
Calculations on critical
points under Gaussian
blurring

A. Kuijper, L. M. J. Florack

UU-CS-1999-12





Calculations on Critical Points under Gaussian Blurring

Arjan KuijperandLuc Florack

UtrechtUniversity, Departmentof ComputerScience
Padualaan14

NL-3584CH Utrecht,TheNetherlands

arjan@cs.uu.nl, florack@cs.uu.nl

Abstract. The behaviour of critical points of Gaussianscale-spaceimagesis
mainly describedby their creationandannihilation.In existing literaturethese
eventsaredeterminedin so-calledcanonicalcoordinates.A descriptionin auser-
definedCartesiancoordinatesystemis stated,aswell astheresultsof a straight-
forwardimplementation.Thelocationof acatastrophecanbepredictedwith sub-
pixel accuracy. An exampleof anannihilationis given.Also an upperboundis
derivedfor theareawherecritical pointscanbecreated.Experimentaldataof an
MR, a CT, andanartificial noiseimagesatisfythis result.

1 Introduction

One way to understandthe structureof an imageis to embedit in a one-parameter
family. In this way theimagecanbeendowedwith a topology. If a scale-parametrised
Gaussianfilter is applied,the parametercanbe regardedas the “scale” or the “reso-
lution” at which the imageis observed.The resultingstructurehasbecomeknow as
linearGaussianscale-space.In view of ampleliteratureon thesubjectwe will hence-
forth assumefamiliarity with thebasicsof Gaussianscale-spacetheory[4,8,9,14,22,
23,25,28,29]. In their original accountsbothKoenderinkaswell asWitkin proposed
to investigatethe“deepstructure”of an image,i.e. structure at all levelsof resolution
simultaneously. Encouragedby theresultsin specificimageanalysisapplicationsanin-
creasinginteresthasrecentlyemergedtrying to establishagenericunderpinningof deep
structure.Resultsfrom this couldserveasa commonbasisfor adiversityof multireso-
lution schemes.Suchbottom-upapproachesoftenrely on catastrophetheory[1, 6,24,
26,27],whichis in thecontext of thescale-spaceparadigmnow fairly well-established.

Theapplicationof catastrophetheoryin Gaussianscalespacehasbeenstudiede.g.
by Damon[3]—probablythe mostcomprehensive accounton thesubject—aswell as
by others[7, 10–13,15–22]

Closelyrelatedto thepresentarticle is thework by FlorackandKuijper [5], intro-
ducingnew theoreticaltools.We will summarisetheir resultsin section2 andgive an
experimentalverificationof thetheoryon bothrealandartificial datasetsin section3.
Thisverificationincludesvisualisationof severaltheoreticalaspectsapplyedonanMR,
aCT, andanartificial noiseimage.Furthermoreweshow thatthelocationof acatastro-
phecanbepredictedwith subpixel accuracy. Of specialinterestarecreations.We will
show experimentallyandtheoreticallythattheareawherethey canoccuris small.



2 Theory

Thebehaviour of critical pointsaschangeof the(scale)parameteris describedby catas-
trophetheory. As the parameterchangescontinuously, the critical pointsmove along
critical curves. If the determinantof the Hessiandoesnot becomezero, thesecriti-
cal pointsarecalledMorsecritical points. In a typical imagethesepointsareextrema
(minima andmaxima)andsaddles.TheMorse lemmastatesthat the neighbourhood
of a Morsecritical point canessentiallybedescribedby a secondorderTaylor expan-
sion.At isolatedpointson a critical curve thedeterminantof theHessianmaybecome
zero.Thesepointsarecallednon-Morsepoints. Neighbourhoodsof suchpointsneed
a third or higherorderTaylor expansion,asdescribedby Thom’s theorem. If animage
is slightly perturbed,theMorsecritical pointsmayundergo a small displacement,but
nothinghappensto themqualitatively. A non-Morsepointhoweverwill change.In gen-
eralit will split into anumberof Morsecritical points.Thiseventis calledmorsification.
Thom’s theoremgive a list of elementarycatastropheswith canonicalformulasfor the
catastrophegermsand the perturbations.The Thom splitting lemmastatesthat there
exist canonicalcoordinatesin which theseeventscanbedescribed.Thesecoordinates
however do not coincidewith theuser-definedcoordinates,but areusedfor notational
convenience.In Gaussianscalespacetheonly genericeventsareannihilationsandcre-
ationsof apairof Morsepoints:anextremumandasaddle.All othereventscanbesplit
into acombinationof oneof theseeventsandone‘in whichnothinghappens’.SeeDa-
mon[3] for a proof. Canonicaldescriptionsof theseeventsaregivenby thefollowing
formulae: �
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NotethatEq. (1) andEq. (2), describingannihilationandcreationrespectively, satisfy
thediffusionequation +�,+ 
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In generalthe user-definedcoordinateswill not equalthe canonicalcoordinates.
Thereforein generaloneneedsa so-calledcovariant formalism,in which resultsare
statedin an arbitrarycoordinatesystem.Thenthe first orderapproximationof a non-
Morsepoint is givenby thelinearsystem>�?A@B T C9D >FE 
 D � # >HGIKJ*L ? D � (4)

in which the coefficientsaredeterminedby the first orderderivativesof the image’s
gradient

G
andHessiandeterminant

I�J*L ?
, evaluatedat thepointof expansionnearthe

critical point of interest � ENM ��
 M � , asfollows:? ��O G � @ � +QP G � B ��O I�JFL ? � C � +RP I�JFL ? ) (5)



SeeFlorackandKuijper [5] for moredetails.In 2D images,where
E � �&�S���K� , this

becomes ? � >�TVUWU9TVUWXT�U�X9TVXFX D � (6)@ � > - T U- TVX D � (7)
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and C � T�U�U - T�X*X #  T�U�X - TVUWX � TVXFX - T�U�U ) (9)

Apparentlythefirst orderschemerequiresspatialderivativesup to fourth order. These
derivativesareobtainedat any scaleby linearfiltering:+	Y[Z�\], �������	�.^��+ � Y + � \ ������ � #`_ � Y[Z�\$a , ����b0����bc� +�Y[Z�\Kd �&� b # ����� b # �	�.^��+ � b Y + � b \ e �1b e ��bf�
where

, �&�(�.��� is the input imageand
d �&�(���	�g^�� a normalisedGaussianof scale ^ . It

hasbeenshown by Blom [2] that we cantake derivativesup to fourth orderwithout
problemswith respectto theresults.It is importantto notethatEqs.(4–9)hold in any
Cartesiancoordinatesystem. Thispropertyof form invarianceis known ascovariance.

At Morsecritical pointsit is sufficient to restrictourselvesto
?hE � @ 
 � # G . The

solutionis easilyfoundto be E � # ?jilknm�G # ?jilknm�@ 
o) (10)

If we define 
������� I�JFL ?hp
, Eq. (10) becomes

E � # ? ilknm G #rq?h@5p , wherethematrixq? is thetransposedcofactormatrix,definedby
? q? � IKJ*L ?ts . In 2D q? reads

q? �F���� >uTVX*X # T�U�X# TVUWXvTVUWU D ) (11)

Note that q? exists even if
?

is singular. At critical pointsthe scale-spacevelocity is
definedby @ �F���� #7q?4@ ) (12)

Insteadof tracingthetwo branchesof thecritical curve it is parametrisedby a contin-
uousfunctionthatis non-degenerateat thecatastrophepoint.Notethatthescale-space
velocityhasthedirectionof

@
at extremaandis oppositeat saddles.

At non-Morsecritical points the determinantof
?

becomeszeroandwe needto
invert thecompletelinearsystem,Eq. (4). If we definew �F���� > ?x@B T CyD � (13)

thesolutionof Eq. (4) becomes
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In generalthis inversematrixexistsevenif theHessianis singular. FlorackandKuijper
[5] haveproventhatat annihilations

I�JFL w{z 2 andat creations
I�J*L w}| 2 , whereI�J*L w � C I�J*L ? � B T

@ ) (15)

At catastrophes
I�J*L ? � 2 , soEq. (15) reducestoI�JFL w � B T

@ � (16)

whichis theinnerproductbetweenthespatialderivativeof
I�J*L ?

, Eq.(5),andthescale-
spacevelocity

@
, Eq. (12). In the next sectionwe will apply theseresultson several

images.

3 Experimental results

In our experimentswe useda 64 x 64 subimageof a 256x 256MR scan(Fig. 1aand
b), CT scan(Fig. 1candd), anda64 x 64artificial imagewith Gaussiannoiseof mean
zeroandstandarddeviation ^ � _ 2 , alsodenotedasN(0,10)(Fig. 1e).

Fig. 1. a) Original 256x 256pixel MR image. b) 64 x 64 pixel subimageof a). c) original 256
x 256pixel CT image. d) 64 x 64 pixel subimageof c). e) 64 x 64 artificial GaussianN(0,10)
noiseimage.

3.1 Visualisation of B T and
@

At scalê �  K) ~Q� thecritical pointsof theMR image(Fig. 1b) areshown in Fig. 2a.
Extrema(saddlepoints)arevisualisedby the white (black)dots.At the uppermiddle
partof this imageacritical isophotegeneratedby asaddleandenclosingtwo extremais
shown (seealsoFig.2b).At alargerscalethesaddlepointwill annihilatewith theupper
oneof theseextrema.We havecalculatedthedirectionandmagnitudeof thevectors

@
(seeEq. (12) ) and B T (seeEq. (5)) andshow themon the two critical pointsat two
subsequentscaleŝ �  K) ~Q� and ^ �  �) �%� in Fig. 2c andd, respectively. Indeedthe
velocity (givenby

@
) of theextremum(darkarrow at thewhite dot) is in thedirection



Fig. 2. a) Critical points(extremawhite,saddlesblack)of Fig. 1b at scale�u�!�"� �n� . At thefield
of interestthecritical isophotethroughasaddleis shown; b) subimageof a,showing thefield of
interestmoreclearly. Thesaddleis aboutto annihilatewith theupperextremum; c) Subimageof
thetwo annihilatingcritical pointsandthevectorsof � (dark)and � T (bright)atscale�f���"� �n� ;
d) Same,at scale�f�'��� �W� .
of thesaddle,andthusin thedirectionof thepoint of annihilation.Thevelocity vector
at thesaddlehasthesamedirection,astheresultof theparametrisationby Eq.(12))

Furthermoresincethe point wherethe annihilationtakesplace(at
I�J*L ? � 2 ) is

betweenthetwo critical points,thevector B T, which is thenormalvector(recallEq.(5))
to thezero-crossingof

I�J*L ?
, directsfrom thesaddletowardstheextremumbothat the

saddleandtheextremum.
Finally it canbeseenthatthevectorsof B T and

@
atthecritical pointshaveanangel

of morethan � � . Since
IKJ*L w

is the innerproductof thesevectorsat a catastrophe(see
Eq. (16)), this leadsto a negative sign of

I�JFL w
, i.e. the two critical pointsapproach

eachotheranddisappeareventually.

3.2 Location of the catastrophe

The locationof the catastrophecanbe found by inverting the linear system,Eq. (4),
yielding Eq. (14). The result of 4 subsequentscalesfor the MR subimage(Fig. 2c)
areshown in Fig. 3. The approximatelocationof the catastrophecanbe found with
subvoxel precisionby averagingthearrows asshown in Table1. Theblackdot in Fig.
3 is locatedat theestimatedpositionof thecatastrophe,theellipseshows thestandard
deviationof theestimation.

Below the catastrophe-scalethe location is accuratewhereasat a scaleabove it
(at ^ � �K) �R , seeFig. 3d) the estimatelocation turnsout to be moreuncertain.The
estimationof the 
 -coordinateis positive below catastrophe-scaleandnegative above,
asexpected.The standarddeviation is largely influencedby the cells that aredistant
from the critical curve, which alsocanbe seenin Fig 3d. Sincethe relationbetween
scale ^ andcoordinate
 is given by 
 ���� ^ � , we caneasilycalculatethe estimated
scalê1��� P � / ^ � �! "
������c� with error � ^���� P � + P ^1��� P�� � 
������c� � � 
�����������^1��� P .

By slightly increasingscalesthecatastropheis foundbetweenthescales�K) 2R�%2 and�K) 2R��� , which is coveredby all estimatedscalesin Table1. Sincetheestimationis a lin-
earapproximationof thetopof acurveasmalloverestimation(here: a tenthof apixel)
is expectedandindeedfound in this case.In summarythe locationof the catastrophe
point canbepincheddown by linearestimationwith subpixel precision.



Fig. 3. Visualisationof Eq. (14) of the vector ������ R¡ ; a bright (dark) arrow signifiesa positive
(negative) valueof the ¢ -component.Theblackdot is locatedat themeanvalueof the inner15
arrows, theellipseshows thestandarddeviation (seeTable1). First row: a: scale�7�=�"� �F�R£ b:
scale�¤�¥�"� �n�%£ c: scale�¤�¦��� §�¨�£ d: scale�¤�¥�"� ©�� . Secondrow: a: scale�¤�¥�"� ���%£ b:
scale�5�ª�%� «�«%£ c: scale�5�ª�%�l¬�� , a catastrophehasoccurred;d: scale�5�ª�%� �n� .

scale x-coordinate y-coordinate t-coordinate estimatedscale��� �F� «�� �n�%¬�¬o¨W©:®¬W� �W©��W©�§ ¯V«%�l¬�¬W¬*©�§��:¤��� §*�W�n§�� «�� ���W«�«n§��:j�%� ©W§F�W� ��� §�¨W§�«%¬;ª¬�� �W�"©�©��� �W� «�� �W�W¨��W¨��[j«%� �n«�¬o¨W§F� ¬W� ���W���W�[®¬W� �F�n§F�W� ¬�� §F�W¨�¨W��¤«�� ���W�W©W©�� �%� «W���W«W�:¤«�� ��¬o�F�n��¨��� §F¨ «�� �W¨W�W©W��©:j«%� ���W«��n�W� ¬W� ©����W���[j«%� ©F¨W�W«W� ¬�� ���W¨�¬;°«%� �W�n©��W�W� �%� «W��«W«W�:¤«��l¬��n�W�W©F���� ©�� «�� ¨n����¬W¬�¤«�� ���W�W©��W� ¬W� ©F�n�W���:j«%� §F�W«W«W��� ¬��±¬�«n§��F�:¤«�� �W���%¬*�W© �%� «W¨��W�%¬;¤«��l¬��n«�¬W¬o©��� ��� «�� ¨n§��F�n��¤«�� �W§�«�¬o�W� ¬W� ©�§��n§F�[j«%� �n��¨��W«W¨ «�� �W�F�n§W�W§�j«%� �n���W¨n�F� �%�l¬o�W��¨W�:¤«��l¬*§F���n�F��%� «�« «�� ¨W¨%¬�¬*�F�[j«%� �����n©F� ¬W� ©F¨n§F�W�[j«%� §F«��W���"§ «�� �W�W�W�����[j«%� §�¨W©��n��§ �%�l¬*§�§W§��:¤«��l¬o�W¨F�"§"¬�%�l¬�� ¬�� «n�����W��¤«�� �W�W«��W��� ¬W� ���W�%¬��[j«%� ¨W��¬W¬o©�� ¯V«�� «�«n§�©��W¨F�"§�¤«�� ©F¨n�F�W«W¨ �%�l¬*§F�W�W�:¤«�� �W§�¬�«%¬�¨�%� �W� ¬�� «n§�¬o©F�:¤«�� �W«W���W��� ¬W� ���W���W�[®¬W� �W©��W«�� ¯V«�� �F�"��©�«n�V²¬W�l¬o«��W� �%�l¬*�F«n§F�[¤«�� �n§F�W�%¬��
Table 1. Estimationof the locationof the catastrophe,asan avarageof the 15 arrows in the
rectanglespannedby the two critical pointsof Fig. 3a. The origin in the �����0 Q¡ -planeis fixed
for all figuresat the middle of the saddle(black square)of Fig. 3a. The averagevalue of the¢ -directionis positive below catastrophescaleandnegative above it.



3.3 Fraction of the area where ³�´Qµ w·¶¹¸
In the following figureswe show the percentageof the imagewhere

IKJ*L w
is larger

thanzero,i.e. therelative areawherecreationscanoccur. For theMR imagewe seea
relativeareaof maximal0.12(Fig.4, top-left).Furthermorethenumberof criticalpoints
decreaseslogarithmicallywith scale(Fig. 4, top-right).Theslopeis #`_ )»º��[�¼) 2 _ . An a
priori estimationvalueis -2, seee.g. Florack’smonograph[4].
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Fig. 4. Resultsof calculations;scalesvary from ½n¾À¿�Á�Â to ½*Ã�Â�¿�Á�Â ; First row: MR image; Second
row: CT image; Third row: artificial noiseimage. Firstcolumn:Fractionof ÄRÅgÆQÇÉÈ®« , ranging
from «%� «F� to «%�l¬*� for the MR andCT image,and lessfor the artifical noiseimage; Second
column:Logarithmof thenumberof critical points,with slopes̄$¬W� ©F��²� «%¬ , ¯$¬W� ©F��²� «n� , and¯$¬�� ����ª� «�¬ , respectively;

In Fig. 5 the imageof the sign of
I�J*L w

of the MR-subimage(Fig. 1b) is shown
at four subsequentscales.It appearsthat the locationsof the imagewhere

I�JFL w
is

positivearerelatively smallisolatedareas.



Fig. 5. In white theareawhere Ê�½�¢�ÇËÈª« a: at scale�Ì�¼¬W� §W© , correspondingto thevalue22.5
on the horizontalaxis of Fig. 4 b: at scale �²�Í��� �n� , (value45) c: at scale �®�Î��� �W�W� , (value
67.5)d: at scale�5�ª��� «W§ , (value90)

For the CT imagewe seemoreor lessthe sameresults(Fig. 4, secondrow): the
fraction where

I�JFL w
is positive is a bit higherat small scales( ^ z  K)  R , the value

40 at the horizontalaxis) anda bit smallerat high scales.The slopeof graphof the
logarithmof thenumberof critical pointsatincreasingscaleis foundto be #`_ )»º"~��`2K) 2R .
At the noiseimagethe relative areawhere

I�JFL w | 2 is smallerthanat the MR and
CT images.This might indicatethat creationsneeda global structure(like a bridge),
beingabsentin a noiseimage.The logarithmof thenumberof extremahasa slopeof#`_ ) ��~Ï�Ð) 2 _ (Fig. 4, bottom-right),which is closerto the expectedvalue-2 thanthe
slopeat theMR andCT image.Thisalsomightbecausedby thelackof structurein the
noiseimage.

3.4 Estimation of the area where ³´Qµ wÑ¶¹¸
If theHessianbecomessingular, therows(or, equivalentlythecolumns)aredependent
of eachother, i.e. � T U�U � T UWX � �ÓÒ � T UWX � T X*X � . Therefore1

T UWU �rÒ � T XFX and
T UWX �Ò T X*X . Soin general,theHessianata catastrophecanbedescribedby? � > Ò � ÒÒ _ D T X*X �hÔ? � > _x# Ò# Ò¼Ò � D T X*X (17)

ThesecondorderTaylor expansionof the imagenow reads �� Ò � T X*X � � � Ò T X*X �3�Ï�T X*X � � which reducesto �� T XFX � Ò �f�'�K� � . The parameterÒ dependson the rotation
betweenthe axesof the real andthe canonicalcoordinates.If thesecoincidewe haveÒ7� 2 , i.e.both

T U�U
and

T UWX
arezero,seeEqs.(1)and(2).With Eqs.(7-8),(12),(16-17)

theexplicit form of
I�JFL w

at a catastrophein 2D reducestoI�J*L w � T �X*X � TVUWU�U # � Ò TVUWU�X �f� Ò � TVUWX*X # Ò � T�X*X*X �*� # TVUWU�U � Ò T�U�UWX # TVUWX*X � Ò TVXFX*X �
(18)

Equation(18) canberegardedastheproductof two linearplanesin the4-dimensional� T UWUWU � T U�UWX � T UWX*X � T X*X*X � space.The planesdivide this spaceinto 4 subspaceswhere

1 Thechoiceof Õ(Ö�Ö asleadingtermis of minor importance,we couldjust aswell have chosen× ��Õ(ØoØÙ�QÕ(Ø Ö ¡[�Ó��Õ�Ø Ö �QÕ ÖgÖ ¡ , leadingto Õ Ö�Ö � ×�Ú Õ(ØoØ and Õ(Ø Ö � × Õ(ØoØ , which would be
particularlyprudentif Õ Ö�Ö is closeto zero.



thedeterminantis eitherpositive or negative,whereasany point on theplanesleadstoI�J*L w � 2 . Thenormalvectorsto theseplanesaregivenby Û � � � _ � # � Ò �g� Ò � � # Ò � �
and Û � � � #`_ � Ò � #`_ � Ò � . Thefactor

T �X*X doesnot changethesignof thedeterminant.
By definitionwe thenhaveC*ÜQÝ d � Û � � Û �Þ Û � Þ � Þ Û � Þ � # _ ��� Ò � � Ò�ßà �À 3�! Ò � �F� _ ��á Ò � �'á Ò ß � Ò1â � (19)

As easilycanbeseenthisangleis invariantwith respectto thetransformationsÒ7ã # Ò
and ÒÌãä�å . Fig. 6ashows thecosineof theanglefor differentvaluesof Ò .

Fig. 6. Left: Cosineof the angle of planesgiven by Eq. (19). Right: Fraction of the 4D��Õ(ØoØoØR��Õ(ØoØ Ö ��Õ�Ø ÖgÖ ��Õ Ö�Ö�Ö ¡ -spacewhereÄRÅ.Æ�Ç is smallerthanzero.

Lemma 1. Thefractionof thespacewherecreationscanoccuris boundedby��`æ�ç CFC*ÜQÝ �F�è / �%�Ùé�2K) _ ~Q�$)F)�) and �ß .
Proof. Thefractionof thespacewhereannihilationscanoccuris givenby thefraction
of theimagewhere

I�J*L wêz 2 . SinceEq. (19) is negativedefiniteand
d²ë!ì 2$��í	î , the

fraction ï� givesthe fractionof thespacewhereannihilationscanoccur. This fraction
variesfrom �ß at both Ò²� 2 and Ò®ã�ð , to �� æ�ç CFCFÜRÝ � # �è / ���yér2K) �R�% $)F)F) at Ò²� _ ,
which follow directly from differentiation,seealsoFig. 6b. Equivalently, creationscan
occurin atmost �ß of all possibletupels.

At theusualgenericevents,e.g. discussedby Damon[3] andothers[10] only thecaseÒÓ� 2 is discussed.They restrict their selves to the canonicalcoordinatesand find
Eq.(1)and(2). ThenEq. (18) reducesto

I�JFL w � # T �X*X T U�UWU � T U�UWU � T UWX*X � andit
caneasilybeseenthatthefractionof thespaceis �ß , i.e. in only �ß of thepossiblevalues
of
T UWU�U

and
T UWX*X

acreationcanoccur.

4 Conclusion and Discussion

We have usedanoperationalschemeto characterisecritical pointsin scale-space.The
characteristiclocal propertyof a critical point is determinedby its Hessiansignature



(saddleor extremum).Pairsof critical pointswith oppositesignaturecanbeannihilated
or created.Closeto suchcatastrophes,empirically observed propertiesof the critical
pointsareconsistentwith the presentedtheory. The locationof catastrophesin scale
spacecanbefoundwith subpixelaccuracy. Theapproximatelocationof anannihilation
andtheideaof scalespacevelocityhavebeenvisualised.In general,moreannihilations
thancreationsareobserved,probablybecausecreationsneeda specialstructureof the
neighbourhood.This is alsoindicatedby theresultsof thenoiseimage.Wehaveshown
thattheareawherecreationscanoccuris at most �ß . In our experimentsthis fractionis
evensmallerthanviz. �ñ . In futurework we will investigatethecorrelationbetweenthe
distributionsof thevariousderivativesin thedefinitionof

I�J*L w
. Blom [2] hasgivena

generalframework, which might give a morepreciseexplanationof thesmallnumber
of creations.
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