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MeinenEltern



Zusammenfassung

DieseArbeit untersuchtdieFundierungundImplementierungeinesBerechnungsmodells
für mengenbasierteComputersprachen.Es wird das � Z-Kalkül eingef̈uhrt, eine mini-
malemengenbasierteAusdruckssprache,verwandtmit dem � -Kalkül, dasAnwendungs-
sprachenwie dieSpezifikationsspracheZ oderfunktional-logischeProgrammiersprachen
komplettundnaẗurlich einbettenkann. Syntax, SemantikundGleichungstheorievon � Z
werdendefiniert. MehrereBerechnungsmodellewerdenentwickelt. DurchgezielteAn-
wendungder Gleichungstheorieergibt sich eine Narrowingsemantik, die durch lokale
ModifikationderRedexauswahlnicht-striktoderstrikt ausf̈allt, undinsbesondereinteres-
santfür interpretative “on-line” Auswertungist, dasie auf symbolischerTermersetzung
basiert.DaszentraleBerechnungsmodellaberbasiertaufeinernatürlichenSemantik, die
durchihrenoperationalenCharakterdasDesignkompilierter“off-line” Auswertungvor-
bereitet,unddasBerechnungsreferenzmodellvon � Z festlegt. DiesesModell kombiniert
funktionaleReduktionund nebenl̈aufigeResolution,und definiert eineklare Trennung
zwischender(deterministischen,funktionalen)KonstruktionvonMengenundder(nicht-
deterministischem,logischen)Dekonstruktion.Da Mengensowohl extensionalalsauch
intensionaldargestelltwerdenkönnen,ist dasModell vonhöhererOrdnung.

Die Implementierungerfolgt in Form einerabstraktenMaschine,der ZAM, welche
auf der Techniknebenl̈aufigerResolutionsagentenbasiert. Die Maschinerealisierteine
effizienteTiefensuchëuberdie Verwaltungvon AuswahlpunktenundModifikationspro-
tokollen. Durchein Prioritätenmodellin dernebenl̈aufigenAusführungwerdennichtde-
terministischeBerechnungendynamischverz̈ogertunddeterministischepropagiert.Die
ZAM ist alsStackmaschinevollständigin Z spezifiert,undwird in der Implementierung
in C++ zu einerRegistermaschineverfeinert,welchepersistenteRegisterverwendet,um
denAufwandderProtokollierungvonModifikation zuminimieren.

Die Anwendungder vorgestelltenKonzepteerfolgt im RahmendesZeTa Systems,
im BMBF ProjektESPRESS entwickelt,dasverschiedenartigeNotationenundWerkzeuge
auf der semantischenGrundlagevon Z integriert. Der ZaP Übersetzer, Bestandteildes
ZeTa Systems,realisiertmit Hilfe des � Z-Kalküls die Ausführungvon Z Modellen,und
wurdebeispielsweisein ESPRESS für die Automatisierungvon Softwaretestseingesetzt.

Die Definition von � Z, der Berechnungsmodelle,der abstraktenMaschineund der
Übersetzungvon � Z in Maschinencodeist vollständigin derSpezifikationsspracheZ ge-
geben(mit kleinerensyntaktischenErweiterungen),und dahersyntax-und typgepr̈uft.
Insofernist dieseArbeit aucheineFallstudiederAnwendbarkeit vonZ für anspruchsvol-
le ProblemederMetamodellierung.





Preface

In responseto thosewho thoughtthatCantor’s theoryof setsmight bedestroyedby the
well-known paradoxesdiscoveredat the beginning of this century, Hilbert oncespoke
aboutthe “paradisecreatedby Cantorfrom which nobodyshall ever expel us” (quoted
in Vaught[1995]). On the level of non-constructivecalculi, the beautyof the set-based
approachhasbeenrecognizedin computersciencein theformalnotationZ [Spivey, 1992;
Toyn, 1998], developedin the eightiesandsemanticallybasedon Zermelo-Fraenkliset
theory, which solves the paradoxes of classicalset theory. In recentyears,a growing
numberof authorshaveadvocatedtheuseof setsin declarativeprogrammingandprogram
analysis.

In this thesis,I usetheset-basedapproachasthebasisfor anovel, smallintermediate
calculus,which allows to naturallyembedconceptsfrom higher-orderfunctional, logic
andconcurrentconstraintprogramming,aswell asset-basedspecificationlanguagessuch
asZ. I definethesyntaxandsemanticsof thecalculus,analyzeits equationaltheory, inves-
tigateseveralcomputationmodels,provideanabstractmachinethatimplementsamodel,
anddefinea compilationfrom the calculusto the machine. The power of the calculus
andits implementationallows anunorthodoxapproachto theintegrationof higher-order
functionalandconstraintlogic programming.

Thepresentthesis,writtenbetweenJanuaryandSeptember1999,grew out of my ac-
tivitiesin theapplicationorientedresearchprojectESPRESS (1995-1998),whichwascon-
cernedwith methodsandtools for thespecificationof safety-criticalembeddedsystems
[Büssow et al., 1996;Büssow andGrieskamp,1997;Büssow et al., 1997a;Grieskamp
etal.,1998;Büssow etal.,1998;Büssow andGrieskamp,1999].Onegoalin theESPRESS

context wasto provide a tool to executeZ specifications,for the purposeof evaluating
testdataandanimatingrequirementsspecificationof embeddedsystemsbasedon Z. The
developmentof a compilerfor Z wasinfluencedby my earlierexperienceswith the im-
plementationof the algebraic-functionallanguageOpal [SchulteandGrieskamp,1992;
Hartelet al., 1996;Didrich et al., 1994;Frauensteinet al., 1996a,b;Didrich et al., 1998],
which strongly suggestedbasingsucha compiler on a small intermediatelanguagein
the style of the � -calculus. This led to a first designof the calculuspresentedin this
thesis,called � Z becauseof its original purposefor abstractingfrom thediversityof the
Z notation. This first versionwasusedasan intermediatelanguagein the experimental
compilerZaP, which is partof theZ-basedtool-integrationenvironmentZeTa [Büssow
andGrieskamp,1999],developedunderthesupervisionof theauthorin ESPRESS. ZaP
hasprovedto bea feasibletool, in particularfor theevaluationof testdata,andit is being
usedfor thispurposein severalprojectsconductedin cooperationwith Daimler-Chrysler,
FT3/SM,Berlin. Thework presentedhereconsolidatesandrefinesthetechnologyof ZaP
on thebasisof theseexperiences.On theonehand,it closesthegapbetweentheexper-



imentalprototypeZaP andits theoreticalfoundation,andon theotherit extendsZaP’s
modelby indeterministiccomputation,which provedto bedesirablein thecourseof the
casestudies.
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Chapter 1

Intr oduction

Ich ging im Walde
Sofür mich hin,

Und nichtszusuchen,
Daswar meinSinn.

(Goethe)
1

Theautomaticevaluationof testdata for safety-criticalembeddedsystemsis aninterest-
ing applicationthatcanhelpto put declarative languageimplementationtechniquesinto
industrialpractice.Somestudiesreportthatmorethan50%of developmentcostsin this
applicationareago into testing. A settingfor test-caseevaluationthat canimprove this
situationis as follows: given a requirementsspecificationby an executableprototype,
someinput datadescribinga testcase,and the outputdatafrom a run of the system’s
implementationon thegiveninput, we checkby executingthespecificationwhetherthe
implementationmeetsits requirements.At the first sight, this goal would seemto be
simple,sinceinput andoutputdataarefixed. However, a real-world specificationof a
complex systemmaycontaina lot of “hidden” data,which is usedto describetheobserv-
ablebehavior. Thus,the problemscalesup to finding thesolution(s)to (a sequenceof)
partialdatabindings.

In theapplication-orientedresearchprojectESPRESS2, whichis concernedwith meth-
odsandtools for thedevelopmentof embeddedsystems,theset-basedspecificationlan-
guageZ [Spivey, 1992] is usedfor requirementsspecificationin combinationwith other
notationssuchasStatechartswhichareincorporatedby ashallow encodingin Z [Büssow
andGrieskamp,1999]. Performingtest-caseevaluationin this settingrequiresa compu-
tation modelfor Z.

In this thesis,theunderlyingtheoryand implementationof a computationmodelfor
Z are investigated.In fact, the work is not restrictedto Z, sinceit is basedon a small
intermediatecalculus,called � Z, thatcanembedZ aswell asotherdeclarativenotations.
The major contributionsarethe introductionof the novel calculus � Z, the definition of
thecalculus’computationmodel(operationalsemantics)andthedefinitionof anabstract
machinefor implementingthe calculus. In this initiatory Chapter, an outline of these
topicsis given.

1 Im Goethejahr1999habenwir unsvorgenommen,(fast)alle Kapitelwahlspr̈uchebeimgroßendeut-
schenDichterauszuleihen.

2ESPRESS is a joint projectinvolving industrialpartners(Daimler-BenzAG andRobertBoschAG) and
academicresearchinstitutes(GMD-First,FhG-ISST, andTU-Berlin), fundedby theGerman“Bundesmin-
isteriumfür Bildung,Wissenschaft,ForschungundTechnologie”.
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The � Z Calculus

The � Z calculusis apureexpressionlanguagein thespirit of the � -calculus.Sinceit can
embedthefull Z language– thesimple-typed� -calculus,setcalculus,predicatecalculus,
andschemacalculus– computationin � Z cannot be complete. However, a computa-
tion modelandimplementationby an abstractmachinecanbe provided that is compa-
rablewith thatof higher-orderfunctionallogic paradigms[Smolka,1998;Hanus,1999;
Chakravarty et al., 1997].

The � Z calculusis basedupona small numberof constructs,which are tentatively
summarizedbelow (e � EXPbeingexpressionsandp � PAT patterns):

e � EXP ����� x �
	�� e
���� e��� � e �
��� e � e��� e � e����� e �
e� p���� p "!#�$� p � e�%�'&)( p * e

p � PAT + EXP

Thecalculusemploysconstructorterms,	�� e
 , andthebasicoperationsof setalgebra,set
union, intersectionandcomplement.Patterns,p � PAT, are the subsetof expressions
built from constructortermsandvariables. In addition,the following expressionforms
areprovided:

, Theform � eselectstheelementof asingletonsete.

, Theform e� p�-�� p "! describesthetranslationof thesete. Theresultconsistsof all
elementsthatmatchp , suchthatthereexistsanelementin e thatmatchesthepat-
ternp� underthesamesubstitution.Forexample,�.�/	��1032546
7���8�/	��1032:9;
7�<
=�>	�� x 2 y
-��
x!)?@�A0B� (wherenumbersarespecialC -aryconstructorsymbols).

, Theform � p � e� describesa schema(setcomprehension).Thepropertye is a set
expressionof Booleantype – truth beingthe setcontaininga dedicatedsingleton
elementandfalsity theemptyset.

, Theform &)( p * e describesafixed-pointof aset(or tupleof sets)e.

The calculusis ableto representall conceptsof Z in a remarkablyconsistentway. For
example,a Cartesianproducte�ED e is expressedase�F� x �� � x 2 
G!6� e H� y �� � 2 y
G!I2 with� 2 
 , the constructorsymbol for pairs,usedin mixfix notation,and a pattern“joker”
(or anonymousvariable). Relationalapplication,Re, is encodedas � R �8� e�J
5� �� KA!I2
where K is the C -ary constructorfor theunit in Booleansets.Functionapplication,e� e ,
is givenas � �"� e�L�8� e 7��� x �� � x 2 
G!M
=�N� 2 y 
E�� y!M
PO As theseexamplesindicate,theheart
of the � Z calculusis its novel constructfor settranslation,which providesa meansfor
theconstructivedescriptionof morphismsin thecategoryof � Z sets.

In Chapter3, we developtheexactsyntaxandsemanticsof thecalculusandprovide
an equationaltheoryfor it. The semanticmodelof � Z is basedon a hierarchicaltyped
universe,wheresetsarerepresentedaspartial characteristic(Boolean)functionsin aset-
theoreticalsense,whichcanbefoundedbyZ itself orbyZFsettheory. Thisrepresentation
of setsis a generalizationof partial three-valuedlogics [Owe, 1997] to the caseof set
algebra.Theequationaltheoryof � Z is powerful enoughto induceanarrowingsemantics
by apureexpressiontransformation,aswill beshown in Chapter4.
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Computation in � Z

Severalnotionsof computationareinvestigatedin Chapter4. We startwith a normaliza-
tion of expressionsto adisjunctivenormalform, which,combinedwith simplification,is
a prerequisitefor all further investigations(includingcompilation).Fromthenormaliza-
tion, we caneasilydeducea generalnarrowingsemanticswhich is suitedfor symbolic
“on-line” computation.By restrictingtheredex selectionorderof narrowing, severalsub-
modelsarederived.

Thereferencecomputationmodelof � Z, however, is givenin thestyleof natural se-
mantics, constitutingatrade-off betweencomputationpowerandefficient implementabil-
ity, preparingastraighttransitionto theabstractmachinegivenin Chapter5 for “off-line”
computation.This modeldraws a clearborderlinebetweenthe functional(deterministic)
constructionof setsand the logic (indeterministic)deconstruction.For example,in an
expressionsuchas � x�Q� x��� e�=�-�8� x R� x S� e 7� (where � is syntacticsugar),the
expressionse� ande areconcurrentlyreducedin a deterministicfunctionalstyle. Once
anexpressionei hasreachedavalueform, aresolutionstepis performed,therebybinding
thevariablexi.

Thereferencecomputationmodelof � Z is comparablewith thatof higher-orderfunc-
tional logic languageswith concurrentconstraintresolution,thoughit goesbeyond this,
supportingdisjunctionandnegation. It supportsthe free combinationof sets(relations
andfunctions)by setunion, intersectionandcomplement,therebyabstractingfrom in-
tensionalandextensionalrepresentations.Thewidely usedset-basedZ specificationstyle
canthusbefully supported.Wegivesomeexamplesin Z. Giventhefunctionf , theexecu-
tion of its domainrestriction, � e�=2TOTOTOU2 en �WV f , causesno problems.Wecanalsoexecute
thepropertiesx �YX6ZJ[ f or x �]\_^6` f . We mayexecutef a , which might becomea rela-
tion, if f is not injective. If g is a further function, thenf � g andf � g areexecutable.
Similar possibilitiescarry over to the schemacalculus,which canbe fully executedas
well.

The limitationsof thecomputationmodelarefound in theexecutabilityof universal
quantificationandof complement.The universalquantification,b x , e, is encodedin� Z as �c�.� x �d� e�L� x �� KA!M
 . Theproblemof executingthis constructis conspicuously
apparentin theequationaltheoryof � Z: setcomplementcannotbedistributedoverhiding
translation.Thus,we cannotexpectcomplementsto be pusheddown completelyto the
expressionleafsduringtheconstructionof thedisjunctivenormalform. Wedealwith this
problemby computingindependent“subgoals”for expressionsnestedinsideof comple-
ments.Thesecomputationsdonotcontributeto resolutionin theirenclosingcontext, and
areboundto thecontext by residuation.For theuniversalquantifier, thisentailsthatit can
becomputedprovidedthequantifiedrangeis finitely enumeratable.

The Abstract Machine ZAM

An abstractmachine– calledZAM – which implementsthereferencecomputationmodel
of � Z is developedin Chapter5. In theZAM, concurrentthreadscollaboratively work on
a resolutiontask. The threadssynchronizevia variables:accessinganunboundvariable
suspendsathreadandbindingavariableresumesthreadswaiting for it (residuation).The
machinemaintainsa stackof choicepointswhich is sharedby thethreadsjointly acting
on a resolution. Whena threadexecutesa propertysuchasx � e�e� e , it continues
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with x � e� andcreatesa choicepoint for x � e . A simplebut powerful optimization
is achievedby an instanceof the “AndorraPrinciple” [Warren,1990],dynamicallylow-
eringthepriority of threadsthat try to createchoicepoints,therebygiving deterministic
computationpreference.

Thecompilationof � Z to ZAM instructionsis basedon thedisjunctive normalform
definedin Chapter4. The instructionsetof the ZAM is at a higher level than, for ex-
ample,of the WarrenAbstractMachine[Warren,1983], makingcompilationeasyand
retraceable.

In Chapter5, we give a comprehensive specificationof the ZAM in Z’s sequential
specificationstyle. This specificationis intendedto be executableusing the concepts
presentedin this thesis.A prototypeof theZAM hasbeenimplementedin C++, andwill
bealsooutlined.

The ZeTa Systemand Conclusion

In Chapter6, we give a shortoverview of thedesignof theZeTa system[Büssow et al.,
1998;Büssow andGrieskamp,1999],andtheroleof theZAP compilerasintegratedinto
ZeTa. Thegoalof theZeTa systemis to offer anopenenvironmentfor editing,browsing
andanalyzingintegratedspecificationsassembledfrom heterogeneousformalisms– such
asStatecharts,Z, temporallogic, messagesequencecharts,andother. Theformalismsare
semanticallyintegratedby a shallow encodingin Z, usingthe �df<g conventions[Büssow
et al., 1997a]. The ZeTa systemis designedto systematicallysupportsuchencodings
by threedimensionsof integration: semanticintegration,documentintegrationandtool
integration. The ZAP compiler, part of the ZeTa system,canthusbe usednot only to
executeZ specifications,but alsootherformalismsthataremappedto Z andtherebyto� Z.

Chapter7 concludeswith a summaryof thecontributionsof this work andof future
lines of research.A discussionof relatedwork canbe found at the endof eachof the
relevantchapters.

ReadingAdvices

Sincethis thesisaimsat a comprehensive formalizationof the conceptsit introduces,it
containsa lot of detailedformal material,mostof which asbeenput into figuresthatare
interleavedwith thetext. For layouttechnicalreasons,figuresoccasionallyoccurbefore
their contentsis explained.It is recommendedto read(at least)until thefirst referenceto
afigurein thetext until its contentis read.

Not all partsof this thesisneedto bethoroughlyreadto getanideaof themaincon-
cepts.Chapter2 maybeskippedby readerswhich arefirm to Z andwhich do not want
to know how we explaincertainZ extensionsthathavecommonrootsin well-known no-
tationalconcepts(suchas inferencerules). In Chapter3, it might be sufficient to read
theintroductionto the � Z calculus,Section3.1 (on page38), thentheequationaltheory,
Section3.4(onpage57),skippingtheproofsin there,andfinally thediscussion.In Chap-
ter 4, thedefinitionof thedistributivenormalform in theintroductionof Section4.2 (on
page74) andtheentireSection4.4 (on page86) is essential,and,of course,thediscus-
sion. In Chapter5, the readermight find it sufficient to readSection5.1 (on page98),
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Section5.4 (on page129)andthediscussion.Chapter6 maybeskippedby readersnot
interestedin theapplication.





Chapter 2

Meta Notation

Seh’ich die WerkederMeisteran,
Soseh’ich das,wassiegetan.

(Goethe)

Themetanotationusedthroughoutthis work is strictly basedon theZ language [Spivey,
1992]. A brief introductionto Z is given in Section2.1 (on page25). In general,the
readeris expectedto befamiliarwith Z.

Oneobviousadvantageof usingZ is thatit is standardized1. SinceZ is alsoa formal
language, anotherimportantadvantageis that it is amenableto machinesupport.Thus,
mostof themathematicalmaterialin this thesisis verifiedbya parserandtype-checker2.
Exceptionsto theuseof type-checkedZ mayappearin mathematicalphrasesinlined in
text andwheretemplatenotationssuchasf � x�=2TOTOTOh2 xn 
 provide a betterway of arguing
than conventionalZ. This is seldomthe case,and is only appliedwhen propertiesof
objectsaredescribed,not for theirdeclaration.

Usinga formal notationsuchasZ doesnot necessarilyimply usinga formal method
in thesenseof formal reasoningandproof with machinesupport.Thedegreeof detailof
descriptionrequiredto this endwould beenormous.A significantamountof description
is thereforekeptloose– informalassertionsaremadethatareclearto ahumanreaderbut
unamenableto a machine.An importantexampleof suchusageis whenwe informally
selectthe “smallest” solutionto someaxioms.ThoughZ is powerful enoughto express
suchconstraints,it wouldbecumbersometo write themdown,andwouldtherebydistract
from therealconcern.

TheZ language,thougha generalspecificationnotation,is tailoredto thedescription
of stated-basedsequentialsystems.A typical instanceof this usageis thespecificationof
theabstractmachine,ZAM, developedin Chapter5. However, in otherpartsof this the-
sis,descriptiontechniquessuchasinferencerulesandrecursivepartialfunctionsoverfree
termalgebras(abstractsyntax)arerequired,whicharenotdirectly supportedby Z’s syn-
tax. Someextensionsarethereforemadeto thelanguage(Section2.2(onpage28)),which
areexplainedassyntacticsugar, which is implementedusingthemacro-preprocessorof
the Ef<g type checker. The printed output of the extensionslooks natural,andall are
actuallytype-checkedandhaveawell-definedmeaningin Z.

1An ISO standardizationof Z is currently in progress. We follow the the draft proposalsfor the Z
standard,[Z-ISO]. A goodtext bookon Z is written by Spivey [1992]; the innovationsin theforthcoming
standardrelative to this sourcearedescribedby Toyn [1998].

2The Ei7j type-checker (written by the author),which is part of the ZeTa system,is used. Seealso
Chapter6.



24 Meta Notation

Z providesa powerful mathematicaltoolkit for definingbasicnotionssuchasnum-
bers,relations,andfunctions. It is assumedthat the readeris familiar with Z’s toolkit,
which is a fairly standardaccountof basicset theory (seeSpivey [1992] for a specifi-
cation). Someextensionsto the toolkit are neverthelessrequired: they are definedin
Section2.3(on page32).
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2.1 A Sketchof Z

The basicmodelof Z is reviewed below, without the intentionof providing a complete
picture.For acomprehensivedescriptionof Z, see[Spivey, 1992;Toyn, 1998].

2.1.1 Typesand SematicUniverse

Themodelof Z is basedon typedsettheory. Givena collectionof so-calledgiventypes,
Z typesarefreely constructedby powersetconstruction, k A, cartesianproduct, A��DO7OTO
D An, and binding set construction, � x�l� A�nm�OTOTOUm xn � An ! . Binding setsdenote
productswith namedcomponents.A semanticuniversefor Z is largeenoughto contain
meaningsfor thesetypes,wheregiventypesmayhaveassignedarbitrary(notnecessarily
countable)domains.Becauseof thetypehierarchy, Z avoidsRussel’sAntinomy: setsare
well-founded,andnosetcontainsitself.

A distinguishingfeatureof Z is thattypesare“first-ordercitizens”of thelanguage.A
typeis representedby anexpressionwhichdenotesaset.As aset,it justhastheproperty
of beingthe largestsetcontainingelementsof thesametype.

Z hasa static typing discipline which forbids termswhich are not well-typed. A
declarationsuchasx � E hastwo effectsin Z: thevariablex rangesover thesetdenoted
by the expressionE (x � E), and x is declaredto be of sometype,which is the largest
supersetof E. For example,theconstanto representsthegiventypeof integernumbers,
andtheconstantplqro asubsetof it. Then,declaringx �;p letsx rangeover p andassigns
thetype o to it for typechecking.

2.1.2 SchemaText

A centralnotionof Z is thatof schematext, which denotesa setof bindings(tupleswith
namedcomponents).A schematext, D � P, is built from a setof declarationsD anda set
of propertiesP. The declarationsspawn a binding set,which is constrainedby P. The
propertyis built of first-orderpredicativeformulasovervariablesrepresentingthebinding
components.

For instance,theexpression� x 2 y �Aps� x t y! representsthesetof bindingswhereboth
componentsx andy areconstrainedto benaturalnumbersby thedeclaration,andwhere
x is constrainedto belessthanor equalto y by theproperty.

In Z, it is alwayspossibleto shift constraintsinducedby declarationsto theproperty
part. For example,theaboveschemacanbetransformedinto � x 2 y �Jou� x �lpwv y �lpwv
x t y! .

Schematext is usedin manifoldwaysin Z:

, Schematext is usedto directly denotesetsof bindingsin expressions,asin � x 2 y �ps� x t y! , which denotesthesetof bindingswherecomponentx is lessor equalto
componenty. (Wealreadyusedthis notationabove).

, Schematext is usedin quantifiers.For example,theuniversalquantifieris written
as b D � P , Q, whereD � P spawnstherangeof quantifiedvalues.This notation
is equivalent to b D , P x Q. Similarly, y D � P , Q, which is equivalent toy D , P v Q.
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, Schematext is usedin functionabstractions,� D � P , E, whereD � P denotesthe
domainof the function. ThebindingsetD � P is convertedinto a setof tuplesby
removing thenamesof thecomponents.For instance,thedomainof theabstraction� x �)pzm y �)p{� y |�}C , x~ y is the setof pairs(x representingthefirst andy the
secondcomponent)with thespecifiedproperty(y |�{C ). Thegraphof thefunction
describedis asubsetof k��"�Gp�Dwp'
�D�p'
 .

, Schematext is usedin set comprehension,� D � P � , wherethe tuplesof D � P
are the elementsof the comprehendedset. A further variantof comprehension,� D � P , E � , allows us to explicitly constructthe resulttuples,ase.g.in � x �hp��
x [WZ<X�4S��C , � x 2 x �c0H
:� , which describesthesetof pairswhereanevennumber
is relatedwith its directsuccessor.

, Schematext is alsousedfor introducingglobalconstants.Usingthenotation

D

P

the componentsof the bindingsof D � P are introducedas global constants.If
D � P containsmorethenonebinding,theconstantsarelooselyspecified.If D � P
is empty, thespecificationis inconsistent.

2.1.3 Genericity

Z supportsgenericity. Global constantsof a specificationmay be genericover a list of
“formal” types.Themeaningof agenericconstantis a total functionfrom aninstantiation
of the formalsinto a value. The instantiationsarenot just type“terms” but arbitraryset
values. This distinguishesZ’s polymorphismfrom the Hindley-Milner polymorphism
found in functional programminglanguagesand specificationformalisms[Damasand
Milner, 1982]. For example,if o is the given type of integer numbers,thena generic
constantsuchas �"�n�e� maybeinstantiatedas �"�7�eo , �1�7��� x �<o�� x ��C<� , �"�n�L�A0B254;� , andso
on.

2.1.4 Undefinedness

Thesemanticsof StandardZ doesnot prescribea particularview of undefinedness. The
treatmentof undefinednessis left to conventionsintroducedby specifiersand/ortools.
Throughoutthis thesis,thefollowing conventionsareadopted,which areorientedto de-
sirablepropertiesof apartiallogic, asdescribed,e.g.,by Owe[1997]:

, Thereis a specialpredicatefor testingthedefinednessof anexpression:���M� e if f e
is defined.

, Theundefinedvaluecanbedenotedby theexpression� , which is anabbreviation
for ��� .
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, Undefinednessstrictly propagatesin relationalapplication,e e� , and in relational
test,e R e� .

, A setmay have “unknowns”, that is the propositionx � X may be undefinedfor
certainx’s. For schematext, x � X � Px, if thepropositionPc is undefinedfor some
c, thenc ��� x � X � Px � will beaswell. At thesametime, for someotherc� such
thatPc� is defined,c�L��� x � X � Px � is defined.

, Intersectionandunion of setsin setalgebraor the schemacalculuscandealwith
unknowns. Briefly, if x � X� is unknown andx � X is false,thenx � X�z� X is
false. This behavior is commutative andassociative. Symmetrically, if x � X� is
unknown andx � X is true,thenx � X�)� X is true.

, Logical connectivescanbeseenasa specialcaseof set-unionandset-intersection,
andtreatundefinednessin a similar way. Moreover, if P is undefined,then � P
is aswell. The conditionalexpression,��� p �T�'�A� e �A���7� e� , is treatedasan
abbreviation for � x �A��� p x x � e v�� p x x � e� , andis thereforenon-strict.

, Quantifiersaretreatedastheusualexpansionto and-chainsandor-chainsregarding
undefinedness.

Notethattheabove treatmentstill is looseasregardstherepresentationof undefinedness
in a model: we have merelystatedsomeproperties.The � Z calculusis moreexplicit,
addinga � elementto thecarriers,whichcanbeseenasa refinementof theabove.

In Section2.2.4(on page29),syntacticsugarwill beintroducedwhich allows a con-
venientnotationfor recursive partial functionsmakinguseof theseconventions– in par-
ticular of the �)�M� e predicate.
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2.2 Notational Extensions

Throughoutthisthesis,afew purelysyntacticalextensionsof Z will beused,whichembed
well-known mathematicalnotationtechniquesin theZ framework.

2.2.1 WhereNotation

In Z, axiomsof the kind b D � P , Q are commonlyusedat a top-level position of
a specification,whereno outerscopeexists. For this kind of “shallow” quantification,
the b -prefix notationdistractsfrom theactualspecificationgoal, thepredicateQ, which
containsfreevariablesboundby D � P. To enhancereadability, we allow thealternative
notationQ �Q�'�6�H� D � P. Thebindingprioritiesfor Q areloweredto thelevel of schema
properties,suchthat newline and“ m ” canbe usedinsteadof logical conjunction,“ v ”.
Thusthenotation

Q�7m Q 
Q�Fm Q��Q�)�A�H� D � P

is syntacticsugarfor b D � P , Q��v Q -v Q�-v Q� .
2.2.2 If-Exists Notation

An often encounteredsituationin specificationis the desireto formulatea “conditional
let”: if auniquebindingfor someschematext exists,thenanexpressionshouldbeevalu-
atedunderthis binding,otherwiseanalternativeexpressionshouldbeevaluated.In plain
Z, onehasto write ���#y � D � P �F�'�A� � D � P , E���A���7� E to achieve this effect. We
allow thenotation���/ =¡ D � P �F�)�A� E���A���7� E assyntacticsugarfor theabovephrase.

2.2.3 Infer enceRule Systems

In computerscience,a widely usednotationfor axiomsof the kind b D � P , Q are
so-calledinferencerules:

P

Q
D

Weallow this notationassyntacticsugarfor theuniversalquantification.
Systemsof inferencerulesareoftenusedin thisthesisto inductivelydescriberelations

on syntax. When defining a relation with an inferencerule system,in addition to the
axiomsdescribedby therules,aprincipleof generation is assumed.Wesaythatarelation
is the smallestonewhich satisfiesthe rules. Formally, let R � T be the relationdefined
(with T its type)andI �T�R! uptoIn �R! therules:

R �£¢}� R� � T � I �F�R� !¤mEOTOTOdm In �R� !¥�
In this thesis,a formalizationof generationis not usually given. However, it will be
sufficiently treatedin theexplanatorytext.
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2.2.4 RecursivePartial Functions

A commonlyusedtechniquefor describingrecursivepartialfunctionsis to useequations
of the form f E ¦ E� . Here, the valueE is in f ’s domainif f E� is defined. If so, the
mappingE �� E� is in thefunctionsgraph.For example,aninterpretationfunctionwhich
mapstermsto semanticvaluesis definedif f theinterpretationof subtermsis defined.This
techniqueis indispensablefor readabilityin thosesituationswherethedescriptionof the
definednessandmappingcannotbeadequatelypartitioned.

Throughoutthis thesis,weusethenotation

E§ E��¦ E� ��BOTOTO¨¦ O7OTO� En ¦ E�n�Q�)�A�H� D � P
asasyntacticabbreviation for theZ form:

b D � P , � E�©�wX6ZJ[ E§$ª �)�M� E� � 
zv�� E�«�8X6Z<[ E§©x E§ E�¬� E� � 
vuO7OTOAv� En �­X6ZJ[ E§�ª ���M� E�n 
zv�� En �wX6ZJ[ E§-x E§ En � E�n 

In general,with this style of definition, the left-handsidesEi may be not exhaustive.
Moreover, we may spreadequationsfor one function E§ over several paragraphs.We
normally choosethe smallestsolution for a function definedby a systemof recursive
partial definitions,given in oneor several paragraphs.It is constructedsimilarly asfor
relations(seeSection2.2.3(on thefacingpage)).

If patternsof definitionsoverlap,we treatthemto bepriorizedby textual order. For
example,the following recursive function definition removeseachsecondelementin a
sequence:

�A]
remove4®�6�"�n� A ¯ �1�7� A

remove4��"° x 2 y±)² s
�¦ ° x±�² remove4J� s
� � s
 ¦ s�Q�'�6�H� x 2 y � A m s �3�1�7� A

Theseconddefinitioncasecapturesany sequence,but haslesspriority thanthefirst case,
suchthatsequenceswhoselengthis greaterthenonearehandledby thefirst case.

2.2.5 Local Variables in SchemaBoxes

Whenspecifyingsequentialsystemsusingschemasin vertical box notation,oneoften
encountersthenecessityof introducinglocal variables.In Z, this is hasto benotatedas
shown in theleft-handsidebelow:
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S� State

y Locals,
P��vOTOTOAv
Pn

S� State

Locals
. . . . . . . . . . . .
P�O7OTO
Pn

Oneobviousproblemof this notationis thatit becomesnecessaryto separatetheproper-
tiesPi in thecontext of theexistentialquantifierby “ v ” insteadof line breakor “;” which
would bemorereadable.We thereforeintroducethenotationon theright-handsideasa
shortcutfor theleft-handside.

2.2.6 CaseDistinction in Predicates

Casedistinctionin predicatesmustbe denotedin Z ason the left-handsidebelow. We
introducethenotationon theright-handsideasamuchmoreinstructivevariant:

S� State

x ³´C�x x� � x µ]0� x ³¶C�x x� � x �r0

S� State

��� x ³´C�T�'�A� x�J� x µ]0�A���7� x� � x �r0

2.2.7 Selective ·
Whenspecifyingstatetransitionoperationsin Z’ssequentialspecificationstyle,oneuses
the � S operatorto createpre andpoststateversionsof the fields of the schemaS. If
certainfieldsarenot going to bechanged,equationssuchasx � x� have to beaddedto
theoperationschema.Apart of notationalnoise,thisdiminisheslocalizabilityof changes
to S.

We thereforeusethenotation �¸� x�72TO7OTOh2 xn ! S to expressthat,from theschemaS, only
thevariablesxi arechanged,andall otherkeeptheir value.This is syntacticsugarfor

�¹� S �HºJ� S »R� x�=2TOTOTOU2 xn 
1
��rºJ� S� »R� x� � 2TOTOTOh2 x�n 
1
G!
2.2.8 Overloading

In a largeZ specificationthatintroduceshundredsof new names,keepingall thesenames
disjoint decreasesthereadibility whensimilar thingsneedto carrydifferentnames.For
example,supposea function which delivers the setof free variablesof different types
of terms: namingthis function ¼H^¨\¾½P¿IÀ<ÁFÂ , ¼H^¨\Ã½"ÄFÅÇÆHÈ"É;Â andso on, doesnot contributesto
readibility.

Wethereforeallow theselectiveuseof ad-hocoverloading. Actually, thisoverloading
is implementedby usingdifferentLATEX markupnamesfor Z symbolswhich expandto
thesamerepresentation.
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2.2.9 Further Extensions

The Ef<g type checker, developedin ESPRESS andusedfor processingthe mathemat-
ics usedin this thesis,addssomefurther extensionsto the Z notation,which have been
proposedto theZ ISOPanel:

, Theorderin which paragraphsappearin a specificationis arbitrary. Theonly re-
quirementis that thedefinition-userelationof paragraphsis acyclic. (A paragraph
is in definition-userelationto anotherparagraphif it introducesa namethat is re-
ferredto by theotherparagraph.)

, � and Ê areintroducedasexpressionoperators.

, Mutually recursive free typesareallowed. This is (roughly)explainedasfollows.
A free typedefinition,T �Ë��� variants, introducestwo paragraphs:onecontaining
the definition of the given type �T ! , anda secondcontainingthe free type axioms
derived from the variants. Given the freedomof orderof paragraphs,this allows
arbitraryrecursivedependenciesbetweenfreetypenamesandotherdefinitions.

, Globalconstantscanbedeclaredmultiple times,providedall declarationsaretype-
compatible.

A detailedjustification,includingthesemanticfoundation,isgivenin [FettandGrieskamp,
1998].
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2.3 Mathematical Tools

StandardZ providesa rich setof “mathematicaltools” for working with sets,relations,
andfunctions. It is assumedthat the readeris familiar with Z’s mathematicaltoolkit (a
specificationcan be found in [Spivey, 1992]). Somefurther tools are requiredin this
thesis,andwill bedefinedbelow.

2.3.1 Setsand Relations

TheZ toolkit is fairly completeasregardsbasicfunctionson setsandrelations.For our
presentpurposes,it lacksonly oneconcept:the reductionof a setof valuesby a binary
function.Ì

f
e denotesafunctionthattakesasetandreducesits elementsusingthefunctionf and

thestartingelemente. f mustberight-commutativew.r.t. theargumentset(f � x�n2 f � x 72 y 
1
z�
f � x 72 f � x�n2 y 
1
 ) sincetheorderin which reductionis performedis not determined:

�X 2 Y]Ì ��� X D Y Í Y 
�D Y ¯ k X Í YÌ
f
e s ¦ � � y � Y � s � � v y � e Î��¾b x � s , y � f � x 2 Ì f

e � s Ï�� x �3
"
1
"
�Q�'�6�H� f � X D Y Í Y m e � Y m s �;k X

Thisdefinitionmakesuseof thesyntacticextensionfor definingrecursivepartialfunctions
(Section2.2.4(on page29)). Thedomainof the function

Ì
f
e is inducedby its defining

expression,which is (for non-trivial s) only definedif f is right-commutativeanddefined
for all elements.

2.3.2 Sequences

TheZ toolkit lackssometypical functionsknown from functionallanguagesfor working
with sequences,which are definedas follows. With x Ð�� s, the elementx is prepended
to the sequences, with s �NÐ x appended.By Ñ/Ò�Ó©� s�n2 s n
 , the sequenceis deliveredwhere
the elementsarepairwisecombined. The phrase� f 2 e
JÔ s denotesthe reductionof the
function f from right to left on thesequences, with startingvaluee; thephrase� f 2 e
JÏ s
denotesthereductionfrom left to right.

�X]Ð�� �Õ�%� x � X m s �6�"�n� X , ° x±)² s��Ð �Õ�%� s �6�1�7� X m x � X , s ²�° x±
�X 2 Y]Ñ/Ò�ÓY�3�"�n� X D¸�"�7� Y Í �"�7�d� X D Y 


Ñ/Ò�Ó��"°G±n2/°¤±5
 ¦ °¤±�Ç� x ÐÃ� s2 y ÐÃ� t 
U¦ � x 2 y 
LÐ��ÖÑ/Ò�Ó�� s2 t 
�Q�'�6�H� x � X m s �6�"�n� X m y � Y m t �6�"�n� Y
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�X 2 Y]Ô ���"� X D Y Í Y 
�D Y 
�D8�"�n� X Í Y

� Ô 
��"� f 2 e
:2/°G±5
 ¦ e� �"� f 2 e
:2 x Ð�� s
U¦ f � x 2F� f 2 e
JÔ s
�Q�'�6�H� f � X D Y Í Y m e � Y m x � X m s �B�"�7� X

�X 2 Y]Ï ���1� X D Y Í Y 
�D Y 
�D8�"�7� X Í Y

� Ï 
��"� f 2 e
:2/°G±5
 ¦ e� �"� f 2 e
:2 s �×Ð x 
)¦ f � x 2F� f 2 e
JÏ s
�Q�'�6�H� f � X D Y Í Y m e � Y m x � X m s �B�"�7� X

With f Ø�� e2 s
 , the“context mapping”of thefunction f to theelementsin s from left
to right is denoted.e is anenvironmentor “state” parameter, which is threadedthrough
themapping:

�X 2 Y 2 Z]Ø ��� X D Y Í X D Z 
-D�� X D­�1�7� Y 
dÍ X D­�1�7� Z

� Ø 
�� f 2F� e2F°G±5
"
 ¦ � e2/°G±5
� � f 2F� e2 x ÐÃ� s
"
U¦ ���6� e�_2 e� �L� X m x�Ù� Z m s�L�6�"�7� Z �� e�¾2 x��

� f � e2 x 
:mW� e� �Ã2 s��
z� f Ø-� e�Ã2 s
, � e� � 2 x� ÐÃ� s� 
�Q�'�6�H� f � X D Y Í X D Z m e � X m x � Y m s �6�"�7� Y

2.3.3 Booleans

In theforthcomingZ ISOStandard,schemaexpressionsandvalueexpressionshavebeen
unified. Moreover, schemaswith an emptysignatureareallowed (for example, �¾� P! ).
Thisopensup thepossibilityof definingthetypeof Booleanvaluesasthesetof schemas
to the emptysignature,and useschemareferencein a predicateto refer to a Boolean
value.Thetype Ú is definedbelow following this approach:

Ú��Õ�£k¬� ! Û \¥Ü/ÝW���Þ�_� true!ß ^6à ½IÝW�Õ�Þ�¾� false!á ���c� s �;k�Ú , �_�¨y x � s , x! âã�Õ�£� s �;käÚ , �¾�7b x � s , x!
With

á
s, the membersof the setof booleanss aredisjuncted,with â s, they arecon-

juncted.NotethatBooleansaretruly two-valued,in contrastto truth valuesasdiscussed
in Section2.1.4(on page26).

2.3.4 Order and Lattices

Orderedsetsandlatticesprovidea fundamentaltheoryfor computerscienceanddiscrete
mathematics.Below, somebasicnotionsthatarerequiredlateron in this thesisarefor-
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malizedin Z. The definitionsandtheoremsaremostly taken from [Davey andPriestly,
1990].

An ordered set is a set equippedwith a (partial) order, å , which is reflexive,
antisymmetricandtransitive:

�X]å � X æ X

x å x m x å y v y å x x x � y m x å y v y å z x x å y�Q�'�6�H� x 2 y 2 z � X
Theaxiom � å 
=�A!Ù� E is usedthroughoutthis thesisto statethat“the” partialorderof
agivensetA regardinglatticepropertiesis equalto theexpressionE of typeA æ A. For
example,the following axiomstatesthat thepartialorderof setsof somegivenelement
typeFOO is setinclusion:

�FOO! � å 
5�çk FOO!Ù�{� + 

The techniqueusedfor this kind of “overloaded”definition of å , wheremeanings
areassignedin dependency of genericinstances,is comparableto Haskell’s typeclasses
[WadlerandBlott, 1989;Hudaket al., 1992]3.

Fromtheorderof asetX, its dualorder is derivedby relationalinversion:

�X]è �Õ�Þ� å 
=�X ! a
Given an orderedset S + X, the supremum(leastupperbound)and the infimum

(greatestlowerbound),if existent,aredenotedby é S( ê S):

�X]é�27êë�;k X Í X

é S ¦ ���6� U �Õ�ì� x � X �Tb x�L� S , x
è

x�¾� , � � x � U �7b x�Ù� U , x å x�Ã
�Q�'�6�H� S �;k Xê S ¦ ���6� L �Õ�í� x � X �7b x�Ù� S , x å x�Ã� , � � x � L �7b x�d� L , x
è

x�Ë
�Q�'�6�H� S �;k X

To build thesupremum(infimum) of two-elementsets� x 2 x���S+ X, thenotationx î x�
(x ï x� ) is used.Theformeris calledthe join, thelatterthemeet:

3StandardZ, [Toyn, 1998], relaxesrestrictionsfound in the Z of [Spivey, 1992]andpermitssuchuse
of genericity. Semantically, specifying ð genericallyfor all possibleinstantiationsdoesnot causea
problem:for any setA, thereexistsat leasttheemptyorder, ñ ð òIóAôAõ�ö .
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�X]î 2 ï � X D X Í X

� î 
¬� x 2 x� 
)¦ é�� x 2 x� ��Q�'�6�H� x 2 x� � X� ï 
¬� x 2 x��
)¦ ê�� x 2 x�¾��Q�'�6�H� x 2 x�d� X

A lattice is asetL + X, wherefor all pairsx 2 x�Ù� L, x î x� andx ï x� aredefined.The
setof all subsetsL of X whicharea latticeis describedby à>^ Û X. In acompletelattice, for
eachsubsetL �Ù+ L thesupremum(infimum) exists. é L ( ê L) arecalledthe top (bottom)
elementof acompletelatticeL:

�X]à>^ Û �Õ�í� L �Ak X �7b x 2 x� � L , � x 2 x� 
$�8X6ZJ[�� î 

v�� x 2 x� 
��8X6ZJ[�� ï 
:�
�X]à>^ Û Ä �Õ�ì� L �Çà ^ Û X �7b L � �;k L , L � �­X6ZJ[�é÷v L � �8X6ZJ[�êl�
�X]ø �Õ�%� L �Jà>^ Û Ä X , é L� �Õ�%� L �Jà>^ Û Ä X , ê L

A well-known structurerelatedto a completelatticeis acpo(completepartialorder).
It hasa bottomelementandbehaveslike a completelatticeasregardsthe infimum. For
the dual, it is only demandedthat for every directedsubsetof S, the supremumexists.
A directedset is onewherefor any finite subsettheupperboundis in theset. Cposare
commonlyusedfor modelingthesemanticsof programminglanguages;however, for our
set-basedcalculus,themoregeneralnotionof latticesis bettersuited.

For completelattices(andcpos),theoremsexist thatcancharacterizecomputability.
Thesewill bebriefly reviewedbelow. Let f � L ¯ L bea functionon a completelattice
L. Thesetof fixed-pointsof f is definedastheset � x � L � x � f x � . The leastfixed-point
exists if theinfimum of this setexists(thesetis not empty)andis a fixed-point(is in the
set).It is known thatif f is order-preserving(monotonic),thentheleastfixed-pointexists
for completelattices. If f is alsocontinuous, thenthe leastfixed-pointcanbeexpressed
by the imageof f underthe supremumof the setof finite elementsin the domainof f .
Continuity in this context meansthat for any subsetS + L, it holds é�� f ù Sú5
E� f �.é S
 .
Wedenotethesetof continuousfunctionsoverabasetypeX asX ¯¥û X:

�X 2 Y]¯¥û �Õ�ì� f � X Í Y �/X6ZJ[ f �là>^ Û Ä X vs\_^6` f ��à>^ Û Ä Y�_b S �;k��¥X6ZJ[ f 
 , é�� f ù SúP
)� f �Ié S
1
:�
A finiteelementof acompletelatticeis onewherethereexistsonly afinite numberof
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elementsin a chainstartingat � andreachingtheelement.Let F +üX6ZJ[ f be thenon-
emptysetof all finite elementsin thedomainof f . Then,thecentralfixed-pointtheorem
for continuousfunctionsandcompletelatticesstates:

f � X ¯¤û X x êl� x �BX6ZJ[ f � x � f x ��� f �Ié F 

Thus, putting the supremumof maximal finite information into f yields the (possibly,
infinite) leastfixed-point.Since(by continuity)f is orderpreserving,this(indeed“ideal”)
maximalfinite informationcanbeincrementallycomputedby successiveapplicationof f
startingat � L. Theseresultsareusedin Chapter3 to justify thefixed-pointlaw of � Z.



Chapter 3

The ý Z Calculus

Sogestaltend,umgestaltend–
ZumErstaunenbin ich da.

(Goethe)

The � Z calculusis a set-basedexpressionlanguagewhich canembedset-orientednota-
tions suchasZ aswell asfunctionalandlogical programminglanguages.The calculus
is designedfor theautomaticanalysisandtransformation,whereit is desirableworking
with a smallsetof languageconstructs.However, � Z is not “as smallaspossible”1. The
calculushasredundancy in thatit allowsextensionalaswell asintensionaldescriptionof
thesamemeaning.For example,thesetcontainingthenumbers0 and 4 canbedenoted
in � Z as �A0B���w�¨4A� or by the schema� x � x �þ0'� x �ÿ4;� . The supportof both inten-
sionalandextensionaldescriptionallows thedefinitionof computationasa source-level
transformationfrom intensionaltowardsextensionalrepresentation,asshown in thenext
chapter.

The languageconstructsof � Z areessentiallythoseof setalgebra(set intersection,
union and complement),set comprehensionand a novel notation for set translation.
Moreover, singletonsetscanbe constructedanddeconstructed.The calculusentailsa
notion of free constructors,which are usedto model tuples,Z-style bindingsand free
types. As will be seen,the � -calculus,predicatecalculusandschemacalculuscanbe
derivedfrom this basicsetof operators.

In this chapter, � Z will be introducedand formally defined. A semanticmodel is
developed,andthelanguageconstructswill bedescribedone-by-one,giving their typing
rulesandsemanticmeanings.An equationaltheoryfor � Z is developed.Thechapteris
concludedwith adiscussionof someaspectsof thecalculusandof relatedwork.

1Higher-orderlogic [GordonandMelham,1993], for instance,hasa smallernumberof languagecon-
structs.
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3.1 Intr oduction to � Z

Wegiveanintroductionto the � Z calculusanddiscusstheencodingof Z aswell aslogic
andfunctionallogic programminglanguagesin � Z.

3.1.1 Syntaxand Inf ormal Meaning

Let x � VAR be variablesymbols,and let 	%� CONSbe (term) constructorsymbols.
The � Z calculusprovidesthe syntacticcategoriesof expressions, anda subsetof them,
patterns:

e � EXP ����� x �
	�� e
���� e��� � e �
��� e � e��� e � e����� e �
e� p���� p "!#�$� p � e�%�'&)( p * e

p � PAT + EXP

Theform 	�� e
 describesa constructorapplication,wheree is a sequenceof expressions.
(We generallyusetheconventionof denotingsequencesof termst by t.) Thesetof pat-
ternsPAT + EXParethoseexpressionsthataresolelybuilt from constructorapplication
to patterns,	�� p 
 , andvariables,x.

Theform � e� denotesa singletonset.Theform � e is thesingletonsetselectionthat
returnstheelementof asingletonset,andis undefinedfor eachotherset.Theusualforms
for setalgebraareprovided: theemptysetis denotedby � , setintersectionby e � e� , set
unionby e � e� andsetcomplementby � e.

The form e� p���� p "! describesthe translationof thesete. Theresultof thetransla-
tion is thesetof all elementsthatmatchp suchthat thereexistsanelementin e which
matchesthepatternp� underthesamesubstitution.Thereby, bothpatternsmaycontain
unboundvariables,which may be denotedby wildcards( ). For example. For exam-
ple, �I�/	��10B254A
n�$���/	��I032P9;
n�J
=�>	�� x 2 
��� x! (wherenumbersarespecial C -ary constructor
symbols)equalsto �A0¨� . Thecartesianproductof two sets,e��D e , canbeexpressedin� Z ase�F� x �� � x 2 
G!6� e H� y �� � 2 y 
¤! ( � 2 
 beingthe constructorsymbolfor pairsused
in mixfix notation). Conversely, the rangeof a binary relatione (a setof pairs) is de-
notedase�N� 2 y
®�� y! . We call a translationwith ¼H^¨\Ã½ p�#+ ¼H^¨\¾½ p an embeddingand
with ¼H^¨\¾½ p���@¼H^¨\Ã½ p a hiding. Note that theremight exist translationswhich arenei-
therembeddingsnor hidings. In general,translationsarecapableof expressingall kinds
of specificationmorphismsinducedby signaturemorphismsasusedin algebraicspec-
ification [Ehrig andMahr, 1985;Wirsing, 1990]2, andthuscanbe seenasa meansfor
constructivedescriptionof (some)morphismsin thecategoryof � Z sets.

The form � p � e� describesa setcomprehension,or a schemain Z terminology3. It
denotesthesetof valuesthatmatchthepatternp suchthattheBooleanexpressione is true
underthebindingof variablesresultingfrom thematch.Thereby, a Booleanexpression
is justasetexpressionovertheelementtypeof units(a typecontainingjustoneelement):
let K be the 0-ary constructorfor this element: then truth is the set �FK�� , falsity is the

2It is easyto seethat setsof tuplesor bindings(tupleswith namedcomponents)correlateto setsof
models/algebras.

3Wepreferthenotion“schema”sincethestructureof thegeneratingpattern,p, is preserved,whereasin
Z’ssetcomprehensionp is reducedto its characteristictuple.
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emptyset,conjunctionis intersection,disjunctionunion,andnegationcomplement.For
example,the (sugared)schema�;� x 2 y 2 z
w� x � y � y � z� describesthe setof triples
whereeachmemberis larger thanthe previous one. The Booleanexpressionx � y is
syntacticsugarfor theform �1� � 
J�w�;� x 2 y 
"�J
=� �� KA! (where � is a binaryrelation,
a setof pairs). The conclusive translationcanbe readas: we arenot interestedin the
actualresultof theintersection,we merelywantto know if it is emptyor not. Theentire
schemaliterally readsas

�;� x 2 y 2 z
«�;�1� � 
J�8�;� x 2 y 
:�<
=� �� KA! � �1� � 
J�8�;� y 2 z
:�<
=� ��¶K;!.�ÖO
Theform &'( p* edenotesthesmallestmemberof theset � p � p � e� (wheretheequal-

ity abbreviates �I� p �-�w� e�J
=� �� K;! ). Theorderneededhereis discussedin Section3.2.6
(on page48). If asmallestmemberdoesnotexist, theform is undefined.

The � Z calculususesa shallow polymorphictypesystem.To this end,constructors	 have associateda (generic)type,andexpressionsareassumedto have a principal type.
A further conditionfor well-formednessis that patternsin translationsandschemasare
usedlinearly (no variableis allowedto appeartwice).

For commonlyusedformsof expressions,syntacticsugaris used,themostimportant
of which is thefollowing:� � ������

e
�

e� x ��¶KA!
e � e� � �	� �I� e��� e��

e � e� �

e �s� e� �
�

is the“universalset”, thelargestsetof its accordingtypedomain.
���

e is anabbreviation
for theBooleanexpressionwhich is true if f thesete is nonempty. The two otherforms
representmembershipandequality.

3.1.2 Encodings

Constructssuchasfunction application, � -abstraction,membership-test,equality, exis-
tential and universalquantificationcan be naturally encodedin the � Z calculus. We
demonstratethis by sketchingthe encodingof Z in � Z. A brief comparisonwith logic
programminglanguages(horn-clausesystems)and with the functional logic language
Curry [Hanus,1999] is alsogiven,anticipatingsomebasicideasunderlyingthecompu-
tationmodelof � Z.

EncodingZ

Lambda Calculus. Theoperationsof thesimple-typed� -calculusareencodedasfol-
lows:

� p , e
� �;� p 2 y
«� y � e� � y ~� varse


ee� � � �1� e �w� e�Ã�L� x �� � x 2 
G!M
=�N� 2 y 
z�� y!M

This treatsfunctionsassetsof pairs. The encodingof the applicationdoesin fact also
capturerelationalapplicationasusedin Z: it is sufficient for e to beabinaryrelationthat
is right-uniqueanddefinedat thepoint e� .
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PredicateCalculus. We have alreadynotedthat formulasarea specialcaseof setex-
pressionsover theelementtypeof units,andwe have definedabbreviationsfor thebasic
predicatesof membership-testandequality. To completethepicture,wegivetheencoding
of quantifiers:

y x , e
� ��� � x � e�b x , e
� �r� ��� � x �¨� e�J


The resultingsemanticsof the encodingof predicatecalculusis a partial three-valued
logic (seeSection3.2.1(onpage43)).

SchemaCalculus. In Z, a schemadenotesa set of bindings, bindingsbeing tuples
(records)with namedcomponents.Thesetis constrainedby thedeclarationsof aschema
aswell asby theproperty. For example,in Z, theschema� a �Lpzm b �Öor� a � b! denotes
thesetof bindings 
 a �Õ� x 2 b �Õ� y� , wherex ��p , y ��o , andx � y.

Assuming� Z constructorsfor bindings, 
 a�E�Õ� 2TOTOTOU2 an �Õ� � , wheretheai ’s are
interpretedaspartof theconstructorname,theaboveZ schemacanbeencodedin � Z by

��
 a �Õ� x 2 b �Õ� y��� x ��p�� x � y �
Theconstrainty ��o vanishessinceo is agiventype.Thepropertyx � y is furthertrans-
latedasdescribedin theprevioussection.Otherpossibleencodingsexist, for example

p¬� x �� 
 a �Õ� x 2 b �Õ� �I!3�w��
 a �Õ� x 2 b �Õ� y��� x � y �
Theconnectivitiesof theschemacalculusdirectlymapto � Z. Schemaconjunctionin

Z, S��v S , is thesetof bindingswith thejoinedsignatureof S� andS wherecomponents
with thesamenameareidentified.This is expressedin � Z as

S�T��
�� S�=

�� 
�!6� S F��
�� S 7
��� 
�!I2
where 
 is thepatternfor the joinedsignature.For example,theZ schemaconjunction� a � A m b � B � P � a 2 b!�!hvr� a � A m c � C � Q � a 2 c!�! (whereA, B andC aregiventypes)maps
to

��
 a �Õ� x 2 b �Õ� y��� P � x 2 y!¥����
 a �Õ� x 2 b �Õ� y�¬�� 
 a �Õ� x 2 b �Õ� y 2 c �Õ� �I!����
 a �Õ� x 2 c �Õ� y�ä� Q � x 2 y!¥�L��
 a ��� x 2 c �Õ� y�¬�� 
 a �Õ� x 2 b �Õ� 2 c �Õ� y�I!
Existentialschemaquantification,y S , S� , is encodedas

� S��
�� S

�� 
�� S� 
G!6� S� 
=��
�� S� 
z�� 
�� S� 
dÏ�
�� S
G!
where 
�� S��
'Ï�
�� S
 denotesthe removal of thecomponentsfrom S in S� . Similarly, the
remainingconnectivitiesof theschemacalculusareencoded.

Note that � Z’s supportof the schemacalculusclearly shows that � Z is capableto
expressrelationsbetweenentire specificationunits, modules, etc.: Z schemascan be
thoughtof asanalgebraon thecalculuslevel.
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EncodingLogic Languages

A logic programin a languagesuchas Prolog consistsof a set of Horn clausesA �
B�n27OTOTOU2 Bn, whereA is calledthe conclusionandthe Bi arethe premisesof the clause.
The A andBi areso-calledatomsof the form R� t 
 , wheret is a sequenceof termsover
constructorsymbolsandvariables,andR is a n-ary relation. We canmapHorn clause
systemsto � Z asfollows. Let A � R� t 
 andBi � Qi � si 
 ; thenthe“body” of theclauseis
representedas �;� t 
W�Ç� s�5
-� Q�L�ìOTOTOP��� sn 
-� Qn � . To definethemeaningof therelation
R, wecollectthebodiesof all clausesin whichR is theheadof thepremise,asfollows:

R �í�;� t �:
E�;� s� ¡ 
�� Q� ¡ �{O7OTOP��� sn ¡ 
�� Qn ¡ �� OTOTO� �;� tm 
E�;� s� m 
�� Q� m �ìOTOTOP��� snm 
�� Qnm �
We proceedsimilarly with theclausesfor Qij in thesystem.If R andQij arerecursively
dependend,the fixed-pointoperatorwill be used. Answeringa queryR� q
 thenmerely
meanscomputingtheintersectionR �8�;� q
:� .
EncodingFunctional Logic Languages

LanguagessuchasCurry [Hanus,1999]or Goffin [Chakravarty et al., 1997]can,in prin-
ciple, be encodedin � Z. The exact operationalsemanticswill not be the same,since
a strict reductionorder for � Z is preferredby design,whereasboth Curry andGoffin,
which areextensionsof Haskell, uselazy reduction.An illustrationof suchanencoding
is instructive,anyway.

A functiondefinition in Curry is mappedasfollows (f beinga functionsymbol,p a
pattern,c a constraint,ande an expression;the freshvariablesyi maynot appearin the
patternspi):

f p��� c�]� e�=mWOTO7Ohm f pn � cn � en
�

&)( f *®�;� p�n2 y�5
E� c�Ù� y�$� e�=�-�{O7OTOP�8�;� pn 2 yn 
E� c��� yn � en �
Thus,a constraintc of Curry directly mapsto a correspondingconstraintin � Z. Con-
junctionsof constraintsareexpressedby intersection.Calling a function that returnsa
constraintwith a freevariableastheargument,suchasCx, amountsto membershiptest,
x � C. In fact, � Z allows a richerconstraintlanguagethanCurry (in particular, disjunc-
tion andnegation),which,however, will not alwaysbeexecutable.

Thecomputationmodelof � Z, describedlateron, executesconstraintsconcurrently,
usingbothresiduation[Ait-Kaci et al., 1987]andbacktrackingandenumerationto deal
with free variables.An accessto a free variableis suspendedin a nestedcontext. This
is, for example,thecasefor argumentsof the � -operator(andthereforefor functionap-
plication ee� which is definedusing � ) or for negative constraints.Backtrackingtakes
placefor constraintswhich mapto themembershiptestof a patternin a set. For exam-
ple, considerthe definition of an “append”relationon lists (below, an abbreviation for
introducinglocal variablesis used: � p Ï q � e� is equivalentto �;� p 2 q 
«� e�L�N� p 2 q 

�� p! ):
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&)( app *®�;�"°G±n2 ys2 zs
e� zs � ys�-��;� x �Ë� xs2 ys2 zs
LÏ t �;� xs2 ys2 t 
$� app � zs � x �Ë� t �
Applying this relationto unboundxsandysandboundzswill computethepossiblepar-
titionsof thelist zs, asusualin logic languages.� Z is higher-orderbecausesetscanbestoredin constructedvalues.Similar asCurry
or Goffin, thecomputationmodeldoesnot employ higher-orderunification.This restric-
tion is, though,not tied to thenotionof a typeof a value(whetherit is a setor not) but
to therepresentation:setsthatareextensionallyrepresentedareincorporatedby a simple
equalitytestin unification.An extensionalrepresentationis givenby applyingconstruc-
tors,singletonsetsandsetunionto extensionalvalues.
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3.2 SemanticModel

The modelof � Z is constructedby an interpretationfunction over termsof a type lan-
guage.We will first discusstheconceptsunderlyingthesetrepresentationin themodel
andthendefinethetypeinterpretation.

3.2.1 SetRepresentation

The modelof � Z is basedon a hierarchicaltypeduniverse,wheresetsarerepresented
aspartial characteristic(Boolean)functionsin a set-theoreticalmeaning,which canbe
foundedby Z itself or by Zermelo-Fraenklinsettheory. We will useZ to this end.

Let U bethedomainof sometype. Therepresentationof anelementof thepowerset
of this typeis a partialfunctionf � U Í Ú . Thefunction f characterizestheknowledge
abouttheelementsin thesetin thefollowing way. A valueu � U is

1. amemberof theset,if u �8X6ZJ[ f v f u;

2. notamemberof theset,if u �­X6ZJ[ f v�� f u;

3. unknown to beamemberor not, if u ~�8X6ZJ[ f .

As an example,considerthe (sugared)� Z schema� x �
0EXJÒ ¼ x � 0B� . For this set, 0 is
knownto bemember, andall naturalnumbersgreaterthen 0 areknownnot to bemembers;
however, for C , no informationis available,sincetheexpression0LXJÒ ¼�C is undefined.Thus
this setis representedastheBooleanfunction

� x �;p Ï �HC<� , �¾� x �{0n!¤O
The given representationof setsallows for a naturaldefinition of the set-algebraic

operations.Let f �n2 f  betherepresentationsof two sets.Theintersectionis definedas

f ��� f  -?�� x ���¥X6ZJ[ f ���¸X6ZJ[ f  n
d��� f a� 
7ùM� ß ^6à ½IÝ¨�¨úU��� f a 
7ùM� ß ^6à ½IÝ¨�¨ú , �¾� f � x v f  x!¥2
andtheunionis definedas

f ��� f  ©?�� x ���¥X6Z<[ f ���¸X6Z<[ f  7
d��� f a� 
7ùG� Û \¤Ü/ÝB�¨úU��� f a 
7ùM� Û \¥Ü/Ý¨�¨ú , �_� f � x Î f  x!¤O
Thereby, the conjuctionin our meta-languageZ, v , is definedif oneof the operandsis
false,anddisjunction, Î , if oneof the operandsis true, independentof the definedness
of theotheroperand.Accordingly, the domainsof the resultingcharacteristicfunctions
areconstructed:we addall thoseelementsto thedomainfor which theoneor theother
operandalreadydeterminestheresult.

As anexamplefor theeffectof thesetoperators,considertheexpression� x �A0ÖXJÒ ¼ x �0¨����� x � x |�üC<� . Therepresentationof the left setoperandwasalreadydefinedabove.
Theright setoperandis givenby thefunction � x �;p , �_� x |�£C¨! . Theintersectionof both
representationsaccordingto theabovedefinitionyieldsthefunction

� x �;p , �¾�;0$XJÒ ¼ x �{0Wv x |�£C¨!¥O
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�TCONS2 TVAR!
^¨\¥Ò Û�� � TCONS̄ p

TYPE �Ë� �s� � !M
��h�/	Q� TCONSm �­�3�1�7� TYPE �H^¨\¥Ò Û�� 	®��� �d����­k � TYPE��l� 
 � TVAR�
Figure3.1: TypeLanguage

Whereastheleft-operandis notdefinedfor C , theresultis (with C knownnotto bemember
of theresultingset).

An interestingaspectis thedefinitionof setcomplementin our setrepresentation.It
is straight-forward: � f ?�� x �3X6Z<[ f , � f x O
Thusthe complementdoesnot alter the domainof the characteristicfunction. What is
unknown to bememberof thesetkeepsto beunknown. As aconsequence,the“principle
of the excludedmiddle” will not hold in our framework: f �£� f ? � doesnot hold.
However, �ÿ� f ? f holds.Thevalid lawswill bediscussedin moredetailin Section3.4
(on page57).

Therepresentationof setsandthedefinitionof theset-operationsprovidesa general-
ization of what is called“three-valued” logic in the literatureto the caseof setalgebra.
We have alreadydiscussedthat truth-valesarerepresentedassetsover the “unit” type
with onemember, denotedby theconstructorK . Theemptyset, � , representsfalsity, and
thesingletonsetcontainingtheunit, �FK�� , truth. Intersection,union,andcomplementover
setsof this typebehaveasconjunction,disjunction,andnegationin thethree-valuedlogic
describedby Owe[1997].

3.2.2 Types

The modelof � Z is constructedby an interpretationfunction over termsof a typelan-
guage. Termsof the type language,�Þ� TYPE, are built from type construction	L� �Ç!
(where	 � TCONSaretypeconstructorswith arity), from power-settypes k�� , andfrom
typevariableapplication,� ( �%� TVAR). Thedefinitionsaregiven in Figure3.1. Note
that the Cartesianproductis introducedby certaintype constructors,which will be dis-
cussedin Section3.2.4(on page46).

We supposestandardsyntactictoolson typeterms(Figure3.2 (on thefacingpage)).
Thesetof freetypevariablesin atypeis deliveredby ¼H^H\¾½�� . Thesubsetof typeswhichare
ground(containno typevariables)is denotedwith TYPE . A typevariablesubstitutionis
apartialfunction !�� TSUBS� TVARÍ TYPE, suchthat X6ZJ["!W�$#­��¼H^¨\¾½¬ùM\_^6`%!�ú5

� � .
Theapplicationof asubstitutionto a typeis denotedas ½=Ü'&/½(!)� . TSUBS denotestheset
of groundsubstitutions.Themostgeneralunifierof two typesis describedby therelation�T�-�+*,�n . Thesestandardconceptsarenot formalized.
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TYPE w�;k TYPE TSUBS�Õ� TVAR Í TYPE
TSUBS �Õ� TVAR Í TYPE ¼H^¨\¾½�� TYPE ¯ k TVAR½=Ü'&/½�� TSUBS̄ TYPE ¯ TYPE� �;kz� TYPE D TSUBSD TYPE


Figure3.2: TypeLanguage:SyntacticTools

�UNIV !Ü6`/X6Ý ß � UNIV½1ÝH[ � TYPE ¯ k UNIV

b,��� TYPE , Ü6`/X6Ý ß �8½IÝ¨[-��G����� TYPE , ½IÝ¨[.��Ï �6Ü6`/X6Ý ß �3
$ÓH^¨\ Û Ò Û Ò ZJ` UNIV Ï �6Ü6`/X6Ý ß �
/'0 ��� UNIV Í Ú�
21 UNIV3'0 � UNIV Í � UNIV Í Ú¬

b,��� TYPE , ½IÝ¨[4��Í Ú�+]X6Z<[ /'03'0 � /'0 a
½IÝ¨[¶�¤k5�L
)¦ � r �6½IÝ¨[.��Í Ú , /'0 r ��Q�)�A�H�6��� TYPE 
Ü6`/X6Ý ß � /'0 �

Figure3.3: SemanticUniverse

3.2.3 Universe

The semanticuniverse is denotedby the Z type UNIV. It containsa specialelement,Ü6`/X6Ý ß , representingundefinedness.Theuniverseis partitionedby the typeinterpretation½IÝ¨[.� overgroundtypes,modulotheelementfor undefinedness,whichis memberof each
interpretation.Thedefinitionsaregivenin Figure3.3.

Thefollowing remarkson thesemanticinterpretation½1ÝH[ in Figure3.3:

, For type construction,the partitioning axiom alreadystateseverything required:
a type construction	L� �Ç! deliversa subsetof the universedisjoint from any other
type interpretation,except that the elementfor undefinedness,Ü6`/X6Ý ß , is shared.
More constraintson certaintype constructorsare addedin Section3.2.4 (on the
next page),letting their interpretationbeinggeneratedby valueconstructors.

, As discussedabove,a powersettype, k�� , denotesall thepartialBooleanfunctions
over thedomainof themeaningof � , ½IÝ¨[7�®Í Ú . To mapthis representationinto
UNIV, wedefineanencodingfunction

/'0
asapartialinjectionwhich is definedfor

valueswhich canbegeneratedfrom a groundtype. Theinductivedefinitionof the
domainof

/'0
ensuresthatanencodingexists,andcontradictionssuchasRussel’s

Antinomyareavoided.

The samevaluefor undefinednessis sharedsinceby the interpretationof powerset
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�CONS!ß Û�� ÓBÝl� TCONSÍ �"�n� TVAR D�� CONSÍ �"�n� TYPE
ß Û�� ÓBÝU	R��� ���6�1�7� TVARm�8�� CONSÍ �"�n� TYPE �� �l�c^¨\¥Ò Û�� 	®v��¾b 	 �6X6ZJ[98 , #­��¼H^¨\¾½�ùM\_^6`;��8U	J
.ú5
�+%\_^6` �¬
:��Q�'�6�H� 	R�6X6Z<[ ß Û�� ÓBÝ
�G�«	R�6X6ZJ[ ß Û�� ÓBÝ , X6Z<[S� ß Û�� ÓBÝU	J
PO�4A
$ÓH^¨\ Û Ò Û Ò>ZJ` CONS

Û�� ÓBÝ©2 Û Ò�`/½ Û � CONS̄ �"�n� TYPE D TYPE

Figure 3.4: FreeTypes:Syntax

typesthetotally undefinedBooleanfunction, � � � ¯ Ú , whichis identifiedwith Ü6`/X6Ý ß
in apower-setdomain,cannotbedistinguished.ReusingÜ6`/X6Ý ß overdifferenttypescauses
no problems,sinceonly typedexpressionsareconsideredin the � Z calculus.

3.2.4 FreeTypes

Thetypeconstructorsrepresentby default abstract,“given” subsetsof theuniverse.For
sometypeconstructors,thissetmaybegeneratedby acollectionof valueconstructors, a
commonlyso-calledfree-typeconstruction.A valueconstructoris a total injective map-
ping from a (possiblyempty)sequenceof valuesinto a givenvalue. A systemof value
constructorseffectively describesa many-sortedterm algebraembeddedinto the model
of � Z.

Thefunction
ß Û�� ÓBÝ (Figure3.4)associatesafreetypedefinitionwith certaintypecon-

structors,which consistsof a sequenceof typevariablesmatchingthetypeconstructor’s
arity, andamappingfrom constructorsymbolsto argumenttypeswhich areclosedunder
thetypevariables.Thegivensetof constructors,CONS, is partitionedby theconstructors
of thefreetypes.

For convenience,weintroduceanauxiliaryfunctionwhichdeliversthetypeof avalue
constructor, Û:� Ó3Ý
	®� �R�� 	L� �)!¬�w�1�7� TYPE D TYPE. Furthermore,weassumethereis a
function Û Ò `/½ Û 	 , whichdeliversthetypeof aconstructorwith “fresh” typevariables.

Thesemanticsof avalueconstructorisdescribedby thefunction ½1ÝH[;!Õ	R�8�1�7� UNIV Í
UNIV, which delivers for a ground type substitutionand constructora total injection
w.r.t. themeaningof theconstructorsargumenttypesinto thetypeconstructor’s domain.
Given this function, the domainof a type constructoris partitionedby the rangeof the
meaningof all its valueconstructors(Figure3.5). Wehave formally statedfreeness(con-
structorsareinjective) andgeneration(by the partitioning). It is further demandedthat
thegeneratedtype’sdomain,½IÝ¨[���½=Ü'&/½�!R��	L� �J!.
1
 is thesmallestwhichsatisfiestheabove
property. A formalizationis left open.

Theremaybefreetypeconfigurationswhich areinconsistent:considera constructor
with type °Gk®	;±��� 	 . Thereis no solutionby the above axiomsfor sucha constructor,
andthereforeit is not allowed. In Z onecanfurther restrict the domainof constructor
functions,suchthat (in theabove notation)onegetse.g.a typesuchas °=< 	;± �� 	 for a
constructor, where <Õ	 is thesetof finite subsetsof 	 . ThusZ’s solutionto theproblem
is to usepartial injectiveconstructorfunctionsregardingthebasictypeof thearguments
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½1ÝH[ � TSUBS ®¯ CONSÍ �1�7� UNIV 1 UNIV

�_b�	R�6X6ZJ["8 ,	R�8X6Z<[S��½1ÝH[;!'
zv½1ÝH[;!Õ	]� � u �3�1�7� UNIV ��� u �>� ��8U	J
zv�_b i �6X6ZJ[ u , ui �­½1ÝH[��¥½5Ü'&/½(!��:8U	 i 
"
"
"�? ��½1ÝH[]��½=Ü'&/½(!Q��	L� �Ç!M
1
"
dÏ��6Ü6`/X6Ý ß �3
�G�W	 �3X6ZJ[@8 , \_^6`;�¥½IÝ¨[-!h	J
"
$ÓH^¨\ Û Ò Û Ò>Z<`�½IÝ¨[���½=Ü'&/½�!R��	L� �<!.
1
hÏ �6Ü6`/X6Ý ß ��Q�'�6�H� 	R�6X6Z<[ ß Û�� ÓBÝzmA!l� TSUBS Um ���6�"�n� TVAR���6�"�n� TYPEmA8�� CONSÍ �"�7� TYPE �� �$2B8
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Figure3.5: FreeTypes:Meaning

°G±ä� TCONS K � CONSß Û:� Ó3Ý$°¤±e�{� � 27�FK®�� °G±5�3

Úr�Õ�%k#°G±6m ÛMÛ �Õ�%� u �6½1ÝH[�°G± , Û \¤Ü/Ý3m C��Õ�%� u �6½1ÝH[�°G± , ß ^6à ½IÝ

Figure3.6: FreeTypeof Booleans

(thebasictypeof <�	 is k�	 ). Sincea cleanequationaltheoryfor � Z heavily dependson
the fact that valueconstructorsare total, this approachis not feasiblefor � Z. Instead,
a solution to the problemis to encodeconstraintson constructorargumentsin special
giventypes(thus < 	 wouldbeagiventype),andprovideprimitive(partial)encodingand
decodingfunctionswhich interpretthesetypes. This approachis, however, not detailed
here.

3.2.5 Standard Typesand Constructors

Somestandardtypesandassociatedconstructorswith sugarednotationwill be defined
below.

Units and Booleans. The unit type, °G± , containsexactly oneelement,denotedby the
0-aryconstructorK (Figure3.6). Thetypeof Booleansis a powersetof theunit type,and
is abbreviatedasÚ . ThesemanticvaluesÛMÛ and C arethecharacteristicfunctionsmapping
theunit valueto trueandfalse,respectively.

Natural Numbers. The type of naturalnumbersis available. It is generatedby the
countablesetof C -aryconstructorsCÙ270J2TOTO7O , denotedby thetotal injection (Figure3.7).

ps� TCONS �Ap ? CONSß Û:� Ó3Ý)p��Þ� � 25�«	R�Ç\¾^A`;� 
 , °G±5

Figure3.7: FreeTypeof NaturalNumbers
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b+�­� TYPE , b r �=2 r  «�6½1ÝH[-��Í Ú , /'0 r �«å /'0
r  �ª�_b u �6X6ZJ[ r �)��X6Z<[ r  , r � u x r  u 

v�_b u �6X6ZJ[ r �)ÏeX6ZJ[ r  , � r � u 
zv�_b u �6X6ZJ[ r  
ÏeX6ZJ[ r � , r  u 
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���à ^ Û Ä UNIV

Figure 3.8: TheOrderon PartialSets

This forcesthe interpretationof p in thesemanticuniverseto beactuallyisomorphicto
naturalnumbers.Requiringtheexistenceof this typeensuresthatour semanticmodelis
not trivial.

Bindings and Products. A family of typeconstructorsandvalueconstructorsfor bind-
ings is available.Bindingsarerecordswith namedcomponents,calledfields. A binding
typeconstructoris denotedas ° f �e�D�F�=mWOTO7OUm fn �E� n ± . This typeis generatedby exactlyone
constructor, 
 f �e�Õ� m�OTOTOUm fn �Õ� � . Theformal definitionis omittedhere;it matches
thenotionof bindingsin Z.

Cartesianproductsand their elements,tuples,are a specialcaseof bindings,with
“anonymous”field names,which will bedenotedas1, 2, andsoon. A cartesianproduct
type, �F�SD�OTOTO)DF� n, abbreviatesthe binding type ° 1 �G�T�7m�OTOTOhm n �H� n ± , and the tuple
constructor� 2TOTOTOh2 
 thebindingconstructor
 1 �Õ� m«OTOTOUm n �Õ� � .
3.2.6 Order and Fixed-Points

The fixed-pointoperatorof � Z, &)( p * e, selectsthe smallestelementfrom the set � p �
p � e� . To this endanorderon valuesneedsto bedefined,andlatticepropertiesneedto
beestablished(seeSection2.3.4(on page33)).

Ourmodelof setssuggeststo definetheordersuchthatu å v ª u � u � v, where�
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is thedefinitionof intersectiononcharacteristicfunctions:

f ��� f  ©?�� x ���¥X6Z<[ f �)��X6Z<[ f  n
d��� f a� 
7ùM� ß ^6à ½IÝ/�¨ú)�l� f a 
7ùM� ß ^6à ½IÝ/�¨ú , �¾� f � x v f  x!
The orderconfirmingto this notion of intersectionis definedin Figure3.8 (on the fac-
ing page).Theelementsof a set-typecanberefinedfrom non-membershipto unknown
membershipto membership.This followsfrom thatnon-membershipintersectedwith un-
known membershipyieldsnon-membership.For setsover thedomain � a 2 b � theorderis
illustratedin Figure3.8 (on theprecedingpage).It is clearthatwith this orderpower-set
domainsarecompletelattices:thelattices“join” equalsto setintersectionandthe“meet”
to union. Thebottomelementis the total functionwhich deliversfalsefor all members
of theelementtype’s domain, ½IÝ¨[-� , andthetop elementthetotal functionwhich deliv-
erstrue. Note that thebottomelementdoesnot coincidewith thecompletelyundefined
characteristicfunction, Ü6`/X6Ý ß ���6� , asshown in Figure3.8(on thefacingpage).

Wewill notattemptto defineorderingfor thegivenvaluesof theuniverse,thoughthis
mightbein principlepossiblefor constructedvalues,allowing to build “infinite terms”by
fixed-points.For thefixed-pointoperator, &)( p * e, it is demandedby thetypeconditions
thatthefreevariablesin poverwhicha(simultaneous)fixed-pointis constructedrepresent
set-values,andthatp is anexhaustivepattern(like a tuple)which matcheseachvalueof
its type domain. The point-wiselifting of set-orderto valuesmatchingsuchpatternsis
obviousanda formalizationis left open.
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�VAR!
EXPUT �Ë� �{O7OTO
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Figure 3.9: ExpressionsandPatterns

3.3 ExpressionSyntaxand Meaning

Thissectionprovidesthedefinitivereferencefor theexacttypingconditionsandmeaning
of � Z expressions.For an informal introductionandmotivation,we refer to Section3.1
(on page38).

The forms of � Z expressionswill be incrementallydefined,eachonetogetherwith
its typing rule andmeaningfunction. Therearealsoa few syntacticabbreviations for
commonformsof expressions,whichareintroducedin Section3.3.5(on page56).

3.3.1 Variable, Expressionand Pattern Type

Thesyntaxof (untyped)expressionsis definedby thefreetypeEXPUT (Figure3.9)which
will beextendedaswe proceed.Thesetof variables,VAR, is pre-given. Patternsarethe
smallestsubsetof expressionswhich satisfiestherulesin Figure3.9. A patternis called
exhaustive, if it matchesall valuesof its type. Thepropertyof beingexhaustive canbe
syntacticallychecked by analyzingthe free typesthe constructorsof the patternbelong
to. A patternis calledlinear, if novariablein it appearstwice. ThesetPATEX containsall
exhaustivepatterns,thesetPATLIN all linearpatterns;a formalizationis left open.

3.3.2 Typing Relation

The well-typedexpressions,EXP + EXPUT, arethosewhich are in the typing relation,P Q
e ÐE� (Figure3.10(on thenext page)).The context for typing,

P � TYPASS, is a
mappingfrom variablesto types.Rulesfor thetyping aresuppliedwith eachindividual
expressionform in Section3.3.4(onpage52)below. Thewell-typedpatternsarepatterns
which arewell-typedexpressions.

For well-typedexpressionit is assumedthat thereis a type-reconstructionfunction,Û:� Ó3Ý e, which deliversthetypeof anexpressionin its context, asfixedby
Q Ð . The

function Û:� Ó3Ý is not strictly consistentwith our formal model,sinceanexpressiondoes
not containinformationaboutits usagecontext. However, it is conceptuallypossibleto
modelsucha functionformally by addingtypeannotationsto expressions.
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TYPASS�Õ� VAR Í TYPEQ Ð �;k¬� TYPASSD EXPUT D TYPE

EXP �Õ�ì� e � EXPUT �By P � TYPASSm���� TYPE , PRQ

e ÐS�d�
PAT �Õ� PATUT � EXP

Û�� ÓBÝu� EXP ¯ TYPE

Figure3.10: TypingRelation:Declarations

SEMCTX�Õ� TSUBS ­D UNIASS

½1ÝH[ � SEMCTX̄ EXP Í UNIV

X6ZJ[��¥½IÝ¨[;TW
��í� e � EXP �By P � TYPASSm2��� TYPE,PRQ
e ÐU� v-#���¼H^¨\Ã½¬ùG\_^6` P ú5
d��¼H^¨\Ã½���+]X6ZJ[9T�O�0ävX6ZJ[ P ��X6ZJ[VT�O�4�v�_b x �6X6ZJ[ P , T�O�4 x �w½IÝ¨[´�¥½5Ü'&/½WT�O�03� P x 
1
"
"��Q�)�A�H�XTr� SEMCTX

Figure 3.11: MeaningFunction:Declarations

3.3.3 Meaning Function

With eachexpressionform, the meaningis suppliedin subsequentsections,defininga
casefor therecursivepartialfunction, ½1ÝH[YT , thatis declaredin Figure3.11.Thecontext,Tr� SEMCTX, consistsof agroundtypesubstitutionandavalueassignmentfor variables.

Thedomainof ½IÝ¨[-T is fixedto thoseexpressionswhichfit to thecontext. An expres-
sionfits if its typing,

P Q
e Ð�� , confirmsto T , which meansthefollowing: all typesinP

, aswell astheexpression’s resulttype � , aregroundunderthesubstitutionT�OË0 4, and
all valuesin thevalueassignmentarein their type’s domain. In a similar way we could
statethatevery valuedeliveredby themeaningfunction is in theaccordingresulttype’s
domain,which is, however, omitted.

For the definition of the meaningfunction, we needthe notionsof valuematching
andsubstitution. A patternp canbematchedagainsta valueu undera valueassignmentZ � UNIASS � VAR Í UNIV, written asp ['\ u. The inverseof valuematchingis
substitution,written as ½5Ü'&/½ Z p (Figure 3.12). Thesefairly standardconceptsare not
formalized.

4TheZ phrasee] n selectsthen-th elementof a tuple.

UNIASS��� VAR Í UNIV [ �;k�� PAT D UNIASSD UNIV 
½5Ü'&/½�� UNIASS̄ PAT Í UNIV

Figure3.12: ValueMatching
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Figure 3.13: SyntaxandMeaning:ConstructorApplication
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f� EXPUT �s� � � EXPUT �PRQ
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eI EXPUT a b I TYPE
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 Û \¤Ü/Ý«�A���7�RÜ6`/X6Ý ß�Q�)�A�H�XTr� SEMCTXm e � EXP

Figure3.14: SyntaxandMeaning:SingletonSetDisplayandSelection

3.3.4 BasicForms: Typing and Meaning

The tools for definingtyping conditionsandsemanticmeaninghave beenintroducedin
theprevioussections.In thesequel,for eachbasicexpressionform its typingandmeaning
will bedefined.

Constructor Application

A constructorapplicationis denotedas ikj eldmSnSndn(m en o , with n prq . The definitionsare
givenin Figure3.13.

In the typing rule, we usethefunction sBtvu�wxs�i , which deliversthe typeof a construc-
tor with “fresh” typevariables.Themeaningis derivedfrom theconstructor’s semantic
interpretation,wzy�{-|}i , for givengroundtypesubstitution| foundin thecontext.

SingletonSetDisplay and Selection

A set which containsexactly one elementis denotedby the expression ~ e� , called a
singletonsetdisplay. Theelementof a singletonsetis selectedwith theexpression� e,
calledasingletonsetselection. Thedefinitionsaregivenin Figure3.14.

The typeof thedisplayis constructedfrom the typeof theelement.Theoperandof
theselectionmustdenotea set. The typeof the result is extractedfrom the typeof this
set.

Thesingletonsetdisplaydenotesacharacteristicfunctionwhichis exactly truefor the
displaycontents,andfalsefor all otherelementsof the type. Themeaningof singleton
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EXPUT ���v� ndnSnh������j � of� EXPUT � EXPUT ���j � of� EXPUT � EXPUT ��E� � EXPUT �� fresh�g� ���	� � �W� TYPASS�=� � TVAR

���
e �	�$�(��g� � e �	�$� �W� TYPASS� e� EXPUTb � TYPE�R�

el2�	�$��ld� �R�
e�A�	�5�U���2��l �+� �U����

opj elUm e� o �	��j:w^�'��wh|��Sl o �W� TYPASS� e� c e� � EXPUTb � c b � � TYPE� � � TSUBS
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Figure3.15: SyntaxandMeaning:SetAlgebra

setselectionis definedonly if theoperanddenotesacharacteristicfunctionovertheentire
typesdomain,which is truefor exactly oneelement.Notethatfor a partialcharacteristic
function,the � form is undefined.

SetAlgebra

The empty set is denotedby the expression� , the set intersectionby the expression
elÑ� e� , setunion by elÑ� e� , andsetcomplementby � e. The definitionsaregiven in
Figure3.15.

The type of the empty set is a powersetover somefresh type variable � . For set
intersectionandunion,bothoperandsmustdenotesetsof typeswhichcanbeunified.For
thesetcomplement,theoperandmustbeaset.

Themeaningof theemptysetis a totalcharacteristicfunctionwhichconstantlyyields
false. The meaningof setintersection,setunion,andsetcomplementhasbeenalready
discussedin Section3.2.1(on page43). Here,we takecarefor theencodingdetails.

SetTranslation

The translationof a set,eÃ pl}ÒÓ p�BÅ , describesthesetof valuesfrom e which aretrans-
formed by the patternpl to p� . The definitionsare given in Figure 3.16 (on the next
page).

The patternsmustbe typeableundera sharedenvironment,andmustbe linear. The
typeof emustbeunifiablewith thetypeof pl ; theresultingtypeis thesubstitutionof the
unifier in thetypeof p� .
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EXPUT ���v� ndnSnh��j Ã ÒÓ Å of� EXPUT � PATUT � PATUT ��)ÔÕ�
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Figure3.16: SyntaxandMeaning:SetTranslation

For the specificationof the meaningof translation,we definean auxiliary relation,
ul p � ÛÜ p�Ý u� , which relatesvalueswhich aretranslatedby two patterns.The relationis
describedpolymorphically, by relatingall thosevaluesulUm u� which arein aninstanceof
thepattern’s typesunderacommongroundtypesubstitution| andwhichcanbematched
by thepatternsusingthesamevalueassignmentà . The auxiliary function sÇÆ yields the
setof valueswhicharereachedunderthetranslationby apatternpair.

For the meaningof translation,two caseshave to be distinguished:thoseelements
whicharedefinedin thecharacteristicfunctiondenotedby theseteandwhicharereached
by plÙÒÓ p� , arein thedomainof theresultingcharacteristicfunction; their membership
is derivedby Booleandisjunctionof their imageunderthereverseof patterntranslation.
Thosevalueswhichcannot bereachedby thetranslationaredefinedto beconstantlynot
membersof theset. This definition reflectsthata translationmay“filter out” undefined
elementsof thetranslatedset.Considerfor exampleasetoverlistswherethemembership
of theemptylist, denotedby theconstructornil, is unknown, whereasthemembershipof
all elementsdenotedby the constructorconsj X m XSo is known. Translatingsucha set
by consj X m XSo ÒÓ consj X m XSo resultsin a setof which nil cannotbe member. This is
reflectedby the second¬ in Figure3.16. The examplealsoshows that a translationby
identicalpatternsdoesnotnecessarilyyield anidenticalsetvalue.

Schema,Fixed-Point, and Variable

A schemais denotedby theexpression~ p � e� , wherep is a pattern,ande anexpression
of type è . A fixed-pointis denotedby é%ê p ë e. A variableapplicationis written asx.
Thedefinitionsaregivenin Figure3.17(on thenext page).
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Figure3.17: SyntaxandMeaning:Schema,Fixed-Point,andVariable

Thepatternof aschemamustbetypedunderaminimal typeassignment,andmustbe
linear. Thepropertymustbe typedasa Booleanunderanextensionof theenvironment
by thetypeassignmentusedfor thepattern,wherevariablesof thepatternhidevariables
in theenvironment.Theresultingtypeof theschemais a powersetof thepattern’s type.
The patternof a fixed-pointmustbe typedundera minimal type assignment,mustbe
linear, andmustbe exhaustive. Eachvariablein the patternmusthave a set type. The
definition mustbe typedunderan extensionof the environmentby the type assignment
for the pattern,wherevariablesfrom the patternhide variablesin the environment,and
mustunify with thepattern’s type.Theresultingtypeis this unifiedtype.

The meaningis definedas follows. For schemas,a characteristicfunction is con-
structed,thedomainof which aretheelementsfrom theschema’s patterntypesuchthat,
if they matchthepattern,thenthepropertyevaluatesto adefinedBooleanvalueunderthe
bindingsresultedby this match. The schema’s characteristicfunction yields true for an
elementif thepatternhasmatchedandthepropertiesBooleanvalueis true.

For thefixed-point,we usethe meaningof ~ p � p � e� to constructthe setof can-
didates.By thetyping conditionswe know that thevariablesin p representsets,andthe
domainof p’s type is orderedby þ . Thus, if the infimum of the candidateset is a
candidate,we selectit, otherwise�'u�¼'y ² is delivered.A sufficient conditionfor existence
of thefixed-pointis thate is order-preserving,seeSection2.3.4(on page33).
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ÿ �}� � � � �}� �5���� m ��� � EXPUT � EXPUT���
e � eÃ x ÒÓ	� Å���
e � � ��� eÍÏÎ ¸'Ð	¸ e � EXPUT � x � VAR

× m � �
EXPUT � EXPUT � EXPUT

e × e
Ô � �
� jz~ e�H� e

Ô o
e � e

Ô � e ×F~ eÔ �ÍÏÎ ¸'Ð�¸ em eÔ � EXPUT� m
� ������� EXPUT � EXPUT� � ¬ e ������� l EXPUT ± ùOú�� e � q ¹ Î ¸¶ü � ¸¶·:ýd¸ùOú��
e � ® ¹ Î ¸¶ü heade ¸¶·:ýd¸ heade � � j tail eo� � ¬ e ������� l EXPUT ± ùOú�� e � q ¹ Î ¸¶ü ÿ ¸¶·:ýd¸ùOú��
e � ® ¹ Î ¸¶ü heade ¸¶·:ýd¸ heade ��� j tail eo

Figure 3.18: ExpressionAbbreviationForms

3.3.5 ExpressionAbbreviation Forms

We have alreadymentionedseveral syntacticabbreviations for frequentpatternsof � Z
expressions.The abbreviations are specifiedin Figure 3.18 as constantsand injective
functionswhichmapinto expressions.Thefunctionswork onuntypedsyntax;thetyping
conditionsareinheritedfrom thebasicformsthey mapto.

Thefollowing explanationsaboutthedefinitions.Theuniversalset,
ÿ
, is thecomple-

mentof the emptyset. The undefinedvalue,
�

, is the singletonselectionon theempty
set. The Booleanexpression

�
�
e, which testswhetherthe given setis non-empty, is an

abbreviation for a translationto theBooleanunit, � . Thecomplementaryform
���

e tests
whetherthe given set is empty. The Booleanmembership,e × e

Ô
, is mappedto an in-

tersectionof a singletonsetcontainingthe elementwith the set to testmembershipin,
anda subsequenttestfor emptinessof the result. The equality, e � e

Ô
, is derived from

membershipin asingletonset.
In orderto work with sequencesof unionsandintersections,two furtherabbreviations

areintroduced:
�

edescribesthegeneralizedunion, and � e thegeneralizedintersection
of thesequenceof expressionse. For emptyexpressionsequences,theaccordingneutral
element( � resp.

ÿ
) is denoted.
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ì	´ Æíw � EXP � � VAR
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PATCTX ��� PAT � PAT
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ì	´ Æí½'ÆM¼'y�Æ ��� VAR � ����� VAR

Figure3.19: SyntacticTools

3.4 Equational Theory

An equationaltheoryfor � Z will bedevelopedin this section.Thelaws will beshown to
beconsistentwith themodelof � Z developedin theprevioussection.

3.4.1 SyntacticTools

For definingtheequivalences,somesyntactictools for working with expressionsarere-
quired (Figure 3.19). The variableswhich occur free in an expression(are not bound
by someschema’s pattern)aredeliveredwith ì	´ Æíw e. Two patternsareunifiedusingthe
notationpl ��� p� determiningthe smallestassignment × EXPASS � VAR ó EXP
which makes them equal. An expressionassignmentcan be substitutedin an expres-
sionby w^�'��w! e. Substitutionis partialbecauseof typing conditionsfor thesubstituted
expressions.Thesefairly standardconceptsarenot formalized.

Givena patternp andanexpressione, we build a substitutionof thevariablesin the
patternby sub-componentsof theexpressionwith {��Uwf�'��w¾j p m eo . Variablesx aresubsti-
tutedby a “selection” from the expressione expressedvia a translation. Note that the
meaningof this selectionmaybeundefined( �'u�¼'y ² ), in casethepatternp doesnot match
thevalueof e.

A patterncontext, " × PATCTX, is a “patternwith a hole”. It is describedby anin-
jective functionfrom a patternto apattern.Similar, anexpressioncontext #õ× EXPCTX
is defined.Thecontext functionsarepartialbecauseof typingconditions.

For variablesatotalorderis assumed,suchthatwecanconvertafinite setof variables
into asequenceof variablesby thefunction ì	´ ÆM½¶ÆM¼'y�Æ .
3.4.2 EquivalenceRelation

The equivalencesare describedby a relation over well-typed expressionsof the same
type. This relationhasthe equivalencepropertiesandis a congruence(is closedunder
contexts). The declarationsaregiven in Figure3.20. The equivalencerelationwill be
incrementallyrefinedbelow: $ is supposedto bethesmallestrelationsatisfyingthe
laws in Figure3.20andthelawsaddedlateron.
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Figure 3.20: EquivalenceRelation:Declaration
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Figure 3.21: BooleanLaws

3.4.3 BooleanLaws

The setoperationsfollow almostall of the usuallaws for Booleanalgebras. Commu-
tativity anddistributivity of unionandintersectionhold, andDe Morgan’s laws aresat-
isfied, suchthat we canbuild a conjunctive or disjunctive normal form of expressions
(Figure3.21).

However, the “principle of theexcludedmiddle” doesnot hold: e �>� e $ � is not
valid for arbitrarye, aswell ase ��� e $ ÿ

. Thereasonfor this is thepartiality of sets:
if econtainsunknowns,thenin thecomplementof e theseunknownskeepunknown, and
thereforedo not absorbeachother. As a consequence,theimplicatione ô e, interpreted
astheusualabbreviation for j e � eo �>� e, doesnotequalto

ÿ
.

Proof. We proveoneof thedistributivity lawsandoneof theDeMorganlaws.

± Let f l , f � , f ( be characteristicfunctions. We want to show (ignoring encodingde-
tails) that thepair u ÒÓ b is in thecharacteristicfunctionhl � f lk�Vj f ��� f ( o if f it is
in thefunctionh� � j f lk� f � o �Vj f lÑ� f ( o :
Caseu ÒÓ sÇÆÈ��y : Accordingto definitionof unionandintersection,u ÒÓ sÇÆÈ��yÏ× hl

if f u ÒÓ sÇÆ���y�× f l+Ä>j u ÒÓ sÇÆÈ��y × f �,Ê u ÒÓ sÇÆ���y�× f ( o . This is equivalenttoj u ÒÓ sÇÆ���y�× f lÖÄ u ÒÓ sÇÆÈ��y$× f � o Ê¨j u ÒÓ sÇÆÈ��y�× f lHÄ u ÒÓ sÇÆ���y�× f ( o , which
in turnholdsif f u ÒÓ sÇÆÈ��y}× h� .
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~ e�G�>�­~ e�)$ �~ e�G�>�­~ e�)$ ÿÍÏÎ ¸¶Ð	¸ e � EXP

Figure3.22: ExcludedMiddle Laws

��~ e�)$ eÍÏÎ ¸¶Ð	¸ e � EXP

Figure3.23: SelectionEliminationLaw

Caseu ÒÓ ²:´¶µ w¢y : Thenwe have u ÒÓ ²:´'µ wzyÏ× hl if f u ÒÓ ²:´¶µ w¢y × f l�Ê�j u ÒÓ ²:´¶µ w¢y ×
f ��Ä u ÒÓ ²:´'µ wzy³× f ( o . This is equivalentto j u ÒÓ ²:´'µ wzy³× f l�Ê u ÒÓ ²:´¶µ w¢yX×
f � o Äïj u ÒÓ ²:´¶µ w¢y�× f lGÊ u ÒÓ ²:´¶µ w¢y�× f ( o , whichholdsif f u ÒÓ ²:´'µ wzy�× h� .

± Let f l and f � be characteristicfunctions. We show that the pair u ÒÓ b is in the
characteristicfunction hl � � j f l � f � o if f it is in the function h� � � f l �>� f � .
We therebyusethefollowing fact: let g

Ô � � g, thenit follows from thedefinition
of complement:u ÒÓ b × g

Ô
if f u ÒÓ Ì b × g, where Ì b is (Z-level) negationof

theBooleanvalueb. (Notethedifferenceto the(wrong)assertion,u ÒÓ b × g
Ô+*

Ìïj u ÒÓ b × g o .)
Caseu ÒÓ sÇÆÈ��y : We have u ÒÓ sÇÆÈ��y × hl if f u ÒÓ ²:´'µ wzy ×­j f lÑ� f � o , if f u ÒÓ ²:´¶µ w¢y ×

f lÕÊ u ÒÓ ²:´'µ wzy5× f � , if f u ÒÓ sÇÆ���y ×Y� f lÙÊ u ÒÓ sÇÆÈ��y ×Y� f � , if f u ÒÓ sÇÆÈ��y ×
h� .

Caseu ÒÓ ²:´¶µ w¢y : We have u ÒÓ ²:´'µ wzy × hl if f u ÒÓ sÇÆÈ��yÏ×­j f l � f � o , if f u ÒÓ sÇÆÈ��y ×
f lÖÄ u ÒÓ sÇÆÈ��y�× f � , if f u ÒÓ ²:´'µ wzy�×.� f lØÄ u ÒÓ ²:´¶µ w¢y�×-� f � , if f u ÒÓ ²:´'µ wzy�×
h� .

,

3.4.4 SingletonSetLaws

Excluded Middle

For singletonsetsthe “excludedmiddle” holds (Figure 3.22). One can easily seethe
validity by consideringthe characteristicfunction constructedfor a singletonset: it is
total and true exactly for the elemente. The complementyields a total characteristic
functionwhich is truefor all elementsexcepte.

SelectionElimination

Singletonsetselectionon a singletonsetconstructionreducesto thesingletonsetsmem-
ber(Figure3.23).Thevalidity canbeeasilyseenfrom therepresentationof singletonsets
andthemeaningof the � -operator.
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~�ikj eo �)$ � jÚj=¬ i ��-­± ~ ei � Ã j x i o ÒÓ ikj¢j o/. xo Å o/. jxt ¼kj¢®ÕnSn � eoÚo¢o~�ih� $ ~0�W� Ã � ÒÓ_i»ÅÍÏÎ ¸¶Ð	¸ i � CONS� e ������� EXP� x ������� VAR � � e � �
x 1òq

Figure 3.24: ConstructorDecompositionLaws

eÃ plGÒÓ p�ÚÅ Ã p(ØÒÓ p2BÅ3$ eÃ wf�'��w! plAÒÓ wf�'��w� p2ÇÅ m ùOú p� � � p(
eÃ plGÒÓ p�ÚÅ Ã p(ØÒÓ p2BÅ3$ � m ùOú Ì p� � � p(
eÃ pÔ ÒÓ p

Ô Å $ eÍÏÎ ¸¶Ð	¸ e � EXP� pldm p�Um p(Sm p2 � PAT � p
Ô � PATEX �' � EXPASS

Figure 3.25: TranslationCompositionandIdentityLaws

Constructor Decomposition

A singletonsetcontainingaconstructorapplicationwith arity greaterzerocanbedecom-
posedinto anintersectionof projections.A singletonsetcontainingazero-arityconstruc-
tor equalsto a translationof a truth value(Figure3.24). The first law is formulatedin
“ nSnSn ” notationasfollows:

~�ikj eldmSnSndnWm en o �4$ ~ el^� Ã xlGÒÓ ikj xldmSnSndn(m o Å'� nSnSnB�@~ en � Ã xn ÒÓ_ikj mSnSnSnWm xn o Å
It holdssincethetranslation~ ei � Ã xi ÒÓ_ikj¢nSndnWm xi mdnSnSn o Å yieldsthesetof all valuesikjznSnSnWm ei mSnSndn o ,
wherethe ith argumentis fixedby ei andall otherarearbitrary. Intersectingthesetsre-
sulting from sucha translationfor eachargumentof the constructormust thusyield in~�ikj eldmSnSndn(m en o � . Thereby, definednessof ei is not significant,sinceconstructorsandsin-
gletonsetsarenotstrict.

3.4.5 Translation Laws

Compositionand Identity

Consecutive translationsarecomposable,if the intermediatepatternscanbe unified. If
they cannotbeunified,consecutive translationreducesto theemptyset.A translationby
anexhaustivepatternhasnoeffect (Figure3.25).

Proof. We prove compositionof consecutive translation. We want to show that the
pair u ÒÓ b is in the characteristicfunction hl � f Ã pl5ÒÓ p�ÚÅ Ã p(�ÒÓ p2BÅ if f thereexists
an assignment suchthat p� � � p( andu ÒÓ b is in the characteristicfunction h� �
f Ã wf�'��w� plGÒÓ w^�'��w� p2ÇÅ .
Caseu ÒÓ sÇÆ���y : Whenu ÒÓ sÇÆ���y�× hl , accordingto definitionof translationthereexist

valueassignmentsà mfà Ô , andvaluesu
Ô m uÔ Ô , suchthat p2 á â u, p(�á â u

Ô
, p�Ïá â e u

Ô
,

andplØá â e u
Ô Ô
. Sincep( andp� matchthesamevalueu

Ô
, theremustexistsa small-

estpatternassignment suchthat p� ��� p( , and j�wf�'��w! p� o á â e e u
Ô

aswell asj�wf�'��w� p( o á â e e e u
Ô
. The assignment specializesthe patternscompatibleto the

valueu
Ô
, andhencewe alsohave j�wf�'��w! pl o á â e e u

Ô Ô
and j:w^�'��w� p2 o á â e e e u, and

thereforeu ÒÓ sÇÆÈ��y}× h� .
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j e � e
Ô ofÃ plAÒÓ p�BÅ5$ eÃ plGÒÓ p�ÚÅ'� e

Ô Ã plAÒÓ p�ÚÅj e � e
Ô ofÃ plAÒÓ p�BÅ5$ eÃ plGÒÓ p�ÚÅ'� e

Ô Ã plAÒÓ p�ÚÅ>m ùOú ì	´ ÆMw pl ð ì	´ Æíw p�j=� eo^Ã plAÒÓ p�ÚÅ $ � j eÃ plGÒÓ p�ÚÅ o m ùOú ì	´ ÆMw pl ð ì	´ Æíw p�ÖÄ
plØ× PATEX Ä p��× PATEXÍÏÎ ¸¶Ð	¸ em eÔ � EXP� plUm p� � PAT

Figure 3.26: TranslationDistributivity Laws

Caseu ÒÓ ²:´'µ wzy : Similarargumentationasabove,but with negatedpropositions.

,

Distrib utivity over Set-Operators

Any translationdistributesover set union. A translationby an embeddingdistributes
over set intersection.An embeddingdistributesover setcomplementif it is exhaustive
(Figure3.26).

An analogyto predicatelogicgivesanintuitionwhyhidingtranslations(whereì	´ ÆMw pl76ì	´ Æíw p� ) donotdistributeover intersection.Hiding in � Z canbeinterpretedasanexisten-
tial quantifier. In predicatecalculus,the following holds: Þ x ± P Ê Q if f j=Þ x ± P o ÊjÈÞ x ± Q o . However, it doesnot hold Þ x ± P Ä Q if f jÈÞ x ± P o ÄòjÈÞ x ± Q o , sincein the
latercaseP andQ mustbesatisfiedsimultaneouslyfor thesamex.

Proof. We prove distributivity of any translationover unionandof embeddingtransla-
tionsoverintersection,usingtheauxiliaryrelationv

p � ÛÜ p�Ý u (Section3.3.4(onpage54)).

± We prove that u ÒÓ b is in hl � j f � f
Ô o^Ã plYÒÓ p�BÅ if f it is in h� � f Ã pl;ÒÓ

p�ÚÅ¶� f 8 pl p� .
Caseu ÒÓ sÇÆÈ��y : Wehaveu ÒÓ sÇÆÈ��y�× hl if f Þ v � UNIV ± v

p � ÛÜ p�Ý u ± v ÒÓ_sÇÆÈ��y�×j f � f
Ô o if f Þ v � UNIV � v

p � ÛÜ p�Ý u ± v ÒÓ sÇÆÈ��y.× f Ê v ÒÓ sÇÆ���y.× f
Ô
if fj=Þ v � UNIV ± v

p � ÛÜ p�Ý u ± v ÒÓ sÇÆÈ��y}× f o Êòj=Þ v � UNIV ± v
p � ÛÜ p�Ý u ± v ÒÓsÇÆÈ��y�× f

Ô o if f u ÒÓ sÇÆÈ��y�× h� .
Caseu ÒÓ ²:´¶µ w¢y : similar.

± We prove that u ÒÓ b is in hl � j f � f
Ô o^Ã plYÒÓ p�BÅ if f it is in h� � f Ã pl;ÒÓ

p�ÚÅ¶� f Ã plHÒÓ p�ÚÅ , where ì	´ ÆMw pl ð ì	´ Æíw p� . Therebythefollowing propertyis used:
if ì	´ ÆMw pl ð ì	´ Æíw p� , thenfor a givenu thereexistsnot morethenonev in thesame
type suchthat v

p � ÛÜ p�Ý u. This follows from the fact that all variablesin pl are
boundby a matchof p� againstu.

Caseu ÒÓ sÇÆÈ��y : We haveu ÒÓ_sÇÆÈ��y�× hl if f Þ l v � UNIV � v p � ÛÜ p�Ý u ± v ÒÓ sÇÆÈ��y}×
f Ä v ÒÓ sÇÆ���y�× f

Ô
if f j=Þ l v � UNIV ± v

p � ÛÜ p�Ý u ± v ÒÓ sÇÆÈ��y6× f o Ä j=Þ l v �
UNIV ± v

p � ÛÜ p�Ý u ± v ÒÓ sÇÆ���y × f
Ô o if f u ÒÓ sÇÆ���y × h� . Sinceof theunique

existentialquantifier, theconjunctioncouldhavebeenpulledout.
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j eÃ plAÒÓ p�¢Å¶� e
Ô Ã pÔ l ÒÓ p

Ô � Å o^Ã p(ØÒÓ p2BÅ9$
eÃ plGÒÓ p�ÚÅ Ã p(HÒÓ p2ÇÅ¶� e

Ô Ã pÔ l ÒÓ p
Ô � Å Ã p(HÒÓ p2ÇÅÍÏÎ ¸¶Ð	¸ em eÔ � EXP� plUm p�Sm pÔ l m pÔ � m p(dm p2 � PAT �' � EXPASS �

p� � � p
Ô � � ì	´ Æíw j�wf�'��w� pl o � ì	´ Æíwñj:w^�'��w� p

Ô l o �;:
Figure3.27: TranslationProductLaw

Caseu ÒÓ ²:´¶µ w¢y : similar.

,

Distrib utivity of Hiding over Product

A hidingappliedto aproductcanbedistributed.A productis anintersectionof translated
setswhich areindependent(Figure3.27). Theindependenceof theoperandsis checked
by unifying their targettranslationpatterns,undstatingthatthesourcepatternsunderthe
resultingsubstitutionhavedisjoint variables.

A formal proof is omitted,but ananalogyto predicatecalculuscanserve asan intu-
ition for thevalidity of thelaw. In predicatecalculusthefollowing holds: Þ x m y ± Px Ê
Qy

* j=Þ x m y ± Px o Ê j=Þ x m y ± Qy o , providedthaty is not freein Px andx is not freein
Qy. A similarsituationis describedhere.

Theproductlaw, in combinationwith theconstructordecompositionlaw (Figure3.24
(on page60)), providesa generalizationof decompositionin unification. Consideran
equalitysuchas ikj a m b oH� ikj c m d o . Removing thesyntacticsugaryieldsin

jz~�ikj a m b o �G�@~�ikj c m d o � ofÃ x ÒÓ&�¶Å
Applying theconstructordecompositionlaw yields:

jz~ a � Ã x ÒÓ ikj x m y o Åä�9~ b � Ã y ÒÓ ikj x m yo Å'�~ c � Ã x ÒÓ ikj x m y o Åä�9~ d � Ã y ÒÓ ikj x m y o Å o Ã x ÒÓ �¶Å
Next weapplyassociativity of intersectionanddistributivity of embeddingsto get

jÚjx~ a �G�@~ c � o^Ã x ÒÓ_ikj x m yo Å¶�Éjx~ b �G�@~ d � o^Ã y ÒÓ ikj x m y o Å ofÃ x ÒÓ&�¶Å
Now, sincetheouterintersectionis aproduct,wecanapplythedistributivity of thehiding
x ÒÓ � . The resultingconsecutive translationsareimmediatelycontractedsuchthat we
finally get: jz~ a �G�9~ c � ofÃ x ÒÓ&�¶ÅE�7jx~ b �G�@~ d � o^Ã y ÒÓ&�¶Å
Folding thesyntacticsugarfor equality, we reachata � c � b � d.

Lifting of Hiding

A hidingasanoperandof anintersectioncanbelifted outof theintersection(Figure3.28
(on thenext page)).Thehiddenpartis introducedby anembeddingfor theright operand,
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eÃ plGÒÓ p�ÚÅ'� e
Ô $ j e � e

Ô Ã p�HÒÓ pl¢Å ofÃ plAÒÓ p�ÚÅ>m ùOú ì	´ ÆMw p�=< ì	´ Æíw plÍÏÎ ¸¶Ð	¸ em eÔ � EXP� plUm p� � PAT

Figure3.28: TranslationLifting Law

eÃ plGÒÓ p�ÚÅ3$ eÃ plHÒÓ j j o/. x o Å Ã j j o>. x o ÒÓ p�ÚÅÍÏÎ ¸¶Ð	¸ e � EXP� pldm p� � PAT � x ���?�@� VAR �Ì ì	´ ÆMw pl ð ì	´ Æíw p���GÌ ì	´ Æíw p� ð ì	´ ÆMw plU�ØÆ ´ u x �­ì	´ Æíw plç� ì	´ Æíw p�
Figure 3.29: TranslationSplitting Law

e
Ô
, by just reverting the translation. On the intersection,the hiding is then performed

again.
We do not provide a formal proof, but just point to ananalogyin predicatecalculus.jÈÞ x ± Pxo Ä Q is equivalentto Þ x ± Px Ä Q, providedx is not free in Q. Lifting of

hiding is ageneralizationof this.

Splitting into Embedding and Hiding

A translationwhich is neitherhiding nor embeddingcanbe splittedinto an embedding
anda consecutivehiding (Figure3.29).Thecorrectnessof this law followsdirectly from
the law of compositionof translations(Figure3.25(on page60)): unifying j x o against
itself yield in anemptyassignment,henceforthapplyingthecompositionlaw of transla-
tion yields in eÃ wf�'��w : plÙÒÓ wf�'��w : p�¢Å , which equalsto the left handsideexpressionin
Figure3.29.

It shouldbenotedthatsinceembeddingscanbedistributedandhidingscanbelifted
out of intersections,meanwhileother translationscanbe decomposedinto embeddings
andhidings,it is possibleto normalizeexpressionssuchthatembeddingsarepushedto
theleafsandhidingsarepulledto thetop of intersections.

Intersection Elimination

Two translatedsetsin intersection,with targetpatternswhichcannotbeunified,reduceto
theemptyset(Figure3.30).

Note that in combinationwith the constructordecompositionlaw (Figure 3.24 (on
page60)) this law leadsto thereductionof intersections~�ikj eo �G�@~�i Ô j eÔ o � , with i;÷� i Ô ,
to theemptyset.

eÃ plGÒÓ p�ÚÅ'� e
Ô Ã pÔ l ÒÓ p

Ô � Å3$ � m ùOú Ì p� ��� p
Ô �ÍÏÎ ¸¶Ð	¸ em eÔ � EXP� plUm p�Sm pÔ l m pÔ � � PAT �' � EXPASS

Figure 3.30: TranslationIntersectionEliminationLaw
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~ p �	�Ñ� $ �~ p � ÿ � $ ÿ Ã p ÒÓ pÅ~ p � e � e
Ô �)$ ~ p � e�H�9~ p � eÔ �~ p � e � e
Ô �)$ ~ p � e�H�9~ p � eÔ �~ p ��� e� $ j=�Ë~ p � e� ofÃ p ÒÓ pÅÍÏÎ ¸¶Ð	¸ em eÔ � EXP� p � PAT

Figure3.31: SchemaEliminationandDistributivity Laws

3.4.6 SchemaLaws

Elimination and Distrib utivity

A schemawith a falsepropertycanbe reducedto the emptyset,onewith a true prop-
erty to a translateduniversalsetpreservingthepattern(this is necessaryfor thecasethe
patternis not exhaustive). Schemaconstructiondistributesover setunion, intersection,
andcomplement(Figure3.31).Thedistributivity overcomplementrequiresa translation
of the resultingsetwith p ÒÓ p for the casethat p is not exhaustive. In this case,the
negatedschemadenotesalsothosevalueswhich do not fit to p. Thesearefilteredout by
thetranslation.

Proof. We prove oneof the distributivity laws. In orderto representthe propertye of
a schema,~ p � e� , functionsF × UNIASS� wzy�{BADC�ó è areused: F à yields the
characteristicBoolean-valuedfunctionof apropertyin dependency of avalueassignmentà .

We want to show that the pair u ÒÓ b is in the characteristicfunction hl � ~ p �
F lk� F �S� if f it is in the functionh� � ~ p � F l^�H�9~ p � F �d� . Supposethereis not match
p á â u. Thenobviouslyu ÒÓ ²:´'µ wzy}× hl if f u ÒÓ ²:´¶µ w¢y}× h� . Supposethereis amatch,and
let it be à :
Caseu ÒÓ sÇÆ���y : We have u ÒÓ sÇÆ���yX× hl if f �"ÒÓ sÇÆ���y³×>j F lÙàG� F �)à o (where � repre-

sentstheconstructorof theunit value),if f � ÒÓ sÇÆÈ��y}× F lÙà�ÊE� ÒÓ sÇÆÈ��y�× F �,à , if f
u ÒÓ_sÇÆÈ��y�× h� .

Caseu ÒÓ ²:´'µ wzy : dual.

Theproof for intersectionis similar. ,

ComplementLifting

We have describedhow schemadistributesovercomplement.Theoppositeof this law is
givenin Figure3.32(on thefacingpage).Theoperand� j ÿ Ã p ÒÓ pÅ o addsthosevalues
which arein theresultsetsincethey do not matchthepatternp. For exhaustivepatterns
it reducesto � , sincea translationby thesameexhaustivepatterncanbeeliminated.
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�¨~ p � e�F$ ~ p ��� e�H�>�Ëj ÿ Ã p ÒÓ pÅ oÍÏÎ ¸¶Ð	¸ e � EXP� p � PAT

Figure 3.32: SchemaComplementLifting Law

~ p � e� Ã plGÒÓ p�ÚÅ5$ � m ù:ú Ì p � � pl~ p � e� Ã plGÒÓ p�ÚÅ5$ ~�wf�'��w� p����w^�'��w! e�Rm ù:ú p ��� plGÄ ì	´ Æíw pl ð ì	´ ÆMw p�ÍÏÎ ¸¶Ð	¸ e � EXP� p m pl^m p� � PAT �' � EXPASS

Figure 3.33: SchemaTranslationEliminationLaws

Translation Elimination

Any translationof a schemawheretheschema’s patternandthetranslation’s sourcepat-
terncannotbeunifiedreducesto theemptyset. An embeddingtranslationon a schema
canbeeliminated(Figure3.33).

Membership Lifting

A schemawhich containsa membership-test,p × e, wherep is linearandcontainsonly
variablesfrom theschema’spattern,canbeeliminatedprovidedtheexpressionedoesnot
containvariablesdependenton theschema’spattern(Figure3.34).

Note thatmembershiplifting alsocapturesequality: ~ x � x � e� is an abbreviation
for ~ x � x ×ï~ e� � , which eventuallyreducesto ~ e� providedx is not freein e.

Property Substitution

A schemaintersectedwith a translatedsingletonsetis equivalentto anexpressionwhere
thesingletonset’s elementis “imported” by substitutioninto theschema’s property(Fig-
ure 3.35 (on the next page)). Sincewe canalwaysaddthe identity translation,x ÒÓ x,
the law capturesalsothe casewhereno real translationof the singletonsetis involved.
Sinceother laws have ensuredthat embeddingtranslationsappliedto schemascan be
eliminated,andhiding translationscanbe lifted out of intersections,we do not needto
considerthecaseof thetranslationof theschemaitself.

Proof(informal). Recallthat {��Uw^�'��w¾j p m eo is definedas

¬ p � PAT � e � EXP ± ¬ x �Eì	´ Æíw p ± �Xjz~ e� Ã p ÒÓ xÅ o n
~ p � pÔ × e�G$ eÃ pÔ ÒÓ pÅÍÏÎ ¸¶Ð	¸ e � EXP� p m pÔ � PAT �

p
Ô × PATLIN � ì	´ ÆMw p

ÔÑð ì	´ ÆMw p � ì	´ Æíw e � ì	´ Æíw p �H:
Figure3.34: SchemaMembershipLifting Law
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~ p � e�H�@~ eÔ � Ã plGÒÓ p�ÚÅI$~�wf�'��w� p �	wf�'��wñjx{��Uw^�'��w¾j:w^�'��w� pl^m eÔ o¢o e�G�V~ eÔ � Ã plGÒÓ p�ÚÅÍÏÎ ¸¶Ð	¸ em eÔ � EXP� p m pl^m p� � PAT �J � EXPASS � p� �K� p

Figure3.35: SchemaPropertySubstitutionLaw

é%ê p ë e $ wf�'��wñjz{L�Uw^�'��w¾j p mÚéçê p ë eoÚo eÍÏÎ ¸¶Ð	¸ p � PAT � e � EXP �M § � SEMCTX ��éçê p ë e ×9¼'½�{�j:w¢y	{Y§ o»±Þ l D ��� wzy�{¨j:w^�'��wh§,n�®AjOs�¯'°Ey p oÚo»±jÈ¬ u � D ±É·O¸'¹ à � UNIASS � p á â u ± wzy�{¨j�§,n�®DmB§,nvö î à o eo× D � . D

Figure3.36: Fixed-PointUnrolling Law

In Figure3.35,theselectionof acomponentfrom e
Ô
will simplify if wf�'��w! pl is asimple

variable,nameit x: thenwehave thesubstitution

{L�Uw^�'��w¾j x m eÔ o2� ~ x ÒÓ_�³jz~ eÔ � Ã x ÒÓ xÅ o �¶m
and,after further simplificationsteps,the replacementof x in the schema’s propertye
reducesto e

Ô
. However, if w^�'��w� pl is a properpattern,then the selectionsvia the �

operatorin the substitutedexpressionsmay be in principle undefined.Yet, in this case,
thoughthepropertyw^�'��w2jx{��Uwf�'��w¾j�wf�'��w� plUm eÔ oÚo eof theschemabecomesundefined,the
singletonsetexpression~ eÔ � Ã plAÒÓ p�¢Å mustalsoreduceto � , suchthattheundefinedness
of thepropertydoesnotcount.

,

3.4.7 Fixed-Point Unrolling Law

Thefixed-pointoperator, é%ê p ë e, canbeunrolled, providedtheexpressione represents
a continuousfunctionon thedomainof thepattern’s type(Figure3.36). This law differs
from all othersin that the applicationconditionis semantic.The pragmaticsis that the
unrolling law is usedin theoperationalsemanticsof � Z undertheunprovedassumption
of theabovecondition,andis thuscorrectonly relative to suchassumptions.

Proof (informal). Thecorrectnessof this law follows from thefixed-pointtheoremfor
latticesdiscussedin Section2.3.4(onpage33). By thetypingconditions,weknow thatp
is anexhaustivepatternwherethevariablesrepresentsettypes,andthusits type’sdomain
is a completelattice.

,
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3.5 Discussion

We have presentedthe � Z calculus,which provides a way of viewing the ¬ -calculus,
predicatecalculus,schemacalculus,setalgebra,etc.,in aunifiedframework. A set-based
model for the calculushasbeendefined,syntax,typing conditionsandsemanticshave
beenprovided, anda set of equationallaws hasbeengiven. A few further points are
discussedbelow, includingtherelationto otherwork.

Partial Setsand Recursion

Featureslike setswith unknownsandtheexplicit representationof undefinednessmakes� Z’s modeldifferent from the onenormally usedfor Z. However, asdiscussedin Sec-
tion 2.1.4 (on page26), the forthcomingISO Standarddoesnot prescribea particular
positionon undefinedness.The treatmentof undefinednessis left to conventionsintro-
ducedby specifiersand/ortools.

Representingundefinednessin the modelof � Z is essential. The needfor its repre-
sentationis usuallyattributedto computation.For example,the reasonthat VDM [Plat
andLarsen,1992;LarsenandPawlowski, 1995] representsundefinedness,unlike Z, is
often explainedby its needto dealwith computation. For � Z, the more importantar-
gumentis thatexplicit representationof undefinednessis thekey to a simpleequational
theory, whichcanbeappliedwithout testingguardsfor definedness(whichare,in reality,
intractable).Centrallaws,suchasthedistributivity of schemaconstructionoverconjunc-
tion, ~ p � elk� e�S�N$ ~ p � elU�Ö�9~ p � e�S� , would otherwisebecomemorecomplex. Other
laws affectedare propertysubstitution(relatedto O -reductionor unfolding), construc-
tor decompositionandmany more. The observation canbe comparedwith the cleaner
equationalpropertiesof lazy functionallanguagesasopposedto strict ones.

It is notablethat, althoughwe have undefinedness,it is decoupledfrom fixed-point
construction,which is basedon classicallattice theory. In fact, the leastelementfor
fixed-pointconstructionis the empty set, not the undefinedset. Building fixed-points
wouldalsowork for modelswithoutundefinedness.

Since � Z’s approachis not constructive a priori , a fixed-pointmaybeundefined.At
thelevel of themodelsemantics,this causesno problems.In theequationaltheory, how-
ever, wehaveto placeconditionsaboutcontinuityof theexpressione in éçê p ë eover the
variablesfromp to allow symboliccomputationof fixed-points.Theapplicationcondition
of this law is indeedintractable,but in practice– whenmappingZ to � Z andconverting
somerecursive equationsinto thefixed-pointform – a pragmaticsolutionis acceptable,
whichaddstheunprovedassumptionthattheconditionfor thefixedexpressionis obeyed.

SetAlgebra

The � Z calculusis basedon setalgebra,and its operatorsarewell known, except that
they areinterpretedwith a partial semantics.A new contribution is the combinationof
set-algebraicoperatorswith thetranslationconstruct.Translationis usedto modelmicro-
elements,like function applicationandquantifiers,andat the sametime it scalesup to
describemorphismsbetweenmacro-elements,like entirespecifications.Translationsare
a way of describingmorphismsin the category of setsof the � Z universe,andsomeof
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theequationallaws seemto have a directcorrespondenceto conceptsin category theory
[Barr and Wells, 1990]. However, the relation to category theory needsto be further
investigated.

SetsIn Programming Languages

Setsfor usein programmingwereproposedby thedesignersof SETLbackin theeighties
[Kruchtenet al., 1984]. Recently, setsin declarative programminghave againattracted
interestin the community. Several set-orientedprogramminglanguageshave beende-
fined.Thiswork usuallyaddsspecialprimitivesto functionalor logic languages,provid-
ing predicatesfor membershipor subsetrelationand introducingnon-freeconstructors
for decomposingsetsin pattern-basedrule definitions.Oneapproachalongtheselinesis
the language~ log � (pronouncedSETLOG),which is an extensionof Prologby special
termsfor setexpressions,including extensionalandintensionalrepresentation,anden-
capsulatedsearch[Dovier etal.,1996;Rossi,1997].Anotherinterestingapproachhereis
subsetlogic programming, describede.g.in [JanaandJayaraman,1999;Jayaramanand
Moon,1999],which allows for recursivesubsetclauses.� Z differsfrom theseapproachesin that it embedsfunctionalandlogic conceptsinto
setsand not vice versa,therebyusing a pure expressionlanguagein the spirit of the¬ -calculus. This makes � Z suitableasan intermediatelanguagefor the integrationof
paradigms.Ontheotherhand,aswill beseenin Chapter4, thecomputationmodelfor � Z
presentedin thisthesisis notasambitiousastheonefor subsetlogic programming[Moon,
1997],which (in a first-ordersetting)employs setunificationandfixed-pointsover sub-
setconstraints,quiteexpensivefeatures[Arenas-SanchezandDovier, 1997;Stolzenburg,
1999]. Thesesymboliccomputationtechniquesare,in principle,entailedin � Z’s model,
but no attempthasbeenmadeto formulateequationallawswhich reflectthem.

Higher-Order Logic

� Z is relatedto higher-order logic [Gordon and Melham,1993] in its ambition to re-
ducemechanicalreasoningto asmallcalculus.However, � Z hasmoreredundancy, since
it containsextensionalelements(singletonsets)andsetalgebra,whereasbasicHOL is
purely intensional,and usesonly abstractionand applicationas the kernel expression
forms. In [Santen,1999], it hasbeenshown that Z canbe consistentlyembeddedinto
HOL, with thepracticaleffect thattoolslike Isabelle[Paulson,1994]canbeusedfor me-
chanicalreasoning.Herewe proposethat the redundancy of � Z, supportingextensional
descriptionandsetalgebra,is in factanadvantage,becauseit allows theconstructionof
kernelmachinesthatarespecializedfor thebasicconceptthat is of interestin reasoning
– booleanalgebras.This is at leastindicatedfor theapplicationsof partialevaluationand
(symbolic)computation,aswill beinvestigatedin thenext chapter.

Concurrent Constraint, Functional Logic Languages

Most authorspresentingimplementationtechniquesfor concurrentconstraintor func-
tional logic languagesbasetheirwork onakernellanguagewhich is usuallyanextension
of a subsetof ML or Haskell. Special“choice” constructs(generalizationsof the P�Q ýd¸
constructof functional languages)introduceindeterminism,and logic variablescanbe
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declared[Kuchenet al., 1990;Lock, 1992]. In languagesthat supportconcurrentcon-
straints,collectionsof constraintscanalsobe usedin positionof Booleanexpressions
[Chakravarty et al., 1997; Hanus,1999; Mehl, 1999]. Thesekernel languagesare of-
ten tailoredto theapplicationin hand. In contrast,the � Z calculususesa moregeneral
approach,sinceit is basedon standardnotionsof setalgebra.

An approachsimilar to thatof � Z arethecalculi for theOz language[Smolka,1998],
describedin [Smolka,1994a,b].The  -Calculus,CalculusA andCalculusB usea lan-
guageoverconjunctionsanddisjunctionsof constraints.Basicconstraintsaredeclarations
of predicatesandfunctions,aswell asequalitiesandapplicationsof predicates,andcom-
mittedchoice. Thecalculi arepureexpressionlanguages,similar to � Z. An equational
theoryis givenwhich servesto definetheoperationalsemanticsmoduloexpressioncon-
gruences.As will bediscussedin Chapter4, thecomputationmodelhassomesimilarities
to thatof � Z.� Z differsfrom theOz calculi in that it usessetalgebrainsteadof predicatelogic. It
incorporatesextensionalrepresentationof disjunctive information,which theOz calculi
do not support.On theotherhand, � Z currentlyhasno equivalentof committedchoice,
which is importantfor representingexplicit concurrency. Committedchoicecannotbe
representedassyntacticsugarin � Z. By awayof anattempt,let glGÓ el î g�ÖÓ e� bea
choicein � Z, wheregl andg� areBooleanguardsandthemeaningis definedas

~ x � glÑ��� g��� x × elU�³� ~ x � g���>� glk� x × e�d�X�~ x � g�h� g��� x × elk� e�S�
Theproblemis thecasewherebothgl andg� aretrue: in a committedchoice,we expect
thateitherel or e� is chosennondeterministically. Thiskind of non-determinismis “don’t
care”,which is notsupportedby � Z: thecalculusis, in fact,purelydeclarative,unfolding
“don’t know” indeterminisminto sets. Thus, the propertyx × elÑ� e� encountersall
possibilitiesin theunionof el ande� . How choicecanbe incorporatedinto � Z requires
furtherresearch.A moregeneralapproachthanonly supportingchoiceis aimedat,based
on temporalinterval logic [Büssow andGrieskamp,1997]. This will bediscussedunder
futurework in theconclusionin Chapter7.





Chapter 4

Computation in R Z

Daßmannicht weiß,
Wasmandenkt,

Wennmandenkt;
allesist als wiegeschenkt.

(Goethe)

Models for computationin � Z are investigatedin this chapter. The principal goal of
computationis seento bethetransformationof a � Z expressioninto a“more” extensional
but equivalentform. Theprocess,thereby, is incremental:givena setexpressione, one
computes,for example,the equivalentexpression~ el^�H� e� . Computationmay thenbe
continuedwith el (in caseit is notalreadycompletelyreduced)or with e� .

In general,thepragmaticsof computationdiffers if it is performed“on-line” or “off-
line”1. On-line computationworks by direct symbolic interpretation of expressions,
whereasoff-line computationinvolvescompilationsteps,targetingat a tailoredencoding
of expressionsandvaluesat executiontime. In this chapter, we will have this distinction
not explicitly: all thecomputationmodelswe investigatearesymbolic,in thesensethat
they work onexpressions(or slightextensionsof them).However, somemodelsarebetter
suitedto off-line computationandcompilation,asweshallsee.

Underlyingeverymodelof computationweinvestigateis anormalizationtransforma-
tion whichestablishesadisjunctivenormalform, includingsimplificationsof expressions
(Section4.2 (on page74)). The normalizationalreadyexploits mostof the equational
laws given for � Z in Chapter3. It is confluentandterminating,which is importantto
make it applicableto thepartialevaluationandoptimizationof � Z programsat compile
time. Indeed,sinceit terminates,it hasto leaveout lawssuchasthefixed-pointunrolling
law.

We obtaina narrowingsemanticsof � Z by addingto normalizationsomefurther re-
ductions,which arebasedon thepropertysubstitutionlaw, membershiplifting law, and
fixed-pointunrolling law (Section4.3(on page82)). By constrainingthereductionorder
of narrowing to outermost-inandstrictnarrowing,weobtainsomeinterestingsubmodels.

The narrowing semanticsis well suitedto on-line computation,however, not to off-
line computation(aswill be discussed).Therefore,a further modelis developed,using
thestyleof natural semantics, andconstituting� Z’s referencecomputationmodel, RCM
(Section4.4 (on page86)). This model definescomputationby making a distinction
between(strict,functional)deterministicreductionand(logic,concurrent)indeterministic
resolution, andpreparesa straighttransitionto the abstractmachinedefinedin the next
chapter. The chapterconcludeswith a discussionof the resultsobtainedandof related
work.

1The notions“on-line” and“off-line” aretaken from the realmof partial evaluation(e.g.,Conseland
Danvy [1993]).
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Figure4.1: ExtensionalEqualityandUnequality

4.1 Preliminaries

Somepreliminarydefinitionsaregivenin this section:extensionalequality, extensional
confluenceandmatchingcontexts.

ExtensionalEquality

We introducethe notion of extensionalequalityof expressions.This (partial) equality
identifiesexpressionsthatarebuilt from constructortermsandunionof singletonsets;it
cannotidentify schemasandtranslations.Thus,therelation � is anapproximationof
expressionequivalence,suchthatelk� e�Öô el5$ e� holds.Sinceit is approximative,the
negation Ì elk� e��ô Ì elL$ e� doesnot hold. We thereforedefinea secondrelation,
extensionalinequality, writtenasel�÷� e� , whichobeysthepropertyel2÷� e�Öô Ì el\$ e� .
Both relationsaredefinedby therule systemin Figure4.1.

Theuseof
�

requiresthatunionsbebracketedto theright (cf. thedefinitionof
�

,
Section3.3.5(on page56)), andthat the emptysetbe removed in a non-emptyunion.
Sinceequalitywill only beappliedto normalizedexpressionsthatputsunionsinto sucha
form, thisconstraintis feasible.

No attemptis made,by the given notion of equality, to identify further expression
forms. It is generallyassumedthat intersectionis resolvedbeforeequalityis tested.Sets
describedby translation,complementand,in particular, by schemascannotbeidentified.

ExtensionalConfluence

On the basisof the equalityrelation � , the notion of an expressionrelationR being
extensionallyconfluentis defined. For sucha relation,all terminatingderivationsthat
leadto anexpressionin thedomainof � mustyield equalresultsunder � . Thus,if



4.1Preliminaries 73

ÃA]]_^\`ba � �2j �?�@� A � ����� A o
UNCTX ��� ~0c � ]_^\`ba EXP ± ¬ s ������� EXP ± � jYc so �
INCTX ��� ~0c � ]_^\`ba EXP ± ¬ s ������� EXP ± � j[c so �

Figure4.2: MatchingContexts

e R nSnSn R el ande R nSnSn R e� , whereel^m e�E8×­¼'½�{ R, areterminatingderivations,then
el�×�¼'½»{$j � o Ê e�³×Ë¼'½»{�j � o ô elk� e� . This notion of confluencereflectsthe
fact thataslong as“symbolic” computationis done,confluenceis not asserted;only if a
derivationleadsto anextensionalform it counts.

Matching Contexts

A sequencematching context serves for the convenientformulation of rewriting rules.
With asequencematchingcontext, wecanmatchoneor moreelementsoutof asequence
andreplacethemby new elementsor removethem.For example,if cdA=ö�mfe�C matchessome
sequencecontainingö and e atarbitrarypositions,then cdA?g+ö�m�g�e�C matchesthesequence
whereoneoccurenceof ö is replacedby g,ö andoneoccurenceof e is replacedby g�e .chAig,ö�C is the sequencewherethe occurenceof ö is replaceby g+ö , and the occurence
of e is removed. Sequencematchingcontext c × ]_^\`ba � ( � the elementtype of the
sequence)aredeclaredin Figure4.2.

For the commoncaseof sequencematchingin combinationwith generalizedunion
andintersection,in Figure4.2we alsodefineunionmatchingcontexts j� × UNCTXand
intersectionmatching contexts j� × INCTX. j� e abbreviates j� j[c eo for somesequence
matchingcontext c (similar for intersection).
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b × EXPB ��� � d ��ikj b o ��� d � x expressions

d × EXPD ��� � �
c disjunctions

c × EXPC ��� � � l conjunctions

l × EXPL ��� � � a � a literals

a × EXPA ��� � �g� x �6~ p �lk¾� � c Ã plAÒÓ p�ÚÅË� atoms� d ��éçê p ë d �6~ b �
k"× EXPP ��� � pl � p� � p × c � �
� c � ��� c properties

Figure 4.3: NormalizedExpressions

4.2 Normalization

Underlyingeverymodelof computationweinvestigateis atransformationthatestablishes
a disjunctive normal form, including simplificationsof expressions. Normalizationis
describedby therelation Ó « :

Ó « � EXP S EXP

Applying this relation as a context rewriting establishesa disjunctivenormal form as
describedby thegrammarin Figure4.3. TheDNF is justifiedby thede-Morganlaws of
thecalculus.In additionto theDNF form, somefurtherassertionsholdaboutnormalized
expressions:

± Any translationthat is neitherhiding nor embeddinghasbeendecomposedinto
an embeddingfollowedby a hiding. Hidings arepulled, embeddingspushedand
consecutive translationscontracted. Complementis pushedas far as possible–
justifiedby thelifting anddistributivity lawsof translation

Notethathiding translationscannotbecompletelypulledout of expressions,since
complementis not distributive w.r.t. hiding; thus, for example,the following ex-
pressionis in normalform: c ��� jÚj clk� c� o^Ã plGÒÓ p�ÚÅ o .

± Potentialfor simplificationis exploited to a maximum: the only laws not consid-
eredfor this purposearemembershiplifting, propertysubstitutionandfixed-point
unrolling.

± Schemapropertiesaredecomposedinto oneof theforms:patternequality, pl � p� ,
patternmembership,p × c, or test for emptinessandnonemptiness,

���
c or

���
c.

The variablesappearingin the patternsp, pl , and p� must be directly boundby
theenclosingschema,andthe patternsmustbe linear. In fact,after removing the
syntacticsugar, the forms overlap. However, for the sake of simplicity, it will be
assumedin thesequelthatthepropertyformscanbedistinguished.
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4.2.1 Property Normalization

We take a closerlook at thenormalizationof schemaproperties.Thebenefitof having a
schemapropertyin theform ~ p � pÔ × c � is thatthemembershiplifting law (Figure3.34
(on page65)) canbeappliedassoonasc doesnot dependon variablesfrom p, yielding
theexpressionc Ã pÔ ÒÓ pÅ 2.

Normalizationensuresthatany so-calledflexible appearancesof variablesin a prop-
erty areconvertedinto amembershipproperty, p × c, togetherwith a sequenceof simple
equationsof flexible variables,x � x

Ô
. By a flexible appearance,we meana variablex

usedasin ~ Px � C ~
m x � � , whereC is a positiveconjunctivecontext built from intersec-
tionsandtranslations,and m acontext of constructorapplications.

The normalizationof flexible variablesworks as follows. Let ~ p � ��� jD� l o � be a
schemawith a positive conjunctive propertyasan intermediateresultof normalization,
whereconstructordecompositionhasbeenperformed,hidingshave beenpulledandab-
sorbedby the overall hiding of

���
, and embeddingshave beenpushedto the leaves.

Henceforth,
��� j � l o mustmatch(moduloassociativity andcommutativity)��� jz~ xlU� Ã plAÒÓ qlzÅ'� nSnSnB�@~ xn � Ã pn ÒÓ qn Å¶� c o

wherethe xi areflexible andwherec doesnot containvariablesin a flexible position.
Next, we unify thepatternsqi againsteachother(if this fails, thenthepropertyreduces
to � alreadyat normalizationtime). Let  be the resultingassignment,and let  Ô �~ xl�ÒÓ wf�'��w� pldmSnSndn(m xn ÒÓ wf�'��w! pn � be an assignmentfor the flexible variablesxi,
andq � w^�'��w� ql the unified translationtarget. Let x � ì	´ Æíw q � � j ì	´ Æíw Á Æ ´ un Ô Â o be
thevariablesin q thatareboundto theflexible variables(q cancontainfurthervariables
introducedby embeddings).Then,weconstructtheschema

~�wf�'��w� Ô p ��j x o ×ïj�wf�'��w� Ô c ofÃ q ÒÓ j xo Åx� n
However, this schemamight not be well-formed,since wf�'��w� Ô p may result in a non-
linearpattern.But in this case,asimplerenamingof doubleoccurrencesof variablescan
beperformed,addingaliaseslikex � x

Ô
for eachrenamedvariable.

By way of an example,considerthe schema~ x �Õj em x o × e
Ô � . This resultsin the

normalizedschema

~ x � x ×òjx~ e� Ã x ÒÓ j x m o Å'� e
Ô ofÃ j m y o ÒÓ yÅz� n

As a further example,demonstratingaliasing,considerthe schema~äj x m y m zo �Gj em x o5�j y m zo × e
Ô � . For thepropertyoneliterally gets��� jx~ x � Ã x ÒÓ j m x o Å¶�9~ y � Ã x ÒÓ j x m o Å'�@~ z� Ã x ÒÓ j m zo Å'�9~ e� Ã x ÒÓ j x m o ÅD� e

Ô o
Unificationof j m xo with j y m ) and j m zo yields j y m zo . Theresultingschemais

~äj zm y m zÔ o �äj y m zo ×­jx~ e� Ã x ÒÓ j x m o Å¶� e
Ô o � z � z

Ô � n
In asubsequentnormalizationstep,this is reducedto aconjunctionof schemas,onehold-
ing thepatternmembership,theotherthealias.

2Membershipeliminationis notpartof normalization– but thecomputationmodelsbasedonnormalized
expressionsuseit asa centralsimplificationstep.
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« l �6~ e�;Ó « e
e� EXP

Figure 4.4: SingletonSetNormalization

« � ~�ih�FÓ « ~0�W� Ã x ÒÓ i»Å T �CONS
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« (
�

e � �
x 1ïq

~�ikj eo �FÓ «� j¢j=¬ i ��-ò± ~ ei � Ã j xi o ÒÓ_ikjÚj o/. x o Å o/. t ¼kj¢®ÕnSn � eo¢o
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e� UZVYX EXP
x � UZVYX VAR

Figure 4.5: ConstructorNormalization

4.2.2 Normalization Rules

Therewriting rulesfor simplificationandnormalizationaredefinedin thesequel,using
thenotationstyleof inferencerules.Thoughthis kind of notationis particularlysuitable
for inductive definitionsover the structureof expressions(which doesnot apply to the
rewriting rulesbelow becausethey arenot recursive in their premises),it is usedherebe-
causetheapplicationconditionsof rulesaresometimescomplex, andarebetterreadable
whendenotedin rulestyle.

Singleton-SetElimination

Rule c+® in Figure4.4resemblesthereductionof singleton-setselection.

Constructor Decomposition

RulescØö and cbe in Figure4.5handlethedecompositionof singletonsetscontainingcon-
structorterms(accordingto thelawsin Figure3.24(onpage60)). Even0-aryconstructors
aretransformedinto translations,sinceincompatibleconstructions(e.g. ~�i �Ö�9~�i Ô � withi"÷� i Ô ) aredetectedby theintersectionof translations(Rule cÙ®0o ).
Union

Rules c3p to c\q in Figure4.6 (on the facingpage)modelthesimplificationof setunion
basedon Booleanlaws (Figure3.21(on page58)). Unionsarerebracketedsuchthat the
generalizedunion,

�
, can apply. Tautologiesare reducedand duplicateelementsare

removed.The“excludedmiddle” for singletonsetsis tackledby rule cbq .
Intersection

Rules cbr to cÙ®�s in Figure 4.7 (on the facingpage)model the simplificationandnor-
malizationof setintersectionbasedon booleanlaws (Figure3.21(on page58)). As for
union, intersectionsarerebracketed,tautologiesarereducedandduplicateelementsare
removed. The “excludedmiddle” for singletonsetsis tackledby rule c+®�e . Rule c+®0s
distributesintersectionoverunion.
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Figure4.6: UnionNormalization
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Figure 4.7: IntersectionNormalization

RulescÙ®0o to c+®�q handletheintersectionof translationsand/orschemaswhichcannot
fit, becausethecorrespondingpatternscannotbeunified.

Rule cÙ®0r modelsthe lifting of hiding translationsout of an intersectioncontext (cf.
Figure3.28(on page63)).

Complement

Rule cØö�q in Figure4.8 (on thenext page)absorbsconsecutive complement.Rules cØöä®
and cÖöDö distribute set complementover union and intersection. Rule cÖöve distributes
complementover embeddingtranslationsthatareexhaustive. Rule cÖölp distributescom-
plementoverschema,addingthosevaluesthatcannotmatchtheschema’spattern.
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Figure 4.8: ComplementNormalization

Translation

RulescÖö�s and cÖövo in Figure4.9(on thefacingpage)distributetranslationoversetunion
andintersection.For intersection,only embeddingtranslationscanbedistributed;hidings
arein fact lifted asdescribedearlier(Rule cÙ®0r ). Rule cÖö�� reducesthetranslationof the
emptyset.Rule cÖövq eliminatesatranslationby thesameexhaustivepattern.(An instance
wherethis rule appliesis a translationby thesamevariable,x ÒÓ x.)

Rule cÖövr handlesconsecutive translationsthat arecontradictory, becausethe target
patternof thefirst translationcannotbeunifiedwith thesourcepatternof thesecond.

Rule c\eDq tacklesconsecutive translationthat canbe contracted. It is only applied
if the resultingtranslationis a hiding or an embedding,in order to prevent a circular
applicationw.r.t. Rule c\e»® , that splits a translationwhich is not a hiding or embedding
into aconsecutiveembeddingandhiding.

Rule c\e'ö reducesa translationof a schemawhosepatterndoesnot unify with the
translation’s sourcepattern.Rule cbe�e eliminatesanembeddingtranslationof a schema
by substitutingin theschema’s propertytheassignmentresultingfrom unificationof the
schema’spatternwith thetranslation’ssourcepattern.

Schema

Rules cbevp and c\e�s in Figure4.10(on thenext page)handledistribution of schemaover
setunionandintersection.Rulesc\e�o and cbe�� eliminateschemaswith tautologicalprop-
erties.

Rule cbe�q describestheconversionof aschemaproperty,
��� jD� l o , intoapatternmembership-

test,p × c (asdiscussedabove on page75). This rule is sketchedonly informally. We
assumethat

�
� jD� l o is normalizedasfaraspossible,andthatconstructordecompositionis
notappliedafterthis rule (otherwisewerun into acycle,sinceacandidatefor constructor
decompositionis introducedby the rule). Moreover, the fact thata renamingof double
variablesin wf�'��w� Ô p hasto beperformed,addingcorrespondingaliasequations,is not
formalized.
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Figure 4.9: TranslationNormalization
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Figure4.10: SchemaNormalization

4.2.3 Propertiesof Normalization

Therelation Ó « hassomepropertiesthatwill beinvestigatedbelow. Let � « be
thelifting of Ó « to a context rewriting, suchthatel�� « e� if f thereexistsa context# andsubexpressionse

Ô l m eÔ � suchthatel � # e
Ô l , e
Ô l Ó « e

Ô � , ande� � # e
Ô � .
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PROPOSITION 4.1 Therelation � « is soundw.r.t. themeaningof � Z. �
Proof(informal). Therulesaredirectly derivedfrom theequationallaws.

,
PROPOSITION 4.2 Therelation � « is terminating. �
Proof (informal). The rulesof Ó « canbe characterizedin termsof threeclasses:
eliminationruleswhichdecreasethesizeof theiroperands;distributivity ruleswhichpush
a � Z operatordown into an expression,thuspossiblyduplicatingsomeoperands;and
lifting ruleswhich do the oppositeof distribution. The eliminationrulesareobviously
safeasregardstermination.Distributivity andlifting rulesaresafeif they excludeeach
other:whathasbeendistributedmustnotbelifted to its original form in a laterrewriting
step.Therearetwo problematiccaseshere:

± Rule c\eDq composesandrule cbe»® splitstranslations.But theapplicationconditions
have beenchosensuchthat compositionis only performedif splitting cannotbe
appliedto theresult.

± Rule cbe decomposespatternsandrule c\e�q synthesizesthem. Preventinga cycle
in the applicationof theserules is not beenformalized(becauseRule cbevq is left
informal)but it is easilypossible:sincetheeffectof c\e�q is localizedto aschema’s
property, normalizationcanbesequentialized.First therule systemis comprehen-
sively appliedwithout usingRule c\e�q , thenin a secondpassc\e�q is comprehen-
sively applied. ,

PROPOSITION 4.3 � « is confluentw.r.t. extensionalequality. �
Proof(informal). Sincewecanassumesoundness,theproblemreducesto showing that
for eachderivationthatleadsto anextensionalvalue(onewhichis in thedomainof � ),
eachalternative derivationalsoleadsto anextensionalvalue.Thesourcesfor increasing
extensionalityin aderivationareeliminationrules.Thequestionis whetherthepossibility
of applyingsomeof theserulesis obstructedif we preferapplyinganotherrule beforea
possibleeliminationstep:

± TheBooleaneliminationrulescausenoproblemshere.A unionor intersectioncon-
text is eitherreducedto a tautology, which is the“best” resultthatcanbeachieved,
or a duplicateoperandis removed,still allowing eliminationin its context with the
remainingoperand.

± Theapplicationof distributivity andlifting rulesactuallyincreasesthepotentialfor
simplification,so thereis no problemif oneprefersdistributing beforea possible
eliminationstep.

,
On thebasisof Proposition4.2 andProposition4.3,we canasserttheexistenceof a

total function u'ÆÈ{ which normalizesandsimplifiesan expression.For nonextensional
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resultsof normalization,whereconfluencecannotbe asserted,somearbitrarybut fixed
reductionorderis assumed:

u'ÆÈ{ � EXP � EXP

PROPOSITION 4.4 Thefunction u'Æ�{ putsanexpressioninto disjunctivenormalform, as
specifiedby thegrammarin Figure4.3. �
Proof (informal). In general,establishinga disjunctive normalform is a standardpro-
cess.Our rule systemdiffers from this only in that translationsneedto be treated,and
propertiesof schemasmust be normalized. The decompositionof any nonhidingand
nonembeddinginto an embeddingfollowed by a hiding, and the strict distribution of
embeddingsandlifting of hidings,ensuresthat translationsarenormalizedasrequired.
Establishingthenormalform for propertieswasjustifiedon Page75.

,
PROPOSITION 4.5 Thereexists an innermost-outreductionstrategy, an inductivealgo-
rithm over theexpressionstructure, which implementsu'ÆÈ{ . �
Proof (informal). The algorithmis the usualonefor establishinga disjunctive normal
form. For example,for distributivity of intersectionoverunion,we cangiveaninductive
rule in thestyleof:

j��A elfC)���« e
Ô l ��j�;A e�yC)���« e

Ô � � e
Ô l � e

Ô � Ó��« e
Ô

j��A elk� elzC)� �« e
Ô

In general,distributivity andlifting rulesdrive the algorithm. Elimination rulesareap-
plied at eachexpressiondepth(heredepictedby e

Ô l � e
Ô � Ó « e

Ô o beforethe final result
expressionis returned.

,
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Figure 4.11: Narrowing Rules

4.3 Narr owing Semantics

In normalizedexpressionsnearlyall the equationallaws of � Z areexploited. The laws
not usedarepropertysubstitution, membership lifting andfixed-pointunrolling. Consid-
eringthenormalform of expressions,thesearethelaws driving reduction:with property
substitution,variablesarebound;with membershiplifting, schemasareeliminated;and
with fixed-pointunrolling, a circular expressionis lifted one level upwardsin its con-
text. Applying eachof thesestepsmayprovide furthersimplificationandnormalization
potential.

We will thusdefinethe narrowing semanticsof � Z asconsecutively applyingsub-
stitution, membershiplifting andunrolling in an expressioncontext, andafterwardsre-
normalizingtheentirecontext. The strategy for selectingthenext redex cantherebybe
altered.In thegeneralcase,whereredex selectionis arbitrary, weconjectureacomplete-
nessresultw.r.t. � Z’sequationaltheory. A possiblerestrictionis anoutermost-instrategy.
A feasiblerestrictionis “strict narrowing”, which is not complete,but moreadequatefor� Z thanoutermost-in,aswill bediscussed.

4.3.1 GeneralNarr owing

Therelation � � representsanarrowing step:

� � � EXPB S EXPB

Therulesfor � � , usinganarbitraryexpressioncontext # , aregivenin Figure4.11.
Rule � ® implementspropertysubstitutionfor thecaseof aplainintersectedsingletonset;
rule � ö doessofor atranslatedsingletonset.Theserulesaredirectapplicationsof thelaw
foundin Figure3.35(on page66). Rule �He realizesmembershiplifting (cf. Figure3.34
(onpage65)). Rule �Hp implementsfixed-pointunrolling(cf. Section3.4.7(onpage66)),
wherecontinuityof theexpressiond needsto beasserted.
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We investigatesomerelevantpropertiesof � � : soundness,extensionalconflu-
ence,andextensionalcompleteness.

PROPOSITION 4.6 The relation � � is soundw.r.t. themeaningof � Z, modulothe
assertionthat in eachappearanceof thefixed-pointoperator, thefixedexpressionis con-
tinuous. �
Proof(informal). Normalizationis sound.Theadditionalrulesof � � aredirectly
derivedfrom theequationallawsof the � Z calculus.

,
PROPOSITION 4.7 Therelation � � is confluentw.r.t. extensionalequality. �
Proof(informal). We canassumeextensionalconfluenceandterminationof normaliza-
tion aswell assoundness.As with the argumentfor confluencein Proposition4.3 (on
page80), thequestionis whetherindeterminismin thereductionorderobstructsthepo-
tential for obtaininganextensionalvaluein a derivation. This is excludedbecauseeach
individual rule in fact increasespotential for simplification, regardlessof the order in
whichthey areapplied:rules� ® and� ö instantiatevariables,andRules�He and�Hp lift
expressionsoutof their isolatedcontext of aschemapropertyinto anintersectioncontext,
wherefurtherinteractionsareenabled.

,
CONJECTURE 4.8 The relation � � is extensionallycompletew.r.t. the equational
theoryof � Z: whenevere $ e

Ô
ande

Ô
is extensional,thenthereexistsane

Ô Ô � e
Ô
, suchthatu'Æ�{ e � � e

Ô Ô
. �

A formalproofof thisconjectureis omitted.In fact,theproofhasbeenindirectlyprovided
by constructionof normalizationandnarrowing, providing a strategy for thecomprehen-
sive,directedapplicationof � Z’s equationallaws:

± The normalizationof translations– hidingsarepulled, embeddingspushed– en-
ablesmaximaleliminationof them.

± All possibilitiesfor applyingpropertysubstitutionaredetected.

± The normalizationto DNF, togetherwith constructordecomposition,enablesall
simplificationsin intersections.

± The normalizationof schemapropertiesrecoversall possibilitiesfor applyingthe
membershiplifting law.

± Complements,whichhindertheapplicationof propertysubstitutionandotherlaws,
arepushedasfaraspossible.The“excludedmiddle” for singletonsis notobstructed
by this. Consider ~ e�H���¨~ x � x × ~ e�»� n
Usingmembershiplifting beforepushingcomplementyields ~ e�G�>�­~ e� , enabling
the applicationof excludedmiddle. On the otherhand,pushingthe complement
over theschemayieldsin

~ e�H�9~ x ����j x ×F~ e� o � n
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However, now propertysubstitutioncanbeapplied,resultingin

~ e�H�9~ x �E� j e ×F~ e� o � m
which likewisereducesto � aftersomesteps.

Generalnarrowing is so powerful becausethe reductionorder is undetermined.Since
all ordersof reductionarepossible, the “right” one(which terminatesif terminationis
possibleat all) is alsocontainedin � � . However, this alsomeansthat thereare
many derivationsleadingto anon-terminating“dead-end”,andthusgeneralnarrowing is
not very feasiblefor implementingcomputation.

4.3.2 Outermost-in Narr owing

The narrowing semanticsdefinedin the previous sectioncanbe modifiedby supplying
anoutermost-instrategy for selectingthenext redex. In orderto model“parallel-or” and
“parallel-and”,indeterminismstill needsto bepresentin thereductionorder, but it canbe
significantlypruned.

The selectionof an outermost-inredex is describedby a context, declaredas � ×
OUTEREDEX� EXP � EXPandspecifiedby thefollowing “grammarwith ahole”:

� � ��� � j� AY� ��C ��j� AY� ��C � �Ëj[� � o �6j[� � ofÃ plAÒÓ p�BÅ �$�Xj[� � o �³�
The redex selectionis indeterministicin the choiceof the memberof an intersectionor
a union,which modelsthe“concurrency” of reductionby interleaving. Note thatwe do
notselectsubexpressionsin constructorterms,schema,andsingletonset:this reflectsthe
non-strictnessof this order.

By replacingtheexpressioncontext # in thenarrowing rules� ® to ��p by a context� , wegetanoutermost-innarrowingstrategy. Weconjecturethatthisstrategy is “shallow
complete”: for forced expressionsit obtainsthe sameresultsasgeneralnarrowing. A
forcedexpressionis onecapturedby the context � during a derivation sequence.For
example,if wehave initially

~äj x m y o � x × y �H�@~ c � Ã y ÒÓ j m y o Å
thenc will beprotectedby thesingletonset,but aftersubstitutionweget

~äj x m y o � x × c �H�@~ c � Ã y ÒÓ j m y o Å
which is thentransformedby membershiplifting to

c Ã x ÒÓ j x m o Å¶�9~ c � Ã y ÒÓ j m yo Å
suchthatc is now capturedby � . In anactualimplementationof thisstrategy, onewould
usesharingtechniquessuchthat the reductionof thebubbledc in the translationwould
alsorewrite theoriginalc in thesingletonset– yielding a “lazy” reductionstrategy.

Theproblemwith thisstrategy is that,by contrastto functionallogic languageswhich
baseon lazynarrowing [Hanus,1994],in � Z equalityandunequalityis requiredfor sim-
plification rules concernedwith setsof sets– a further possiblesourceapartfrom the
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redex selectionfor forcingreduction.For example,~'~ el^� �H�9~'~ e�d� � reduces(by normal-
izationRule c+®@p ) to � , if el ande� reduceto anextensionallyunequalvalue.Shouldwe
forcethereductionof elementsof singletonsetsin anintersection,suchthatextensional
equalityor unequalitymight beapplicable?The problemis thusto transparentlydefine
whenvaluesare forced. For this andother reasons,we preferanotherstrategy, called
“strict narrowing”.

4.3.3 Strict Narr owing

Thebasicdecisionin strictnarrowing is to extendtheselectionof a redex to theelements
of singletonsets,suchthatwe get the following refinedredex definitioncomparedwith
outermost-innarrowing:

cV� ���v� j� A[c@��C ��j� A[c@��C � �Ëj[cV� o �Xj[c9� o^Ã plAÒÓ p�ÚÅË�5�³jYcV� o �6~0c@��� ���
By replacingthegeneralexpressioncontext # with c in thenarrowing rules,andby fur-
therdemandingthatthepropertysubstitutionrules,� ® and�>ö , areonly performedif the
elementof thesingletonsetcannotbefurtherreducedby � � , weobtaina strict nar-
rowing strategy. This strategy is still indeterministicbecauseof theundeterminedchoice
of which operandin union and intersectionis to be selectednext. It is not completely
identicalto whatis usuallydescribedas“innermost-out”narrowing [Hanus,1994],since
we still do not look insideof schemas.Rather, it is relatedto applicativeorderreduction
andweakhead-normalform in the ¬ -calculus[Barendregt, 1984].

Since,by constructordecomposition,expressionsof thekind ~�ikj b o � arenormalized
to ~ b � Ã x ÒÓ ikj x o Å , it is usefulfor reasonsof transparency to alsomake constructorappli-
cationstrict. We thereforeaddto theabove definitionof c contexts thatselectoperands
of constructorapplication(wedo not formalizethis).

Strict narrowing will be our operationalsemanticsof choice,and the computation
modeldevelopedin thenext sectionwill bebasedon this strategy. Its restrictionis that
divergingreductionof elementsof singletonsetswhichwouldbenot“forced” in lazynar-
rowing propagatesto thecontext. However, if in this context otherreductionsdetermine
theresult,asin ~ diverges�G� reducesToEmpty, thenthenonterminationwill becaughtby
theconcurrentreductionmodel.
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4.4 The ReferenceComputation Model

In this section,the referencecomputationmodelof � Z, calledRCM, is described,using
thestyleof naturalsemantics[Kahn,1987].Theintentionis to obtainamodelthatis ab-
stractenoughto still supportaconceptualideaof computationin � Z, but alsonearenough
to animplementationto serveasastartingpoint for thedesignof anabstractmachinefor
“off-line” computation.Thestrictnarrowing semanticsgivenin theprevioussectionis not
well suitedto this purpose,sinceit is basedon thesymbolicmanipulationof termsand
requiresrenormalizationof completeexpressioncontexts after eachnarrowing step. In
themodelgivenhere,substitutionis to bereplacedby environmentsandrenormalization
by techniqueswhichcanbemappedto backtrackingandsearch.

In the previous section,we have alreadydiscussedwhy for conceptualreasonswe
prefer a strict semanticsfor computation. The model designedherehasa few further
restrictions,driven by the goalsof efficient implementabilityandtransparenttraceabil-
ity of execution. The last point is particularly importantfor the applicationto test-case
evaluation,wherethereasonfor executionfailureneedsto betraceableby humans.The
following restrictionswill beimposedin comparisonwith thestrictnarrowing semantics:

± In principle, thestrict narrowing semanticsprovides“symbolic computation”.An
expressionis irreducibleif it cannotbe further reducedby � � , but suchan
irreducibleexpressionmay still be processed,for example,by substitutingit in a
property.

In the RCM of � Z definedhere,expressionsneedto be reducibleto a value. If
this valueform is not reached,andtheexpressionis neededto continuecomputa-
tion, thencomputationwill stop. Therestrictionto valueformsallows anefficient
representationin anabstractmachine,andmakesthesourcesof failuretraceable.

± Thestrictnarrowing semanticsgivenin theprevioussectionallowsarbitrary“paral-
lel or” and“paralleland”reduction.In animplementation,thiswouldmeanthatany
subexpressionof unionandintersectionhasto becomputedby concurrentthreads,
whichcausessignificantefficiency problems.

TheRCM presentedheremakesa distinctionbetweendeterministic,“functional”
reductionandindeterministic,“logic” resolution.Thedeterministicreductionis de-
signedusingtheresiduationtechnique[Ait-Kaci et al., 1987],which letsa compu-
tationsuspendassoonasit encountersa free“logic” variable.Thelogic resolution
usesparallelexecutiontechniques.

Reductiontakesplacefor evaluatingsetexpressionsandplain expressions.Reso-
lution is donewhenareducedsetvaluev is testedfor membership,p × v. “Parallel
or” is not provided – disjunctionsare executedfrom left to right, thus enabling
backtrackingtechniquesfor their implementation.

For definingtheRCM, wefirst specifyvalues, asubsetof expressions.Thoughvalues
arestill representedsymbolically, we will laterseein Chapter5 that they correspondto
anefficient representationin an implementation.We thendefinea setof inferencerules
which describecomputation.
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Figure 4.12: ValuesandConstraints

4.4.1 Valuesand Constraints

Valuesarea subsetof normalizedexpressions,enrichedby a tailoredrepresentationof a
schema-like construct,calledan intension. An intensionconsistsof a patternanda con-
straint. A basicconstraint,| Ã ��k , is avalueassignmentpairedwith apropertyexpression.
Constraintsmaybecomposedby conjunctionandby disjunction,thoughwe expectonly
conjunctionsin intensions(disjunctionsareneededlater on). The definitions,together
with someauxiliary functionson constraintsandvalues,aregivenin Figure4.12.

An intension � p ��| Ã �¢k¡� canbeinterpretedastheschema~ p �¶w^�'��w)|£k¾� . However,
thereare a few differences.First, it is possiblethat the above expansionresultsin an
infinite term, since | may containan assignmentreferring to the intensionitself. This
circularity of assignmentsis usedto expressfixed-pointsin thecomputationmodel.Sec-
ond, the property k may containfree variableswhich areboundneitherby p nor by | .
Thesevariablesmaybeconsidered“locally existential” for theintension,andareusedto
representhidingtranslationsby intensions.Whenanintensionis instantiatedin acontext,
thenthesevariablesneedto berenamedaway from thevariablesof thecontext.

Someauxiliary functionsfor working with constraintsareintroduced.We write
� �

for a conjunctionof constraints,and å � for a disjunction.For a sequenceof basiccon-
straints,| Ã � � is written. Thesetof freevariablesusedin aconstraintcanberetrievedbyì	´ Æíw>� .|   � describesthepropagationof anassignmentinto aconstraint,anddistributesover
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conjunctionanddisjunction.For a basicconstraint,we have |   j�| Ã �¡k o�� j:|}�Ï| Ô oÕÃ �+k .
Here,propagationis only definedif |}�Ï| Ô yieldsa properfunction. This is only thecase
if, in their commondomain,both assignmentsmapto the samevalue(or the common
domainis empty).

Given a constraint,its overall assignmentis selectedwith the function ´ w¢w+� . The
assignment́ w¢w¡� is only definedif the union of the assignmentsof the subconstraints
yieldsaproperfunction.

Someauxiliary functionsfor workingwith valuesarerequired.Valueunionandinter-
sectioncontexts, j� × UVCTXand j� × IVCTX, area specialcaseof generalunionand
intersectioncontexts,UNCTXandINCTX, but expectthesequenceelementsto bevalues.

In Section4.1(onpage72)wedefineda(partial)extensionalequalityandextensional
unequality. Thesedefinitionscarry over to values. As schemascannot be decidedas
equalor unequal,intensionscannot.On thebasisof valueequalityandunequality, a uni-
ficationfor “extendedpatterns”,built from constructorapplication,variablesandvalues,
andwritten aspl � � p� , is assumed.This unificationuses � for comparingvalues
foundat thebottomof constructorterms.Theform pl�÷� � p� decideswhetherunification
fails (using ÷� ). Thenotationpl)� � e� p� “refines” theassignment| to theassignment| Ô by theresultof unifying wf�'��w)| pl with wf�'��w)| p� : similarly pl5÷� � e� p� for thefailure
case.

In principle,morepowerful notionsof unificationcanbeembeddedin our computa-
tion model(e.g.setunification). This would requiresometechnicalmodificationsto the
rulesgivenin thenext sectionto dealwith setsof unifiersreturnedby unificationinstead
of asingleunifier.

4.4.2 Computation

Computationis definedby two relations,whicharemutuallydependent.Thefirst relation,
e �g�Ó�¤ e

Ô
, describesastrictreductionsteponexpressionsunderthevalueassignment| . It

cannotbeappliedto unboundvariables,whichmeans,in thecontext of its usage,thatthe
correspondingcomputation“suspends”.Therelatione �g�Ó�¤ e

Ô
hasindeterminism,but it

is “don’t care”: an implementationcanchoosesomearbitraryfixed orderto implement
reduction.

The secondrelation, �¥�§¦¨� Ô , describesa resolutionstepby mappinga constraint
onto a constraint. � is expectedto be in disjunctive normal form, and � Ô will be, too.
Theindeterminismin this relation(providedit doesnot resultfrom recursive application
of e �ghÓ©¤ e

Ô
) is “don’t know”. Thus, an implementationhasto provide a concurrent

(interleaving) applicationstrategy.

gÑÓ�¤ � �2j EXP � VALASS� EXPo�§¦ � CTR S CTR

We expectthat,beforecomputationstarts,expressionswill benormalizedto disjunc-
tive normal form, as specifiedby the function u'ÆÈ{ e in Section4.2. However, during
computation,no renormalizationis necessary. Thusnormalizationcanbedoneat “com-
pile time”. In contrastto the narrowing semantics,wheresimplification is an intrinsic
part of normalization,the strict computationmodeldoesnot actuallydependon initial
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¤�l e �g�Óª¤ e
Ô

c e �g�Óª¤!c e
Ô ec ee � EXP� � VALASS« � SREDEX

Figure 4.13: Strict Context Reduction

¤S� x ×9¼'½»{"|
x �ghÓ ¤�| x

x � VAR� � VALASS
¤�( ì	´ Æíw e

ð ì	´ ÆMw p �¿¼'½»{9|
~ p � e� �g�Ó ¤«� p �	| Ã � e� p � PAT � e� EXP� � VALASS

¤�2 p � � e� v � e � eghÓ�¤ el � eg�Óª¤ nSndn en � eg�Ó�¤ v

é%ê p ë e �ghÓ©¤ v
p � PAT � e� EXP� c � e � VALASS� v � EXPV

Figure 4.14: Variable,Schema,andFixed-PointReduction

simplifications. The essentialconditionsarethat propertiesof schemasarenormalized,
asdescribedin Section4.2(on page74),andcomplementis pushed.

ExpressionReductionRules

Rule ¬G® in Figure4.13describesaninductivereductionstepin astrictexpressioncontext,c × SREDEX
ð

EXP � EXP. A strict context c is specifiedaswith thestrict narrow-
ing semantics.As explainedabove, the freedomof choicein selectinga strict redex in
expressionreductionamountsto “don’t care”indeterminisminsteadof “don’t know”.

Therulesin Figure4.14modelthestepwhereanexpressionis convertedinto avalue.
Rule ¬ñö describesthesubstitutionof avariable,whichwill only bepossibleif thevariable
is boundby | . This is one sourceof “suspension”. Rule ¬­e reducesa schemato an
intension. The rule is only applicableif free variablesof the propertyareeitherbound
by the patternor by the substitution– i.e. variablesfrom outerscopesarenot allowed
to be free. This is theothersourceof “suspension”.Rule ¬­p describestheconstruction
of a fixed-point.Therule is cyclic in its premise,forestallingtheresultingvaluev in an
assignment| Ô which is usedto calculatethis value(the usualtechniqueusedin natural
semanticsfor constructingfixed-points).A finite numberof reductionstepsis requiredto
maptheexpressione to avaluev: theexpressionemaycontainseveralschemas,andthe
valueform is not reacheduntil all theseschemashavebeenconvertedto intensions.

Therulesin Figure4.15describethereductionof translationandcomplement.Rule¬�s convertsa translationinto anintension.It exploits thepossibilityof usingexistential
variablesin anintensionsconstraint:pl maycontainvariablesnotboundedby p� . Rule ¬�o
describesthetranslationof acomplementinto anintension.

The rules in Figure4.16 (on the next page)describethe evaluationof setoperators

¤ u
v Ã plGÒÓ p�BÅ �gÑÓ�¤«� p��� : Ã � plÕ× v� v � EXPV � p � c p� � PAT� � VALASS

¤ w x × fresh

� v �g�Ó ¤«� x � : Ã � ��� j x × vo � v � EXPV � x � VAR� � VALASS

Figure 4.15: TranslationandComplementReduction
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¤ x j� AÈ�_C �gÑÓ�¤®j� ADC � � VALASSj� �UVCTX
¤ { vlk� v�

j� A vlUm v�
C �ghÓ©¤®j� A vlfC
v � c v� � EXPV� � VALASSj� �UVCTX

¤ | j�®AÈ�¯C �ghÓ�¤)� � � VALASSj� � UVCTX
¤�l~} vl�÷� v�

j�®A vl^m v�yC �g�Ó�¤}�
v � c v� � EXPV� � VALASSj� �UVCTX

¤�løl vlÑ� v�
j�®A vldm v�
C �ghÓ�¤ j�¨A vlzC

v � c v� � EXPV� � VALASSj� �UVCTX

¤�lÈ�
plA� � e p�

exvs� �­ì	´ Æíw/�S�ñæ ì	´ ÆMw p�S�' × exvs� � fresh

j�®A?� pl)�l��l?�Sm@� p�}�
�S�f�
C �g�Ó�¤¨j�°A?�=wf�'��w)| Ô pl)��| Ô   j~��lkÄÉjY   �S� o¢o �
C
p � c p� � PAT± � c ± � �CTR� c � e � VALASS
exvs� � ² VAR

� � VALASSj� � IVCTX

¤�l~( pl�÷� � e p�
j�®Ai� pl,�v��l���m�� p���
�S�f�
C �g�Óª¤}�

p � c p� � PAT± � c ± � � CTR� c � e � VALASSj� � IVCTX

¤�l�2 j�®A vlk� v�yC �g�Ó�¤��°A vlzCk���®A v�
C
v � c v� � EXPV� c � e � VALASSj� � IVCTX

Figure4.16: SetValueReduction

¤�l u x × fresh

� v �g�Ó�¤)� ¤ j x m : Ã � x × vo
v � EXPV

x � VAR� � VALASS

¤�l w �§�§¦d� Ô
� ¤ j x mz� o �g�Ó�¤�� ¤ j x mz� Ô o

x � VAR� � VALASS± c ± e �CTR

¤�l x
� |E1­qM

i � ¼'½»{ | ± x ×9¼'½»{$j | i o � M i m j � ¼'½»{ | ± | i x � | j x

� ¤ j x m å j | Ã � ÿ o¢o �g�Ó ¤ | ® x

x � VAR� � VALASS� � UWVYX VALASS

Figure 4.17: Mu-ValueReduction

on setvalues. Rules ¬�� to ¬­q describethe eliminationof tautologiesin a union of set
values;Rules ¬�r to ¬G®D® for theintersectionof setvalues.Rules ¬G®�ö and ¬H®�e modelthe
combinationof intensionalvaluesby intersection:if thepatternscanbeunified,thenwe
simply concatenatethe constraintsof the intensions,making local existential variables
disjointby a renaming into freshvariables.If thepatternsdonotunify, theintersection
reducesto � . Finally, Rule ¬G®�p describesthedistributionof intersectionoverunionvalues.
It shouldbenotedthat,in animplementation,intersectioncanberealizedmoreefficiently
assuggestedby the rules: given a total orderon valuesandsetvaluesin a normalized
form

� ~ v �Ö� � � p � ��� , theintersectionof two suchvaluescanberealizedby processing
theextensionalpart,v, in lineartime,andthenthecombinationswith theintensionalpart.

The remainingrules in Figure4.17 describethe handlingof the � -operator. Once
the argumentof � hasbeenreducedto a valuev, the elementsof v areenumeratedby
resolvinga constraintx × v. Thestateof this subresolutionis storedin an intermediate
expressionconstruct,� ¤ j x mz� o . Whenthe subresolutionis in solved form, å j | Ã � ÿ o , a
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¦Sl �£�§¦ å � Ô
å j | Ã � ÿ=³ A~�vC ³ � o �§¦ å j | Ã � ÿ=³ � Ô ³ � o
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Figure4.18: CompoundConstraintResolution

¦ w e �g�Ó�¤ e
Ô

| Ã � p × e �§¦V| Ã � p × e
Ô � � VALASS

ec ee � EXP
p � PAT

¦ x e �g�Ó�¤ e
Ô

| Ã � � se �§¦V| Ã � � se
Ô � � VALASS

ec ee � EXP
s�   � c � ¦

Figure4.19: ExpressionReductionin Constraints

uniqueassignmentfor x is extracted,if it exists.

Constraint ResolutionRules

Compoundconstraintsareresolved by the rules in Figure4.18. Rule ¹ñ® describesthe
left-to-right resolutionof disjunctive constraints,Rule ¹¾ö the eliminationof unsolvable
constraints.Rules¹ne and¹ºp describetheeliminationof unsolvableandsolvedconstraints
in aconjunction.Rule ¹ns describesaresolutionstepof abasicconstraintin aconjunction,
whereSA~��C is asequencecontext. Thisrulemodelstheconcurrentexecutionof constraints
by “interleaving”. An arbitrarybasicconstraintis selected(rememberthatconstraintsare
in DNF) andresolvedonestep,possiblyyielding a disjunction.MaintainingtheDNF by
pushingthe conjunctive context c over eachmemberof the disjunctioncorrespondsto
backtrackingin animplementation.Theassignmentsof theconjuncts,� i, arepropagated
over c , suchthatasteadyrefinementof theassignmentsis guaranteed.

The rulesin Figure4.19describethe reductionof expressionsin basicconstraints.
Theserulesareonly ableto fire if all free variablesin e areboundedby | – otherwise
e �g�Ó�¤ e

Ô
is “suspended”.

The rulesin Figure4.20(on the next page)describethe resolutionof patternmem-
bershipin readily reducedsetvalues,andresolutionof equalityconstraints. Rule ¹ºq
decomposesthemembershipteston a unionof valuesinto a disjunctiveconstraint.This
is the only way basicconstraintscanrewrite into disjunctions,therebyintroducingthe
needfor backtracking. Rules ¹nr and ¹ñ®�q describea basicresolutionstep,reducinga
membershiptest on a singletonset to an assignmentor a failure. Rules ¹ñ®D® and ¹2®�ö
describetheresolutionof a membershipteston anintension.Variablesusedin theinten-
sion’s patternandconstraintarerenamedby  to freshones.Rules ¹2®0e and ¹ñ®�p model
theresolutionof apatternequality.

Theremainingrulesin Figure4.21(on thefollowing page)describetheresolutionof
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Figure4.20: MembershipandEqualityResolution
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Figure4.21: Test-EmptinessResolution

settests,
�

sv, wherethe testedsethasbeenreducedto a value. Similar to the treatment
of � in expressionreduction,a subresolutionis startedwhich enumeratesthe elements
of thesetv by resolvingtheconstraintx × v. Thestateof this resolutionis storedin an
intermediatepropertyexpression,

�
s j x mz� o ¦ , wheres is either

ÿ
or � , dependingonthepole

of the test. The testsucceeds(or fails, dependingon s) if at leastoneconstraintcanbe
solved; it fails (or succeeds)if no constraintcanbesolved(which requiresenumerating
theentireset).
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4.5 Discussion

We have developedseveral modelsfor computationin � Z. Furtherpoints and related
work arediscussedbelow.

Normalization and Simplification

Normalizationhasbeendefinedasa prerequisitefor any kind of computation,andwill
bealsorequiredfor compilationin thenext chapter. Applying normalizationensuresthat
negativeinformationis distributedasfaraspossibleto theleavesof expressions,enabling
resolutiontechniquesin the lifted positive contexts. Local resolutioncanbeusedin the
remaining(minimized)negativecontexts. Universalquantification,which is represented
in � Z as the combinationof complementand hiding, is, for example,solved by local
resolution.

A well-known problemof normalizationtowarda disjunctivenormalform is theex-
plosion of the expressionsize. This is one reasonwhy we interleaved normalization
with simplification: pruning this explosion early. As a rule of thumb, “sensitive” � Z
expressionsdo not explodeif simplificationis interleaved with DNF production. How-
ever, pathologicalcasesmight still causeseriousproblems.Temporaryvariablesmaybe
usedto avoid theexplosionof theDNF. For example,theexpressione �Vj elÑ� e� o canbe
normalizedto theform:

j»~äj x m t o � x � e � t ���V~ elk� e�S� Ã t ÒÓ j m t o Å ofÃ j x m o ÒÓ xÅ
With this technique,expressionsharingcanalsobe preserved, andnew sharingpoten-
tials canbeexploitedusingcommonsubexpressionelimination.However, thetechnique
alsohasits disadvantages:the numberof constraintsincreasesand the introductionof
new temporaryvariablesimpliesadministrativeoverheadfor bindingandaccessingthese
variables.

An alternative approachfor avoiding explosionof expressionsizeon normalization
is to usedirectedacylcic graphs(DAGs) with optimal sharing for representingexpres-
sions. Structurallyequalexpressionsdo not appeartwice in sucha DAG. It is known
e.g. from symbolicmodelchecking[McMillan, 1993] that, for booleanalgebras,quite
efficient algorithmsfor constructingandmaintainingthis representationexist. However,
furtherexperimentsarerequired,particularlyregardingthetreatmentof thenon-Boolean
operatorsof � Z, like translation,� -selection,etc.

Narr owing

Narrowing canbeelegantlyexpressedin � Z’s framework by pureexpressiontransforma-
tion, combiningnormalizationandsimplificationwith substitution,membershiplifting
andunrolling. This is a resultof the“higher-orderness”of the � Z calculus,which allows
us to represent“meta” information,like the setof (partial) solutions,by expressionsof
thecalculusitself.

In rule basedfunctional logic languages,solutionsare representedas substitutions
on the metalevel. Here,narrowing is definedas follows (seeHanus[1994] for a sur-
vey): given a (nonground)goal expression,a subexpressionis selectedwhich unifies
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with the left-handsideof somerule undera minimal substitution,andis replacedby its
right-handsideinstantiatedwith thesubstitution.Thesubstitutionis thenappliedto the
entireexpression.At a first sight, this looks different from what we call narrowing in� Z. However, thesameelementsare,in fact,presentasa specialcasein � Z. The“rules”
belongingto a functionor relationsymbolaresimply representedasa unionof schemas,
R � ~ pl}� elU�G� nSndnÇ�9~ pn � en � . A “goal” is thenmerelytheintersectionof R with some
(partial)databinding,representedby a(translated)singletonset:R �@~ e� Ã plAÒÓ p�BÅ . Rule
“selection”is representedby distributing thesingletonsetover theunionR andperform-
ing propertysubstitution. Eachmemberof the resultingunion is part of the explicitly
representedsearchspace,which, in narrowing for rule-basedlanguages,is codedin the
nondeterminismof thenarrowing relation.

As e.g.demonstratedby Hanus[1994], modifying theselectionstrategy for thenext
redex in narrowing is a powerful tool for investigatingvariationsof computation.This
techniquehasbeenappliedto our versionof narrowing in � Z aswell, defininggeneral
narrowing, outermost-innarrowing andstrict narrowing. Strict narrowing is the oper-
ationalsemanticsof choicefor � Z becauseoutermost-innarrowing lacksa transparent
definitionof forcing in � Z.

We havenot formalizeda strategy for needednarrowing [Antony et al., 1994],which
canbeconsidered“state-of-the-art”for narrowing in functionallogic languages,sinceit
yieldscertainoptimality resultsregardingthelengthof derivations.Needednarrowing is
expressiblein our framework. Considera goal like jx~ pl6� elU�G� nSnSnB�@~ pn � en � o �9~ e� :
needednarrowing would meanthat before distribution we force e asfar asrequiredby
everypi – i.e. to theshallow structureof themostspecialpattern,whereeachpi is a spe-
cializationof. In theworstcase,thispatternis just avariable,sothatno forcing happens.
Actually, wehave“definitionaltrees”[Antony, 1992],asusedfor definingneedednarrow-
ing, directly in thecalculus,becausewehavesetunionandschemas.However, it seemed
moreimportantto supportextensionalequality, which obstructsa transparentnotion of
forcing for needednarrowing. We shouldnotethatextensionalequalityandunequalityis
only requiredto dealwith setsof sets– for examplefor reducing ~'~ elU� �G�@~'~ e�S� � to � ,
if el ande� reduceto anextensionallyunequalvalue. If � Z’s computationmodelwould
be restrictedto not useextensionalequalityandunequality, as it is the default in other
frameworks,lazyor needednarrowing couldbeeasilyadapted.

ReferenceComputation Model

Thereferencecomputationmodelgivenin Section4.4 (on page86),usingthetechnique
of naturalsemantics,is a trade-off betweencomputationpower andexecutionefficiency.
It preparesa straight-forward transitionto an implementationby the abstractmachine
ZAM, asshown in thenext chapter. Themodelis evenmorestrict thanin strictnarrowing,
usinga combinationof functional reductionby residuation[Ait-Kaci et al., 1987] and
logic resolution.Thejustificationfor this decisionis, on theonehand,easiertraceability
of executionby humans,which is importantfor the applicationto testdataevaluation,
and,on the otherhand,a stronglyassumedbetteroverall performance.The last point
draws on experiencewith functional programmingand languageimplementation:the
theoreticalresult of optimality of lazy or neededreductiondoesnot coincidewith the
practicalexperience,becausethe overheadof lazinesshasto be paid for significantly,
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which oftenresultsin thatprogrammersusestrictnessannotations[Hartel et al., 1996].
The RCM is relatedto the onedescribedby Hanus[1997] for Curry. Setvaluesin

our semantics,
� ~ v ��� � � p � �
� , arecomparableto the “definitional trees”usedhere

andin work aboutnarrowing. However, sincesetvaluesarefirst-orderinhabitantsof the
operationaldomain,whichdefinitionaltreesarenot,they canbecombinedby intersection
andunion at computationtime, and,moreover, augmentedby extensionaldata. This is
importantin therealmof set-basedprogramming,wheresets,relationsandfunctionsare
oftenusedfor representingdatastructures,whichareincrementallyconstructed.

Unlike themodelof Hanus[1997], subresolutionsaresupported,which areinvoked
from expressionreductionfor the � -operatorandfor dealingwith set tests. This tech-
niquecorrespondsto “deepguards”and“encapsulatedsearch”,as found, for example,
in the computationmodelof Oz [Smolka,1994a]or ~ log � [Dovier et al., 1996]. Our
computationmodel hassomesimilarities to the one given for Oz by Smolka[1994a].
Theso-called“computationspaces”in this work, which representa constraintstore,are
given in our modelasa conjunctionof propertiespairedwith assignments.Writing to
theconstraintstoreis equivalentin our modelto a resolutionstep,which updatestheas-
signments.A subspaceis openedwhena subresolutionis startedfor the � -operatoror
emptiness-tests.However, asdiscussedin thepreviouschapter, thereis no equivalentto
committedchoicein � Z andits computationmodel.

Computing Mor e

Thecomputationmodelswe have presentedarenot theendof thestory. Therearethree
major potentialways of increasingcomputationpower which are not consideredhere:
higher-orderunification(or narrowing), setunificationandsubsetlogic programming.

Higher-orderunification[Snyder andGallier, 1989] is usedin theoremproverssuch
asIsabelle[Paulson,1994]for thehighly genericformulationof inferencerules.Higher-
order narrowing is proposedas an extensionfor functional logic languages[Prehofer,
1994; Hanusand Prehofer, 1999] or logic languagessuch as ¬ Prolog [Nadathurand
Miller, 1988]. The underlyingideaof both applicationsis to extendunification to the
synthesisof ¬ -terms. Substitutionis thenaugmentedby O -reduction.Carryingthis po-
tentialover to � Z would requireto synthesizeschemasduringunification,which needsa
generalizationof higher-orderunificationthatdealsonly with functions.

Unificationover (finite) setsextendsunificationon free termalgebrasto thenonfree
algebraof sets,andamounts,technically, to unificationmoduloan associative, commu-
tative and idempotentequationaltheory [Siekmann,1989]. Algorithms and complex-
ity investigationsare found, e.g., in [Spratt,1996; Arenas-Sanchezand Dovier, 1997;
Stolzenburg, 1999]. Adaptingthesetechniquesto � Z would allow unificationon theex-
tensionalpartof sets.For example,let S � ~äj x m y m zo � z � x � y � . If wearegoingto bind
thevariablez to anextensionalset,then,with setunification,we expectthatx andy are
assignedall possiblepartitionsof z. Becauseof idempotency of setunion,thesepartitions
arenot necessarilydisjoint, which makesup the computationalcomplexity of setunifi-
cation. Leaving asideefficiency considerations,for the framework of � Z an integrated
unificationmethodis ultimately required,which combineshigher-orderunificationwith
set-unification,yieldinganalgorithmthatcandealwith extensionalaswell asintensional
setrepresentations.More researchneedsto bedonein this direction.
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The major computationpotentialsubsetlogic programmingaddsto the mentioned
techniquesis extendingfixed-pointconstructionfromequationstosubsetrelations[Moon,
1997;JayaramanandMoon, 1999]. This techniqueallows us to computethe smallest
set satisfyingcyclic subsetconstraints. The computationof suchfixed-pointsis quite
complex, in the generalcase. Moon [1997] usesmemoizationtechniquesfor relations
to make it feasible. His model is first-order, and further investigationof its possible
integrationin thehigher-orderframework of � Z is required.



Chapter 5

Abstract Machine

Mit anderenkannmansich belehren,
Begeistertwird mannur allein.

(Goethe)

This chapterdescribesanabstractmachine,calledZAM, a compilationof � Z to thema-
chine’s instructionsetandanimplementationof themachinein C++. TheZAM realizes
thereferencecomputationmodel(RCM) definedin Section4.4(onpage86) in theprevi-
ouschapter. Its specificationin Z is on a level of abstractionthataddressesthe issuesof
efficient implementationbut is still sufficiently conciseto reasonaboutthemachine.

TheZAM usesconcurrentlyexecutingthreadsfor constraintresolution(modelingthe
relation �§¦ of theRCM). Eachthreadhasalocalvaluestackfor expressionreduction
(modeling g�Óª¤ ). In thecurrentimplementationof theZAM in C++, thestackis in fact
mappedto registers(which is possiblebecauseits sizeis bound),but for the machine’s
specificationthestackmodelis bettersuitedsinceit is moreabstract.

The ZAM’s threadssynchronizevia variables: accessingan unboundvariablesus-
pendsa threadandbindinga variableresumesthreadswaiting for it (calledresiduation,
[Ait-Kaci etal.,1987]).Backtrackingis implementedby maintainingachoicepointstack
which is sharedby thethreadsworking on a resolutiongoal. Choicepointsarecreatedif
a threadexecutesa constraintp × vl�� v� : in this case,thethreadcontinuesits execution
with p × vl andcreatesa choicepoint for thealternative p × v� . A simplebut powerful
optimizationof theZAM is to lower theschedulingpriority of threadsthat try to create
choicepoints,giving preferenceto threadsthatcancontinuedeterministicallyunderthe
currentvariablebinding(calledthe“AndorraPrinciple”, [Warren,1990]).

Thecompilationof � Z to ZAM instructionsis basedon thenormalizationof expres-
sionsintroducedin Chapter4. Togetherwith thestack-basedmachinemodel,this makes
it easyto formulateandretrace.

This chapteris organizedas follows. First, we introducethe model of the ZAM,
definingits basicdatatypesandinstructionset. It follows a comprehensivespecification
of the meaningof the instructionsin Z’s sequentialspecificationstyle. Next, we give
thecompilationschema.Finally, wediscusstheprototypicalimplementationof theZAM
in C++, including optimizationssuchasimplementingthe reductionstackby registers.
Somefirst benchmarksof the implementationaregiven. The chapterconcludeswith a
discussionof theresultsandof relatedwork.
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VarInx ��� -
Value ��� � Var � VarInx�� Term� CONS ������� Value�� Set �_�?�@� Value �����@� Intension�

Figure 5.1: ZAM Values

5.1 BasicModel of the ZAM

The basicmodelof the ZAM is describedin this section. After defining the represen-
tation of values, goalsand threads, the instructionsarediscussedinformally. A formal
specificationof themachine’s instructionsis givenin thenext section.

5.1.1 Values

Figure5.1 shows the basictypesusedby the ZAM to representvalues.Therearethree
variantsof values: variables(representedby an index in a variabletable,asdescribed
lateron), termsandsets1.

A set value, Setj extensm intenso , consistsof two sequences,the first containingthe
extensionalpartof asetandthesecondtheintensionalpart(thetypeIntensionis described
in thenext section– it correspondsto an intensionof theRCM). Let vj be thevaluesin
extensand ik be the intensionsin intens; thena setvalueof the ZAM representsthe set
valueof theRCM ~ vl^�H� nSndnÇ�9~ vn �H� i lk� nSndnÇ� im n
TheZAM’s representationis well suitedfor implementingtheunion andintersectionof
sets:

± For setunion,wesimplyunitetheextensionalandintensionalparts:

Setj extenslUm intensl o � Setj extens�Sm intens� o �
Setj extensl�¿ extens�Sm intensl9¿ intens� o

Here, ¿ denotesasuitableunionfunctionwhichconformsto extensionalequality
in theRCM (cf. Section4.1(on page72)). In animplementation,wewould in fact
useorderedsequencesfor representingextensandintens, andtheirunioncouldthus
beimplementedwith lineartimecomplexity.

± Setintersectionis realizedasfollows (using � Z’s notationfor intensions):

Setj extenslUm intensl o � Setj extens�Um intens� o �
Setj extensl­À extens��mA?� x � x × Setj extenslUm0ADC o Ä x × SetjfA~CUm intens� o ��m� x � x × Setj extens�Sm0ADC o Ä x × SetjfA~CUm intensl o ��m� x � x × Setj�ADCUm intensl o Ä x × SetjfADC^m intens� o �yC o

1In fact, thereis alsoa fourth variantfor representingnativevaluessuchasnumbers;this, however, is
not relevantto theconceptualmodelof theZAM.
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Code ���Á���@� Instruction

Intension
varcnt ��-
pat � Value
env ���?�@� j GoalInx � VarInx o
params ������� Value
constrs ������� Code

Figure 5.2: ZAM Intensions

Thuswe canconstructthe disjunctive normal form of intersectedsetvaluesin a
constantnumberof steps.If any of theextensi or intensi is empty, theabove con-
structioncanbefurtheroptimized,sincein this casethecorrespondingconstructed
intensionis known to denotethe emptysetandcanbe dropped. In particular, if
bothsetsarecompletelyextensional,weneedto computeonly theintersection À ,
which– in animplementationby orderedsequences– canbedonein lineartime.

5.1.2 Intensions

An intension(Figure5.2) is describedby the countof variablesit allocatesfor its exe-
cution,a value(representingthepatternin an � Z intension � p ���
� ), a sequenceof index
referencesrepresentingtheenvironmentthe intensionwasconstructedin, a sequenceof
valuesdescribingparameters anda sequenceof constraints. A constraintis givenby a
sequenceof instructions.

Instantiation. Whenan intensionis instantiatedin a goalcontext (goalsarediscussed
in the next section),the numberof variablesit requiresareallocatedin a block of the
variabletableof thegoalcontext (variabletablesarejustamappingfrom variableindices
to informationaboutthestateof thevariable).Then,for eachconstraintof theintension,
a threadis spawned,parameterizedby theoffsetof theallocatedvariableblock. Fromthe
executingthread,variablesareaccessedby addingastaticoffsetfoundin thecodeto this
dynamicoffset.

Consider, for example,the � Z intension �=ikj x m y o �5��l Ã x m zÅ}Ä��S� Ã zm yÅW� . Here,z is a
“local existential” variableof theintension.This intensionis representedin theZAM as

Â
varcnt ��� e»m pat ��� Termj:i m�A Var q»m Var ®�C o m
env ��� nSnSn(m params �}� nSnSnWm
constrs ��� A���l Ã q»mÇö	ÅÈmf� Ã ö�mS®dÅÃCfÄ

wheretheoffsetsusedfor addressingthevariablesare q for x, ® for y, and ö for z. The
reentrantinstantiationof anintensionis realizedasfollows: let varshift bethebaseoffset
of theintension’svariableblock in theinstantiationcontext; then,wesimply

± “shift” the patternpat, adding to eachvariable the offset varshift (resulting in
Termj:i m�A Var j varshift Å q o m Var j varshift ÅË® o C o )
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± storevarshift in thethreadsthatexecutetheconstraints��l and �S� , suchthat,for each
accessto avariablefrom a thread,varshift is addedto thestaticoffset q , ® or ö

Envir onment. The environmentof an intension,env, is a sequenceof indiceswhich
referto pairsof goal indices(asdiscussedin thenext section)andavariableblockoffset.
Theenvironmentallowsaccessto thevariablesof thelexical enclosinggoalcontexts this
intensionwascreatedin.

For example,in the � Z expressioné%ê f ë�~äj x m y o � y � E Ã f m xÅ:� , thevariablef is bound
by the enclosingfixed-pointoperator. f is accessedfrom the intensioncreatedfor the
innerschemavia thefirst elementof env.

For schemas,the RCM demandsthat before an accordingintensioncan be con-
structed,all context variablesare bound(cf. expressionreductionrule ¬­e ). However,
thesituationis differentfor fixed-points(cf. Rule ¬�p ): duringthecreationof anintension
for the fixed-point, the environmentmay contain“holes” which are bind immediately
after the intensionhasbeencreated,constructinga circulardependency betweenthe in-
tensionandits environment. For this reason,it is not possibleto directly representthe
environmentby thebindingsof thefreevariables.An extra level of indirectionhasto be
introducedusinggoalindices.

Parameters. Theparametersof anintension,params, areusedto passvaluesfrom the
creationcontext of an intension. In fact, parametersserve a purposesimilar to that of
theenvironment;however, they canbeusedto passtemporaryvalueswhich do not have
a variablecounterpartin the context. On the otherhand,parameterscannothave cyclic
dependenciesto theintensionthey belongto.

5.1.3 Thr eadsand Goals

A threadexecutesthe codeof a constraint.A goal is a collectionof threadswhich to-
getherwork onasetof variablesandwhichshareastackof choicepoints(Figure5.3(on
the facingpage)). A goal is createdto executean intension. During execution,further
intensionmaybedynamicallyinstantiatedin thecontext of a goal (correspondingto the
membershiptestof anelementin anintension;cf. resolutionrule ¹2®D® of theRCM.)

For threadsandgoals,theindex typesThreadInxandGoalInxaredefined,whichallow
referencesof themvia threadandgoal tablesdefinedin a configurationof theZAM (see
next section)2.

A threadrefersto two goals: the parent whereit belongsto and a possiblechild,
describinga subresolution.In turn, a subgoalrefersvia its parentfield to thethreadthat
executesit. Subgoalresolutioncorrespondsto the executionof the � -operator(Rules¬G®�s - ¬H®0� of theRCM) andthetestfor emptiness(Rules¹2®�s - ¹2®0q ).

A threadmay be in the statusrunning, indicatingthat it hasnot yet finishedits ex-
ecution,or it may be in oneof the statessuccess, failure or error, indicatingthat it has
stoppedexecuting. The error statusresultsfrom the executionof the � -operatoron a

2Insteadof usingindiceshere,we couldhavewell usedanotionof memoryandreferences. This would
complicatethedeclarativedescriptionof theZAM in Z, however.
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ThreadInx ���H- GoalInx ���;- Priority ��� ~	q»mS®��
Status��� � running � failure � success� error

Thread
parentm child � GoalInx
prio � Priority � status � Status
env ���?�@� j GoalInx � VarInx o � params ���?�@� Value
stack ���?�@� Value
varshift � VarInx � code � Code

Goal
parentThread � ThreadInx
pat � Value
threads ��� ThreadInx
choices ������� Choice
vtab � VarInx Æ Binding

Binding ��� � Free�+� ThreadInx� � Bound� Value�
Choice

bound ��� VarInx
dump � ThreadInxÆ �?�@� Value � Code
spawned��� ThreadInx

Figure5.3: ZAM ThreadsandGoals

nonsingletonset,or from theundecidableequalitytestof intensionsin unification.failure
correspondsto failurein unification.

A threadinheritstheenvironmentof theintensionwhoseconstraintit executesaswell
astheparameters(fieldsenv andparams).

A goalholdsthesetof threadsspawnedin its realm.Theresolutionrepresentedby the
goalhassucceededif all its threadsarein statussuccess; it hasfailedif oneof its threads
is in statusfailure.

A goal’sfield vtabrepresentsthevariabletableasamappingfrom variableindicesto
a valueof typeBinding. If a variableis free,a setof threadsmaybeattachedwhich are
waiting for thevariableto becomebound(variantFreeof typeBinding).

Thefield choicesof a goalrepresentsthechoicestack.During executionof a thread,
whenever the threadencountersa constraintsuchasp × vlk� v� , it continuesexecution
with p × vl andpushesa new choiceto thestack,holding the informationfor thealter-
native p × v� andaccumulatingchangesmadeto the goalwhich needto be undoneon
backtracking:

± boundindicateswhichvariableswereboundwhile thischoicewasactive(theactive
choiceis thetopmostoneonthechoicestack).Wheneveravariableis boundduring
unification,it is addedto this set.On backtrack,thesebindingsareundone.

± dumpsavesthe (earliest)stateof threadswhich have advancedduring this choice
wasactive. Whenevera threadperformsanexecutionstepandhasnot yet dumped
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Config
ttab � ThreadInxÆ Thread
gtab � GoalInx Æ Goal
root � GoalInx
active ������� ThreadInx

Figure5.4: ZAM Configurations

its stateto theactive choice,it now doesso. Thedumpof a threadis describedby
its stackandby its currentconstraint(instructionstream).On backtracking,these
valuesarerestored3.

Note that the mappingdumpalso containsthe information to resumethe thread
that initiated this goalwith the next alternative, p × v� . For moredetails,seethe
specification(Section5.2(on page105)).

± spawneddescribesthethreadsthathavebeenspawnedwhile thischoicewasactive.
On backtracking,thesethreadsarekilled.

TheZAM usesa simplebut efficient strategy for threaddumping:whenever a thread
executesits next instructionbut hasnotyetdumpedits stateto thetopmostchoice,it now
doesso. This is madepossibleby choicepoint scheduling.Only if no otherthreadscan
continue(becauseall otherthreadsarewaiting for variablesto becomebound)is a thread
creatingachoicepointscheduledfor execution.Thus,computationsthatareindependent
of a particularchoiceareperformedautomaticallybeforethecorrespondingchoicepoint
is created.

5.1.4 Configurations

A configuration describestheoverall stateof theZAM (Figure5.4). It containstablesof
threadsandgoals,the root goal anda sequenceof threadindicesdescribingthe active
threadsin theorderthey areto bescheduled(aformalspecificationof schedulingis given
in Section5.2(onpage105)).

In thespecificationof theZAM, we assumethatanunlimitednumberof threadsand
goalscanbeallocatedfrom thetablesin a configuration.Similarly, we allocatefrom the
variabletableof goalswithout trying to retrieve “unused”variables. In the implemen-
tation in C++, garbage-collectiontechniquesare usedto managethis requirement(cf.
Section5.4(on page129)).

5.1.5 Instructions

The instructionsof the ZAM aresummarizedin Figure5.5 (on the facingpage). Their
meaningis informally describedbelow.

3Dumpingthe entirestackis indeedexpansive. In the implementationin C++, insteadof stacksfor
storing temporaries,we usea “single assignment”registermodel,which makesdumpingvery efficient.
This is discussedin Section5.4(on page129).
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Instruction ��� � LOAD � VarInx�� WAIT � VarInx�� LOADENV �+- l � VarInx�� LOADPAR �+- l �� STORE � VarInx�� UNIFY� MEMBER� MKTERM � CONS �E-¾�� MKEMPTY� MKSINGLE� MKVAR � VarInx�� MKINTEN �+-É�E-7�¼�?�@� Code�� UNION� ISECT� TEST� TESTNATIVE� MU� SUCCESS

Figure5.5: ZAM Instructions

Waiting for Variables. TheWAIT j inx o instructionletstheexecutingthreadsuspendun-
til theaddressedvariable(andall thevariablesit indirectlyrefersto by apossiblebinding)
arebound.

Loading Values. The LOAD j inx o instructionloadsthe variablewith the given index
from the currentgoal’s variabletableto the executingthread’s stack. If the variableis
bound(mapsto the variantBoundval in the variabletable),the boundvalueis pushed,
otherwisethetermVar inx.

TheLOADENVj distm inx o instructionloadsthevalueof theenvironmentvariableinx
to thestack,from thegoaldescribedby thelexical nestingdistancedist. Theenvironment
variableis accessedasfollows: let thr betheexecutingthreadand j goalInxm varshiftoH�
thr n envdist theenvironmententry;then,thevariablej confign goalsgoalInxo n vtab j varshiftÅ
inx o is selected.Theaddressedvariableis expectedto bebound,andits bindingmustnot
referto otherfreevariables,which hasto beguaranteedby thecompilationscheme(thus
correspondingto theRCM, which ensuresthat intensionscanonly becreatedif context
variablesareboundor becomeimmediatelyboundafterfixed-pointconstruction).

TheLOADPARj inx o instructionloadstheparametervalueindexedby inx (thr n paramsinx).

Storing and Unifying Values. TheSTOREj inx o instructionpopsavaluefrom thestack
andunifiesit with thevariableaddressedby inx. TheUNIFY instructionpopstwo values
from the stackandunifies them. If unification fails, the threadstopsin statusfailure;
if unificationis not decidable(for instance,becauseit requiresthecomparisonof inten-
sions),it stopsin statuserror.
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Checkingfor Membership. TheMEMBERinstructioncheckswhetherthevaluefound
beneaththetopof thestackis a memberof theseton top of thestack.This instructionis
theonly onethatcreateschoicepoints.

Beforeexecutionof this instructioncontinues,thepriority of thethreadis loweredand
thethreadsuspends(if thepriority is notalreadylow). Thenachoicepoint is createdand
thethreadproceedsasfollows. Let Setj elemsm intenso betheseton topof thestack,andu
theelementbeneaththetop, for whichmembershipis tested:

± If
�

elems� �
intens � q , theexecutingthreadstopsin statusfailure, afterremov-

ing its choicepoint from thestack.

± Otherwise,if elems � v � � rest, thenthe top of the stackis replacedby v, andthe
alternative Setj restm intenso is recordedin thechoice. Then. the threadbehavesas
with theUNIFY instruction(thestackconsistsof v � � u � � nSnSn at this time).

± Otherwise,let
�

elems� q andintens � inten � � rest. ThealternativeSetjfADCUm resto is
recordedin thechoiceandtheintensioninten is instantiated:

1. A block of intenn varcnt variablesis allocatedin thevariabletableof thegoal.
Let thestartindex of this variableblock becalledvarshift in thesequel.

2. Thepatternintenn pat is “shifted” by addingto eachvariabletheoffsetvarshift
andpushedto thestack.

3. For eachconstraintin intenn constrs. a threadis spawnedandinitialized with
varshift. If thechoicestackis not empty, thenthenew threadis addedto the
setchoicen spawned.

4. Thethreadbehavesaswith theUNIFY instruction(thestackconsistsof shift j intenn patm varshifto � � u
at this time).

Constructing Values. The MKTERMj�i m arity o instructionpopsarity numberof argu-
mentsfrom thestackandpushesthevalueTermj�i m argso to thestack.TheMKVARj inx o
instructionpushesthevalueVar inx to thestack.

TheMKEMPTYinstructionpushestheemptyset,Setj�ADCUm�A~C o , to thestack.TheMKSINGLE
instructionpopsthevaluev from thestackandpushesasingletonset,Setjz~ v �¶m�ADC o .

TheMKINTENj parcntm varcntm constrso instructioncreatesa new intensionintenand
pushesthe setSetjfADCUmU~ inten� o to the stack. The instructionexpectsparcnt parameters
on thestack,which arestoredin theparamsfield. Above the parameters,on top of the
stack,thepatternof theintensionis expected,which is storedin thepatfield. Thecreated
intensioninheritsits environmentfrom the executingthread:let thr be this thread,then
intenn env � j thr n parentm thr n varshifto � � thr n env. Theconstraintsof theintensionaregiven
by thesequenceconstrs.

Union and Intersection. TheUNION instructionpopstwosetvaluesfromthestackand
pushestheir union, constructedasdiscussedin Section5.1.1(on page98). The ISECT
instructionspopstwo setvaluesandpushestheir intersection.
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Unique Selection. The MU instructionpopsa valueu � Setj elemsm intenso from the
stackandbehavesasfollows:

± If
�

elems� �
intens � q , or if

�
elems1>® , thenthethreadstopsin statuserror.

± If elems� ~ v � and
�

intens � q , thenthethreadpushesthevaluev.

± Otherwise,a referencevalue is calculated: if elems � ~ v � , the referencevalue
is v, otherwiseit is the result of the first successfulsubresolutionof one of the
intensions.Then,for all backtracksover all subresolutionsof all intensionsin the
set,it is checkedwhetherthey yield thesamevalueasthe referencevalue. If this
is thecase,thereferencevalueis pushedto thestack;otherwise,thethreadstopsin
statuserror.

For moredetails,the readeris referredto the specificationof the ZAM’s instructionsin
thenext section.

Test for Emptiness/Nonemptiness. The TEST instructionpopsa set value from the
stackandchecksif it is nonempty. If so,it continues;otherwise,it stopsin statusfailure.
TheTESTNATIVE instructionfails if thevalueon thestackis empty.

Thetestof nonemptinessor emptinessimmediatelysucceedsor fails if theseton the
stackhasanonemptyextensionalpart.Otherwise,intensionsin thesetaretriedto resolve
in asubresolution.

Succeeding. TheSUCCESSinstructionletstheexecutingthreadstopin statusSucceed.

5.2 Specification

In this section,theinstructionsof theZAM arecomprehensively specifiedin Z’s sequen-
tial specificationstyle (cf. e.g.WoodcockandDavies [1996]). The specificationis in-
tendedto beexecutableby theZAM itself.

5.2.1 Axiomatic Definitions

A setof axiomaticdefinitionsfor working with the datatypesof theZAM is definedin
this section.

Working with Values

Theauxiliary functionshiftoffsv yieldsa valuewhereoffs is addedto eachvariable’s in-
dex (Figure5.6(on thefollowing page)).Since,by construction,variablescannotappear
in sets,thedefinitionneedsonly to recurseover termvalues.

Theauxiliary function freezevtabv returnsa valuewhereall variablesin v which are
boundin vtabarereplacedby their actualbinding(Figure5.7(on thenext page)).

Theauxiliary function freev returnsthesetof indicesof variablesfoundin thevalue
v (Figure5.8(on thefollowing page)).Variablesareonly expectedto occurin terms,not
in sets.
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shift � VarInx � Value � Value

shiftoffs j Var i o © Var j i Å offso� j Termj�i m vsoÚo%© Termj�i m shiftoffs . vso� v © vÍÏÎ ¸'Ð	¸ offs � VarInx � v � Value� vs �����@� Value��i � CONS� i � VarInx

Figure5.6: ShiftingValues

freeze� j VarInx Æ Bindingo � Value � Value

freezevt j Var i o © ùOú0Ç � v
Ô � Value � i ×9¼'½�{ vt Ä vt i � Boundv

Ô
¹ Î ¸¶ü freezevtv

Ô
¸¶·:ýd¸ Var i� j Termj�i m vsoÚoW© Termj:i m freezevt . vso� v © vÍÏÎ ¸'Ð	¸ vt � VarInx Æ Binding� v � Value� vs ������� Valuei � CONS� i � VarInx

Figure 5.7: FreezingValues

Equality and Unification

The(partial)auxiliaryfunctionequalj vlUm v� o determinesequalityof twovalues(Figure5.9
(on the next page)). Confirming to extensionalequality in � Z’s RCM, the function is
undefinedif thevaluescannotbecompared,which happensif setsaretried to compare
which haveanonemptyintensionalpart.

The (partial) auxiliary functionunifyj vt m u m vo tries to unify thegivenvaluesu andv,
underthevariabletablevt (Figure5.10(onpage108)).Onsuccess,thefunctionreturnsa
new variabletableandthesetof indicesof variableswhich havebeenbound.Thedefini-
tion is basedonafunctionuni whosetypeis appropriatefor sequencecatamorphisms,and
a functionuniVar which unifiesa variablewith a value. The functionmaybeundefined
for similar reasonsasthe equal function (sinceit usesequal to determinateequalityof
sets).ThefunctionuniVar makesanoccurrencetestbeforeit bindsavariable.

Merging and Joining ValueSequences

Theauxiliary functionvs ¿ usconstructstheunionof two valuesequences,removing any
duplicatesaccordingto equal. It is undefinedif equality is undefined(Figure5.11). In

vars � Value � � VarInx

vars Var i © ~ i �� Termj:i m vso¾© � ~ v � Æ ´ u vs ± varsv �� v © :ÍÏÎ ¸'Ð	¸ i � VarInx � v � Value� vs �v���@� Value��i � CONS

Figure5.8: GettingtheVariablesof aValue
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equal � Value � Value ó è
equal j Var i m Var i o © sÇÆÈ��y� j Termj�i m vsl o m Termj:i m vs� o¢o%© Ã � � vsl � �

vs�d�M
i � ¼'½�{ vsl ± equalj vsl i m vs� i o Å� j Setj eslUm�A~C o m Setj es�Um�ADC o¢o © Ã � � esl � �

es�d�M
v � Æ ´ u esl ± Þ u � Æ ´ u es� ±

equalj v m u o Å� j Setj eslUm isl o m Setj es�dm is� o¢o © �
� j v m u o © ²:´¶µ w¢yÍÏÎ ¸'Ð	¸ i � VarInx �Gi � CONS� vsldm vs� ���?�@� Value

esldm es� ������� Value� islUm is� �����@� Intension� v m u � Value

Figure5.9: Equality

orderto remove undeterminismin the orderingof the result,we assumea (unspecified)
predicatesomeorder on valuesequences.Similarly, the function vs À us constructsthe
intersectionof two valuesequences.

Adding Inf ormation to Choices

The auxiliary function addBoundaddsinformation to the boundfield of a choice,the
functionaddDumpto thedumpfield andthe functionaddSpawnedto thespawnedfield
(Figure5.12).

Ordering Index Sets

Sometimes,we requireto ordera finite setof indices(for variables,threadsandgoals).
The function orderinx implementssome(fixed but arbitrary) orderon index sets(Fig-
ure5.13(on page109)),yieldingasequencecontainingtheorder.

5.2.2 Auxiliary Instructions

For representinginternal statesof threadsauxiliary instructionsareused.Thesecanbe
consideredasakind of “micro programs”implementingotherinstructions.For example,
let MEMBER� � restbe the instructionstreamof a thread. For executingthe MEMBER
instruction,a choicepoint needsto becreated,andthethreadinitiating thechoiceneeds
to dumpastatethatcontinueswith analternativeto thechoice.Werealizethisbydumping

TRYNEXTj patm extensm intenso � � rest

astheinstructionstateof thethread,whereTRYNEXTis anauxiliaryinstructionexecuting
thenext alternative(pat × Setj extensm intensoÚo . A similar techniqueis usedfor specifying
subresolutionsof theMU, TEST, andTESTNATIVE instructions.

Theauxiliary instructionsaredeclaredin Figure5.14(on page109),andwill beex-
plainedasthey areused.
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UniRes ���v� Ok� j VarInx Æ BindingoA�%� VarInx� � Fail

unify � j VarInx Æ Bindingo�� Value � Value ó UniRes
uni � j Value � ValueoA� UniResó UniRes
uniVar � VarInx � Value � UniResó UniRes

unify � ¬ vt � VarInx Æ Binding� u m v � Value ± uni j¢j u m vo m Okj vt m :$oÚo
uni j¢j u m vo m Fail o © Fail�Dj¢j Var i m Var i o m reso © res�Dj¢j Var i m vo m reso © uniVar j i m v m reso�Dj¢j u m Var i o m reso © uniVar j i m u m reso�Dj¢j Termj�i m uso m Termj:i m vso¢o m reso¾© ùOú!�

us � �
vs¹ Î ¸äü j uni m reso¯È4É t °Öj usm vso¸¶·�ýU¸ Fail�Dj¢j u m vo m Okj vt m b o¢o © ùOú

equalj freezevtu m freezevtv o¹ Î ¸äü Okj vt m b o¸¶·�ýU¸ FailÍÏÎ ¸'Ð	¸ u m v � Value� usm vs ������� Value� i � VarInx ��i � CONS
res � UniRes� vt � VarInx Æ Binding� b ��� VarInx

uniVar j i m v m Okj vt m b oÚo(© ù:ú�Ç � u � Value � vt i � Boundu¹ Î ¸¶ü uni jÚj u m vo m Okj vt m b oÚo¸ä·:ýd¸ ùOú
i 8× varsj freezevtvo¹ Î ¸äü Okj vt

î ~ i ÒÓ Boundv �¶m b �V~ i � o¸¶·�ýU¸ FailÍÏÎ ¸'Ð	¸ i � VarInx � v � Value� vt � VarInx Æ Binding� b ��� VarInx

Figure5.10: Unification

¿ m À �����@� Value �¼����� Value ó �?�@� Value
someorder � �2j ����� Valueo
j ¿ o j vsm usoW©j�� ws ������� Value �Æ ´ u ws � ~ w � Value ��Þ v � Æ ´ u vs �@Æ ´ u us ± equalj w m vo �¶�Ì4Þ i m j � ¼'½»{ ws � i ÷� j ± equalj wsi m wsj o � someorderwsoÍÏÎ ¸'Ð	¸ vsm us ���?�@� Valuej À o j vsm usoW©j�� ws ������� Value �Æ ´ u ws � ~ w � Value ��Þ v � Æ ´ u vs� u � Æ ´ u us ± equalj w m v o Ä

equalj w m u o �¶�Ì4Þ i m j � ¼'½»{ ws � i ÷� j ± equalj wsi m wsj o � someorderwsoÍÏÎ ¸'Ð	¸ vsm us ���?�@� Value

Figure5.11: MergingandJoiningValueSequences



5.2Specification 109

addBound��� VarInx � Choice� Choice
addDump� ThreadInx ������� Value � Code � Choice� Choice
addSpawned��� ThreadInx � Choice� Choice

addBoundj b m c o¾©�LÊ Ã boundÅ Choice �� Choice � c � bound
Ô � bound � b ± � Choice

Ô
ÍÏÎ ¸'Ð	¸ b ��� VarInx � c � Choice

addDumpj t m stack m codem co(©�LÊ Ã dumpÅ Choice �� Choice � c � dump
Ô � dump

î ~ t ÒÓ j stack m codeo � ± � Choice
Ô

ÍÏÎ ¸'Ð	¸ t � ThreadInx� stack �����@� Value� code � Code� c � Choice

addSpawnedj tsm co¾©�LÊ Ã spawnedÅ Choice �� Choice � c � spawned
Ô � spawned� ts ± � Choice

ÔÍÏÎ ¸'Ð	¸ ts ��� ThreadInx� c � Choice

Figure5.12: Adding Informationto Choices

orderinx ����- � �?�@�Ë-
Æ ´ uäj orderinxsoñ� sÍÏÎ ¸'Ð	¸ s ���I-

Figure 5.13: OrderingIndex Sets

5.2.3 ExecutionStepand Selection

Thestateoverwhichinstructionsarespecified,andasingleexecutionstepof theZAM, are
definedin Figure5.15(onthenext page).Thestate,calledaselection, is anenrichmentof
theZAM’s configuration,Config, by theinclusionof thosethread’s andgoal’s datafields
which areselectedfor execution.Theenrichmentallowsa directaccessto thesefieldsin
thespecification,supportingZ’s sequentialspecificationstyle.

Theexecutionstepof theZAM choosesa threadto executebasedon theordergiven
by the activesequenceof a configurationandof threadpriorities. It initializes the data
fields from the threadandgoal tables,dispatchesthe instruction(dispatchingis defined
lateron),andstoresthedatafieldscontainedin theselectionbackto theconfiguration.

In Figure 5.15 (on the following page),the signatureof the operationScheduleis

Instruction ��� � ndnSn� TRYNEXT� Value �¼�?�@� Value �����@� Intension�� SEARCH � SearchState� SearchMode ���?�@� Intension�
SearchState ���v� Select � Resume� Backtrack
SearchMode���v� MuFirst � MuNext � Value� � Test � TestN

Figure5.14: ZAM Auxiliary Instructions
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Selection
Config� Goal� Thread� this � ThreadInx� instr � Instruction

Step��� ScheduleÌ Dispatch Ì Restore

ScheduleÊ Ã activeÅ Config� Selection
Ô

i ��- l. . . . . . . . . . . .�
active 1òq

i � min ~ j � ¼'½»{ active � M k � ¼'½»{ active � k 1 j ±j ttabj activek o¢o n prio Í j ttabj activej o¢o n prio �
this

Ô � activei
active

Ô � ~ j � ¼'½�{ active � j ÷� i ��Î active� Thread
Ô � ttabthis

Ô
� Goal

Ô � gtabparent
Ô

RestoreÊ Ã ttabm gtabÅ Selection

ttab
Ô � ttab

î ~ this ÒÓ j~� Threado �
gtab

Ô � gtab
î ~ parent ÒÓ j~� Goalo �

Figure5.15: ZAM ExecutionStep

Ã Ê Config� Selection
Ô Å , the signatureof the operationDispatch is Ã Ê SelectionÅ , and the

signatureof the operationRestore is Ã Ê Config� SelectionÅ . Thus the signatureof the
overallStepis Ã Ê ConfigÅ : oneconfigurationis mappedinto thenext one,with thehelpof
theintermediatedatain theselection.

Dispatchingis definedin Figure5.16(on thenext page).Thebasicdispatchoperation
is enclosedby two operations,PreDispatch and PostDispatch, which perform actions
commonto theexecutionof every instruction:

± PreDispatch dumpsthe executingthread’s state(stackand instructionstream)to
the active choice,if oneexists andif a dumpto this choicehasnot alreadybeen
performed(cf. discussionof dumpingin Section5.1.3(onpage100)). It thenloads
thenext instructioninto theinstr field of theoperation,andadvancestheinstruction
stream,code.

± PostDispatch checkswhetherthe threadsbelongingto the currentgoal have fin-
ished.If this is thecase,andthegoalhasaparentthread,this parentis resumed.

5.2.4 Instructions

The meaningof the instructionsof the ZAM is specifiedin the sequel. The readeris
referredto Section5.1.5(onpage102)for aninformaldescriptionof theinstructions.
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Dispatch ��� PreDispatch Ì BasicDispatch Ì PostDispatch

PreDispatchÊ Ã choicesm codeÅ SelectionùOú��
choices 1òq�Ä this 8×9¼'½»{$j headchoiceso n dump¹ Î ¸äü choices

Ô � addDumpj thism stack m codem headchoiceso � � tail choices¸¶·�ýU¸ choices
Ô � choicesj instr m code

Ô oñ� j headcodem tail codeo
BasicDispatch �}�

XWait Ê XLoad Ê XLoadEnv Ê XStore Ê XUnify Ê
XMemberÊ XTryNext Ê XMkInten Ê XMkTerm Ê
XMkEmptyÊ XMkSingleÊ
XUnion Ê XIsect Ê XMu Ê XTest Ê XTestN Ê XSearch Ê XSuccess

PostDispatchÊ Ã activeÅ SelectionùOú
status ÷� running Äj M t � ¼'½»{ threads � t ÷� this ± j ttabt o n status ÷� runningo Äj gtabparento n parentThread ÷� q¹ Î ¸äü active

Ô � active � ��j gtabparento n parentThread¸¶·�ýU¸ active
Ô � active

Figure5.16: ZAM Dispatching

XLoadÊ Ã activem stackÅ Selection

inx � VarInx � val � Value
. . . . . . . . . . . .
instr � LOAD j inx o
val � ù:ú�Ç � v � Value � vtab j varshift Å inx oñ� Boundv¹ Î ¸¶ü v¸ä·:ýd¸ Var j varshift Å inx o
stack

Ô � val � � stack
active

Ô � active � � this

Figure 5.17: TheLOAD Instruction

The LOAD Instruction

TheLOAD j inx o (Figure5.17)instructionloadsthevariable,addressedby varshift Å inx,
or its binding,to thestack(recallthatvarshift is theoffsetaddedfor thevariableinstances
of theexecutingthread).
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XWaitÊ Ã activem vtabm codeÅ Selection

inx m cand � VarInx � cands ��� VarInx
. . . . . . . . . . . .
instr � WAIT j inx o
cands� ùOú Ç � v � Value � vtab j varshift Å inx o � Boundv¹ Î ¸¶ü varsj freezevtabv o¸¶·:ýd¸ ~ varshift Å inx �ùOú

cands ÷�;:¹ Î ¸äü cand × cands
vtab

Ô � vtab
î ~ cand ÒÓ Freej¢j FreeÀ o j vtabcando �V~ this� o �

code
Ô � WAIT j inx o � � code

active
Ô � active¸¶·�ýU¸ active
Ô � active � � this

Figure5.18: TheWAIT Instruction

XLoadEnvÊ Ã activem stackÅ Selection

dist ��- ld� ginx � GoalInx� inx m vshift � VarInx � val � Value
. . . . . . . . . . . .
instr � LOADENVj distm inx oj ginxm vshiftoç� envdist
stack

Ô � freezej gtabginxo n vtab j¢j BoundÀ o jÚj gtabginxo n vtab j vshift Å inx o¢oÚo� � stack
active

Ô � active � � this

Figure 5.19: TheLOADENV Instruction

The WAIT Instruction

The WAIT j inx o instruction(Figure 5.18) calculatesthe set of free variables,the index
varhshift Å inx refersto directlyor indirectly. If thissetis nonempty, it takesanarbitrary
oneof it, addstherunningthreadto thewaitingsetof thisvariable,andpreparesto execute
WAIT againwhenthethreadis resumed.Otherwise,thethreadjust continues.

The LOADENV Instruction

The LOADENVj distm inx o instructionloadsthe variableinx from the goal of the lexical
distancedist to thestack. Theenvironmentvariableis expectedto bebound,aswell as
all variablesits binding refersto. The loadedvalueis frozenusingthevariabletableof
thegoalcontext. Freezingis essentialsincethevariableindicesappearingin thebinding
of theenvironmentvariablearelocal to theenvironment’s goal,andhave no meaningin
thecurrentcontext.
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XUnifyÊ Ã stack m statusm activem choicesÅ Selection

b ��� VarInx
. . . . . . . . . . . .
instr � UNIFY � stack

Ô � tail j tail stack oùOú Ìïj vtabm stack öäm stack ® o ×9¼'½»{ unify¹ Î ¸äü status
Ô � error � active

Ô � active¸¶·�ýU¸ ùOú
unifyj vtabm stack ö�m stack ® o � Fail¹ Î ¸¶ü status

Ô � failure� active
Ô � active¸¶·:ýd¸ Okj vtab

Ô m b o � unifyj vtabm stack ö�m stack ® o
status

Ô � status
active

Ô � active
³

orderinxj � ~ i � b ± j FreeÀ o j vtabi o � oÑ� � thisùOúK�
choices 1ïq¹ Î ¸¶ü choices

Ô � addBoundj b m headchoiceso � � tail choices¸¶·:ýd¸ choices
Ô � choices

Figure5.20: TheUNIFY Instruction

XStoreÊ Ã codem activeÅ Selection

inx � VarInx
. . . . . . . . . . . .
instr � STOREj inx o
code

Ô � LOAD j inx o � � j UNIFY � � codeo
active

Ô � active � � this

Figure5.21: TheSTOREInstruction

The UNIFY Instruction

TheUNIFY instruction(Figure5.20)popstwo valuesfrom thestackandunifiesthem.If
unificationfails, theexecutingthreadfails; if unificationis undefined,thethreadswitches
to the error status. Otherwise,the variabletable is updated,threadswhich arewaiting
for theboundvariablesareresumedand– if thechoicestackis notempty– thevariables
boundby theunificationarerecordedin theactivechoice.

The STOREInstruction

TheSTOREj inx o instruction(Figure5.21)isexplainedby thecodesubstitutionLOAD j inx o � UNIFY.

The MEMBERInstruction

The MEMBERinstruction(Figure5.22(on the following page))is implementedby the
auxiliary instructionTRYNEXT. On executionof MEMBER, first thepriority of therun-
ning threadis lowered,if it is not alreadylow. Otherwise,a choicepoint is created,and
theinstructionTRYNEXTis scheduledfor execution.
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XMemberÊ Ã prio m codem stack m choicesm activeÅ Selection

es �����@� Value� is ���?�@� Intension
. . . . . . . . . . . .
instr � MEMBERùOú

prio 1òq¹ Î ¸äü prio
Ô � q

code
Ô � MEMBER� � code

stack
Ô � stack � choices

Ô � choices
active

Ô � active � � this¸¶·�ýU¸ Setj esm is oç� headstack
choices

Ô � Â
bound ���H: m dump ���;: m spawned���H: Ä(� � choices

code
Ô � TRYNEXTj head j tail stack o m esm is o � � code

stack
Ô � tail j tail stack o

prio
Ô � ®

active
Ô � active � � this

Figure5.22: TheMEMBERInstruction

XTryNext ��� XTryNextEmptyÊ XTryNextExtenÊ XTryNextInten

XTryNextEmptyÊ Ã choicesm statusÅ Selection

p � Value�
. . . . . . . . . . . .
instr � TRYNEXTj p m�ADC^m�ADC o
choices

Ô � tail choices
status

Ô � failure

Figure 5.23: TheTRYNEXTAuxiliary Instruction:TheEmptyCase

TheinstructionTRYNEXTj p m esm is o is specifiedby threecases,dependingonthevalue
of esand is. If both esand is areempty, the executingthreadfails after removing the
correspondingchoicefrom thechoicestack(Figure5.23).

If the extensionalpart of TRYNEXTj p m esm is o is not empty, onevalueis extracted,a
continuationwith theremainingvaluesis dumpedto thechoice,andp is unifiedwith the
extractedvalue(Figure5.24(on thefacingpage)).

If theextensionalpartof TRYNEXTj p m esm is o is empty, but the intensionalpart is not
empty, one intensioni is extractedand instantiatedin the context of the currentgoal
(Figure5.25(on thenext page)).Thevariabletableis extendedby i n varcnt freevariables.
For eachconstraintin i n constrs, a threadis spawn and initialized with the offset of the
allocatedvariablesandtheintension’sstoredenvironmentandparameters.Thespawned
threadsareaddedto theactivechoice,andthealternativefor thischoiceis dumped,similar
asin the extensionalcase.The threadcontinuesunifying p with the shiftedintension’s
pattern,shiftvshiftintenn pat.
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XTryNextExtenÊ Ã codem stack m choicesm activeÅ Selection

p � Value� es �����@� l Value� is ���?�@� Intension
. . . . . . . . . . . .
instr � TRYNEXTj p m esm is o
choices

Ô � addDumpj thism stack m TRYNEXTj p m tail esm is o � � codem
headchoiceso � � tail choices

stack
Ô � heades � � j p � � stack o

code
Ô � UNIFY � � code

active
Ô � active � � this

Figure5.24: TheTRYNEXTAuxiliary Instruction:TheExtensionalCase

XTryNextIntenÊ Ã codem stack m choicesm activem vtabm ttabm threadsÅ Selection

p � Value� i � Intension� is �v���@� Intension� spawned��� ThreadInx
. . . . . . . . . . . .
instr � TRYNEXTj p m�ADC^m i � � is o
vtab

Ô � vtab �V~ v � � vtab ÅË®ÕnSn � vtab Å i n varcnt ± v ÒÓ Free: �
ttab

Ô � ttab �@~ t � � ttab ÅË®ØnSn � ttab Å � i n constrs ±
t ÒÓ Â

parent ��� parentm child ��� q»m prio ��� ®Dm
status��� runningm env ��� i n env m
params ��� i n paramsm stack �}� ADCUm
varshift �}� �

vtab ÅË®Dm
code ��� i n constrsj t g � ttabo Ä^�

spawned� ¼'½»{ ttab
Ô æÕ¼'½»{ ttab

choices
Ô � addDumpj thism stack m TRYNEXTj p m�ADCUm is o � � codem

addSpawnedj spawnedm headchoicesoÚo � � tail choices
threads

Ô � threads� spawned
stack

Ô � shift j � vtab Å¨® o i n pat � � j p � � stack o
code

Ô � UNIFY � � code
active

Ô � active
³

orderinxspawned� � this

Figure5.25: TheTRYNEXTAuxiliary Instruction:TheIntensionalCase

The Make Instructions

The MKEMPTY instructionpushesan emptysetto thestack. The MKSINGLEinstruc-
tions popsa valuefrom the stackandpushesa singletonsetcontainingthis value(Fig-
ure5.26(on thefollowing page)).

TheMKVARj inx o instruction(Figure5.27(onthenext page))pushesthevalueVar inx
to thestack.TheMKTERMj�i m n o instructionpopsn argumentsfrom thestackandpushes
thevalueTermj:i m argso .

TheMKINTENj parcntm varcntm constrso instruction(Figure5.28)createsa new inten-
sionandpushesit to thestack;theenvironmentof theintensionis createdfrom theexe-
cutingthreadscontext.
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XMkEmptyÊ Ã stack m activeÅ Selection

instr � MKEMPTY
stack

Ô � Setj�ADCUm�ADC o � � stack
active

Ô � active � � this

XMkSingleÊ Ã stack m activeÅ Selection

instr � MKSINGLE
stack

Ô �
SetjfA headstack CUm�ADC o � � tail stack

active
Ô � active � � this

Figure 5.26: TheMKEMPTYandMKSINGLEInstructions

XMkVarÊ Ã stack m activeÅ Selection

inx � VarInx
. . . . . . . . . . . .
instr � MKVARj inx o
stack

Ô � Var j inx o � � stack
active

Ô � active � � this

XMkTermÊ Ã stack m activeÅ Selection

i � CONS� n ��-. . . . . . . . . . . .
instr � MKTERMj�i m n o
stack

Ô � Termj�i m�jz®ÕnSn n o Î stack o� � j¢j n ÅË®ÕnSn � stack o Î stack o � active
Ô � active � � this

Figure5.27: TheMKTERMInstruction

The UNION and ISECTInstruction

The UNION instructionpopstwo valuesfrom the stackand builds the union of them
(Figure5.29(on thefacingpage)).If theunionis undefined(becauseit requiresequality
on valueswhichcannotbecomputed)thethreadstopsin statuserror.

The ISECT instructionpopstwo valuesfrom thestackandbuilds the intersectionof

XMkIntenÊ Ã stack m activeÅ Selection

parcntm varcnt ��- � constrs ������� Code
. . . . . . . . . . . .
instr � MKINTENj parcntm varcntm constrso
stack

Ô � Setj�ADCUm�A Â varcnt ��� varcntm pat ��� headstack m
params ��� j¢®ÕnSn parcnto Î tail stack m
env �}� j parentm varshifto � � env m constrs ��� constrsÄ�Co � � j parcnt ÅË®ÕnSn � stack o Î tail stack

active
Ô � active � � this

Figure5.28: TheMKINTEN Instruction
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XUnionÊ Ã activem stack m statusÅ Selection

esldm es� �����@� Value� islUm is� ���?�@� Intension
. . . . . . . . . . . .
instr � UNION
stack ö � Setj eslUm isl o � stack ® � Setj es�Sm is� oùOú j esldm es� o ×@¼'½»{$j ¿ o¹ Î ¸äü stack

Ô � Setj esl­¿ es�Sm isl ³ is� o � � tail j tail stack o
active

Ô � active � � this� status
Ô � status¸¶·�ýU¸ status

Ô � error � active
Ô � active� stack

Ô � tail j tail stack o
Figure5.29: TheUNION Instruction

XIsectÊ Ã activem stack m statusÅ Selection

esldm es� �����@� Value� islUm is� ���?�@� Intension
. . . . . . . . . . . .
instr � ISECT� stack ö � Setj esl^m isl o � stack ® � Setj es�Sm is� oùOú j esldm es� o ×@¼'½»{$j À o¹ Î ¸äü stack

Ô � Setj esl­À es�Sm join j Setj esl^m�ADC o m Setj�ADCUm is� oÚo ³
join j Setj es�dm�ADC o m Setj�ADCUm isl oÚo ³
join j SetjfADC^m isl o m SetjfA~CUm isl o¢oo � � tail j tail stack o

active
Ô � active � � this� status

Ô � status¸¶·�ýU¸ status
Ô � error � active

Ô � active� stack
Ô � tail j tail stack o

join � Æ ´ u Set � Æ ´ u Set � �?�@� Intension

join j Setj eslUm isl o m Setj es�Sm is� o¢o¾©ùOú!�
eslnÅ � isl71­q}Ä � es�­Å � is�=1­q¹ Î ¸¶ü A Â varcnt ��� ®Dm pat ��� Var q»m env ��� ADC^m

params ��� A Setj esl^m isl o m Setj es�dm is� o CUm
constrs ���AfA LOAD j�q o m LOADPARj¢® o m MEMBERm SUCCESSCUmA LOAD j�q o m LOADPARj=ö o m MEMBERm SUCCESSCfCfÄ�C¸¶·:ýd¸ ADCÍÏÎ ¸'Ð	¸ esldm es� ������� Value� islUm is� �����@� Intension

Figure5.30: The ISECTInstruction

them(Figure5.30). If the intersectionof theextensionalpartsundefined(becauseit re-
quiresequalityonvalueswhichcannotbecomputed)thethreadstopsin statuserror. The
specificationusesanauxiliary function join j v ®Dm vö o thatcreatesanintension,implement-
ing the � Z form � x � x × vlkÄ x × v�f� (cf. discussionof intersection,Section5.1.1(on
page98)). For realizingtheconstraintsof this intension,we passthesetvaluesvl andv�
asintensionparameters.
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XSuccessÊ Ã statusÅ Selection

instr � SUCCESS
status

Ô � success

Figure5.31: TheSUCCESSInstruction

XMuÊ Ã activem stack m statusm codeÅ Selection

es �����@� Value� is ���?�@� Intension
. . . . . . . . . . . .
instr � MU
Setj esm is o � � stack

Ô � stackùOú��
es � q¹ Î ¸äü code

Ô � SEARCHj Selectm MuFirstm is o � � code
status

Ô � status� active
Ô � active � � this¸¶·�ýU¸ ùOú��

es � ®¹ Î ¸¶ü code
Ô � SEARCHj Selectm MuNext j headeso m is o � � code

status
Ô � status� active

Ô � active � � this¸¶·:ýd¸ status
Ô � error � active

Ô � active� code
Ô � code

Figure5.32: TheMU Instruction

The SUCCESSInstruction

The SUCCESSinstructionstopsthe running threadand puts into statussuccess(Fig-
ure5.31).

The MU Instruction

TheMU instruction(Figure5.32)delegatesitswork to theauxiliaryinstructionSEARCHj statem modem is o
that implementssubresolutionfor a sequenceof intensions,is. SEARCHis startedin
stateSelectandoneof two modes:MuFirst indicatesthatno candidatevalueis present
for uniqueselection,whereasMuNextcanddefinesa candidate(thedetailsarediscussed
lateron). Thecandidateis initialized from a singletonextensionalpartof theseton top
of thestack. If theextensionalpartcontainsmorethenoneelement,theMU instruction
immediatelyswitchesto statuserror.

The TESTand TESTNATIVE Instructions

As theMU instruction,theTESTandTESTNATIVE instructions(Figure5.33(onthenext
page))arebasedontheauxiliaryinstructionSEARCHj statem modem is o (definedin thenext
section).Both instructionsaredecidedimmediately, if theextensionalpartof theseton
top of thestackis nonempty:theTESTinstructionwhich checksfor nonemptinessthen
succeeds,whereastheTESTNATIVE instructionfails.
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XTestÊ Ã activem stack m codeÅ Selection

es �����@� Value� is ���?�@� Intension
. . . . . . . . . . . .
instr � TEST
Setj esm is o � � stack

Ô � stackùOú��
es � q¹ Î ¸äü code

Ô � SEARCHj Selectm Testm is o � � code
active

Ô � active � � this¸¶·�ýU¸ code
Ô � code� active

Ô � active � � this

XTestNÊ Ã activem stack m statusm codeÅ Selection

es �����@� Value� is ���?�@� Intension
. . . . . . . . . . . .
instr � TESTNATIVE
Setj esm is o � � stack

Ô � stackùOú��
es � q¹ Î ¸äü code

Ô � SEARCHj Selectm TestNm is o � � code
status

Ô � status� active
Ô � active � � this¸¶·�ýU¸ status

Ô � failure� code
Ô � code� active

Ô � active

Figure 5.33: TheTESTandTESTNATIVE Instructions

The SEARCHAuxiliary Instruction

TheauxiliaryinstructionSEARCHj statem modem is o implements“encapsulatedsearch”and
is usedto modelthe MU andTEST8 TESTNATIVE instructions.The stateis oneof the
following:

± Select: selectthenext intensionfrom is andstarta subgoalfor its resolution.After
selection,theexecutingthreadsuspendsuntil thesubgoal’sexecutionhasfinished.

± Resume: the statein which the currentthreadcontinueswhenit is resumedsince
thesubgoal’s executionhasfinished.Actionsareperformedin dependency on the
modeof the search:the searchmay be finished,backtrackingmay be invoked or
thenext intensionmaybetried.

± Backtrack: indicatesthatthecurrentsubgoalshallbebacktracked

Themodedescribeswhich functionalityis implementedby thesearch:

± MuFirst: searchfor a � -value.No candidateis yetknown.

± MuNextcand: searchfor a � -value. A candidateis known, which mustequalto
eachotherpossiblecandidate.

± Test: test for nonemptiness.The searchstopsandthe initiating threadcontinues
normallyassoonasthefirst resolutionis successful.
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XSearch ���
XSearchSelectMore Ê XSearchSelectEndMuFirst Ê
XSearchSelectEndMuNext Ê XSearchSelectEndTest Ê
XSearchSelectEndTestN Ê XSearchResumeSuccessMuÊ
XSearchResumeSuccessTest Ê XSearchResumeSuccessTestN Ê
XSearchResumeFailure Ê XSearchResumeError Ê
XSearchBacktrack

Figure5.34: TheSEARCHAuxiliary Instruction:Dispatching

XSearchSelectMoreÊ Ã child m ttabm gtabm activem codeÅ Selection

mode � SearchMode� i � Intension� is ������� Intension
. . . . . . . . . . . .
instr � SEARCHj Selectm modem i � � is o
child

Ô � �
gtab ÅË®

ttab
Ô � ttab �@~ t � � ttab ÅË®ØnSn � ttab Å � i n constrs ±

t ÒÓ Â
parent ��� child

Ô m child ��� q»m prio ��� ®Dm
status��� runningm env ��� i n env m
params ��� i n paramsm stack �}� ADCUm varshift ��� ®Dm
code ��� i n constrsj t g � ttabo Ä^�

gtab
Ô � gtab �É~ child

Ô ÒÓ Â
parentThread ��� thism pat ��� i n patm
threads��� ¼'½»{ ttab

Ô æØ¼'½»{ ttabm
choices��� ADCUm
vtab �}� ~ v � ®ÕnSn i n varcnt ± v ÒÓ Free: �lÄ^�

code
Ô � SEARCHj Resumem modem is o � � code

active
Ô � active

³
orderinxj�¼'½»{ ttab

Ô æØ¼'½»{ ttabo
Figure5.35: TheSEARCHAuxiliary Instruction:Select,More Intensions

± TestN: test for emptiness.The searchstopsin statusfailure assoonas the first
resolutionis successful.

TheSEARCHj statem modem is o instructionis definedby severalschemasthatdiscriminate
over state, modeand the sequenceof intensionsis. The dispatcheris definedin Fig-
ure5.34.

SelectionState. Figure5.35 definesthe selectionstatefor the casethat the intension
sequenceis nonempty, which is independentof the modeof the search. For the next
intensioni, a new subgoalis createdandstoredin thechild field of theexecutingthread.
Thespawnedthreadsareactivatedandtheexecutingthreadsuspends,afterpreparingto
continuein searchstateResume.

Figure5.36(on thefacingpage)definestheselectionstatefor thecasethattheinten-
sion sequenceis empty. The actionperformeddependson the mode: in modeMuFirst,
the initiating MU instructionproducesanerror (thesetMU is executedon is empty). In
modeMuNextcand, cand is theuniqueresultof executingMU. In modeTest, thetested
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XSearchSelectEndMuFirstÊ Ã statusÅ Selection

instr �
SEARCHj Selectm MuFirstm�ADC o

status
Ô � error

XSearchSelectEndMuNextÊ Ã activem stackÅ Selection

cand � Value
. . . . . . . . . . . .
instr �
SEARCHj Selectm MuNextcandm�ADC o

stack
Ô � cand � � stack

active
Ô � active � � this

XSearchSelectEndTestÊ Ã statusÅ Selection

instr � SEARCHj Selectm Testm0ADC o
status

Ô � failure

XSearchSelectEndTestNÊ Ã activeÅ Selection

instr � SEARCHj Selectm TestNm�ADC o
active

Ô � active � � this

Figure5.36: TheSEARCHAuxiliary Instruction:Select:No More Intensions

setis emptywhichletstheexecutingthreadfail; in modeTestN, thetestfor emptinesshas
succeededandtheexecutingthreadjust continues.

ResumeState. Figure 5.37 (on the next page)definesschemasfor the Resumestate
in casethesubgoalhasbeensuccessfullyresolved. We endheresincea threadis auto-
maticallyresumedby thegeneraldispatchoperationPostDispatch (Figure5.16)whenthe
threadsof its subgoalhavefinished.Thesubgoalis successfulif all its threadsarein status
success. Theactiondependson themodeof search:in caseof Testor TestN, thesearch
is finished,andtheexecutingthreadeithercontinuesor stopsin statusfailure. In caseof
MuFirst or MuNextcand, the resultof the subresolutionis frozenandcomparedwith a
possiblepreviouscandidatefor uniqueselection.Thefrozenvaluemustnot containfree
variables;if it doesso,or if a previouscandidatedoesnot equalto thefrozenresult,or if
equalityis undefined(sincethecomparedvaluescontainintensions),theexecutingthread
stopsin statuserror. Otherwise,thesearchswitcheseitherto statusBacktrack if thereare
pendingchoices,or to statusSelectif thereareno morechoices,trying thenext possible
intension.

Figure5.38(on page123)definesschemasfor theResumestatein casethesubgoal
hasfailedor is in statuserror. In caseof a failure,thenext alternative is tried, eitherby
backtrackingor by selectingthenext intension.An errorstatusis just propagatedto the
executingthread.

Backtrack State. Figure5.39(onpage123)definestheBacktrack statusof asearch.It
canbeassertedthat thechoicestackis not empty. In thesubgoal,changesasdescribed
by thetopmostchoiceentryareundone:dynamicallyspawnedthreadsareremoved,the
choiceitself is prunedand the variablesare resetto be free. The threadswhich have
dumpedto thechoicearerestored.Therestoredthreadsarereactivated(they mayrun or
not on backtrack)andtheexecutingthreadsuspendsafterpreparingto continuein state
Resumewhenthebacktrackedsubgoalhasfinished.
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XSearchResumeSuccessTestÊ Ã activeÅ Selection

is ������� Intension� sgoal � Goal
. . . . . . . . . . . .
instr � SEARCHj Resumem Testm is o
sgoal � gtabchild � M t � sgoaln threads ± j ttabt o n status� success
active

Ô � active � � this�
XSearchResumeSuccessTestNÊ Ã statusÅ Selection

is ������� Intension� sgoal � Goal
. . . . . . . . . . . .
instr � SEARCHj Resumem TestNm is o
sgoal � gtabchild � M t � sgoaln threads ± j ttabt o n status� success
status

Ô � failure

XSearchResumeSuccessMuÊ Ã activem codem statusÅ Selection

mode � SearchMode� is ���?�@� Intension� sgoal � Goal� candm res � Value
. . . . . . . . . . . .
instr � SEARCHj Resumem modem is o
mode� MuFirst Ê mode� MuNextcand
sgoal � gtabchild � M t � sgoaln threads ± j ttabt o n status� success
res � freezesgoaln vtabsgoaln patùOú

varsres �;: Äj mode� MuNextcand ô j candm reso ×9¼'½�{ equal Ä equalj candm reso¢o¹ Î ¸äü code
Ô � SEARCHj ùOúK� sgoaln choices 1­q¹ Î ¸¶ü Backtrack ¸¶·:ýd¸ Selectm MuNext resm is o � � code

active
Ô � active � � this� status

Ô � status¸¶·�ýU¸ code
Ô � code� active

Ô � active� status
Ô � error

Figure5.37: TheSEARCHAuxiliary Instruction:Resume:SubgoalSuccess
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XSearchResumeFailureÊ Ã activem codeÅ Selection

mode � SearchMode� is ���?�@� Intension� sgoal � Goal
. . . . . . . . . . . .
instr � SEARCHj Resumem modem is o
sgoal � gtabchild ��Þ t � sgoaln threads ± j ttabt o n status� failure
code

Ô � SEARCHj ù:úK� sgoaln choices 1òq¹ Î ¸¶ü Backtrack ¸ä·:ýd¸ Selectm modem is o � � code
active

Ô � active � � this

XSearchResumeErrorÊ Ã statusÅ Selection

mode � SearchMode� is ���?�@� Intension� sgoal � Goal
. . . . . . . . . . . .
instr � SEARCHj Resumem modem is o � sgoal � gtabchildM

t � sgoaln threads ± j ttabt o n status ÷� failureÞ t � sgoaln threads ± j ttabt o n status� error
status

Ô � error

Figure 5.38: TheSEARCHAuxiliary Instruction:Resume:SubgoalFailure

XSearchBacktrackÊ Ã gtabm ttabm codem activeÅ Selection

mode � SearchMode� is ���?�@� Intension� sgoal � Goal� choice � Choice
. . . . . . . . . . . .
instr � SEARCHj Backtrack m modem is o � sgoal � gtabchild�

sgoaln choices 1­q»� choice � headsgoaln choices
gtab

Ô � gtab
î ~ child ÒÓ Â

parentThread �}� sgoaln parentThreadm
pat �}� sgoaln patm
threads��� sgoaln threadsæ choicen spawnedm
choices��� Â

bound ���;: m dump ����: m
spawned����: Ä(� � tail sgoaln choicesm

vtab ��� vtab
î ~ v � choicen bound ± v ÒÓ Free: �lÄ^�

ttab
Ô � ttab

î ~ t � ¼'½»{ choicen dump±
t ÒÓ j:��Ê Ã stack m codem statusÅ Thread �l� Thread � ttabtj stack

Ô m code
Ô o2� choicen dumpt

status
Ô � running ± � Thread

Ô o �
code

Ô � SEARCHj Resumem modem is o � � code
active

Ô �~ t � Æ ´ u active � t 8× sgoaln threads�ËÎ active
³

orderinxj�¼'½»{ choicen dumpo
Figure5.39: TheSEARCHAuxiliary Instruction:Backtracking
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ENV ��� j VAR Æ VarInx oG� j VAR Æ -çoG�E� VAR

enter � ENV �%� VAR � ENV
index ��� ¬= � ENV� x � VAR ±  çn�® x
nest ��� ¬Ë � ENV� x � VAR ±  %nvö x
mkflex �}� ¬Ë � ENV� vars ��� VAR ± j[ %n�®Dm� %n ö�m� %n�eÕ� varso
flex ��� ¬Ë � ENV ±  %n�e
enter jY %m varso¾©·O¸'¹ order �}�­ì	´ Æí½'ÆM¼'y�Æ vars ±j[ %n�® î ~ i � ¼'½»{ order ± orderi ÒÓ i gò®E�¶m¬ x � VAR ± ùOú x × vars ¹ Î ¸¶ü q ¸ä·:ýd¸ nestj[ %m x o ÅË®Dm

flex  æ varsoÍÏÎ ¸'Ð	¸  � ENV� vars ��� VAR

Figure 5.40: CompilationEnvironment

5.3 Compilation

In this section,the compilationof � Z to ZAM instructionsis described. Compilation
workson expressionsnormalizedasdescribedin Section4.2 (on page74) in Chapter4.
A top-level expression,constitutinga � Z “program”, may, for example,be given asa
propertywith freevariables,suchasx × e, wherex describestheoutputof theprogram.
Compilingx × ewith aninitial environmentdeclaringx yieldsasequenceof codeinstruc-
tionswhich canbeexecutedastheconstraintof an intensionof theZAM. Backtracking
over thegoalfor this intensionyieldsthepossiblebindingsfor x.

5.3.1 Envir onment

Thecompilationis basedonanenvironmentholdinginformationaboutvariablenamesin
thecontext of acompiledexpression.An environment, 9× ENV, isatriple j indicesm nestsm flex o ,
whereindicesis a mappingfrom variablesto their associatedindices,nestsa mapping
from variablesto their scopingnestandflex a setof variableswhich areconsideredas
“flexible”. For flexible variables,in contrastto nonflexible, it is not requireto emit a
WAIT instructionbeforethey canbeaccessed.Thespecificationof environmentsis given
in Figure5.40.

The enterjY %m varso function extendsthe environmentfor enteringa scopewhich de-
claresthevariablesvars. Variablesfrom outerscopesareshadowed; for thosewhich are
still visible thescopingnestis incrementedby one.Thefunction index j[ %m x o retrievesthe
index of the variablex in  , the function nestjY %m x o the scopingnestof x. The function
mkflex j[ %m varso addsthegivenvariablesto theflex set,thefunctionflex  retrievestheflex
set.

In thedefinitionof enter, weusethefunction ì	´ ÆM½'Æí¼'y�Æ thatmakesasequenceof some
fixed but arbitraryorderfrom a finite setof variables.Note that variableindicesin the
ZAM startwith q (whereasZ’s sequencesareindexedstartingfrom ® ). Fromtheflex set,
weremovethenewly enteredvariables,sinceany variableswith thesamenamein thisset
areshadowed,andtheflexible informationbecomesinvalid for them.
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¹ BAS � ENV � EXPB � Code¹ DIS � ENV � EXPD � Code¹ CON � ENV � EXPC � Code¹ LIT � ENV � EXPL � Code¹ PRO � ENV � EXPA � Code

Figure5.41: Declarationof CompilationFunctions

¹ BAS  ¿j:ikj b o^o%© ³ 8�jY¹ BAS  . boÑ� � MKTERMj�i m � b o� d © ¹ DIS  d� c © ¹ CON  c� l © ¹ LIT  lÍÏÎ ¸¶Ð	¸  � ENV� b �����@� EXPB ��i � CONS� d � EXPD � c � EXPC � l � EXPL

Figure 5.42: CompilingGeneralExpressions

5.3.2 Compilation Functions

For eachlevel of the disjunctive normal form (describedin Figure4.3 (on page74)), a
compilationfunctionis provided:generalexpressions,disjunctions,conjunctions,literals
andproperties.Thesefunctionsconstituteamutualrecursivesystem,whichwill bespec-
ified in the subsectionsbelow. The declarationof the compilationfunctionsis given in
Figure5.41.

Compiling GeneralExpressions

Thefunction ¹ BAS  b takesany expressionin normalform andcompilesit to a sequence
of instructions(Figure5.42). For constructorapplication,ikj b o , codeis generatedwhich
pushesthearguments,andtheMKTERM instructionis appendedto this code.For other
expressions,theappropriatespecializedcompilationfunctionis called.

Compiling Disjunctions and Conjunctions

The compilationof disjunction(union) andconjunction(intersection)is definedin Fig-
ure 5.43 (on the next page). For unions,

�
c, UNION instructionsare folded into the

instructionsgeneratedfrom the operandsc. A simpleoptimizationcanprevent the cre-
ationof theemptysetasa neutralelement,which we have omitted.For thecompilation
of intersection,� l, ISECT instructionsare folded into the instructionsgeneratedfrom
theliteral operands.Thesequenceof conjunctedliteralscanbeassumedto benonempty
by thenormalform of expressions.

Compiling Literals

Thecompilationof literals(andatoms,whichwesubsumehere)is definedin Figure5.44
(on thefollowing page).Thefollowing comments:
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¹ DIS  ¿j � c o%© j=¬ c � EXPC � code � Code ± code
³ ¹ CON  c � � UNION mA MKEMPTYC o æ cÍÏÎ ¸¶Ð	¸  � ENV� c ������� EXPC

¹ CON  ¿j~� l o¾© jÈ¬ l � EXPL � code � Code ± code
³ ¹ LIT  l � � ISECTm¹ LIT  5j headl o¢o æ tail lÍÏÎ ¸¶Ð	¸  � ENV� l ������� EXPL � � l 1òq

Figure5.43: CompilingDisjunctionsandConjunctions

¹ LIT  ¿j x o © ùOú
nestj[ %m x o � q¹ Î ¸¶ü ù:ú x 8× flex  ¹ Î ¸¶ü A WAIT j index jY çm xoÚo m LOAD j index jY %m x oÚo C¸ä·:ýd¸ A LOAD j index j[ %m x o¢o C¸¶·:ýd¸ A LOADENVj nestj[ %m xo m index jY %m x oÚo C� jz~ b � o © ¹ BAS  b � � MKSINGLE� j�� d o © ¹ DIS  d � � MU� j=� a o © ¹ LIT  a � � MKVARjÈq oÑ� �

MKINTENj¢®Dmd®Dm�AfA WAIT jÈq o m LOAD jÈq o m
MKSINGLEm LOADPARjz® o m
ISECTm TESTNATIVEm SUCCESSC�C o� j c Ã plAÒÓ p�ÚÅ o%©_·O¸'¹ vars �}�­ì	´ Æíw plç� ì	´ Æíw p� ±·O¸'¹  Ô ��� mkflex j enterj[ %m varso m varso»±¹ CON  c

³ ¹ BAS  Ô p� � �
MKINTENj¢®Dm � varsmAY¹ BAS  Ô pl ³A LOADPARj¢® o m MEMBERm SUCCESSCfC o� jz~ p �vk¾� o ©_·O¸'¹ w ��� ~ x �Dì	´ ÆMwºk5æ�j ì	´ ÆMw p � flex  o � nestj[ %m x o � qä� ±·O¸'¹  Ô ��� enterj[ %m ì	´ ÆMw p o»±j=¬ x � w ± WAIT j index jY %m x oÚo¢o>.Øì	´ ÆM½'Æí¼'y�Æ w

³
¹ BAS j mkflex jY Ô m ì	´ Æíw p oÚo p � �
MKINTENjÈq»m � j ì	´ Æíw p o m�AY¹ PRO  Ô k¢C o� j:é%ê p ë b o ©_·O¸'¹ w ��� ~ x �Dì	´ ÆMw b æ}j ì	´ Æíw p � flex  o � nestjY çm xoñ� q�� ±·O¸'¹  Ô ��� mkflex j enterj[ %m ì	´ ÆMw p o m ì	´ ÆMw p o»±j=¬ x � w ± WAIT j index jY %m x oÚo¢o>.Øì	´ ÆM½'Æí¼'y�Æ w

³
¹ BAS  Ô p � �
MKINTENjÈq»m � j ì	´ Æíw p o m�AY¹ PRO  Ô j p � b o C oÑ� � MUÍÏÎ ¸¶Ð	¸  � ENV� x � VAR� b � EXPB � d � EXPD � a � EXPA

c � EXPC �3k � EXPP � p m plUm p� � PAT

Figure5.44: CompilingLiterals

± For avariable, x, wedistinguishwhetherit is local (its lexical nestingis q ) or from
the context. For local variables,we generatea LOAD instruction,prependinga
WAIT instructionif thevariableis nonflexible. For a context variable,we generate
aLOADENV instruction.
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¹ PRO  ¿j pl � p� o%© ¹ BAS j mkflex jY çm ì	´ Æíw pl oÚo pl ³¹ BAS j mkflex jY çm ì	´ Æíw p� oÚo p� � � UNIFY � � SUCCESS� j x � b o © ¹ BAS  b � � STOREj index j[ %m xoÚoÑ� � SUCCESS� j p � b o © ¹ BAS j mkflex jY çm ì	´ Æíw p oÚo p ³ ¹ BAS  b � � UNIFY � � SUCCESS� j p × d o © ¹ BAS j mkflex jY çm ì	´ Æíw p oÚo p ³ ¹ DIS  d � � MEMBER� � SUCCESS� j �
� c o © ¹ CON  c � � TEST� � SUCCESS� j �0� c o © ¹ CON  c � � TESTNATIVE � � SUCCESSÍÏÎ ¸¶Ð	¸  � ENV� p m pl^m p� � PAT � x � VAR� d � EXPD � c � EXPC � b � EXPB

Figure 5.45: CompilingProperties

± For asingleton-setconstruction,~ b � , codeis generatedto strictly createtheelement
on thestack,andtheMKSINGLEinstructionis appended.

± For a singleton-setselection,� d, codeis generatedwhich pushesthevalueof d to
thestack,andtheMU instructionis appended.

± For a setcomplement,� a, codeis generatedthat realizesthe � Z intension � x ��0� jz~ x �ñ� vo � , wherev representsthe evaluatedvalueof a, which is passedasan
intensionparameter.

± For a translation,c Ã plÕÒÓ p�ÚÅ , codeis generatedthatrealizesthe � Z intension � p���
plÕ× v� , wherev representstheevaluatedvalueof c, whichis passedasanintension
parameter.

± For a schema,~ p �bk¾� , codefor creatingan intensionis generated.Before the
creationof the intension,codeis insertedwhich waits for all free variablesof the
schemawhicharein thecurrentscopeandwhicharenotflexible. Thisensuresthat
thenewly createdintensiondoesnot refer to freevariablesfrom theenvironment.
It is sufficient to wait for thevariablesof thecurrentscope(from theviewpoint of
thecodecreatingtheintension),since,inductively, thevariablesof theouterscopes
arebound.Flexible variablesareexcludedfrom this treatment.

± A fixed-point,éçê p ë b, is compiledastheform ��~ p � p � b � , with thedifference
thatduringcompilationof p � b we addthevariablesfrom p to thesetof flexible
variables.This allows for theconstructionof cyclic intensions.Notethatwe need
thetemporarilyconstructedintensionthatis immediatelydeconstructedby theMU
operatorin order to get an environmentwhereinner intensionscreatedfor b can
dependon.

Compiling Properties

Thecompilationof propertiesis definedin Figure5.45.Thefollowing comments:

± A patternequality, pl � p� , is mappedto a UNIFY instructionwherethepatterns
are compiledsuchthat all variablesin them are flexible. Note that, by normal-
ization, the variablesappearingin the patternsmust be directly boundedby the
enclosingschema.



128 Abstract Machine

± Thenext threecasesarevariantsof patternmembership,p × c. For thecaseof a
directassignmentto a variable,x � b (a shortcutfor x ×>~ b � ) we usetheSTORE
instructionasanoptimization.For thecaseof anassignmentto apattern,p � b, the
UNIFY instructionis used.In compilingthepatternp, thevariablesof thepattern
aremadeflexible. Finally, the generalcase,p × c is compiledto the MEMBER
instruction.

± Theremainingtwo caseshandlethetestfor emptinessor nonemptinessof thesetc,
andaremappedto theTESTresp.TESTNATIVE instructions.
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5.4 Implementation

A prototypicalimplementationof theZAM in C++ hasbeenrealized,which is discussed
in this section. The implementationdiffers from the specifiedmodel in the following
respects:

± In orderto make dumpingof threadstatesefficient, we usea persistentsingleas-
signmentregister machineinsteadof a stackmachine.Sincea singleassignment
registercanbeneveroverwritten,it is sufficient to justdumpaprogramcounter– a
threadbacktrackingto anexecutionpointalwaysfindsavalid temporarystate.The
usageof a registermachinehassomeinfluenceson the instructionset,aswill be
seenbelow.

± Oncehaving theconceptof persistentsingleassignmentregisters,we mayusedif-
ferent techniquesfor passingparametersto the MKINTEN instructionand other
instructions.Insteadof copyingtheparameters,we justpassa referenceto apersis-
tentregisterarea(a pointerto aC++ arrayof values)4.

± Sincewe have no problemswith creatingcyclic datastructuresin C++, the con-
structionof environmentsfor intensionsas in the ZAM’s Z specificationcan be
completelyavoided,usingintensionparametersinstead.Sincetheintensionparam-
etersarepassedby areferenceto aregisterarea,it is particularlyeasyto back-patch
fixed-points.

Below, wesketchthedatamodelof theZAM in C++ andtheinstructionsetof theregister
version.Somefirst benchmarksfor theprototypicalimplementationarealsogiven.

5.4.1 Data Model

Figure5.46(on thefollowing page)showsthebasictypesusedin C++ to representZAM
values. Here, we also sketch the realizationof native values,usedfor implementing
numbersand other builtin types. Native valuesare characterizedby a virtual method
compare which implementsatotalorderon them(in theC++ implementation,ordering
insteadof extensionalequalityis used).

A setvalue,SetData(extens,intens) , consistsof two sortedsequences,rep-
resentedasSTL vectors.C++’sstandardtemplatelibrary providesuswith algorithmsfor
setunionandintersectionon sortedsequences.

As discussed,an intensionin theC++ implementationdoesnot hold anenvironment
but only anarrayof parameters.For eachfreevariableof theintension’sconstraints,the
params field mustcontainanentrywherea copy of this variable’s valueis stored.The
resultingrepresentationof environmentvariablesis verysimilar to closures,asyieldedby
implementingnestedfunctionsby Ï -lifting in theimplementationof functionallanguages.

A constraintis representedby an abstractclass,which providesa methodto spawn
a thread executingthis constraint. This abstractionallows the easyintegrationof spe-
cializedconstraintimplementations(for example,theintensionsdynamicallycreatedfor

4Pointersto registersseemto be an abuseof notions. We justify this by that the instructionsetof the
C++ ZAM actually correspondsto a register transferlanguage.Moreover, storing registersin reentrant
memoryis alsoa characteristicfeatureof RISClikeprocessorarchitectures.



130 Abstract Machine

typedef ValueData const * Value; typedef Inten-
Data const * Inten;
typedef ConstrData const * Constr;
enum Kind { TERM, VAR, SET, NATIVE };
struct ValueData { Kind kind; };
struct TermData : ValueData { Constr cons; Value args[]; };
struct VarData : ValueData { int index; };
struct SetData : ValueData { vector<Value> extens;

vector<Inten> intens; };
struct NativeData : ValueData { virtual int com-
pare(...) = 0; ... };
struct IntenData { int varcount; Value pat; Value params[];

Constr constrs[]; };
struct ConstrData { virtual Thread spawn(..., int varshift) = 0; }

Figure5.46: ValueTypesof theZAM in C++

typedef ThreadData * Thread; typedef GoalData * Goal;
struct ThreadData { enum Status { RUNNING, SUCCESS, FAIL-
URE,

ER-
ROR, MWAIT, TWAIT } status;

Instr * code; int varshift; int dumpDepth;
enum Priority { LO, HI } prio;
Value params[]; Value registers[];
union { <<data for MWAIT and TWAIT>> };};

struct VarInfo { Value binding; vector<Thread> wait-
ing; };
struct ChoiceInfo { Thread initiator; <<data for alterna-
tive>>;

vector<int> bound; vec-
tor<ThreaDump> dumps;

vector<Thread> spawned; };
struct ThreadDump { Thread dumper; Instr* code; };
struct GoalData { Thread parent; vector<Thread> threads;

Value pat;
vector<VarInfo> vtab;
vector<ChoiceInfo> choices; };

Figure5.47: ControlTypesof theZAM in C++

realizingsetintersection(cf. Figure5.30(onpage117)).Thespawn methodis passedthe
variableshift of theintension’s instance.

Therepresentationof threadsandgoalsin theC++ implementationis givenin Figure5.47.
It is verysimilar to thespecificationin Z. Therearethefollowing differences:
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MKEMPTY Ð r Ñ v
MKSINGLE r Ñ v Ñp Ð r Ñ v
MKINTEN s r Ò Ó Ð r Ñ v
FIXINTEN r Ñ v
MKTERM c Ô r Ò Ó Ð r Ñ v
UNION r Ñ v Ñp Ô r Ñ v Ñ p Ð r Ñ v
ISECT r Ñ v Ñp Ô r Ñ v Ñ p Ð r Ñ v
WAIT v

MOVE r Ñ v Ñp Ð r Ñ v
UNIFY r Ñ v Ñp Ô r Ñ v Ñp
MEMBER r Ñ v Ñp Ô r Ñ v Ñp
MU r Ñ v Ñp Ð r Ñ v
TEST r Ñ v Ñp
TESTNATIVE r Ñ v Ñp
SUCCESS

Figure5.48: RegisterTransferInstructionSetof theZAM

Õ For reasonsof efficiency, auxiliary instructionssuchasTRYNEXTÖ p Ô esÔ is × which
carry a datastatecannot be used. We thushave additionaldatain choices,rep-
resentingthe statecontainedin TRYNEXT. Furthermore,threadshave additional
states,MWAIT andTWAIT, andcorrespondingdatacomponentsfor executionthe
MU andTEST/TESTNATIVE instructions;this datais only valid if a threadis in
oneof thesestates.

Õ The needof a threadto dumpits stateto the active choiceis encodedin a more
efficient way than in the specification. The field ThreadData::dumpDepth
containsthemaximalchoicedepthathreadhasbeendumpedto,andmonotonically
increasesduring the thread’s progress.The testfor the needto dumpis codedas
goal->choiceTable.size() > thread->dumpDepth .

As discussed,it is sufficient to just restoretheprogramcounterto backtrackthreads
since the ZAM usesa single assignmentregister model for storing temporaries(field
ThreadData::registers ):. Thusa threadcanbe restoredto an arbitraryexecu-
tion point,alwaysfindinga valid temporarystateat this point5.

5.4.2 Instruction Set

The ZAM’s C++ implementationusesa register transferinstructionlanguage.The in-
structionsaresummarizedin Figure5.48.Theoperandsof instructionsarethefollowings:

Õ r: the index of a register. This addressesthefield ThreadData::registers
of theexecutingthread.

Õ v: theindex of avariable.ThisaddressestheGoalData::vtab field of thegoal,
the executingthreadbelongsto. If the variableis bound,its binding is denoted,
otherwiseaVarData termholdingthevariable’sindex. Theexecutingthreadadds
theThreadData::varshift valueto theindex, which determinesthebaseof
thevariableframeof on associatedinstantiation.If a variableis thedestinationof
aninstruction,thenthevalueof theinstruction’sresultis unifiedwith theaddressed
variable’svalue.

5By construction,a threadcanneverdumpin stateMWAITor TWAIT – sincein thesestatesit doesnot
progress.Thusthespecialtemporarycontroldatastoredin ThreadData for thesestatesneedsnot to be
dumped.
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Õ p: theindex of a parameter. This addressesthefield ThreadData::params of
theexecutingthread.

Õ r Ñ v Ñp: alternatively, a register, variableor parameterindex. Similar as the Java
Virtual Machine,theZAM providesin facta setof specializedinstructionsfor the
differentaddressingmodes,which avoid dynamicencodingat runtime,but from
which is abstractedhere.Arounda hundredconcreteinstructionsarederivedfrom
thecombinationsof addressingmodesin theabstractinstructionsin Figure5.48(on
theprecedingpage).

Õ r Ò Ó : a referenceto a registerregion. Providedis thestartingindex of a consecutive
regionof registers.

Õ s: theindex of anintension.Thispointsto aglobaltableof intensionsbelongingto
theexecutedunit (the“constantpool” in notionsof theJVM).

Õ c: theindex of aconstructor. Thispointsto aglobaltableof constructorsbelonging
to theexecutedunit.

Thefollowing remarkson theinstructions:

Õ The MKEMPTY instructionstoresthe empty set in the destinationoperand,the
MKSINGLEinstructiona singletonsetcontainingthevaluein thesourceoperand.
Thevaluein thesourceoperandmustnot containfreevariables,otherwisethebe-
havior is undefined(thecompiledcodeensuresthis with theWAIT instruction).

Õ The MKINTEN instruction createsa new intension. The parametersof the in-
tensionare found in the register region starting at r Ò Ó . In the intension’s field
IntenData::params , justapointerto theregisterregionisstored.TheFIXINTEN
instructioncommitstheparametersof theaddressedintensionto becompletelyini-
tialized. This instructionmaymake a copy of IntenData::params ; however,
by theassertionof “singleassignments”to registers,theFIXINTEN instructionmay
aswell do just nothing. (Making a copy avoidsspaceleaks,sincethe live-timeof
thecreatedintensionmayexceedthelive-timeof thecreatingthread;in thiscase,if
no copy is made,theentireregisterarrayof thethreadcannotbereclaimedby the
garbagecollectorunlesstheintensionis.)

Õ The MKTERM instructioncreatesa new constructorterm. The argumentsof the
constructorarepassedin theregisterregion r ÒØÓ . Again,a copy of this region is not
required,thoughomitting it cancreatespaceleaks.(To copy or not,or to let thisbe
determinedby compileroptimizations,is anopenquestion.)

Õ The UNION and ISECT instructionimplementsetunion and intersection,asde-
scribedin thespecification.

Õ TheWAIT instructionletstheexecutingthreadsuspenduntil theaddressedvariable
(andall thevariablesit indirectly refersto by apossiblebinding)arebound.
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Õ TheMOVE instructiontransfersthesourceto thedestination.If thedestinationis a
variableandis bound,thisis similarto unification.TheUNIFY instructionperforms
aunificationof its operands.If unificationfails, theexecutingthreadfails.

Õ TheMEMBERinstructiontestswhetherthefirst operandis memberof thesecond
setoperand,asdescribedin thespecification.

Õ The MU, TESTandTESTNATIVE instructionscreatesubgoalsfor resolvingtheir
operand,asdescribedin thespecification.

Õ TheSUCCESSinstructionterminatestheexecutingthread.If all threadsof a goal
have beensuccessfullyterminated,thenan associatedparentthreadof thegoal is
resumed(which is presentif thegoalis asubgoal).

5.4.3 Memory Management

A Boehm-styleconservative garbagecollector[Boehm,1993] is employed for memory
retrieval. The collector needsto handleinferior pointers(references“into” a memory
cell), becausepointersto register regions may be storedin values,but also since the
standardtemplatelibrary of C++ is involved,which may uselocal allocationstrategies
for containers.Nevertheless,theimplementationof thegarbagecollectoris compact(300
linesof code)andportable:thisbecomespossiblesincegarbagecollectioncanbeinvoked
synchronouslyinbetweentheexecutionstepsof threads,whereno hardwarestackexists,
andtheonly root to consideris theZAM’sconfigurationwhichpointsto thetopmostgoal.

5.4.4 Performance

Sincethecompilerfrom Ù Z to ZAM’s registertransfercodeis notyet ready, performance
measurementscanbeonly very rudimentary. As a first guess,an“assembler”implemen-
tationof thelist concatenationfunctionapphasbeenused:

Ú9Û
app ÜÞÝ�Ö�ßDà�Ô ysÔ zs×7Ñ zs á ysâ\ã

Ý�Ö x äåä xsÔ ysÔ zs×çæ t Ñ�Ö xsÔ ysÔ t ×5è app é zs á x äåä t â
All solutionsfor appÖ xsÔ ysÔ c × , wherec is aconstantlist of length ê�ëvì , havebeenqueried,
in a loop executedthousandtimes (suchthat garbagecollectionneedsto be invoked).
Thecurrentimplementationrequiresê�í¯îðï secondsonaPentiumII/400, henceê0í¯îñï msfor
oneevaluationof app, backtrackingover all possible128partitions.Around ë�îðò million
instructionstepsareexecuted,whichamountsto ê�óvóvô�ô�ô stepspersecond.

As a furthertest,a recursivedefinitionof the fac functionhasbeencoded:

Ú9Û
fac ÜÞÝ�Ö x Ô y×=Ñ x á�ô5é y áõêvâ\ã

Ý�Ö x Ô y×=Ñ x öHê�é y á x ÷\ÙFÖ?Ö fac é�Ý x ø�êvâçÒ x ùÐ Ö x Ô ×~Ó�×yÒúÖ Ô y ×�ùÐ yÓ�×fâ
For numbersandarithmetics,a native implementationis used(the ZAM hasalsosome
instructionsfor nativesthathave not beenspecified).Executingfac ì thousandtimesis
donein ê�î�í seconds,requiring û�ôvû�ô�ô�ô steps:thusonerecursive function applicationas
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implementedwith the Ù -operatorrequiresaround ô¯î�ë ms. In contrast,a highly efficient
implementationof a functional languagesuchasthat of Opal [SchulteandGrieskamp,
1992]requiresaroundô¯îðô�ô¯ê�ï msperrecursivecall – ê@ï�ë timesfaster. This is not surpris-
ing, sincethe codethe Opal compilergeneratesfor fac is identicalregardingefficiency
to that of an accordingrecursive C function – whereasfunction applicationvia the Ù -
operatordealswith relations.Nevertheless,moreeffort hasto beinvestedto getfunction
applicationin theZAM moreefficient for specialcases.

Takinginto accountthattheZAM is avirtual byte-codemachine,theseresultsareen-
couraging,thoughrealbenchmarkingis requiredto getaclearerpicture,andcomparisons
with theperformanceof otherimplementationsof functionallogic languageshave to be
made.
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5.5 Discussion

We definedtheabstractmachineZAM, supplieda comprehensivespecificationof its op-
eration(which alsoservesasa casestudyfor theZ specificationswe wish to executeby
our approach),provided a compilationof normalizedÙ Z into the machine’s instruction
setandoutlinedthe implementationof the machinein C++. Relatedwork is discussed
below.

Therearea wide variety of abstractmachinesfor functional logic languages.Even
five yearsago,Hanus[1994] mentionedfourteendifferentdesigns,which heconsidered
asthe “most important”ones.In general,thesemachinescanbedivided into thosethat
have evolved from machinesfor logic languages,thosefrom functional languagesand
thosethatusetechniquesfor concurrentconstraintresolution.

Extending Logic Implementation Techniques

Machinesbasedon implementationtechniquesfor logic languagesareoften extensions
of Warren’s AbstractMachine[Warren,1983;Ait-Kaci, 1991]. The WAM providesan
efficient implementationof Prolog,which breaksdown unificationandbacktrackingto a
level of well-designed,specializedlow-level instructions.TheZAM doesnot attemptto
do this: its instructionsarecomplex; unification,for example,is containedas“atomic”
functionality.

Someextensionsof theWAM integratenarrowing (outermostor innermost)into the
machine,for exampleby addingthepossibilityof termreplacementonheapvalues,asin
theA-WAM [Hanus,1990]. OtherextensionssuchastheK-WAM [Boscoet al., 1989]
arebasedontranslatingfunctionsinto relations,with theresultthatdeterministicprogram
partsareexecutedusingthe full indeterministicmachinery. This is, in fact, closeto the
ZAM, wherefunctionsarealreadymappedto relationsat thecalculuslevel of Ù Z (though
the ZAM hasthe advantageof choicepoint scheduling,which Prolog implementations
canonly hardlyachieve becauseof thesequentialexecutionmodelof Prolog.) Concep-
tually, bothapproachesareinadequatefor implementingÙ Z, sinceconcurrentconstraint
resolutionis essentialfor our application. Furthermore,thesetechniquesdo not treat
higher-ordernessin the sensethat the ZAM does,allowing arbitrarysetextensionsand
intensionsto becombinedat runtimeto form new sets,relationsandfunctions.

Extending Functional Implementation Techniques

Machinesbasedon implementationtechniquesfor functionallanguagesusestack-based
reduction(asfirstdescribedfor theSECDmachine,[Landin,1964]),continuation-passing
stylereduction(CPS,AppelandJim[1989]),andgraph-basedreduction, themostpromi-
nent instanceof which is the STG (SpinelessTaglessG-machine,[Jonesand Salkild,
1988;Jones,1992]). Thestack-basedimplementationsof functionallanguageshave the
advantagethatthey canbemappedto off-the-shelfhardware,makingeffectiveuseof the
target architecture’s hardwarestackandregisters,asis achieved,e.g.,in the implemen-
tationof thefunctionallanguageOPAL by compilationof (recursive)OPAL functionsto
(recursive)C procedures[SchulteandGrieskamp,1992;Schulte,1992]. CPStechniques
make thereductionstackimplicit by passinga continuationto eachfunctionapplication
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to becalledwith theresultof evaluation,implying that “stackframes”areactuallyallo-
catedon theheap.Givena goodgarbage-collectionscheme,this techniquecanberather
efficient [Appel, 1987],sinceit allows a naturaloptimizationof tail calls,efficient real-
izationof exceptions(importantfor theimplementationof ML [Milner et al., 1990]),and
astacklessimplementationof concurrentthreads,asused,e.g.,for CML [Reppy, 1991].

TheSTG-basedimplementationsusethegraph-reductionparadigm,resultingin com-
piledcodewhich looks– interestinglyenough– rathersimilar to thefinal codegenerated
for higher-orderfunctionsin stack-basedor CPSapproaches.A “suspension”in theSTG
is representedasa closurewith anassociatedevaluationmethod.Thefirst time thesus-
pensionis forced, the evaluationresult is memorizedin the closureand the evaluation
methodis updated.Thenext time thesuspensionis consulted,theupdatedmethodsim-
ply retrievesthe resultfrom thepreviousevaluation. In thestack-basedimplementation
of thestrict languageOPAL, exactly thesameeffect is achievedby memorizationof the
evaluationresultof ô -ary function abstractions,ÏnÖ�× Õ e, in closures,with the only sig-
nificant differenceto the STG that strict stack-basedevaluationis the default and lazy
closure-basedevaluationthespecialcase.

Oneof the first attemptsto extendfunctionalreductionby logic computationis the
BAM [Kuchenetal.,1990]andits lazyversion,theLBAM [Moreno-Navarroetal.,1990],
whichareusedto implementthefunctionallogic languageBABEL [Moreno-Navarroand
Rodriguez-Artalejo,1992]. Thesemachinesextendgraphreductionby nodesfor logic
variablesandusechoicepointsandtrailing asin the WAM (andtheZAM) to dealwith
backtracking.An optimizationby deterministicrule detectionat runtimeis describedby
LoogenandWinkler [1991]. If theapplicationof a rule doesnot bind any logic variable,
then– by orthogonalityof thefunctionalrule system– choicepointsfor othercasescan
bediscarded.TheZAM, by contrast,cannotrely onorthogonality, sincewhetherasetis a
functionis not representedin Ù Z. Hpwever, wehaveshown how choicepoint scheduling
resultsin similareffectsasthe“dynamiccut” of LoogenandWinkler [1991].

Basedon theSTGmodelandtheabove-describedclosuretechnique,theJUMPma-
chine[Chakravarty andLock, 1991;Lock, 1992;Chakravarty andLock, 1997]provides
aninterestingapproachfor integratinglogic computationinto a functionalmachine.The
notionof a “closure” is extendedto an“activeobject”,which is usedto representseveral
kindsof runtimeobjects– amongthemsuspensionsandlogical variables.“Jumping” in
thismachineamountsto calling theevaluationmethodof anactiveobject,whichbehaves
differently in dependency of kind andstateof theobject.TheJUMPmachineusestech-
niquessimilar to that of the WAM andthe ZAM for dealingwith backtracking:choice
pointsareusedto hold informationfor restoringthestateof themachine.Themachine
canavoid thecreationof choicepointsif functionsareappliedto groundterms,sinceit
canassumeorthogonalityof the function’s rules. Onetechnicalproblemwith thearchi-
tectureof the JUMP machineis that it doesnot matchwell with modern,cache-based
processorarchitectures,sinceit makesabundantuseof indirectcodejumpsbetweenvery
smallcodechunks– on thesearchitectures,theoldertechniqueof “tag-basedbranching”
for compiledcodemight be in fact moreappropriate,anda bytecodeinterpreter is not
muchslower.

Themachinesmentionedareexamplesof extendingfunctionalimplementationtech-
niquesby logic computation.Again, thesetechniques,like the discussedextensionsof
theWAM, areinadequatefor implementingÙ Z. Themainproblemis thelack of support
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for concurrentconstraintresolutionandthepossibility to freely combineextensionsand
intensionsto build sets,relationsandfunctionsat runtime.

Concurrent Constraint Resolution

An influentialdesignof aconcurrentconstraint-resolutionmachineis theimplementation
of the AndorraKernelLanguage,AKL [JansonandHaridi, 1991;Franzenet al., 1992;
Janson,1994]. Among others,the “Andorra Principle” [Warren,1990], of which the
ZAM’s techniqueof choiceschedulingis aninstance,is implementedby this machine.

Oneof themorerecentdesignsof aconstraint-resolutionmachineis theOzmachine,
part of theMozart system[Mehl et al., 1995;Scheidhauer, 1998;Mehl, 1999]. TheOz
machineusesaso-calledstore to representOz’scomputationspaces,containingbindings,
constraintsandvalues.A so-calledworker executesa thread,which is representedby a
stackof so-calledtasksthatareexecuteduntil thestackis empty. Tasksaretuplesof envi-
ronmentsandinstructionpointers.Onexecutionof atask,new tasksmaybepushedto the
stackof a worker, thusrealizingdynamicallycalculatedcontrolflow. Sincetasksencap-
sulatetheir environment,they canbemovedbetweenthreadworkers:hencesuspensions
of computationsthataccessunboundvariablescanbehandledby moving therelatedtask
to a newly created,suspendedthreadworker andcontinuingwith the next taskon the
stackof the currentworker. Oneadvantageof this model in comparsionwith the ZAM
is that,initially, only onethreadis usedto executea setof constraints,whereastheZAM
spawnsa threadfor eachconstraintfrom thestart. On theotherhand,therepresentation
of tasksandof context switching to environmentsattachedto eachtaskhasto be paid
for in theOz machine,whereasthreadcreationin theZAM costsonly a few instructions.
Moreover, minimizing thenumberof active threadscanalsobeperformedby optimiza-
tion at compiletime: basedon a modeanalysisthatevaluatesstaticdatadependencies,a
setof Ù Z constraintscanbecompiledto executein asingleZAM thread.

TheOzmachinedoesnotusetrailing andbacktrackingfor implementingchoices,but
insteadcopiesstores.Thisallowsseveralsearchstrategies(breadth-first,depth-first)to be
easilyrealized.Copying is closelyrelatedto implementingsearchin functionallanguages
usinga “continuation” function that holdsthe alternative of a choice,the currentsetof
context bindings,storedin a closure. The generalproblemwith copying is that it is
speculative: it is not known whetherthe copy will actuallybe usedduring subsequent
computations.

A quiterecentmachinerealizingconcurrentconstraint-resolutionis describedbyHanus
andSadre[1999]for theimplementationof Curry. Thismachineuses“andparallelism”as
usualin constraintresolution,but also“or parallelism”for theexecutionof disjunctions:
independentthreadsare spawned for the different choicesin a disjunction,effectively
implementingbreadth-firstsearch,asrequiredby Curry’s semantics.Choicescheduling,
resemblingtheAndorraprinciple [Warren,1990]asin theZAM, is appliedto prunethe
overheadof choices.To avoid copying, thismachineassociateswith eachthreadaunique
key, andeachvariablecontainsa hashtableof bindingsindexedby threadkeys. Though
speculativecopying is avoided,theoverheadof this approachis thateachvariableaccess
requiresselectionvia ahashtable.

The ZAM hasa simpler and much more compactdesignthan the other machines
mentioned,which it inheritsfrom theminimalistic Ù Z calculus.But theZAM is alsoless
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complex becauseit is restrictedto built-in depth-firstsearch,implementedby theclassical
trailing andbacktrackingtechnique.Forproblemsthatcanbesolvedby depth-firstsearch,
this leadsto moreefficientexecutionresultsthancopying of stores(asin theOzmachine)
or variablehashing(asin the Curry machine),but problemswhich requirebreadth-first
searchcannotbehandledadequatelyby theZAM.



Chapter 6

The ZeTa System

“Sie meinenalsotats̈achlich,
daßeinKunstwerkkollektiv
hergestelltwerdenkönnte?”

- : “Abärrj á!”
(Arno Schmidt:Die Gelehrtenrepublik)

Theconceptspresentedin this thesisareappliedin thebroadercontext of theZeTa sys-
tem,whichwasdevelopedby theauthortogetherwith RobertBüssow in thecourseof the
ESPRESS project. We concludethe thesiswith a review of ZeTa andtheapplicationof
the Ù Z implementation,calledZaP, in thecontext of theZeTa system.

6.1 Thr eeDimensionsof Integration

Thegoalof theZeTa systemis to provideanopenenvironmentfor editing,browsingand
analyzingintegratedspecifications,assembledfrom heterogeneousformalisms– includ-
ing Statecharts,Z, temporallogic,message-sequencechartsandothers.Theseformalisms
areprocessedby differenttechniques,suchasdeduction-basedanalysis,modelchecking,
systematictestingand simulation. EstablishedCASE tools (suchas Statemate[Harel
et al., 1990]) shall be usedin combinationwith the existing powerful tools for formal
methods(suchas the deductionsystemIsabelle[Paulson,1994] or the model checker
FDR[FormalSystems, Europe]),andspecializedtoolsnewly developedin thecontext of
ESPRESS – suchastheZAP compiler.

ZeTa’s designasan openenvironmentfor notationsandtoolswasderived from the
experiencesin theapplicationorientedresearchprojectESPRESS, in which theindustrial
partnersdeterminedthechoiceof formalismsandtools. In basicresearchonecanstick to
a particularnotationor tool overa periodof years,carefullytuningtheapproach.On the
otherhand,in industrialresearch,comprehensibleresultsareaskedfor soonandrequire-
mentsandfashionschangefairly quickly. Fromthepoint of view of basicresearch,it is
thereforedesirableto haveaflexibleapproachwith regardsto the“front-end” technology,
onewhich caneasilycopewith new requirementswhile at thesametime allowing scope
for steadyenhancementof theunderlying“back-end”technology.

The ZeTa systemsetsout to achieve this goal by defining threedimensionsof in-
tegrationat the front-endlevel: semanticintegration, documentintegration and tool in-
tegration. This logical integrationlevels areaccompaniedby graphicaluserinterfaces.
The ultimategoal is to make basictools, e.g. for computation,oncethey have beenin-
tegratedon thesemanticandthe tool level, reusablefor differentdocumentformatsand
input languages.
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Figure6.1: SemanticIntegrationin ZeTa

6.1.1 SemanticIntegration

Semanticintegrationin ZeTa is realizedby the Ù���� notation[Büssow etal.,1996,1997a;
Büssow andGrieskamp,1999]. Ù���� is basedon a core, which is a collectionof con-
ventionsfor specifiyingstructureandbehaviorin StandardZ. Externalnotationsareinte-
gratedby so-calledlanguageplugins, whicharedefinedby ashallowsyntactictranslation
into the Ù���� core.This is illustratedin Fig. 6.1.

The Ù���� coreprovidesa modelfor concurrentcomponents. Sharedandprivatedata
canbedescribed,thusconstitutingthedataspace.A setof tracesof bindingsof thedata
spacedefinesthe dynamicbehavior. The dynamicbehavior canbe specifiedin several
ways: for example,by giving a data-state-transitionrelation,which canbe executedby
ZaP, or by giving axiomaticconstraintson the setof traces(which arenot aseasyto
execute– but see,however, future work in Chapter7). Prior to traceconstruction,the
dataspaceis extendedby informationto modelconcurrentaccessto its variables.To this
end,eachvariableof the dataspaceis equippedwith a lock, which canbe acquiredby
concurrentlyexecutingactivities. The locks allow us to resolve racing, the situationin
which two parallelactivities write to the samevariableduring the sameexecutionstep.
Racingis a prototypicalsituationof concurrentresourceallocationandcanbe usedto
modelhigher-level communicationfacilities,suchaschannelsandservice-accesspoints
(i.e. remoteprocedurecalls). For further details, see[Büssow and Grieskamp,1997,
1999].

To integratea new formalism,it is necessaryto definea translationof this formalism
into the Ù���� core. For tool integration,a so-calledmodelsourceadaptor thatdoesthe
translationhasto beimplemented.Theadaptorconceptis outlinedbelow in Section6.1.3
(on thenext page).Whetherintegrationof a formalismis possibledependson whethera
translationcanbefound.To whatextentgenerictoolssuchasZAP canbereuseddepends
on the Ù���� coredefinitionsresultingfrom this translation.
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6.1.2 DocumentIntegration

The“cement”of integrationin theZeTa environmentis anintegratedspecificationdocu-
ment(ISD). In mostcases,this is a Ù	�
� specification,but in generalanISD needsnot to
containformal parts.

An ISD is givenin a markuplanguageandcontainsreferencesto fragmentsof spec-
ification contributed by external tools. The referencesare describedby modelsource
locators (MSL), a conceptcomparableto URLs. An MSL identifiesthe tool that is to
provide the(sub-)modelanda tool specificidentifierfor thedesiredportion.This is illus-
tratedin Figure6.2.Besidestheexternaltool Statemate,a tool for editingeventdiagrams
(providing agraphicalfrontendfor temporallogics)is shown asanexample.

Themajordifferencebetweentheconceptof URLsandthatof MSLs is thatthelatter
areinterpretedin differentways,dependingon theoperationto beperformedon anISD.
For example,if an ISD is browsed,its MSLs areresolved to encapsulatedpostscript.If
it is analyzed,theMSLs mayberesolved to an Ù��
� coreabstractsyntaxtermwhich is
insertedin theenclosingcomponent(dependingon thekind of analysisandMSL).

TheISD itself isaddressedbyanMSL aswell: if theISD is givenin theLATEX-markup,
thensuchanMSL looks like this: LTX:ICC#CruiseControl.tex . Here,LTX de-
notesthe tool providing this MSL (the LATEX-System),ICC denotesa Ù���� component
andCruiseControl.tex afile wherethiscomponentis found.

6.1.3 Tool Integration

Thebasicoperationprovidedby theZeTa integrationenvironmentis queryingthecon-
tentof anMSL. This queryis parameterizedby the typeof thedesiredcontent.Typical
typesare “gif ”, “encapsulatedpostscript”,“parsedabstractsyntax”, “type-checked ab-
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stractsyntax”, “plugin abstractsyntax”, andso on. Typesmay becomemorecomplex
containingfurtherselective information,e.g.“the preconditionof schemaS”.

TheZeTa environmentbehavesasa broker betweenqueriesandtools thathave reg-
isteredin theenvironmenttheability to computecontentof specifictypes.Oncea tool is
contactedto computea particularcontent,it may recursively querytheenvironmentfor
furthercontent.For example,whena typechecker is contactedto computethe“checked
abstractsyntax”of an Ù���� class,it first queriesthe“parsedabstractsyntax”.If thissyntax
containsMSLsreferringto externalnotations,it next queriesthe“plugin abstractsyntax”,
thenmergesthe syntaxes,andfinally performsits type-checkoperation.This way, tool
chainsarerealized.

The basicmodelof ZeTa is comparableto a traditionalUnix make, but it is more
powerful andreliable,sinceit is embeddedin thestrongly-typedJavaprogrammingenvi-
ronment:

Õ Thecontentexchangedby toolsvia ZeTa arestandardizeddataformatsdefinedby
Java APIs. For example,for the Ù���� language(andtheZ languageembeddedinÙ���� ), theabstractsyntaxis prescribedby ZeTa in aJava representation.

Õ A tool is representedin aZeTa sessionasaJavaobjectwhoseinstancesimplement
theinterfaceof so-calledtool adaptors, andwhichcanhavestateandbehavior. The
adaptorobjectmay implementits functionality completelyin Java, or may wrap
anotherUnix process,or may be an RMI (remotemethodinvocation)proxy to a
remotelyrunningJVM.

Õ Tool adaptorsmayimportexternalmodelsinto theZeTa sessionfrom otherrunning
tools, not just the file system.For instance,the Statemateadaptorimports initial
contentfor its MSLs,STM:<chart> , by connectingto the“dataport”of arunning
Statematesession.

Õ ZeTa cachescontentresulting from computations,thus providing an outdating
mechanism.While make usestime stampsof files to decidewhetheran initial
contentis outdated,in ZeTa adaptorsthatprovide initial contentmayusearbitrary
techniquesfor this purpose.

Õ ZeTa realizesa sessionprotocol for computations,which keepsa recordof the
diagnosticsproducedby tools,amongotherthings.

Thepluginsof the Ù���� notationdirectly correspondto certainskind of tool adaptors
pluggedinto theZeTa environment(in fact,historically, theZeTa pluginsprecededtheÙ��
� plugins).Theseadaptors,which importanexternalnotationinto ZeTa by providing
initial contentfor MSLs,arecalledmodelsourceadaptors (MSA).

In thesimplestcase,anMSA directlyperformsthetranslationof theexternalnotation
to the Ù���� core. Usually, however, thereare intermediatestepsin the way from an
externalnotationto Ù���� , and the intermediatecontentmay be usedby tools specially
tailoredfor its type.

This is illustrated in Figure 6.3 (on the next page). The Statemate-MSAinitially
createsan abstractsyntaxfor theStatechart,denotedby theMSL STM:ICCCONTROL,
which, in a secondstep,is convertedto the Ù��
� coresyntax. In turn, the LATEX-MSA
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STM:ICCCONTROL / statechart absy LTX:ICC / µSZ lexis

LTX:ICC / µSZ parsed absySTM:ICCCONTROL / µSZ plugin absy

LTX:ICC / STM Simulation Model

LTX:ICC / µSZ checked absy

LTX:ICC / HOLZ model

Figure6.3: Chainsof ContentQueries

initially createsa Ù	�
� lexis for theMSL LTX:ICC (thefile namein theMSL hasbeen
omitted),which is convertedfirst to a parsedabstractsyntax,thento a type-checkedab-
stractsyntax. Assumingthat the componentdenotedby LTX:ICC refersto the MSL
STM:ICCCONTROL, thetypechecker queriestheabstractsyntaxof the Ù���� plugin as-
sociatedwith thisMSL andincludesit in theresultingtype-checkedabstractsyntax(thus
checkingthetypeconsistency of thepluginwithin its componentcontext).

Now thegenerationof amodelfor theHOLZ proveradaptor[Santen,1999]is entirely
basedon the checked abstractsyntax,with the pluginsexpanded.However, in orderto
generatea modelfor theStatematesimulator, it is necessaryto querythechecked Ù����
syntaxaswell asthe original representationof the Statechart.Generatinga simulation
model amountsto compiling codefor the Z schemasreferredto from transitionsand
bind themto theStatematesimulator. To generatethebindingcode,thestructureof the
Statecharthasto beknown.

This exampleshows that in the real world the integrationprovided by Ù���� plugins
is not alwaystheonly underlyingrepresentationfor tools. Thetranslationof anexternal
notationto the Ù���� core is an abstractionstepin which information (in a syntactical
sense)is lost.

6.1.4 Graphical User Interfaces

ZeTa realizesa strict partition of model,view andcontroller. The model is effectively
implementedby the individual tool adaptorsand the ZeTa content-querybroker. The
controller is basedon a commandlanguagethat canbe alsousedin batchmode. Two
“views” (GUIs)areprovidedon topof thecontroller.

XEmacsGUI. ThisGUI is basedontheextendabletext editorXEmacs(seeFigure6.4).
It is primarily intendedfor usersworkingunderUNIX, whoareusedto theEmacsediting
environment. It maintainsa sessionlog, which utilizes for eachoperationthe produced
output and supportsbrowsing diagnosticscontainedin the output. It further provides
VTEX, a “what-you-see-is-what-you-mean”editingmodefor LATEX/Z documents.VTEX
is acustomizableXEmacsmodethatincrementallyparsesandvisualizestheLATEX struc-
turesandmathsymbolsenteredby theuser.
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Figure6.4: TheXEmacsGUI

Swing GUI. This GUI is basedon Java’s Swingsystem(seeFigure6.5). It allows the
activationof ZeTa operationsbygraphicaldialogsandmaintainsasessionlog thatutilizes
for eachoperationtheproducedoutput.Browsingdiagnosticsis supportedby contacting
anexternaleditor, which maybeEmacs,but othereditors(in particular. MS-Windows-
specificeditors)maybeusedaswell.

6.2 The ZaP Compiler

ZaP (version ê ) is anexperimentalcompilerfor theZ language,which supportsthefull
higher-order functionalsublanguageof Z. It is a predecessorof the forthcomingZaP-



6.2The ZaP Compiler 145

Figure6.5: TheSwingGUI

ë , whoseunderlyingconceptsare describedin this thesisand which will supportthe
functionallogic sublanguageembeddedin Z. Apart from its morepowerful computation
model,the forthcomingZaP- ë will not differ from ZaP- ê , sowe canpresenttheuser’s
view of ZaP basedon theold system.

ZaP follows theapproachof compilingevery Z construct.Nonexecutableconstructs
of Z will berejectedoncetheir executionhasbeenattemptedat runtime. This approach
reflectsthatwhetheraZ constructis executabledependsonhow it is usedat runtime.For
example,a functionmight bedefinedin suchaway thatthereis noconstructivemapping
from input to outputandthattheapplicationof thefunctionto aninput is not executable.
However, it might bestill possibleto testwhethera givenpair of input andoutputvalues
is in thefunction’sgraph1.

1For future versionsof ZaP, it is plannedto have an analysiswhich giveshints for non-executable
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Below, thewell-known exampleof thebirthdaybookspecificationis usedto illustrate
the basicoperationof ZaP. Pleasenotethat this examplecannotserve asa systematic
outline of ZaP’s computationpower, but it at leastillustratesthe ability to executethe
schemacalculus,to lift schemasto functionsandto definerecursive higher-orderfunc-
tionsandrelations– in anapplicationcontext for testdataevaluation. Startingwith the
usualabstractspecificationof thebirthdaybook,werefineit for thepurposeof executabil-
ity (mainly fixing given typesin the specification),andadda framework for evaluating
testdatadescribedby input/outputbehavior.

6.2.1 The BasicSpecificationof the Birthday Book

Thespecificationis partitionedinto severalStandardZ sections.Thefirst one,BBSpec,
containsthe basic,or “abstract”specificationof the birthdaybook example,asusually
found in the literature.Thesectionis openedwith thefollowing declaration(all Z para-
graphsfollowing thisdeclarationuntil thenext sectiondeclarationwill belongto BBSpec):

�
����������� BBSpec

Wefirst definethegiventypesNAME andDATE, andthedatastateof thebirthdaybook:

ÒNAMEÔ DATEÓ
BirthdayBook

known ä�� NAME
birthday ä NAME � DATE

known á����
� birthday

An initial stateof thebirthdaybookis givenby thefollowing schema:

InitBirthdayBookáLá°ÒBirthdayBook Ñ birthday á �!Ó
The valueof this schemacanbe evaluated. In orderto performthe evaluationthe user
typesin the nameInitBirthdayBookin the Execute panelof the Swing GUI or in the
commandline of theXEmacsGUI, resultingin thefollowing (conceptual)output:

InitBirthdayBook!
{<birthday == {},known == {}>}

Note that the field knownof InitBirthdayBookis implicitely definedby the invariantof
theschemaBirthdayBook, known á"���
� birthday.

Up to now, wehavespecifiedthestateof thebirthdaybookandapossibleinitial value,
but no statetransitions.Thesearedefinedby thefollowing Z “operation”schemas:

constructsatcompilationtime.
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AddBirthday#
BirthdayBook

name$�ä NAME% date$�ä DATE

name$'&è known
birthday(�á birthday ã%Ý name$�ùÐ date$vâ

FindBirthday)
BirthdayBook

name$�ä NAME% date*¡ä DATE

name$�è known
date*�á birthdayÖ name$l×

Remind)
BirthdayBook

today$�ä DATE% cards*¡ä�� NAME

cards*�áõÝ n ä known Ñ birthdayÖ n ×�á today$vâ
Remove#
BirthdayBook

name$�ä NAME

birthday(�áõÝ name$vâ,+ birthday

The schemaAddBirthdayaddsa mappingname$GùÐ date$ to the birthdaybook’s state,
theschemaFindBirthdaylookupsthebirthdayof agivenname$ , andtheschemaRemind
yields thesetof nameswhosebirthdayis today$ . TheschemaRemovedeletestheentry
for name$ from thebirthdaybook.

We arenot yet ableto executeany statetransitions,sincethetypesNAME andDATE
aregiven(uninterpreted).In thenext section,wewill refinethesetypes.

6.2.2 Refining the Birthday Book for Execution

A refinementof thesectionBBSpecfor thepurposeof executionis providedby thesection
BBExec:

�
����������� BBExec-/.
0 �1���2� BBSpec

Thepurposeof therefinementis to fix thegiventypesNAME andDATE. TheZ of ZeTa
allows to refinegiventypesby freetypes:

NAME äåä�á Werner Ñ Barbara Ñ Martin
DATE äWä�á date3 Date4
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Date
day ä¯ê=î@î0û¯ê
month ä¡ê7î@î�ê�ë
year ä�576
month á�ë98 day :Bëvò
% month è£Ý�ï_Ôzí¯Ô
ó�Ôzò¯Ô�ê�êlâ;8 day :Áû�ô

Wecannow evaluateexpressionsby applyingthedateconstructorto bindings:

date< day á�á¨ê�Ô month á�á ê�Ô year á�á ê�ò�ò�ò�=!
date <day == 1,month == 1,year == 1999>

Thenext applicationof thedateconstructoris undefined,sincethepassedbindingis not
in its domain(themonthFebruaryhasno û�ô th day):

date< day á�áHû�ô¯Ô month á�áHë�Ô year á�áõê0ò�ò�ò�=!
ERROR[LTX:bbook.tex(186.3-186.5 6)]:

execution failed
reason:

application undefined:
relation: date
argument: <day == 30,month == 2,year == 1999>

backtrace:
at testing membership:

value: (30,29)
set: _\leq_

at testing membership:
value: <day == 30,month == 2,year == 1999>
set: LTX:bbook.tex(171.22-171.32)

at applying relation:
relation: date
argument: <day == 30,month == 2,year == 1999>

at evaluating command input

ZaP printsabacktracedescribingthereasonof theundefinedness.TheZeTa commander
– eithervia theJavaGUI or theXEmacsGUI – allows to browselocatorsascontainedin
theaboveoutputby clicking on them.

Next we introducesomeconveniencefunctionsfor describingoperationson birthday
books.Thesefunctionsmakeuseof thenew featuresof theZ ISOStandardasregardsto
theunificationof schemaexpressionsandplainexpressions.They yield a setof bindings
(aschema)which canbereferredin schemaexpressions:

add á�áHÏ name ä NAME% date ä DATE ÕÖ?> name$�á�á name% date$�á�á date Õ AddBirthday×
find á�áHÏ name ä NAME Õ Ö?> name$Ká�á name Õ FindBirthday×
remind á�áHÏ today ä DATE Õ Ö@> today$Ká�á today Õ Remind×
remove áLáHÏ name ä NAME Õ Ö?> name$�á�á name Õ Remove×
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Notethattheexistentialquantifiersin thesedefinitionsareschemaquantifiers.

We cannow executetransitionsof thebirthdaybook’s state,startingwith the initial
state:

InitBirthdayBookA
addÖ WernerÔ date< day á�á�ó�Ô month áLá"B�Ô year á�á¨ê0ò�ëlò�=
×!
{<birthday == {},

birthday’ ==
{(Werner,date <day == 7,month == 5,year == 1929>)},

known == {},known’ == {Werner}>}

InitBirthdayBookA
addÖ WernerÔ date< day á�á�ó�Ô month áLá"B�Ô year á�á¨ê0ò�ëlò�=
×A
addÖ Barbara Ô date< day áLá ê0ì¯Ô month á�á ê�êvÔ year áLá ê0ò�û�BC=z×A
addÖ Martin Ô date< day á�áõê0ì¯Ô month á�á¨ê�ê�Ô year á�áõê0ò�û�BC=z×A
find Ö Werner×A
remindÖ date< day á�á¨ê0ì¯Ô month á�á êvê�Ô year áLáõê0ò�û�B�=
×A
removeÖ Martin ×!
{<birthday == {},

birthday’ ==
{(Barbara,date <day == 18,month == 11,year == 1935>),

(Werner,date <day == 7,month == 5,year == 1929>)},
cards! == {Barbara,Martin},
date! == date <day == 7,month == 5,year == 1929>,
known == {}, known’ == {Barbara,Werner}>}

The last evaluationdeservessomenoteson the schemacalculusoperator,
A

. Op6 A
OpD bindsprimednamesx( from thesignatureof Op6 to unprimedcounterpartsx in the
signatureof OpD . Variablesnotboundthisway(suchascards* anddate* ) or keptasis. In
theevaluationresult,thesevariablesrepresenttheresultof applyingthefind andremind
operations,respectively.

The applicationof a uniqueschemaInitBirthdaybook(representingby a singleton
binding set) to deterministicoperationsyields a singletonbinding set. But ZaP is also
capableof handlingnon-uniqueinitial statesandindeterministicoperations.Considerthe
following definition:

InitBirthdayBookUndetá�á
InitBirthdayBookEÒBirthdayBook Ñ

birthday áÝ Werner ùÐ date< day á�á;ó�Ô month áLá"B�Ô year á�á ê0ò�ëlò�=yâ0Ó
Evaluationyieldsin:

InitBirthdayBookUndet
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!
{<birthday == {},known == {}>,

<birthday ==
{(Werner,date <day == 7,month == 5,year == 1929>)},

known == {Werner}>}

InitBirthdayBookUndetA Ö addÖ Barbara Ô date< day á�á¨ê0ì¯Ô month áLá ê�ê�Ô year á�á¨ê0ò�ûCBC=
×E addÖ Martin Ô date< day á�á¨ê0ì¯Ô month á�á¨êvê�Ô year á�á¨ê0ò�û�B�=
×�×!
{<birthday == {},

birthday’ ==
{(Barbara,date <day == 18,month == 11,year == 1935>)},

known == {},known’ == {Barbara}>,
<birthday == {},

birthday’ ==
{(Martin,date <day == 18,month == 11,year == 1935>)},

known == {},known’ == {Martin}>,
<birthday ==

{(Werner,date <day == 7,month == 5,year == 1929>)},
birthday’ ==

{(Barbara,date <day == 18,month == 11,year == 1935>),
(Werner,date <day == 7,month == 5,year == 1929>)},

known == {Werner},
known’ == {Barbara,Werner}>,

<birthday ==
{(Werner,date <day == 7,month == 5,year == 1929>)},

birthday’ ==
{(Martin,date <day == 18,month == 11,year == 1935>),

(Werner,date <day == 7,month == 5,year == 1929>)},
known == {Werner},
known’ == {Martin,Werner}>}

Of course,suchevaluationsmight easilyleadto an explosionof possiblestates.ZaP- ê
will run into efficiency problemsif they arehundredsof them– ZaP- ë , usingthe com-
putationmodeldescribedin this thesis,shall easilycopewith several ten-thousandsof
states.

6.2.3 Refining the Birthday Book for Testing

A refinementof thesectionBBExecfor thepurposeof evaluationof testdatawith ZAP is
givenby theZ sectionBBTest:

�
����������� BBTest -/.
0 �1���2� BBExec

Thetest-datawill bespecifiedby sequencesof input andoutputbehavior of thebirthday
book. However, the original specificationdoesnot provide uniqueinput andoutput in-
terfaces. But we can lift the original specificationwithout modifying it to suchunique
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interfaces.First,wedefinefreetypesfor describingtheinputandoutputbehavior:

INPUT äåä�á
addI 3 NAME F DATE4©Ñ
findI 3 NAME4§Ñ
remindI3 DATE4©Ñ
removeI 3 NAME4

OUTPUT äWä�á
okayO Ñ
dateO3 DATE4§Ñ
namesO3	� NAME4

Next, we lift the operationsof the original specificationto oneswith unique in-
put/outputinterfaces:

UniqueAddá�áÒAddBirthday% in ä INPUT % out ä OUTPUT ÑÖ name$�Ô date$l×�ùÐ in è addI % out á okayOÓHG)Ö name$�Ô date$l×
UniqueFind áLáÒFindBirthday% in ä INPUT % out ä OUTPUT Ñ

name$KùÐ in è findI % date*�ùÐ out è dateOÓ
G)Ö name$�Ô date* ×
UniqueRemindáLáÒRemind% in ä INPUT % out ä OUTPUT Ñ

today$KùÐ in è remindI% cards*�ùÐ out è namesOÓG9Ö today$�Ô cards* ×
UniqueRemove á�áÒRemove% in ä INPUT % out ä OUTPUT Ñ

name$KùÐ in è removeI % out á okayOÓIG Ö name$l×
ZaP hasnoproblemswith theexecutionof suchmorphedoperations.Insteadof illustrat-
ing this now, we directly continueby defininga framework which testsif sequencesof
INPUTSandOUTPUTSdo matchthespecification.

Thepossiblestatetransitionsof thebirthdaybookaredefinedasthedisjunctionof all
theoperationswith uniqueI/O interface:

UniqueOpsá�á UniqueAddE UniqueFind E UniqueRemindE UniqueRemove

For testdataevaluation,we definea function which, given a pair of input andout-
put states,yieldsa relationbetweenadmissiblepre-andpost-statesof thebirthdaybook
w.r.t. theI/O behavior:

step á�áÏ in ä INPUT % out ä OUTPUT ÕÝ # BirthdayBook Ñ UniqueOpsÕKJ BirthdayBookùÐ J BirthdayBook( â
Finally, a recursive “test”-function is definedwhich computesthe post-statesresulting
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from a sequenceof input andoutput traces.The function takesasa parametera setof
initial states– theconditionto let it beexecutableis thatthis setis finitely enumeratable:

test ä1L2MNMPO��,Q
�çÖ?� BirthdayBookRSUTWV INPUT F SNT
V OUTPUT R � BirthdayBook×
test á�Ï init ä�� BirthdayBookÕÏ is ä SNT
V INPUT % os ä SUTWV OUTPUT ÑYX is áZX os Õ��[ X is áHô ��\]�1� init�1^_�W� stepÖ lastis Ô lastos×W` testÖ init ×
Ö frontis Ô frontos×ba

The L2McMdO��,Q
� constructoraroundthetypeof thefunctiontesttellsZaP notto try to check
whetherthesettestis actuallya total functionof thespecifiedtype.Thischeckwouldnot
beexecutable.

To test“test”, someI/O tracesrepresentingtestdataaredefined:

dateê�á�á date< day á�á;ó�Ô month á�áZB�Ô year á�áõê0ò�ëvò�=
dateë�á�á date< day á�á¨ê0ì¯Ô month á�áõê�ê�Ô year á�á¨ê0ò�ûCBC=
in ê�á�á°ß addI Ö WernerÔ dateêl×ià
outê�áLá¨ß okayOà
in ë�á�á°ß addI Ö WernerÔ dateêl×zÔ findI Ö Werner×ià
outë�áLá¨ß okayOÔ dateOÖ dateê
×ià
outë a á�á®ß okayOÔ dateOÖ dateë�×ià
in ûLá�á°ß addI Ö WernerÔ dateêl×zÔ addI Ö Barbara Ô dateë�×zÔ

addI Ö Martin Ô dateë�×zÔ findI Ö Werner×zÔ remindIÖ dateë�×ià
in û a á�á°ß addI Ö WernerÔ dateêl×zÔ addI Ö WernerÔ dateë�×zÔ

addI Ö Barbara Ô dateë�×zÔ findI Ö Werner×zÔ remindIÖ dateë�×ià
outûLáLá¨ß okayOÔ okayOÔ okayOÔ dateOÖ dateêl×zÔ

namesOÖiÝ Barbara Ô Martin â�×ià
outû a á�á®ß okayOÔ okayOÔ okayOÔ dateOÖ dateêl×zÔ namesOÖ�Ý Barbara â�×ià

Wecannow run someevaluations:

testÖ InitBirthdayBook×zÖ in êvÔ outêl×!
{<birthday ==

{(Werner,date <day == 7,month == 5,year == 1929>)},
known == {Werner}>}

testÖ InitBirthdayBook×zÖ in ë�Ô outë�×!
{<birthday ==

{(Werner,date <day == 7,month == 5,year == 1929>)},
known == {Werner}>}

testÖ InitBirthdayBook×zÖ in ë�Ô outë a ×!
{}
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testÖ InitBirthdayBook×zÖ in û�Ô outû�×!
{<birthday ==

{(Barbara,date <day == 18,month == 11,year == 1935>),
(Martin,date <day == 18,month == 11,year == 1935>),
(Werner,date <day == 7,month == 5,year == 1929>)},

known == {Barbara,Martin,Werner}>}

testÖ InitBirthdayBook×zÖ in û a Ô outû�×!
{}

testÖ InitBirthdayBook×zÖ in û�Ô outû a ×!
{}

Failing testsareindicatedin thatthey yield anemptysetasthepost-stateof anexecution.
A refinedversionof the function test is givenasa partial function,which alwaysyields
nonemptysets:

ptest ä�L2McMdO��,Q
�¢Ö?� BirthdayBookRSUTWV INPUT F SNT
V OUTPUT � � BirthdayBook×
ptest á�Ï init ä�� BirthdayBookÕÏ is ä SNT
V INPUT % os ä SUTWV OUTPUT ÑYX is áZX os Õ��[ X is áHô ��\]�1� init�1^_�W� Ö�Ù post á�á stepÖ lastis Ô lastos×` ptestÖ init ×zÖ frontis Ô frontos×caKÑ

post eá �I×
The Ù -form lets the executingfunction be undefinedif the post statesbecomeempty.
Evaluatinga failing testnow resultsin a detailedbacktracewhich tells us thereasonfor
thefailure(theactualbacktracehasbeenommited):

ptestÖ InitBirthdayBook×zÖ in ë�Ô outë a ×!
ERROR[LTX:bbook.tex(530.2-530.3 6)]:

execution failed
reason:

mu-value undefined:
set: {}

...
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6.3 Discussion

Webriefly discussintegrationframeworksrelatedto ZeTa andtheexecutionof Z specifi-
cations.

Integration Frameworks

Few projectstackle the problemof integrating tools for formal methodsand existing
commercialCASE tools like the ZeTa system. The approachof the UniForM Work-
bench[Krieg-Brückneretal.,1999]comesclosestto doingso.However, whereasZeTa’s
integration languageJava is object-oriented,UniForM employs a functional language
(Haskell) for this task. Also, the architectureof UniForM is moreambitious(andthus
more difficult to implementandmaintain)as regardsto version control. On the other
hand,UniForM is lessspecializedthanZeTa anddoesnot provide conventionsfor inte-
gratingnotationsanddocuments.

Otherapproacheslike theConcurrency Factory[Cleavelandet al., 1994]or AutoFo-
cus[ScḧatzandHuber, 1999]presentmorehomogeneousenvironments,with mosttools
written from scratchandlessemphasison integratingexisting tools.

Encodingof Z

Somebasicprinciplesof a mappingfrom Z to Ù Z have beenoutlinedin Chapter3, but
we have not discussedthe intrinsic details. In theZaP implementation,themappingof
Z to Ù Z hasto convert axiomsto definitionswherepossible,e.g.,eliminatequantifiers
in axiomsof the kind f x ä X Õ f Ö x ×4á e, maprecursionto Ù Z’s fixed-pointoperator,
andsoon. Themappingmustalsoweakenthespecificationby turningsomeaxiomsinto
assumptions:if a user, for example,declaresa function to be “total” by usingZ’s total
functionarrow, f ä A R B, thisassertioncannotbecomputedif f ’sdefinitionis non-finite,
andneedthereforebeconvertedinto anassumption(whichcanbedoneexplicitely by the
useror implicitely by ZaP, dependingon switches).All this hasbeenimplementedin
theZaP tool andwill beportedto thenew designof functionallogic computationin the
forthcomingZaP- ë .
Other ApproachesExecutingZ

Animationof the“imperative” partof Z is providedby theZANS tool [Jia,1996],impera-
tivemeaningZ’sspecificationstylefor sequentialsystemsusingstatetransitionschemas.
This approachis highly restricted,as it cannoteven handlethe functionalsublanguage
of Z. An elaboratedfunctionalapproach for executingZ hasbeendescribedby Valentine
[1992,1995],thoughnoimplementationexiststoday. A translationto Haskell is described
in [Goodman,1995], wheremonadsareusedfor dealingwith the sequentialspecifica-
tion style,but no logic resolutionis employed. Mappingsto Prologaredescribed,e.g.,
in [WestandEaglestone,1992]. Mappingsof Z to Mercury aredescribedin [Winikoff
etal.,1998]:however, in thisapproachtheeffectivepowerof executionis restrictedcom-
paredwith ours, becausethe dataflow hasto be determinedstatically. The approach
presentedin this thesisgoesbeyondall theothers,sinceit allows thecombinationof the
functionalandlogic aspectsof Z in a higher-ordersetting,treatingsequentialbehaviors
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as first-ordercitizins, comparableas to the integrationof imperative computationinto
functionallanguagesusingmonads.





Chapter 7

Conclusion

DreiundsechzighundertHektometer
übermSpiegel seinerWohnungstehter;

siehtdie Gasschiff-Flotte derKorona
underblickt dasMondschaf in Persona.

(ChristianMorgenstern:
Palmstr̈om: AngewandteWissenschaft)

Motivatedby thedesireof executinga subsetof theset-basedspecificationlanguageZ,
we have introducedthe set-basedcalculus g Z, defineda computationmodel for g Z as
well asan abstractmachineimplementingthis model,a compilationof g Z to the ma-
chine’s instructionsetandanefficient implementationstrategy for themachinein C++.
The applicationof this work in the ZeTa systemhasalsobeenoutlined. A discussion
of the resultsobtainedandof relatedwork hasbeengiven in the relevant chapters.In
this concludingchapter, we summarizethe contributionsof the work anddiscusssome
possibledirectionsfor thefuture.

7.1 Contrib utions

g Z Calculus

The g Z calculusprovidesanew wayof viewing the h -calculus,predicatecalculus,schema/module
calculus,setalgebra,etc.within a unifiedframework. Thecalculusis consideredan“in-
vention of the obvious”: to the author’s knowledge, thereis no comparablelanguage
thoughnoneof theingredientsof thecalculusareactuallynew. Themostunusualindivid-
ualconstructof g Z is its operatorof settranslation,providing ameansfor theconstructive
descriptionof morphismsin the category of g Z setsand,in combinationwith the other
operators,supplyingg Z’s expressivepower.g Z’s semanticmodelof partial setalgebras,a generalizationof three-valuedlogics,
is – at leastasa modelfor Z relatedlanguages– a new approach.The authorbelieves
that it is actuallya moresuitablemodelfor Z itself thanthe onecurrentlyproposedby
Z’sDraft ISOStandard.Thestandardleavesthetreatmentof undefinednessandpartiality
quitevague,in anunfortunateformal method’s tradition. In this thesis,we have at least
shown that it is possibleto definea modelof undefinednessfor a set-basedformalism
that is basedon simplenotionsof lattice theoryanddoesnot requiredeepinsight into
mathematicalsettheory(whichcannotbeexpectedof computerscientists.)

Computation Model

The referencecomputationmodelof g Z, definedin the style of naturalsemantics,pro-
videsa new view of computationin the realmof languagesthat canbe encodedin g Z,
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leadingto a realisticefficient implementation.New is the representationof setvalues
by unionsof singleton-setvaluesandof intensions,the latter describing“computation
receipts”for sets. Intensionsarea generalizationof “closures”,asusedin computation
modelsfor functionallanguages.

Giventheminimality of the g Z calculus,its computationmodelcouldhavebeenkept
minimalaswell, andthedifferentembeddedmodels– functionalreductionandconcurrent
constraintresolution– couldhave beenclearly workedout. The interfacesof thesetwo
worlds of computationare clearly visible – via the g -operatorthat invokesconstraint
resolutionfrom valuereductionandvia the p i e constraintthat calls valuereduction
for e from constraintresolution.The presenceof nondeterministiccomputationandthe
needto introducechoicepointsin animplementationis isolatedin computingaconstraint
p i vj+ã vk , wherewecanchoosebetweenp i vj andp i vk . Thehigher-ordernatureof
themodelshows up in the instantiationof an intensionfor thecomputationof p iml pnpoqsr out�v , wherewe “import” thefirst-ordercitizen, theconstraintqsr o7t , into a resolution
context.

Abstract Machine

The abstractmachine,ZAM, andits implementationemergedasa consequenceof g Z’s
computationmodel. It waspossibleto keepthemachinesmall,beingeasyto understand
(relative to the inherentcomplexity of thecomputationproblemin g Z). Theoverall ar-
chitectureof themachineis innovative in this respect.Most of theorganizationaldetails
of the machinecanbe regardedas“folklore”: for example,implementationof residua-
tion usingwait setsat variables,or employing the “AndorraPrinciple” for choicepoint
scheduling.

The implementationof the ZAM in C++ providesan innovative architectureby its
persistentsingle-assignmentregisters.On theonehand,persistentregistersallow aneffi-
cientrealizationof threaddumping,becauseonly theprogramcounterneedsto betrailed,
andon theotherhand,they enablecalleesto export referencesto registerregionsout of
their lexical scope.In combinationwith conservativegarbagecollection,this leadsto an
integratedstack/heapmodelof memoryallocation,which canbe utilized by high-level
optimizationsthatemploy a regionanalysis.

Formalization in Z

We have given a comprehensive formal specificationin strictly type-checked Z of g Z’s
syntaxandsemantics,equationaltheory, computationmodelandabstractmachine.Thus,
this work representsacasestudyfor theuseof Z asa metalanguage.For this purpose,it
wasessentialto extendZ. Thefirst category of extensionswe made– suchasinference-
rule systemsandrecursive partial functions– couldbeexplainedaspuresyntacticsugar
andareactuallyimplementedthis wayby theEw
x macropreprocessor. Thesecondcate-
gory – suchasindependenceof thetextual orderof paragraphs– neededrealextensions
in comparisonto StandardZ, which areimplementedby theEw�x typechecker. Theex-
perimentshows that – with the extensionsused– Z is not only suitablefor specifying
sequentialsystemsin thestylefoundin thetextbooks,but alsofor thecomplex axiomatic
specificationsasfoundin this thesis.
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7.2 Futur eWork

Apart from minor enhancementsof the basicmodel, its didactic presentation,a full-
fledgedimplementationand casestudiesapplying the implementation,the basicwork
presentedin this thesisprovidesa startingpoint for further lines of research.The most
importantof theseareoutlinedbelow.

Adding Solvers

For specializedconstraintproblems(e.g.subsetconstraints),tailoredsolving techniques
andtoolsareavailable.Thetrendin constraint-solvingsystemsis thereforeto usemodular
frameworks, wherecomponentsfor specializedsolverscanbe easily integrated,on the
semanticalaswell asthetool level. Theaimof futurework on g Z andits implementation
will beto supportsuchmodularity, andintegratefurtherresolutiontechniques.

On the implementationlevel, the thread-basedarchitectureof the ZAM and its im-
plementationin C++ is in principel preparedfor modularity. An extensionwould need
to convert intensionsand threadsinto abstractclasses,providing abstractmethodsfor
spawninga thread,executinga thread’s next step,trailing, backtrackingandchoicepoint
creation.Thismayallow third-partyconstraintsolversto beintegrated,therebyinheriting
thegenericcapabilitiesof theZAM for representingconstraintsasfirst-classvalues,for
choicepoint managementandfor variableallocation.

Static Analyses

The g Z calculusprovidesanoptimalsettingfor investigatingandrealizingstaticanalyses
usingtheset-basedapproach.In hisdiplomathesis,Wieland[1999]hasdevelopedinitial
stepstoward a subsetconstraintsolver on g Z terms,which is appliedto extendedtype
checkingof Z. Anotherapplicationof this framework might be determinismand mode
analysisfor theoptimizedcompilationof g Z itself. (As Brandes[1997] hasshown in his
diplomathesis,set-basedanalysisin principlecanbeusedfor this purpose.)

Both theextendedtypecheckingandthedeterminismproblemareformulatedasab-
stractionsfrom g Z termsinto (specialized)set expressions,which can be directly ex-
pressedin g Z itself. For example,for the type analysis,a constantexpressiony is ab-
stractedinto theexpressionz1yvâ , denotinga singletontype. Futureresearchmight, then,
focuson a reflective approach:ananalysisof a g Z expression(andhencethehigh-level
form it encodes)is describedby a translationinto a moreabstractg Z expression,which
is theninterpretedby compilationandexecution. To obtainthe full power of set-based
analysis,asolvercomponentfor subsetconstraintsmust,of course,addedto theZAM.

Computing Inter val Logics

In [Büssow andGrieskamp,1997;Büssow et al., 1997b]we describeda modestexten-
sion of Z that addstemporal interval logic to the language.The additionof tracesto a
set-basedmodelwasshown to work well: a temporalformulamerelyrepresentsa setof
traces.A promisingline of researchwould beto adda solver to g Z, implementinga few
primitive operatorsof discretetemporalinterval logics. Oneinterestingapplicationarea
is testdataevaluationfor reactive andembeddedsystems;a further is the executionof
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watchdogsmonitoringthe allowedmodalactionsof safety-or security-criticalsystems.
Sinceinterval logicscanbeusedasanaturalmodelfor theconstructivedescriptionof re-
activebehavior (Büssow andGrieskamp[1997], for example,provideashallow encoding
of Statechartsin interval logics),theanimationandprototypingof reactivesystemsmight
alsobepossibleusingthis approach.
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