Chapter 2

Regularity results for interface
problems for the Laplacian

2.1 Outline

In this chapter we discuss piecewise H *-regularity of interface problems for the Lapla-
cian which holds independently of the number and shape of the subdomains on which
the diffusion coefficient & is constant. Our main interest are H*-regularity results for
s > 1 which hold independently of the bound § < k < §~! of the diffusion coeffi-
cient k. Such regularity holds only in the class of diffusion coefficients satisfying the
guasi-monotonicity condition introduced in [24].

Additionally we give regularity results in Sobolev spaces H* where s explicitly depends
on the bounds of the diffusion coefficient and we show that these results are sharp.
Most of the results given in this chapter were already shown in our recent article [50].

The interface problem will be posed in section 2.2. We restrict ourselves to piecewise
regularity on subdomains because global regularity is limited to H3/2—5(Q) foranye > 0
(section 2.3.2).

In the first part of this chapter we discuss regularity in 2D. We give a short review of the
connection of regularity, singular functions and a Sturm-Liouville eigenvalue problem
(section 2.4.1, 2.4.2). Known regularity results are reviewed in section 2.4.3. Further we
give examples of problems with regularity H*, where s, depending on the geometry,
tends to the values so = 1 or so = 2 if § — 0. This demonstrates that large variations of
the diffusion coefficient may lead but do not necessarily lead to low regularity.

We show, that quasi-monotonicity (section 2.5.1) is necessary and sufficient to yield reg-
ularity H'*1/4 that is independent of the global bounds of & and without restrictions on
the number of subdomains. We prove further that this result is optimal. For showing
this we need a lower bound of the eigenvalues of a Sturm-Liouville eigenvalue problem.
This bound is derived by investigating the structure of according eigenfunctions (sec-
tion 2.5.2). In some special situations the bound for the eigenvalues can be improved
further, see section 2.5.3.

The main result, where H*/4-regularity is shown in the quasi-monotone case, is given
in section 2.5.4. We show that the situations covered by known results are special cases
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of our approach. The reader interested in the regularity results may skip the preceding
sections 2.4.1,2.5.2, 2.5.3.

In section 2.6 we derive piecewise H *-regularity results, where s depends on the global
bounds § < k < §~1 of the diffusion coefficient k. For these “worst case” results there
are no restrictions on the structure of the diffusion coefficient imposed, like the quasi-
monotonicity condition. The main result, where regularity H'*+%/(27) js shown, is given
in section 2.6.2. Further we give slightly stronger regularity results being sharp with re-
spect to 6. Sharpness is shown by giving the explicit definition of a special singular func-
tion 1, defined on for checkerboard-like pattern of diffusion coefficients 6, ~!. This
means that the singular function v, has the lowest H*-regularity among all other sin-
gular functions arising from interface problems with the only assumption § < k < 6.
We are able to establish a link between the regularity theory for the quasi-monotone
case and between the theory for the “worst case” introducing additional parameters
depending on the diffusion coefficient (section 2.6.3).

In the second part of this chapter we address regularity in 3D (section 2.7). This result
is based on a decomposition theorem [17]. In 3D-problems vertex and edge singular
functions occur (section 2.7.2 and 2.7.3). As the 3D vertex singular functions are closely
related to 2D singularities, we can use the results derived in 2D in section 2.4.

The bounds on the eigenvalues for the Laplace interface problem are directly applicable
to Maxwell interface problems [17].

2.2 The interface problem for the Laplacian

In this section we will define the interface problem for the Laplacian. Interface problems
for the Laplacian are also known as transmission problems or in the literature coming
from Numerical Mathematics as problems with discontinuous diffusion coefficients.

Let an open, Lipschitz domain Q@ ¢ R%,d = 2,3 which is polygonal (polyhedral) be
given. That means that its boundary 0f) is piecewise plane. Let its boundary be de-
composed into parts 92 =T'p ULy, I'p NIy = 0, measy—1(I'p) > 0, corresponding to
Dirichlet and Neumann boundary conditions. In this chapter we restrict ourselves to
homogeneous boundary conditions. Let f € L?(Q) be given.

Let us define the space V := {v € H'(Q2) : v|r, = 0}. We pose the interface problem in
variational form: seek u € V satisfying:

(2.2.1) /Qk(x) Vu(z) Vo(z) de = /Qf(x) v(x)de YveV

We make the following assumptions on the diffusion coefficient &: €2 can be partitioned
in disjoint, open, polygonal (polyhedral) Lipschitz subdomains Q;,i = 1, ..,n, on which
the diffusion coefficient has the constant value k;. Additionally we impose the global
bound

(2.2.2) §<k(z)<é?l, zeq,

for a constant § > 0. Multiplying k by a constant one can assure that both bounds in
(2.2.2) are sharp.
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For a measurable subset 2’ € we will use the Sobolev (semi-)norms
lulgiy = Vullzz@y ‘U‘zHl(Q’) = /Q, k(z) (Vo(z))? do
As measq—1(I'p) > 0 relation (2.2.2) imply that |- [;z1(q) is @a norm on V' which is

equivalent up to a factor 6 with ||v[|51(q) and hence existence and uniqueness of the
solution of (2.2.1) follow from Riesz’s Theorem [28].

2.3 Notation

We will use Sobolev Spaces of fractional order H®, s € R, as defined in [1] [30] [40]. If
s € Z, then the Sobolev Space H* coincides with the usual Sobolev Space defined for
integer exponents.

In this chapter we will use the shorter term coefficient instead of diffusion coefficient.
The Sobolev Space H*(2),s > 0,s ¢ N, can be defined as the space of all distributions
with finite norm:

‘Do‘v(w) Da”(?/)‘Q
(2.3.1) v||%. = [[v]|%m + / / dx dy
| HH(Q) lvll% Q) a§|:m: 0 Jao |z — y|d+2o

where s = m +o,m > 0,0 € (0,1) and D* denotes the derivatives with respect to the
multi-index « = (a4, .., ag) [30].
We define the interface I' := Cl(|J, 0€2;/09).

2.3.1 Notation in 2D

We can assume, that for subdomains €, 2,,, with measg_1(9; N 9Q,,) > 0 it yields
k; # kp,. Otherwise define a new subdomains by the union of Q; and Q,,. Here measg(-)
denotes the d-dimensional Lebesgue measure.

To discuss regularity we introduce so-called singular points, which will be subdi-
vided into homogeneous singular points and heterogeneous singular points, depending
on whether the diffusion k is constant in a small neighbourhood or not.

Definition 2.1 A point x € 992 is a homogeneous singular point if in a neighbourhood of
the diffusion coefficient k is constant and one of the following two conditions holds:

— the interior angle of Q at «x is greater than «

— the boundary conditions change in = and the interior angle of {2 at z is greater than /2.

Definition 2.2 A point on the interface = € T" is a heterogeneous singular point if

— either x is an interior point x € I' /02 and in any neighbourhood of = the interface is not
a straight line

— or z lies on the boundary = € 0S2.
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Definition 2.3 If x is a homogeneous or a heterogeneous singular point we call x a singular
point.

Interior heterogeneous singular points are also called crosspoints. In Figure 2.1 several
singular points are depicted.

X2

I8

Figure 2.1: Subdomains are shaded with different levels of grey, Dirichlet and Neu-
mann boundaries are shaded differently, x;,! = 1,2 are homogeneous singular points,
x,1 > 2 are heterogeneous singular points (not all singular points are depicted)

Figure 2.2: Subdomains 2; ; coincide with cones Cj ; in a neighbourhood of an interior
(left figure) and a boundary (right figure) heterogeneous singular point x;

Let z; be a heterogeneous singular point. We introduce polar coordinates (r, ¢) with
respect to z;. We identify the unit sphere with the interval [0, 27). Similarly the interval
[©1, 2] denotes the cone containing all rays ¢ in between ¢4, o2, Where positive orienta-
tion is assumed. For instance any two intervals [;, ¢;), [¢;, vi) cover the sphere [0, 27)
in a natural way.

Number the subdomains sharing the singular point z; with €;;,7 = 0,..,n; — 1, and
choose a radius r; > 0 such that €, ; N B, (x;) coincides with a cone C; ;. The cones C;;
are given by the rays ; and ¢;11,¢ = 0,..,n; — 1 where ¢y < ¢1 < .. < @y,—1. This
notation is illustrated with help of Figure 2.2. If z; is an interior point we see ¢, = .
If not, the rays ¢y, ¢, coincide with a part of 9€2. By the sequence ¢y < ¢1 < .. < @y, -1
we describe the geometry around the singular point x;.
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We denote by k;; the value of k£ on ©;; N B, (r;). Now let us define the local diffu-
sion coefficient k,,(¢) on the interval [¢g, ¢,,,] that takes the value k;; on the interval
(pi,0it1),1 = 0,..,n;— 1. For simplification, we may drop the sub-indices [ when choos-
ing a singular point x;.

The notation is valid also for homogeneous singular points. There n; = 1.

2.3.2 Restriction to piecewise regularity

In section 2.2 we have shown that the solution of problem (2.2.1) belongs to the Sobolev
space H(Q).

We want to discuss regularity of the solution « of problem (2.2.1). First we observe,
that the normal derivatives have a jump discontinuity across the interface. To see this,
choose two adjacent subdomains €2;,€2; and let n;,n; be the outward normals to the
interface. Note that n; = —n;.

Due to (2.2.1) the solution u fulfills

ou ou
(232) kia—nilaﬂimaﬂj :k‘j%jlaﬂiﬂaﬂj )

where the equality holds in the distributional sense. Since k; # k; the normal deriva-
tives are discontinuous. Therefore, u ¢ H3/2(Q).

In the following we restrict ourselves to piecewise regularity v € H*(;) fori =0,..,n—
1. Piecewise regularity is important for instance in Finite Element applications.

The following simple lemma establishes a connection between piecewise and global
regularity. Usually from regularity on subdomains H'**(Q;),i = 1,2 does not follow
regularity on the union of these subdomains H'**(; U Q). This may be true only for
0<A<1/2.

Lemma 2.1 Let the polygonal (polyhedral) Lipschitz domain 2 be decomposed into disjoint
polygonal (polyhedral) Lipschitz subdomains Q;, Q. Let 0 < X < 1/2, v € H'FA(€,),i = 1,2
andv € HY(Q). Thenv € H'TA(Q).

PROOF. The proof follows from Definition 1.2.4 and Theorem 1.2.16 of [30]. It suffices
to prove that Vv € (HA(Q))Q. Denote by v;; = a% the partial derivatives of v in ;.
Since v;; € H(Q;),i = 1,2 and due to the implication given below [30, Thm 1.2.16] one
can extend v;; by zero to v, € H*(Q2). By Gauss’ theorem one checks 387”]- = v} + v,
and hence 5 € HX(Q). |

The maximum piecewise regularity one can expect under the condition f € L?(Q) is
u € H?(£;). In general such regularity does not hold for solutions of problem (2.2.1).
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2.4 Regularity in 2D

2.4.1 The Sturm-Liouville eigenvalue problem and regularity

Choose a singular point . We regard the self-adjoint and positive definite Sturm-
Liouville eigenvalue problem given by

(241) _8(80)” - )‘28((10) y P E ((p’u ()D’H-l) ) L= 07 sy — 1 )
with the interface conditions on lines ¢ = ¢, that coincide with a part of the interface

5(pi — 0) = s(s +0)
ki—1s(gi —0)' = kis(¢; +0)

and, in case x € 02, with the boundary conditions

(2.4.2)

either s(po+0)=0 or s(po+0) =0

243
( ) either s(p, —0)=0 or s(p,—0) =0

Here we denote by s(yp; —0), s(¢; 4+ 0) the left resp. right hand side limit of the function
s in the point ;.

If  is an interior singular point, the problem is posed in W = H_.([0, 2x]), the sub-
space of H!([0,2~]) with periodic boundary conditions. In the case of = € 90 define W
as a subspace of H'([¢q, v,]) with appropriate homogeneous Dirichlet boundary con-
ditions, depending on whether the line ¢ = ¢ or ¢ = ,, coincides with a part of I'p or
T'y.

We conclude that the eigenvalues are real and that the spectrum has no point of density
from R. We denote by ) the positive square root of \2,

The above eigenvalue problem can be rewritten in a simpler form. The general solution
of equation (2.4.1) on an interval [p;, p;+1] has the form

eicos(Ap) + fisin(Ap) , e, fi € R,
and can be written as
b; cos(A(p — ¢;))
for some b;, ¢; € R. We conclude from (2.4.1), that the Sturm-Liouville eigenvalue prob-
lem (2.4.1), (2.4.2), (2.4.3) is equivalent to the following problem. There are real numbers
b;,ci,i=0,..,n — 1, such that
s(¢) = bicos(ANp — ¢;)) for ¢ € [pi, pir1],i=0,..,n —1

The interface condition reads for ¢ such that the angle ¢ = ¢, coincides with a part of
the interface

bi cos(A(piv1 — ¢i)) = bir1 cos(Mpit1 — civ1))
kib; sin(A(pit1 — ¢i)) = kit1biy1sin(A(piv1 — civ1))
For singular points x € 9f2 the boundary conditions read

either bgcos(A(po —cp)) =0 or —bysin(A(pg —¢p)) =0
either b,_1 cos(A(¢n —cn—-1)) =0 or —by_1sin(A(¢n —cn-1)) =0 .
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2.4.2 A decomposition theorem

The next lemma establishes a connection between the above Sturm-Liouville eigenvalue
problem and regularity.

Theorem 2.2 For any singular point x; denote by )\ .7 = 1,..,my; all eigenvalues from the
interval (0, 1] of the respective Sturm-Liouville elgenvalue problem (2.4.1), (2.4.2), (2.4.3) and
suppose )\2 #1,7=1,2,..,m;. Denote with s; ;(¢) the according eigenfunctions.

The solutlon u of (2.2.1) admits a decomposition

my
(2.4.4) u=w+ Z Z c,;n(ry) A s1,5(9)
zr; j=1
where w € H?(Q;),i = 0,..,n; — 1, and the sum is over all singular points z;. Here ¢, ; € R

and n(r;) is a smooth cut-off functlon vanishing outside a neighbourhood of each singular point.
We call a r*tis; ;(¢) a singular function for the point ;.

PROOF. The proof of the representation (2.4.4) follows from [33, Thm 1] and section 3
of [33] with s = 0. The representation is also given in [43, Thm 2.27] [45]. [ |

We see that the regularity of u is restricted by the regularity of the singular functions
r)‘l»ism-((p) ¢ H'tMi(Q,),i = 0,..,n; — 1. Furthermore r)‘l»isl,j(tp) € H'Mi—2(Q,),i =
0,..,m; — 1 for any ¢ > 0. To show this one can use [30, Thm 1.2.18].

The probably first decomposition theorem for the case of a smooth diffusion coefficient
k can be found in [35].

Corollary 2.1 Let v € (0,1) be given and let A > ~2 for all nonzero eigenvalues A\? of the
Sturm-Liouville eigenvalue problem (2.4.1), (2.4.2), (2.4.3) for any singular point z. Then u €
HY(Q),i=0,..,n— 1.

PROOF. The corollary follows directly from Theorem 2.2 if all eigenvalues are )\%’j
different from 1. If there is an eigenvalue )\l%j = 1 then one can rely on [43]. Using the
notation of [43, Cor 2.28] set py := 2/(2 — ). As pg < 2 we see that f € L2(Q) C LPo(1Q).
Further v = 2 — 2/py < A and the assumptions of [43, Cor 2.28] are fulfilled. We
conclude that u € W2Po(Q; N U), where W 2P0 is the Sobolev space of functions having
all their derivatives (in distributional sense) up to order 2 integrable with the power of
po. Use of the continuous embedding W2Po(Q, NU) c H™(Q; NU) [29, Thm 1.4.4.1]
finishes the proof. |

2.4.3 Known regularity results

In this subsection we want to briefly review known regularity results and point out
some open questions.

We conclude from corollary 2.1 that regularity is a local property. In a neighbourhood
U containing no singular point the regularity is u € H2(U N$;) and in a neighbourhood
of a singular point z the regularity depends on the local diffusion coefficient k,.(¢), that
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means on the geometry around the singular point and the values of k;. Most of the
known regularity results rely on decomposition theorems like Theorem 2.2.
A simple conclusion of Theorem 2.2 is the following lemma.

Lemma 2.3 Let u be a solution of problem (2.2.1). Then the solution has regularity « €
H=®k) () where £(k) > 0 depends on k.

PROOF. The proof follows directly from Theorem 2.2. See also [33]. [ ]

The dependence of ¢ on &k will be given in section 2.6. A similar result covering the case
of more general subdomains can be found in [31].

We classify different geometrical situations for several singular points in Figure 2.1. For
each of the depicted singular points z; in Figure 2.1 we will now discuss regularity.

Regularity for homogeneous singular points

For homogeneous singular points ( i.e. points x1,z2 in Figure 2.1) the following result
is well known:

Lemma 2.4 Let k£ = 1 and u be the solution of problem (2.2.1). Then for any neighbourhood of a
singular point = € U,, such that U, contains no other singular points the solution has regularity
u € H'1/2(U, N Q), if the boundary conditions do not change in z, and v € H'*/4(U, N Q),
if they do.

PROOF. This is [30, Cor 2.4.4]. n

The strongest singularity is of type /4 cos()\/4) and occurs in a slit domain with mixed
boundary conditions [30].

Regularity for heterogeneous singular points

Our concern is the regularity for heterogeneous singular points. To get more detailed
results we choose a heterogeneous singular point 2 and classify the geometrical situa-
tions according to the number of subdomains neighbouring on this singular point. Let
us denote by n the number of domains to whose boundary = belongs and by m the
number of types of boundary conditions. That means that m = 0 if z is an interior point
(points z4, x5, zg in Figure 2.1). We set m = 1 if x € 02 and the boundary conditions do
not change in = (points z3, z7 from Figure 2.1). If they change, then m = 2 (point x3).
The following results are known:

Lemma 2.5 Let « be the solution of problem (2.2.1). Let x be a heterogeneous singular point
with a neighbourhood U containing no other singular points.
Then, if

n<3—m

u has regularity v € H'11/4(Q;),i =0,..,n — 1. If n > 3 —mthen u € H' ().

If  is an interior singular point and n = 2 then u € H'*1/2(;),i = 0, 1.

These regularity bounds are sharp in the respective class of problems where no restrictions on
k and the geometry are made in the sense that the solution « does not belong to more regular
Sobolev Spaces H*®.
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PROOF. For the case of n = 2, m = 0 see [34] [33] or [56]. The case of n = 3, m = 0 and
n = 2,m = 1 has been studied in [36].

Let us discuss the case n = 4 — m. For the case of n = 4, m = 0 Kellogg gives an explicit
solution u. with regularity u. ¢ H'*¢(Q) for any ¢ > 0 (see [34]). The solution u. is
discussed in more detail in the following subsection. For the case n = 3,m = 1 and
n = 2,m = 2 a problem can be constructed by restricting the domain of definition of w..
For the case n > 4 — m one can define a function which will be a slight modification of
the function u..

All of the assertions have been shown recently also in [17]. [ |

Related results are given in [61] [18] [39] and for the case of two Lipschitz subdomains
where a different technique has been used in [51].

Examples of singular functions for interior heterogeneous singular points

We want to discuss in more detail the case of an interior heterogeneous singular point
with two and with four adjacent subdomains.

Denote as before by (r, ) the polar coordinates with respect to the singular point lo-
cated at the origin.

In the first example the interface will be an angle [56]. See point z, of
Figure 2.1 for an example. Let Q@ = (-1,1) x (—1,1) be decomposed to
Qo :={(z,y) € Q:0 < p(x,y) < 0}, and Q; := Q/Qy. The diffusion coefficient is piece-

wise constant:
1, for (z,y) e

h(@,y) = { ko, for (z,y) € Qo
If ko > 1, the singular function is given by

. cos(A(p —0/2)) for (z,y) € Q
(245) = { Beos(A(r — ¢ — 6/2]))  otherwise C

where \, 3 depend on k,. If ks < 1 the function w; will be regular, i.e. ¥1|o, € H(Q;)
and the singular function is given by a different function.

A calculation shows that ¢; € H'*5(Q;) for s < A [30, Thm 1.2.18].

In the case of a interface angle 6 = /2, the coefficients A and 3 are given by:

4 3+ ky sin()\g)
A = — arct = —fy———
7Tarc an( 1+3k:2> , B 2 Sin()\%ﬂ)

In the case 6 # m/2 they are given implicitly [39]. See [39] [44] [45] for numerically
calculated \.

Example 2.1 Setf = 7 /2. Let 2 = (—1,1) x (—1,1) and ¢; be defined as in (2.4.5). As above
set k1 = 1 and take ko as parameter.

The singular function v (r, ¢) is illustrated in Figure 2.3 a) for k2 = 100. Here A =~ 0.69.
According to the above formula for A one sees that \ is monotonically decreasing with ko
to the value 3/4. Therefore, the solution of the interface problem belongs to H '3/4(Q)
independently of the jump discontinuity of the diffusion coefficient.
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Figure 2.3: Different singular functions with § = 0.1, regularity depends on the geom-
etry, a) A = 0.69, b) A = 0.99, ¢) A ~ 0.1

Now we show an example where the best regularity result one could get independently
of kisu € H'(). Such situations can occur if in 2D there are more than three subdo-
mains sharing an interior point (see point x5 from Figure 2.1).

Suppose that the interface consists in the vicinity of an interior heterogeneous sin-
gular point of two intersecting lines. Set Q@ = (—-1,1) x (—1,1) and define
Q) ={(r,y) €eQ:0<p<borm <o <f+n}and Q = Q/0;.

Define 1o (r, ) = r*so(p) Where

cos(A(m — 0 —c)) cos(A(p —0+b)) Tfor0 <o <40
- f <p<
(246)  sa(p) = 4 OO cosMp —m0)) oro<op<n
cos(Ac) cos(A(p — 7 — b)) forr<p<m+86

cos(A(0 — b)) cos(A(p—0 —m—c)) form+0<¢p<2r

see [34]. With given coefficients k1, ko, k3, k4 the parameters A > 0,b, ¢ are chosen in
such a way to satisfy the interface conditions (2.4.2). 1f 0 < A < 1 then v, defines a
singular function.

Conversely with given parameters 0 < A < 1,5, ¢ the coefficients &, ko, k3, k4 can be
defined (up to a multiplicative constant) by the interface conditions (2.4.2).

Example 2.2 Take Q = (—1,1) x (—1,1) and o = r*s5(¢p) , where sy is defined in (2.4.6).
Set§ = m/2,b = 0.50,c = 7/2(1 + }) — band vary X as a parameter within (0,1]. Then
k1 = k3 = —tan(Ac) = tan(Ab) ! and ko = kg = tan(Ab).

The singular function ¢, (r, ¢) is illustrated in Figure 2.3 ¢) for A = 0.1. Here the ratio of
the maximum and the minimum value of % is kyax/kmin = 100. This function has been
defined in [17] too.

In the setting of example 2.2 we see limy_o k2 /(AZ) = Land ky = k.

Now we want to demonstrate that in general a large ratio kp,ax/kmin NOt Necessarily
implies low regularity. We can construct a singular function with smoothness H?2~¢
where the ratio kya.x/kmin iNCreases to infinity as ¢ goes to 0:

Example 2.3 Let ¢ > 0 be given. Take Q = (—1,1) x (—1,1) and ¢» = rs5(y), where s, is

defined in (2.4.6) . Choose e > 0. Set A=1—¢,0 =71/2,b=candc=7/2(1 + ) — b.
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The coefficients in example 2.3 fulfill k5 < k1 = k3 < k4. An example of such a function
is depicted in Figure 2.3 b) for A = 0.99. Also in this case kmax/kmin = 100.

Remark 2.1 Examples 2.2 and 2.3 show that the regularity parameter A where u € H'*5(€);)
for any s fulfilling 0 < s < A\ < 1 may tend to a value \g = Oor toavalue \o = 1if 61 — oo.

2.4.4 Open questions

An open question is whether there are conditions on & such that regularity H ® for some
s > 1is guaranteed and s does not depend on the bounds of & or the geometry. Lemma
2.5 implies the necessity of certain conditions on & in order to guarantee regularity
H#(2) for an s > 1 independent of the bounds of k. Such conditions will be introduced
in the next section 2.3.

A further question is about the lower bound of £ from Lemma 2.3 in terms of the global
bounds of k. We will give an answer to that question in section 2.6.

2.5 The quasi-monotone case

2.5.1 The quasi-monotonicity condition

We define the quasi-monotonicity condition for the diffusion coefficient k. This condi-
tion has been introduced in [24] in the context of Finite Elements. Remember that we
assumed that k; ; # Ky i41.

Roughly speaking the guasi-monotonicity condition means that the local diffusion co-
efficient &, (¢) has only one local maximum. Since &, (¢) is a function being piecewise
constant on intervals (¢;, ¢;+1), it has infinitely many maxima. But we agree to identify
all maxima lying in the same interval (¢;, p;11). If z; € Tp, we demand alternatively
that each maximum touches the Dirichlet boundary I'p.

Definition 2.4 Let a heterogeneous singular point x be given. The distribution of the coeffi-
cients k;,7 = 0,..,n — 1 will be called quasi-monotone with respect to the singular point z, if
the following conditions are fulfilled:

Denote by N; the indices of cones C; that are neighbours of the cone C; that is NN; :=
{j : meas1(C; N C;) > 0,5 # i}. The following condition holds

- if 2 € Q/Tp, there is only one index i such that k; > max;en; {k;}

— if z € T'p, for each index i such that k; > max;ecn, {k;} the measure meas;(C; N T'p N
B, (r)) is positive.

Definition 2.5 The diffusion coefficient k& is quasi-monotone if for all singular points x the
distribution of coefficients k;,7 = 0, ..,n — 1 is quasi-monotone.

Remark 2.2 The gquasi-monotonicity of & is necessary for H*(£2;)-regularity of solutions of
problem (2.2.1), where s > 1 is independent of k. In the case of an interior heterogeneous
singular point this follows from the local diffusion coefficient defined in example 2.2 that has
two local maxima and is not quasi-monotone. In order define a local diffusion coefficient which
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has any given number (greater than 2) of local maxima slightly perturb the diffusion coefficient
given example 2.2 by enlarging it in parts of the domain, where it takes the lower value. This
will change the singular function from example 2.2 and its low regularity only a little.
In case of a heterogeneous singular point on the boundary a singular function can be constructed
by restricting the domain of definition of the singular function defined in example 2.2.

We give conditions for the quasi-monotonicity conditions to hold without restrictions
on k but with restrictions on the maximum number of subdomains that share singular
points.

Remark 2.3 Choose a heterogeneous singular point = and denote as in section 2.4.3 by n the
number of subdomains §2; to whose boundary x belongs and by m the number of types of bound-
ary conditions. Then if

n<3—m,

then for any values of k;,i = 0,..,n — 1 the distribution of the coefficients k;,7 = 0,..,n — 1 is
quasi-monotone with respect to .

Observe that for exactly these restrictions on the maximum number of subdomains regularity
results with piecewise regularity H®, s > 1, with s independent of 9, are known (Lemma 2.5).

Thus the distribution of the coefficients k;;,7 = 0,..,n; — 1 is always quasi-monotone
for points x1, x2, 3, x4, x5 from Figure 2.1. For points xzg, z7, zg from Figure 2.1 quasi-
monotonicity depends on k. For instance coefficients ks g = kg2 = 1 and kg1 = kg3 =
100 are not quasi-monotonically distributed with respect to the singular point z¢.

2.5.2 Quasi-monotonicity bounds eigenvalues from below

In this section we show that if the diffusion coefficient k is quasi-monotone, the eigen-
values of the Sturm-Liouville eigenvalue problem are bounded from below. We precede
the proof of this fact by two technical lemmas.

Lemma 2.6 Let functions ¢;(¢) = b; cos(¢ — ¢;),7 = 1,2, be given that fulfill conditions

ti1(p1) = ta(e1) and
(25.1) kit (1) = katy(e1)

for some 1, k; > 0,b; > 0,7 =1,2.
If one of the following conditions is fulfilled

a) t1(¢1) < t5(e1)
b) k1 < ko and () (p1) <0orth(epr) <0)
then t1(p) < ta(p), o1 S @ <1 +mand ta(p) < ti(p), o1 — 7 < @ < 1.

PROOF. Observe that t5 — t; = bz cos(¢ — c3) for some b3, ¢3. It is not hard to see that
c3 € {1 — /2,1 + 7/2} and we choose c¢3 = @1 — 7/2. Then bz = (t2 — t1)'(¢1) and it
remains to show 0 < bg = (t2 — t1)'(¢1).
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a) If t1(¢1) < th(p) this is obviously true.
b) In this case we conclude from equation (2.5.1)

ti(p1) _ ke
= =>1
ty(p1) K
and that ¢} (¢1) < 0and t5(¢1) < 0. This shows ¢} (1) < th(¢1). [ |

Lemma2.7 Let numbers 0 = pg < ¢1 < ... < ¢, < w/2 and k;,i = 0,..,n — 1 with
0 < kg <k <..< ky_1begiven. Denote by X[pirpit1) the characteristic function of the
interval [¢;, w;+1). Further let numbers ¢;, b;,7 = 0, ...,n — 1 be given such that the function

n—1
(2.5.2) 5(90) = Z b; COS((:D - Ci) X[pispit1) >
1=0

is continuous and its derivatives weighted with k; are also continuous:

(2.5.3) b; cos(pir1 — ¢;) = biy1cos(pir1 —¢civ1) , 1=0,.,n—2 |
(2.5.4) kibi Sin((pi_H — Ci) = ki+1bi+1 sin(tpi“ — Ci—f—l) s 1= 0, ey — 2

Assume ¢p = 0 and by > 0. Then s(p) > 0 for all ¢ € [0, ¢y,].

© 0 0 0o 0 0 0 o ©
O R, M W M OO N ® © Kk
oy
N
-
T

©0 1 »2 /2 ™

Figure 2.4: Function s from equation (2.5.2) is the upper envelope and depicted with a
continuous line in case of decreasing k;, functions ¢; are indicated by a dashed line

PROOF. Define auxiliary functions ¢;(¢) := b; cos(¢ — ¢;). These functions are illustrated
in Figure 2.4. The idea is that if k;,1 > k; function ¢;,; will dominate the function ¢; on
a interval of length 7 starting from the point where ¢, ; and t; intersect.

Multiplying the function s(¢) by a constant we can assure by = 1. We want to prove

0 <cos(p) =to(p) <..<tj(e) , vj <o <p<m/2

(2.5.5) (or) < 0
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with help of Lemma 2.6 by induction over j =0,..,n — 1.

For j = 0 inequality (2.5.5) is clearly fulfilled.

Suppose i > 0 and inequality (2.5.5) is fulfilled for j = ¢ — 1. Observe thatt,_,(¢;—1) <0
and t;_1(p) > 0for p;_1 < ¢ < ¢; implies t;_,(¢;) < 0. Condition (2.5.4) then gives
ti (i) <O0.

Setting in terms of Lemma 2.6 t; = t;_1,t2 = t; and ¢1 = ; we see that assumption b)
from Lemma 2.6 is fulfilled and obtain ¢;,_y < ¢; for ¢ € [p;, ¢; + 7]. From assumption
0 < ¢; < m/2we see [p;,pn] C [pi, i + 7]. This together with t;(y;) < 0 finishes the
proof of the induction step (2.5.5) for j = i. [ |

Remark 2.4 Lemma 2.7 could be sharpened to hold also for ¢, < 7/2 if n > 1. To show this
use kg < k1 and show that 0 < ¢;.

Theorem 2.8 Let an interior heterogeneous singular point = € 2 be given and let the distribu-
tion of the coefficients &;,7 = 0, .., n — 1 be quasi-monotone with respect to x. Then the smallest
non-vanishing eigenvalue of the associated Sturm-Liouville eigenvalue problem (2.4.1), (2.4.2),
(2.4.3) is greater than (1/4)2. This bound is sharp.

PROOF. We choose an eigenfunction of the associated Sturm-Liouville eigenvalue prob-
lem with eigenvalue \2. The eigenfunction has the representation

(2.5.6) s(p) = Z bi cos(A(¢ = ¢i)) X[pipis1) s

where b;, ¢; € [0,27),7 = 0,..,n — 1 are real numbers. The eigenfunction s(y) fulfills the
interface conditions

(257) bl COS(A((piJrl — CZ)) = bi+1 COS()\(gOiJrl — C/L'Jrl)) y
(258) kibi sin()\(<pi+1 — Cz)) = ki+1bi+1 Sin()\(tpi+1 — Ci—l—l))

The idea of the proof is to show that there is an index j € 0,..,n— 1 such that
s(p) > bjcos(A(¢ —¢j)) > 0 on the interval [cj,c; + 7/(2))). Here we need the quasi-
monotonicity condition. Since s(¢) vanishes in some points the length of the interval
[cj,c; +m/(2X)) is bounded by 27. This yields the bound X\ > 1/4.

Let us have a closer look onto s(¢). This periodic function is continuous and therefore
achieves a minimum at a point ¢,;,, and a maximum at @y ax.

Choose j such that ¢max € [¢j, pj+1). Possibly substituting ¢; with ¢; + 7/A we can
assume b; > 0. The case b; = 0 can be excluded since then the interface condition
imply s = 0 and hence A = 0. If pnax lies (¢}, 9;41) we conclude from b; > 0 that
Ymax = 217/ + ¢; for anumber [ € N. Possibly redefining c¢; we may set pmax = ¢;
and we see s(pmax) > 0.

If omax = ¢, proceed as follows. Since .y is @ maximum it is clear that s(¢; — 0)’ > 0
and s(¢; + 0)' < 0. Condition (2.5.8) implies on the other hand that s(¢; — 0) and
s(p; 4+ 0)" cannot have different signs. Hence s(¢; — 0)' = s(¢; +0)’ = 0 and in this case
too it holds ¢; = ¢max. From this follows s(¢max) > 0.
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Figure 2.5: eigenfunction s, (¢) (black line) for quasi-monotonically distributed £ and a
function b; cos(A(¢ — ¢;)) (black dashed line); both functions coincide at the maximum
e OF 57 (); fOr pOINtS @cr0, ¢ := cj+7/(2X) holds sx(¢zero) = 0, bjcos(A(¢'—¢;)) = 0;
since k iNCreases oN [Qez, Pzero] itholds ¢ < @.ero andwesee ¢; < ¢ < @ero < ¢j+ 21

Similarly s(omin) < 0 and we conclude that there are at least two points ¢...,1 and
©zero,2 WIth $(0zero,1) = 8(@zero2) = 0. Without loss of generality we assume

Pzero,l < Pmax < Pzero,2 < Pmin

Now we exploit the quasi-monotonicity condition. We want to show that the following
property P holds:

There is a extremum ¢, from {Ymin, Pmax } and a point ey, froM {@ero.1, Pzero,2} SUCh that
k. (¢) does not decrease when going from ¢, t0 ¢.ero. This means we want to show that
k. () isincreasing on [pey, @zero) Or decreasing on [©.ero, Pex)-

Todosodenote by [p; ., @i . +1), [Pima Pimax+1) the intervals where k() reaches the
minimum and maximum. The sphere [0,27) is then decomposed into two intervals
Licer = [imues Pinin) @NA Liner 1= (@i, Pina. ) ON Which k5 (¢) is monotone as depicted
in Figure 2.6.

There are two possibilities: a) either there are three points from
{@zero1s Pmax, Prero2, Pmin} coNtained in Ige., or I or b) there are two points
from {Qzero,1; Pmax; Pzero,2; Pmin } CONtained in Ige.r and Ij,... In Figure 2.6 a possible
distribution of the points .c,o.1, Pmax; Pzero,2, Pmin IN the intervals 1., and Iy, in case
a) is shown. One notices that in the depicted distribution the diffusion is decreasing
0N [Pzero,1, Pmax) and property P is fulfilled. For the other (essentially three) possible
distributions of PoiNts ¢.cro,1, Pmax; Pzero,2; Pmin it IS €asy to check that property P
holds too.

In case b) points from {¢.ero.1, Pmax; Pzero,2, Pmin} could be distributed like
Ozerol, Pmax € Ldeer ANA Yrero 2, Pmin € Liner. IN this special case the function &, ()
is decreasing on [Y.cro.1, Pmax) and property P is fulfilled. Other distributions of points
in case b) are checked in the same way to satisfy property P.
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1} L

0

Pzero,1 Pmax Pzero,2 $Pmin
Figure 2.6: local diffusion coefficient k,(y) is piecewise monotone on two intervals
covering the sphere [0, 27); possible location of PoiNts ¥ .cyo 1, Pmaxs Pzero,2s Pmin; kz (@)
decreases oN [©zcro.1; Pmax)

Multiplying by —1 in (2.5.6), rotating the polar coordinate system and possibly reflecting
it on the x-axis we can assure

(259) 0= Vex = Pmax < Prero < 2

Remember that k,(y) increases on [pez, ¢zero]. If the function s)(¢) vanishes on
[Pmaxs Pzero) IN SOMe point(s), choose ¢, to be the minimum of these points and re-
define v.ero = ©sero-

Choose j such that ¢, € [¢;, @;+1). The function b; cos(A(¢ — ¢;)) is depicted in Figure
2.5 with a dashed line. We show as before c; = ¢., = 0. Further since ¢, is a maximum
b; > 0. Renumbering the points ¢; we may assume j = 0.

Now we are nearly done with the proof. In the last step we restrict the function s to
the interval [¢.., ¢.ero] @and apply a homogeneous scaling to transform functions

b; cos(A(p — ¢;)) to functions b; cos(P — &)

which satisfy similar interface conditions and apply Lemma 2.7 to the transformed func-
tions.

Choose the largest m such that ¢,,_1 < @.ero. We introduce an homogeneous transfor-
mation

(2.5.10) F: [0 = @em@zero] - [07 Aszero] with F(‘P) = Ap

and define SF(F(()D)) - 8(()0)7 ZBS [(peaca (pzero]-

Under this transformation we define a sequence gy < @1 < ... < &, Where §y =
F(ex) =0, @i :=F(p;),0<i<m—1and @, := F(@zero)-

It follows that s fulfills

se(p) =Y bi cos(@ —G) Xgi.ir) »
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and
bi cos(Pi+1 — Ci) = bit1cos(Pit1 — Cit1)
kibisin(Pip1 — ¢) = kip1bip1sin(@ip1 — Cig1)

forc; = Aci@ = bi@i = k; withi = 0,..,m — 1. Due to the choice of v, ©.ero We have
co =0and sp(p,) = 0with @, = Ap.ero < A27. Further EZ- < %Hl,z‘ =0,.,m—1.
Suppose A < 1/4. Thus @,,, < A27 < 7/2 and sy defined on [@y, ¢,,] With the sequence
0 < @1 < ... <@ < m/2fulfills the assumption of Lemma 2.7. We conclude from
Lemma 2.7 that s does not vanish on [0, ¢,,|. But this is a contradiction with sp(@,,) =
0and hence 1/4 < A.

Figure 2.7: eigenfunction s3(¢) for e = 0.5 defined piecewise by functions b; cos(A(¢ —
¢)) , 1=0,1,2; here Aiscloseto1/4

From the above proof it is not hard to see how to construct an eigenfunction ss(y) with
eigenvalue \? arbitrarily close to (1/4)2. We see in the following example that A — 1/4
when the interior angle of a subdomain tends to 2.

Choose ¢ > 0 and n = 3. The idea is to construct an eigenfunction s3(y) as depicted in
Figure 2.5.2. The interval (¢, ¢1) will have length of order 27 — O(¢) and ky = 1. The
other two intervals will have length O(¢) and k1 = O(e™!), k2 = O(¢). The constructed
eigenfunction will have the eigenvalue A* where X := 2771246 — 1/4ase — 0.

For the interested reader we will give the details below: Define oo = —¢, ¢1 = 271 — 3e.
The remaining parameter ¢, will be defined below. The aim is define a function that
achieves a maximum at ¢ = 0 and vanishes at ¢ = 27 —4¢ and ¢ = 27 —2¢. Furthermore
aminimum is attained in ¢ € (¢1, p2).

To dososet cy = 0,bp = 1. Define cq, by in such a way that cos(A(p — c2)) vanishes in
¢ = 21 — 2e¢ and that by cos(A (¢ — ¢2)) = cos(Ap) for ¢ = ¢p.

Further choose 2 > ¢ such that cos(\ (p2 — c2)) = cos(A(p1 —cp)) . Set ¢; =
0.5 (@1 + @2) and b; = — COS()\(QOl — Co))/COS()\(gOl — Cl)).

The definition of the eigenfunction ss is finished by setting ky = 1 and choosing k1, ko
in such a way that interface conditions for the derivatives (2.5.8) are fulfilled. [ |
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Theorem 2.9 Let a heterogeneous singular point = € 9S2 on the boundary be given and let the
distribution of the coefficients k;,i = 0,..,n — 1 be quasi-monotone with respect to x.

Then the smallest non-vanishing eigenvalue \? of the associated Sturm-Liouville eigenvalue
problem (2.4.1), (2.4.2), (2.4.3) fulfills (1) < A%. This bound is sharp.

PROOF. The proof runs similar to that of Theorem 2.8. The eigenfunction of the associ-
ated Sturm-Liouville eigenvalue problem with eigenvalue \? has the representation

n—1
‘9(30) = Z b; COS()‘(QO - cz)) Xlpirpit1)
=0

where x|, »,.,) denotes the characteristic function of the interval (@i, 0it1) and by, ¢; i =
0,..,n— 1 are real numbers. The eigenfunction s(¢) has to fulfill the interface conditions
fori=0,..,n—2

(2511) bz COS(A((piJrl — Cz)) = bZ'Jrl COS()\(gOiJrl — Ci+1))
(2512) klbl Sin(A((pi+1 — Cz)) = k?l'JrlbiJrl Sin(A((pi+1 — Ci+1))

and some boundary conditions that will be specified later.

Since we deal with two different boundary conditions there are three possibilities how
to combine them. We will treat each case separately. In any case s(¢) is not a constant
function. Denote by F}, F, parts of the boundary on both sides of = € 9Q N B (r).
Casel.Fy CcI'p,Fr CI'p

We deduce that there exists a local extremum ., of the function s() and multiplying
s(¢) by —1 we may assume that ¢, is maximum. We choose j such that ., € [¢;, ¢;+1)
and show as in the proof of Theorem 2.8 that ¢; = ¢.,. The quasi-monotonicity con-
dition implies now that k. () is monotonically increasing on [¢.., ¢, ] Or decreasing on
[©0, pez]. We may suppose without loss of generality that &, () is increasing on [pez, ¢©n]
and since s(p,) = 0 we may define ¢.c.o := ©n.

By rotation of the coordinate system we can assume

(2513) 0= @ex < Yrero < 0 <2m 5

where @ is the interior angle of 2 at =. Possibly redefining ¢ ..,, we can assure s(¢) > 0
for NS [@em @zero]-

Choose m such that ;-1 < @zero-

We transform the sequence ¢ ., < @11 < ... < Qjam—1 < Pzero < 6 With the affine
transformation defined in (2.5.10) and obtain a new sequence ¢y < 1 < ... < ,, Where
S/O\O =0, Q/O\z = F(SOZ'Jrj) = )\SOiJrjpl <i<m—1land S/O\m = F(‘Pzero) = APzero-

Suppose A < 1. Defining sp(F(p)) := s(¢) we obtain a scaled function which fulfills

the modified conditions (2.5.11) and (2.5.12) that is

~

bi cos(Pit1 — ¢i) = bip1cos(Piv1 — Cip1)
kibi sin(@ir1 — ¢) = kig1biy1sin(@iy1 — Ci+1)

forc; = /\ci,@ = b;4; and EZ- = kirj withi = 0,..,m — 1. Furthercy = 0, sp(0) > 0 and
SF((/ﬁm) = 0 with (/ﬁm < A0 < %9 < 7T/2 and k‘i < ki+1,’i = 0,..,m — 1.
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Hence sp fulfills the assumption of Lemma 2.7 and it follows that sz does not vanish
n [0, ¥,,]. But this is a contradiction since sz vanishes at o,,.

Casell. hFCcI'y,Fo CTI'p

Suppose that the Dirichlet conditions are set on the angle ¢,,. Define ¢., = o and

Yzero = @n. The quasi-monotonicity condition implies that the local diffusion coeffi-

cient k. () has not more than one local maximum [p;, ¢;+1] and this local maximum is

achieved for i = n — 1. Hence k. (¢) is monotone increasing on [@e., ©zero)-

It follows from kg—z = 0at ¢ = ¢, that ¢; = ;. Using remark 2.4 we show as in the

case | that § < A.

Caselll. Iy, C 'y, F5 C 'y

Set Yeq,1 = o and @, 2 = @,. Asin case Il we conclude ¢y = 0 and ¢,,—; = ¢,. Denote

by ¢..ro @ point where s(p) vanishes. The quasi-monotonicity condition implies that

the local diffusion coefficient &, (¢) has not more than one local maximum [¢;, ¢j41].

Using the quasi-monotonicity property we show that there is an number ¢., €

{@ex,1, Pex,2} such that k,(y) increases monotonically, when going from ¢, t0 ¢ cro.

If 0.ero < j then k, () is monotonically increasing on [©g, ¥.ero)] aNd ey == @g. Other-

wise k() is monotone decreasing on [ .cro, n] aNd @, = ¢,. We may suppose that

the first case holds. The remainder of the proof is similar to case 1l and we show A > 1.

To prove sharpness we use the example from the proof of Theorem 2.8. Denote by I the

closure of the support max {0, s3(¢)}. We define the eigenfunction s4(¢) := s3(y) on I.

This eigenfunction has the eigenvalue A = 27’1245. [ |

Remark 2.5 Denote by 6 the interior angle of 2 at x € 92. Under assumptions of Theorem 2.9

and using the bound ¢ < 27 in inequality (2.5.13) it is not hard to show the improved bound

(22)* < A2. Similarly one could derive better estimates for the lowest non-vanishing eigenvalue

in Theorem 2.8 if one substitutes in equation (2.5.9) 27 by 6, where @ is the length of the largest
interval on which &, (¢) is monotone.

2.5.3 Special cases

As pointed out in remark 2.5 one can use the above techniques to derive in special situ-
ations sharper bounds of the minimum eigenvalue of the Sturm-Liouville problem. We
illustrate this for the case of three subdomains sharing an interior heterogeneous singu-
lar point and the one of four subdomains and an interface consisting of two intersecting
lines.

Although the interesting case of an interior heterogeneous singular point that belongs to
three subdomains has been already studied independently in [36] [17] we give a proof
which is simple and which slightly extends these results.

Lemma 2.10 Let a heterogeneous singular point = € Q be given such that if 2 € €, there
are at most three subdomains to whose boundary x belongs. In case of x € 9 there are only
two subdomains x € 9€2; and the boundary conditions do not change in x . Let the maximum
interior angle of these subdomains be smaller than 6.

Then the smallest non vanishing eigenvalue of the associated Sturm-Liouville eigenvalue prob-
lem is greater then (/(26))2. This bound is sharp.
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PROOF. The proof is a special case of Theorem 2.8 and Theorem 2.9. Let us first consider
the case = € Q. Since there are four points

Pzero,l < Pmax < Pzero,2 < Pmin

and only three subdomains we conclude that there is an interval [y}, p;1] containing
an extremum ., € {Pmin; Pmax} aNd @ POINt Y.cro € {Pzero 15 Prero}-

As before we can assume 0 = Yep = Pmax < Pzero < 0. Further c; = ¢, = 0.

Thus s(¢) = bj cos(Ap), ¢ € [Pexs Pzero) AN $(@2ero) = 0. Possibly redefining ¢ ..., we
see that Ap,.r, = m/2. This together with ¢, < 0 implies 7/(20) < A.

The case x € 01 is dealt with similarly.

Sharpness of the bound follows by rescaling functions s3(¢), s4(¢) defined in the proof
of Theorem 2.8 and 2.9, respectively. [ ]

Another interesting situation is the special case of an interior heterogeneous singular
point, where the interface consists of two lines intersecting with angle . This sit-
uation has been considered also in [34]. Let the coefficients k; be distributed quasi-
monotonically with respect to this singular point.

As before, the idea is to show that there is an extremum ¢, and a zero point ¢ ¢, of s(¢)
such that, either &, () is monotonically increasing on [e., ¢.cro) and the length of the
interval [pes, ©zero) IS SMaller than 7 or k, () is monotonically decreasing on [¢.ero, Pex]
and the length of the interval [¢.c,0, ©ez| 1S Smaller than 7. This is easily checked. Now
we can show

Lemma 2.11 Let a heterogeneous singular point = € € be given such that the interface consists
of two intersecting lines. Let the coefficients k;,i = 0, .., 3, be distributed quasi-monotonically
with respect to x.

Then the smallest non-vanishing eigenvalue of the associated Sturm-Liouville eigenvalue prob-
lem is greater than (1/2)2. This bound is sharp.

PROOF. The proof follows from the above considerations. To see that the bound is
sharp, regard the special case k; = ko = k3, that means the case of two subdomains
only. Define an eigenfunction as done in equation (3.17) in [34]. |

A special case of this lemma is the case of two subdomains sharing a singular point. In
this case we get the same bounds as [34].
2.5.4 Regularity results in the quasi-monotone case

Here we present our main results.

Theorem 2.12 Let the distribution of coefficients k;,i = 0,..,n — 1 be quasi-monotone with
respect to all singular points . The solution of (2.2.1) fulfills v € Ht1/4(Q). This is the
maximum regularity independent of the bounds of £.

PROOF. The assertion follows with corollary 2.1 from Theorem 2.8, 2.9, Lemma 2.4 and
Lemma2.1. |
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Note that we get in principle the same regularity as for £ = 1 were regularity H 't/ is
the maximal regularity at a reentrant corner with changing boundary conditions.

Corollary 2.2 Quasi-monotonicity of the diffusion coefficient & is necessary and sufficient for
regularity of the solution of problem (2.2.1) w € H'*1/4(;),i = 0,..,n — 1, which is indepen-
dent of the bounds of k.

PROOF. Necessity follows from remark 2.2. The regularity result follows from Theorem
2.12. [ |

If one does not want to impose restrictions on &k one has to restrict the number of sub-
domains n; to whose boundary the singular point x; belongs.

Additionally in some special cases sharper bounds are possible if one introduces further
parameters depending on the geometry.

Theorem 2.13 Let a singular point z €  be given. Denote by n the number of subdomains
that meet in 2 and let U be a neighbourhood containing no other singular points. Denote by 6
the maximum interior angle of subdomains €;,7 = 0,..,n — 1 at x.

If = is an interior singular point let n < 3. If x € 0N then let n < 2 and additionally the
boundary conditions do not change in x.

Then the solution « of (2.2.1) fulfills u € H'*Y/4(Q N U).

Further v € H'Tmax(Lm/20)(Q, NU),i =0,..,n — 1.

The restrictions on n are sharp.

PROOF. One checks that under the above restrictions on n the diffusion coefficient &
is quasi-monotone. The first part follows from Theorem 2.12. The second part follows
from Lemma 2.10 together with corollary 2.1. To see that the restrictions on n are sharp
we refer to example 2.2. |

For heterogeneous singular points on the boundary with quasi-monotonically dis-
tributed coefficients k; the results could be sharpened:

Corollary 2.3 Let x an boundary heterogeneous singular point and U a neighbourhood con-
taining no other singular points. Denote by 6 the interior angle at x € 0. Assume that the
distribution of coefficients k;,i = 0,..,n — 1 is quasi-monotone with respect to x. Then the
solution w of problem (2.2.1) has regularity u € H'tmax(Lm/(20) ().

PROOF. For a proof use remark 2.5. [ |

The special case, where the interface consists locally of two intersecting lines, has been
already studied in [34]. We state a regularity result for the quasi-monotone case.

Theorem 2.14 Let an interior heterogeneous singular point = € € be given and let U be a
neighbourhood of x containing no other singular points. The interface consists in a neigh-
bourhood of = of two intersecting lines. Let the distribution of coefficients %;,7 = 0,..,3, be
quasi-monotone with respect to x.

Then the solution of problem (2.2.1) fulfills v € H't/2(Q; N U),i = 0,..,3. This bound is
sharp.
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PROOF. The assertion follows from corollary 2.1 and Lemma 2.11, Lemma 2.4. To prove
sharpness use the singular function v, defined in example 2.1. |

Our regularity results are sharp and in this sense regularity results from [34] [45] [61]
[18] [36] are a special case of Theorem 2.13 or Theorem 2.14.

Remark 2.6 One notices that Lemma 2.7 is the key ingredient for deriving lower bounds for
the eigenfunctions of the Sturm-Liouville problem. It uses explicitly that the eigenfunctions
of the Sturm-Liouville problem are piecewise scaled and shifted cosines. One could prove a
similar result by using only concavity of the positive part of the cosine function. In such a way
extensions to other problems are possible.

Our consideration were restricted to problems with piecewise constant diffusion coefficients. But
the definition of the quasi-monotonicity condition and the idea of the proof of the lower bound for
the eigenvalues of the Sturm-Liouville eigenvalue problem may be applicable to a more general
class of coefficients too.

2.6 The general case

2.6.1 Eigenvalue bounds in the general case

We conclude from corollary 2.2 that in the case of a non-quasi-monotone diffusion coef-
ficient, the regularity may go down to H'. This may happen if 6—! becomes large.

In this section we derive explicit bounds of the regularity depending on §. We show
that u € H'19/27) Moreover, we can derive slightly better results, which are sharp.

To our knowledge a result which gives explicit H*-regularity where s depends on k is
new.

The following technical lemma is the equivalent of Lemma 2.7. Before formulating the
lemma we will sketch its content. We have given a piecewise constant function k()
defined on [0, 27) fulfilling £(0) = 1 and k(¢) > kmin, Where 0 < kpin < 1is a given
constant. The function k defines a continuous function s(y) which has piecewise the
form b; cos(p — ¢;) and whose derivatives satisfy interface conditions of type [ks’] = 0.
We demand s’(0) = 0, s(0) = 1.

Let vnin be the infimum of all roots .., Of these functions s(¢). The question is about
the dependence of i, 0N knin. TO answer the question we look for the function k& which

defines the function s(y) that has ¢.,i, as a root. This function & is defined by £ = 1 on
[0, ¥min/2) and k = kmin ON [@min/2, Pmin) Where pp,in = 2 arctan(klln/ii) (see figure 2.9).
Lemma 2.15 Let a number 0 < ki < 1 and numbers 0 = g < 1 < ... < @, =
2 arctan(krlﬁ) be given. Further there are coefficients &; given where kg > 0 and k;/kg >
Kmin, @ = 0,..,n — 1. Denote by x(,, ., ,) the characteristic function of the interval (@i, ©it1)-
Let numbers ¢;,b; > 0,i = 0,...,n — 1, be given which define a function

n—1
(2.6.1) s(p) =Y bicos(p = i) Xprpi11)
=0
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that is continuous and whose derivatives weighted with k; are also continuous:

(2.6.2) b; cos(pir1 — ¢;) = bit1cos(ig1 —¢ciy1) , 1 =0,.,n—2 ,
(2.6.3) kibisin(pi1 — ¢i) = kit1biy1sin(pit1 —¢iy1) , 1=0,.,n -2,

Assume ¢y = 0,bp = 1. Then s(¢) > 0,0 < p < @y

PROOF. We define ¢;(y) := b; cos(¢ — ¢;). Dividing k; by ko we may set ky = 1. But
in order to make the dependence on £ clear we will use in the proof the notation k
remembering ko = 1. We first assume ko > k;. Otherwise regard the discussion at the
end of the proof.

The proof is done in three steps.

The idea is to bound function ¢; from below by functions ¢;,. Here we write j; to denote
the dependence of j on i. Then we show that the function ¢, is greater than a function
uj,. In the last step we discuss the functions u ;.

In the first step our goal is to show thatfori = 1,..,n — 1 thereisaindex0 < j <mn-—1
and a number ¢ fulfilling

tj(p;) =toly; ), 0 < @; < i and t;(p) <to(p),¥; < ¢ < ¢n

(2.6.4)
ti(p) <ti(p), i <o < op

First Step. The proof of the first step is somewhat technical. We show equation (2.6.4)
by induction with respecttoi =1,..,n — 1.

Initial step ¢ = 1. Simply define ©5 = Q1 and j; = 1. As ky > k; Lemma 2.6 implies
ti (@) < to(p), v, < ¢ < pn. We showed equation (2.6.4) for i = 1.

1 T T T
0.8+ _
0.6+ _

N
0.41 N :
\ ~
\ N
\ N
N M
0.21 N
\ N
\ N
to\\ \\
0 L L L L L L L AR
©o ©1 Y2 3 /2

Figure 2.8: Step i = 3 is illustrated, here J = 1, note p; < p < ; < T
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Induction for ¢ > 1. Set J := j;_1. There are two cases.
In the firstcase t ;(¢) < ti(¢), pi < ¢ < ¢,. We define j; := J and proved (2.6.4).
In the second case we define j; := 4. This case is illustrated in Figure 2.8. There is a
©T € (pi, on] With

ti(e™) =ti(p™)
Further due to equations (2.6.2), (2.6.4) t;(vi) < ti—1(p:i) = ti(vi). The last equations
imply 0 < (t; —;)'(¢™1). We may use Lemma 2.6 to show ¢ ;(¢) < t;(),0 < ¢ < ™.
From equation (2.6.4) and from ¢; < ¢; < ¢ follows

to(py) =ts(ey) < tiler)

We conclude that there is a number ¢ fulfilling ¢, < ;" < @; withto(p; ) = ti(p; ). It
is not hard to see that ¢;(¢) < to(v), ¢; < @i < ¢ < ¢, and hence we proved (2.6.4).
Second Step. Fori = 1,..,n — 1 set j = j; and define u; by

(265) Uj = aj COS(QO - dj) s
where a;, d; are chosen in such a way that the following interface conditions are fulfilled

to(p;) = ui(ey)

(2.6.6) . _
koto(% ) = Kmin Ko Uj(@j )

for ¢, € [0, n]. Remember kg = 0. Since u;(p; ) = to(v;) = tj(p; ) and kyin < 1 we
conclude with help of Lemma 2.6 that u;(¢) < tj(¢),¢; < ¢; < ¢ < ¢, < 7/2. This
yields together with equation (2.6.4)

(2.6.7) uj(p) <tj(p) <ti(p) 5 wi<e <y

Third Step. We want to show 0 < u;(¢),¢ € [0,¢,),i = 0,..,n — 1 by showing that
dj S (QOn — 77/2,0)
Therefore, we choose ¢ = p;.d:=d; and rewrite (2.6.6)

cos(¢) = aj cos(p — d)

2.6.8
(2.6.8) ko sin(p) = kmin ko a; sin(e — d)

Now we look for the minimum value of d depending on ¢. Dividing the two equations
by each other we obtain

d() = ¢ — arctan(ky}, tan())

Differentiating with respect to ¢ reveals that minimum is attained for tan(¢*) = krln/i
Insertion of the minimum leads to
—1/2

min

) =2 arctan(k:l/Q) — /2= —7/2

min

d(¢*) = arctan(krln/ii) — arctan(k

Here we used the trigonometric relation arctan(z) + arctan(z =) = 7/2. Thus we fin-
ished the proof of the third step.
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a*-cos‘(go-— d(cp*) | N |
¢t det)+5 d(¢)+3

Figure 2.9: the black functions a’cos(p — d(¢')), a*cos(¢ — d(¢*)) fulfill interface
conditions (2.6.8) with diffusion coefficients kg = 1,kmin ~ 0.08 at points ¢ €
Iln/li , they vanish at d(¢’) + 7/2,d(¢*) 4+ m/2; for the black func-
tion depicted with a continuous line the value d(¢*) + 7/2 is the minimal one for all
possible values of ¢/, we show d(¢*) + 7/2 = ¢, = 2arctan /2

min

{(p/, ©* = arctan k

= 2%0*

Now we collect the results from the previous three steps to obtain from inequality (2.6.7)

This shows the assertion for the case [ = 0.

If there is an index [ > 0 such that ky < k; < ... < k;, we use Lemma 2.7 to prove that
functions ¢;,7 = 0,..,1 do not vanish on [¢g, ¢,]. It remains to prove the assertion for
functions t;,47 > [. From the relation kg < k1 < ... < k; follows 0 = ¢p < ¢1 < ... < ¢. We
shift the functions ¢;,7 > [ to the left by ¢; > 0 and prove the assertion for the shifted
functions as in the case [ = 0. |

2.6.2 A “worst case” regularity result

We use Lemma 2.15 to derive bounds for the eigenvalues of the associated Sturm-
Liouville eigenvalue problem. Comparing these bounds with the function defined in
example 2.2 we can show that our bounds are sharp. The main result in this section is
Theorem 2.17.

Remark 2.7 The singular function defined in example 2.2 fulfills the conditions

(2.6.9) 6 = tan(Arw/4) < k < tan(Ar/4)~! forany number 0 < X < 1
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Recall that \? is the eigenvalue of the associated Sturm-Liouville eigenvalue problem. Rewriting
(2.6.9) we get

4
A = —arctand
T

Theorem 2.16 Let a heterogeneous singular point = € Q be given and let 6 < k; < 61,4 =
0, ..,n—1. Denote by A\? the smallest non-vanishing eigenvalue of the associated Sturm-Liouville
eigenvalue problem.

If z is an interior heterogeneous singular point, then it holds

2 2
(2.6.10) <@> < <é arctan(5> < \?

s m

and the bound (£ arctan 6)” < A2 is sharp with respect to 4.

If z is a boundary heterogeneous singular point, denote by 6 the interior angle of 2 at . It holds

2 2
(2.6.11) ( 20 ) < <i9 arctan 5> <2,

mo m

where m = 1 if the boundary conditions do not change in z and m = 2 if they do. The bound

(=45 arctan 6)* < A2 is sharp with respect to 6 and 6.

PROOF. Dividing k by a 6—! we may assume 6% < k; < 1. If z is an interior singular
point we conclude as in the proof of Theorems 2.8 that there are two points {¢ min, Pmax }
where s(p) achieves an extremum and two zero points {¢.cro.1, Pzero2}. It is easy to
see that we can order these points like Ynin < @Yerol < Pmax < Pzero2. If  is an
interior heterogeneous singular point we are free in the choice of 9., € {@min, Pmax}
©zero € {Pzero,1, Prero2} @nd we may additionally assume |pe; — @zero| < /2.

If z is a boundary heterogeneous singular point we may assume there is an extremum
and a zero point of s(p) such that |pe, — @.ero| < 6/2, if the boundary conditions do not
change in z and |pe: — @ero| < 6, if they do. For the sake of brevity we continue the
proof in the case of an interior singular point.

We choose j such that ¢., € [¢;,¢;4+1) and show as in the proof of Theorem 2.8 that
¢; = 0. Further we choose the maximum n such that ;1 < ... < ¢, < @.ero. Changing
the coordinate system we may set 9., = 0 < @rero < 7/2.

We introduce the homogeneous scaling F' : [0, ¢.ero] — [0, Prero) With F(p) = @ = Agp.
Define sp(F(¢)) := s(¢), ¢ € [Pexs Prero)- Thenitholds @,¢r, < A7/2.

Observe that sx(p) fulfills the assumption of Lemma 2.15 with ki, := 62 as k; /kg >
ki > kmin forall i = 0,..,n — 1. Since s vanishes in ¢..,, we conclude from Lemma 2.15
that

(2.6.12) 2 arctand = 2 arctan(klln/ii) < @rero < AT/2
The inequality ¢ < 2arctan(c) for any 0 < ¢ < 1 is checked easily. This shows assertion
(2.6.10). Sharpness follows from remark 2.7.

The case z € 01 is proved similarly. To show sharpness of the bound (2.6.11) modify
the singular function defined in example 2.2 by restricting the domain of definition and
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applying an suitable affine transformation. [ |

According to Theorem 2.16 we are now able to give a regularity result which will de-
pend on the bounds of k.

Theorem 2.17 Let§ < k(z) < 6~1,Vz € Q for anumber 0 < § < 1.
Then the solution of problem (2.2.1) has regularity

= H1+6/(27r)(Q)

Let a heterogeneous singular point 2 € Q be givenand letcv < k; < cv1,i=0,..,n — 1 for
some constants ¢ > 0, v > 0. Denote by U a neighbourhood containing no other singular points
and with @ the interior angle of Q at z (if x € , set 8 = 2x).

Then

u € gt arcann)/m)=e 0 o;) ¢ HP (U NQ) , i=0,.,n-1,

where
172 ifz e
m=1q1 if x € 002 and the boundary conditions do not change in =
2 if x € 902 and the boundary conditions change in x

and € > 0 is arbitrary.
This is the maximum regularity with respect to 6 and v independent of the number and interior
angles of the subdomains.

PROOF. The assertion follows with corollary 2.1 from Theorem 2.16. Sharpness follows
from remark 2.7. [ ]

An easy consequence of the above theorem is

Corollary 2.4 Let § > 0 be given. The singular function ), defined in example 2.2 with
A = 47 larctan(é) is the function with lowest regularity among all singular functions
for interior heterogeneous singular points under the restriction § < k& < §~! and with no other
restrictions on the geometry (that means there are no restrictions imposed on the number and
interior angles of the subdomains).

2.6.3 Regularity between the quasi-monotone and the “worst case”

We may say that Theorem 2.17 states regularity results in the “worst case”. On the other
hand results from section 2.5.4 show regularity for the “regular” - the quasi-monotone
- case. The question arises about regularity for diffusion coefficients that are not quasi-
monotonically distributed but which have also no checkerboard-like pattern as in the
“worst case”. In this context it seems naturally to expect that a slight perturbation of
quasi-monotonically distributed diffusion coefficients will not result in large changes
of the regularity. These questions will be answered in the next theorem. Although a
sharp regularity result is given in Theorem 2.17 it can be partly improved introducing
additional parameters depending on the diffusion coefficient.
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Theorem 2.18 Let a heterogeneous singular point x € 2 be given. We assume that k()
has more than one local maximum. Denote by kmax,1,kmax,2 the two largest local max-
ima and let kyax1 > Kkmax,2. Lt kmin 1, Kmin,2 be the two smallest local minima where
Fmin,1 < kmin2. Denote by U a neighbourhood containing no other singular points and de-

fine & := \/Fmin2/Fmax.2-

Then the solution of problem (2.2.1) has regularity
= Hl+(arctan6’)/ﬂ'(U N QZ) C H1+6’/(27T)(U N QZ) , i = O, - 1

Note that in the limiting case, when the second maximum k.« 2 and the second local
minimum ky,;, » Vanishes, that means in the case kay 2/kmin2 — 1, we reach [1+1/4-
regularity as in the quasi-monotone case. In the “worst case” example 2.2 it holds
Emax,1 = kmax2 and kmin1 = kmin2. Accordingly 6 = ¢’ and we note that regularity
implied by Theorem 2.17 differs only by the constant 4 from the “worst case” result
from Theorem 2.17. Hence, we can interpret Theorem 2.18 as a link between the the-
ory of robust regularity results for quasi-monotically distributed diffusion coefficients
and results for the “worst case”, where no assumptions on the structure of the diffusion
coefficients is made.

The case of boundary singular points for pure boundary conditions can be treated a
similar fashion. In case of pure Dirichlet conditions Theorem 2.18 is valid with §' =
V/ kmin 2/ kmax,1 @and in case of pure Neumann conditions with 6’ = \/kmin,1/kmax,2-
PROOF. The proof is not self contained but it runs similar to the proof of Theorem 2.17.
There Theorem 2.16 is used and we have to prove an analogon of inequality (2.6.10) to
hold namely

2
(2.6.13) <% arctan 5’> <A,
where A2 is the smallest positive eigenvalue of the eigenfunction s(y) for the respective
Sturm-Liouville eigenvalue problem. Additionally we will use elements of the eigen-
value bounds for the quasi-monotone case as in Theorem 2.8. We now proceed as in
the proof of Theorem 2.17 and therefore give only the differences. The most important
point is to observe that we are free in the choice of the local extrema of k,(¢) and we
may use the local extrema k.« 2, kmin 2 in place of the global ones kyax 1, Fmin,1-
Let the maxima kmax 1, kmax,2 Of k() be attained on the intervals [; .. .\ Qimaxi+1)
and [Pi,., 2> Pimax 2+1) FESPectively. The minima are attained on [p; .. ., i, ,+1) and
[Pirmin.2> Pimm.o+1)- Without loss of the generality we may assume that ¢; .., < ;... <
Pimaxz < Pimmo (Figure 2.10). We define the intervals I := [¢; .. 1, Pip,,) @Nd J 1=
[Pirint » Pimar.) COVEring the sphere [0, 27). '
It is easy to see that there is an extremum ¢, and a root ¢..,, of the eigenfunction s(y)
such that [ves, rero) C J OF [Vreros ex) C 1. Without loss of generality we may suppose
that [Soeaca (pzero) cJ.
By rotating the coordinate system we obtain

(2.6.14) Gez = 0 < Qrero < 27

Choose the index j such that ¢., € [p;, ¢;+1) and note c; = p., = 0. Note that k,(pes) =
k;. In the following we regard separately the cases that k; > kmax,2, kj < Kmin2 and
k; € [kmin,2, Fmax.2)-
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kmax,l _______
kmax,Q 77777777777777777777777777777777777777777777777777777
kmin,Q , _\_ ,,,,,,
kmin,l I
! !
Pex Pzero Pex Pzero

gpimax,l gpimin,l @imax,Q @imin,Q

Figure 2.10: local diffusion coefficient &, () has several maxima and minima; possible
location of points ey, Vzeror Phyr Pheros fUNCtion k,(¢) on interval J is depicted with a
black line; grey dashed lines indicate the values kyax 2, Fmin,2

If kj > Kmax,2, then k() is increasing on [¢eq, ¥i,..1 ), Since otherwise there would a
local maximum of £, () ON [¢er, Vi, ) Which is larger than k.. 2. We conclude that
k(p) is increasing on [pez, Pzero) C [Pex, Pimax.,) @Nd proceed as in the quasi-monotone
case to bound )\ from below by 1/4 (Theorem 2.8).

If kj < kmin2 itis easy to check that k; > k;,i = j, .., imax,1. Otherwise there would be a
local minimum of &, (¢) on ez, i, ) thatis smaller than £, o. As before we apply a
homogeneous scaling F', use inequality (2.6.14) and Lemma 2.15 for the scaled function
sr(-). Renumbering the subdomains we can assure j = 0. Now the assumptions of
Lemma 2.15 are fulfilled for £,;, := 1 since it holds k; > kninkj,i = J,..,%max,1. THiS
shows the eigenvalue bound (2.6.13).

It remains the case that k; € [kmin,2; kmax,2). Then it holds k; > kmin2,% = 7, .., imax,1. IN
the opposite case there would be a local minimum of &, (¢) smaller than ki, 2. Defining
in terms of Lemma 2.15 kmin 1= (5/)2 we see k‘i > k‘mimQ > kj kmin,Q/kmax,Q = k‘j Kmin.
Now we apply homogeneous scaling F' and Lemma 2.15 to show the eigenvalue bound
(2.6.13). This finishes the proof. |

2.6.4 W?P-regularity

Using the bounds of the eigenvalues in Theorems 2.8, 2.9 and 2.16 it is straightforward
to formulate regularity results in Sobolev spaces W27 for p € (1,2). A decomposition
theorem which relates the eigenvalue bounds to W 2P-regularity can be found in [43,
Thm 2.27] resp. [43, Cor 2.28].

Calculation shows that the singular function r*sy () belongs piecewise to W?2? for
p < 2/(2— ). Accordingly, if for a positive number ~ holds, v? < A? for all positive
eigenvalues \? of the respective Sturm-Liouville eigenvalue problem, each singular so-
lution 7*s, (¢) and the solution « will have piecewise regularity W?2? for p = 2/(2 — ).
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Corollary 2.5 Denote by « the solution of problem (2.2.1). Let a singular point z € Q with
neighbourhood U containing no other singular point be given.
If the distribution of coefficients &;,i = 0,..,n — 1 is quasi-monotone with respect to x, then u
has regularity

we WPV Q,NU) , i=0,..,n—1

Ifforad > 0holdsd < k; <6 1,i=0,..,n — 1, then u has regularity
u € WQ’H‘S/(M)(Qi NnNU) , i=0,..,n—1

PROOF. The result for the quasi-monotone case follows from Theorems 2.8, 2.9 and
corollary [43, Cor 2.28]. We check 2/(2 —1/4) = 1+ 1/7. Regularity for the general case
follows from Theorem 2.16 and corollary [43, Cor 2.28]. Here we use the inequality

2 B 1
2-45/(2m)  1-—§/(4m)

> 1+ 6/(4n)

together with the embedding W?2? c W24 for 1 < ¢ < p. If all eigenvalues \?
are different from 1 instead [43, Cor 2.28] one use Theorem 2.2 and the embedding
H? C W?P forany p < 2. [}

2.7 Regularity in 3D

2.7.1 Overview

In 3D the polyhedral Lipschitz domain €2 is decomposed into polyhedral Lipschitz sub-
domains Q;,i = 1, ..,n and the interface consists of plane faces, with edges and vertices.
Singularities occur along edges and at vertices of the interface. A decomposition theo-
rem [17] [45] states that the solution of problem (2.2.1) can be decomposed into a regular
part with piecewise H2-regularity and into a singular part. The singular part can be de-
composed into singularities at vertices and on edges. We will shortly review vertex and
edge singularities and give regularity results based on those derived in section 2.4.

In the following we rely on results from [17] which were presented for the case of pure
Dirichlet or pure Neumann boundary conditions. As in the 2D-case the decomposition
into vertex and edge singular functions is more complicated if an exponent A equals 1.
Let us assume in this section that this is not the case.

2.7.2 Vertex singularities

We fix a vertex = of the interface as depicted in Figure 2.7.2 and introduce spherical
coordinates (7, ¢, ) with respect to the vertex. As in the 2D case the vertex singular
solutions come from an positive definite eigenvalue problem.

The Laplace operator can be written in spherical coordinates as

v 20v 1 ,
(271) ﬁ +;E +ﬁAU—O s
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Figure 2.11: Vertex = and edge E of the interface, cylindrical coordinates (r, ¢, z) with
respect to the edge £

where A’ denotes the Laplace-Beltrami operator, that is the Laplace operator acting on
the sphere.

Then the vertex singular functions are solutions of the homogeneous problem (2.2.1),
that means they are piecewise harmonic functions satisfying the interface conditions
and having the form [17]

’Um(T, 2 ¢) = 7)\3:5(90, w) )
where the piecewise identity

~N's,(p,0) = 1t 52(p,)

holds for the eigenvalue 1 > 0 on each subdomain €; intersected with the unit sphere.
Here for better readability the dependence of A and . on the vertex z is not denoted.
Insertion of v, into (2.7.1) yields a relation between X\ and u

1 1
AA—=1)+2X—p =0 resp. A:_ii”ZJFM

Here admissible values of A are A = —1/2 + /1/4 + p > 0 and we conclude from [17]:

Remark 2.8 For the vertex = the vertex singularity has the form of the function v, and has
regularity v, € H3/2+AI*E(QZ-),2‘ = 1,..,n independent of the diffusion coefficient %, where
¢ > 0 is an arbitrary number. Therefore, vertex singularities are not critical with respect to
H!'*s-regularity with 0 < s < 1/2 and in particular with respect to deteriorating regularity
with 0 < s < 1. They are important for regularity H'*$(Q;) where s > 1/2. Multiplying v,
by a smooth cut-off function it can be assured that the singular function v, vanishes outside a
neighbourhood of the vertex .

2.7.3 Edge singularities

The considerations concerning the regularity of 3D edge singularities can be reduced
to 2D vertex singularities. Given an edge E let us introduce cylindrical coordinates
(r,, z) with respect to the edge. Here r denotes the distance from the edge E (see
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Figure 2.7.2). Denote by Qy, .., 2, (r)—1 the subdomains which share the edge £. They
introduce in a natural way a partition of a plane H perpendicular to the edge E by lines
Y = o, P = PpE)—1 Which coincide with a part of the boundary of {2; and meet at
edge E. In the same manner let the diffusion coefficients k;,i = 0, .., n(E) — 1 be defined.
We identify the plane H with R2.

On R? the same Sturm-Liouville eigenvalue problem as in section 2.4.1 is defined. If
E C 09, set appropriate homogeneous boundary conditions for the Sturm-Liouville
eigenvalue problem. Denote by A\? the lowest non-vanishing eigenvalue and by wg =
s\ () the associated singular solution which is piecewise harmonic and satisfies the
interface conditions. Again the dependence of A on E is not explicitly denoted.
Following [17] with each 2D singular function wg,0 < A < 1, there is associated a 3D
edge singular function through a function bz (r, z) of the form

ve(r,p,z) =be(r,z) weg(r, )

2.7.4 Regularity results in 3D

The following theorem is shown in [17]:

Theorem 2.19 Let v < min {\; + 1/2, Ag, 1} where the minimum is taken over all vertices
and all edges F of the interface and the boundary. Then the solution of (3.2.2) has regularity

we H(Q,) , i=1,..,n

We conclude that in case of regularity below H'*1/2-regularity it suffices to investigate
for each edge the singular exponents for the according 2D problems since the vertex
singularities have regularity at least H'*1/2, For this we use the lower bounds of eigen-
values of 2D Sturm Liouville eigenvalue problems derived in section 2.4.

Theorem 2.20 If 6 < k; < 6~ ',i = 1,..,n, for a certain 6 > 0, then the solution of problem
(2.2.1 fulfills w € H'9/C™(Q).

If for each edge £ of the interface the diffusion coefficients k, .., k,,(z)—; of the according 2D
problem are distributed quasi-monotonically, then Az > 1/4 and v € H'+1/4(Q).

For each edge quasi-monotonicity of the diffusion coefficients ko, .., k()1 is necessary for reg-
ularity of the solution of problem (2.2.1) v € H'*'/4(£);) independent of the global bounds of
k.

PROOF. The proof is based on the regularity result in Theorem 2.19. The first assertion
follows from Theorem 2.16. The second assumption is stated in Theorem 2.12. To see
that quasi-monotonicity is necessary for H'*1/4-regularity which is independent of
the bounds of k see remark 2.2 and observe that 2D singular functions can be trivially
extended to be constant in the direction of the edge to yield 3D edge singular functions.
Global regularity follows from local regularity by Lemma 2.1. [ |



