of vertices defined at level | in the quadtree,

and theterm L{ describes the vertices at level | that lie in the center of a quadtree node.
The black dotsin Figure 9.1 c) and d) are examples of such vertices

A triangulation of the quadtree hierarchy presented in Figure 9.1 is computed by first
selecting some vertices from the quadtree, usually the most important ones according to an
error criterion, and then the vertices are triangulated according to some rules.

For aquadtree triangulation to be restricted the levels of adjacent quadtree nodes must dif-
fer at most by one in the quadtree hierarchy. Using restricted triangulations is very useful,
since it is possible to construct non-cracked triangulation using simple rules. In his paper
Pajarola describes the restriction of the quadtree triangulation in terms of dependencies.
Each vertex i in the grid depends on a set of vertices. These dependencies can be
expressed in adependency graph. If avertex i is selected for the triangulation, then the tri-
angulationisrestricted if and only if the set of vertices associated with i in the dependency
graph is also present in the triangulation. Figure 9.2 illustrates the dependency graph for
the first two levels of the quadtree:

| ™,

O—ro¢—0

a) b) 0) d)

Figure9.2  Dependency graph for thefirst two levels of the quadtree
a) Dependency of the center vertex of level 2
b) Dependency of the remaining vertices of level 2
¢) Dependency of the center verticesof level n
d) Dependency of theremaining vertices of level n
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If any of the vertices drawn in grey in Figure 9.2 is used in the triangulation, then the
arrows indicate which vertices must be included as well in order to have a restricted
guadtree triangulation. The dependency graph must then be followed recursively in order
to guarantee that all the dependencies have been considered. Figure 9.3 shows a simple
example where a set of vertices are selected for the triangulation in @), the dependency
graph is applied to these verticesin b), and finally the new set of verticesis triangulated in

T e

a)
Figure9.3 Restricted quadtreetriangulation using the dependency graph

The author proposed two algorithms that resolve all the dependencies and construct a
RQT in linear time:

1. Using atop-down approach, the first algorithm starts from the root node and visits each
node in depth-first order. If the error associated with a vertex i is larger than a user-
defined threshold, the vertex i is selected. In order to satisfy the restriction criterion the
algorithm must resolve all the dependencies associated with vertex i. Since the depen-
dencies must be resolved it is possible that a vertex is visited more than once, but the
author has proved that the algorithm is still linear.

2. Using a bottom-up approach, the second algorithm starts from the leaf nodes. If the
error associated with a vertex i is high enough, the vertex i is selected. The agorithm
then marks the vertices in the dependent list associated with i, collects them. If the
algorithm visit the vertices in the correct order from the vertices with the most depen-
dencies to the vertex with the least dependencies (the central vertex), then every vertex
is checked exactly once.

9.2.2 Error Computation

In the algorithms described in the previous section a vertex is selected for atriangulation if
its associated error was larger than a user-defined threshold. It is therefore necessary to
compute an error value per vertex. The author defined the error norm for avertex i at level
| asfollows:

eT|_1(i) = max; DZ(i),tDCov(i)d(i’ t) (EQ9.22)

The set {(i) contains al the vertices in the quadtree that depends on the vertex i
O loglm-1 : o_ .
(i) = EJ O Tj L,‘D\/l, vVl =V« sV e JED{I} (EQ9.23)
k=0
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Theterm T, _, describes the best triangulation that does not include i , which is defined as

-1
T .= ERQT 0] L% (EQ 9.24)
O q(: 0
if the vertex i isthe center vertex in anode at level |, otherwise as

-1
T_1= H?QT dD L O L% (EQ 9.25)
0 Y=o

Theset Cov(i) containsall the trianglesthat are affected by the selection of the vertexi in
the triangulation. More precisely it is defined as

Cov(i) = {tO T|_1|P(t) n P(i)#0} (EQ9.26)
The function P(x) computes the parameter domain of the vertex i and of thetriangle t.

Finally the function d(i, t) measures the distance between the vertex i and thetriangle t.
Since the data is considered to be an height field, the vertical distance is measured.

In ssimpler words, Eq. 9.22 measures the error introduced by the removal of the vertex i .
In order to measure the correct error, not only the vertical distance between i and the tri-
angulation is computed, but also the vertical distance between all the points that depends
on i and the triangulation. This is necessary, since if i is not present, then all the points
that depends on i cannot be present. The drawback of thisimplementation is that the com-
plexity of the algorithm is larger than O(n Clogn) .

9.2.3 Fast Triangulation

One interesting enhancement of the representation presented by Pajarolais that the author
is able to construct triangle strips very easily. Once vertices are selected and a restricted
triangulation is built, it is possible to circle counterclockwise through the mesh and visit
all the triangles exactly once. The two masks used to describe the path through the mesh
are shown in Figure 9.4.

)
JHJW .

K (] ’ /]

a) b)

Figure9.4 Masksa) and b) allow to construct a path through the RQT
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Figure 9.5 illustrates how the use of these two masks allows to compute a strip for the
example given in Figure 9.3.

b)

Jﬁb)

Figure9.5 Generation of thetriangle strip
a) Mask a has been used
b) Mask b has been used

/1™

The algorithm is very fast: the strip can be computed in linear time. The triangulation
algorithm discussed in this section can only be applied on grids of size

(2"+ 1) x (2" + 1) . If thisis not the case, then it is necessary to build other masks to han-
dle specia cases that can occur at the boundary.

9.2.4 Other Properties of the Representation

The author described other properties of the RQT representation he developed. By order-
ing the vertices cleverly it is possible, for example, to construct a progressive mesh
sequence with continuous level of details

Lo LE LALS, oo, LEgn=1)  Liog(n—1)\Lhg(n-1) (EQ9.27)

If thefirst | verticesfrom this sequence are used, then the result isa RQT, and furthermore

this is the best representation with | vertices in the sense of the error norm presented in
Section 9.2.2.

Since the quadtree segments the data spatially, it is possible to construct view dependent
continuous level of details, simply by assigning different error thresholds to different

patches of the surface, usually quadtree nodes. Since the algorithm still generates a RQT,
there are no discontinuities between patches with different thresholds.

9.3 Evaluation

In this section the DSI algorithm and the RQT implementation of Pajarola will be evalu-
ated using the criteria specified in Section 2.
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* Modeling of two-manifolds with boundaries: The DSI algorithm can be applied to two-
manifold surfaces, the algorithm does not make assumptions on the type or connectivity
of the meshesit is handling.

The RQT representation can only handle grids, and therefore it cannot model arbitrary
two-manifold surfaces. However it is possible to extend the basic RQT agorithm to
handle grids with irregular boundaries and holes.

» Computation of surface-surface intersections. Both representations do not have the
information required to compute the intersections between surfaces. A hierarchical
bounding box data structure could be used to accelerate the computations. Since the
RQT isimplemented as a quadtree, it would be possible to include the bounding boxes
directly in the representation.

» Scalable representation: The RQT representation is scalable, since it constructs a mul-
tiresolution hierarchy on top of the full resolution surface. The representation satisfies
these properties:

* The representation is compact, since the overhead introduced by the quadtreeisin
the worst case linear.

» The construction of the quadtree proposed by Pajarolais not very efficient, since
the computation of the error has a complexity larger than O(n ogn) . However it

would be possible to use simpler error modelsin order to reduce the time needed to
construct the quadtree.

* An error bounded approximation of the full resolution surface can be constructed
in linear time, since the algorithms presented in Section 9.2.1 to resolve the depen-
dencies and the stripping algorithm described in Section 9.2.3 have a linear com-
plexity.

The DSI agorithm is not used to construct a multiresol ution representation of a surface,
and therefore it is not scalable. The DSI is not to be interpreted as a stand alone repre-
sentation, but as atool to use in conjunction with other representations. The algorithm
is fast and can deform a mesh to satisfy a set of constraintsin O(n [K), where n isthe

number of verticesin the mesh, and k isthe number of iterations needed to converge to
the solution.

» Modeling of non-manifold singularities, tears and cracks: The RQT representation can-
not model general non-manifold surfaces, since its connectivity is constrained to regu-
lar grids.

The DSI could be used to enforce linear constraints on a non-manifold model, since the
algorithm does not make any assumption on the mesh it is working on, and since no
parametrization is needed.

Curves could be embedded in the full resolution meshes stored in the two representa
tions using a separate data structure.

» Error modeling: The error norm Pgjarola used for his representation is very similar to
the norms used by the mesh-based methods discussed in Section 7. The representation
can construct a representation that satisfies an error threshold specified by the user, but
more vertices than necessary would be used.
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The DSI algorithm does not construct approximations of the mesh. The algorithm will
construct meshes that satisfy a set of user-defined constraints. If there are more con-
straints than degrees of freedom, then the DSI is going to construct a solution that min-
imizes the two-norm of the residual.

Smoothness of the surface: The RQT works on the piecewise linear representation of
surfaces, and therefore it is not capable to represent or handle smooth surfaces.

The DSI works on polygona meshes (usualy a triangle mesh), but it is possible to
impose higher order constraints, thus generating “smooth” piecewise linear surfaces.
Thisissimilar to the signal processing papers, which smooth piecewise linear meshes.

Multiresolution editing: The RQT constructs a multiresol ution representation on top of
surfaces, but since the author did not use local frames and smoothing operators to store
the vertices, it is not possible to edit the surface at different levels of resolution effec-
tively.

The DSI agorithm does not build a multiresolution representation, so multiresolution
editing is not supported.

Surface fitting: The DSI algorithm is often used in geoscience to fit surfaces, for which
the geometric information is not fully known. However the agorithm does not con-
struct the connectivity of the surface: this information must be provided to the algo-
rithm.

The RQT representation does not fit grids through a cloud of points. It would be possi-
ble however to run afitting algorithm that generates a grid as a pre-computation, feeds
the grid to RQT, which will generate the multiresolution representation.

Support of local high variation in the curvature of the surface: Both representations
work on piecewise linear surfaces, so they can handle local high variation in the curva-
ture.

Changes of the surface over time: Since the RQT representation works with regular
grids, the microtopology of the grid is not allowed to change over time. Consequently
the representation can handle changes over time well by specifying a function f(t) at
each vertex position that returns the geometric position f(t;) = (x;,y;, z) fortimet;.
Changes in the resolution of the grids can be modeled easily as well.

The DSl is not a representation, so if the surface changes over time, the DS agorithm
will probably be applied at all times t; independently. If the functions defined at the

vertices at different time steps are not independent, then the extension to the DSI dis-
cussed in the original paper is capable to handle the dependencies if and only if the
topology remains the same.
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10 Conclusions

In Section 4 through Section 8 we analyzed many different representations, and we evalu-
ated them using the requirements described in Section 2. From the evaluation it is clear
that none of the representation satisfies all the requirements.

Comparing the different representations and their properties we conclude that:

» \Waveets represent a very powerful tool for surface representation. The most important
properties of wavelets are summarized below:

modeling of the error - Topology limited to regular grids
scal able representation - Smoothness set by the basis function
surface intersection - Global parametrization required

compact representation
multiresolution edit
changes of the surface over time

+ + + + + +

Due to the rigorous formulation of the wavelet framework many requirements can be
met with simple and elegant solutions. However, the rigorousness of this framework
limits the topology of the surfaces to simple height fields represented over regular grids,
and it requires a global parametrization of the surface.

» The H-Spline is a very simple and elegant framework that constructs a multiresolution
representation of B-Spline surfaces. Advantages and disadvantages of H-Spline are
summarized in the following list:

scal able representation - Smoothness set by the basis function
multiresolution edit - Cannot model non-manifold
surface intersection - Globa parametrization required

some control over the error
scal able representation
changes of the surface over time

+ + + + + +

Since the H-Spline representation is a predecessor of the B-Spline wavelets it shares
most of the advantages of the wavelets, but it is not always easy to make use of these
advantages. For example it is possible to construct tools that measure error for some
error norms, but it is not as rigorous as for the wavelets. The H-Spline representation is
scalable, but some control points are usually redundant.

H-Splines allow to construct surfaces that are more complex than regular grids, and in
this respect they are more general than wavelets.

» Subdivision schemes construct smooth surfaces in the limit from piecewise linear
meshes with arbitrary connectivity. The advantages and disadvantages of this represen-
tations are listed below:

+ modeling of two-manifolds - subdivision connectivity

+ some control over the error - surface intersection

+ scalable representation (SWT) - changes of the surface over time
+ multiresolution edit (SWT)
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+ modeling of smooth and non-smooth surfaces
+ only alocal parametrization is required

Subdivision schemes can model two-manifold surfaces with boundary, but they are lim-
ited in the connectivity of the mesh, since they generate meshes with subdivision con-
nectivity. Subdivision schemes can model non-smooth regions of the surface well using
special operators.

Surface-surface intersections can be computed only using bounding box agorithms,
specia algebraic methods for subdivision surfaces need to be constructed.

* Mesh based methods identify surfaces with the piecewise linear meshes. Advantages
and disadvantages of this approach are investigated in the following list:

+ modeling of two-manifolds - error modeling

+ scalable representation - don’'t model smooth surfaces

+ modeling of non-smooth surfaces - multiresolution edit

+ no parametrization needed - changes of the surface over time

- surfaceintersection

Mesh based methods are very flexible and can build scalable multiresolution represen-
tations of two-manifolds and usually non-manifold surfaces. They work with piecewise
linear surfaces, so non-smooth regions can be modeled well.

The drawback of these algorithms is that they lack most of the mathematical back-
ground of the other approaches. As aresult error modeling is much less rigorous, and
heuristics are used to model the error; since the representations work with piecewise
linear functions smooth surfaces cannot be modeled, and multiresolution editing tools
do not generate intuitive edits.

» Representations based on signal processing tools construct specia operators that mini-
mize the curvature of a mesh. The main features of these representations are described
in the following list:

+ modeling of two-manifolds - surfaceintersection

+ scalable representation - error modeling

+ multiresolution edit - changes of the surface over time
+ modeling of smooth and non-smooth surfaces

+ only alocal parametrization is required
The fairing operator allows to smooth meshes with arbitrary connectivity. As a result,
smooth surfaces can be modeled, and multiresolution editing tools perform well. Note
that no C" continuity can be guaranteed by these representations.

From the summary of the representations outlined above the following conclusions can be
drawn:

1. The strong mathematical background of the wavelet representations allow to model
error and to construct compact multiresolution representations for surfaces. Further-

more, since surfaces are represented as functions in R?2 it is possible to represent
smooth surfaces and to build multiresolution editing tools.
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. Mesh based methods are more flexible: every representation presented in this report can

model at least two-manifolds, and most of them can model non-manifolds as well.
These representations are usually also scalable, but they store redundant information.

. The signal processing representations lie in between the rigorous mathematical

approach of wavelets and the flexible approach of mesh based methods. These repre-
sentations work on meshes with arbitrary microtopology, and use discrete operators
generated from well-understood signal processing theory to fair surfaces.

Based on this conclusions we describe some possible directions for future works:

1.

Methods based on signal processing are very interesting, since they unify some of the
properties of wavel et-like approaches and mesh-based approaches.

It would be interesting to continue in a similar direction and try to build wavelet-like
operators, for which part of the classic wavelet theory could be extended easily. As an
example it would be very interesting to construct operators that work on meshes with
arbitrary connectivity for which a solid error analysis could be built.

. Another interesting extension of the current representations is the ability to model non-

manifold surfaces. A particularly interesting extension in this direction could be the
modeling of multiresolution representations of intersection curves, as well as any other
curve embedded in a surface.

. One other possible direction for research is to extend some of the ideas presented in this

paper, particularly the signal processing operators, to three dimensions.
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