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Abstract. The behaiour of critical points of Gaussianscale-spacémagesis

mainly describedby their creationand annihilation.In existing literaturethese
eventsaredeterminedn so-calledcanonicaktoordinatesA descriptionn auser

definedCartesiarcoordinatesystemis stated aswell astheresultsof a straight-
forwardimplementationThelocationof a catastropheanbe predictedwith sub-
pixel accurag. An exampleof anannihilationis given. Also an upperboundis

derivedfor theareawherecritical pointscanbe created Experimentabataof an
MR, a CT, andanatrtificial noiseimagesatisfythis result.

1 Introduction

Oneway to understandhe structureof animageis to embedit in a one-parameter
family. In this way theimagecanbe endavedwith atopology If a scale-parametrised
Gaussiarfilter is applied,the parameteican be regardedasthe “scale” or the “reso-
lution” at which the imageis obsened. The resultingstructurehasbecomeknow as
linear Gaussiarscale-spacedn view of ampleliteratureon the subjectwe will hence-
forth assumdamiliarity with the basicsof Gaussiarscale-spac¢heory[4,8,9,14,22,
23,25,28,29]. In their original accountshoth Koenderinkaswell asWitkin proposed
to investigatethe “deepstructure”of animage,i.e. structuie at all levelsof resolution
simultaneouslyEncouragedby theresultsin specificimageanalysisapplicationsanin-
creasingnteresthasrecentlyemegedtrying to establisragenericunderpinningf deep
structure Resultsfrom this could sene asa commonbasisfor a diversity of multireso-
lution schemesSuchbottom-upapproachesftenrely on catastophetheory[1, 6,24,
26,27], whichis in thecontext of thescale-spacparadignnow fairly well-established.

Theapplicationof catastroph¢heoryin Gaussiarscalespacenasbeenstudiede.g.
by Damon[3]—probablythe mostcomprehensie accounton the subject—asvell as
by others[7,10-13,15-22]

Closelyrelatedto the presentarticleis thework by FlorackandKuijper [5], intro-
ducingnew theoreticatools. We will summariseaheir resultsin section2 andgive an
experimentalverificationof the theoryon both real andartificial datasetsin section3.
Thisverificationincludesvisualisatiorof severaltheoreticabspectapplyedonanMR,
aCT, andanatrtificial noiseimage.Furthermorave shaw thatthelocationof a catastro-
phecanbe predictedwith subpixel accurag. Of specialinterestarecreationsWe will
shav experimentallyandtheoreticallythatthe areawherethey canoccuris small.



2 Theory

Thebehaviour of critical pointsaschangeof the(scale)parameteis describedy catas-
trophetheory As the parametechangesontinuously the critical points move along
critical curves. If the determinantof the Hessiandoesnot becomezero, thesecriti-
cal pointsarecalledMorsecritical points In atypicalimagethesepointsareextrema
(minima and maxima)and saddles.The Morse lemmastatesthat the neighbourhood
of a Morsecritical point canessentiallybe describedoy a secondorder Taylor expan-
sion. At isolatedpointson a critical curve the determinanbf the Hessiarmay become
zero. Thesepointsare called non-Morse points Neighbourhood®f suchpointsneed
athird or higherorderTaylor expansionasdescribedy Thomstheoem If animage
is slightly perturbedthe Morsecritical pointsmay undego a small displacementbut
nothinghappenso themqualitatively. A non-Morsepointhoweverwill changeln gen-
eralit will splitintoanumberof Morsecritical points.This eventis calledmorsification
Thom'stheoremgive alist of elementarycatastrophewith canonicaformulasfor the
catastrophgyermsandthe perturbationsThe Thom splitting lemmastatesthat there
exist canonicalcoorinatesin which theseeventscanbe describedThesecoordinates
however do not coincidewith the userdefinedcoordinatesbut areusedfor notational
convenienceln Gaussiarscalespaceheonly genericeventsareannihilationsandcre-
ationsof apair of Morsepoints:anextremumandasaddle All othereventscanbesplit
into a combinationof oneof theseeventsandone‘in which nothinghappens’SeeDa-
mon [3] for a proof. Canonicaldescriptionsf theseeventsaregiven by the following
formulae:
P, yt) E o + 6at £ (y? + 2t) (1)
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NotethatEqg. (1) andEq. (2), describingannihilationandcreationrespectiely, satisfy

thediffusionequation
u_ 4 ©)
ot = AU.
Here A denoteghe Laplacearoperator The readercaneasilyverify thatthe the form
f*(z,y;t) correspondo an annihilationvia the critical path (v/—2t,0,¢) , t < 0
atthe origin, whereasf®(x, y; t) correspondso a creationat the origin via thecritical
path(v/+2t,0,t), t > 0.
In generalthe userdefinedcoordinateswill not equalthe canonicalcoordinates.
Thereforein generalone needsa so-calledcovariantformalism,in which resultsare
statedin an arbitrary coordinatesystem.Thenthe first orderapproximationof a non-

Morsepointis givenby thelinearsystem

] = Lo ®

in which the coeficients are determinedby the first order derivatives of the images
gradientg andHessiardeterminantlet H, evaluatedat the point of expansiomearthe
critical point of interest(xg , to), asfollows:

H=Vg,w=0g,z=VdetH,c=09;,detH. (5)



SeeFlorackandKuijper [5] for moredetails.In 2D images,wherex = (z, y), this

becomes
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and

¢ = LyaALyy — 2Ly ALyy + Lyy ALy, . (9)

Apparentlythefirst orderschemeaequiresspatialderivativesup to fourth order These
derivativesareobtainedat ary scaleby linearfiltering:

O™ u(x,y;0) def min y O™ —xy —y;0)
“ogmagn Y / W) T gy W

whereu(z,y) is the inputimageand ¢(z,y; o) a normalisedGaussiarof scaleo. It
hasbeenshavn by Blom [2] thatwe cantake derivativesup to fourth orderwithout
problemswith respecto theresults.It is importantto notethat Egs.(4-9)hold in any
CartesiancoordinatesystemThis propertyof form invariances known ascovariance

At Morsecritical pointsit is sufficientto restrictoursehesto Hx + wt = —g. The
solutionis easilyfoundto be

= —H"Vg — H"Vwt. (10)

If we definet %' det Hr, Eq. (10) becomex = —Hi*Vg — Hwr, wherethe matrix
His thetransposedofactormatrix, definedby HH = det HI. In 2D H reads

1 def L —-L
H = vy R 11
[_Lwy Laa ] 1

Note that H exists evenif H is singular At critical pointsthe scale-spacevelocityis
definedby

w %< _Hw. (12)

Insteadof tracingthe two branchef the critical curve it is parametrisedby a contin-
uousfunctionthatis non-degjenerateat the catastrophg@oint. Note thatthe scale-space
velocityhasthe directionof w at extremaandis oppositeat saddles.

At non-Morsecritical pointsthe determinanbf H becomeseroandwe needto
invertthecompletdinearsystemEq. (4). If we define

def | HwW
S EME (13

thesolutionof Eq. (4) becomes



m =M [defH] ’ (14)

In generathisinversematrix existsevenif the Hessiaris singular FlorackandKuijper
[5] have proventhatat annihilationsdet M < 0 andat creationslet M > 0, where

det M = cdetH + z'w. (15)

At catastrophedet H = 0, soEq. (15) reducedo
detM =z'w, (16)
whichistheinnerproducbetweerthespatialderivative of det H, Eq. (5), andthescale-

spacevelocity w, Eq. (12). In the next sectionwe will apply theseresultson several
images.

3 Experimental results

In our experimentswe useda 64 x 64 subimageof a 256 x 256 MR scan(Fig. 1aand
b), CT scan(Fig. 1candd), anda 64 x 64 artificial imagewith Gaussiamoiseof mean
zeroandstandardieviationo = 10, alsodenotedasN(0,10)(Fig. 1e).

Fig. 1. a) Original 256 x 256 pixel MR image. b) 64 x 64 pixel subimageof a). c) original 256
x 256 pixel CT image. d) 64 x 64 pixel subimageof c). e) 64 x 64 artificial GaussiarN(0,10)
noiseimage.

3.1 Visualisation of z" and w

At scalec = 2.46 thecritical pointsof the MR image(Fig. 1b) areshavn in Fig. 2a.
Extrema(saddlepoints)arevisualisedby the white (black) dots. At the uppermiddle
partof thisimageacritical isophotegeneratedby a saddleandenclosingwo extremais
shown (seealsoFig. 2b). At alargerscalethesaddlepointwill annihilatewith theupper
oneof theseextrema.We have calculatedhe directionandmagnitudeof the vectorsw
(seeEq. (12)) andz' (seeEq. (5)) and shav themon the two critical points at two
subsequenscaless = 2.46 ando = 2.83 in Fig. 2c andd, respectiely. Indeedthe
velocity (givenby w) of the extremum(darkarrow atthe white dot) is in the direction



(1

Fig. 2. a) Critical points(extremawhite, saddledlack) of Fig. 1b atscales = 2.46. At thefield
of interestthecritical isophotethrougha saddles shavn; b) subimageof a, shaving thefield of
interestmoreclearly Thesaddles aboutto annihilatewith theupperextremum; c) Subimageof
thetwo annihilatingcritical pointsandthevectorsof w (dark)andzT (bright) atscales = 2.46;
d) Sameatscales = 2.83.

of the saddle andthusin the directionof the point of annihilation.The velocity vector
atthe saddlehasthe samedirection,astheresultof the parametrisatioty Eq. (12))

Furthermoresincethe point wherethe annihilationtakesplace(at det H = 0) is
betweerthetwo critical points,thevectorz”, whichis the normalhector(recall Eq.(5))
tothezero-crossingf det H, directsfrom the saddletowardsthe extremumbothatthe
saddleandthe extremum.

Finally it canbeseerthatthevectorsof z" andw atthecritical pointshave anangel
of morethan 7. Sincedet M is the innerproducof thesevectorsat a catastrophésee
Eq. (16)), this leadsto a negative sign of det M, i.e. the two critical pointsapproach
eachotheranddisappeaeventually

3.2 Location of the catastr ophe

The location of the catastrophecan be found by inverting the linear system,Eq. (4),
yielding Eqg. (14). The resultof 4 subsequenscalesfor the MR subimage(Fig. 2c)
areshawn in Fig. 3. The approximatelocation of the catastrophecan be found with
subvoxel precisionby averagingthe arrovs asshown in Table 1. The blackdotin Fig.
3is locatedat the estimatedositionof the catastrophethe ellipse shavs the standard
deviation of the estimation.

Below the catastrophe-scalthe location is accuratewhereasat a scaleabove it
(ato = 3.32, seeFig. 3d) the estimatelocationturnsout to be more uncertain.The
estimationof the ¢t-coordinates positive below catastrophe-scalend negative above,
asexpected.The standarddeviation is largely influencedby the cells that are distant
from the critical curve, which also canbe seenin Fig 3d. Sincethe relationbetween
scales andcoordinatet is givenby ¢t = %(72, we can easily calculatethe estimated
scaleoess = V02 + 2t,q1c With €110r80e5t = 0¢0est - Otcale = Otcale/Test-

By slightly increasingscaleghe catastrophés found betweerthe scales3.050 and
3.053, whichis coveredby all estimatedscalesn Tablel. Sincetheestimations alin-
earapproximatiorof thetop of acurve asmalloverestimatior(here: atenthof a pixel)
is expectedandindeedfoundin this case.ln summarythe locationof the catastrophe
point canbe pincheddown by linearestimatiorwith subpixel precision.



Fig. 3. Visualisationof Eq. (14) of the vector (z, y); a bright (dark) arrow signifiesa positve
(negative) value of the t-componentThe black dot is locatedat the meanvalue of theinner 15
arravs, the ellipseshawvs the standardieviation (seeTablel). Firstrow: a:scalec = 2.34; b:
scalec = 2.46; c:scalec = 2.59; d:scalec = 2.72. Secondrow: a:scalec = 2.86; b:
scales = 3.00; c:scalec = 3.16, acatastroph&asoccurred;d: scalesc = 3.32.

|scalg  x-coordinate | y-coordinate t-coordinate lestimatecscale |
2.34(0.481197 £ 1.27275 |—0.111758 £ 6.54458|0.630053 £ 3.7568 2.59501 £ 1.4477

2.46 |0.869898 £ 0.401954|1.83346 +1.26546  |1.58998 £ 0.663776 3.03808 £ 0.218489
2.59 |0.893727 £ 0.340422|1.72886 £ 0.79602  |1.3391 £ 0.447622 3.06008 £ 0.146278
2.7210.92611 £ 0.286782 |1.73222 £ 0.580028 |1.10524 £ 0.434127 3.09831 £ 0.140117
2.8610.95843 + 0.250132 |1.75858 £ 0.429409 |0.824525 + 0.483923 3.13293 =+ 0.154464
3.00(0.991123 £ 0.26873 |1.79548 £ 0.504445 |0.466264 £ 0.597825 3.15556 £ 0.189451
3.16 |1.02368 £ 0.380863 |1.83618 +0.921176 |—0.00573945 £ 0.792309|3.15638 £ 0.251019
3.32(1.05174 + 0.603366 |1.86346 +1.67306 |—0.642702 £ 1.1066 3.12054 £ 0.354618

Table 1. Estimationof the location of the catastropheas an avarageof the 15 arrows in the
rectanglespannedy the two critical points of Fig. 3a. The origin in the (z, y)-planeis fixed
for all figuresat the middle of the saddle(black square)of Fig. 3a. The averagevalue of the
t-directionis positive belon catastrophacaleandnegative above it.



3.3 Fraction of theareawheredet M > 0

In the following figureswe show the percentagef the imagewheredet M is larger
thanzero,i.e. therelative areawherecreationscanoccut For the MR imagewe seea
relative areaof maximal0.12(Fig. 4, top-left). Furthermorehenumberof critical points
decreasemgarithmicallywith scale(Fig. 4, top-right). Theslopeis —1.76 £+ .01. An a
priori estimatiorvalueis -2, seee.g. Florack’'s monograpti4].
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Fig. 4. Resultsof calculationsscalesvary from e'/%° to ¢°°/%;  Firstrow: MR image; Second
row: CT image; Third row: artificial noiseimage. Firstcolumn:Fractionof det M > 0, ranging
from 0.04 to 0.12 for the MR and CT image,andlessfor the artifical noiseimage; Second
column:Logarithmof the numberof critical points,with slopes—1.76 + .01, —1.74 + .02, and
—1.84 + .01, respectiely;

In Fig. 5 the imageof the sign of det M of the MR-subimageg(Fig. 1b) is shavn
at four subsequenscales.lt appearghat the locationsof the imagewheredet M is
positive arerelatively smallisolatedareas.



Fig.5. In white theareawheredetM > 0 a: atscales = 1.57, correspondingo thevalue22.5
on the horizontalaxis of Fig. 4 b: at scalec = 2.46, (value45) c: at scalec = 3.866, (value
67.5)d: atscaleo = 6.05, (value90)

For the CT imagewe seemore or lessthe sameresults(Fig. 4, secondrow): the
fractionwheredet M is positive is a bit higherat small scales(c < 2.22, the value
40 at the horizontalaxis) and a bit smallerat high scales.The slopeof graphof the
logarithmof thenumberof critical pointsatincreasingscaleis foundto be—1.74+0.02.
At the noiseimagetherelative areawheredet M > 0 is smallerthanat the MR and
CT images.This might indicatethat creationsneeda global structure(like a bridge),
beingabsenin a noiseimage.The logarithmof the numberof extremahasa slopeof
—1.84 + .01 (Fig. 4, bottom-right),which is closerto the expectedvalue-2 thanthe
slopeattheMR andCT image.This alsomightbe causedy thelack of structuren the
noiseimage.

3.4 Estimation of theareawheredet M > 0

If the Hessiarbecomesingular the rows (or, equivalentlythe columns)aredependent
of eachotheri.e. (Lyz , Lyy) = A(Lyy , Lyy). Therefore! Ly, = A2L,, andL,, =
ALy,. Soin generalthe Hessiarat a catastropheanbedescribedy

PED - 1 -x
H:[/\I]Lyy,H:[_)\Az]Lyy 17)

The secondorderTaylor expansionof theimagenow readsiA2Ly, 22 + ALy, zy +

Ly, y* which reducesto £ L, (Az + y). The parameter\ dependson the rotation
betweenthe axesof the real andthe canonicalcoordinateslf thesecoincidewe have
A =0,i.e.bothL,, andL,, arezero,seeEgs.(1)and(2). With Egs.(7-8)(12),(16-17)
theexplicit form of det M ata catastrophén 2D reducedo

det M = L? (Lggz —3ALaay+ 32 Layy — X Lyyy ) (— Laga + ALaay — Loyy + Ayyy)
(18)

Equation(18) canberegardedasthe productof two linear planesin the 4-dimensional

(Lezas Lozys Layy, Lyyy) spaceThe planesdivide this spaceinto 4 subspaceshere

! The choiceof L., asleadingtermis of minorimportancewe couldjust aswell have chosen
(L , Luy) = (Lay , Lyy), leadingto Ly, = p? Ly and Ly, = pLg., which would be
particularlyprudentif L., is closeto zero.



the determinants eitherpositive or negative, whereasary point onthe planeseadsto
det M = 0. Thenormalvectorsto theseplanesaregivenby n; = (1, -3\, 3\%, —\3)
andns = (—1, ), —1, ). ThefactorLjy doesnot changethe sign of the determinant.
By definitionwe thenhave

cos ¢ = ni - N2 _ 14+6X2+ 2 (19)
[l - [Im2]| V(2 +222)(1 + 922 + 9T + )F)

As easilycanbeseerthisangleis invariantwith respecto thetransformations, — —\
and\ — ;. Fig. 6ashaws the cosineof theanglefor differentvaluesof A.
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Fig.6. Left: Cosineof the angle of planesgiven by Eq. (19). Right: Fraction of the 4D
(Lazw; Lowy, Leyy, Lyyy)-spacevheredet M is smallerthanzero.

Lemma 1. Thefractionof the spacewhete creationscanoccuris boundedy
L arccos(2v/5) 2 0.148...and ;.

Proof. Thefractionof the spacevhereannihilationscanoccuris givenby thefraction
of theimagewheredet M < 0. SinceEq. (19) is negative definiteand¢ € [0, «], the
fraction % givesthefraction of the spacewhereannihilationscanoccur This fraction
variesfrom 2 atboth A = 0 and\ — oo, to L arccos(—2v/5) ~ 0.852... atA =1,
which follow directly from differentiation seealsoFig. 6b. Equivalently, creationscan

occurin atmost} of all possibletupels.

At the usualgenericevents,e.g. discussedby Damon[3] andothers[10] only the case
A = 0 is discussedThey restricttheir selvesto the canonicalcoordinatesand find

Eq.(1)and(2). ThenEq. (18) reducedo det M = —Lzy Lyzz (Lygz + Lgyy) andit

caneasilybeseerthatthefractionof thespaceds %, i.e.in only % of thepossiblevalues
of L,,, andL,,, acreationcanoccut

4 Conclusion and Discussion

We have usedan operationakchemeo characteriseritical pointsin scale-spacelhe
characteristidocal propertyof a critical pointis determinedoy its Hessiansignature



(saddleor extremum).Pairsof critical pointswith oppositesignaturecanbeannihilated
or created Closeto suchcatastrophessmpirically obsened propertiesof the critical

points are consistentith the presentedheory The location of catastrophei scale
spacecanbefoundwith subpidel accurag. Theapproximatdocationof anannihilation
andtheideaof scalespacevelocity have beenvisualisedln generalmoreannihilations
thancreationsareobsenred, probablybecausereationmeeda specialstructureof the
neighbourhoodThisis alsoindicatedby the resultsof the noiseimage.We have shovn

thatthe areawherecreationscanoccuris at mosti. In our experimentghis fractionis

evensmallerthanviz. % In futurework we will investigatehe correlationbetweerthe

distributionsof thevariousderivativesin the definitionof det M. Blom [2] hasgivena

generaframenork, which might give a more preciseexplanationof the smallnumber
of creations.
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