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Preface

Vector measures with values in finite-dimensional and infinite-dimen-
sional spaces play an important role in various questions of analysis,
operator theory, optimization theory, games and statistical decisions
theory and represent an interesting object for study. Works of well
known mathematicians as R. G. Bartle, N. Dunford, J. T. Schwartz,
B. J. Pettis, I. Gelfand, A. Grothendieck and others were dedicated to
vector measure theory. The present state of the theory is reflected in
the monographs ”Vector measures” by J. Diestel and J. J. Uhl [7] and
”Vector measures and control systems” by I. Kluvanek and G. Knowles
[20].

One of the classical results of vector measure theory is A. A. Lya-
punov’s theorem ([25], [7, p. 264], [29, theorem 5.5]) which states that
the range of every countably additive finite nonatomic vector measure
valued in a finite dimensional space is a compact and convex set. This
result, first obtained by A. A. Lyapunov in 1940 attracted the attention
of many mathematicians. Different versions of this theorem appeared
in the fifties and sixties and in 1966 J. Lindenstrauss [23] gave the
shortest proof of the statement.

It is known that the Lyapunov theorem is false in the infinite-
dimensional case: for every infinite-dimensional Banach space there
exists a nonatomic countably additive measure of bounded variation,
with values in this space and defined on the measurable subsets of
[0, 1], with nonconvex range ([7, p. 266], [16]). Nevertheless by addi-
tional restrictions on the measure and the space this theorem has some
nontrivial generalizations that have been obtained by G. Knowles [21],
D. Pecherskii [28], J. Elton [8], J. J. Uhl [7], V. M. Kadets [14], V. M.
Kadets and M. M. Popov [16], V. M. Kadets and G. Schechtman [17].
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2 PREFACE

However all known infinite-dimensional generalizations of the Lyapunov
convexity theorem have a different nature.

The aim of this thesis is to develop infinite-dimensional generaliza-
tions of the Lyapunov theorem to clarify the situation.

The present work consists of three chapters. General information
on vector measures, different approaches to generalizations of the Lya-
punov convexity theorem and the three-space problem for the Lyapunov
property are presented in Chapter 1. In Chapter 2 the notions of a Lya-
punov tree and Lyapunov C-convexity are introduced. It is proved that
Banach spaces having this property have the Lyapunov property. In
Chapter 3 we find out which of the known Banach spaces have the Lya-
punov property and which do not. Most of the constructed examples
fit into the scheme: if a Banach space has no isomorphic copies of l2
then it has the Lyapunov property. However, we present an example of
a Banach space that does not fit into this scheme.

The main results of the dissertation were published in the works
[18], [35], [34]. The results included in the thesis were communicated
in the Kharkov seminar on Banach space theory and on the follow-
ing conferences: XXVIII scientific-technical conference of the Kharkov
Academy of Municipal Economy [36] and VI international conference
in honor of academician M. Kravchuk [37].

I would like to express my special gratitude to my scientific super-
visor V. M. Kadets for his leadership and encouragement to conduct
this research and D. Werner for useful consultations.



Résumé (Zusammenfassung)

Der Konvexitätssatz von Lyapunov besagt, daß der Wertebereich eines
in einen endlichdimensionalen Raum wirkenden nicht-atomaren Maßes
eine konvexe und kompakte Menge ist. Das Theorem gilt nur für
endlichdimensionale Räume. In dieser Arbeit werden unendlichdimen-
sionale Versionen dieses Satzes untersucht.

Sei Σ eine σ-Algebra von Teilmengen einer Menge Ω und X ein
Banachraum. Wir werden sagen, daß X die Lyapunoveigenschaft hat,
falls der Abschluß des Wertebereichs jedes nicht-atomaren X-wertigen
Maßes eine konvexe Menge ist.

Im ersten Kapitel wird allgemeinere Information über Vektormaße
dargestellt und das Dreiraumproblem in bezug auf diese Eigenschaft be-
trachtet. Nämlich wird folgendes bewiesen: wenn ein Unterraum eines
Banachraums und sein Faktorraum die Lyapunoveigenschaft haben, be-
sitzt dieser Raum selbst die Eigenschaft.

Im zweiten Kapitel werden die Verallgemeinerungen der Begriffe
des Typs und Cotyps, der B- und C-Konvexität bezüglich der Lya-
punoveigenschaft eingeführt. Es wird untersucht, unter welchen Voraus-
setzungen “Lyapunov” B- und C-konvexe Räume die Lyapunoveigen-
schaft haben.

Das letzte Kapitel beschäftigt sich mit einigen Beispielen von klas-
sischen Banachräumen, die die Lyapunoveigenschaft haben oder nicht
haben. Es wird bewiesen, daß die Orlicz-, Lorentz-, Baernsteinfol-
genräume, die asymptotischen lp-Räume, die keine isomorphe Kopie von
l2 besitzen, der Schreierraum, der Tsirelsonraum, der Schlumprecht-
raum, der Gowers-Maurey-Raum sowie der Gowersraum die Lyapunov-
eigenschaft haben und daß der Tokarevraum die Lyapunoveigenschaft
nicht hat.
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