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Zusammenfassung

DieseArbeit untersuchtlie FundierungundImplementierunginesBeredinungsmodells
fur mengnbasierteComputersprachenks wird das pZ-Kalkul eingefihrt, eine mini-
malemengenbasiertAusdrucksspracheerwandtmit dem A-Kalkul, dasAnwendungs-
sprachenwie die Spezifikationssprach& oderfunktional-logischd’rogrammiersprachen
komplettund natirlich einbetterkann. Syntax Semantikund Gleichungstheorievon uZ
werdendefiniert. MehrereBeredhnungsmodelleverdenentwickelt. Durch gezielteAn-
wendungder Gleichungstheorieergibt sich eine Narrowingsemantikdie durch lokale
Modifikation der Redexausvahl nicht-striktoderstrikt ausgllt, undinsbesonderateres-
santfur interpretatve “on-line” Auswertungist, da sie auf symbolischeTermersetzung
basiert.DaszentraleBerechnungsmodedlberbasiertauf einernatirlichenSemantikdie
durchihrenoperationalerCharaktedasDesignkompilierter“off-line” Auswertungvor-
bereitet,und dasBeredinungsefelenzmodeliron pZ festlggt. DiesesModell kombiniert
funktionale Reduktionund nebenaufige Resolution,und definiert eine klare Trennung
zwischender(deterministischerfunktionalen)Konstruktionvon Mengenundder (nicht-
deterministischempgischen)Dekonstruktion. Da Mengensowohl extensionalals auch
intensionaldagestelltwerdenkonnen st dasModell von hohererOrdnung.

Die Implementierungerfolgt in Form einer abstrakterMaschine,der ZAM, welche
auf der Technik nebenaufigerResolutionsagenteasiert. Die Maschinerealisierteine
effiziente Tiefensuchdiberdie Verwaltungvon Auswahlpunktenund Modifikationspro-
tokollen. Durchein Prioritatenmodelin der nebenaufigenAusfuhrungwerdennichtde-
terministischeBerechnungerlynamischverzdgertund deterministisch@ropagiert.Die
ZAM ist als Stackmaschingollstandigin Z spezifiert,undwird in der Implementierung
in C++ zu einerRgyistermaschingerfeinert,welchepersistenteRegisterverwendetum
denAufwandder Protolollierungvon Modifikation zu minimieren.

Die Anwendungder vorgestelltenKonzepteerfolgt im RahmendesZeTa Systems,
im BMBF ProjektESPRESS entwickelt, dasverschiedenartigdotationerundWerkzeuge
auf der semantische®rundlagevon Z integriert. Der ZaP UbersetzerBestandteildes
ZeTa Systemsrealisiertmit Hilfe desuZ-Kalkils die Ausfuhrungvon Z Modellen,und
wurdebeispielsweisén ESPRESS fir die Automatisierungron Softwaretesteingesetzt.

Die Definition von uZ, der Berechnungsmodelleler abstrakterMaschineund der
Ubersetzungon pZ in Maschinencodést vollstandigin der Spezifikationssprache ge-
geben(mit kleinerensyntaktischerErweiterungen)und dahersyntax-und typgepiift.
Insofernist dieseArbeit aucheineFallstudieder Anwendbarlit von Z fur anspruchswl-
le ProblemederMetamodellierung.






Preface

In responséo thosewho thoughtthat Cantors theoryof setsmight be destryed by the
well-known paradoes discoveredat the beginning of this century Hilbert oncespole
aboutthe “paradisecreatedoy Cantorfrom which nobodyshall ever expel us” (quoted
in Vaught[1995]). On the level of non-constructivecalculi, the beautyof the set-based
approachhasbeenrecognizedn computeisciencen theformalnotationZ [Spivey, 1992;
Toyn, 1998], developedin the eightiesand semanticallybasedon Zermelo-Fraenklset
theory which solvesthe paradoxs of classicalsettheory In recentyears,a growing
numberof authorshave adwocatedheuseof setsn declaratve programmingandprogram
analysis.

In thisthesis,| usetheset-base@pproactasthe basisfor a novel, smallintermediate
calculus,which allows to naturallyembedconceptdrom higherorderfunctional, logic
andconcurrentonstrainpprogrammingaswell asset-basedpecificatiolanguagesuch
asZ. | definethesyntaxandsemantic®f thecalculusanalyzets equationatheory inves-
tigateseveralcomputatiormodels provide anabstractmadinethatimplementsaamodel,
anddefinea compilationfrom the calculusto the machine. The power of the calculus
andits implementatiorallows anunorthodoxapproacho theintegrationof higherorder
functionalandconstrainiogic programming.

The presenthesiswritten betweenJanuaryandSeptembefl999,grew out of my ac-
tivitiesin theapplicationorientedresearctprojectEsPRESS (1995-1998)whichwascon-
cernedwith methodsandtools for the specificationof safety-criticalembeddedystems
[BUssav et al., 1996; Bussav and Grieskamp,1997; Bussav et al., 1997a;Grieskamp
etal.,1998;Bussav etal.,1998;Bussav andGrieskamp1999]. Onegoalin the ESPRESS
context wasto provide a tool to executeZ specificationsfor the purposeof evaluating
testdataandanimatingrequirementspecificatiorof embeddedystemdasedn Z. The
developmentof a compilerfor Z wasinfluencedby my earlierexperiencewith theim-
plementationof the algebraic-functionalanguageOpal [Schulteand Grieskamp,1992;
Harteletal., 1996;Didrich etal., 1994;Frauensteiretal., 1996a,bDidrich etal., 1998],
which strongly suggestedasingsucha compiler on a small intermediatelanguagein
the style of the A-calculus. This led to a first designof the calculuspresentedn this
thesis,called uZ becausef its original purposefor abstractingrom the diversity of the
Z notation. This first versionwasusedasan intermediatdanguagdn the experimental
compilerZaP, whichis partof the Z-basedool-integrationernvironmentZeTa [Bussav
andGrieskamp,1999], developedunderthe supervisiorof the authorin ESPRESS. ZaP
hasprovedto beafeasibletool, in particularfor the evaluationof testdata,andit is being
usedfor this purposen severalprojectsconductedn cooperatiorwith DaimlerChrysler
FT3/SM,Berlin. Thework presentethereconsolidatesindrefinesthetechnologyof ZaP
on the basisof theseexperiences On the onehand,it closesthe gapbetweerthe exper



imentalprototypeZaP andits theoreticafoundation,andon the otherit extendsZaP’s
modelby indeterministiccomputationwhich provedto be desirablen the courseof the
casestudies.
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Ich gingim Walde
Soflir mich hin,

Und nichtszusuden,
Daswar meinSinn.

C h apte r 1 (Goeth(;:-)

Intr oduction

The automaticevaluationof testdatafor safety-criticalembeddedystemss aninterest-
ing applicationthatcanhelpto put declaratve languagemplementatiortechniquesnto

industrialpractice.Somestudiesreportthat morethan50% of developmentcostsin this
applicationareago into testing. A settingfor test-casesvaluationthatcanimprove this
situationis asfollows: given a requirementsspecificationby an executableprototype,
someinput datadescribinga testcase,andthe outputdatafrom a run of the systems
implementatioron the giveninput, we checkby executingthe specificationvhetherthe
implementationmeetsits requirements.At the first sight, this goal would seemto be
simple, sinceinput and outputdataare fixed. However, a real-world specificationof a
comple systemmay containalot of “hidden” data,whichis usedto describehe observ-
ablebehaior. Thus,the problemscalesup to finding the solution(s)to (a sequencef)

partial databindings.

In theapplication-orientedesearchprojectESPRESS?, whichis concerneavith meth-
odsandtoolsfor the developmentof embeddedystemsthe set-basedpecificationan-
guageZ [Spivey, 1992]is usedfor requirementspecificationn combinationwith other
notationssuchasStatechartsvhich areincorporatedy a shallov encodingn Z [Blissav
andGrieskamp,1999]. Performingtest-casevaluationin this settingrequiresa compu-
tation modelfor Z.

In this thesis,the underlyingtheoryandimplementatiorof a computationrmodelfor
Z areinvestigated.In fact, the work is not restrictedto Z, sinceit is basedon a small
intermediatecalculus,calleduZ, thatcanembedZ aswell asotherdeclaratve notations.
The major contritutions are the introductionof the novel calculusuZ, the definition of
the calculus’computatiormodel(operationakemanticspndthe definition of anabstract
machinefor implementingthe calculus. In this initiatory Chapter an outline of these
topicsis given.

1 Im Goethejahr1999habenwir unsvorgenommen(fast)alle Kapitewahlspiichebeim groRendeut-
schenDichterauszuleihen.

2ESPRESS is ajoint projectinvolving industrialpartnergDaimler-BenzAG andRobertBoschAG) and
academigesearchinstitutes(GMD-First, FhG-ISST and TU-Berlin), fundedby the German‘Bundesmin-
isteriumfir Bildung, Wissenschaft-orschungund Technologie”.



18 Intr oduction

The pZ Calculus

The pZ calculusis a pureexpressiorlanguagen the spirit of the A\-calculus.Sinceit can
embeahefull Z language-thesimple-typed\-calculus setcalculus predicatecalculus,
and schemacalculus— computationin xZ cannot be complete. However, a computa-
tion modelandimplementatiorby an abstractmachinecanbe provided thatis compa-
rablewith thatof higherorderfunctionallogic paradigmgSmolka,1998;Hanus,1999;
Chakraarty etal., 1997].

The uZ calculusis basedupona small numberof constructswhich are tentatvely
summarizedelow (e € EXPbeingexpressiongandp € PAT patterns):

ec EXP:=x | p(e) | {e} |ue| 0| en€ | eUu€ | ~e|

elp—po | {ple} | fixpae
pc PAT C EXP

Thecalculusemploys constructoterms,p(€), andthe basicoperationof setalgebraset
union, intersectionand complement. Patterns,p € PAT, arethe subsetof expressions
built from constructortermsandvariables. In addition, the following expressionforms
areprovided:

e Theform pu e selectdhe elementof asingletonsete.

e Theform elp; — po] describeshetranslationof thesete. Theresultconsistof all
elementghatmatchp,, suchthatthereexistsanelementin e thatmatcheghe pat-
ternp; underthesamesubstitution.Forexample,({p(1,2)} U {p(1, 3) })[p(X,y) —
x| = {1} (wherenumbersarespecial0-ary constructoisymbols).

e Theform {p | e} describesa schema(setcomprehension)The propertye is a set
expressionof Booleantype — truth beingthe setcontaininga dedicatedsingleton
elementandfalsity theemptyset.

e Theform fix p < e describes fixed-pointof a set(or tuple of sets)e.

The calculusis ableto representll conceptsf Z in a remarkablyconsistentvay. For
example,a Cartesiarproducte; x e, is expressedse;[X — (X, )] N e[y — (., )], with
(, -), the constructorsymbolfor pairs,usedin mixfix notation,and _ a pattern“joker”
(or anorymousvariable). Relationalapplication,Re, is encodedas (RN {e})[- — <],
whereo is the 0-ary constructorfor the unit in Booleansets.Functionapplication,g, e,,
is givenasu((e; N{e}[x — (X )])I(Yy) — VY]). As theseexamplesindicate,the heart
of the uZ calculusis its novel constructfor settranslation,which providesa meansfor
the constructve descriptionof morphismsan the cateyory of uZ sets.

In Chapter3, we developthe exactsyntaxandsemanticof the calculusandprovide
an equationakheoryfor it. The semantiomodelof uZ is basedon a hierarchicaltyped
universe wheresetsarerepresentedspartial characteristic(Boolean)functionsin a set-
theoreticasensewhich canbefoundedby Z itself or by ZF settheory Thisrepresentation
of setsis a generalizatiorof partial three-aluedlogics [Owe, 1997]to the caseof set
algebra.Theequationatheoryof 11Z is powerful enoughto induceanarrowingsemantics
by a pureexpressiortransformationaswill beshavnin Chapter4.
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Computation in uZ

Severalnotionsof computatiorareinvestigatedn Chapterd. We startwith a normaliza-
tion of expressiongo a disjunctve normalform, which, combinedwith simplification,is
a prerequisitdor all furtherinvestigationgincludingcompilation). Fromthe normaliza-
tion, we caneasily deducea generalnarrowing semanticshich is suitedfor symbolic
“on-line” computation By restrictingtheredex selectionorderof narroving, severalsub-
modelsarederived.

Thereferencecomputatiormodelof uZ, however, is givenin the style of natural se-
mantics constitutinga trade-of betweercomputatiorpower andefficientimplementabil-
ity, preparinga straighttransitionto theabstractnachinegivenin Chapteis for “off-line”
computation.This modeldraws a clearborderlinebetweerthe functional(deterministic)
constructionof setsandthe logic (indeterministic)deconstruction.For example,in an
expressionsuchas{x; | x; € e} N{xs | X2 € &} (Where_ € _is syntacticsugar),the
expressions, ande, areconcurrentlyreducedn a deterministicfunctionalstyle. Once
anexpressiorg hasreached valueform, aresolutionstepis performedtherebybinding
thevariablex;.

Thereferenceomputatiormodelof uZ is comparablavith thatof higherorderfunc-
tional logic languagesvith concurrentconstraintresolution,thoughit goesbeyond this,
supportingdisjunctionand negation. It supportsthe free combinationof sets(relations
andfunctions)by setunion, intersectionand complementtherebyabstractingrom in-
tensionabndextensionatrepresentations hewidely usedset-based specificatiorstyle
canthusbefully supportedWe give someexamplesn Z. Giventhefunctionf, theexecu-
tion of its domainrestriction,{ey, ... ,&,} < f, causesio problems.We canalsoexecute
the propertiesx € domf or x € ranf. We may executef~, which might becomearela-
tion, if f is notinjective. If g is afurtherfunction,thenf U g andf N g areexecutable.
Similar possibilitiescarry over to the schemacalculus,which canbe fully executedas
well.

The limitations of the computatiormodelarefoundin the executability of universal
guantificationand of complement.The universalquantification,vV x e e, is encodedn
uZ as~ ({x | ~e}[x — ¢]). Theproblemof executingthis constructis conspicuously
apparenin theequationatheoryof ;Z: setcomplementannotbedistributedover hiding
translation. Thus,we cannotexpectcomplementgo be pusheddown completelyto the
expressiorieafsduringthe constructiorof thedisjunctive normalform. We dealwith this
problemby computingindependentsubgoalsfor expressionsiestednside of comple-
ments.Thesecomputationglo not contributeto resolutionin their enclosingcontext, and
areboundto thecontext by residuation For theuniversalquantifier this entailsthatit can
be computedorovidedthe quantifiedrangeis finitely enumeratable.

The Abstract Machine ZAM

An abstracmachine- calledZAM —whichimplementghereferencecomputatiormodel
of uZ is developedin Chapters. In the ZAM, concurrenthreadscollaboratvely work on
aresolutiontask. Thethreadssynchronizevia variables:accessingn unboundvariable
suspendathreadandbindingavariableresumeshreadswaiting for it (residuation).The
machinemaintainsa stackof choicepointswhichis sharedby the threadgointly acting
on a resolution. When a threadexecutesa propertysuchasx € e U &, it continues
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with X € e, andcreatesa choicepointfor x € e,. A simplebut powerful optimization
is achieved by aninstanceof the “AndorraPrinciple” [Warren,1990], dynamicallylow-

eringthe priority of threadsthattry to createchoicepoints,therebygiving deterministic
computatiorpreference.

The compilationof uZ to ZAM instructionsis basedon the disjunctive normalform
definedin Chapter4. The instructionsetof the ZAM is at a higherlevel than, for ex-
ample,of the Warren AbstractMachine[Warren,1983], making compilationeasyand
retraceable.

In Chapter5, we give a comprehensie specificationof the ZAM in Z's sequential
specificationstyle. This specificationis intendedto be executableusing the concepts
presentedh thisthesis.A prototypeof the ZAM hasbeenimplementedn C++, andwill
bealsooutlined.

The ZeTa Systemand Conclusion

In Chapter6, we give a shortoverview of the designof the ZeTa system[Bussav et al.,
1998;Bussav andGrieskamp1999],andtherole of the ZAP compilerasintegratedinto
ZeTa. Thegoalof the ZeTa systemis to offer anopenernvironmentfor editing, browsing
andanalyzingintegratedspecification@ssembledfrom heterogeneou®rmalisms—such
asStatechartsZ, temporalogic, messagsequenceharts andother Theformalismsare
semanticallyintegratedby a shallov encodingin Z, usingthe uSZ corventions[Bussav
etal., 1997a]. The ZeTa systemis designedo systematicallysupportsuchencodings
by threedimensionf integration: semantidntegration,documentintegrationandtool
integration. The ZAP compiler part of the ZeTa system,canthusbe usednot only to
executeZ specificationsput alsootherformalismsthat are mappedo Z andtherebyto
uZ.

Chapter7 concludeswith a summaryof the contributionsof this work and of future
lines of research.A discussiorof relatedwork canbe found at the end of eachof the
relevantchapters.

ReadingAdvices

Sincethis thesisaimsat a comprehensie formalizationof the conceptst introducesit

containsa lot of detailedformal material,mostof which asbeenputinto figuresthatare
interleavedwith thetext. For layouttechnicalreasonsfiguresoccasionallyoccurbefore
their contentds explained.It is recommendetb read(at least)until thefirst referenceo

afigurein thetext until its contentis read.

Not all partsof this thesisneedto be thoroughlyreadto getanideaof the maincon-
cepts.Chapter2 may be skippedby readerswvhich arefirm to Z andwhich do not want
to know how we explain certainZ extensionghathave commonrootsin well-known no-
tational conceptgsuchasinferencerules). In Chapter3, it might be sufficient to read
theintroductionto the Z calculus,Section3.1 (on page38), thenthe equationatheory
Section3.4(onpage57), skippingtheproofsin there,andfinally thediscussionln Chap-
ter 4, the definition of the distributive normalform in the introductionof Section4.2 (on
page74) andthe entire Section4.4 (on page86) is essentialand, of course the discus-
sion. In Chapter5, the readermight find it sufficient to readSection5.1 (on page98),
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Section5.4 (on pagel29) andthe discussion.Chapter6 may be skippedby readersot
interestedn theapplication.






Seh’ich die Werke der Meisteran,
Soseh’ich das,wassie getan.

C h apte r 2 (Goethe)

Meta Notation

The metanotationusedthroughouthis work is strictly basednthe Z language [Spivey,
1992]. A brief introductionto Z is givenin Section2.1 (on page25). In generalthe
readeris expectedto be familiar with Z.

Oneobviousadwantageof usingZ is thatit is standadized. SinceZ is alsoaformal
language, anotherimportantadwantages thatit is amenabldo machinesupport. Thus,
mostof the mathematicainaterialin this thesisis verifiedby a parserandtype-dheder?.
Exceptionsto the useof type-checkd Z may appeaiin mathematicaphrasesnlined in
text andwheretemplatenotationssuchasf (xy, ... , X,) provide a betterway of amguing
than corventionalZ. This is seldomthe case,andis only appliedwhen propertiesof
objectsaredescribednotfor their declaration.

Using a formal notationsuchasZ doesnot necessarilymply usingaformal method
in the senseof formal reasoningandproof with machinesupport.The degreeof detail of
descriptionrequiredto this endwould be enormousA significantamountof description
is thereforekeptloose— informal assertionsremadethatareclearto a humanreaderbut
unamenabléo a machine. An importantexampleof suchusageis whenwe informally
selectthe “smallest” solutionto someaxioms. ThoughZ is powerful enoughto express
suchconstraintsit would becumbersoméo write themdown, andwould therebydistract
from therealconcern.

The Z languagethougha generakspecificatiomotation,is tailoredto the description
of stated-basedequentiabystemsA typical instanceof this usagds the specificatiorof
theabstracimachine ZAM, developedin Chapters. However, in otherpartsof this the-
sis,descriptiontechniguesuchasinferencerulesandrecursve partialfunctionsoverfree
termalgebragabstracsyntax)arerequired which arenotdirectly supportedy Z’s syn-
tax. Someextensionsarethereforemadeto thelanguagdSection2.2 (onpage28)),which
areexplainedassyntacticsugar which is implementedusingthe macro-preprocessaf
the ESZ type checler. The printed outputof the extensionslooks natural,and all are
actuallytype-checkdandhave awell-definedmeaningn Z.

1An 1SO standardizatiorof Z is currentlyin progress. We follow the the draft proposalsfor the Z
standard[Z-1SO]. A goodtext bookon Z is written by Spivey [1992]; the innovationsin the forthcoming
standardelative to this sourcearedescribedy Toyn [1998].

2The ESZ type-checkr (written by the author),which is part of the ZeTa system,is used. Seealso
Chapters.
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Z providesa powerful mathematicatoolkit for definingbasicnotionssuchasnum-
bers,relations,andfunctions. It is assumedhat the readeris familiar with Z’s toolkit,
which is a fairly standardaccountof basicsettheory (seeSpivey [1992] for a specifi-
cation). Someextensionsto the toolkit are neverthelessequired: they are definedin
Section2.3(on page32).
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2.1 A Sketchof Z

The basicmodelof Z is reviewed below, without the intentionof providing a complete
picture.For acomprehensie descriptionof Z, see[Spivey, 1992;Toyn, 1998].

2.1.1 Typesand SematicUniverse

Themodelof Z is basedon typedsettheory. Givena collectionof so-calledgiventypes
Z typesarefreely constructedoy powersetconstruction P A, cartesianproduct A; x

. X An, andbinding setconstruction [x; : A;; ...; X, : Ay. Binding setsdenote
productswith namedcomponentsA semantiauniversefor Z is large enoughto contain
meaningdor thesetypes,wheregiventypesmay have assignedrbitrary(not necessarily
countabledomains Becausef thetypehierarchy Z avoids Russels Antinomy: setsare
well-founded,andno setcontaingtself.

A distinguishingfeatureof Z is thattypesare“first-ordercitizens”of thelanguage A
typeis representetly anexpressiorwhich denotesa set. As a set,it justhasthe property
of beingthe largestsetcontainingelementf the sametype.

Z hasa static typing discipline which forbids termswhich are not well-typed. A
declaratiorsuchasx : E hastwo effectsin Z: the variablex rangesover the setdenoted
by the expressionE (x € E), and x is declaredto be of sometype, which is the largest
supersedf E. For example,the constan¥ representshe giventype of integernumbers,
andtheconstanN C Z asubsebfit. Then,declaringx : N letsx rangeoverN andassigns
thetypeZ to it for typechecking.

2.1.2 SchemaText

A centralnotionof Z is thatof schematext, which denotesa setof bindings(tupleswith
namedcomponents)A schemaext, D | P, is built from a setof declaration® anda set
of propertiesP. The declarationspavn a binding set, which is constrainecoy P. The
propertyis built of first-orderpredicatve formulasovervariablesepresentinghebinding
components.

For instancetheexpressionx, y : N | x < y] representthesetof bindingswhereboth
componentx andy areconstrainedo be naturalnumberdyy the declarationandwhere
X is constrainedo belessthanor equalto y by the property

In Z, it is alwayspossibleto shift constraintsnducedby declarationgo the property
part. For example,theabore schemaanbetransformednto [,y : Z [ X e NAy e N A
x <Yy

Schemaext is usedin manifoldwaysin Z:

e Schemaext is usedto directly denotesetsof bindingsin expressionsasin [,y :
N | x <y], which denoteghe setof bindingswherecomponenk is lessor equalto
componeny. (We alreadyusedthis notationabove).

e Schemaext is usedin quantifiers.For example,the universalquantifieris written
asvVD | P e Q, whereD | P spavnstherangeof quantifiedvalues.This notation
is equivalentto VD e P = Q. Similarly, 3D | P e Q, which is equialentto
ID e PA Q.
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e Schemaext is usedin functionabstractionsAD | P e E, whereD | P denoteghe
domainof the function. ThebindingsetD | P is corvertedinto a setof tuplesby
removing the namef thecomponentskor instancethedomainof theabstraction
Ax:N; y:N|y#0 e X/yis the setof pairs(x representinghefirst andy the
secondcomponentwith the specifiedproperty(y # 0). The graphof the function
describeds asubsebf P((N x N) x N).

e Schematext is usedin setcomprehension{D | P}, wherethetuplesof D | P
are the elementsof the comprehendedet. A further variantof comprehension,
{D | P e E}, allows usto explicitly constructthe resulttuples,ase.g.in {x: N |
xmod 2 = 0 e (x,x+ 1)}, which describeghe setof pairswhereanevennumber
is relatedwith its directsuccessor

e Schemadext is alsousedfor introducingglobal constantsUsingthe notation

|D
P

the componentf the bindingsof D | P areintroducedas global constants. If
D | P containsmorethenonebinding,the constantsairelooselyspecified.If D | P
is empty the specifications inconsistent.

2.1.3 Genericity

Z supportsgenericity. Global constantf a specificationmay be genericover a list of
“formal” types.Themeaningof agenericconstants atotal functionfrom aninstantiation
of theformalsinto a value. The instantiationsare not just type “terms” but arbitrary set
values. This distinguishesZ’s polymorphismfrom the Hindley-Milner polymorphism
found in functional programminglanguagesand specificationformalisms[Damasand
Milner, 1982]. For example,if Z is the giventype of integer numbersthena generic
constansuchasseq a maybeinstantiatedasseq Z, seq{x: Z | x > 0}, seq{1, 2}, andso
on.

2.1.4 Undefinedness

The semanticof StandardZ doesnot prescribea particularview of undefinednessThe
treatmentof undefinednesss left to corventionsintroducedby specifiersand/ortools.
Throughouthis thesis,thefollowing corventionsareadoptedwhich areorientedto de-
sirablepropertiesf a partiallogic, asdescribede.g.,by Owe[1997]:

e Thereis aspecialpredicatefor testingthe definednessf anexpressiondfd eiff e
is defined.

e Theundefinedvaluecanbe denotedoy the expressionl, whichis anabbreiation
for u .



2.1 A Sketchof Z 27

e Undefinednesstrictly propagatesn relationalapplication,e €, andin relational
test,e R€.

e A setmay have “unknowns”, thatis the propositionx € X may be undefinedfor
certainx's. For schemaext, x : X | Px, if thepropositionP c is undefinedor some
c, thenc € {x: X | Px} will beaswell. At the sametime, for someotherc’ such
thatP c' is definedc’ € {x: X | Px} is defined.

e Intersectionandunion of setsin setalgebraor the schemacalculuscandealwith
unknowns. Briefly, if x € X; is unknavn andx € X, is false,thenx € X; N X, is
false. This behaior is commutatve andassociatre. Symmetrically if x € X; is
unknovn andx € X, istrue,thenx € X; U X, istrue.

e Logical connectvescanbe seenasa specialcaseof set-unionandset-intersection,
andtreatundefinednesm a similar way. Moreover, if P is undefinedthen— P
is aswell. The conditionalexpressionif p then e else €, is treatedasan
abbreiationfor ux: o | p= x=eA - p= x = €, andis thereforenon-strict.

e Quantifiersaretreatedastheusualexpansiornto and-chainsandor-chainsregarding
undefinedness.

Notethatthe above treatmenttill is looseasregardstherepresentatioof undefinedness
in a model we have merely statedsomeproperties. The uZ calculusis more explicit,
addinga L elemento the carriers which canbe seenasarefinemenof theabove.

In Section2.2.4(on page29), syntacticsugarwill beintroducedwhich allows a con-
venientnotationfor recursve partialfunctionsmakinguseof thesecorventions—in par
ticular of thedfd e predicate.
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2.2 Notational Extensions

Throughouthisthesisafew purelysyntacticakxtensionf Z will beusedwhichembed
well-known mathematicahotationtechniquesn the Z framework.

2.2.1 Where Notation

In Z, axiomsof thekind VD | P e Q arecommonlyusedat a top-level position of
a specificationwhereno outer scopeexists. For this kind of “shallow” quantification,
the V-prefix notationdistractsfrom the actualspecificationgoal, the predicateQ, which
containsfree variablesboundby D | P. To enhanceeadability we allow the alternatve
notationQ where D | P. Thebindingprioritiesfor Q areloweredto thelevel of schema
properties,suchthat newline and*®; ” canbe usedinsteadof logical conjunction,“A”.
Thusthe notation

Q1; Qo

Qs; Q4
where D | P

is syntacticsugarfor VD | P @ Q; A Q2 A Q3 A Qq.

2.2.2 |f-Exists Notation

An often encounteredituationin specifications the desireto formulatea “conditional
let”: if auniquebindingfor someschemaext exists,thenanexpressiorshouldbe evalu-
atedunderthis binding, otherwiseanalternatve expressiorshouldbe evaluated.In plain
Z, onehasto write if 3, D | P then D | P o E; else E, to achieve this effect. We
allow thenotationifs D | P then E; else E, assyntacticsugarfor theabove phrase.

2.2.3 InferenceRule Systems

In computerscience,a widely usednotationfor axiomsof thekind YD | P e Q are
so-callednferencerules
P
—— D
Q
We allow this notationassyntacticsugarfor the universalquantification.

System®f inferenceaulesareoftenusedn thisthesisto inductively describaelations
on syntax. When defining a relation with an inferencerule system,in additionto the
axiomsdescribedy therules,aprincipleof genemtionis assumedWe saythatarelation
is the smallestonewhich satisfiesthe rules. Formally, let R : T be the relationdefined
(with T its type)andl,[R] uptol,[R] therules:

R=({R:T|LR];...; L[R]}

In this thesis,a formalization of generationis not usually given. However, it will be
sufficiently treatedn the explanatorytext.
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2.2.4 Recursie Partial Functions

A commonlyusedtechniquefor describingrecursve partialfunctionsis to useequations
of theform f E < E'. Here,thevalueE is in f’'s domainiff E' is defined. If so, the
mappingkE — E’ is in thefunctionsgraph.For example,aninterpretatiorfunctionwhich
mapstermsto semantiovaluesis definediff theinterpretatiorof subtermss defined.This
techniquds indispensabléor readabilityin thosesituationswherethe descriptionof the
definednesandmappingcannotbe adequatelyartitioned.

Throughouthis thesis we usethe notation

Eo . < E
|...<= ...
| En < E|,
where D | P

asasyntacticabbreviation for theZ form:

VD |P e (E; € domEy < dfd E}) A (E; € domEy = EyE; = E))
VAN
(En € dom Eg <> dfd E!) A (En € dom Ey = Ey E, = E)

In general,with this style of definition, the left-handsidesE; may be not exhaustve.
Moreover, we may spreadequationsfor one function E, over several paragraphs.We
normally choosethe smallestsolution for a function definedby a systemof recursve
partial definitions,givenin oneor several paragraphslt is constructedsimilarly asfor
relations(seeSection2.2.3(onthefacingpage)).

If patternsof definitionsoverlap,we treatthemto be priorized by textual order For
example,the following recursve function definition removes eachsecondelementin a
sequence:

—iAl
remoe2 : seq A— seqA

remoe2 ((X,y) ~ S) < (X) ~ remoe2(s)
| (s) S
where Xy : A; S:seqA

The secondlefinitioncasecapturesary sequencehut haslesspriority thanthefirst case,
suchthatsequencewhoselengthis greatethenonearehandledoby thefirst case.

2.2.5 Local Variablesin SchemaBoxes

When specifyingsequentialsystemsusing schemasn vertical box notation,one often
encountershe necessityof introducinglocal variables.In Z, this is hasto be notatedas
shaowvn in theleft-handsidebelow:
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— S — S
AState AState
JLocalse Locals

Pl /\ -p]- ---------
A

Oneobvious problemof this notationis thatit becomesecessaryo separatehe proper
tiesP; in the context of the existentialquantifierby “A” insteadof line breakor “;” which
would be morereadable We thereforeintroducethe notationon theright-handsideasa
shortcutfor theleft-handside.

2.2.6 CaseDistinction in Predicates

Casedistinctionin predicatesnustbe denotedin Z ason the left-handside belov. We
introducethe notationon theright-handsideasa muchmoreinstructie variant:

g — S

AState AState

X>0=X=x—-1 if x>0

-X> 0=X=x+1 then X =x—1
else X =x+1

2.2.7 Selectve A

Whenspecifyingstatetransitionoperationsn Z’'s sequentiaspecificatiorstyle,oneuses
the AS operatorto createpre and post stateversionsof the fields of the schemaS. If
certainfields arenot goingto be changedequationssuchasx = X' have to be addedto
theoperationschemaApart of notationalnoise this diminishedocalizability of changes
toS

We thereforeusethenotationAlx, . . . , X,)Sto expresgthat,from the schemés, only
thevariablesx; arechangedandall otherkeeptheirvalue. Thisis syntacticsugarfor

[AS‘ 0(8\ (le"' ’Xn)) = H(SI\(XJD 7X:1))]

2.2.8 Overloading

In alarge Z specificatiorthatintroduceshundredof nev nameskeepingall thesenames
disjoint decreasethe readibility whensimilar thingsneedto carry differentnames.For
example, supposea function which deliversthe setof free variablesof differenttypes
of terms: namingthis function varsgxpr, varsconstr @ndso on, doesnot contributesto
readibility.

We thereforeallow theselectve useof ad-hocoverloading Actually, thisoverloading
is implementedby usingdifferentlATeX markupnamesfor Z symbolswhich expandto
the samerepresentation.
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2.2.9 Further Extensions

The ESZ type checler, developedin ESPRESS and usedfor processinghe mathemat-
ics usedin this thesis,addssomefurther extensionsto the Z notation,which have been
proposedo theZ ISO Panel:

e Theorderin which paragraphsppeaiin a specifications arbitrary Theonly re-
guirementis thatthe definition-userelationof paragraphss agyclic. (A paragraph
is in definition-userelationto anotherparagraphf it introducesa namethatis re-
ferredto by the otherparagraph.)

e A andZ areintroducedasexpressioroperators.

e Mutually recursve freetypesareallowed. This is (roughly) explainedasfollows.
A freetypedefinition, T ::= variants introducestwo paragraphsone containing
the definition of the giventype [T], anda secondcontainingthe free type axioms
derived from the variants Giventhe freedomof orderof paragraphsthis allows
arbitraryrecursve dependencieletweerfree type namesandotherdefinitions.

e Globalconstantganbedeclarednultiple times,providedall declarationsretype-
compatible.

A detailedustification,includingthesemantidoundationjs givenin [FettandGrieskamp,
1998].
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2.3 Mathematical Tools

StandardZ providesarich setof “mathematicaltools” for working with sets,relations,
andfunctions. It is assumedhatthe readeris familiar with Z’'s mathematicatoolkit (a
specificationcan be found in [Spivey, 1992]). Somefurther tools are requiredin this
thesis,andwill bedefinedbelow.

2.3.1 Setsand Relations

The Z toolkit is fairly completeasregardsbasicfunctionson setsandrelations.For our
presenfpurposesit lacksonly oneconcept:the reductionof a setof valuesby a binary
function.

S denotesfunctionthattakesasetandreducests elementsisingthefunctionf and
thestartingelement. f mustberight-commutatrew.r.t. theagumentset(f (x;, f (X2, y)) =
f(xe, f(X1,Y))) sincethe orderin which reductionis performeds not determined:

=[X7Y]
Yo (XXY+Y)xY—=PX+Y

Yese(uy:Y[s=BAy=eV (¥x:sey="F(xY(s\{x})))
wheref : X x Y-+ Y;e:Y;s:PX

Thisdefinitionmakesuseof thesyntacticextensiorfor definingrecursve partialfunctions
(Section2.2.4(on page29)). Thedomainof the function Zg is inducedby its defining
expressionwhichis (for non-trivial s) only definedif f is right-commutatve anddefined
for all elements.

2.3.2 Sequences

TheZ toolkit lackssometypical functionsknown from functionallanguage$or working
with sequenceswhich are definedas follows. With x-: s, the elementx is prepended
to the sequences, with s:- x appended.By zip (s}, S;), the sequenceés deliveredwhere
the elementsare pairwisecombined. The phrase(f, €) / s denotesthe reductionof the
functionf from right to left on the sequence, with startingvaluee; the phrase(f, e) \ s
denoteghereductionfrom left to right.

—iX]
== AX:X; S:seqX @ (X) " S
__==AS:seqX; X: X @ ST (X)

=[X7Y]
zip :seq X X seq Y > seq(X x Y)
zip ((,() <=0

| (X':Say':t) ~ (Xay) K Zip (Sa t)
where X: X; S:seqX; y:Y; t:seqY
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(-/2)((f,e),() <«<e
| (f,E),X'ZS)<:f(X,(f,E)/S)
wheref : X x Y-+ Y;e:Y; x:X; s:seqX

=[X7Y]
AN (XXY+Y)xY)xsegX—+Y
-\ ((f,e),() <«e

| ((f,e),SZ'X)<:f(X, (f,e)\S)

wheref : X x Y-+ Y;e:Y; x:X; s:seqX

With f * (e, s), the “context mapping”of the functionf to the elementsn s from left
to right is denoted.e is an ernvironmentor “state” parameterwhich is threadedhrough
themapping:

=[anaZ]
K (XXY 4+ XxZ)x (XxseqY)—+ X xseqZ
) E(E0) <=(@E))
| (f,(ex:s)<let€,&:X; X :Z, S :seqZ |
(e,X)="1(ex); (¢,g)=F*(€,9)
o (€', X-:9)
where f : X XY+ XxZ; e:X; X:Y; S:seqY

2.3.3 Booleans

In theforthcomingZ ISO Standardschemaexpressiongandvalueexpressiondiave been
unified. Moreover, schemaswith an empty signatureare allowed (for example,|[| P)).
This opensup the possibility of definingthe type of Booleanvaluesasthe setof schemas
to the empty signature,and useschemareferencein a predicateto refer to a Boolean
value.ThetypeB is definedbelow following this approach:

B == P[] true == [| true]
false == || falsg
|V==As:PB e[ dx:seX |A==As:PB e[ VXx:SeX

With \/s, the membersof the setof booleanss are disjuncted,with As, they are con-
juncted.NotethatBooleansaretruly two-valued,in contrasto truth valuesasdiscussed
in Section2.1.4(on page26).

2.3.4 Order and Lattices

Orderedsetsandlatticesprovide a fundamentatheoryfor computerscienceanddiscrete
mathematicsBelow, somebasicnotionsthatarerequiredlater on in this thesisarefor-
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malizedin Z. The definitionsandtheoremsare mostly taken from [Davey andPriestly,
1990].

An ordered setis a setequippedwith a (partial) order _ T _, which is reflexive,
antisymmetriandtransitve:

—iX]

_C_:X+—X

XEX XEYAYEX=X=Y, XLYAYyL Z=XLYy
where X y,z: X

Theaxiom(- C _)[A] = E is usedthroughouthis thesisto statethat“the” partialorderof
agivensetA regardinglattice propertiess equalto the expressiork of type A «— A. For
example,the following axiom stateshatthe partial orderof setsof somegivenelement
type FOO s setinclusion:

[FOQ ((EJPFOQO =(-< )

areassignedn dependeng of genericinstancesis comparabldgo Haslell’s type classes
[WadlerandBlott, 1989;Hudaketal., 1992F.

The techniqueusedfor this kind of “overloaded”definition of _ C _, wheremeanings

Fromtheorderof asetX, its dual order is derivedby relationalinversion:

X]
E = (X"

Given an orderedsetS C X, the supemum(leastupperbound)and the infimum
(greatestowerbound),if existent,aredenotedoy LIS(MS):

—iX]

LM P X X

US<letU=={x:X|V¥X:SexIxX} e (ux:U|V¥X:UexCX)
where S: P X

MS<letL=={x:X|VX:SexCx} e (ux:L|[VX:LexIX)
where S: P X

To build the supremun(infimum) of two-elemensets{x, X'} C X, thenotationxLI X
(x1x) is used.Theformeris calledthejoin, thelatterthe meet

3Standardz, [Toyn, 1998], relaxesrestrictionsfoundin the Z of [Spivey, 1992] and permitssuchuse
of genericity Semantically specifying_ C _ genericallyfor all possibleinstantiationsdoesnot causea
problem:for ary setA, thereexistsatleasttheemptyorder, (- C _)[A] = &.
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U, Mo XX X+ X

(-U-) (xX) <= u{xx}
where X, X : X

(-M2) (xx) <= {x x}
where X, X : X

A latticeis asetL C X, wherefor all pairsx, X' € L, xLUX andxM X aredefined.The
setof all subsetd. of X which arealatticeis describedy lat X. In acompletdattice, for
eachsubsel’ C L thesupremun{infimum) exists. LI L (ML) arecalledthetop (bottorn)
elementof acompletdatticel:

—iX]

lat_=={L:PX|Vx,X :L e (X,X) € dom(_LU_) A (x,X) € dom(_1_)}
—iX]

latc_=={L:latX |VL :PL e L' €domll AL € domm}

—iX]

T_==AL:latc X e LIL

1 == AL:latcX e ML

A well-known structurerelatedto a completdatticeis acpo (completepartialorder).
It hasa bottomelementandbehaeslik e a completelattice asregardsthe infimum. For
the dual, it is only demandedhat for every directedsubsetof S, the supremumnexists.
A directedsetis onewherefor ary finite subsethe upperboundis in the set. Cposare
commonlyusedfor modelingthe semantic®f programminganguageshowever, for our
set-basedalculusthe moregenerahotion of latticesis bettersuited.

For completelattices(andcpos),theoremsexist that cancharacteriz&omputability
Thesewill bebriefly reviewedbelow. Letf : L — L beafunctionon acompletelattice
L. Thesetof fixed-pointsf f is definedastheset{x: L | x = f x}. Theleastfixed-point
existsif theinfimum of this setexists (the setis notempty)andis a fixed-point(is in the
set).It is known thatif f is order-preservinglmonotonic) thentheleastfixed-pointexists
for completelattices. If f is alsocontinuousthenthe leastfixed-pointcanbe expressed
by the imageof f underthe supremunof the setof finite elementsn the domainof f.
Continuity in this context meanghatfor ary subsetS C L, it holdsu (f(§)) = f(L'S).
We denotethe setof continuoudunctionsover abasetype X asX -e» X:

X,Y]
o> _=={f: X+ Y|domf € latc X A ranf € latc Y
(VS:P(domf) e LI(f(9)=f(L9)}

A finite elemenbf acompletdatticeis onewherethereexistsonly afinite numberof
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elementdn a chainstartingat | andreachingtheelement.Let F C domf bethe non-
emptysetof all finite elementsn the domainof f. Then,the centralfixed-pointtheorem
for continuoudunctionsandcompletdatticesstates:

feX-e» X=M{Xx:domf | x=1x} = f(LUF)

Thus, putting the supremumof maximal finite informationinto f yields the (possibly
infinite) leastfixed-point.Since(by continuity)f is orderpreservingthis (indeed‘ideal”)
maximalfinite informationcanbeincrementallycomputedoy successie applicationof f
startingat || . Theseresultsareusedin Chapter3 to justify thefixed-pointlaw of uZ.



Sogestaltendumgestaltend-
ZumErstaunerbin ich da.

C h apte r 3 (Goethe)

The uZ Calculus

The pZ calculusis a set-basedxpressionanguagewhich canembedset-orientedchota-
tions suchasZ aswell asfunctionalandlogical programminganguages.The calculus
is designedor the automaticanalysisandtransformationwhereit is desirableworking

with a smallsetof languageconstructs However, ;Z is not “as smallaspossible®. The
calculushasredundang in thatit allows extensionalaswell asintensionaldescriptionof

the samemeaning.For example,the setcontainingthe numbersl and2 canbe denoted
in uZ as{1} U {2} or by theschema{x | x = 1Ux = 2}. The supportof bothinten-
sionalandextensionaldescriptionallows the definition of computatiorasa source-lgel

transformatiorfrom intensionakowardsextensionakepresentatiorgsshaovn in the next

chapter

The languageconstructsof ;Z are essentiallythoseof setalgebra(setintersection,
union and complement),set comprehensiorand a novel notation for set translation
Moreover, singletonsetscan be constructedand deconstructed.The calculusentailsa
notion of free constructorswhich are usedto modeltuples, Z-style bindingsand free
types. As will be seen,the A-calculus,predicatecalculusand schemacalculuscanbe
derivedfrom this basicsetof operators.

In this chaptey uZ will be introducedand formally defined. A semanticmodelis
developed,andthelanguageconstructawill be describedne-by-onegiving their typing
rulesandsemantioneanings.An equationatheoryfor uZ is developed. The chapteris
concludedwith adiscussiorof someaspect®f the calculusandof relatedwork.

'Higherorderlogic [GordonandMelham,1993], for instance hasa smallernumberof languagecon-
structs.
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3.1 Intr oductionto uZ

We give anintroductionto the uZ calculusanddiscusgheencodingof Z aswell aslogic
andfunctionallogic programmindanguage$ uZ.

3.1.1 Syntaxand Informal Meaning

Let x € VAR be variablesymbols,andlet p € CONSbe (term) constructorsymbols.
The uZ calculusprovidesthe syntacticcateyoriesof expressionsanda subsetof them,
patterns

ec EXP:=x | p(e) | {e} |ue| 0| en€ | eud | ~e|

elp—po | {ple} | fixpae
pc PAT C EXP

Theform p(€) describesa constructorapplication,wheree is a sequencef expressions.
(We generallyusethe corventionof denotingsequencesf termst by t.) The setof pat-
ternsPAT C EXP arethoseexpressionghataresolely built from constructompplication
to patternsp(p), andvariablesx.

Theform {e} denotes singletonset. Theform e is the singletonsetselectionthat
returnstheelemenbf asingletonset,andis undefinedor eachotherset. Theusualforms
for setalgebraare provided: the emptysetis denotedby 0, setintersectiorby en €, set
unionby eU € andsetcomplemenby ~ e.

Theform e[p; — p.| describeshetranslationof the sete. Theresultof the transla-
tion is the setof all elementghat matchp, suchthatthereexists anelementin e which
matcheghe patternp; underthe samesubstitution. Thereby both patternsmay contain
unboundvariables,which may be denotedby wildcards(_). For example. For exam-
ple, ({p(1,2)} U {p(1,3)})[p(X -) — X (wherenumbersare special0-ary constructor
symbols)equalsto {1}. The cartesiarproductof two sets,e; x e,, canbe expressedn
pnZ asex — (x, )] Nely — (5,Y)] ((,-) beingthe constructorsymbolfor pairsused
in mixfix notation). Corversely the rangeof a binary relatione (a setof pairs)is de-
notedase[(_,y) — y|. We call a translationwith vars p; C vars p, an embeddingand
with vars p; D vars p, a hiding. Note thattheremight exist translationswvhich arenei-
therembeddingsor hidings. In general translationsare capableof expressingall kinds
of specificationmorphismsinducedby signaturemorphismsasusedin algebraicspec-
ification [Ehrig and Mahr, 1985; Wirsing, 1990F, andthus canbe seenasa meansfor
constructve descriptionof (some)morphismsan the category of uZ sets.

Theform {p | e} describesa setcomprehensiongr a schemain Z terminology. It
denoteghesetof valueshatmatchthepatternp suchthatthe Booleanexpressioreis true
underthe binding of variablesresultingfrom the match. Thereby a Booleanexpression
is justasetexpressioroverthe elementype of units(atypecontainingustoneelement):
let o be the O-ary constructorfor this element: thentruth is the set{¢}, falsity is the

2t is easyto seethat setsof tuplesor bindings (tupleswith namedcomponentsyorrelateto setsof

models/algebras.
3We preferthe notion“schema’sincethe structureof the generatingattern p, is presered,whereasn
Z's setcomprehensiop is reducedo its characteristid¢uple.
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emptyset,conjunctionis intersectiondisjunctionunion, andnegationcomplement.For
example,the (sugaredschema{(x,y,z) | x < yny < z} describeghe setof triples
whereeachmemberis larger thanthe previous one. The Booleanexpressionx < y is
syntacticsugarfor theform ((_ < ) N {(x,¥)})[- — <] (where_ < _is abinaryrelation,
a setof pairs). The conclusve translationcanbe readas: we are not interestedn the
actualresultof theintersectionwe merelywantto know if it is emptyor not. The entire
schemditerally readsas

{6y, 2 [ (< )n{PE= o 0 (C<)n{y: D] I}

Theform fix p<e denoteshesmallesinemberof theset{p | p = e} (wheretheequal-
ity abbreviates({p} N {e})[- — ©]). Theorderneededereis discussedn Section3.2.6
(onpage48). If asmallestmemberdoesnot exist, theform is undefined.

The pZ calculususesa shallov polymorphictype system.To this end, constructors
p have associate@d (generic)type,andexpressionareassumedo have a principaltype.
A further conditionfor well-formednesss that patternsin translationsandschemasre
usedlinearly (no variableis allowedto appeatwice).

For commonlyusedforms of expressionssyntacticsugars usedthe mostimportant
of whichis thefollowing:

1 ~> ~0

e ~> eX — o]
ecée ~> 1 ({e}n¥)
e=¢ ~ ec {¢}

1 isthe“universalset”, thelargestsetof its accordingypedomain.?; eis anabbreviation
for the Booleanexpressionwhich is true iff the sete is nonempty The two otherforms
representmembershi@mndequality

3.1.2 Encodings

Constructssuchasfunction application, A-abstractionmembership-tesgquality exis-

tential and universal quantificationcan be naturally encodedin the uZ calculus. We

demonstratehis by sketchingthe encodingof Z in uZ. A brief comparisorwith logic

programminglanguageghorn-clausesystems)and with the functional logic language
Curry [Hanus,1999]is alsogiven, anticipatingsomebasicideasunderlyingthe compu-
tationmodelof uZ.

Encoding Z

Lambda Calculus. The operationf the simple-typed\-calculusare encodedasfol-
lows:

Apee ~ {(py)|y=c¢} (y ¢ varse)
e€ ~ p((en{erx— (x NI Y) = Y)

This treatsfunctionsas setsof pairs. The encodingof the applicationdoesin factalso
capturerelationalapplicationasusedin Z: it is sufficientfor e to beabinaryrelationthat
is right-uniqgueanddefinedat the point €.
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PredicateCalculus. We have alreadynotedthatformulasarea specialcaseof setex-
pressionver the elementype of units,andwe have definedabbreiationsfor the basic
predicate®f membership-tegtndequality To completehepicture,we givetheencoding
of quantifiers:

dx ee ~ 7;{x|e}
VXxee ~ ~ (7 {x|~e})

The resultingsemanticsof the encodingof predicatecalculusis a partial three-alued
logic (seeSection3.2.1(on page43)).

SchemacCalculus. In Z, a schemadenotesa setof bindings bindings being tuples
(records)with namedcomponentsThesetis constrainedy thedeclaration®f aschema
aswell asby the property For example,in Z, theschemda : N; b: Z | a < b] denotes
the setof bindings{a == x,b ==y}, wherex e N,y € Z, andx < y.

AssuminguZ constructordor bindings,{a; == _,... ,a, == _), wherethea/’s are
interpretedaspartof the constructomame theabove Z schemacanbeencodedn pZ by

{la==xb==y) [ xe NNnx <y}

Theconstrainly € Z vanishesinceZ is agiventype. Thepropertyx < y is furthertrans-
latedasdescribedn the previoussection.Otherpossibleencodingsxist, for example

Nx— {a==xb==J)n{{a==xb==y) | x<y}

The connectities of the schemacalculusdirectly mapto ;Z. Schemaconjunctionin
Z,S NS, isthesetof bindingswith thejoinedsignatureof S, andS, wherecomponents
with the samenameareidentified. Thisis expressedn pZ as

S[E(S) = ZN§[EE) — X,

whereX is the patternfor the joined signature.For example,the Z schemaconjunction
@a:A b:B|Pab]]Afa:A; c:C|Q[ac| (whereA, B andC aregiventypes)maps
to

{a==xb==4 [ Pxy}[{a==xb==3) = @@==xb==y,c== )| N
{la==xc==y |Qu)}Hla==xc==)) = fa==xb==_,c==}]

Existentialschemajuantification3S e S, is encodedas
(SE(S) = Z(S)NS)[E(S) — Z(S) \ E()]

whereX(S) \ £(S) denoteghe removal of the componentdrom Sin S. Similarly, the
remainingconnectities of theschemacalculusareencoded.

Note that uZ’s supportof the schemacalculusclearly shaws that uZ is capableto
expressrelationsbetweenentire specificationunits, modules etc.: Z schemasan be
thoughtof asanalgebraon the calculuslevel.
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Encoding Logic Languages

A logic programin a languagesuchas Prolog consistsof a setof Horn clausesA «+

Bi,...,Bn, whereA is calledthe conclusionandthe B; arethe premisesof the clause.
The A andB; are so-calledatomsof the form R(t), wheret is a sequencef termsover
constructorsymbolsandvariables,andR is a n-ary relation. We canmapHorn clause
systemgo pZ asfollows. Let A = R(f) andB; = Q;(5); thenthe“body” of the clauseis

representeds{(f) | (57) € Q1N ...N () € Qn}. To definethemeaningof therelation
R, we collectthe bodiesof all clausesn which R is the headof the premise asfollows:

R={(f)|(57) € QN ...N () € Qu}
U

U
{(tn) | (510) € Qi --.N (Shy) € Quy}

We proceedsimilarly with the clausedfor Q; in the system.If RandQ; arerecursvely
dependendthe fixed-pointoperatorwill be used. Answeringa queryR(q) thenmerely
meanscomputingtheintersectiorRN {(7) }.

Encoding Functional Logic Languages

LanguagesuchasCurry [Hanus,1999]or Goffin [Chakrasarty etal., 1997]can,in prin-
ciple, be encodedn pZ. The exact operationalsemanticswill not be the same,since
a strict reductionorderfor uZ is preferredby design,whereasboth Curry and Goffin,
which areextensionsof Haslell, uselazy reduction.An illustration of suchanencoding
is instructive, anyway.

A functiondefinitionin Curry is mappedasfollows (f beinga functionsymbol,p a
pattern,c a constraintande an expressionithe freshvariablesy; may not appeain the
patterngp):

fpilc =e; ...;fpnfCh =€ ~
fixf<a{(p,y1) [ciNyi=e}U...U{(Pn,Yn) | CLNYn =60}

Thus, a constraintc of Curry directly mapsto a correspondingonstraintin uZ. Con-
junctionsof constraintsare expressedy intersection. Calling a function that returnsa
constrainwith afreevariableasthe agument,suchasC x, amountd¢o membershigest,
x € C. In fact, uZ allows aricher constrainianguagehanCurry (in particular disjunc-
tion andnegation),which, however, will notalwaysbe executable.

The computatiormodelof uZ, describedater on, executesconstraintsconcurrently
usingbothresiduationAit-Kaci et al., 1987]andbacktrackingandenumeratiorio deal
with free variables. An accesgo a free variableis suspendedh a nestedcontext. This
is, for example,the casefor argumentsof the u -operator(andthereforefor functionap-
plication e€ which is definedusing ) or for negative constraints.Backtrackingtakes
placefor constraintsvhich mapto the membershigestof a patternin a set. For exam-
ple, considerthe definition of an “append”relationon lists (below, an abbreviation for
introducinglocal variabless used:{p\ q | e} is equivalentto {(p, q) | €}[(p, q) — p]):
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fixapp<{({),ys z9 | zs= ys} U
{(x::xsysz9 \t| (xsyst) € appnzs=x::t}

Applying this relationto unboundxs andysandboundzswill computethe possiblepar
titions of thelist z§ asusualin logic languages.

wnZ is higherorderbecauseetscanbe storedin constructedralues.Similar asCurry
or Goffin, the computatiormodeldoesnot employ higherorderunification. This restric-
tion is, though,not tied to the notion of a type of a value (whetherit is a setor not) but
to therepresentationsetsthatareextensionallyrepresentedreincorporatedy a simple
equalitytestin unification. An extensionalrepresentatiors givenby applyingconstruc-
tors,singletonsetsandsetunionto extensionalalues.
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3.2 SemanticModel

The modelof uZ is constructedoy an interpretationfunction over termsof a type lan-
guage.We will first discussthe conceptaunderlyingthe setrepresentatiom the model
andthendefinethetypeinterpretation.

3.2.1 SetRepresentation

The modelof uZ is basedon a hierarchicaltyped universe,wheresetsarerepresented
aspartial characteristic(Boolean)functionsin a set-theoreticaineaning,which canbe
foundedby Z itself or by Zermelo-Fraenklirsettheory We will useZ to thisend.

Let U bethedomainof sometype. Therepresentationf anelementof the powerset
of thistypeis a partialfunctionf € U -~ B. Thefunctionf characterizetheknowledge
aboutthe elementsn the setin thefollowing way. A valueu € U is

1. amemberof theset,if u € domf A fu;
2. notamemberof theset,if u € domf A = fu;

3. unknavn to beamemberor not,if u ¢ domf.

As an example,considerthe (sugaredy:Z schema{x | 1 divx = 1}. For thisset,1 is
knownto bememberandall naturalnumbergyreatetthenl areknown notto bemembers;
however, for 0, noinformationis available,sincetheexpressionl div 0 is undefined.Thus
this setis representedsthe Booleanfunction

Ax:N\ {0} o [| x=1].

The given representatiomnf setsallows for a naturaldefinition of the set-algebraic
operationsLet f;, f; betherepresentationsf two sets.Theintersections definedas

fiNnfy = Ax: (domf; Ndomfy) U (f7)({false}) U (f;) ({false}) o [| f; x A 2 X],
andtheunionis definedas
fiUufy = Ax: (domf; Nndomfy) U (f;7) ({true}) U (f57) ({true}) o [| fi x V fa X].

Thereby the conjuctionin our meta-languagé&, A, is definedif one of the operandss
false,anddisjunction,V, if oneof the operandss true, independenbf the definedness
of the otheroperand.Accordingly, the domainsof the resultingcharacteristidunctions
areconstructedwe addall thoseelementdo the domainfor which the oneor the other
operandalreadydeterminegheresult.

As anexamplefor theeffect of the setoperatorsconsidettheexpression{x | 1divx =
1} n{x | x # 0}. Therepresentationf the left setoperandwvasalreadydefinedabove.
Theright setoperands givenby thefunction A x : N e [| x # 0]. Theintersectiorof both
representationaccordingo the above definitionyieldsthefunction

Ax:N e[ 1divx=1AX#0|.
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[TCONSTVAR

| arity : TCONS— N

TYPE:=(_[]) {({p: TCONS 7 : seq TYPE| arity p = #7}))
| P (TYPE)
| (1) (TVAR)

Figure 3.1: TypelLanguage

Whereagheleft-operands notdefinedfor 0, theresultis (with 0 known notto bemember
of theresultingset).
An interestingaspecis the definition of setcomplementn our setrepresentationit
is straight-forvard:
~f=Ax:domf e = fX

Thusthe complementdoesnot alter the domainof the characteristidunction. Whatis
unknovn to be membetrof thesetkeepsto beunknovn. As aconsequencehe“principle
of the excludedmiddle” will not hold in our framework: f N ~f = & doesnot hold.
However, ~ ~f = f holds.Thevalid lawswill bediscussedh moredetailin Section3.4
(onpages7).

Therepresentationf setsandthe definitionof the set-operationprovidesa general-
ization of whatis called“three-valued” logic in the literatureto the caseof setalgebra.
We have alreadydiscussedhat truth-valesare representeds setsover the “unit” type
with onememberdenotedoy the constructor. Theemptyset,, representsalsity, and
thesingletonsetcontainingtheunit, {o}, truth. Intersectionpnion,andcomplemenbver
setsof thistypebehae asconjunction disjunction,andnegationin thethree-aluedlogic
describedy Owe[1997].

3.2.2 Types

The modelof uZ is constructedoy an interpretationfunction over termsof a type lan-
guage. Termsof the type language,- € TYPE arebuilt from type constructionp[7]
(wherep € TCONSaretype constructorsith arity), from power-settypesP 7, andfrom
type variableapplication,a (« € TVAR). Thedefinitionsaregivenin Figure3.1. Note
thatthe Cartesiarproductis introducedby certaintype constructorsyhich will be dis-
cussedn Section3.2.4(on page46).

We supposestandardsyntactictools on type terms(Figure 3.2 (on the facingpage)).
Thesetof freetypevariablesn atypeis deliveredby vars 7. Thesubsebf typeswhichare
ground(containnotypevariables)s denotedvith TYPE,. A typevariablesubstitutions
apartialfunctiono € TSUBS= TVAR—+ TYPE suchthatdom o N J(vars (rano))) = &.
Theapplicationof a substitutionto atypeis denotedassubs o 7. TSUBS denotesheset
of groundsubstitutionsThe mostgeneralnifier of two typesis describedy therelation
71 =% T». Thesestandarcconceptsaarenotformalized.
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TYPE : PTYPE TSUBS== TVAR—+ TYPE
‘ TSUBS == TVAR—+ TYPE;
vars : TYPE— P TVAR
subs : TSUBS— TYPE— TYPE
_="_:P(TYPEx TSUBSx TYPE

Figure 3.2: Type Language SyntacticTools

[UNIV]
undef : UNIV
sem : TYPE, — P UNIV

V7 :TYPEs e undef € sem 7
(A7 : TYPE; e sem 7\ {undef}) partition UNIV \ {undef}

1s : (UNIV -+ B) - UNIV
ls : UNIV -+ (UNIV -+ B)

V7:TYPE; e sem 7+ B C dom s

ls =1s7

sem (P7)<{r:sem7—+ B e {sr}
where 7 : TYPE;

undef =159

Figure 3.3: SemantidJniverse

3.2.3 Universe

The semanticuniverseis denotedby the Z type UNIV. It containsa specialelement,
undef, representingindefinednesslhe universeis partitionedby the typeinterpretation
sem 7 overgroundtypes,modulotheelemenfor undefinednessyhichis memberof each
interpretation.Thedefinitionsaregivenin Figure3.3.

Thefollowing remarkson the semantidnterpretatiorsem in Figure3.3:

e For type construction,the partitioning axiom alreadystateseverything required:
a type constructionp[7| deliversa subsetof the universedisjoint from ary other
type interpretation,except that the elementfor undefinednessyndef, is shared.
More constraintson certaintype constructorsare addedin Section3.2.4 (on the
next page) letting theirinterpretatiorbeinggeneatedby valueconstructors.

e Asdiscusse@bove, a powersettype,P 7, denotesall the partialBooleanfunctions
over thedomainof the meaningof 7, sem 7 —+ B. To mapthis representatiomto
UNIV, we defineanencodingfunctionts asapartialinjectionwhichis definedfor
valueswhich canbe generatedrom a groundtype. Theinductive definition of the
domainof 1s ensureghatanencodingexists,andcontradictionssuchasRussel$
Antinomy areavoided.

The samevalue for undefinedness sharedsinceby the interpretationof powerset
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[CONS
‘ ftype : TCONS—+ seq TVAR x (CONS— seq TYPE
ftypep € {@ : seq TVAR ¢ : CONS—+ seq TYPE]|
#a =arityp A (Vp:domc e |J(vars (ran(cp))) C ran@)}
where p : dom ftype

(Ap : domftype e dom(ftype p).2) partition CONS
| type , tinst : CONS— seq TYPEXx TYPE

Figure 3.4: FreeTypes:Syntax

typesthetotally undefinedBooleanfunction,& = & — B, whichis identifiedwith undef
in apower-setdomain,cannotbedistinguishedReusingundef overdifferenttypescauses
no problemssinceonly typedexpressionareconsideredn the uZ calculus.

3.2.4 FreeTypes

Thetype constructorgepresenby default abstract,'given” subsetof the universe. For
sometype constructorsthis setmaybegeneratedby a collectionof valueconstructos, a
commonlyso-calledfree-typeconstruction.A valueconstructoris a total injective map-
ping from a (possiblyempty) sequencef valuesinto a givenvalue. A systemof value
constructorseffectively describesa mary-sortedterm algebraembeddednto the model
of uZ.

Thefunctionftype (Figure3.4)associateafreetypedefinitionwith certaintypecon-
structorswhich consistof a sequencef type variablesmatchingthe type constructors
arity, anda mappingfrom constructoisymbolsto argumenttypeswhich areclosedunder
thetypevariables.Thegivensetof constructorsCONS is partitionedby the constructors
of thefreetypes.

For corveniencewe introduceanauxiliary functionwhich deliversthetypeof avalue
constructortype p = 7 — pla] € seq TYPEx TYPE Furthermorewe assumehereis a
functiontinst p, which deliversthetype of a constructomwith “fresh” typevariables.

Thesemantic®f avalueconstructois describedy thefunctionsem o p € seq UNIV—+>
UNIV, which deliversfor a groundtype substitutionand constructora total injection
w.r.t. the meaningof the constructoramgumenttypesinto the type constructors domain.
Giventhis function, the domainof a type constructoris partitionedby the rangeof the
meaningof all its valueconstructorgFigure3.5). We have formally statedfreenesgcon-
structorsareinjective) and generation(by the partitioning). It is further demandedhat
the generatedype’s domain,sem (subs o (p[7])) is thesmallestwhich satisfieghe above
property A formalizationis left open.

Theremay befreetype configurationsvhich areinconsistent.considera constructor
with type (P p) — p. Thereis no solutionby the abose axiomsfor sucha constructor
andthereforeit is not allowed. In Z one canfurther restrictthe domainof constructor
functions,suchthat (in the above notation)onegetse.g.atype suchas(F p) — p for a
constructorwhereF p is the setof finite subsetof p. ThusZ'’s solutionto the problem
is to usepartial injective constructoffunctionsregardingthe basictype of thearguments
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sem : TSUB%S — CONS—+ seq UNIV -+ UNIV

(Vp:domc e
p € dom(sem o) A
semop € {U:seqUNIV | #0 = #(cp) A
(Vi:domU e Ui € sem (subs o(cpi)))}
>— (sem (subs o (p[7]))) \ {undef})
(Ap:domc e ran(sem op)) partition sem (subs o (p[7])) \ {undef}
where p : dom ftype; o : TSUBS%; @ : seq TVAR
7 :seq TYPE ¢ : CONS—+ seq TYPE|
(@,c) = ftypep; rana Cdomo; T=(_)oa

Figure 3.5: FreeTypes:Meaning

() : TCONS | o: CONS
[ fype () = (2, {o = (})
|IB==P(); tt==Au:sem() o true; ff==Au:sem() o false

Figure 3.6: FreeTypeof Booleans

(thebasictypeof F p isP p). Sincea cleanequationatheoryfor uZ hearily dependon
the fact that value constructorsare total, this approachs not feasiblefor 4Z. Instead,
a solutionto the problemis to encodeconstraintson constructorargumentsin special
giventypes(thusF p would beagiventype),andprovide primitive (partial)encodingand
decodingfunctionswhich interpretthesetypes. This approachs, however, not detailed
here.

3.2.5 Standard Typesand Constructors

Somestandardypesand associateadonstructorsvith sugarednotationwill be defined
below.

Units and Booleans. The unit type, (), containsexactly one element,denotedby the
O-aryconstructor (Figure3.6). Thetype of Booleands a powersetof the unit type,and
is abbreviatedasB. Thesemantiozaluestt andff arethe characteristiéunctionsmapping
theunit valueto true andfalse,respectrely.

Natural Numbers. The type of naturalnumbersis available. It is generatedy the
countablesetof 0-ary constructor9), 1, ..., denotedoy thetotal injection _ (Figure3.7).

N : TCONS ‘_:N>—>CONS
| ftypeN = (@, Ap : ran(_) @ ())

Figure 3.7: FreeType of NaturalNumbers
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V7 :TYPE, e Vry,Iy:sem7—+—B e tsri C Tsry &
(Vu:domr; Ndomrs e rpu=-rau) A
(Vu:domry \ domry @ = ryuU) A
(Vu:domry \ domr; e ryu)

{a > true, b — true}

N

{a — true} {b — true}
{a+ true,b— false} {a — false b+ true}
{b — false} {ar false}

/

{a — false, b — false}

V7 :TYPE; e sem (P 7) € latc UNIV

Figure 3.8: The Orderon Partial Sets

This forcesthe interpretationof N in the semanticuniverseto be actuallyisomorphicto
naturalnumbers.Requiringthe existenceof this type ensureshatour semantianodelis
nottrivial.

Bindings and Products. A family of type constructorandvalueconstructorgor bind-
ingsis available. Bindingsarerecordswith namedcomponentsgalledfields. A binding
typeconstructois denotedas(f; : 1; ... ; f,: ). Thistypeis generatedby exactlyone
constructor(f; == _; ... ; f, == _). Theformal definitionis omittedhere;it matches
thenotionof bindingsin Z.

Cartesianproductsand their elementstuples, are a specialcaseof bindings, with
“anonymous”field nameswhich will be denotedas1, 2, andsoon. A cartesiarproduct
type, 1 X ... X T, abbreiatesthe bindingtype (1 : 7; ...; n : 7,), andthetuple
constructor _, ..., ) thebindingconstructor{1 == _; ... ; n==_).

3.2.6 Order and Fixed-Points

The fixed-pointoperatorof nZ, fix p < €, selectsthe smallestelementfrom the set{p |
p = e}. To thisendanorderon valuesneedso be defined,andlattice propertiemneedto
be establishedseeSection2.3.4(on page33)).

Our modelof setssuggestso definetheordersuchthatu C v < u = u N v, wheren
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is thedefinition of intersectioron characteristid¢unctions:
fiNfy = Ax: (domf; Ndomfy) U (f;7)({false}) U (f;")({false}) o [| fi X A f2 X

The orderconfirmingto this notion of intersectionis definedin Figure 3.8 (on the fac-

ing page). The elementof a set-typecanbe refinedfrom non-membershipo unknowvn

membershipo membershipThis follows from thatnon-membershimtersectedvith un-

known membershigyieldsnon-membershipFor setsover the domain{a, b} the orderis

illustratedin Figure3.8 (onthe precedingpage).It is clearthatwith this orderpower-set
domainsarecompleteattices:thelattices“join” equalgo setintersectiorandthe“meet”

to union. The bottomelements the total function which deliversfalsefor all members
of the elementtype’s domain,sem 7, andthe top elementthe total functionwhich deliv-

erstrue. Note thatthe bottomelementdoesnot coincidewith the completelyundefined
characteristiéunction,undef = {}, asshavnin Figure3.8 (onthefacingpage).

We will notattempto defineorderingfor thegivenvaluesof theuniverse thoughthis
mightbein principle possiblefor constructedialues allowing to build “infinite terms”by
fixed-points.For thefixed-pointoperatosfix p < g, it is demandedby the type conditions
thatthefreevariablesn p overwhicha(simultaneousfixed-pointis constructedepresent
set-walues,andthatp is anexhaustve pattern(lik e a tuple) which matchesachvalueof
its type domain. The point-wiselifting of set-orderto valuesmatchingsuchpatternsis
obviousanda formalizationis left open.
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[VAR
EXR,; = ...
| PAT; : PEXPy;
——————— XVAR P E_ seq PATur pCONS
X € PAT; p(p) € PAT,, Psea PATur

| PAT ey : PPAT ir; PAT,y : P PAT;

Figure 3.9: ExpressionsindPatterns

3.3 ExpressionSyntaxand Meaning

This sectionprovidesthedefinitive referencdor the exacttyping conditionsandmeaning
of uZ expressionsFor aninformal introductionandmotivation, we referto Section3.1
(onpage38).

The forms of uZ expressionswill be incrementallydefined,eachonetogetherwith
its typing rule and meaningfunction. Thereare also a few syntacticabbreviations for
commonformsof expressionsywhich areintroducedn Section3.3.5(on page56).

3.3.1 Variable, Expressionand Pattern Type

The syntaxof (untyped)expressionss definedby thefreetype EXP,; (Figure3.9)which
will be extendedaswe proceed.The setof variables VAR  is pre-gven. Patternsarethe
smallestsubsebf expressionsvhich satisfieghe rulesin Figure3.9. A patternis called
exhaustiveif it matchesall valuesof its type. The propertyof beingexhaustve canbe
syntacticallychecled by analyzingthe free typesthe constructorof the patternbelong
to. A patternis calledlinear, if novariablein it appearswice. ThesetPAT, containsall
exhaustve patternsthe setPAT, all linear patternsaformalizationis left open.

3.3.2 Typing Relation

The well-typed expressionsEXP C EXR,;, arethosewhich arein the typing relation,
' + e- 7 (Figure3.10(onthe next page)). The contet for typing, I’ € TYRASS is a
mappingfrom variablesto types. Rulesfor thetyping aresuppliedwith eachindividual
expressiorformin Section3.3.4(on page52) belon. Thewell-typedpatternsarepatterns
which arewell-typedexpressions.

For well-typed expressionit is assumedhatthereis a type-reconstructiofunction,
type e, which deliversthe type of anexpressionn its contet, asfixedby _ - _- _. The
functiontype is not strictly consistentwvith our formal model,sincean expressiondoes
not containinformationaboutits usagecontext. However, it is conceptuallypossibleto
modelsucha functionformally by addingtype annotationgo expressions.
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| TYRASS== VAR—+ TYPE
|_F _-_:P(TYRASSx EXP,; x TYPE

|EXP=={e: EXP,; | 3T : TYRSS 7: TYPEe I I e-7}
| PAT == PAT,, N EXP

| type : EXP— TYPE

Figure 3.10: Typing Relation:Declarations

| SEMCTX== TSUBS% x UNIASS
| sem : SEMCTX— EXP—+> UNIV

dom(sem Q) = {e: EXP| 3T : TYRASS 7 : TYPEe
I'' - e-7 AlJ(vars (ranT')) Uvars T C dom Q.1 A
domI' =dom 2.2 A
(Vx:domI' e Q.2x € sem (subs Q.1(T" x)))}
where () : SEMCTX

Figure 3.11: MeaningFunction:Declarations

3.3.3 Meaning Function

With eachexpressionform, the meaningis suppliedin subsequensections,defininga
casefor therecursve partialfunction,sem (2, thatis declaredn Figure3.11. Thecontext,
2 € SEMCTX consistf agroundtypesubstitutiorandavalueassignmentor variables.

Thedomainof sem (2 is fixedto thoseexpressionsvhichfit to thecontext. An expres-
sionfits if its typing,I" + e- 7, confirmsto €2, which meanghe following: all typesin
', aswell asthe expressiors resulttype 7, aregroundunderthe substitution(2.14, and
all valuesin the valueassignmenarein their type’s domain. In a similar way we could
statethat every valuedeliveredby the meaningfunctionis in the accordingresulttype’s
domain,whichis, however, omitted.

For the definition of the meaningfunction, we needthe notionsof value matding
andsubstitution A patternp canbe matchedagainsta valueu underavalueassignment
t € UNIASS= VAR —+ UNIV, written asp >* u. The inverseof value matchingis
substitution,written assubs ¢ p (Figure 3.12). Thesefairly standardconceptsare not
formalized.

4TheZ phrasee.n selectghen-th elemenif atuple.

UNIASS== VAR—+ UNIV _p~ _: P(PAT x UNIASSx UNIV)
subs : UNIASS— PAT —+ UNIV

Figure 3.12: ValueMatching
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EXPyr i=...| (((L)) (CONSx seq EXP;:))
tinst p =7 +— 7; dom7 = dom7 = dom®e
Vi:dom7 e ' & - 7iATi="7i T :TYRASS p:CONS e:seq EXPuT
T - p(é) .subso T 7:TYPE 7,7/ :seq TYPE ¢:TSUBS

sem 2 (p(€)) < sem Q.1 p((sem Q) o €)
where (2 : SEMCTX p: CONS &: seq EXP

Figure 3.13: SyntaxandMeaning:ConstructorApplication

EXPyr = ... | ({-H{EXR) | 1 (EXR,)

Frer ramss TFEEPT ravmss
I - {e}-Pr eEXAmmTYPE T | je.7 eEXRUTYPE

sem Q ({e}) < 1Ts(Au: sem (subs Q.1 (typee)) o [| u=sem 2 €g])
| (ne) <letf==|s(semQ e)e
if domf = sem (subs Q.1 ((P ~)(type €))) A (f~) € B+ UNIV
then (f™) true else undef
where () : SEMCTX e: EXP

Figure 3.14: SyntaxandMeaning:SingletonSetDisplayandSelection

3.3.4 BasicForms: Typing and Meaning

Thetools for definingtyping conditionsand semantianeaninghave beenintroducedin
theprevioussectionsin thesequelfor eachbasicexpressiorform its typingandmeaning
will bedefined.

Constructor Application

A constructorapplicationis denotedas p(ey, . .. ,&,), with n > 0. The definitionsare
givenin Figure3.13.

In the typing rule, we usethe functiontinst p, which deliversthe type of a construc-
tor with “fresh” type variables.The meaningis derived from the constructors semantic
interpretationsem o p, for givengroundtype substitutions foundin the context.

Singleton SetDisplay and Selection

A setwhich containsexactly one elementis denotedby the expression{e}, called a
singletonsetdisplay. The elementof a singletonsetis selectedwith the expressionu e,
calledasingletonsetselection Thedefinitionsaregivenin Figure3.14.

Thetype of the displayis constructedrom the type of the element. The operandof
the selectionmustdenotea set. Thetype of theresultis extractedfrom the type of this
set.

Thesingletonsetdisplaydenotes characteristiéunctionwhichis exactly truefor the
displaycontentsandfalsefor all otherelementsof the type. The meaningof singleton



3.3 ExpressionSyntaxand Meaning 53

EXPyr = ... | 0| (N ){EXPy x EXP))
| (—U —)«EXPUT X EXPUT>>
| ~ (EXPy)
fresh I -ePr
CY— I':TYRASS a:TVAR 7 T':TYRASS eEXPyT
' F0-Pa I - ~e-Pr =TYPE

' e -Pr; ' F e -Prmy; 1 =% 79 T:TYMSSer,e:EXPyr
T1,72:TYPE 0:TSUBS
I' - op(e;, ) P (subsom) op{(.n (U}

sem ) (0) < 1s(Au: sem (subs 2.1(type 0)) e false)
| (ernNe)<letf,==|s(semQe); fo == |s(sem Q&) e
1s (Au: (domf; Ndomfy)U
(f7)({false}) U (f57)({false}) o [| f1 u A fau])
| (Ueg)<letf,==|s(semQe); fa == |s(semQe,) e
1s (Au: (domf; N domfy)U
(f7) ({true}) U (f57) ({true}) o [| fyu v f, U])
| (~e) <«<letf==]s(semQe) o ts(Au:domf e [| = fuU|)
where () : SEMCTX e,¢e,,6,: EXP, 7: TYPE

Figure 3.15: SyntaxandMeaning: SetAlgebra

setselections definedonly if theoperanddenotes characteristiéunctionovertheentire
typesdomain,whichis truefor exactly oneelement.Note thatfor a partialcharacteristic
function,the . form is undefined.

SetAlgebra

The empty setis denotedby the expression0, the setintersectionby the expression
e N &, setunionby e; U &, andsetcomplementy ~ e. The definitionsaregivenin
Figure3.15.

The type of the empty setis a powersetover somefreshtype variablea. For set
intersectiormandunion,bothoperandsnustdenotesetsof typeswhich canbe unified. For
thesetcomplementtheoperandnustbea set.

Themeaningof theemptysetis atotal characteristiéunctionwhich constantlyyields
false. The meaningof setintersectionsetunion, andsetcomplemenhasbeenalready
discussedn Section3.2.1(on page43). Here,we take carefor the encodingdetails.

SetTranslation

Thetranslationof a set,ep; — p.|, describeghe setof valuesfrom e which aretrans-
formed by the patternp, to p,. The definitionsare given in Figure 3.16 (on the next
page).

The patternsmustbe typeableundera sharedenvironment,andmustbe linear. The
typeof e mustbe unifiablewith thetypeof p;; theresultingtypeis the substitutionof the
unifierin thetype of ps.
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EXP; = ... | (L. — ]){EXP,; x PAT,; x PAT,)
I'Fp-7m; T F py-m; pr € PAT L P2 € PAT
r+e-Pr 7=°r T ,T'":TYRSS eEXPyt
’ ! P1,P2:PATUT

T F elp — pa - P (subs o)

e
Ay ==
{u; : UNIV; py,ps : PAT; Uy : UNIV | J0 : TSUBS; ¢ : UNIASS
U; € sem (subs o (type p1)) A Us € sem (subs o (type p2)) A
PLB° U A P2 b’ U}
| tr == Apy, P2 : PAT @ Au: UNIV e {U: UNIV | u "< v}

sem 2 (e]p; — Po]) <
let f == |5 (sem Q2 €);
D; == sem (subs 2.1(type p1));
Dy == sem (subs Q.1(type p2)) o
ts (Au: [ Jtr(pr = p2)(dom)) o \/(F (tr(p2 — p1)u))) U

(Au: D2\ [ J(tr(pr — p2)(D1)) o false))
where ) : SEMCTX e: EXP. py,p, : PAT

Figure 3.16: SyntaxandMeaning:SetTranslation

For the specificationof the meaningof translation,we definean auxiliary relation,
Up A Uz, Which relatesvalueswhich aretranslatedoy two patterns.Therelationis
describedoolymorphically by relatingall thosevaluesu, , u, which arein aninstanceof
thepatternstypesunderacommongroundtype substitutions andwhich canbematched
by the patternsusingthe samevalueassignment . The auxiliary functiontr yieldsthe
setof valueswhich arereachedunderthetranslationby a patternpair.

For the meaningof translation,two caseshave to be distinguished:thoseelements
whicharedefinedin thecharacteristiéunctiondenotedy the sete andwhicharereached
by p; — p9, arein thedomainof the resultingcharacteristidunction; their membership
is derived by Booleandisjunctionof theirimageunderthe reverseof patterntranslation.
Thosevalueswhich cannot bereachedy thetranslatioraredefinedto be constantlynot
memberf the set. This definition reflectsthat a translationmay “filter out” undefined
elementof thetranslatedet. Considerfor exampleasetoverlistswherethemembership
of theemptylist, denotedoy the constructomil, is unknovn, whereaghe membershipf
all elementsdenotedby the constructorcong X, XS is known. Translatingsucha set
by cong X, XS — congX, XS resultsin a setof which nil cannotbe member This is
reflectedby the second\ in Figure 3.16. The examplealsoshaws that a translationby
identicalpatternsdoesnot necessarilyield anidenticalsetvalue.

Schema Fixed-Point, and Variable

A schemds denotedby the expression{p | e}, wherep is a pattern,ande anexpression
of typeB. A fixed-pointis denotedby fix p < e. A variableapplicationis written asx.
Thedefinitionsaregivenin Figure3.17 (onthenext page).
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EXPyr = ... | ({_| -})(PATw x EXPyr)) | (fix _ < ) (PAT x EXPL) |

(-)(VAR)
domTI'' =varsp; p € PAT

I'p-; T @'+ e-B r,r:TYmss xedoml oo
p: PATUT; e:EXPUT - . H
' -{ple}-Pr 7 TYPE I' B x-I' x XVAR

domI'' =varsp; p € PAT,, NPAT.; ranT'' C ranP ,
I'NrFp-m; T el Femm="mn g:’Pl;T:J:mss":TSUBS

' - fixp<e-subson eEXPuT
71,72: TYPE

semQ ({p|e}) <«
1s{u: sem (subs Q.1(type p)); f : UNIV —+ B; ¢ : UNIASS|
prt u= tsf =sem (Q.1,Q22@ c)eA tsf # undef o
u—[ prt unf=tt]}
|  (fixp<e) <« let 7 == subs Q.1(type p)
f==ls(semQ{p[p=-¢e})e
let cands== (f~)({true}) o
if Mcandse candsthen Mcands
else undef
| (x) <= 0.2X
where ) : SEMCTX p: PAT; e: EXP, x: VAR

Figure 3.17: SyntaxandMeaning:SchemaFixed-PointandVariable

The patternof a schemanustbetypedundera minimal type assignmentandmustbe
linear The propertymustbetypedasa Booleanunderan extensionof the ervironment
by thetype assignmentisedfor the pattern,wherevariablesof the patternhide variables
in the ervironment. The resultingtype of the schemas a powersetof the patterns type.
The patternof a fixed-pointmust be typed undera minimal type assignmentmustbe
linear, and mustbe exhaustie. Eachvariablein the patternmusthave a settype. The
definition mustbe typed underan extensionof the ervironmentby the type assignment
for the pattern,wherevariablesfrom the patternhide variablesin the environment,and
mustunify with the patterns type. Theresultingtypeis this unifiedtype.

The meaningis definedas follows. For schemasa characteristidunction is con-
structedthe domainof which arethe elementdrom the schemas patterntype suchthat,
if they matchthe patternthenthepropertyevaluatedo adefinedBooleanvalueunderthe
bindingsresultedby this match. The schemas characteristidunctionyields true for an
elementf the patternhasmatchedandthe propertieBooleanvalueis true.

For the fixed-point,we usethe meaningof {p | p = e} to constructthe setof can-
didates.By thetyping conditionswe know thatthe variablesin p representsets,andthe
domainof p’'s typeis orderedby - C _. Thus,if the infimum of the candidatesetis a
candidateyve selectit, otherwiseundef is delivered.A sufficient conditionfor existence
of thefixed-pointis thate is orderpreservingseeSection2.3.4(on page33).
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71 % : EXP, v EXP,, e _=_:

e=ex ol EXP,; x EXPy; — EXPyy

0e=~"7€e ec¢e :?1<{e}ﬂe()
where e: EXP,;; x: VAR e=¢€ =ec {¢}

where € € : EXP;;
U, :seq EXPy »— EXPy;
U = Ae:seq, EXR,; o if #€ =0 then 0 else
if #e =1 then heade else heade U | (tail &)
() = Ae:seq, EXR,; o if #8 =0 then 1 else
if #e =1 then heade else heade N [ (tail &)

Figure 3.18: ExpressiorAbbreviation Forms

3.3.5 ExpressionAbbreviation Forms

We have alreadymentionedseveral syntacticabbreviationsfor frequentpatternsof uzZ
expressions. The abbreviations are specifiedin Figure 3.18 as constantsand injective
functionswhich mapinto expressionsThefunctionswork on untypedsyntax;thetyping
conditionsareinheritedfrom the basicformsthey mapto.

Thefollowing explanationsaboutthe definitions. The universalset, 1, is the comple-
mentof the emptyset. The undefinedvalue, L, is the singletonselectionon the empty
set. The Booleanexpression?; e, which testswhetherthe given setis non-emptyis an
abbreiation for a translationto the Booleanunit, . The complementarfyorm 7,e tests
whetherthe given setis empty The Booleanmembershipe € €, is mappedo anin-
tersectionof a singletonsetcontainingthe elementwith the setto testmembershign,
anda subsequentestfor emptinesof the result. The equality e = €, is derived from
membershipn a singletonset.

In orderto work with sequencesf unionsandintersectionstwo furtherabbreviations
areintroduced: J e describeshegenemrlizedunion and( e thegeneslizedintersection
of thesequencef expression®. For emptyexpressionsequenceghe accordingneutral
element(0 resp.1) is denoted.
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vars : EXP— P VAR
EXPASS== VAR—+ EXP

_ = _: P(PAT x EXPASSx PAT)

subs : EXPASS— EXP—+ EXP

mksubs : PAT x EXP— EXPASS

mksubs = Ap: PAT; e: EXP e AX:varsp e u({€}[p— X])
PATCTX == PAT »~ PAT

EXPCTX== EXP>+ EXP

| varorder : F VAR— seq VAR

Figure 3.19: SyntacticTools

3.4 Equational Theory

An equationatheoryfor uZ will be developedin this section.Thelaws will be shavn to
be consistentvith themodelof ©Z developedin the previoussection.

3.4.1 Syntactic Tools

For definingthe equivalencessomesyntactictools for working with expressionsrere-
quired (Figure 3.19). The variableswhich occurfreein an expression(are not bound
by someschemas pattern)aredeliveredwith vars e. Two patternsare unified usingthe
notationp; =7 p, determiningthe smallestassignmenty € EXPASS= VAR —+ EXP
which makes them equal. An expressionassignmentan be substitutedin an expres-
sionby subs v e. Substitutionis partial becausef typing conditionsfor the substituted
expressionsThesefairly standarctconceptsarenotformalized.

Givena patternp andan expressione, we build a substitutionof the variablesin the
patternby sub-componentsf the expressionwith mksubs (p, €). Variablesx are substi-
tuted by a “selection” from the expressione expressedvia a translation. Note that the
meaningof this selectionmaybe undefinedundef), in casethe patternp doesnot match
thevalueof e.

A patterncontet, P € PATCTX is a“patternwith ahole”. It is describedy anin-
jective functionfrom a patternto a pattern.Similar, anexpressiorcontext E € EXPCTX
is defined.The context functionsarepartialbecaus®f typing conditions.

For variablesatotal orderis assumedsuchthatwe cancorvertafinite setof variables
into asequencef variablesby the functionvarorder .

3.4.2 EquivalenceRelation

The equivalencesare describedby a relation over well-typed expressionsof the same
type. This relation hasthe equivalencepropertiesandis a congruence€is closedunder
contets). The declarationsare givenin Figure 3.20. The equivalencerelationwill be
incrementallyrefinedbelow: _ = _is supposedo be the smallestrelationsatisfyingthe
laws in Figure3.20andthelaws addedateron.
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| _=_:P{e € : EXP| typee=type €}

e=e
e=¢ =d=e
ez=dAne=¢ =e=¢

e=edNn{e€d} CdomE =Ee=E¢¥
where e €,€' : EXP. E : EXPCTX

Figure 3.20: EquivalenceRelation:Declaration

ene = édne eUe = due

en(€né) = (ené€)née eU(due) = (eue)ue

eno =0 eul =1

ene = e eUe = e

en(dué) = (ené€)u(ene’) eU(ene) = (eué)n(eue’)
where e €,¢€’ : EXP where e,€,¢€’ : EXP

~(en€)= ~eU ~¢

~(eUu€)= ~en ~¢

~0 =1

~(~e) = e

where e €,¢€’ : EXP

Figure 3.21: BooleanLaws

3.4.3 BooleanLaws

The setoperationgfollow almostall of the usuallaws for Booleanalgebras Commu-
tativity anddistributivity of unionandintersectiorhold, andDe Morgan’s laws are sat-
isfied, suchthat we canbuild a conjunctve or disjunctve normalform of expressions
(Figure3.21).

However, the “principle of the excludedmiddle” doesnot hold: en ~ e = 0 is not
valid for arbitrarye, aswell aseU ~ e = 1. Thereasorfor thisis the partiality of sets:
if e containsunknavns,thenin thecomplementf e theseunknavnskeepunknovn, and
thereforedo not absorbeachother As a consequenceheimplicatione = e, interpreted
astheusualabbreviationfor (ene) U ~ e, doesnotequalto 1.

Proof. We prove oneof thedistributivity laws andoneof the De Morganlaws.

e Letf;, fy, f3 be characteristidunctions. We wantto shav (ignoring encodingde-
tails) thatthe pairu — b is in the characteristidunctionh; = f; N (f, U f;) iff it is
in thefunctionhy = (f; N fy) U (f; N f3):

Caseu — true: Accordingto definition of unionandintersectionu — true € h;
iff u— true € f; A (U true € fy V U — true € f3). Thisis equivalentto
(U true € fy AU true € fy) V (U true € f; A U true € f3), which
in turn holdsiff u +— true € h,.
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{efn~{e} =0
{efju~{et =1
where e: EXP

Figure 3.22: ExcludedMiddle Laws

u{e} = e
where e: EXP

Figure 3.23: SelectionElimination Law

Caseu +— false: Thenwe haveu — false € hy iff u— false € f; V (U +— false €
fa A u— false € f3). Thisis equivalentto (u — false € f; V u — false €
fa) A (U false € f; vV u— false € f3), which holdsiff u — false € h,.

e Let f; andf, be characteristidunctions. We show that the pairu — b is in the
characteristidunctionh; = ~ (f; N fy) iff it isin the functionhy = ~f; U ~f,.
We therebyusethefollowing fact: let g’ = ~ g, thenit follows from the definition
of complementu — b € ¢ iff u — = b € g, where— b is (Z-level) negationof
the Booleanvalueb. (Notethedifferenceto the (wrong)assertiony — b € ¢ <
—(u—beg))

Caseu — true: We have u — true € hy iff u— false € (f; Nfy), iff u — false €
fi Vur false € fy, iff u— true € ~f; V U true € ~fy, iff U — true €
ho.

Caseu — false: We have u — false € hy iff u+— true € (fiNfy), iff u— true €
fi Aur true € fy, iff u— false € ~f; A U false € ~f,, iff u— false €
h,.

O

3.4.4 SingletonSetLaws
Excluded Middle

For singletonsetsthe “excluded middle” holds (Figure 3.22). One can easily seethe
validity by consideringthe characteristidunction constructedor a singletonset: it is
total and true exactly for the elemente. The complementyields a total characteristic
functionwhichis truefor all elementsexcepte.

SelectionElimination

Singletonsetselectionon a singletonsetconstructiorreducego the singletonsetsmem-
ber(Figure3.23). Thevalidity canbeeasilyseerfrom therepresentatioof singletonsets
andthe meaningof the s -operator
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{p(®} = N(AI:N e {ei}[(Xi) = p((-) o X)]) o (id(1.. #8)))
{r} {o}o— pl
where p: CONS e: seq EXP, X:seq VAR| #&=#X> 0

Figure 3.24: ConstructoiDecompositiorLaws

e[p1 — Pa][Ps — Ps] = €fsubs ypy — subs ypy] ,if po =7 p3
elpr = P2f[ps = pa = 0 ,if =P =7 ps
elp’ — p] e

where e: EXP. p, p2, Ps, psa : PAT; p' : PAT.; v : EXPASS

Figure 3.25: TranslationCompositionandldentity Laws

Constructor Decomposition

A singletonsetcontaininga constructomapplicationwith arity greaterzerocanbe decom-
posednto anintersectiorof projections.A singletonsetcontainingazero-arityconstruc-
tor equalsto a translationof a truth value (Figure 3.24). Thefirst law is formulatedin
“...” notationasfollows:

{p(er,- &)} = {@} % = p(xe,-- ., )1 N {@} X = Py X))

It holdssincethetranslation{g }[x — p(... ,X;,...)] yieldsthesetof all valuesy(. ... , §, . ..

wheretheith agumentis fixed by ¢ andall otherarearbitrary Intersectingthe setsre-
sulting from sucha translationfor eachargumentof the constructomustthusyield in
{p(ey,... ,e)}. Therebydefinednessf g is notsignificant,sinceconstructorandsin-
gletonsetsarenot strict.

3.4.5 Translation Laws
Composition and ldentity

Consecutre translationsare composableif the intermediatepatternscanbe unified. If
they cannotbeunified,consecutie translationreducedo theemptyset. A translationby
anexhaustve patternhasno effect (Figure3.25).

Proof. We prove compositionof consecutre translation. We want to show that the
pair u — b is in the characteristidunctionh; = f[p; — po][ps — p4] iff thereexists
anassignmenty suchthatp, =" ps; andu — b is in the characteristidunctionh, =
f[subs -y p; > subs 7y p4].

Caseu — true: Whenu — true € hy, accordingto definition of translationthereexist
valueassignments, ./, andvaluesu’, u”, suchthatp; >* u, ps b* U, py > U,
andp, >*' U”. Sinceps andp, matchthe samevalueu’, theremustexists a small-
estpatternassignmenty suchthatp, =" ps, and(subs v ps) >*" U aswell as
(subs v ps) >*" U. Theassignmenty specializeshe patternscompatibleto the
valueu, andhencewe alsohave (subs v p;) >*" u” and(subs v ps) >*" u, and
thereforeu — true € hs.

),



3.4Equational Theory 61

(eU€)[pr— P2 = €lp1— P UE[pr — Py
(ené)[p; — po] elp; — Po] NE[pL — po] ,ifvarsp; C varsp;
(~e)[p1 — p2] ~ (e[p; — po)) ,if vars p; C varspy A
P € PATo A Po € PAT

where e, € : EXP, py, po : PAT

Figure 3.26: TranslationDistributivity Laws

Caseu — false: Similaragumentatiorasabove, but with negatedpropositions.

Distrib utivity over Set-Operators

Any translationdistributesover setunion. A translationby an embeddingdistributes
over setintersection.An embeddingdistributesover setcomplementf it is exhaustve
(Figure3.26).

An analogyto predicatdogic givesanintuition why hidingtranslationgwherevars p; D
vars p2) do notdistribute overintersectionHiding in uZ canbeinterpretecasanexisten-
tial quantifier In predicatecalculus,the following holds: 3x e¢ P v Qiff (Ix e P) Vv
(Ix e Q). However, it doesnothold3Ix ¢ P A Qiff (3x e P) A (3x e Q), sincein the
latercaseP andQ mustbe satisfiedsimultaneouslyor the samex.

Proof. We prove distributivity of ary translationover unionandof embeddingransla-
tionsoverintersectionusingtheauxiliary relationv ST (Section3.3.4(onpage54)).

e We prove thatu — bisin hy = (fUf)[p, — po] iffitisin hy = f[p, —
P2] Uf/pupe.

Caseu — true: Wehaveu s true € hy iff I3v: UNIV e v " U e vis true €

(FUFYiff Iv: UNIV | v "O” e v s true € f V Vi true e f iff
(AV:UNIV e v " Uevistrue e f) vV (3v: UNIV o v "3 U e vis

true € f') iff u— true € h,.
Caseu — false: similar.

e We prove thatu — bisin hy = (fnf')[py — po] iffitisin hy = f[p, —
po] N f[p; — p2], Wherevars p; C vars p.. Therebythefollowing propertyis used:
if vars p; C vars po, thenfor agivenu thereexists not morethenonev in the same
type suchthatv P3P u. This follows from the fact that all variablesin p, are
boundby a matchof p, againstu.

Caseu — true: Wehaveu — true € hy iff 3, v: UNIV | v "3 U e v true €

P1t—=pP2

f AV true € fiff (3,v: UNIV e v "~5" ue Vv truecf)A(3;Vv:

UNIV o v TP U e vis true € f') iff u— true € hy. Sinceof theunique
existentialquantifier the conjunctioncould have beenpulled out.
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(elpy — p] N €[} = Po])[Ps = pa] =
elpr — P2][Ps — pa] N E[P) — PS][Ps — P4
where e € : EXP, py, P2, P, P, P3, P4 : PAT; v : EXPASS|
Py =7 Ph; vars (subs v py) Nvars (subs v p}) = &

Figure 3.27: TranslationProductLaw

Caseu — false: similar.

Distrib utivity of Hiding over Product

A hiding appliedto a productcanbedistributed.A productis anintersectiorof translated
setswhich areindependen(Figure3.27). Theindependencef the operandss checled
by unifying their tamgettranslationpatternsundstatingthatthe sourcepatternsunderthe
resultingsubstitutionhave disjoint variables.

A formal proofis omitted,but an analogyto predicatecalculuscansene asanintu-
ition for the validity of thelaw. In predicatecalculusthefollowing holds: 3x,y e PXx Vv
Qy < (Axy e Px) V (Ix,y e Qy), providedthaty is notfreein P x andx is notfreein
Qy. A similar situationis describechere.

Theproductlaw, in combinatiorwith the constructodecompositioriaw (Figure3.24
(on page60)), provides a generalizatiorof decompositiorin unification. Consideran
equalitysuchasp(a, b) = p(c,d). Remwing thesyntacticsugaryieldsin

({p(a,b)} N {p(c,d)})x+—= o]

Applying the constructodecompositiortaw yields:

({a}x—= p(x,y)] N {b}ly = p(x,y)] N
{cix—= p(x Y)IN{d}y = p(x,Y)])  [x— 9]

Next we applyassociatrity of intersectioranddistributivity of embeddingso get
({ap n{ch)x = o(x,y)] N ({b} N {d})ly = p(x, y)])Ix— <]

Now, sincethe outerintersections a product,we canapplythedistributivity of the hiding
X — o. Theresultingconsecutre translationsareimmediatelycontractedsuchthat we

finally get:
({a} n{ch)x = o] n ({b} N{d})ly — <]

Folding the syntacticsugarfor equality wereachata= c N b = d.

Lifting of Hiding

A hiding asanoperandf anintersectiorcanbelifted out of theintersection(Figure3.28
(onthenext page)).Thehiddenpartis introducedoy anembeddindgor theright operand,
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elp; — Pl Ne = (ené€ps — p1])[p1 — P2] ,if varspe C varsp;
where e € : EXP. p, p2 : PAT

Figure 3.28: TranslationLifting Law

elpr = pe] = €p = ((0) o X)][( () ©X) = ]
where e: EXP. py, ps : PAT; X:seqVAR|
— vars p; C vars pPg; — vars Py C vars Py; ranX = vars p; U vars P

Figure 3.29: TranslationSplitting Law

€, by just reverting the translation. On the intersection,the hiding is then performed
again.

We do not provide a formal proof, but just point to an analogyin predicatecalculus.
(Ix e PX) A Qis equivalentto 3x ¢ Px A Q, providedx is notfreein Q. Lifting of
hiding is ageneralizatiorof this.

Splitting into Embedding and Hiding

A translationwhich is neitherhiding nor embeddingcan be splittedinto an embedding
anda consecutre hiding (Figure3.29). The correctnessf this law follows directly from
the law of compositionof translationgFigure 3.25 (on page60)): unifying (X) against
itself yield in anemptyassignmenthenceforthapplyingthe compositionlaw of transla-
tion yieldsin e[subs @ p; — subs & po|, which equalsto the left handsideexpressionn
Figure3.29.

It shouldbe notedthatsinceembeddingsanbe distributedandhidingscanbelifted
out of intersectionsmeanwhileothertranslationscan be decomposedhto embeddings
andhidings, it is possibleto normalizeexpressionsuchthatembeddingsre pushedo
theleafsandhidingsarepulledto thetop of intersections.

Intersection Elimination

Two translatedsetsin intersectionwith targetpatternsvhich cannotbe unified,reduceto
theemptyset(Figure3.30).

Note that in combinationwith the constructordecompositiodaw (Figure 3.24 (on
page60)) this law leadsto the reductionof intersectiong p(e) } N {p'(€)}, with p # o',
to theemptyset.

epr = ] NEPL > Po] = 0 Lif 2o =7 ph
where e € : EXP, py, p2, Py, P : PAT; v : EXPASS

Figure 3.30: TranslationintersectiorElimination Law
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{pjo} =0

{pl1} = 1lp—pl
{plen€} = {pletn{p|€}
{pleue} = {plefu{p|€}
pl~et = (~{ple})p—pl
where e € : EXP, p: PAT

Figure 3.31: ScheméEliminationandDistributivity Laws

3.4.6 SchemalLaws
Elimination and Distrib utivity

A schemawith a falsepropertycanbe reducedto the empty set,onewith a true prop-
erty to a translateduniversalsetpreservinghe pattern(this is necessaryor the casethe
patternis not exhaustve). Schemaconstructiondistributesover setunion, intersection,
andcomplemen(Figure3.31). Thedistributivity over complementequiresa translation
of the resultingsetwith p — p for the casethat p is not exhaustve. In this case,the
negatedschemalenotesalsothosevalueswhich do notfit to p. Thesearefiltered out by
thetranslation.

Proof. We prove oneof the distributivity laws. In orderto representhe propertye of
aschemadp | e}, functionsF € UNIASS— sem () + B areused: F . yieldsthe
characteristi®oolean-aluedfunctionof apropertyin dependengof avalueassignment
L.

We wantto shawv thatthe pair u — b is in the characteristidunctionh; = {p |
Fi UFy} iff it is in thefunctionhy, = {p | F1} U{p | F2}. Supposehereis not match
p>* u. Thenobviouslyu — false € h; iff u — false € hy,. Supposeéhereis amatch,and
letit be.:

Caseu — true: We have u — true € h; iff o — true € (F; ¢ UF5 ¢) (Whereo repre-
sentsthe constructoof theunit value),iff o +— true € F; ¢ V ¢+ true € Fy ¢, iff
U+ true € h,.

Caseu — false: dual.

Theprooffor intersections similar.

ComplementLifting

We have describechow schemalistributesover complementThe oppositeof this law is
givenin Figure 3.32(on the facingpage). The operand~ (1[p — p|) addsthosevalues
which arein theresultsetsincethey do not matchthe patternp. For exhaustve patterns
it reducedo 0, sinceatranslationby the sameexhaustve patterncanbe eliminated.
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~{ple} = {p|~efu~(lp~p])
where e: EXP, p: PAT

Figure 3.32: SchemaComplementifting Law

{p|etlpi—p] =0 Jif-p="p
{p|e}pr— ps] = {subs y p» |subs y e} ,ifp="p; Avarsp, C varsp,
where e: EXP, p, p;, p2 : PAT; v : EXPASS

Figure 3.33: SchemaranslationElimination Laws

Translation Elimination

Any translationof a schemawvherethe schemas patternandthe translation$ sourcepat-
tern cannotbe unified reducedo the emptyset. An embeddingranslationon a schema
canbeeliminated(Figure3.33).

Membership Lifting

A schemawhich containsa membership-tesp € e, wherep is linearandcontainsonly
variablerom theschemas pattern canbeeliminatedprovidedthe expressiore doesnot
containvariablesdependenbn the schemas pattern(Figure3.34).

Note thatmembershigifting alsocapturesequality: {x | x = e} is anabbreiation
for {x | x € {e}}, which eventuallyreducego {e} providedx is notfreein e,

Property Substitution

A schemantersectedvith atranslatedsingletonsetis equivalentto anexpressionvhere
thesingletonset’s elements “imported” by substitutioninto the schemas property(Fig-

ure 3.35(on the next page)). Sincewe canalwaysaddthe identity translation x — X,

the law capturesalsothe casewhereno real translationof the singletonsetis involved.
Sinceother laws have ensuredthat embeddingtranslationsappliedto schemasan be
eliminated,and hiding translationscanbe lifted out of intersectionsye do not needto

considerthe caseof thetranslationof the schematself.

Proof(informal). Recallthatmksubs (p, €) is definedas

Ap: PAT; e: EXPe Ax:varsp e u({e}[p— X]).

{plpcet = ep—p
where e: EXP. p,p’ : PAT |
p' € PAT,\; varsp’ C varsp; varseNvarsp =

Figure 3.34: SchemaMembershif.ifting Law
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{ple}n{e}p—p] =
{subs v p | subs (mksubs (subs v p;, €)) e} N {€}[p1 — po]
where e € : EXP, p,p;, P2 : PAT; v : EXPASS| p, =7 p

Figure 3.35: Schem&PropertySubstitutionLaw

fixp<ae= subs (mksubs(p,fixp<e))e
where p: PAT; e: EXP|
VQ : SEMCTX| fix p< e € dom(sem 2) o
3, D == sem (subs 2.1 (type p)) ®
(Au:De let ¢ : UNIASS| p>* u e sem (2.1,Q.2F 1) e€)
€eD-e»D

Figure 3.36: Fixed-PointUnrolling Law

In Figure3.35,theselectionof acomponentrom € will simplify if subs v p; isasimple
variable,nameit x: thenwe have the substitution

mksubs (X, €) = {x+— u ({€}[x— X))},

and, after further simplification steps,the replacementf x in the schemas propertye
reduceso €. However, if subs -y p; is a properpattern,thenthe selectionsvia the u
operatorin the substitutedexpressionsnay be in principle undefined.Yet, in this case,
thoughthepropertysubs (mksubs (subs v p;, €)) e of theschemdecomesindefinedthe
singletonsetexpressior{ € }[p; — ps] mustalsoreduceto 0, suchthattheundefinedness
of the propertydoesnot count. O

3.4.7 Fixed-Point Unrolling Law

Thefixed-pointoperatoy fix p < e, canbe unrolled, providedthe expressiore represents
a continuougunctionon the domainof the patterns type (Figure 3.36). This law differs
from all othersin thatthe applicationconditionis semantic. The pragmaticss thatthe
unrolling law is usedin the operationasemanticof uZ underthe unprovedassumption
of theabove condition,andis thuscorrectonly relative to suchassumptions.

Proof (informal). The correctnessf this law follows from the fixed-pointtheoremfor
latticesdiscussedh Section2.3.4(onpage33). By thetyping conditionswe know thatp
is anexhaustve patternwherethevariablesepresensettypes,andthusits type'sdomain
is acompletdattice. O
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3.5 Discussion

We have presentedhe pZ calculus,which provides a way of viewing the A-calculus,
predicatecalculus schemaalculus setalgebragtc.,in aunifiedframewnork. A set-based
modelfor the calculushasbeendefined,syntax,typing conditionsand semantichave
beenprovided, and a set of equationallaws hasbeengiven. A few further pointsare
discussedbelaw, includingtherelationto otherwork.

Partial Setsand Recursion

Featuredik e setswith unknovnsandthe explicit representationf undefinednessakes
uZ’'s modeldifferentfrom the one normally usedfor Z. However, asdiscussedn Sec-
tion 2.1.4 (on page26), the forthcomingISO Standarddoesnot prescribea particular
positionon undefinednessThe treatmentof undefinedness left to corventionsintro-
ducedby specifiersand/ortools.

Representingindefinedness the modelof uZ is essential The needfor its repre-
sentationis usually attributedto computation.For example,the reasonthat VDM [Plat
andLarsen,1992; Larsenand Pawlowski, 1995] representsindefinednessynlike Z, is
often explainedby its needto dealwith computation. For xZ, the moreimportantar-
gumentis thatexplicit representationf undefinednests the key to a simpleequational
theory which canbe appliedwithouttestingguardsor definednesgwnhich are,in reality,
intractable).Centrallaws, suchasthedistributivity of schemaconstructiorover conjunc-
tion,{p|lene}t={p|lea}ln{p| e}, wouldotherwisebecomemorecomple. Other
laws affectedare property substitution(relatedto s-reductionor unfolding), construc-
tor decompositiorand mary more. The obsenation canbe comparedwith the cleaner
equationapropertiesof lazy functionallanguagessopposedo strictones.

It is notablethat, althoughwe have undefinednesst is decoupledrom fixed-point
construction,which is basedon classicallattice theory In fact, the leastelementfor
fixed-pointconstructionis the empty set, not the undefinedset. Building fixed-points
would alsowork for modelswithoutundefinedness.

SinceuZ’'s approachs not constructve a priori, a fixed-pointmay be undefined.At
thelevel of the modelsemanticsthis causeso problems.In the equationatheory how-
ever, we have to placeconditionsaboutcontinuity of the expressiorein fix p< e overthe
variablesrom p to allow symboliccomputatiorof fixed-points.Theapplicationcondition
of this law is indeedintractable but in practice— whenmappingZ to uZ andcorverting
somerecursve equationgnto the fixed-pointform — a pragmaticsolutionis acceptable,
whichaddstheunproredassumptiorthatthe conditionfor thefixedexpressions obeyed.

SetAlgebra

The uZ calculusis basedon setalgebra,andits operatorsare well known, exceptthat
they areinterpretedwith a partial semantics.A new contritution is the combinationof
set-algebraioperatorswith thetranslationconstruct.Translations usedto modelmicro-
elementsJik e function applicationand quantifiers,and at the sametime it scalesup to
describemorphismsbetweemmacro-elementdik e entirespecificationsTranslationsare
a way of describingmorphismsin the category of setsof the uZ universe,and someof
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the equationalaws seemto have a directcorrespondence conceptsn categyory theory
[Barr and Wells, 1990]. However, the relationto category theory needsto be further
investigated.

Setsin Programming Languages

Setsfor usein programmingvereproposedy thedesigner®f SETL backin theeighties
[Kruchtenetal., 1984]. Recently setsin declaratve programminghave againattracted
interestin the community Several set-orientedorogramminglanguage$ave beende-
fined. This work usuallyaddsspecialprimitivesto functionalor logic languagesprovid-
ing predicatefor membershipr subsetrelation and introducingnon-freeconstructors
for decomposingetsin pattern-basedule definitions.Oneapproachalongtheselinesis
the language{log} (pronouncedSETLOG),which is an extensionof Prologby special
termsfor setexpressionsjncluding extensionalandintensionalrepresentationand en-
capsulatedearcHDovier etal., 1996;R0ssi,1997]. Anotherinterestingapproachereis
subsetogic programming describeck.g.in [Janaand Jayaraman]999;Jayaramarand
Moon, 1999],which allows for recursve subsetlauses.

wuZ differsfrom theseapproache thatit embeddunctionalandlogic conceptsnto
setsand not vice versa,therebyusing a pure expressionlanguagein the spirit of the
A-calculus. This makes uZ suitableas an intermediatdanguagefor the integration of
paradigmsOntheotherhand,aswill beseenn Chapte#, thecomputatiormodelfor uZ
presentedh thisthesisis notasambitiousastheonefor subsetogic programmingMoon,
1997],which (in a first-ordersetting)employs setunificationandfixed-pointsover sub-
setconstraintsquite expensve featuredArenas-SancheandDovier, 1997;Stolzenlrg,
1999]. Thesesymboliccomputatiortechniquesre,in principle,entailedin xZ’s model,
but no attempthasbeenmadeto formulateequationalaws which reflectthem.

Higher-Order Logic

uZ is relatedto higherorderlogic [Gordon and Melham, 1993] in its ambition to re-

ducemechanicateasoningo a smallcalculus.However, uZ hasmoreredundany, since
it containsextensionalelementgsingletonsets)andsetalgebra,whereasasicHOL is

purely intensional,and usesonly abstractionand applicationas the kernel expression
forms. In [Santen,1999], it hasbeenshowvn that Z canbe consistentlyembeddednto

HOL, with the practicaleffectthattoolslik e Isabelle[Paulson,1994] canbe usedfor me-

chanicalreasoning.Herewe proposethatthe redundang of uZ, supportingextensional
descriptionandsetalgebrajs in factanadwantage pecausat allows the constructionof

kernelmachineghatarespecializedor the basicconcepthatis of interestin reasoning
—boolearalgebrasThisis atleastindicatedfor the applicationof partialevaluationand
(symbolic)computationaswill beinvestigatedn the next chapter

Concurrent Constraint, Functional Logic Languages

Most authorspresentingmplementationtechniquesor concurrentconstraintor func-
tionallogic language®asetheirwork on akernellanguagevhichis usuallyanextension
of a subsetof ML or Haslell. Special‘choice” constructggeneralization®f the case
constructof functionallanguages)ntroduceindeterminism,andlogic variablescanbe
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declaredKuchenet al., 1990; Lock, 1992]. In languageghat supportconcurrentcon-
straints,collectionsof constraintscan also be usedin position of Booleanexpressions
[Chakravarty et al., 1997; Hanus,1999; Mehl, 1999]. Thesekernellanguagesare of-
tentailoredto the applicationin hand. In contrastthe uZ calculususesa moregeneral
approachsinceit is basedn standardhotionsof setalgebra.

An approactsimilarto thatof 4Z arethecalculifor the Oz languaggSmolka,1998],
describedn [Smolka,1994a,b]. The y-Calculus,CalculusA and CalculusB usea lan-
guageoverconjunctionsaanddisjunctionof constraintsBasicconstraint@redeclarations
of predicatesandfunctions,aswell asequalitiesandapplicationsof predicatesandcom-
mitted choice. The calculi are pure expressionanguagessimilar to uZ. An equational
theoryis givenwhich senesto definethe operationasemanticsnoduloexpressioncon-
gruencesAs will bediscussedn Chapter, thecomputatiornodelhassomesimilarities
to thatof uZ.

uZ differsfrom the Oz calculiin thatit usessetalgebrainsteadof predicatdogic. It
incorporatesxtensionalrepresentatiof disjunctive information, which the Oz calculi
do not support.On the otherhand,uZ currentlyhasno equialentof committedchoice,
which is importantfor representingxplicit concurreng. Committedchoicecannotbe
representedssyntacticsugarn uZ. By away of anattemptletg, — e, g — &, bea
choicein uZ, whereg, andg, areBooleanguardsandthe meanings definedas

XN ~gnxee}tU{X|gN~gNXE e} U
{X|gNgNXxeeUe}

The problemis the casewherebothg, andg, aretrue: in acommittedchoice,we expect
thateithere; or e, is chosemondeterministicallyThis kind of non-determinisnis “don’t
care”,whichis notsupportedy uZ: thecalculusis, in fact, purelydeclaratve, unfolding
“don’t know” indeterminisminto sets. Thus, the propertyx € e U e, encountersll
possibilitiesin the unionof e, ande,. How choicecanbe incorporatednto uZ requires
furtherresearchA moregenerabpproachhanonly supportingchoiceis aimedat, based
ontemporalinterval logic [Buissav andGrieskamp,1997]. This will be discussedinder
futurework in the conclusionin Chapter7.
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Chapter 4 (Goethe)

Computation in uZ

Models for computationin pZ are investigatedn this chapter The principal goal of
computations seerno bethetransformatiorof a uZ expressiorinto a“more” extensional
but equivalentform. The processthereby is incremental:givena setexpressione, one
computesfor example,the equivalentexpressior{e; } U e,. Computationmay thenbe
continuedwith e, (in caseit is notalreadycompletelyreduced)r with e,.

In generalthe pragmaticof computationdiffersif it is performed‘on-line” or “off-
line”t. On-line computationworks by direct symbolic interpretation of expressions,
whereaff-line computatiorinvolvescompilationstepstargetingat a tailoredencoding
of expressionandvaluesat executiontime. In this chapterwe will have this distinction
not explicitly: all the computatiormodelswe investigateare symbolic,in the sensehat
they work onexpressiongor slightextensionsof them).However, somemodelsarebetter
suitedto off-line computatiorandcompilation,aswe shallsee.

Underlyingevery modelof computatiorwe investigatds anormalizationtransforma-
tion which establishea disjunctivenormalform, includingsimplificationsof expressions
(Section4.2 (on page74)). The normalizationalreadyexploits mostof the equational
laws given for uZ in Chapter3. It is confluentandterminating,which is importantto
make it applicableto the partial evaluationandoptimizationof uZ programsat compile
time. Indeed sinceit terminatesit hasto leave outlaws suchasthe fixed-pointunrolling
law.

We obtaina narrowing semanticof uZ by addingto normalizationsomefurtherre-
ductions,which arebasedon the propertysubstitutionlaw, membershigifting law, and
fixed-pointunrolling law (Section4.3 (on page82)). By constraininghereductionorder
of narraving to outermost-irandstrict narraving, we obtainsomeinterestingsubmodels.

The narroving semanticss well suitedto on-line computation however, not to off-
line computation(aswill be discussed).Therefore,a further modelis developed,using
the style of natural semanticsandconstitutinguZ’s refelencecomputatiormode] RCM
(Section4.4 (on page86)). This model definescomputationby making a distinction
betweer(strict, functional)deterministiaeductionand(logic, concurrentjndeterministic
resolution and preparesa straighttransitionto the abstracimachinedefinedin the next
chapter The chapterconcludeswith a discussiorof the resultsobtainedand of related
work.

1The notions“on-line” and*“off-line” aretaken from the realmof partial evaluation(e.g., Conseland
Darvy [1993)).
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Figure 4.1: ExtensionaEqualityandUnequality

4.1 Preliminaries

Somepreliminary definitionsare givenin this section: extensionalequality extensional
confluenceandmatchingcontexts.

Extensional Equality

We introducethe notion of extensionalequality of expressions.This (partial) equality
identifiesexpressionghatarebuilt from constructotermsandunion of singletonsets;it
cannotidentify schemasndtranslations.Thus,therelation_~ _ is anapproximatiorof
expressiorequivalencesuchthate, ~ e, = e, = e, holds. Sinceit is approximatve, the
negation— e ~ e = — € = &, doesnot hold. We thereforedefinea secondrelation,
extensionalnequality, written ase; «¢ e, whichobeysthepropertye, ¥ &, = — e = &,.
Both relationsaredefinedby therule systemn Figure4.1.

Theuseof | requiresthatunionsbe bracletedto the right (cf. the definitionof |,
Section3.3.5 (on page56)), andthat the empty setbe removed in a non-emptyunion.
Sinceequalitywill only beappliedto normalizedexpressionshatputsunionsinto sucha
form, this constraints feasible.

No attemptis made,by the given notion of equality to identify further expression
forms. It is generallyassumedhatintersections resohed beforeequalityis tested.Sets
describedyy translationcomplementand,in particular by schemagannotbeidentified.

Extensional Confluence

On the basisof the equality relation _~ _, the notion of an expressionrelationR being
extensionallyconfluentis defined. For sucha relation, all terminatingderiationsthat
leadto anexpressionn thedomainof _~ _ mustyield equalresultsunder_~ _. Thus,if
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Al
!T(‘JTX _: P(seq A— seq A)

UNCTX== {S : SCTXEXP e As:seqEXP e |J(S s)}
INCTX == {S : SCTXEXP & As:seqEXP e (](S 5)}

Figure 4.2: MatchingContexts

eR...Re andeR ... R e, wheree, e, ¢ domR, areterminatingderivations,then
e € dom(_~_) V & € dom(_~ ) = e ~ . This notion of confluencereflectsthe
factthataslong as“symbolic” computationis done,confluencds not assertedonly if a
derivationleadsto anextensionaform it counts.

Matching Contexts

A sequencematding context senesfor the corvenientformulation of rewriting rules.
With asequencenatchingcontet, we canmatchoneor moreelementut of asequence
andreplacehemby new element®r removethem.For example,if S (2, 3) matchesome
sequenceontaining2 and3 atarbitrarypositionsthensS (-2, —3) matcheshesequence
whereoneoccurenceof 2 is replacedoy —2 andoneoccurenceof 3 is replacedby —3.
S (—2) is the sequencavherethe occurenceof 2 is replaceby —2, andthe occurence
of 3 is removed. Sequencenatchingcontext S € SCTX a (a the elementtype of the
sequencearedeclaredn Figure4.2.

For the commoncaseof sequencenatchingin combinationwith generalizedinion
andintersectionjn Figure4.2 we alsodefineunionmatding contets| ] € UNCTXand
intersectionmatding conte<tsﬁ € INCTX U e abbra'iatesU (Se) for somesequence
matchingcontext S (similar for intersection).
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be EXPs = d|pb)|ud]x expressions
de EXP, == T disjunctions
ce EXP: == NI conjunctions
le EXR. == ~a | a literals
acEXPy == 0| x| {p|o} | c[pr— p2] | atoms

pd | fixpad | {b}
PEEXP = pr=ps | PEC | 71C | 7C properties

Figure 4.3: NormalizedExpressions

4.2 Normalization

Underlyingevery modelof computatiorwe investigatas atransformatiorthatestablishes
a disjunctve normal form, including simplificationsof expressions. Normalizationis
describedvy therelation. —s _:

|_ —s _: EXP<«s EXP

Applying this relation as a context rewriting establishesa disjunctivenormal form as
describedy thegrammarin Figure4.3. The DNF is justified by the de-Morganlaws of
thecalculus.In additionto the DNF form, somefurtherassertion$iold aboutnormalized
expressions:

e Any translationthatis neitherhiding nor embeddinghasbeendecomposednto
an embeddingollowed by a hiding. Hidings are pulled, embeddingpushedand
consecuire translationscontracted. Complements pushedas far as possible—
justified by thelifting anddistributivity laws of translation

Notethathiding translationsannotbe completelypulled out of expressionssince
complemenis not distributive w.r.t. hiding; thus, for example,the following ex-
pressioris in normalform: cN ~ ((c; N G)[p1 — P2))-

e Potentialfor simplificationis exploited to a maximum: the only laws not consid-
eredfor this purposeare membershigifting, propertysubstitutionandfixed-point
unrolling.

e Schemaropertiesaredecomposethto oneof theforms: patternequality p; = p»,
patternmembershipp € c, or testfor emptinessand nonemptiness?; c or ?,C.
The variablesappearingn the patternsp, p;, and p, mustbe directly boundby
the enclosingschemaandthe patternsmustbelinear. In fact, after removing the
syntacticsugar the forms overlap. However, for the sale of simplicity, it will be
assumedn thesequekhatthe propertyformscanbedistinguished.
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4.2.1 Property Normalization

We take a closerlook at the normalizationof schemaoroperties.The benefitof having a
schemapropertyin theform {p | p’ € c} is thatthe membershigifting law (Figure3.34
(on page65)) canbe appliedassoonasc doesnot dependon variablesfrom p, yielding
the expressiorc[p’ — pl2.

Normalizationensureghatary so-calledflexible appearancesf variablesin a prop-
erty arecorvertedinto amembershigproperty p € c, togethemwith a sequencef simple
equationsof flexible variablesx = X. By aflexible appearanceye meana variablex
usedasin {Px | C{IIx}}, whereC is a positive conjunctie context built from intersec-
tionsandtranslationsandIl a context of constructomapplications.

The normalizationof flexible variablesworks asfollows. Let {p | ?;(NI)} bea
schemawith a positive conjunctive propertyasan intermediateresultof normalization,
whereconstructordecompositiorhnasbeenperformed hidingshave beenpulled andab-
sorbedby the overall hiding of 7; , and embeddingshave beenpushedto the leaves.
Henceforth,?; () mustmatch(moduloassociatiity andcommutatvity)

(X Py @] N N X} [Pr > Ga] N C)

wherethe x; areflexible andwherec doesnot containvariablesin a flexible position.
Next, we unify the patternsg;, againsteachother (if this fails, thenthe propertyreduces
to 0 alreadyat normalizationtime). Let v be the resultingassignmentandlet v’ =

{X; — subs v py,...,X, — subs v py} beanassignmentor the flexible variablesx;,

andq = subs v q; the unified translationtarget. Let X = varsq N [J(vars (ranv’)) be
thevariablesin q thatareboundto theflexible variables(q cancontainfurthervariables
introducedby embeddings)Then,we constructheschema

{subs v'p | (X) € (subs v'¢)[q— ()]}

However, this schemamight not be well-formed, sincesubs v’ p may resultin a non-
linear pattern.But in this case a simplerenamingof doubleoccurrencesf variablescan
be performedaddingaliasedike x = X for eachrenamedrariable.

By way of an example,considerthe schema{x | (e x) € €}. This resultsin the
normalizedschema

{x]xe ({etx— (x NNy =y}

As a further example,demonstratingliasing,considerthe schema{(x,y, z) | (e,x) =
(y, z) € €}. For thepropertyoneliterally gets

(= GXIN{y X = (% )In{ZHx = (L 9]n{e}x— (x, )N €)
Unificationof (_, X) with (y, -) and(_, z) yields(y, z). Theresultingschemas
{zy,2)[(v,2) € {e}[x— (x,)]n€) N z=7}.

In asubsequentormalizationstep thisis reducedo a conjunctionof schemaspnehold-
ing the patternmembershipthe otherthe alias.

2Membershigeliminationis notpartof normalization- but thecomputatiormodelshasecbnnormalized
expressionaiseit asa centralsimplificationstep.
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S eEXP

—_
p{e} —s e

Figure 4.4: SingletonSetNormalization

52 p:CONS
{p} —s {o}xr p] VAR
H#e=#X>0 p:CONS
> (@} —s Boniyl

N ((Ai:N e {€i}[(Xi) — p((-) oX)]) oid(1..#E))

Figure 4.5: ConstructoNormalization

4.2.2 Normalization Rules

The rewriting rulesfor simplificationandnormalizationaredefinedin the sequel,using

the notationstyle of inferencerules. Thoughthis kind of notationis particularlysuitable
for inductive definitionsover the structureof expressiongwhich doesnot apply to the

rewriting rulesbelow becausehey arenotrecursve in their premises)it is usedherebe-

causethe applicationconditionsof rulesaresometimesomple, andarebetterreadable
whendenotedn rule style.

Singleton-SetElimination

RuleS1 in Figure4.4resembleshereductionof singleton-seselection.

Constructor Decomposition

RulesS2 andS3 in Figure4.5handlethedecompositiorof singletonsetscontainingcon-
structorterms(accordingo thelawsin Figure3.24(onpage60)). Even0O-aryconstructors
aretransformednto translationssinceincompatibleconstructionge.g. {p} N {p'} with
p # p') aredetecteddy theintersectiorof translationgRule S16).

Union

RulesS4 to S8 in Figure 4.6 (on the facingpage)modelthe simplificationof setunion
basedon Booleanlaws (Figure 3.21 (on page58)). Unionsarerebraclketedsuchthatthe
generalizedunion, | J, canapply Tautologiesare reducedand duplicateelementsare
removed. The“excludedmiddle” for singletonsetsis tackledby rule S8.

Intersection

RulesS9 to S15 in Figure 4.7 (on the facing page)model the simplification and nor-
malizationof setintersectionbasedon booleanlaws (Figure 3.21 (on page58)). As for
union, intersectionsarerebracleted,tautologiesare reducedand duplicateelementsare
removed. The “excludedmiddle” for singletonsetsis tackledby rule S13. Rule §15
distributesintersectiorover union.
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e1,e2,e3:EXP

S4
(aUe)Ue —s U (6 Ue)
eEXP eEXP
. : : S6—= .
U, —s e Uuwex™ Ji1,e) -5 1 U:unerx

~ €1, ~ €1,
& © e :EXP & © ey:EXP

S5

ST7T—=

Ule, &) —s Ue) Uunerx U{e},~{&}) =s 1 [Juncrx

Figure 4.6: Union Normalization

e1,€z,e3:EXP

S9
(eanNe)nNe —s eN(eyNe;)
e:‘EXP eiEXP

10 h<0,e> s 0 ():INCTX si1 A6 —s n<e> ():INCTX

~ €1, ~ €,
el e2 ex:EXP S13 el eZ ex:EXP

S

S12—=

N(e,e) —s N (&) Nanerx  N{{ed,~{&}) —s 0 ncrx

e % & e, e1,62:EXP
S14— e:EXP 515 :

(e, &) —=s 0 thCTX ﬁ(eluez> —s ﬁ(el>u ﬂ<e2> ():INCTX
~ (3 :EXPASSe P, =7 P))  eexp

S16™ = ) P1 P2, P}, :PAT
Nelpr = pif elpe = pJ) —=s 0 S0

€1,

- (v : EXPASSe p| =7 p2)  gExp

S17T—= 1,P2,P) :PAT
Néale > Pl AR @) 25 0 AT
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= (3 : EXPASSe p; =7 py) e Exp
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519 : eEXP

N(ep—PI) —s (NP = PDIP—=PT ppear

Figure 4.7: IntersectiorNormalization

RulesS16 to $18 handletheintersectiorof translationsand/orschemasvhich cannot
fit, becausehe correspondingatternsannotbe unified.

Rule §19 modelsthe lifting of hiding translationsout of anintersectioncontext (cf.
Figure3.28(on page63)).

Complement

Rule §20 in Figure 4.8 (on the next page)absorbsonsecutie complement.RulesS21
and §22 distribute set complementover union and intersection. Rule §23 distributes
complemenbver embeddingranslationghatareexhaustve. Rule §24 distributescom-
plementover schemaaddingthosevaluesthatcannotmatchthe schemas pattern.
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S20 eEXP
~(~e) —s e

S21 oL 522 oL

~(EUeg) —s P ~(@Neg) —s @OF

~en~e ~eaU~e

varsp Cvarsp'; p € PATg; P € PATe ey
~(ep—pl) —s (~e)prp] PPPAT

S24 p:PAT
N{p‘e} —S {p|Ne}U N(]_[p|_> p]) eEXP

S23

Figure 4.8: ComplemeniNormalization

Translation

RulesS25 andS26 in Figure4.9 (onthefacingpage)distributetranslationover setunion
andintersectionFor intersectionpnly embeddindranslationsanbedistributed;hidings
arein factlifted asdescribecearlier(Rule §19). Rule $27 reduceghetranslationof the
emptyset.RuleS28 eliminatesatranslatiorby thesameexhaustve pattern.(An instance
wherethis rule appliesis atranslationby the samevariable x — X.)

Rule §29 handlesconsecutre translationghat are contradictory becausehe target
patternof thefirst translationcannotbe unifiedwith the sourcepatternof the second.

Rule 830 tacklesconsecutre translationthat can be contracted. It is only applied
if the resultingtranslationis a hiding or an embedding,in orderto prevent a circular
applicationw.r.t. Rule §31, thatsplits a translationwhich is not a hiding or embedding
into a consecutie embeddingandhiding.

Rule §32 reducesa translationof a schemawhosepatterndoesnot unify with the
translations sourcepattern. Rule §33 eliminatesan embeddingranslationof a schema
by substitutingin the schemas propertythe assignmentesultingfrom unificationof the
schemas patternwith thetranslations sourcepattern.

Schema

RulesS34 andS35 in Figure4.10(on the next page)handledistribution of schemaover
setunionandintersectionRulesS36 andS37 eliminateschemasvith tautologicalprop-
erties.

RuleS38 describeshecorversionof aschemaproperty ?; (1), into apatternrmembership-
test,p € c (asdiscussedbove on page75). This rule is sketchedonly informally. We
assumehat?; (1) is normalizedasfar aspossible andthatconstructodecompositioris
notappliedafterthisrule (otherwisewe runinto acycle, sincea candidatdor constructor
decompositioris introducedby therule). Moreover, the fact thata renamingof double
variablesin subs ' p hasto be performed,addingcorrespondingliasequationsjs not
formalized.
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Figure 4.9: TranslationNormalization
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Figure 4.10: SchemaNormalization

4.2.3 Propertiesof Normalization

Therelation. —s _hassomepropertieghatwill beinvestigateelow. Let - ~»5 _be
thelifting of . —s _to acontet rewriting, suchthate, ~»s e, iff thereexistsa context
E andsubepression®/, €, suchthate; = E €, €, —s €, ande, = E €,.
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PROPOSITION 4.1 Therelation_ ~»g _is soundw.r.t. themeaningof uZ. O
Proof(informal). Therulesaredirectly derivedfrom theequationalaws. O
PROPOSITION 4.2 Therelation_ ~»s _isterminating. O

Proof (informal). Therulesof - —s _ canbe characterizedn termsof threeclasses:
eliminationruleswhichdecreaséhesizeof theiroperandsglistributivity ruleswhichpush
a uZ operatordown into an expression,thus possiblyduplicatingsomeoperands;and
lifting ruleswhich do the oppositeof distribution. The eliminationrulesare obviously

safeasregardstermination. Distributivity andlifting rulesaresafeif they excludeeach
other:whathasbeendistributedmustnot belifted to its original form in alaterrewriting

step.Therearetwo problematiccasedere:

¢ RuleS30 composesndrule §31 splitstranslationsBut the applicationconditions
have beenchosensuchthat compositionis only performedif splitting cannotbe
appliedto theresult.

¢ Rule §3 decomposepatternsandrule S38 synthesizeshem. Preventinga cycle
in the applicationof theserulesis not beenformalized(becauseRule S38 is left
informal) but it is easilypossible:sincethe effect of S38 is localizedto a schemas
property normalizationcanbe sequentializedFirst therule systemis comprehen-
sively appliedwithout using Rule §38, thenin a secondpassS38 is comprehen-
sively applied.

O

PROPOSITION 4.3 _ ~»g _is confluentw.r.t. extensionalequality

Proof(informal). Sincewe canassumesoundnesshe problemreducego shoving that
for eachderivationthatleadsto anextensionalalue(onewhichis in thedomainof _~ ),
eachalternatve derivationalsoleadsto anextensionalvalue. The sourcedor increasing
extensionalityin aderivationareeliminationrules. Thequestionis whetherthe possibility
of applyingsomeof theserulesis obstructedf we preferapplyinganotherule beforea
possibleeliminationstep:

e TheBooleareliminationrulescauseno problemshere.A unionor intersectiorcon-
text is eitherreducedo atautology whichis the“best” resultthatcanbeachieved,
or aduplicateoperands removed,still allowing eliminationin its context with the
remainingoperand.

e Theapplicationof distributivity andlifting rulesactuallyincreaseshe potentialfor
simplification, so thereis no problemif one prefersdistributing beforea possible
eliminationstep.

O

On the basisof Propositiord.2 and Propositiord.3, we canasserthe existenceof a
total function nrm which normalizesand simplifies an expression. For nonetensional
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resultsof normalization,whereconfluencecannotbe assertedsomearbitrary but fixed
reductionorderis assumed:

| nrm : EXP— EXP

PROPOSITION 4.4 Thefunctionnrm putsanexpressionnto disjunctve normalform, as
specifiedoy thegrammarin Figure4.3. O

Proof (informal). In generalestablishinga disjunctve normalform is a standardpro-
cess. Our rule systemdiffers from this only in that translationsneedto be treated,and
propertiesof schemasnustbe normalized. The decompositiorof any nonhidingand
nonembeddingnto an embeddingfollowed by a hiding, and the strict distribution of
embeddingsandlifting of hidings, ensureghattranslationsare normalizedasrequired.
Establishinghenormalform for propertiesvasjustified on Page75. O

PROPOSITION 4.5 Thereexists aninnermost-outreductionstratey, aninductivealgo-
rithm over the expressionstructure, whichimplementsirm . O

Proof (informal). The algorithmis the usualonefor establishinga disjunctve normal
form. For example,for distributivity of intersectioroverunion,we cangive aninductive
rulein the styleof:

N(e) ~% €; N(e) ~5 &; e ue, —% ¢

N(eUe) ~% €

In generaldistributivity andlifting rulesdrive the algorithm. Elimination rulesare ap-
plied at eachexpressiondepth(heredepictedby € U€, —s €) beforethefinal result
expressions returned. O



82 Computation in uZ
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Figure4.11: Narraving Rules

4.3 Narrowing Semantics

In normalizedexpressionsearlyall the equationalaws of uZ areexploited. The laws
not usedarepropertysubstitution membeshiplifting andfixed-pointunrolling. Consid-
eringthe normalform of expressionsthesearethelaws driving reduction:with property
substitution,variablesare bound;with membershigifting, schemasreeliminated;and
with fixed-pointunrolling, a circular expressionis lifted one level upwardsin its con-
text. Applying eachof thesestepsmay provide further simplificationandnormalization
potential.

We will thusdefinethe narrowing semanticof uZ asconsecutiely applying sub-
stitution, membershigifting andunrolling in an expressioncontet, and afterwardsre-
normalizingthe entirecontext. The stratgy for selectingthe next redex cantherebybe
altered.In thegenerakase whereredec selectionis arbitrary we conjecturea complete-
nesgesultw.r.t. uZ'sequationatheory A possiblerestrictionis anoutermost-irstrateyy.
A feasiblerestrictionis “strict narroving”, whichis not complete pbut moreadequatéor
nZ thanoutermost-inaswill bediscussed.

4.3.1 GeneralNarrowing

Therelation_ ~~,, _represents narraving step:

| - ~n - EXPg <= EXPs

Therulesfor _ ~~, _, usinganarbitraryexpressiorcontet E , aregivenin Figure4.11.

Rule N'1 implementgpropertysubstitutiorfor thecaseof aplainintersectedingletonset;
rule N2 doessofor atranslateaingletonset. Theserulesaredirectapplicationof thelaw
foundin Figure3.35(on page66). Rule N3 realizesmembershipifting (cf. Figure3.34
(onpageb5)). Rule N 4 implementdixed-pointunrolling (cf. Section3.4.7(on page66)),
wherecontinuity of the expressiord needgo beasserted.
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We investigatesomerelevant propertiesof = ~», _: soundnessextensionalconflu-
enceandextensionakcompleteness.

PROPOSITION 4.6 Therelation_ ~»,, _is soundw.r.t. the meaningof xZ, modulothe
assertiorthatin eachappearancef the fixed-pointoperatoythefixed expressions con-
tinuous. O

Proof(informal). Normalizationis sound.The additionalrulesof _ ~»,, _ aredirectly
derivedfrom the equationalaws of the uZ calculus. O

PROPOSITION 4.7 Therelation_ ~,, _is confluentw.r.t. extensionakequality O

Proof(informal). We canassumextensionakonfluenceandterminationof normaliza-
tion aswell assoundnessAs with the agumentfor confluencen Proposition4.3 (on
page80), the questionis whetherindeterminismin the reductionorderobstructshe po-
tential for obtainingan extensionalvaluein a derivation. This is excludedbecauseach
individual rule in fact increasegotentialfor simplification, regardlessof the orderin
whichthey areapplied:rulesN'1 and N2 instantiatevariablesandRulesN 3 and A4 lift
expression®ut of theirisolatedcontext of aschemapropertyinto anintersectiorcontext,
wherefurtherinteractionsaareenabled. O

CONJECTURE 4.8 Therelation_ ~-,s _is extensionallycompletew.r.t. the equational
theoryof uZ: whenevere = € ande is extensionalthenthereexistsane’ ~ €, suchthat
nrme ~, €' O

A formalproofof thisconjecturas omitted. In fact,theproofhasbeenndirectly provided
by constructionof normalizationandnarraving, providing a stratey for the comprehen-
sive, directedapplicationof uZ’'s equationalaws:

e The normalizationof translations- hidings are pulled, embeddinggpushed- en-
ablesmaximaleliminationof them.

All possibilitiesfor applyingpropertysubstitutionaredetected.

The normalizationto DNF, togetherwith constructordecompositiongnablesall
simplificationsin intersections.

The normalizationof schemgpropertiesrecoversall possibilitiesfor applyingthe
membershipifting law.

Complementswhich hindertheapplicationof propertysubstitutiorandotherlaws,
arepushedsfaraspossible.The“excludedmiddle” for singletonss notobstructed
by this. Consider

{e} N ~{x|xe {e}}.

Usingmembershififting before pushingcomplemenyields{e} N ~ {e}, enabling
the applicationof excludedmiddle. On the otherhand, pushingthe complement
overtheschemayieldsin

{e}N{x|~(xe{e})}.
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However, now propertysubstitutioncanbe applied,resultingin

{e} n{x|~(ee {e})},
whichlikewisereducego 0 aftersomesteps.

Generalnarraving is so powerful becausehe reductionorderis undetermined.Since
all ordersof reductionare possible, the “right” one(which terminatesf terminationis
possibleat all) is alsocontainedin _ ~»,, _. However, this also meansthat thereare
mary derivationsleadingto a non-terminatingdead-end” andthusgeneraharraving is
notvery feasiblefor implementingcomputation.

4.3.2 Outermost-in Narr owing

The narraving semanticslefinedin the previous sectioncan be modified by supplying
anoutermost-irstratgy for selectingthe next rede. In orderto model“parallel-or” and
“parallel-and”,indeterminisnstill needgo bepresenin thereductionorder but it canbe
significantlypruned.

The selectionof an outermost-inredex is describedby a contet, declaredasR €
OUTEREDEX= EXP>+ EXPandspecifiedby the following “grammarwith a hole”:

R-z=U(®R:) | NR) | ~(R) | R)pr=p] | (R | -

The rede selectionis indeterministicin the choiceof the memberof anintersectionor
a union, which modelsthe “concurreng” of reductionby interleaving. Note thatwe do
not selectsubepressionsn constructoterms,schemaandsingletonset:this reflectsthe
non-strictnessf this order

By replacingthe expressiorcontext E in the narraving rules A1 to N4 by a context
R , we getanoutermost-imarraoving strategy. We conjecturehatthisstrateyy is “shallow
complete”: for forced expressionst obtainsthe sameresultsas generalnarraving. A
forced expressionis one capturedby the context R during a derivation sequence.For
example,if we haveinitially

{xy) [xeyrn{cty+ (,Y)

thenc will beprotectedy thesingletonset,but after substitutionwe get

{(xy) | xectn{cily— (Ly)]

whichis thentransformedy membershigifting to

cx= (xJIn{ctly— (L)l

suchthatc is now capturedoy R . In anactualimplementatiorof this stratey, onewould
usesharingtechniquessuchthatthe reductionof the bubbledc in the translationwould
alsorewrite theoriginal c in the singletonset—yielding a“lazy” reductionstratey.
Theproblemwith this stratgy is that,by contrasto functionallogic languagesvhich
baseon lazy narroving [Hanus,1994],in uZ equalityandunequalityis requiredfor sim-
plification rules concernedwith setsof sets— a further possiblesourceapartfrom the
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rede selectiorfor forcing reduction.Forexample,{{e, } } N {{e:} } reducegby normal-
izationRule S14) to 0, if e, ande, reduceto anextensionallyunequaklalue. Shouldwe
forcethe reductionof elementof singletonsetsin anintersectionsuchthatextensional
equalityor unequalitymight be applicable?The problemis thusto transparentlydefine
whenvaluesare forced. For this and otherreasonswe preferanotherstrateyy, called
“strict narraving”.

4.3.3 Strict Narrowing

Thebasicdecisionin strict narraving is to extendthe selectionof arede to theelements

of singletonsets,suchthatwe getthe following refinedredec definition comparedwith
outermost-imarroving:

S u=US) | NSY | ~S) | (S)or—pa] | w(S) | {8} |

By replacingthe generakxpressiorcontext E with S in the narraving rules,andby fur-
therdemandinghatthepropertysubstitutiorrules, A'1 and 2, areonly performedf the
elementf thesingletonsetcannotbefurtherreducedoy - ~+,, _, we obtaina strictnar
rowing stratey. This stratey is still indeterministicbecausef the undetermineahoice
of which operandin union andintersectionis to be selectednext. It is not completely
identicalto whatis usuallydescribedas“innermost-out’narroving [Hanus,1994],since
we still do notlook insideof schemasRather it is relatedto applicatve orderreduction
andweakhead-normatorm in the A-calculus[Barendregt, 1984].

Since,by constructordecompositionexpression®f thekind {p(b) } arenormalized
to {b} [x — p(X)], it is usefulfor reason®f transparengcto alsomake constructoappli-
cationstrict. We thereforeaddto the above definitionof S contexts thatselectoperands
of constructompplication(we do not formalizethis).

Strict narraving will be our operationalsemanticsof choice,and the computation
modeldevelopedin the next sectionwill be basedon this strateyy. Its restrictionis that
diverging reductionof element®f singletonsetswhichwould benot“forced” in lazy nar
rowing propagateso the context. However, if in this context otherreductionsdetermine
theresult,asin {diverges} N reduces@Empty thenthe nonterminatiorwill be caughtby
the concurrenteductionmodel.
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4.4 The ReferenceComputation Model

In this section,the refeencecomputatiormodelof uZ, calledRCM, is describedpusing
the style of naturalsemanticgKahn, 1987]. Theintentionis to obtaina modelthatis ab-
stractenouglto still supportaconceptualdeaof computationn pZ, butalsonearenough
to animplementatiorto sene asa startingpointfor the designof anabstracmachinefor
“off-line” computation.Thestrictnarroving semanticgivenin theprevioussectionis not
well suitedto this purpose sinceit is basedon the symbolicmanipulationof termsand
requiresrenormalizatiorof completeexpressioncontets after eachnarroving step. In
themodelgivenhere,substitutions to bereplacedoy ervironmentsandrenormalization
by techniquesvhich canbe mappedo backtrackingandsearch.

In the previous section,we have alreadydiscussedvhy for conceptuareasonsve
prefer a strict semantic§or computation. The model designedherehasa few further
restrictions,driven by the goalsof efficient implementabilityand transparentraceabil-
ity of execution. The last point is particularlyimportantfor the applicationto test-case
evaluation,wherethe reasorfor executionfailure needso betraceableby humans.The
following restrictionswill beimposedn comparisorwith the strict narraving semantics:

e In principle,the strict narraving semanticgprovides“symbolic computation”. An
expressionis irreducibleif it cannotbe furtherreducedby _ ~-,, _, but suchan
irreducibleexpressionmay still be processedfor example,by substitutingit in a
property
In the RCM of uZ definedhere,expressionmeedto be reducibleto a value. If
this valueform is not reachedandthe expressions neededo continuecomputa-

tion, thencomputatiorwill stop. Therestrictionto valueformsallows anefficient
representatiom anabstracmachine andmakesthe sourcesf failuretraceable.

e Thestrictnarraving semanticgjivenin theprevioussectionallowsarbitrary“paral-
lel or” and“paralleland”reduction.In animplementationthiswould meanthatany
subepressiorof unionandintersectiorhasto be computedoy concurrenthreads,
which causesignificantefficiency problems.

The RCM presentetheremakesa distinctionbetweendeterministic,“functional”
reductionandindeterministic;logic” resolution.Thedeterministiaeductions de-
signedusingtheresiduatiortechniqugAit-Kaci etal., 1987],which letsacompu-
tationsuspenassoonasit encounters free“logic” variable.Thelogic resolution
usegparallelexecutiontechniques.

Reductiontakesplacefor evaluatingsetexpressionsandplain expressions Reso-
lution is donewhenareducedsetvaluev is testedfor membershipp € v. “Parallel
or” is not provided — disjunctionsare executedfrom left to right, thus enabling
backtrackingechniquedor theirimplementation.

For definingthe RCM, wefirst specifyvalues asubsebf expressionsThoughvalues
arestill representedymbolically we will later seein Chapters thatthey correspondo
an efficient representatiom animplementation.We thendefinea setof inferencerules
which describecomputation.
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Figure 4.12: ValuesandConstraints

4.4.1 Valuesand Constraints

Valuesarea subsebf normalizedexpressionsenrichedby atailoredrepresentationf a
schema-lile construct,calledanintension An intensionconsistsof a patternanda con-
straint. A basicconstraintg || ¢, is avalueassignmenpairedwith apropertyexpression.
Constraintgnay be composedy conjunctionandby disjunction,thoughwe expectonly
conjunctionsin intensions(disjunctionsare neededater on). The definitions,together
with someauxiliary functionson constraintsandvalues aregivenin Figure4.12.

An intension[p | o | ¢] canbeinterpretedastheschema{p | subs o ¢}. However,
thereare a few differences.First, it is possiblethat the above expansionresultsin an
infinite term, sinces may containan assignmenteferringto the intensionitself. This
circularity of assignmentss usedto expressfixed-pointsn the computatiormodel. Sec-
ond, the property¢ may containfree variableswhich are boundneitherby p nor by o.
Thesevariablesmaybeconsideredlocally existential” for theintension,andareusedto
represenhiding translationy intensions Whenanintensionis instantiatedn a context,
thenthesevariablesneedto berenamedaway from the variablesof the context.

Someauxiliary functionsfor working with constraintsareintroduced.We write A 8
for a conjunctionof constraintsand\/ @ for a disjunction. For a sequencef basiccon-
straints | 6 is written. The setof freevariablesusedin a constraintcanberetrieved by
vars .

o > 6 describeshepropagatiorof anassignmeninto aconstraintanddistributesover
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conjunctionanddisjunction.For abasicconstraintwe have o > (o | ¢) = (cU0d’) | ¢.
Here,propagatioris only definedif o U ¢’ yieldsa properfunction. Thisis only thecase
if, in their commondomain, both assignmentsnapto the samevalue (or the common
domainis empty).

Given a constraint,its overall assignmentis selectedwith the functionassf. The
assignmentss 4 is only definedif the union of the assignment®f the subconstraints
yieldsa properfunction.

Someauxiliary functionsfor working with valuesarerequired.Valueunionandinter-
sectioncontets,|J € UVCTXand[) € IVCTX areaspecialcaseof generalunionand
intersectiorcontexts, UNCTXandINCTX, but expectthesequencelementgo bevalues.

In Sectiond.1 (on page7’2) we defineda (partial) extensionakqualityandextensional
unequality Thesedefinitionscarry over to values. As schemasan not be decidedas
equalor unequaljntensionscannot.On the basisof valueequalityandunequality a uni-
ficationfor “extendedpatterns” built from constructorapplication,variablesandvalues,
andwritten asp; ~“ ps, is assumed.This unificationuses_~ _ for comparingvalues
foundatthebottomof constructoterms.Theform p; %, p. decidesvhetherunification
fails (using_+ _). Thenotationp; ~¢ p, “refines” the assignment to the assignment
o' by theresultof unifying subs o p; with subs o p,: similarly p; 2 p, for thefailure
case.

In principle, more powerful notionsof unificationcanbe embeddedn our computa-
tion model(e.g.setunification). This would requiresometechnicalmodificationsto the
rulesgivenin the next sectionto dealwith setsof unifiersreturnedby unificationinstead
of asingleunifier.

4.4.2 Computation

Computatioris definedby two relations which aremutuallydependentT hefirst relation,
e ¢ €, describesistrictreductionstepon expressionsinderthevalueassignmen. It
cannotbe appliedto unboundvariableswhich meansjn the contet of its usagethatthe
correspondingomputatiori'suspends” Therelatione -/ € hasindeterminismput it
is “don’t care”: animplementatiorcanchoosesomearbitraryfixed orderto implement
reduction.

The secondrelation,f ~~¢ @', describesa resolutionstepby mappinga constraint
onto a constraint. # is expectedto be in disjunctive normalform, and 8’ will be, too.
Theindeterminismin this relation(providedit doesnot resultfrom recursve application
of e Zs¢ €) is “don’t know”. Thus, an implementatiorhasto provide a concurrent
(interlearing) applicationstratey.

_—¢ _: P(EXP x VALASSx EXP)
-~ -:CTR+— CTR

We expectthat, beforecomputatiorstarts,expressionaill be normalizedo disjunc-
tive normal form, as specifiedby the function nrm e in Section4.2. However, during
computationno renormalizations necessaryThusnormalizationcanbe doneat “com-
pile time”. In contrastto the narraving semanticswhere simplificationis an intrinsic
part of normalization,the strict computationmodel doesnot actually dependon initial
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Figure 4.14: Variable,SchemaandFixed-PointReduction

simplifications. The essentiatonditionsare that propertiesof schemasre normalized,
asdescribedn Section4.2 (on page74),andcomplements pushed.

ExpressionReduction Rules

Rule&1 in Figure4.13describesninductive reductionstepin astrictexpressiorcontext,
S € SREDEXC EXP>+ EXP. A strictcontet S is specifiedaswith the strict narrov-
ing semantics.As explainedabove, the freedomof choicein selectinga strict redex in
expressiorreductionamountdo “don’t care”indeterminisnminsteadof “don’t know”.

Therulesin Figure4.14modelthe stepwhereanexpressions corvertedinto avalue.
Rule&2 describeshesubstitutiorof avariable whichwill only bepossiblef thevariable
is boundby ¢. This is one sourceof “suspension”. Rule £3 reducesa schemato an
intension. Therule is only applicableif free variablesof the propertyare eitherbound
by the patternor by the substitution— i.e. variablesfrom outer scopesare not allowed
to befree. This is the othersourceof “suspension”.Rule £4 describeghe construction
of afixed-point. Therule is cyclic in its premise forestallingthe resultingvaluev in an
assignment’ which is usedto calculatethis value (the usualtechniqueusedin natural
semanticgor constructingixed-points).A finite numberof reductionstepss requiredto
maptheexpressioreto avaluev: the expressiore may containseveralschemasandthe
valueform is notreacheduntil all theseschemasave beenconvertedto intensions.

Therulesin Figure4.15describethe reductionof translationandcomplementRule
£5 convertsatranslationinto anintension. It exploits the possibility of usingexistential
variabledn anintensiongonstraint:;p; maycontainvariablesnotboundedy p.. Rule€6
describeghetranslationof acomplementnto anintension.

Therulesin Figure4.16 (on the next page)describethe evaluationof setoperators

V:EXPy; p1,p2:PAT

5

Vip = pa] e [pe | @[ prev] TS
X € fresh Vv:EXRy; x:VAR
£6 o:VALASS

~ VL x| D] T0(x € V)]

Figure 4.15: TranslatiorandComplemenReduction
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Figure 4.16: SetValueReduction
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Figure 4.17: Mu-ValueReduction

on setvalues Rules&7 to £8 describethe eliminationof tautologiesn a union of set
values;Rules&9 to £11 for theintersectionof setvalues.Rules€12 and£13 modelthe
combinationof intensionalvaluesby intersection:if the patternscanbe unified, thenwe
simply concatenatéhe constraintsof the intensions,making local existential variables
disjointby arenamingy into freshvariables.If the patternsido not unify, theintersection
reducego0. Finally, Rule£14 describeshedistributionof intersectioroverunionvalues.
It shouldbenotedthat,in animplementationintersectiorcanberealizedmoreefficiently
assuggestedy the rules: given a total orderon valuesand setvaluesin a normalized
formJ {v} uJ[p | 6], theintersectiorof two suchvaluescanberealizedby processing
theextensionabpart,v, in lineartime, andthenthe combinationsith theintensionalpart.
The remainingrulesin Figure 4.17 describethe handlingof the n -operator Once
the agumentof p hasbeenreducedto a valuev, the elementsof v are enumeratedy
resolvinga constraintx € v. The stateof this subresolutions storedin anintermediate
expressionconstruct,u, (x, #). Whenthe subresolutioris in solvedform, \/ (7 | 1), a
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Figure 4.18: CompoundConstraintResolution
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Figure 4.19: ExpressiorReductionn Constraints

uniqueassignmentor x is extracted,jif it exists.

Constraint ResolutionRules

Compoundconstraintsare resoled by the rulesin Figure4.18. Rule C1 describeghe
left-to-right resolutionof disjunctive constraintsRule C2 the eliminationof unsohable
constraintsRulesC3 andC4 describaheeliminationof unsohableandsolvedconstraints
in aconjunction.RuleC5 describesresolutionstepof abasicconstrainin aconjunction,
whereS(d) is asequenceontext. Thisrule modelsheconcurrenexecutionof constraints
by “interleaving”. An arbitrarybasicconstrainis selecteqremembethatconstraintsare
in DNF) andresohedonestep,possiblyyielding a disjunction.Maintainingthe DNF by
pushingthe conjunctive context S over eachmemberof the disjunctioncorrespondso
backtrackingn animplementationTheassignmentsf the conjunctsf i, arepropagated
over S, suchthata steadyrefinemenbf theassignmentss guaranteed.

Therulesin Figure4.19describethe reductionof expressionsn basicconstraints.
Theserulesareonly ableto fire if all free variablesin e areboundedby o — otherwise
e - ¢ € is“suspended”.

Therulesin Figure4.20 (on the next page)describethe resolutionof patternmem-
bershipin readily reducedsetvalues,andresolutionof equality constraints. Rule C8
decomposethe membershigeston a union of valuesinto a disjunctive constraint.This
is the only way basicconstraintscan rewrite into disjunctions,therebyintroducingthe
needfor backtracking. RulesC9 andC10 describea basicresolutionstep, reducinga
membershipgeston a singletonsetto an assignmenor a failure. RulesC11 and(C12
describetheresolutionof a membershigeston anintension.Variablesusedin theinten-
sion’s patternandconstraintarerenameddy « to freshones.RulesC13 andC14 model
theresolutionof a patternequality

Theremainingrulesin Figure4.21(onthefollowing page)describeheresolutionof
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Figure 4.21: Test-EmptinesResolution

settests,?v, wherethe testedsethasbeenreducedo a value. Similar to the treatment
of p in expressionreduction,a subresolutioris startedwhich enumerateshe elements
of the setv by resolvingthe constraintx € v. The stateof this resolutionis storedin an
intermediatepropertyexpression?(x, #)c, wheresis eitherl or 0, dependingnthepole
of thetest. Thetestsucceedgor fails, dependingon s) if at leastoneconstraintcanbe
solved; it fails (or succeedsif no constraintcanbe solved (which requiresenumerating
theentireset).
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4.5 Discussion

We have developedsereral modelsfor computationin Z. Furtherpointsandrelated
work arediscussedelow.

Normalization and Simplification

Normalizationhasbeendefinedasa prerequisitefor ary kind of computationandwill
bealsorequiredfor compilationin the next chapter Applying normalizationensureghat
negative informationis distributedasfar aspossibleto theleavesof expressionsgnabling
resolutiontechniquesn thelifted positive contets. Local resolutioncanbe usedin the
remaining(minimized)negative contexts. Universalquantificationwhich is represented
in uZ asthe combinationof complementand hiding, is, for example, solved by local
resolution.

A well-known problemof normalizationtoward a disjunctve normalform is the ex-
plosion of the expressionsize. This is one reasonwhy we interleasred normalization
with simplification: pruningthis explosionearly As a rule of thumb, “sensitve” uzZ
expressionglo not explodeif simplificationis interleavred with DNF production. How-
ever, pathologicalcasegnight still causeseriousproblems. Temporaryariablesmay be
usedto avoid the explosionof the DNF. For example,the expressioren (e, U ;) canbe
normalizedto theform:

({0 I x=ent} n{eUe}t— (LY -) =X

With this technique expressionsharingcanalso be presered, and nen sharingpoten-
tials canbe exploited usingcommonsubepressiorelimination. However, the technique
also hasits disadwantages:ithe numberof constraintancreasesand the introductionof
new temporaryariablesmpliesadministratve overheador bindingandaccessinghese
variables.

An alternatve approachfor avoiding explosionof expressionsize on normalization
is to usedirectedacylcic graphs(DAGs) with optimal sharingfor representingxpres-
sions. Structurallyequalexpressiongdo not appeartwice in sucha DAG. It is known
e.g.from symbolicmodelchecking[McMillan, 1993] that, for booleanalgebrasgquite
efficient algorithmsfor constructingandmaintainingthis representatiomexist. However,
furtherexperimentsarerequired particularlyregardingthe treatmenbf the non-Boolean
operatorof uZ, like translation u -selectiongetc.

Narr owing

Narraving canbeelegantlyexpressedn pZ’'s framewnork by pureexpressiortransforma-
tion, combiningnormalizationand simplification with substitution,membershigdifting
andunrolling. Thisis aresultof the “higherordernessof the uZ calculuswhich allows
usto representmeta” information, like the setof (partial) solutions,by expressionsof
the calculusitself.

In rule basedfunctionallogic languagessolutionsare representeds substitutions
on the metalevel. Here, narrawving is definedas follows (seeHanus[1994] for a sur
vey): given a (nonground)goal expression,a subepressionis selectedwhich unifies
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with the left-handside of somerule undera minimal substitution,andis replacedoy its
right-handsideinstantiatedwith the substitution. The substitutionis thenappliedto the
entire expression. At a first sight, this looks differentfrom what we call narraving in
uZ. However, the sameelementsare, in fact,presentasa specialcasein uZ. The“rules”
belongingto a functionor relationsymbolaresimply representedsa unionof schemas,
R={p|e}U...u{pn]|en}. A“goal” isthenmerelytheintersectiorof R with some
(partial)databinding,representedly a (translatedyingletonset: RN {€}[p; — p.]. Rule
“selection”is representetby distributing the singletonsetover the unionR andperform-
ing propertysubstitution. Eachmemberof the resultingunionis part of the explicitly
representedearchspacewhich, in narraving for rule-basedanguagesis codedin the
nondeterminisnof the narraving relation.

As e.g.demonstratetby Hanus[1994], modifying the selectionstratey for the next
redec in narroving is a powerful tool for investigatingvariationsof computation. This
techniquehasbeenappliedto our versionof narraving in uZ aswell, defininggeneral
narraving, outermost-innarraving and strict narroving. Strict narroving is the oper
ational semanticf choicefor uZ becauseutermost-innarroving lacks a transparent
definitionof forcingin pZ.

We have not formalizeda stratgyy for needecdharraving [Antony etal., 1994],which
canbe consideredstate-of-the-art’for narraving in functionallogic languagessinceit
yields certainoptimality resultsregardingthe lengthof derivations.Needecdharroving is
expressiblen our framewvork. Consideragoallike ({p; | et} U ...U{pn | &}) N {e}:
neededharroving would meanthat before distribution we force e asfar asrequiredby
everyp; —i.e. to the shallowv structureof the mostspecialpatternwhereeachp; is a spe-
cializationof. In theworstcasethis patternis just a variable,sothatno forcing happens.
Actually, we have “definitionaltrees”[Antony, 1992],asusedfor definingneededarrov-
ing, directly in the calculus becauseave have setunionandschemasHowever, it seemed
moreimportantto supportextensionalequality, which obstructsa transparenhotion of
forcing for needecharroving. We shouldnotethatextensionakqualityandunequalityis
only requiredto dealwith setsof sets— for examplefor reducing{{e; }} N {{e:}} to 0,
if e ande, reduceto anextensionallyunequablalue. If ;Z’'s computatiormodelwould
be restrictedto not useextensionalequality and unequality asit is the default in other
framavorks,lazy or needecharraving couldbe easilyadapted.

ReferenceComputation Model

Thereferencecomputatiormodelgivenin Section4.4 (on page86), usingthetechnique
of naturalsemanticsis a trade-of betweercomputationpower andexecutionefficiengy.
It preparesa straight-forvard transitionto an implementationby the abstractmachine
ZAM, asshownin thenext chapter Themodelis evenmorestrictthanin strictnarroving,
using a combinationof functional reductionby residuation[Ait-Kaci et al., 1987] and
logic resolution.Thejustificationfor this decisionis, onthe onehand,easiertraceability
of executionby humans,which is importantfor the applicationto testdataevaluation,
and, on the other hand, a strongly assumedetteroverall performance.The last point
drawvs on experiencewith functional programmingand languageimplementation:the
theoreticalresult of optimality of lazy or neededreductiondoesnot coincidewith the
practicalexperience becausehe overheadof lazinesshasto be paid for significantly
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which oftenresultsin thatprogrammersisestrictnessannotationgHartel etal., 1996].

The RCM is relatedto the one describedby Hanus[1997] for Curry. Setvaluesin
our semantics|J {v} U J[p | 9], arecomparableo the “definitional trees” usedhere
andin work aboutnarraving. However, sincesetvaluesarefirst-orderinhabitantsof the
operationatlomain,whichdefinitionaltreesarenot, they canbecombinedoy intersection
andunion at computationtime, and, morewer, augmentedy extensionaldata. This is
importantin therealmof set-base@rogrammingwheresets relationsandfunctionsare
oftenusedfor representinglatastructuresyhich areincrementallyconstructed.

Unlike the modelof Hanus[1997], subresolutionsre supportedwhich areinvoked
from expressionreductionfor the p -operatorandfor dealingwith settests. This tech-
nique correspondgso “deep guards”and “encapsulategearch”,asfound, for example,
in the computationmodel of Oz [Smolka, 1994a]or {log} [Dovier et al., 1996]. Our
computationmodel hassomesimilarities to the one given for Oz by Smolka[1994a].
The so-called‘computationspaces’in this work, which represent constraintstore,are
givenin our modelasa conjunctionof propertiespairedwith assignmentsWriting to
the constraintstoreis equialentin our modelto aresolutionstep,which updateghe as-
signments.A subspacés openedwhena subresolutioris startedfor the u -operatoror
emptiness-testddowever, asdiscussedn the previous chapteythereis no equivalentto
committedchoicein pZ andits computatiormodel.

Computing More

The computatiormodelswe have presentedirenot the endof the story Therearethree
major potentialways of increasingcomputationpower which are not considerechere:
higherorder unification(or narraving), setunificationandsubsetogic programming

Higherorderunification[Snyder and Gallier, 1989]is usedin theoremproverssuch
aslsabelle[Paulson,1994]for the highly genericformulationof inferencerules. Higher
order narraving is proposedas an extensionfor functionallogic languagegPrehofey
1994; Hanusand Prehofey 1999] or logic languagessuch as AProlog [Nadathurand
Miller, 1988]. The underlyingidea of both applicationsis to extend unificationto the
synthesiof A-terms Substitutionis thenaugmentedy S-reduction. Carryingthis po-
tentialoverto pZ would requireto synthesizeschemasduring unification,which needsa
generalizatiorof higherorderunificationthatdealsonly with functions.

Unification over (finite) setsextendsunificationon free term algebrado the nonfree
algebraof sets,andamountstechnically to unificationmoduloan associatie, commu-
tative and idempotentequationaltheory [Siekmann,1989]. Algorithms and comple-
ity investigationsare found, e.g., in [Spratt, 1996; Arenas-Sancheand Dovier, 1997,
Stolzenlirg, 1999]. Adaptingthesetechniquego xZ would allow unificationon the ex-
tensionapartof sets.For example let S= {(x,y, z) | z= xUy}. If wearegoingto bind
thevariablez to an extensionalset,then,with setunification,we expectthatx andy are
assignedll possiblepartitionsof z. Becausef idempotenyg of setunion,thesepartitions
are not necessarihydisjoint, which makesup the computationacompleity of setunifi-
cation. Leaving asideefficiency considerationsfor the framewvork of uZ anintegrated
unificationmethodis ultimately required,which combineshigherorderunificationwith
set-unificationyielding analgorithmthatcandealwith extensionalswell asintensional
setrepresentationsViore researceedgo be donein this direction.
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The major computationpotential subsetlogic programmingaddsto the mentioned
techniquess extendingfixed-pointconstructiorfrom equationgo subsetelationdMoon,
1997; Jayaramarand Moon, 1999]. This techniqueallows usto computethe smallest
set satisfyingcyclic subsetconstiaints. The computationof suchfixed-pointsis quite
compl, in the generalcase. Moon [1997] usesmemoizationtechniquedor relations
to make it feasible. His modelis first-order, and further investigationof its possible
integrationin the higherorderframework of Z is required.
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Begeistertwird mannur allein.

Chapter 5 (Goethe)

Abstract Machine

This chapterdescribesan abstracimachine calledZAM, a compilationof uZ to the ma-
chinesinstructionsetandanimplementatiorof the machinein C++. The ZAM realizes
thereferencecomputatiormodel(RCM) definedin Sectior4.4 (onpage86) in theprevi-
ouschapter Its specificationn Z is on a level of abstractiorthataddressethe issuesof
efficientimplementatiorbut is still sufficiently conciseto reasoraboutthe machine.

TheZAM usesconcurentlyexecutingthreadsfor constraintresolution(modelingthe
relation_ ~». _of theRCM). Eachthreadhasalocalvaluestackfor expressiorreduction
(modeling. —¢ _). Inthecurrentimplementatiorof theZAM in C++, thestackis in fact
mappedo registers(which is possiblebecausets sizeis bound),but for the machines
specificatiorthe stackmodelis bettersuitedsinceit is moreabstract.

The ZAM’s threadssynchronizevia variables: accessingan unboundvariable sus-
pendsa threadandbinding a variableresumeghreadswaiting for it (calledresiduation
[Ait-Kaci etal., 1987]). Backtrackings implementedy maintaininga choicepointstack
which is sharedby the threadswvorking on aresolutiongoal. Choicepointsarecreatedf
athreadexecutesa constraintp € v; U Vs: in this casethe threadcontinuedts execution
with p € v; andcreatesa choicepoint for the alternatve p € v,. A simplebut powerful
optimizationof the ZAM is to lower the schedulingpriority of threadsthattry to create
choicepoints, giving preferencdo threadsthat cancontinuedeterministicallyunderthe
currentvariablebinding (calledthe“AndorraPrinciple”, [Warren,1990]).

The compilationof uZ to ZAM instructionsis basedon the normalizationof expres-
sionsintroducedn Chapter4. Togethemwith the stack-basedhachinemodel,this makes
it easyto formulateandretrace.

This chapteris organizedas follows. First, we introducethe model of the ZAM,
definingits basicdatatypesandinstructionset. It follows a comprehensie specification
of the meaningof the instructionsin Z’'s sequentiakpecificationstyle. Next, we give
thecompilationschemaFinally, we discusghe prototypicalimplementatiorof the ZAM
in C++, including optimizationssuchasimplementingthe reductionstackby registers.
Somefirst benchmarkof the implementatiorare given. The chapterconcludeswith a
discussiorof theresultsandof relatedwork.
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Varinx== N

Value := Var ((Varlnx))
| Term{{CONSX seq Value)
| Set ((seq Value x seq Intension)

Figure5.1: ZAM Values

5.1 BasicModel of the ZAM

The basicmodel of the ZAM is describedn this section. After definingthe represen-
tation of values goalsandthreads the instructionsare discussednformally. A formal
specificatiorof the machines$ instructionss givenin the next section.

5.1.1 Values

Figure5.1 shows the basictypesusedby the ZAM to represenvalues. Therearethree
variantsof values: variables(representedby anindex in a variabletable, as described
lateron), termsandsets.

A setvalue, Sefextensinteng, consistsof two sequencesthe first containingthe
extensionapartof asetandthesecondheintensionapart(thetypelntensions described
in the next section— it correspondso an intensionof the RCM). Let v; be the valuesin
extensandiy be theintensionsin intens thena setvalue of the ZAM representshe set
valueof theRCM

{v}uU .. U{v}UiiU ... Uin.

The ZAM'’s representatiois well suitedfor implementingthe union andintersectionof
sets:

e For setunion,we simply unitethe extensionalindintensionabparts:

Sefextens, inteng) U Sefextens, intens) =
Sefextens LI extens, intens LI intens)

Here,_LI_denotessuitableunionfunctionwhich conformsto extensionakquality
in theRCM (cf. Section4.1 (on page72)). In animplementationye would in fact
useorderedsequencebor representingxtensandintens andtheirunioncouldthus
beimplementedwith lineartime compleity.

e Setintersectioris realizedasfollows (usinguZ’s notationfor intensions):

Setextens, intens) N Sef{extens, intens) =
Sefextens N extens,
([x | x € Setextens, ()) A x € Set(), intens)],
[x | x € Setextens, ()) A x € Set(), inteng)],
[x| x € Set(),inteng) A x € Sef(), intens)]))

Ln fact, thereis alsoa fourth variantfor representingative valuessuchasnumbersithis, however, is
notrelevantto the conceptuamodelof the ZAM.
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Code== seq Instruction

— Intension
varcnt: N
pat: Value
env : seq(Goallnx x Varlnx)
params: seq Value
constis : seq Code

Figure5.2: ZAM Intensions

Thuswe can constructthe disjunctve normalform of intersectedsetvaluesin a
constannumberof steps.If any of the extens or intens is empty the above con-
structioncanbe furtheroptimized,sincein this casethe correspondingonstructed
intensionis known to denotethe empty setand canbe dropped. In particular if
bothsetsarecompletelyextensionalwe needto computeonly theintersection.n_,
which—in animplementatiorby orderedsequences canbedonein lineartime.

5.1.2 Intensions

An intension(Figure5.2) is describedoy the countof variablesit allocatesfor its exe-
cution, a value(representinghe patternin an pZ intension[p | 6]), a sequencef index
referencesepresentinghe environmentthe intensionwas constructedn, a sequencef
valuesdescribingparametes anda sequencef constaints. A constraintis givenby a
sequencef instructions.

Instantiation. Whenanintensionis instantiatedn a goal context (goalsarediscussed
in the next section),the numberof variablesit requiresare allocatedin a block of the
variabletableof thegoalcontet (variabletablesarejusta mappingfrom variableindices
to informationaboutthe stateof the variable). Then,for eachconstraintof theintension,
athreadis spavned,parameterizetly the offsetof theallocatedvariableblock. Fromthe
executingthread variablesareaccessedly addinga staticoffsetfoundin the codeto this
dynamicoffset.

Considey for example,the uZ intensionp(x,y) | 61[X,Z] A 6]z y]]. Here,zis a
“local existential” variableof theintension.This intensionis representeth the ZAM as

(varcnt == 3, pat== Term(p, (Var 0, Var 1)),
env == ... params==...,
consts == (6,0, 2], 62, 1]))

wherethe offsetsusedfor addressinghe variablesare0 for x, 1 for y, and2 for z. The
reentraninstantiationof anintensionis realizedasfollows: let varshift bethe baseoffset
of theintensionsvariableblockin theinstantiationcontext; then,we simply

e “shift” the patternpat, addingto eachvariable the offset varshift (resultingin
Term(p, (Var (varshift+ 0), Var (varshift+ 1))))
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e storevarshiftin thethreadshatexecutetheconstraint®; andd,, suchthat,for each
accesdo avariablefrom athread varshiftis addedto the staticoffset0, 1 or 2

Environment. The ervironmentof an intension,erv, is a sequencef indiceswhich
referto pairsof goalindices(asdiscussedh the next section)anda variableblock offset.
Theernvironmentallows accesdo thevariablesof thelexical enclosinggoal contects this
intensionwascreatedn.

For example,in the uZ expressiorfix f < {(x,y) | y = E[f, x|}, thevariablef is bound
by the enclosingfixed-pointoperator f is accessedrom the intensioncreatedfor the
innerschemavia thefirst elementof env.

For schemasthe RCM demandsthat before an accordingintensioncan be con-
structed,all contect variablesare bound(cf. expressionreductionrule £3). However,
thesituationis differentfor fixed-pointgcf. Rule£4): duringthe creationof anintension
for the fixed-point,the ervironmentmay contain“holes” which are bind immediately
aftertheintensionhasbeencreatedconstructinga circular dependeng betweenthe in-
tensionandits environment. For this reasonjt is not possibleto directly representhe
ernvironmentby the bindingsof the free variables.An extralevel of indirectionhasto be
introducedusinggoalindices.

Parameters. Theparametes of anintension,params areusedto passvaluesfrom the
creationcontext of anintension. In fact, parametersene a purposesimilar to that of
the ervironment;however, they canbe usedto passtemporaryalueswhich do not have
avariablecounterparin the context. On the otherhand,parametergannothave cyclic
dependencie® theintensionthey belongto.

5.1.3 Threadsand Goals

A thread executesthe codeof a constraint. A goal is a collection of threadswhich to-
gethemnwork on a setof variablesandwhich sharea stackof choicepoints(Figure5.3 (on
the facingpage)). A goalis createdto executean intension. During execution,further
intensionmay be dynamicallyinstantiatedn the context of a goal (correspondingo the
membershigestof anelemenin anintension;cf. resolutionrule C11 of theRCM.)

For threadsandgoals theindex typesThreadIinxandGoallnxaredefined which allow
reference®f themvia threadandgoaltablesdefinedin a configurationof the ZAM (see
next sectiony.

A threadrefersto two goals: the parent whereit belongsto anda possiblechild,
describinga subresolutionlIn turn, a subgoalrefersvia its parentfield to the threadthat
executesit. Subgoalresolutioncorrespondgo the executionof the i -operator(Rules
£15-£17 of theRCM) andthetestfor emptinesgRulesC15-C18).

A threadmay be in the statusrunning, indicatingthatit hasnot yet finishedits ex-
ecution,or it may bein oneof the statessuccesgsfailure or error, indicatingthatit has
stoppedexecuting. The error statusresultsfrom the executionof the p -operatoron a

2Insteadof usingindiceshere we could have well useda notionof memoryandreferences This would
complicatethedeclaratve descriptionof the ZAM in Z, however.
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Threadinx== Goallnx== Priority == {0, 1}
Status::= running | failure | success error
— Thread

parent child : Goallnx

prio : Priority; status: Status

env : seq(Goallnx x Varlnx); params: seq Value
stak : seq Value

varshift: Varinx; code: Code

— Goal
parentThead: Threadlnx

pat: Value

threads: F ThreadInx
choices: seq Choice
vtab: Varlnx -+ Binding

Binding ::= Freg(F ThreadIny) | Bound(Value))
— Choice
bound: F Varlnx
dump: ThreadIinx—+ seq Value x Code
spawned F Threadlnx

Figure5.3: ZAM ThreadsandGoals

nonsingletorset,or from theundecidablequalitytestof intensionsn unification.failure
correspondso failurein unification.

A threadinheritsthe environmentof theintensionwhoseconstrainit executesaswell
asthe parametergfieldserv andparams.

A goalholdsthesetof threadspavnedin its realm. Theresolutionrepresentety the
goalhassucceeded all its threadsarein statussuccessit hasfailedif oneof its threads
is in statudfailure.

A goal'sfield vtabrepresentshevariabletableasa mappingfrom variableindicesto
avalueof typeBinding If avariableis free,a setof threadsnay be attachedvhich are
waiting for the variableto becomebound(variantFreeof type Binding).

Thefield choicesof a goalrepresentshe choicestack.During executionof a thread,
wheneer the threadencounters constraintsuchasp € v; U vy, it continuesexecution
with p € v; andpushesa new choiceto the stack,holding the informationfor the alter
natve p € v, andaccumulatingchangesnadeto the goal which needto be undoneon
backtracking:

e boundindicateswhichvariablesvereboundwhile this choicewasactive (theactive
choiceis thetopmostoneonthechoicestack).Wheneeravariableis boundduring
unification,it is addedo this set.On backtrackthesebindingsareundone.

e dumpsaresthe (earliest)stateof threadswhich have advancedduring this choice
wasactive. Whenever athreadperformsanexecutionstepandhasnot yet dumped
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Config
ttab : Threadinx—+> Thread
gtab: Goallnx—+> Goal
root: Goallnx
active: seq Threadlnx

Figure5.4: ZAM Configurations

its stateto the active choice,it now doesso. The dumpof athreadis describedy
its stackandby its currentconstraint(instructionstream).On backtrackingthese
valuesarerestored.

Note that the mappingdumpalso containsthe information to resumethe thread
thatinitiated this goal with the next alternatve, p € v,. For moredetails,seethe
specification(Section5.2 (on pagel05)).

e spawnediescribeshethreadghathave beenspavnedwhile this choicewasactive.
Onbacktrackingthesethreadsarekilled.

The ZAM usesa simplebut efficient strateyy for threaddumping: wheneer athread
executests next instructionbut hasnotyet dumpedits stateto thetopmostchoice,it now
doesso. Thisis madepossibleby choicepoint scheduling.Only if no otherthreadscan
continue(becausall otherthreadsarewaiting for variablesto becomebound)is athread
creatinga choicepointscheduledor execution.Thus,computationshatareindependent
of a particularchoiceareperformedautomaticallybeforethe correspondinghoicepoint
is created.

5.1.4 Configurations

A configuation describeghe overall stateof the ZAM (Figure5.4). It containstablesof
threadsand goals,the root goal and a sequencef threadindicesdescribingthe active
threadsn theorderthey areto be scheduledaformal specificatiorof schedulings given
in Section5.2 (on pagel05)).

In the specificatiorof the ZAM, we assumeahatan unlimited numberof threadsand
goalscanbe allocatedfrom thetablesin a configuration.Similarly, we allocatefrom the
variabletable of goalswithout trying to retrieve “unused”variables. In the implemen-
tationin C++, garbage-collectiotechniquesare usedto managethis requirement(cf.
Section5.4 (on pagel29)).

5.1.5 Instructions

The instructionsof the ZAM are summarizedn Figure5.5 (on the facingpage). Their
meanings informally describedelow.

3Dumpingthe entire stackis indeedexpansve. In the implementationin C++, insteadof stacksfor
storingtemporarieswe usea “single assignment’tegister model, which makes dumpingvery efficient.
Thisis discussedn Section5.4 (onpagel29).
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Instruction ::=LOAD {(Varlnx))
WAIT {(Varlnx))
LOADENV  (N; x Varlnx))
LOADPAR  ((N,))
STORE {(Varlnx))
UNIFY
MEMBER
MKTERM  (CONSx N))
MKEMPTY

MKVAR  ((Varlnx)
MKINTEN  {N x N x seq Code)
UNION

ISECT

TEST

TESTMTIVE

MU

|

|

|

|

|

|

|

|

| MKSINGLE
|

|

|

|

|

|

|

| SUCCESS

Figure5.5: ZAM Instructions

Waiting for Variables. TheWAIT (inx) instructionletstheexecutingthreadsuspendin-
til theaddressedariable(andall thevariablest indirectly refersto by apossiblebinding)
arebound.

Loading Values. The LOAD(inx) instructionloadsthe variablewith the given index
from the currentgoal’s variabletable to the executingthreads stack. If the variableis
bound(mapsto the variantBoundval in the variabletable), the boundvalueis pushed,
otherwisethetermVar inx.

The LOADENV(dist, inx) instructionloadsthe value of the ervironmentvariableinx
to thestack,from thegoaldescribedy thelexical nestingdistancedist. Theenvironment
variableis accessedsfollows: let thr be the executingthreadand (goallnx varshift) =
thr.envdisttheervironmententry;then thevariable(configgoalsgoallnx).vtab(varshift+
inx) is selected Theaddressedariableis expectedo bebound,andits bindingmustnot
referto otherfreevariableswhich hasto be guaranteedtby the compilationschemgthus
correspondindo the RCM, which ensureghatintensionscanonly be createdf context
variablesareboundor becomammediatelyboundafterfixed-pointconstruction).

TheLOADPAR(inx) instructionloadstheparametevalueindexedby inx (thr.paramsinx).

Storing and Unifying Values. TheSTORKinx) instructionpopsavaluefrom the stack
andunifiesit with thevariableaddressetly inx. The UNIFY instructionpopstwo values
from the stackand unifiesthem. If unificationfails, the threadstopsin statusfailure;

if unificationis not decidable(for instance pecauset requiresthe comparisorof inten-
sions),it stopsin statuserror.
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Checkingfor Membership. TheMEMBERIinstructioncheckswvhetherthevaluefound
beneatlthetop of the stackis a memberof the seton top of the stack. Thisinstructionis
theonly onethatcreateshoicepoints.

Beforeexecutionof thisinstructioncontinuesthepriority of thethreads loweredand
thethreadsuspendsif the priority is notalreadylow). Thenachoicepointis createcand
thethreadproceedssfollows. Let Setelemsintens bethesetontop of the stack,andu
theelementbeneaththetop, for which memberships tested:

e If #elems= #intens= 0, theexecutingthreadstopsin statusfailure, afterremov-
ing its choicepoint from the stack.

e Otherwise,if elems= v-:rest thenthe top of the stackis replacedby v, andthe
alternatve Sefrest inteng is recordedn the choice. Then. the threadbehaesas
with the UNIFY instruction(the stackconsistof v-:u-: ... atthistime).

e Otherwiselet #elems= 0 andintens= inten-: rest Thealternatve Set(), resi is
recordedn thechoiceandtheintensionintenis instantiated:

1. A block of intenvarcnt variabless allocatedn thevariabletableof thegoal.
Let the startindex of this variableblock be calledvarshiftin the sequel.

2. Thepatternintenpatis “shifted” by addingto eachvariablethe offsetvarshift
andpushedo the stack.

3. For eachconstraintin intenconsts. athreadis spavnedandinitialized with
varshift. If the choicestackis not empty thenthe new threadis addedto the
setchoicespawned

4. Thethreadbehaesaswith theUNIFY instruction(thestackconsistf shift(intenpat, varshift) -: u
atthistime).

Constructing Values. The MKTERM p, arity) instructionpopsarity numberof argu-
mentsfrom the stackandpusheghe value Term(p, args) to the stack. The MKVAR(inx)
instructionpusheghevalueVar inx to the stack.

TheMKEMPTYinstructionpushesheemptyset,Set(), ()), tothestack. TheMKSINGLE
instructionpopsthe valuev from the stackandpushes singletonset,Se{{v}, {)).

The MKINTEN(parcnt, varcnt, consts) instructioncreatesa new intensionintenand
pusheshe setSet(), {inten}) to the stack. The instructionexpectsparcnt parameters
on the stack,which are storedin the paramsfield. Above the parameterspn top of the
stack,the patternof theintensionis expectedwhich s storedin thepatfield. Thecreated
intensioninheritsits ervironmentfrom the executingthread: let thr be this thread,then
intenerv = (thr.parent, thr.varshift) -: thr.env. The constraintof theintensionaregiven
by thesequenceonsts.

Union and Intersection. TheUNION instructionpopstwo setvaluesfrom thestackand
pushegheir union, constructedasdiscussedn Section5.1.1(on page98). The ISECT
instructiongpopstwo setvaluesandpushegheirintersection.
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Unique Selection. The MU instructionpopsa valueu = Setelemsinteng from the
stackandbehaesasfollows:

e If #elems= #intens= 0, or if #elems> 1, thenthethreadstopsin statuserror.
e If elems= {v} and#intens= 0, thenthethreadpusheghevaluev.

e Otherwise,a referencevalueis calculated:if elems= {v}, the referencevalue
is v, otherwiseit is the resultof the first successfusubresolutiorof one of the
intensions.Then,for all backtrackover all subresolution®f all intensionsn the
set, it is checled whetherthey yield the samevalueasthe referencevalue. If this
is the casethereferencevalueis pushedo the stack;otherwisethethreadstopsin
statuserror.

For more details,the readeris referredto the specificationof the ZAM’s instructionsin
thenext section.

Test for Emptiness/Nonemptiness. The TEST instructionpopsa setvalue from the
stackandchecksf it is nonempty If so,it continuesptherwisejt stopsin statusfailure.
The TESTMTIVE instructionfailsif the valueon the stackis empty

Thetestof nonemptinessr emptinessmmediatelysucceedsr fails if the seton the
stackhasanonemptyextensionapart. Otherwisejntensionsn thesetaretriedto resole
in asubresolution.

Succeeding The SUCCESstructionletstheexecutingthreadstopin statusSucceed

5.2 Specification

In this section theinstructionsof the ZAM arecomprehenskly specifiedn Z’'s sequen-
tial specificationstyle (cf. e.g.Woodcockand Davies[1996]). The specificationis in-
tendedo be executabldoy the ZAM itself.

5.2.1 Axiomatic Definitions

A setof axiomaticdefinitionsfor working with the datatypesof the ZAM is definedin
this section.

Working with Values

Theauxiliary functionshiftoffsv yields a valuewhereoffs is addedto eachvariables in-
dex (Figure5.6 (onthefollowing page)).Since,by constructionyariablescannotappear
in setsthedefinitionneedsonly to recurseovertermvalues.

The auxiliary functionfreezestabv returnsa valuewhereall variablesin v which are
boundin vtabarereplacedy their actualbinding (Figure5.7 (onthe next page)).

The auxiliary functionfreev returnsthe setof indicesof variablesfoundin the value
v (Figure5.8 (onthefollowing page)).Variablesareonly expectedo occurin terms,not
in sets.
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shift: Varlnx — Value— Value

shiftoffs (Vari) <= Var(i + offs)
| (Term(p, vs)) < Term(p, shiftoffso vs)
| Vv S

where offs: Varlnx; v: Value vs: seqValug p: CONS i : Varinx

Figure5.6: Shifting Values

freeze (Varlnx -+ Binding) — Value— Value

freezest (Vari) < if; V : Value|i € domvt A vti = Bounav
then freezattVv
else Vari
| (Term(p, vs)) < Term(p, freezest o vs)
| Vv &V

where Vvt : Varinx —+ Binding v : Value vs: seq Value
p: CONS i : Varlnx

Figure5.7: Freezingvalues

Equality and Unification

The(partial)auxiliaryfunctionequal'vy, v») determinegqualityof two valueg(Figure5.9
(on the next page)). Confirming to extensionalequalityin xZ’s RCM, the function is
undefinedf the valuescannotbe comparedwhich happensf setsaretried to compare
which have anonemptyintensionabpart.

The (partial) auxiliary function unify(vt, u, v) triesto unify the givenvaluesu andv,
underthevariabletablevt (Figure5.10(on pagel08)). Onsuccessthefunctionreturnsa
new variabletableandthe setof indicesof variableswhich have beenbound.The defini-
tionis basednafunctionuniwhosetypeis appropriatdor sequenceatamorphismsnd
a function univVar which unifiesa variablewith a value. The function may be undefined
for similar reasonsasthe equalfunction (sinceit usesequalto determinatesquality of
sets).ThefunctionuniVar makesanoccurrenceestbeforeit bindsavariable.

Merging and Joining Value Sequences

Theauxiliary functionvsL! usconstructgheunionof two valuesequencesemoving ary
duplicatesaccordingto equal It is undefinedf equalityis undefinedFigure5.11). In

vars: Value— [ Varlnx

vars Var i < {i}
| Term(p,vs) <= |J{v:ranvs e varsv}
| v 2

where i : Varinx; v: Value vs: seqValue p: CONS

Figure 5.8: Gettingthe Variablesof a Value
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equal: Value x Value—+ B

equal(Vari, Vari) < true
| (Term(p, vsy), Term(p, vs;)) <= [| #vs, = #vs;
Vi:domvs, e equalvs i,vsi)]
| (Setes, (), Setfes, ())) <« || #es = #es;
VV:rane§ e Ju:ranese
equalv, u)]
| (Sefes,is), Setes,is;)) < L
| (v,u) <« false
where i : Varinx; p: CONS vs, Vs : seq Value
es, es : seq Value, is;, is, : seq Intension v, u : Value

Figure5.9: Equality

orderto remove undeterminismin the orderingof the result,we assumea (unspecified)
predicatesomeoder on value sequencesSimilarly, the function vsii us constructshe
intersectiorof two valuesequences.

Adding Information to Choices

The auxiliary function addBoundaddsinformationto the boundfield of a choice,the
functionaddDumpto the dumpfield andthe function addSpawnedo the spawnedield
(Figureb.12).

Ordering Index Sets

Sometimesye requireto ordera finite setof indices(for variables threadsandgoals).
The function orderinx implementssome(fixed but arbitrary) orderon index sets(Fig-
ure5.13(on pagel09)),yielding a sequenceontainingthe ordet

5.2.2 Auxiliary Instructions

For representingnternal statesof threadsauxiliary instructionsareused. Thesecanbe
consideredhsakind of “micro programs’implementingotherinstructions.For example,
let MEMBER:-: restbe the instructionstreamof a thread. For executingthe MEMBER
instruction,a choicepoint needgo be created andthethreadinitiating the choiceneeds
to dumpastatethatcontinueswvith analternatveto thechoice.Werealizethisby dumping

TRYNEXT{pat, extensintens -: rest

astheinstructionstateof thethread whereTRYNEXTis anauxiliary instructionexecuting
thenext alternatve (pat € Setextensintens). A similartechniques usedfor specifying
subresolutionsf theMU, TEST andTESTMTIVE instructions.

The auxiliary instructionsaredeclaredn Figure5.14 (on pagel09),andwill be ex-
plainedasthey areused.



108 Abstract Machine

UniRes::= Ok{((Varlnx + Binding) x F Varlnx)) | Fail

unify : (Varlnx - Binding) x Value x Value—+ UniRes
uni: (Value x Value) x UniRes—+ UniRes
unilar : Varlnx x Value x UniRes—+ UniRes

unify = Avt : Varlnx -+ Binding u, v : Value e uni((u, v), Ok(vt, &))

uni ((u, v), Fail) <« Fall

| ((Vari,Vari),res < res

| ((Vari,v),res < uniMar(i, v, res

| ((u, Vari), res < uniVar(i, u,res

| ((Term(p, us), Term(p, vs)), res < if #us= #vs
then (uni,reg / zip (us vs)
else Fail

| ((u,Vv), Ok(vt, b)) < if equalfreezestu, freezevtv)
then OKk(vt, b)
else Fail

where U,V : Value usvs: seqValue i: Varlnx; p: CONS
res: UniRes vt : Varinx -+ Binding b : F Varlnx

uniVar (i, v, Ok(vt, b)) <= if5 u: Value| vti = Boundu
then uni((u, v), Ok(vt, b))
else if i ¢ vars(freezertv)
then Ok(vt&® {i — Boundv},bU {i})
else Fail
where i : Varinx; v: Value vt: Varlnx -+ Binding b : F Varlnx

Figure 5.10: Unification

_L_, _M_: seq Value x seq Value—+ seq Value
someoder _ : P(seq Value)

(LU ) (vsus) <
(nws: seq Value |
ranws= {w: Value| 3v: ranvsUranus e equalw,V)};
— Ji,j : domws|i # ] e equalwsi,wsj); someoderws)
where VS US: seq Value
(L) (vsus) <
(nws: seq Value |
ranws= {w: Value| 3v:ranvs u:ranuse equalw,V) A
equalw, u)};
— Ji,j : domws|i # ] e equalwsi, wsj); someoderws)
where VS US: seq Value

Figure5.11: Merging andJoiningValueSequences
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addBound F Varlnx x Choice— Choice
addDump: Threadlnxx seq Value x Codex Choice— Choice
addSpawned[F Threadlnxx Choice— Choice

addBoundb, c) <
w A[boundChoice|
#Choice= c¢; bound = boundu b e #Choicé
where b : F Varinx; c: Choice

addDump(t, stak, code ¢) <
w A[dumgChoice|
fChoice= c; dump = dumps {t — (stad, codg} e §Choicé
where t : Threadlnx stad : seq Value, code: Code c: Choice
addSpawnedts, c) <
u Alspawne¢Choice|
6Choice= c; spawnell= spawnedJ ts e #Choicé
where ts: F Threadlnx c: Choice

Figure5.12: Adding Informationto Choices

‘ orderinx: FN — seqN

ran(orderinxs) = s
where s: F N

Figure 5.13: Orderingindex Sets

5.2.3 Execution Stepand Selection

Thestateoverwhichinstructionsarespecified andasingleexecutionstepof theZAM, are
definedin Figure5.15(onthenext page).Thestate calledaselectionis anenrichmenbf
theZAM’s configuration Config by theinclusionof thosethreads andgoal’s datafields
which areselectedor execution.The enrichmentllows a directaccesdo thesefieldsin
the specificationsupportingZ’s sequentiaspecificatiorstyle.

The executionstepof the ZAM chooses threadto executebasedon the ordergiven
by the active sequencef a configurationand of threadpriorities. It initializes the data
fields from the threadand goal tables,dispatcheghe instruction(dispatchings defined
lateron), andstoresthe datafields containedn the selectionbackto the configuration.

In Figure 5.15 (on the following page),the signatureof the operationSdeduleis

Instruction::= . ..

| TRYNEXT{(Value x seq Value x seq Intension)

| SEARCH ((SeachStatex SeachModex seq Intension)
SeachState::= Select] Resume Badtrack
SeachMode:= MuFirst | MuNext((Value)) | Test| TestN

Figure5.14: ZAM Aukxiliary Instructions
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— Selection
Config Goal; Thread this: Threadlnx instr : Instruction

Step== Sdedule; Dispatc 3 Restoe

— Sdhedule
AlactivgConfig Selectioh

#active> 0
i = min{j : domactive| Yk : domactive| k> je
(ttab(activek)).prio < (ttab(activej)).prio}
this' = activei
activé = {j : domactive| j # i} 1 active
fThread = ttabthis
fGoal = gtabparent

— Restoe
Alttab, gtabSelection

ttall = ttab {this— (#Thread)}
gtald = gtabe {parent— (#Goal)}

Figure5.15: ZAM ExecutionStep

[AConfig Selectiof], the signatureof the operationDispatd is [ASelectiofy, andthe
signatureof the operationRestoe is [AConfig Selectiofh Thus the signatureof the
overall Stepis [AConfig: oneconfiguration's mappednto the next one,with the helpof
theintermediatedatain the selection.

Dispatchings definedin Figure5.16(onthenext page).Thebasicdispatchoperation
is enclosedby two operations,PreDispatt and PostDispat®, which perform actions
commonto the executionof every instruction:

e PreDispatdy dumpsthe executingthreads state(stackand instructionstream)to
the active choice,if oneexistsandif a dumpto this choicehasnot alreadybeen
performed(cf. discussiorof dumpingin Section5.1.3(on pagel00)). It thenloads
thenext instructioninto theinstr field of theoperationandadvancegheinstruction
streamgcode

e PostDispatt checkswhetherthe threadsbelongingto the currentgoal have fin-
ished.If thisis thecaseandthegoalhasa parentthread this parentis resumed.

5.2.4 Instructions

The meaningof the instructionsof the ZAM is specifiedin the sequel. The readeris
referredto Section5.1.5(on pagel02)for aninformal descriptionof theinstructions.
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Dispatth == PreDispatt s BasicDispatb ¢ PostDispatt
— PreDispatt
Alchoices codéSelection

if #choices> 0 A this ¢ dom(headchoiceg.dump

then choice$ = addDumthis, stak, code headchoiceg -: tail choices
else choices$ = choices

(instr, codé) = (headcode tail code

BasicDispatb ==

XWait v XLoadV XLoadEw Vv XStoe Vv XUnify v

XMemberv XTryNext v XMkIntenv XMkTermvV

XMKEmptyv XMkSinglev

XUnionV Xlsecty XMuV XTestVv XTestNV XSeach Vv XSuccess
— PostDispath
AlactivgSelection

if status# running A
(Vt: domthreads| t # this e (ttabt).status# running) A
(gtabparent).parentThead+# 0

then activé = active:- (gtabparent).parentThead

else activé = active

Figure5.16: ZAM Dispatching

— XLoad
Alactive stad|Selection

inx : Varlnx; val : Value

instr = LOAD(inx)

val = if; v: Value| vtab(varshift+ inx) = Boundv
then v
else Var (varshift+ inx)

stad( = val-: stak

activé = active:- this

Figure5.17: The LOAD Instruction

The LOAD Instruction

The LOAD(inx) (Figure5.17)instructionloadsthe variable,addressetyy varshift + inx,
or its binding,to thestack(recallthatvarshiftis the offsetaddedor thevariableinstances
of theexecutingthread).
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— XW\ait
Alactive vtah coddSelection

inx, cand: Varlnx; cands: [ Varlnx

instr = WAIT (inx)
cands= if5 v: Value| vtab(varshift+ inx) = Boundv
then vars(freezestabv)
else {varshift+ inx}
if cands# O
then cande cands
vtab = vtab@ {cand— Freg(Free”)(vtabcand) U {this})}
codé = WAIT(inx) -: code
activé = active
else activé = active:- this

Figure5.18: The WAIT Instruction

— XLoadEw
Alactive stad|Selection

dist: Ny; ginx: Goallnx inx, vshift: Varinx; val : Value

instr = LOADENV/(dist, inx)

(ginx, vshift) = envdist

stadk’ = freezégtabginx).vtab((Bound~)((gtabginx).vtab(vshift+ inx)))
-: stadk

active = active:- this

Figure5.19: The LOADENV Instruction

The WAIT Instruction

The WAIT(inx) instruction (Figure 5.18) calculatesthe setof free variables,the index

varhshift+ inx refersto directly or indirectly. If this setis nonemptyit takesanarbitrary
oneof it, addstherunningthreado thewaiting setof this variable andprepareso execute
WAIT againwhenthethreadis resumedOtherwise thethreadjust continues.

The LOADENYV Instruction

The LOADENW(dist, inx) instructionloadsthe variableinx from the goal of the lexical
distancedist to the stack. The ernvironmentvariableis expectedto be bound,aswell as
all variablesits binding refersto. Theloadedvalueis frozenusingthe variabletable of
thegoalcontect. Freezings essentiakincethe variableindicesappearingn the binding
of the ervironmentvariablearelocal to the environments goal, andhave no meaningin
the currentcontext.
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— XUnify
A[stad, status active choicegSelection

b : F Varlnx

instr = UNIFY; stad( = tail(tail stad)
if - (vtah stak2, stadk 1) € dom unify
then status = error; activé = active
else if unify(vtab, stadk?2, stak1) = Fall
then statu$ = failure; activé = active
else Ok(vtabd,b) = unify(vtah stadk?2, stad<1)
status = status
activé = active™ orderinX|J{i : b e (Free”)(vtabi)}) :-this
if #choices> 0
then choice$ = addBoundb, headchoiceg -: tail choices
else choice$ = choices

Figure5.20: The UNIFY Instruction

— XStoe
A[code activgSelection

inx : Varlnx

instr = STORK(inx)
codé = LOAD(inx) -: (UNIFY -: code
activé = active:- this

Figure5.21: The STOREInstruction

The UNIFY Instruction

The UNIFY instruction(Figure5.20) popstwo valuesfrom the stackandunifiesthem. If
unificationfails, the executingthreadfails; if unificationis undefinedthethreadswitches
to the error status. Otherwise the variabletableis updatedthreadswhich are waiting
for theboundvariablesareresumedand- if the choicestackis notempty— thevariables
boundby theunificationarerecordedn theactive choice.

The STOREInstruction
TheSTORK(nx) instruction(Figure5.21)is explainedby thecodesubstitutionl.OAD(inx); UNIFY.

The MEMBERInstruction

The MEMBERInstruction(Figure5.22 (on the following page))is implementedoy the
auxiliary instructionTRYNEXT. On executionof MEMBER first the priority of therun-
ning threadis lowered,if it is not alreadylow. Otherwisea choicepointis createdand
theinstructionTRYNEXTis scheduledor execution.
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— XMember.
Alprio, code sta, choices activgSelection

es: seq Value, is : seq Intension

instr = MEMBER
if prio > 0
then prio’ =0
codé = MEMBER:-: code
stadk’ = stadk; choices$ = choices
activé = active:- this
else Sefesis) = headstak
choice$ = (bound== &, dump== &, spawned== J) -: choices
codé = TRYNEXT head(tail stak), es is) -: code
stadk’ = tail (tail stak)
prio’ =1
activé = active:- this

Figure5.22: The MEMBERInstruction

XTryNext == XTryNextEmptyv XTryNextExtenv XTryNextinten
— XTryNextEmpty.
Alchoices statugSelection

instr = TRYNEXT(p, (), (})
choice$ = tail choices
statu$ = failure

Figure5.23: The TRYNEXTAuxiliary Instruction: The Empty Case

TheinstructionTRYNEXT(p, es is) is specifiedoy threecasesdependingnthevalue
of esandis. If both esandis are empty the executingthreadfails after removing the
correspondinghoicefrom the choicestack(Figure5.23).

If the extensionalpartof TRYNEXT(p, es is) is not empty onevalueis extracted,a
continuationwith theremainingvaluesis dumpedo the choice,andp is unifiedwith the
extractedvalue(Figure5.24(onthefacingpage)).

If the extensionalpartof TRYNEXT(p, es is) is empty but the intensionalpartis not
empty oneintensioni is extractedand instantiatedin the context of the currentgoal
(Figure5.25(onthenext page)).Thevariabletableis extendedby i.varcnt freevariables.
For eachconstraintin i.constss, a threadis spavn andinitialized with the offset of the
allocatedvariablesandthe intensions storedernvironmentandparametersThe spavned
threadsareaddedo theactive choice andthealternatvefor thischoiceis dumpedsimilar
asin the extensionalcase. The threadcontinuesunifying p with the shiftedintensions
pattern shiftvshiftintenpat.
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— XTryNextExten

A[code stak, choices activgSelection

p: Valug es: seq, Value is: seq Intension

instr = TRYNEXT(p, es is)

choice$ = addDumythis, stadk, TRYNEXT(p, tail es is) -: code
headchoices -: tail choices

stak’ = heades-: (p-: stak)

codé = UNIFY -: code

activé = active:- this

Figure5.24: The TRYNEXTAuxiliary Instruction: The ExtensionalCase

— XTryNextInten

A[code stak, choicesactive vtah ttab, threadgSelection

p: Value i : Intension is : seq Intension spawned F Threadinx

instr = TRYNEXT(p, (),i-:1s)
vtall = vtabU {v: #vtab+ 1 .. #vtab+ i.varcnt e v — Freed}
ttab = ttabU {t : #ttab+ 1 .. #ttab+ #i.constse
t — (parent== parent child == 0, prio == 1,
status== running ernv == i.ernv,
params== i.params stak == (),
varshift == #vtab+ 1,
code== i.constis(t — #ttab)) }
spawned= domttab' \ dom ttab
choice$ = addDumythis, stadk, TRYNEXT(p, (), is) -: code
addSpawne@pawnedheadchoiceg) -: tail choices
threads = threadsu spawned
stad = shift(#vtab+ 1) i.pat-: (p: stak)
codé = UNIFY -: code
activé = active™ orderinxspawned- this

Figure5.25: The TRYNEXTAuxiliary Instruction: The IntensionalCase

The Make Instructions

The MKEMPTY instructionpushesan empty setto the stack. The MKSINGLEinstruc-
tions popsa value from the stackand pushesa singletonsetcontainingthis value (Fig-

ure5.26(onthefollowing page)).

TheMKVAR(inx) instruction(Figure5.27(onthenext page))pusheshevalueVar inx
to thestack. TheMKTERM p, n) instructionpopsn argumentsrom the stackandpushes

thevalueTerm(p, args).

The MKINTEN(parcnt, varcnt, constis) instruction(Figure5.28)createsa new inten-
sionandpushest to the stack;the environmentof the intensionis createdrom the exe-

cutingthreadscontext.
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— XMKEmpty: — XMkSingle
A[stak, activgSelection Al[stak, activgSelection
instr = MKEMPTY instr = MKSINGLE
stak’ = Sef(), ()) -: stak stak’ =
activé = active:- this Sef(headstad), ()) -: tail stak
activé = active:- this

Figure5.26: The MKEMPTY andMKSINGLEInstructions

— XMK\ar
Al[stad, activgSelection

inx : Varlnx

instr = MKVAR(inx)
stadk’ = Var(inx) -: stak
active = active:- this

— XMkTerm
Al[stad, activgSelection

instr = MKTERM p, n)
stadk’ = Term(p, (1..n) | stak)
< ((n+1..#stak) | stak); activé = active:- this

Figure5.27: TheMKTERM Instruction

The UNION and ISECT Instruction

The UNION instruction popstwo valuesfrom the stackand builds the union of them
(Figure5.29(onthefacingpage)).If theunionis undefinedbecausdt requiresequality
onvalueswhich cannotbe computed}hethreadstopsin statuserror.

The ISECT instructionpopstwo valuesfrom the stackandbuilds the intersectionof

— XMKkinten
Al[stak, activgSelection

parcnt, varcnt: N; constis : seq Code

instr = MKINTEN(parcnt, varcnt, consts)

stadk’ = Sef(), ({varcnt == varcnt, pat == headstad,
params== (1 .. parcnt) 1 tail stad,
env == (parent, varshift) -: env, constis == consts))
) -:(parcnt+ 1.. #stak) 1 tail stadk

active = active:- this

Figure5.28: The MKINTEN Instruction
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— XUnion

Alactive stad, statugSelection

es, es : seq Valug, is;, is, : seq Intension

instr = UNION
stak2 = Setes, is;); stakl = Sefes, is;)
if (es,es) € dom(_L )
then stadk’ = Setes Ll es,is; ~ is) - tail (tail stak)
activé = active:- this; status = status
else statu$ = error; activé = active stad( = tail (tail stak)

Figure5.29: The UNION Instruction

— Xlsect

Alactive stad, statugSelection

es, es : seq Value isy, is, : seq Intension

instr = ISECT; stak2 = Setes, is;); stakl = Sefes, is,)

if (es,es) € dom(_.)

then stak! = Setes M es, join(Setes, ()), Set(),isy)) ~
join(Setes, (), Set(),is1))
join(Set(), is1), Set(), is))
) -:tail (tail stak)

activé = active:- this; status = status
else statu$ = error; activé = active stad( = tail (tail stak)

join : ran Setx ran Set— seq Intension

join (Sefes, is;), Setes, is3)) <
if #eg + #is; > 0 A #es + #isy > 0
then ({varcnt== 1, pat== Var0, erv == (),
params== (Sefes, is;), Sefes, is;)),
consts ==
((LOAD(0), LOADPAR(1), MEMBER SUCCESS
(LOAD(0), LOADPAR(2), MEMBER SUCCESH))
else ()
where €5, e$ : seq Value is, Is, : seq Intension

Figure 5.30: TheISECT Instruction

them (Figure5.30). If the intersectionof the extensionalpartsundefinedbecauset re-
guiresequalityonvalueswhich cannotbe computed}Yhethreadstopsin statuserror. The
specificatiorusesanauxiliary functionjoin(vl, v2) thatcreatesanintension,implement-
ing the uZ form [[x | x € vy AX € V,] (cf. discussiorof intersectionSection5.1.1(on
page98)). For realizingthe constraintof this intension,we passthe setvaluesv; andv,

asintensionparameters.
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— XSuccess
AlstatugSelection

instr = SUCCESS
statu$ = success

Figure5.31: The SUCCESS3nstruction

— XMu
Alactive stad, status coddSelection

es: seq Value is : seq Intension

Sefes is) -: stak/ = stak
if #es=0
then codé = SEARCHSelectMuFirst, is) -: code
status$ = status activé = active:- this
else if #es=1
then codé = SEARCHSelectMuNext (heades), is) -: code
status = status activé = active:- this
else status = error; activé = active codeé = code

Figure 5.32: TheMU Instruction

The SUCCESS$nstruction

The SUCCESSnstruction stopsthe running threadand puts into statussuccesqFig-
ure5.31).

The MU Instruction

TheMU instruction(Figure5.32)delggatests work to theauxiliary instructionSEARCHstate modeis)
that implementssubresolutiorfor a sequencef intensions,is. SEARCHis startedin
stateSelectand one of two modes:MuFir st indicatesthat no candidatevalueis present

for uniqueselectionwhereasMuNext cand definesa candidatgthe detailsarediscussed

later on). The candidatds initialized from a singletonextensionalpart of the seton top

of the stack. If the extensionalpartcontainsmorethenoneelementthe MU instruction
immediatelyswitchesto statuserror.

The TESTand TESTMTIVE Instructions

As theMU instruction,the TESTandTESTMTIVE instructiongFigure5.33(onthenext
page))arebaseddntheauxiliaryinstructionSEARCHstate modeis) (definedin thenext
section).Both instructionsare decidedmmediately if the extensionalpartof the seton
top of the stackis nonempty:the TESTinstructionwhich checksfor nonemptinesshen
succeedsywhereaghe TESTMTIVE instructionfails.
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— XTest
Alactive stad, coddSelection

es: seq Value, is : seq Intension

instr = TEST

Sefesis) -: stak’ = stak

if #es=10

then codé = SEARCHSelectTest is) -: code
activé = active:- this

else codé = code activé = active:- this

— XTestN
Alactive stad, status coddSelection

es: seq Value is : seq Intension

instr = TESTMTIVE

Sefes is) -: stak’ = stak

if #es=0

then codé = SEARCHSelectTestN is) -: code
status = status activé = active:- this

else status = failure; codé = code activeé = active

Figure5.33: The TESTandTESTMTIVE Instructions

The SEARCHAuxiliary Instruction

TheauxiliaryinstructionSEARCHstate modeis) implementsencapsulatedearch’and
is usedto modelthe MU and TEST/TESTMTIVE instructions. The stateis oneof the
following:

e Select selectthe next intensionfrom is andstarta subgoafor its resolution.After
selectionthe executingthreadsuspendsintil the subgoals executionhasfinished.

e Resumethe statein which the currentthreadcontinueswhenit is resumedsince
the subgoals executionhasfinished. Actions are performedin dependengon the
modeof the search:the searchmay be finished,backtrackingmay be invoked or
the next intensionmaybetried.

e Badtradk: indicatesthatthe currentsubgoakhallbe backtracled

The modedescribesvhich functionalityis implementedy the search:
e MuFrst searchfor a u-value.No candidatas yetknown.

e MuNextcand searchfor a u-value. A candidates known, which mustequalto
eachotherpossiblecandidate.

e Test testfor nonemptiness.The searchstopsandthe initiating threadcontinues
normally assoonasthefirst resolutionis successful.
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XSeach ==
XSeachSelectMoe v XSeachSelectEndMuiFst v

XSeachSelectEndMuNe v XSeachSelectEnddstyV
XSeachSelectEnddstNV XSeachResumeSuccessMu
XSeachResumeSuccessty XSeachResumeSuccessiNV
XSeachResumedilure v XSeachResumeEaor v
XSeachBadtrack

Figure 5.34: The SEARCHAuXxiliary Instruction:Dispatching

— XSeachSelectMoe
Alchild, ttab, gtab, active codgSelection

mode: SeachMode i : Intension is : seq Intension

instr = SEARCHSelectmodei -:is)
child’ = #gtab+ 1
ttab = ttabU {t : #ttab+ 1 .. #ttab+ #i.constse
t — (parent== child’, child == 0, prio == 1,
status== running ernv == i.ernv,
params== i.params stak == (), varshift== 1,
code== i.constis(t — #ttab)) }
gtabd = gtabu {child’ — (parentThead== this, pat == i.pat,
threads== dom ttab/ \ dom ttab,
choices== (),
vtab== {v:1..i.varcnt e vi— Freed})}
codé = SEARCHResumgmodeis) -: code
activeé = active™ orderinXdom ttaly \ dom ttab)

Figure 5.35: The SEARCHAuXxiliary Instruction:Select,More Intensions

e TestN testfor emptiness. The searchstopsin statusfailure as soonasthe first
resolutionis successful.

The SEARCHstate modeis) instructionis definedby severalschemashatdiscriminate
over state modeandthe sequencef intensionsis. The dispatchelis definedin Fig-
ure5.34.

SelectionState. Figure5.35 definesthe selectionstatefor the casethat the intension
sequencas nonempty which is independenbf the modeof the search. For the next
intensioni, a new subgoals createdandstoredin the child field of the executingthread.
The spavnedthreadsareactivatedandthe executingthreadsuspendsafter preparingto
continuein searchstateResume

Figure5.36 (onthefacingpage)definesthe selectionstatefor the casethattheinten-
sion sequencés empty The actionperformeddependsn the mode in modeMuFir st,
theinitiating MU instructionproducesan error (the setMU is executedon is empty). In
modeMuNext cand candis the uniqueresultof executingMU. In modeTest thetested
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— XSeachSelectEndMuiFst ———— — XSeachSelectEndMuNe
AlstatugSelection Alactive stadk]Selection
instr = cand: Value

SEARCHSelectMuFirst, ()) AR

statu$ = error SEARCHSelectMuNextcand ())

stadk’ = cand-: stak
activé = active:- this

— XSeachSelectEndast — XSeachSelectEnddstN
Al[statugSelection AlactivgSelection
instr = SEARCHSelectTest ()) instr = SEARCHSelectTestN ())
status = failure activé = active:- this

Figure 5.36: The SEARCHAuXxiliary Instruction:Select:No More Intensions

setis emptywhichletstheexecutingthreadfail; in modeTestN thetestfor emptineshas
succeededndthe executingthreadjust continues.

ResumeState. Figure5.37 (on the next page)definesschemador the Resumestate
in casethe subgoalhasbeensuccessfullyesohed. We endheresincea threadis auto-
maticallyresumedy thegeneraldispatchoperationPostDispatt (Figure5.16)whenthe
threadsof its subgoahave finished.Thesubgoals successfuf all its threadsarein status
successThe actiondependon the modeof search:in caseof Testor TestN the search
is finished,andthe executingthreadeithercontinuesor stopsin statusfailure. In caseof
MuFirst or MuNextcand the resultof the subresolutioris frozenand comparedwith a
possibleprevious candidatgor uniqueselection.The frozenvaluemustnot containfree
variablesjf it doesso,or if a previouscandidateloesnot equalto thefrozenresult,or if
equalityis undefinedsincethe comparedraluescontainintensions)the executingthread
stopsin statuserror. Otherwisethe searchswitcheseitherto statusBadtrad if thereare
pendingchoicesor to statusSelectif thereareno morechoicesrying the next possible
intension.

Figure5.38(on pagel23) definesschemador the Resumestatein casethe subgoal
hasfailedor is in statuserror. In caseof afailure,the next alternatve is tried, eitherby
backtrackingor by selectingthe next intension. An error statusis just propagatedo the
executingthread.

Backtrack State. Figure5.39(onpagel23)definesghe Badtrad statusof asearchlt
canbe assertedhatthe choicestackis notempty In the subgoal,changesasdescribed
by the topmostchoiceentry areundone:dynamicallyspavnedthreadsareremoved, the
choiceitself is prunedandthe variablesare resetto be free. The threadswhich have
dumpedto the choicearerestored.Therestoredhreadsarereactvated(they mayrunor
not on backtrack)andthe executingthreadsuspendsfter preparingto continuein state
Resumavhenthebacktrackedsubgoahasfinished.
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— XSeachResumeSuccesst
AlactivdSelection

is : seq Intension sgoal: Goal

instr = SEARCHResumgTest is)
sgoal= gtabchild; Vt : sgoalthreadse (ttabt).status= success
activé = active:- this;

— XSeachResumeSuccessiN
Al[statugSelection

is : seq Intension sgoal: Goal

instr = SEARCHResumgTestN is)
sgoal= gtabchild; Vt : sgoalthreadse (ttabt).status= success
status = failure

— XSeachResumeSuccessMu
Alactive code statugSelection

mode: SeachMode is : seq Intension sgoal: Goal; cand res: Value

instr = SEARCHResumgmodeis)
mode= MuFirstV mode= MuNextcand
sgoal= gtabchild; Vt : sgoalthreadse (ttabt).status= success
res= freezesgoalvtabsgoalpat
if varsres= J A
(mode= MuNextcand=- (cand res) € dom equalA equalcand res))
then codé = SEARCHif #sgoalchoices> 0
then Badtrad else SelectMuNextresis) -: code
activé = active:- this; status = status
else codé = code activé = active status = error

Figure5.37: The SEARCHAuXxiliary Instruction:ResumeSubgoalSuccess
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— XSeachResumedilure
Alactive codgSelection

mode: SeachMode is : seq Intension sgoal: Goal

instr = SEARCHResumgmodeis)
sgoal= gtabchild; 3t : sgoalthreadse (ttabt).status= failure
codé = SEARCHif #sgoalchoices> 0

then Badtrac else Selectmodeis) -: code
activé = active:- this

— XSeachResumeEor
AlstatugSelection

mode: SeachMode is : seq Intension sgoal: Goal

instr = SEARCHResumgmodeis); sgoal= gtabchild
Vt: sgoalthreadse (ttabt).status# failure

Jt : sgoalthreadse (ttabt).status= error

status = error

Figure 5.38: The SEARCHAuxiliary Instruction:ResumeSubgoalFailure

— XSeachBadktrack
A[gtah ttab, code activgSelection

mode: SeachMode is : seq Intension sgoal: Goal; choice: Choice

instr = SEARCHBadktradk, modeis); sgoal= gtabchild
#sgoalchoices> 0; choice= headsgoalchoices
gtab = gtabe {child — (parentThead== sgoalparentThead
pat == sgoalpat,
threads== sgoalthreads\ choicespawned
choices== {bound== @, dump== &,
spawned== @) -: tail sgoalchoices
vtab== vtab@® {v: choicebound e v — Freed})}
ttab’ = ttab @ {t : dom choicedumpe
t — (u A[stadk, code statugThread | fThread = ttabt
(stad, codé) = choicedumpt
statu$ = running e #Thread)}
codé = SEARCHResumgmodeis) -: code
activé =
{t: ranactive| t ¢ sgoalthreads | active™ orderinxdom choicedump

Figure 5.39: The SEARCHAuXxiliary Instruction:Backtracking
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| ENV == (VAR Varinx) x (VAR— N) x F VAR

enter: ENV x F VAR— ENV

index == Av:ENV; x: VAR e 7.1X

nest== Ay : ENV; x: VAR e 7.2X

mkflec == A+ : ENV; vars: F VAR e (v.1,v.2,v.3 U vars)
flex== Ay :ENV e ~.3

enter (v, vars) <
let order == varorder varse
(v.16 {i : domorder e orderi — i — 1},
AX: VARe if X € varsthen 0 else nesty, x) + 1,

flexy \ vars)
where v : ENV; vars: F VAR

Figure 5.40: CompilationEnvironment

5.3 Compilation

In this section,the compilationof uZ to ZAM instructionsis described. Compilation
works on expressionsiormalizedasdescribedn Section4.2 (on page74) in Chapter4.
A top-level expression,constitutinga uZ “program”, may, for example,be givenasa
propertywith freevariablessuchasx € e, wherex describeshe outputof the program.
Compilingx € ewith aninitial ervironmentdeclaringx yieldsasequencef codeinstruc-
tionswhich canbe executedasthe constraintof anintensionof the ZAM. Backtracking
overthegoalfor thisintensionyieldsthe possiblebindingsfor x.

5.3.1 Environment

Thecompilationis basedn anenvironmentholdinginformationaboutvariablenamesn
thecontext of acompiledexpression An ervironment,y € ENV, isatriple (indices nestsflex),
whereindicesis a mappingfrom variablesto their associatedndices, nestsa mapping
from variablesto their scopingnestandflex a setof variableswhich are consideredas
“flexible”. For flexible variables,in contrastto nonflexible, it is not requireto emit a
WAIT instructionbeforethey canbeaccessedr he specificatiorof ernvironmentds given
in Figure5.40.

The enter(y, vars) function extendsthe ervironmentfor enteringa scopewhich de-
claresthevariablesvars. Variablesfrom outerscopesareshadaeved;for thosewhich are
still visible the scopingnestis incrementedy one. Thefunctionindex(, x) retrievesthe
index of the variablex in v, the function nes{+, x) the scopingnestof x. The function
mkfle(y, vars) addsthe givenvariablego theflex set,thefunctionflexy retrievesthe flex
set.

In thedefinitionof enter, we usethefunctionvarorder thatmakesa sequencef some
fixed but arbitrary orderfrom a finite setof variables. Note that variableindicesin the
ZAM startwith 0 (wherea<Z’s sequenceareindexedstartingfrom 1). Fromtheflex set,
weremovethenenly enteredsariablessinceary variableswith thesamenamein this set
areshadeved,andtheflexible informationbecomesnvalid for them.
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Cens :ENV — EXP; — Code
Cos :ENV — EXP, — Code
Ccon :ENV — EXP; — Code
C.r :ENV— EXP. — Code
Cero :ENV — EXPy — Code

Figure 5.41: Declarationof CompilationFunctions

Cans Y (,O(E)) ~ A/(CBAS Yo E) B MKTERI\/Kp, #B)
| d ¢ Cms’Yd
| ¢
|

<= CoonyC
| <= Cur vl
where v : ENV; b:seqEXPs; p: CONS d: EXPp; c: EXP;; | : EXP

Figure 5.42: Compiling GeneraExpressions

5.3.2 Compilation Functions

For eachlevel of the disjunctive normalform (describedn Figure 4.3 (on page74)), a
compilationfunctionis provided: generakxpressionsgisjunctionsconjunctionsliterals
andproperties Thesefunctionsconstitutea mutualrecursve systemwhich will bespec-
ified in the subsection®elon. The declarationof the compilationfunctionsis givenin
Figure5.41.

Compiling General Expressions

Thefunction Cy,s yb takesany expressionn normalform andcompilesit to a sequence
of instructions(Figure5.42). For constructorapplication,p(b), codeis generatedvhich
pusheghe agumentsandthe MKTERM instructionis appendedo this code. For other

expressionsthe appropriatespecializedcompilationfunctionis called.

Compiling Disjunctions and Conjunctions

The compilationof disjunction(union) and conjunction(intersection)s definedin Fig-

ure 5.43 (on the next page). For unions,|J €, UNION instructionsare folded into the
instructionsgeneratedrom the operand<. A simple optimizationcan preventthe cre-
ation of the emptysetasa neutralelementwhich we have omitted. For the compilation
of intersectionf 1, ISECT instructionsare folded into the instructionsgeneratedrom

theliteral operandsThe sequencef conjunctediterals canbe assumedo be nonempty
by thenormalform of expressions.

Compiling Literals

Thecompilationof literals (andatoms which we subsuménere)is definedin Figure5.44
(onthefollowing page).Thefollowing comments:
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Cosy (UT) < (Ac: EXP:; code: Codee code™ Ceoyy C :- UNION,
(MKEMPTY))\ ©
where v : ENV; T: seq EXP:

Ceony (M) <= (A1 : EXP; code: Codee code™ C.r v! :- ISECT,
C.r v (head)) \ tail |
where v : ENV; | : seq EXP_ | #] > 0

Figure 5.43: Compiling DisjunctionsandConjunctions

Cur 7y (X) < if nesty,x) =0
then if x ¢ flexy
then (WAIT (index(vy, X)), LOAD(index(7, X)))
else (LOAD(index(y,x)))
else (LOADENV(nestv, x), index(v, X)))

| ({b}) <= Caas 7 b:- MKSINGLE
| (:u’d) ¢C[)|s")/d:'|\/lu
| (~a) < Cyur ya: MKVAR(0) :-

MKINTEN(1, 1, ({(WAIT(0), LOAD(0),
MKSINGLE LOADPAR(1),
ISECT, TESTMTIVE, SUCCESYH)

| (c[py — p2]) < let vars==vars p; Uvarspy ®

let v/ == mkfl(enter(y, vars), vars) e

Ceon Y€ Cans '71 P2 :-

MKINTEN(1, #vars,

<CBAS 'YI P1 -
(LOADPAR(1), MEMBER SUCCESYH)

| ({pl¢}) <letw=={x:varsg)\ (varspUflexy) | nesty,x) =0}e

let 7' == entel(y,vars p) e

(AX:w e WAIT(index(7y, X))) o varorder W™

Cens (MKflex(v/, vars p)) p:-

MKINTEN(O, #(vars p), (Coro 7' 9))
| (fixp<b) <«<letw=={x:varsb)\ (varspUflexy) | nesty,x) =0}e

let v/ == mkfl(entel(y, vars p),vars p) e

(AXx:w e WAIT(index(7y, X))) o varorder W™

Coas ’}/ p:

MKINTEN(O, #(vars p), {Cero ¥ (P = b))) :- MU
where v : ENV; x: VAR b: EXPs; d: EXPy; a: EXPa

C: EXPg; ¢ : EXPy; p, p1, P2 : PAT

Figure 5.44: CompilingLiterals

e Foravariable, x, we distinguishwhetherit is local (its lexical nestingis 0) or from
the context. For local variables,we generatea LOAD instruction, prependinga
WAIT instructionif the variableis nonflexible. For a context variable,we generate
aLOADENVinstruction.



5.3Compilation 127

|
|
|
|
|
W

Cens (MKFleX(7, vars p;)) pa :- UNIFY :- SUCCESS

& Coony C:- TESTMTIVE:- SUCCESS
re v : ENV: p,pi, P2 : PAT; X: VAR d: EXPy; C: EXPe; b: EXPs

vv

(Xx=D) <= Cgsyb:- STOREindex(y, X)) :- SUCCESS

(p=1b) <= Cgus (Mkflex(7y,varsp)) P~ Ceasy b:- UNIFY :- SUCCESS
(ped) <= Ceus (Mkflex(7y,varsp))p~ Cpsyd:- MEMBER:- SUCCESS
(?1c < Ceony C:- TEST:- SUCCESS

(%oC

e

h

Figure 5.45: Compiling Properties

For asingleton-setonstruction{b}, codeis generatedo strictly createheelement
onthestack,andthe MKSINGLEinstructionis appended.

For a singleton-setelectionu d, codeis generatedvhich pusheghevalueof d to
the stack,andthe MU instructionis appended.

For a setcomplement,~ a, codeis generatedhat realizesthe puZ intension[x |
7o({X} Nv)], wherev representshe evaluatedvalue of a, which is passedasan
intensionparameter

For atranslationc[p; — p2], codeis generatedhatrealizesthe uZ intension[ps |
p: € V], wherev representtheevaluatedvalueof c, whichis passe@sanintension
parameter

For a schema{p | ¢}, codefor creatingan intensionis generated.Before the
creationof the intension,codeis insertedwhich waits for all free variablesof the
schemawhich arein thecurrentscopeandwhich arenotflexible. This ensureghat
the newly createdntensiondoesnot referto free variablesfrom the environment.
It is sufficient to wait for the variablesof the currentscope(from the viewpoint of
thecodecreatingtheintension) since,inductively, thevariablesof the outerscopes
are bound.Flexible variablesareexcludedfrom this treatment.

A fixed-point,fix p < b, is compiledastheform p {p | p = b}, with thedifference
thatduring compilationof p = b we addthe variablesfrom p to the setof flexible
variables.This allows for the constructiornof cyclic intensions.Note thatwe need
thetemporarilyconstructedntensionthatis immediatelydeconstructetly the MU
operatorin orderto getan ervironmentwhereinner intensionscreatedfor b can
dependon.

Compiling Properties

Thecompilationof propertiess definedin Figure5.45. Thefollowing comments:

e A patternequality p; = po, iIs mappedo a UNIFY instructionwherethe patterns

are compiledsuchthat all variablesin them are flexible. Note that, by normal-
ization, the variablesappearingn the patternsmust be directly boundedby the
enclosingschema.
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e Thenext threecasesarevariantsof patternmembershipp € c. For the caseof a
directassignmento a variable,x = b (ashortcutfor x € {b}) we usethe STORE
instructionasanoptimization.For the caseof anassignmento a patternp = b, the
UNIFY instructionis used.In compiling the patternp, the variablesof the pattern

aremadeflexible. Finally, the generalcase,p € cis compiledto the MEMBER
instruction.

e Theremainingtwo casesandlethetestfor emptines®r nonemptinessf thesetc,
andaremappedo the TESTresp. TESTMTIVE instructions.
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5.4 Implementation

A prototypicalimplementatiorof the ZAM in C++ hasbeenrealized whichis discussed
in this section. The implementationdiffers from the specifiedmodelin the following
respects:

¢ In orderto make dumpingof threadstatesefficient, we usea persistentsingle as-
signmentregister machineinsteadof a stackmachine. Sincea singleassignment
registercanbe never overwritten,it is sufficientto justdumpa programcounter-a
threadbacktrackingo anexecutionpoint alwaysfindsavalid temporarystate. The
usageof a registermachinehassomeinfluenceson the instructionset,aswill be
seenbelow.

e Oncehaving the conceptof persistensingleassignmentegisters,we may usedif-
ferenttechniquedor passingparametergo the MKINTEN instructionand other
instructions.Insteadof copyingthe parametersye just passarefeenceto apersis-
tentregisterarea(a pointerto a C++ arrayof valuesy.

e Sincewe have no problemswith creatingcyclic datastructuresn C++, the con-
structionof environmentsfor intensionsasin the ZAM’s Z specificationcan be
completelyavoided,usingintensionparametersmstead.Sincetheintensionparam-
etersarepassedy areferencedo aregisterareait is particularlyeasyto back-patch
fixed-points.

Below, we sketchthedatamodelof theZAM in C++ andtheinstructionsetof theregister
version.Somefirst benchmarkgor the prototypicalimplementatiorarealsogiven.

5.4.1 Data Model

Figure5.46(onthefollowing page)shavsthe basictypesusedin C++ to represenZAM
values. Here, we also sketch the realizationof natve values,usedfor implementing
numbersand other builtin types. Native valuesare characterizedy a virtual method
compare whichimplementsatotal orderonthem(in the C++ implementationprdering
insteadof extensionakqualityis used).

A setvalue,SetData(extens,intens) , consistsf two sortedsequencesgep-
resentecsSTL vectors.C++’s standardemplatdibrary providesuswith algorithmsfor
setunionandintersectioron sortedsequences.

As discussedanintensionin the C++ implementatiordoesnot hold an environment
but only anarrayof parameterskor eachfree variableof the intensions constraintsthe
params field mustcontainanentry wherea copy of this variables valueis stored.The
resultingrepresentationf ernvironmentvariableds very similarto closuresasyieldedby
implementingnestedunctionsby A-lifting in theimplementatiorof functionallanguages.

A constraintis representedby an abstractclass,which providesa methodto spawn
a thread executingthis constraint. This abstractionallows the easyintegration of spe-
cializedconstrainimplementationgfor example,the intensionsdynamicallycreatedor

4Pointersto registersseemto be an akuseof notions. We justify this by thatthe instructionsetof the
C++ ZAM actually correspondgo a registertransferlanguage. Moreover, storing registersin reentrant
memoryis alsoa characteristideatureof RISClik e processoarchitectures.
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typedef  ValueData const * Value; typedef Inten-
Data const * Inten;
typedef ConstrData const * Constr;
enum Kind { TERM, VAR, SET, NATIVE };
struct  ValueData { Kind kind; };
struct TermData ValueData { Constr cons; Value args[]; h
struct  VarData ValueData { int index; }
struct  SetData ValueData { vector<Value> extens;
vector<inten> intens; b
struct NativeData . ValueData { virtual int com-
pare(...) = 0 b
struct  IntenData { int varcount; Value pat; Value params]];
Constr  constrs|[]; h

struct  ConstrData { virtual Thread spawn(..., int  varshift) =

Figure 5.46: ValueTypesof the ZAM in C++
typedef ThreadData * Thread; typedef GoalData * Goal;
struct  ThreadData { enum Status { RUNNING, SUCCESS, FAIL-
URE,

ER-
ROR, MWAIT, TWAIT } status;
Instr  * code; int varshift; int  dumpDepth;

enum Priority

Value params[]; Value registers[];

union { <<data for MWAIT and TWAIT>> };}
struct  VarInfo { Value binding; vector<Thread> wait-
ing;, %
struct Choicelnfo { Thread initiator; <<data for alterna-
tive>>;

vector<int> bound; vec-
tor<ThreaDump>  dumps;

vector<Thread> spawned; };
struct  ThreadDump { Thread dumper; Instr* code; };
struct  GoalData { Thread parent; vector<Thread> threads;

Value pat;

vector<Varlnfo> vtab;

vector<Choicelnfo>

{ LO, HI } prio;

choices;

h

Figure5.47: Control Typesof theZAM in C++

realizingsetintersectior(cf. Figure5.30(onpagell7)). Thespavn methods passedhe

variableshift of theintensionsinstance.

Therepresentationf threadsandgoalsin the C++ implementations givenin Figure5.47.
It is very similarto the specificationn Z. Therearethefollowing differences:
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MKEMPTY —rlv. MOVE rivip —rv
MKSINGLE r|v|p —rlv. UNIFY rivlp, rivip
MKINTEN s rl —rlv MEMBER rlvip, rlvip
FIXINTEN r|v MU rivip — rv
MKTERM c, rj —rlv TEST rivip

UNION rivip, rivjp —rlv. TESTMTIVE r|v|p

ISECT rivip, rivjp —rjv SUCCESS

WAIT Y

Figure 5.48: RegisterTransferinstructionSetof the ZAM

e For reasonof efficiengy, auxiliary instructionssuchas TRYNEXT(p, es is) which
carry a datastatecannot be used. We thus have additionaldatain choices,rep-
resentingthe statecontainedin TRYNEXT. Furthermorethreadshave additional
statesMWAIT and TWAIT, andcorrespondinglatacomponentdor executionthe
MU and TESTTESTMTIVE instructions;this datais only valid if a threadis in
oneof thesestates.

e The needof athreadto dumpits stateto the active choiceis encodedn a more
efficient way thanin the specification. The field ThreadData::dumpDepth
containghemaximalchoicedepthathreadhasbeendumpedo, andmonotonically
increasesluring the threads progress.The testfor the needto dumpis codedas
goal->choiceTable.size() > thread->dumpDepth

As discussedit is sufficient to just restorethe programcounterto backtrackthreads
sincethe ZAM usesa single assignmentegister model for storing temporariegfield
ThreadData::registers ):. Thusa threadcanbe restoredto an arbitrary execu-
tion point, awaysfinding a valid temporarystateat this point.

5.4.2 Instruction Set

The ZAM’s C++ implementationusesa register transferinstructionlanguage. The in-
structionsaresummarizedn Figure5.48. Theoperand®f instructionsarethefollowings:

e r: theindex of aregister This addressethefield ThreadData::registers
of theexecutingthread.

e V. theindex of avariable.Thisaddressethe GoalData::vtab field of thegoal,
the executingthreadbelongsto. If the variableis bound,its binding is denoted,
otherwiseaVarData termholdingthevariablesindex. Theexecutingthreadadds
the ThreadData::varshift valueto theindex, which determineshe baseof
the variableframeof on associatedhstantiation.If a variableis the destinatiorof
aninstruction,thenthevalueof theinstructionsresultis unifiedwith theaddressed
variablesvalue.

5By constructionathreadcannever dumpin stateMWAITor TWAIT — sincein thesestatest doesnot
progress.Thusthe specialtemporarycontrol datastoredin ThreadData for thesestatesneedsnotto be
dumped.
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p: theindex of a parameterThis addressethefield ThreadData::params of
theexecutingthread.

e r|v|p: alternatvely, a register variableor parametelindex. Similar asthe Jaza
Virtual Machine,the ZAM providesin facta setof specializednstructionsfor the
differentaddressingnodes,which avoid dynamicencodingat runtime, but from
whichis abstractedhere. Arounda hundredconcretenstructionsaredervedfrom
thecombination®f addressingnodesn theabstracinstructionsn Figure5.48(on
the precedingpage).

e r[|: areferenceo aregisterregion. Providedis the startingindex of a consecutie
region of registers.

e s. theindex of anintension.This pointsto a globaltableof intensiondelongingto
the executedunit (the“constantpool” in notionsof the JVM).

e C: theindex of aconstructorThis pointsto aglobaltableof constructordelonging
to the executedunit.

Thefollowing remarkson theinstructions:

e The MKEMPTY instructionstoresthe empty setin the destinationoperand,the
MKSINGLEinstructiona singletonsetcontainingthe valuein the sourceoperand.
Thevaluein the sourceoperandmustnot containfree variables otherwisethe be-
havior is undefinedthe compiledcodeensureshis with the WAIT instruction).

e The MKINTEN instruction createsa new intension. The parameterf the in-
tensionare found in the register region startingat r[]. In the intensions field
IntenData::params , jJustapointerto theregisterregionis stored. The FIXINTEN
instructioncommitsthe parametersf the addressethtensionto be completelyini-
tialized. This instructionmay make a copy of IntenData::params ; however,
by theassertiorof “single assignmentsto registersthe FIXINTEN instructionmay
aswell do just nothing. (Making a copy avoids spacdeaks,sincethe live-timeof
thecreatedntensionmayexceedthelive-timeof thecreatingthread;in this casejf
no copy is made the entireregisterarrayof the threadcannotbe reclaimedby the
garbagecollectorunlesstheintensionis.)

e The MKTERM instructioncreatesa nenv constructorterm. The agumentsof the
constructorarepassedn theregisterregionr|]. Again, acopy of thisregionis not
requiredthoughomitting it cancreatespacdeaks.(To copy or not, or to let thisbe
determinedy compileroptimizationsjs anopenquestion.)

e The UNION andISECT instructionimplementsetunion andintersection,asde-
scribedin the specification.

e TheWAIT instructionletsthe executingthreadsuspendintil theaddressedariable
(andall thevariablest indirectly refersto by a possiblebinding) arebound.
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e TheMOVE instructiontransferghe sourceto thedestinationIf thedestinatioris a
variableandis bound thisis similarto unification. The UNIFY instructionperforms
aunificationof its operandslif unificationfails, the executingthreadfails.

e The MEMBERInstructiontestswhetherthefirst operands memberof the second
setoperandasdescribedn the specification.

e The MU, TESTandTESTMTIVE instructionscreatesubgoaldor resolvingtheir
operandasdescribedn the specification.

e The SUCCESSnstructionterminateghe executingthread. If all threadsof a goal
have beensuccessfullyerminatedthenan associategbarentthreadof the goalis
resumedwhichis presenif thegoalis asubgoal).

5.4.3 Memory Management

A Boehme-styleconserative garbagecollector[Boehm,1993]is employed for memory
retrieval. The collector needsto handleinferior pointers(referencesinto” a memory
cell), becausepointersto register regions may be storedin values,but also since the
standardemplatelibrary of C++ is involved, which may uselocal allocationstratgies
for containersNeverthelesstheimplementatiorof the garbagecollectoris compaci{300
linesof code)andportable:thisbecomepossiblesincegarbageollectioncanbeinvoked
synchronouslynbetweernthe executionstepsof threadswhereno hardwarestackexists,
andtheonly rootto consideiis the ZAM’s configurationwhich pointsto thetopmostgoal.

5.4.4 Performance

Sincethecompilerfrom pZ to ZAM’sregistertransfercodeis notyetready performance
measurementsanbe only very rudimentary As a first guessan“assemblerimplemen-
tationof thelist concatenatiofunctionapp hasbeenused:

fixapp<{({),ys z9 | zs= ys} U
{(x::xsysz9 \t| (xsyst) € appnzs=x:t}

All solutionsfor app(xs, ys, ¢), wherec is aconstantist of length128, have beenqueried,
in a loop executedthousandimes (suchthat garbagecollection needsto be invoked).
Thecurrentimplementatiorrequiresl6.4 second®naPentiumll/400, hencel6.4msfor
oneevaluationof app, backtrackingover all possible128 partitions. Around 2.9 million
instructionstepsareexecutedwhich amountgo 177000 stepspersecond.

As afurthertest,arecursve definitionof thefac functionhasbeencoded:

fixfaca {(x,y) [ x=0Nny=1}U
{(y) [ x>1ny=xxp((facn {x—1}x— (x,)DI(Y) = ¥])}
For numbersand arithmetics,a native implementations used(the ZAM hasalsosome

instructionsfor nativesthat have not beenspecified). Executingfac8 thousandimesis
donein 1.6 secondsrequiring303000 steps:thusonerecursve function applicationas
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implementedwith the u -operatorrequiresaround0.2ms. In contrast,a highly efficient
implementationof a functionallanguagesuchasthat of Opal [Schulteand Grieskamp,
1992]requiresaround0.0014msperrecursve call — 142 timesfaster This is not surpris-
ing, sincethe codethe Opal compilergenerategor fac is identicalregardingefficiency

to that of an accordingrecursve C function — whereadunction applicationvia the y -

operatordealswith relations.Neverthelessioreeffort hasto beinvestedo getfunction

applicationin the ZAM moreefficient for specialcases.

Takinginto accounthatthe ZAM is avirtual byte-codemachinetheseresultsareen-
couragingthoughrealbenchmarkings requiredto geta clearermicture,andcomparisons
with the performanceof otherimplementation®f functionallogic language$ave to be
made.
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5.5 Discussion

We definedthe abstracimachineZAM, supplieda comprehensie specificatiorof its op-
eration(which alsosenesasa casestudyfor the Z specificationsve wish to executeby
our approach)provided a compilationof normalizeduZ into the machines instruction
setandoutlinedthe implementatiorof the machinein C++. Relatedwork is discussed
below.

Therearea wide variety of abstractimachinedor functionallogic languages.Even
five yearsago,Hanus[1994] mentionedourteendifferentdesignswhich he considered
asthe “most important” ones. In general thesemachinesanbe dividedinto thosethat
have evolved from machinedor logic languagesthosefrom functionallanguagesand
thosethatusetechniquegor concurrentonstraintesolution.

Extending Logic Implementation Techniques

Machinesbasedon implementatiortechniquedor logic languagesre often extensions
of Warrens AbstractMachine[Warren,1983; Ait-Kaci, 1991]. The WAM providesan
efficientimplementatiorof Prolog,which breaksdown unificationandbacktrackingo a
level of well-designedspecializedow-level instructions.The ZAM doesnot attemptto
do this: its instructionsare complex; unification,for example,is containedas “atomic”
functionality.

Someextensionsof the WAM integratenarroving (outermosir innermost)into the
machine for exampleby addingthe possibility of termreplacemenbn heapvalues asin
the A-WAM [Hanus,1990]. Otherextensionssuchasthe K-WAM [Boscoet al., 1989]
arebaseddntranslatingunctionsinto relationswith theresultthatdeterministigorogram
partsare executedusingthe full indeterministicmachinery This s, in fact, closeto the
ZAM, wherefunctionsarealreadymappedo relationsatthe calculuslevel of Z (though
the ZAM hasthe advantageof choicepoint schedulingwhich Prologimplementations
canonly hardly achiesze becausef the sequentiakxecutionmodelof Prolog.) Concep-
tually, both approachesareinadequatdor implementinguZ, sinceconcurentconstraint
resolutionis essentiafor our application. Furthermore thesetechniquesdo not treat
higherordernessn the sensehatthe ZAM does,allowing arbitrary setextensionsand
intensiongo be combinedat runtimeto form new sets relationsandfunctions.

Extending Functional Implementation Techniques

Machinesbasedon implementatiortechniquedor functionallanguagesisestak-based
reduction(asfirstdescribedor theSECDmachine[Landin,1964]),continuation-passing
stylereduction(CPS AppelandJim[1989]),andgraph-basededuction themostpromi-
nentinstanceof which is the STG (SpinelessTaglessG-machine,[Jonesand Salkild,
1988;Jones1992]). The stack-baseimplementation®f functionallanguagehave the
adwantagethatthey canbe mappedo off-the-shelfhardware, makingeffective useof the
target architectures hardware stackandregisters,asis achieved, e.g.,in theimplemen-
tationof the functionallanguageOPAL by compilationof (recursve) OFAL functionsto
(recursve) C procedure$SchulteandGrieskamp,1992; Schulte,1992]. CPStechniques
make the reductionstackimplicit by passinga continuationto eachfunction application
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to be calledwith the resultof evaluation,implying that “stack frames”areactuallyallo-
catedonthe heap.Givena goodgarbage-collectioschemethis techniquecanbe rather
efficient [Appel, 1987], sinceit allows a naturaloptimizationof tail calls, efficient real-
izationof exceptiong(importantfor theimplementatiorof ML [Milner etal., 1990]),and
astacklessmplementatiorof concurrenthreadsasused.e.g.,for CML [Reppy, 1991].

The STG-basedmplementationsisethe graph-reductioparadigmresultingin com-
piled codewhich looks— interestinglyenough- rathersimilar to the final codegenerated
for higherorderfunctionsin stack-basedr CPSapproachesA “suspension’in theSTG
is represente@sa closurewith anassociate@valuationmethod. Thefirst time the sus-
pensionis forced, the evaluationresultis memorizedin the closureandthe evaluation
methodis updated.The next time the suspensiolis consultedthe updatedmethodsim-
ply retrievesthe resultfrom the previous evaluation. In the stack-basedmplementation
of the strict languageOFAL, exactly the sameeffectis achieved by memorizatiornof the
evaluationresultof 0-ary function abstractionsA() e e, in closureswith the only sig-
nificant differenceto the STG that strict stack-base@valuationis the default andlazy
closure-basedvaluationthe specialcase.

Oneof thefirst attemptsto extend functionalreductionby logic computationis the
BAM [Kucheretal.,1990]andits lazyversiontheLBAM [Moreno-Navarroetal.,1990],
whichareusedto implementhefunctionallogic languageBABEL [Moreno-Navarroand
Rodriguez-Artalejo,1992]. Thesemachinesextend graphreductionby nodesfor logic
variablesandusechoicepointsandtrailing asin the WAM (andthe ZAM) to dealwith
backtracking.An optimizationby deterministicrule detectionat runtimeis describedoy
LoogenandWinkler [1991]. If the applicationof arule doesnot bind ary logic variable,
then— by orthogonalityof the functionalrule system- choicepointsfor othercasesan
bediscardedThe ZAM, by contrastcannotrely on orthogonality sincewhetherasetis a
functionis notrepresenteth uZ. Hpwever, we have shavn how choicepoint scheduling
resultsin similar effectsasthe“dynamiccut” of LoogenandWinkler [1991].

Basedon the STG modelandthe abore-describealosuretechnique the JUMP ma-
chine[Chakrararty andLock, 1991;Lock, 1992; Chakraarty andLock, 1997] provides
aninterestingapproactfor integratinglogic computationinto afunctionalmachine.The
notionof a“closure”is extendedto an“active object”, which is usedto represenseveral
kinds of runtime objects— amongthemsuspensionandlogical variables.*"Jumping”in
this machineamountgo calling the evaluationmethodof anactive object,which behaes
differentlyin dependengof kind andstateof the object. The JUMP machineusestech-
niquessimilar to that of the WAM andthe ZAM for dealingwith backtracking:choice
pointsareusedto hold informationfor restoringthe stateof the machine. The machine
canavoid the creationof choicepointsif functionsareappliedto groundterms,sinceit
canassumeorthogonalityof the function’s rules. Onetechnicalproblemwith the archi-
tectureof the JUMP machineis thatit doesnot matchwell with modern,cache-based
processoarchitecturessinceit makesalundantuseof indirectcodejumpsbetweenvery
smallcodechunks- onthesearchitecturesthe oldertechniqueof “tag-basedranching”
for compiledcodemight be in fact more appropriateanda byte codeinterpreter is not
muchslower.

The machinegnentionedare examplesof extendingfunctionalimplementatiortech-
niquesby logic computation. Again, thesetechniqueslik e the discussedxtensionsof
the WAM, areinadequatdor implementinguZ. The mainproblemis thelack of support
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for concurrentconstraintresolutionandthe possibility to freely combineextensionsand
intensiondo build sets relationsandfunctionsat runtime.

Concurrent Constraint Resolution

An influentialdesignof a concurrentonstraint-resolutiomachines theimplementation
of the AndorraKernelLanguage AKL [JansonandHaridi, 1991;Franzenretal., 1992;
Janson,1994]. Among others,the “Andorra Principle” [Warren,1990], of which the
ZAM'’stechniqueof choiceschedulings aninstancejs implementedy this machine.

Oneof the morerecentdesignsof a constraint-resolutiomachines the Oz machine,
partof the Mozart system[Mehl et al., 1995; Scheidhauerl998; Mehl, 1999]. The Oz
machineusesa so-calledstore to represen©z’s computatiorspacesgontainingbindings,
constraintsandvalues. A so-calledworker executesa thread,which is representetby a
stackof so-calledasksthatareexecuteduntil the stackis empty Tasksaretuplesof ervi-
ronmentsandinstructionpointers.On executionof atask,new tasksmaybepushedo the
stackof a worker, thusrealizingdynamicallycalculatedcontrolflow. Sincetasksencap-
sulatetheir ervironment,they canbe movedbetweerthreadworkers: hencesuspensions
of computationghataccessinboundvariablescanbe handledoy moving therelatedtask
to a newly created,suspendedhreadworker and continuingwith the next task on the
stackof the currentworker. One adwantageof this modelin comparsiorwith the ZAM
is that,initially, only onethreadis usedto executea setof constraintsywhereagshe ZAM
spavnsathreadfor eachconstraintfrom the start. On the otherhand,the representation
of tasksand of context switchingto ervironmentsattachedo eachtaskhasto be paid
for in the Oz machine whereaghreadcreationin the ZAM costsonly a few instructions.
Moreover, minimizing the numberof active threadscanalsobe performedby optimiza-
tion at compiletime: basedon a modeanalysisthatevaluatesstaticdatadependencies
setof uZ constraintsanbe compiledto executein asingleZAM thread.

The Oz machinedoesnot usetrailing andbacktrackingor implementingchoices put
insteadcopiesstores.This allows severalsearchstratgies(breadth-firstdepth-first}to be
easilyrealized.Copying is closelyrelatedto implementingsearchn functionallanguages
usinga “continuation” function that holdsthe alternatve of a choice,the currentsetof
contet bindings, storedin a closure. The generalproblemwith copying is thatit is
speculatre: it is not known whetherthe copy will actually be usedduring subsequent
computations.

A quiterecentmachinerealizingconcurrentonstraint-resolutiors describedy Hanus
andSadrg1999]for theimplementatiorof Curry. Thismachineuses‘and parallelism’as
usualin constraintresolution,but also“or parallelism”for the executionof disjunctions:
independenthreadsare spavned for the differentchoicesin a disjunction, effectively
implementingbreadth-firssearchasrequiredby Curry’s semantics Choicescheduling,
resemblingthe Andorraprinciple [Warren,1990] asin the ZAM, is appliedto prunethe
overheadf choices.To avoid copying, thismachineassociatewith eachthreadaunique
key, andeachvariablecontainsa hashtableof bindingsindexed by threadkeys. Though
speculatre copying is avoided,the overheacbf this approachs thateachvariableaccess
requiresselectiorvia ahashtable.

The ZAM hasa simpler and much more compactdesignthan the other machines
mentionedwhichit inheritsfrom the minimalistic uZ calculus.But the ZAM is alsoless
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complex becausd is restrictedo built-in depth-firstsearchimplementedy theclassical
trailing andbacktrackingechnique For problemghatcanbesolvedby depth-firstsearch,
thisleadsto moreefficientexecutionresultsthancopying of storegasin the Oz machine)
or variablehashing(asin the Curry machine),but problemswhich requirebreadth-first
searchcannotbe handledadequatelyy the ZAM.
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The ZeTa System

The conceptgresentedn this thesisareappliedin the broadercontext of the ZeTa sys-
tem,whichwasdevelopedby theauthortogethemwith RobertBiuissav in the courseof the
ESPRESS project. We concludethe thesiswith a review of ZeTa andthe applicationof
the uZ implementationcalledZaP, in the context of the ZeTa system.

6.1 ThreeDimensionsof Integration

Thegoalof the ZeTa systemis to provide anopenervironmentfor editing,browsingand
analyzingintegratedspecificationsassembledrom heterogeneou®rmalisms— includ-
ing StatechartsZ, temporalogic, message-sequencleartsandothers.Thesgformalisms
areprocessetby differenttechniquessuchasdeduction-basednalysismodelchecking,
systematictesting and simulation. EstablishedCASE tools (suchas StatematgHarel
et al., 1990]) shall be usedin combinationwith the existing powerful tools for formal
methods(suchas the deductionsystemisabelle[Paulson,1994] or the model checler
FDR [Formal Systems Europe]),andspecializedoolsnewly developedn thecontext of
ESPRESS — suchasthe ZAP compilet

ZeTa’'s designasan openernvironmentfor notationsandtools wasderived from the
experiencesn the applicationorientedresearclprojectESPRESS, in which theindustrial
partnersdeterminedhe choiceof formalismsandtools. In basicresearctonecanstick to
a particularnotationor tool over a periodof years,carefullytuningthe approachOnthe
otherhand,in industrialresearchcomprehensibleesultsareaskedfor soonandrequire-
mentsandfashionschangefairly quickly. Fromthe point of view of basicresearchit is
thereforedesirableo have aflexible approactwith regardsto the“front-end” technology
onewhich caneasilycopewith new requirementsvhile atthe sametime allowing scope
for steadyenhancemertf theunderlying“back-end”"technology

The ZeTa systemsetsout to achieve this goal by definingthreedimensionsof in-
tegrationat the front-endlevel: semantidntegration, documenintegration andtool in-
tegration. This logical integrationlevels are accompaniedby graphicaluserinterfaces.
The ultimate goal is to make basictools, e.g.for computation,oncethey have beenin-
tegratedon the semanticandthe tool level, reusabldor differentdocumentformatsand
inputlanguages.
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Figure 6.1: Semantidntegrationin ZeTa

6.1.1 Semanticlintegration

Semantiagntegrationin ZeTa is realizedby the uSZ notation[Bussav etal.,1996,1997a;
Bussav and Grieskamp,1999]. uSZ is basedon a core, which is a collectionof con-
ventionsfor specifiyingstructure andbehaviorin StandardZ. Externalnotationsareinte-
gratedby so-calledanguage plugins whicharedefinedby a shallowsyntactictranslation
into the uSZ core. Thisis illustratedin Fig. 6.1.

The uSZ coreprovidesa modelfor concurientcomponentsSharedand privatedata
canbedescribedthusconstitutingthe dataspace.A setof tracesof bindingsof the data
spacedefinesthe dynamicbehaior. The dynamicbehaior canbe specifiedin several
ways: for example,by giving a data-state-transitiorelation, which canbe executedby
ZaP, or by giving axiomaticconstraintson the setof traces(which are not as easyto
execute— but see,however, future work in Chapter7). Prior to traceconstructionthe
dataspacds extendedby informationto modelconcurientaccesso its variables.To this
end, eachvariableof the dataspaceis equippedwith a lock, which canbe acquiredby
concurrentlyexecutingactvities. Thelocks allow usto resole racing, the situationin
which two parallelactiities write to the samevariableduring the sameexecutionstep.
Racingis a prototypicalsituationof concurrentresourceallocationand can be usedto
modelhigherlevel communicatiorfacilities, suchaschannelsandservice-accesgoints
(i.e. remoteprocedurecalls). For further details, see[Bussav and Grieskamp,1997,
1999].

To integratea new formalism,it is necessaryo definea translationof this formalism
into the uSZ core. For tool integration,a so-calledmodelsource adaptor that doesthe
translatiorhasto beimplementedTheadaptorconcepis outlinedbelov in Section6.1.3
(onthenext page).Whetherintegrationof aformalismis possibledependsn whethera
translationcanbefound. To whatextentgenerictoolssuchasZAP canbereusedlepends
onthe uSZ coredefinitionsresultingfrom this translation.
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Figure 6.2: Documentntegrationin ZeTa

6.1.2 Documentintegration

The“cement”of integrationin theZeTa ervironmentis anintegratedspecificatiordocu-
ment(ISD). In mostcasesthisis a uSZ specificationputin generalanISD needsotto
containformal parts.

An ISD is givenin a markuplanguageandcontainsreferenceso fragmentsof spec-
ification contributed by externaltools. The referencesare describedoy modelsource
locators (MSL), a conceptcomparable¢o URLs. An MSL identifiesthe tool thatis to
provide the (sub-)modehlndatool specificidentifierfor thedesiredportion. Thisis illus-
tratedin Figure6.2. Besidegheexternaltool Statemateatool for editingeventdiagrams
(providing a graphicalfrontendfor temporallogics)is shovn asanexample.

Themajordifferencebetweerthe concepiof URLs andthatof MSLsis thatthelatter
areinterpretedn differentways,dependingon the operationto be performedon aniSD.
For example,if an1SD is browsed,its MSLs areresoledto encapsulategostscript. If
it is analyzedthe MSLs may be resoledto an uSZ coreabstractsyntaxtermwhich is
insertedn theenclosingcomponentdependingdn thekind of analysisandMSL).

ThelSD itselfisaddressetly anMSL aswell: if thelSDis givenin thelATeX-markup,

thensuchan MSL lookslik e this: LTX:ICC#CruiseControl.tex . Here,LTX de-
notesthe tool providing this MSL (the IATeX-System),ICC denotesa uSZ component
andCruiseControl.tex afile wherethis components found.

6.1.3 Tool Integration

The basicoperationprovided by the ZeTa integrationervironmentis queryingthe con-
tentof an MSL. This queryis parameterizetby the type of the desiredcontent. Typical
typesare “gif 7, “encapsulategostscript”,“parsedabstractsyntax”, “type-checled ab-
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stractsyntax”, “plugin abstractsyntax”, andso on. Typesmay becomemore complex
containingfurther selectve information,e.g. “the preconditionof schemes'.

The ZeTa environmentbehaesasa broker betweenqueriesandtoolsthat have reg-
isteredin the ervironmentthe ability to computecontentof specifictypes.Onceatool is
contactedo computea particularcontent,it may recursvely querythe ervironmentfor
further content.For example,whenatype checleris contactedo computethe “checked
abstracsyntax’of anuSZ classit first querieghe“parsedabstracsyntax”. If thissyntax
containgVISLsreferringto externalnotationsjt next querieghe“plugin abstracsyntax”,
thenmeigesthe syntaves,andfinally performsits type-checkoperation. This way, tool
chainsarerealized.

The basicmodelof ZeTa is comparabldo a traditional Unix make, but it is more
powerful andreliable,sinceit is embeddedh the strongly-typedlaza programmingervi-
ronment:

e Thecontentexchangedy toolsvia ZeTa arestandardizedataformatsdefinedby
Java APIs. For example,for the uSZ languaggandthe Z languageembeddedn
uSZ), theabstracsyntaxis prescribedy ZeTa in a Javarepresentation.

e A toolisrepresenteth aZeTa sessiorasaJa/aobjectwhoseinstancesmplement
theinterfaceof so-calledool adaptoss, andwhich canhave stateandbehaior. The
adaptorobjectmay implementits functionality completelyin Java, or may wrap
anotherUnix processpor may be an RMI (remotemethodinvocation)proxy to a
remotelyrunningJVM.

e Tool adaptorsnayimportexternalmodelsinto theZeTa sessiorirom otherrunning
tools, not just the file system. For instance the Statemateadaptorimportsinitial
contentfor its MSLs, STM:<chart> , by connectingo the“dataport”’of arunning
Statematesession.

e ZeTa cachescontentresulting from computations thus providing an outdating
mechanism. While make usestime stampsof files to decidewhetheran initial
contentis outdatedjn ZeTa adaptordhatprovide initial contentmay usearbitrary
techniquedor this purpose.

e ZeTa realizesa sessionprotocol for computationswhich keepsa recordof the
diagnosticgproducedoy tools,amongotherthings.

The pluginsof the uSZ notationdirectly correspondo certainskind of tool adaptors
pluggedinto the ZeTa ervironment(in fact, historically, the ZeTa pluginsprecededhe
uSZ plugins). Theseadaptorswhichimportanexternalnotationinto ZeTa by providing
initial contentfor MSLs, arecalledmodelsouice adaptos (MSA).

In thesimplestcasean MSA directly performsthetranslatiornof the externalnotation
to the uSZ core. Usually, however, there are intermediatestepsin the way from an
external notationto 4SZ, andthe intermediatecontentmay be usedby tools specially
tailoredfor its type.

This is illustratedin Figure 6.3 (on the next page). The Statemate-MSAnitially
createsan abstractsyntaxfor the Statechartdenotedoy the MSL STM:ICCCONTROL
which, in a secondstep,is corvertedto the uSZ core syntax. In turn, the IXTEX-MSA
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Figure 6.3: Chainsof ContentQueries

initially createsa uSZ lexis for the MSL LTX:ICC (thefile namein the MSL hasbeen
omitted),which is corvertedfirst to a parsedabstracsyntax,thento a type-checkd ab-
stractsyntax. Assumingthat the componentdenotedby LTX:ICC refersto the MSL
STM:ICCCONTROLthetype checler queriesthe abstracsyntaxof the uSZ plugin as-
sociatedwith this MSL andincludesit in theresultingtype-checkdabstracsyntax(thus
checkingthetype consisteng of the plugin within its componentontext).

Now thegeneratiorof amodelfor theHOLZ proveradaptofSanten,1999]is entirely
basedon the checled abstractsyntax,with the pluginsexpanded.However, in orderto
generatea modelfor the Statematesimulator it is necessaryo querythe checled uSZ
syntaxaswell asthe original representatiomf the Statechart.Generatinga simulation
model amountsto compiling code for the Z schemageferredto from transitionsand
bind themto the Statematesimulator To generatehe binding code,the structureof the
Statecharhasto beknown.

This exampleshaows thatin the realworld the integration provided by uSZ plugins
is not alwaysthe only underlyingrepresentatioffor tools. The translationof an external
notationto the uSZ coreis an abstractionstepin which information (in a syntactical
sense)s lost.

6.1.4 Graphical UserInterfaces

ZeTa realizesa strict partition of model, view andcontroller The modelis effectively
implementedby the individual tool adaptorsand the ZeTa content-queryroker. The
controlleris basedon a commandanguagethat canbe alsousedin batchmode. Two
“views” (GUIs) areprovidedontop of thecontrollet

XEmacsGUI. ThisGUI is basedntheextendabldext editorXEmacsseeFigure6.4).
It is primarily intendedor usersworkingunderUNIX, who areusedto the Emacsediting
environment. It maintainsa sessioriog, which utilizes for eachoperationthe produced
output and supportsbrowsing diagnosticscontainedin the output. It further provides
VTEX, a“what-you-see-is-what-you-meaediting modefor IATgX/Z documentsVTEX

is a customizableXEmacsmodethatincrementallyparsesandvisualizesthe IATEX struc-
turesandmathsymbolsenteredoy the user
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Figure 6.4: The XEmacsGUI

Swing GUI. This GUI is basedon Java’s Swing system(seeFigure6.5). It allows the
activationof ZeTa operation$y graphicaldialogsandmaintainsasessionog thatutilizes
for eachoperationthe producedutput. Browsing diagnosticss supportedy contacting
an externaleditor, which may be Emacs,but othereditors(in particular MS-Windows-
specificeditors)may be usedaswell.

6.2 The ZaP Compiler

ZaP (versionl) is anexperimentalcompilerfor the Z languagewhich supportshe full
higherorder functional sublanguag®f Z. It is a predecessoof the forthcomingZaP-
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2, whoseunderlying conceptsare describedin this thesisand which will supportthe
functionallogic sublanguagembeddedn Z. Apart from its morepowerful computation
model,the forthcomingZaP-2 will not differ from ZaP-1, sowe canpresenthe users
view of ZaP basedntheold system.

ZaP follows the approactof compiling every Z construct.Nonexecutableconstructs
of Z will berejectedoncetheir executionhasbeenattemptedat runtime. This approach
reflectsthatwhethera Z construcis executabledepend®n how it is usedatruntime. For
example,afunctionmight bedefinedin suchaway thatthereis no constructve mapping
from input to outputandthatthe applicationof thefunctionto aninputis not executable.
However, it might be still possibleto testwhethera givenpair of input andoutputvalues
is in thefunction’s grapH.

For future versionsof ZaP, it is plannedto have an analysiswhich gives hints for non-executable
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Below, thewell-known exampleof the birthdaybookspecificationis usedto illustrate
the basicoperationof ZaP. Pleasenotethat this examplecannotsere asa systematic
outline of ZaP’s computationpower, but it at leastillustratesthe ability to executethe
schemacalculus,to lift schemago functionsandto definerecursve higherorderfunc-
tions andrelations— in anapplicationcontext for testdataevaluation. Startingwith the
usualabstracspecificatiorof thebirthdaybook,we refineit for thepurposeof executabil-
ity (mainly fixing giventypesin the specification) andadda framework for evaluating
testdatadescribedy input/outputbehaior.

6.2.1 The BasicSpecificationof the Birthday Book

The specificationis partitionedinto several StandardZ sections.Thefirst one,BBSpe¢
containsthe basic,or “abstract” specificationof the birthday book example,as usually
foundin theliterature. The sectionis openedwith the following declaration(all Z para-
graphdollowing thisdeclaratioruntil thenext sectiondeclaratiorwill belongto BBSpei:

section BBSpec

We first definethe giventypesNAME andDATE, andthe datastateof the birthdaybook:

[NAME, DATE]

— BirthdayBook
known: P NAME
birthday: NAME -+ DATE

known= dom birthday

An initial stateof thebirthdaybookis givenby thefollowing schema:

| InitBirthdayBook== [BirthdayBook| birthday = |

The value of this schemacanbe evaluated. In orderto performthe evaluationthe user
typesin the namelnitBirthdayBookin the Execute panelof the Swing GUI or in the
commandine of the XEmacsGUI, resultingin thefollowing (conceptualputput:

InitBirthdayBook

= {<birthday == {},Lknown == {}>}
Note that the field knownof InitBirthdayBookis implicitely definedby the invariantof
theschemaBirthdayBook known= dom birthday.
Up to now, we have specifiedhe stateof thebirthdaybookandapossiblanitial value,
but no statetransitions.Thesearedefinedby the following Z “operation”schemas:

constructsat compilationtime.
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— AddBirthday:-
ABirthdayBook
name : NAME; date? : DATE

namé& ¢ known
birthday = birthdayu {name > date?}

— FindBirthday
=BirthdayBook
name : NAME; datd : DATE

name& € known
daté = birthday(name)

— Remind
=BirthdayBook

today’ : DATE; cardd : P NAME
cardd = {n: known| birthday(n) = today’}

— Remwoe
ABirthdayBook

name : NAME
birthday = {namé} < birthday

The schemaAddBirthdayaddsa mappingname — date? to the birthdaybook’s state,
thescheméarindBirthdaylookupsthe birthdayof a givenname, andtheschemaRemind
yieldsthe setof nameswhosebirthdayis today’. The schemaRemee deleteshe entry
for name from the birthdaybook.

We arenot yet ableto executeary statetransitions sincethetypesNAME andDATE
aregiven(uninterpreted)In the next sectionwe will refinethesetypes.

6.2.2 Refiningthe Birthday Book for Execution

A refinemenbf thesectionBBSpedor the purposeof executionis providedby thesection
BBExec

section BBExecparents BBSpec

The purposeof therefinemenis to fix the giventypesNAME andDATE. TheZ of ZeTa
allowsto refinegiventypesby freetypes:

NAME ::= Werner | Barbara | Martin
DATE ::= date(Date))
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— Date
day:1..31
month: 1..12
year: N;

month= 2 = day < 29; monthe {4,6,7,9,11} = day < 30

We cannow evaluateexpressiondy applyingthe dateconstructotto bindings:
datelday == 1, month== 1, year == 1999)

= date <day == 1,month == l,year == 1999>

The next applicationof the dateconstructoiis undefinedsincethe passedindingis not
in its domain(the monthFebruaryhasno 30th day):

datelday == 30, month== 2, year == 1999)

= ERROR[LTX:bbook.tex(186.3-186.5 6)]:
execution failed

reason:
application undefined:

relation: date

argument: <day == 30,month == 2year == 1999>
backtrace:

at testing membership:
value: (30,29)

set: _\leq_
at testing membership:
value: <day == 30,month == 2year == 1999>

set: LTX:bbook.tex(171.22-171.32)
at applying relation:
relation: date
argument: <day == 30,month == 2year == 1999>
at evaluating command input
ZaP printsabadtracedescribinghereasorof theundefinednessLheZeTa commander
— eithervia the Javza GUI or the XEmacsGUI — allows to browselocatorsascontainedn
theabove outputby clicking onthem.

Next we introducesomecornveniencgunctionsfor describingoperationon birthday
books.Thesefunctionsmake useof the new featuresof the Z ISO Standardasregardsto
theunificationof schemaexpressionsandplain expressionsThey yield a setof bindings
(aschema)hich canbereferredin schemaexpressions:

add == XA name: NAME; date: DATE e

(3namé& == name date’ == date e AddBirthday
find == Aname: NAME ¢ (3nam€ == namee FindBirthday)
remind== Atoday: DATE e (Jtoday’ == today e Remind
remowe== Aname: NAME e (3namé€ == namee Remae)
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Notethatthe existentialquantifiersn thesedefinitionsareschemaquantifiess.

We cannow executetransitionsof the birthdaybook’s state,startingwith the initial
state:

InitBirthdayBook
¢ add(\Werner, datelday == 7, month== 5, year == 1929))

= {<birthday == {},
birthday’ ==
{(Werner,date <day == 7,month == 5year == 1929>)},
known == {} ,known’ == {Werner}>}
InitBirthdayBook

s add(Werner, datelday == 7, month== 5, year == 1929))

¢ add(Barbara, datejday== 18, month== 11, year== 1935))
s add(Martin, datelday == 18, month== 11, year== 1935))
s find(Werner)

s remind date|day == 18, month== 11, year== 1935))

s remo/g(Martin)

= {<birthday == {},
birthday’ ==
{(Barbara,date <day == 18,month == 1llyear == 1935>),
(Werner,date <day == 7,month == 5year == 1929>)},
cards! == {Barbara,Martin},
date! == date <day == 7,month == 5year == 1929>,
known == {}, known’ == {Barbara,Werner}>}

The last evaluationdeseres somenoteson the schemacalculusoperatoy - 5 _. Op;
Op; bindsprimednamesx’ from the signatureof Op, to unprimedcounterpartx in the
signatureof Op,. Variablesnot boundthis way (suchascardd anddate) or keptasis. In
the evaluationresult,thesevariablesrepresenthe resultof applyingthefind andremind
operationsrespectiely.

The applicationof a unique schemalnitBirthdaybook(representingyy a singleton
binding set)to deterministicoperationsyields a singletonbinding set. But ZaP is also
capableof handlingnon-uniquenitial statesandindeterministicoperationsConsideithe
following definition:

InitBirthdayBookUndet==
InitBirthdayBookvV
[BirthdayBook|
birthday =
{Werner— datel[day == 7, month== 5, year== 1929) }]

Evaluationyieldsin:
InitBirthdayBookUndet
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= {<birthday == {},Lknown == {}>,
<birthday ==
{(Werner,date <day == 7,month == 5year == 1929>)},
known == {Werner}>}
InitBirthdayBookUndet

s (add(Barbara, datejday== 18, month== 11, year== 1935)))
v add(Martin, date|[day== 18, month== 11, year== 1935)))

= {<birthday == {},
birthday’ ==
{(Barbara,date <day == 18,month == 1l,year == 1935>)},
known == {} known’ == {Barbara}>,
<birthday == {},
birthday’ ==
{(Martin,date <day == 18,month == 1l,year == 1935>)},
known == {} known’ == {Martin}>,
<birthday ==
{(Werner,date <day == 7,month == 5year == 1929>)},
birthday’ ==
{(Barbara,date <day == 18,month == 1llyear == 1935>),
(Werner,date <day == 7,month == 5year == 1929>)},
known == {Werner},
known’ == {Barbara,Werner}>,
<birthday ==
{(Werner,date <day == 7,month == 5year == 1929>)},
birthday’ ==
{(Martin,date <day == 18,month == 1l,year == 1935>),
(Werner,date <day == 7,month == 5year == 1929>)},
known == {Werner},
known' == {Martin,Werner}>}

Of course suchevaluationsmight easilyleadto an explosionof possiblestates.ZaP-1
will runinto efficiency problemsif they arehundredsf them— ZaP-2, usingthe com-
putationmodel describedn this thesis,shall easily copewith several ten-thousandsf
states.

6.2.3 Refining the Birthday Book for Testing

A refinemenbf the sectionBBExedor the purposeof evaluationof testdatawith ZAP is
givenby theZ sectionBBTest

section BBTestparents BBExec

Thetest-datawill be specifiedoy sequencesf inputandoutputbehaior of the birthday
book. However, the original specificationdoesnot provide uniqueinput and outputin-
terfaces. But we canlift the original specificationwithout modifying it to suchunique
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interfaces First, we definefreetypesfor describingthe inputandoutputbehaior:

INPUT ::=
addI{(NAME x DATE)) |
findl(NAME)) |
remindK(DATE)) |
remoel{{NAME))
OUTPUT ::=
okayO|
dateQ(DATE)) |
names@P NAME))

Next, we lift the operationsof the original specificationto oneswith unique in-
put/outputinterfaces:

UniqueAdd==
[AddBirthday in : INPUT; out: OUTPUT |
(namé, date?) — in € addl; out= okayd \ (name, date?)
UniqueRnd ==
[FindBirthday, in : INPUT; out: OUTPUT |
namé  in € findl; date — out € dateq \ (name, date)
UnigueRemind==
[Remind in : INPUT; out: OUTPUT |
today’ — in € remindt cardd — out € namesQ
\ (today?, cardd)
UniqgueRemee ==
[Remae in : INPUT; out: OUTPUT|
namé& — in € remavel; out= okayQ \ (name)

ZaP hasno problemswith the executionof suchmorphedoperationsinsteadof illustrat-
ing this now, we directly continueby defininga framewvork which testsif sequencesf
INPUTSandOUTPUTSdo matchthe specification.

Thepossiblestatetransitionsof the birthdaybookaredefinedasthe disjunctionof all
the operationavith uniquel/O interface:

UniqueOps== UniqueAddv Uniqueknd v UniqueRemind/ UniqueRemee

For testdataevaluation,we definea function which, given a pair of input and out-
put statesyields a relationbetweenadmissiblepre- and post-state®f the birthdaybook
w.r.t. thel/O behaior:

step==
Ain : INPUT; out: OUTPUTe
{ABirthdayBook| UniqueOpse 6BirthdayBook— #BirthdayBook}

Finally, a recursve “test”-function is definedwhich computesthe post-statesesulting
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from a sequencef input andoutputtraces. The function takesas a parametei setof
initial states-theconditionto let it be executablds thatthis setis finitely enumeratable:

test: assumed(P BirthdayBook—
seq INPUT x seq OUTPUT — P BirthdayBook

test= Ainit : P BirthdayBooke
Ais: seq INPUT; 0s: seq OUTPUT | #is = #0se
if #is = 0 then init
else stef{lastis, lastos)(tes{init)(frontis, frontos))

Theassumed _ constructoaroundthetypeof thefunctiontesttellsZaP nottotry to check
whetherthe settestis actuallyatotal functionof the specifiedtype. This checkwould not
beexecutable.

To test“test”, somel/O tracesrepresentingestdataaredefined:

datel == date|[day == 7, month== 5, year == 1929)

date2 == datelday == 18, month== 11, year == 1935)

in1 == (addI(Werner, datel))

outl == (okayQ

in2 == (addl(Werner, datel ), findI(\erner))

out2 == (okayQ dateQdatel))

out2a == (okayQ dateQdate2))

in3 == (addl(Werner, datel ), addl(Barbara, date2),

addl(Martin, date2), findl(Werner), reminddate2))

in3a == (addI(Werner, datel ), addI(\\erner, date2),
addl(Barbara, date2), findl(\Werner), remindldate2))

out3 == (okayQ okayQ okayQ date((datel ),
names@{Barbara, Martin}))

outda == (okayQ okayQ okayQ date(Q datel ), names@{Barbara}))

We cannow run someevaluations:
tes{InitBirthdayBooK(in1, outl)
= {<birthday ==
{(Werner,date <day == 7,month == 5year == 1929>)},
known == {Werner}>}
tes{InitBirthdayBooK(in2, out2)

= {<birthday ==
{(Werner,date <day == 7,month == 5year == 1929>)},
known == {Werner}>}

tes{InitBirthdayBooK(in2, out2a)
> {}
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tes{InitBirthdayBooK(in3, out3)
= {<birthday ==

{(Barbara,date <day == 18,month == 1llyear == 1935>),
(Martin,date <day == 18,month == 1l,yyear == 1935>),
(Werner,date <day == 7,month == 5year == 1929>)},

known == {Barbara,Martin,Werner}>}

testInitBirthdayBooR (in3a, out3)
=> {

tes{InitBirthdayBooK(in3, out3a)

= {}
Failing testsareindicatedin thatthey yield anemptysetasthe post-statef anexecution.
A refinedversionof the functiontestis givenasa partial function, which alwaysyields
nonemptysets:

ptest: assumed (P BirthdayBook—
seq INPUT x seq OUTPUT —+ P BirthdayBook
ptest= Ainit : P BirthdayBooke
Ais: seq INPUT; 0s: seq OUTPUT | #is = #0Se
if #is = 0 then init
else (u post== steflastis, lastos)
(ptestinit)(frontis, frontos)) |

post# &)

The u-form lets the executingfunction be undefinedif the post statesbecomeempty
Evaluatinga failing testnow resultsin a detailedbacktracewvhich tells usthe reasorfor
thefailure (the actualbacktracdhasbeenommited):

ptes{InitBirthdayBooR (in2, out2a)

= ERROR[LTX:bbook.tex(530.2-530.3 6)]:
execution failed
reason:
mu-value undefined:
set: {}
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6.3 Discussion

We briefly discusgntegrationframeavorksrelatedto ZeTa andthe executionof Z specifi-
cations.

Integration Frameworks

Few projectstackle the problemof integrating tools for formal methodsand existing
commercialCASE tools like the ZeTa system. The approachof the UniForM Work-
bench[Krieg-Briickneretal., 1999]comesclosesto doingso. However, whereaZeTa’s
integration languageJava is object-oriented,UniForM employs a functional language
(Haslell) for this task. Also, the architectureof UniForM is more ambitious(andthus
more difficult to implementand maintain)as regardsto version control. On the other
hand,UniForM is lessspecializedhanZeTa anddoesnot provide corventionsfor inte-
gratingnotationsanddocuments

Otherapproachesik e the Concurreng Factory[Cleavelandet al., 1994] or AutoFo-
cus[SchatzandHuber 1999]presenimorehomogeneousrvironmentswith mosttools
written from scratchandlessemphasion integratingexisting tools.

Encoding of Z

Somebasicprinciplesof a mappingfrom Z to uZ have beenoutlinedin Chapter3, but

we have not discussedhe intrinsic details. In the ZaP implementationthe mappingof

Z to puZ hasto corvert axiomsto definitionswherepossible,e.g., eliminate quantifiers
in axiomsof thekind Vx : X e f(Xx) = e, maprecursionto uZ's fixed-pointoperator
andsoon. Themappingmustalsowealenthe specificatiorby turning someaxiomsinto

assumptionsif a user for example,declaresa functionto be “total” by usingZ’s total

functionarrow, f : A— B, thisassertiorcannotbecomputedf f’sdefinitionis non-finite,
andneedthereforebe convertedinto anassumptiorfwhich canbedoneexplicitely by the
useror implicitely by ZaP, dependingon switches). All this hasbeenimplementedn

the ZaP tool andwill be portedto the nen designof functionallogic computationn the
forthcomingZaP-2.

Other ApproachesExecuting Z

Animationof the“imperative” partof Z is providedby theZANS tool [Jia, 1996],impera-
tive meaningZ’s specificatiorstyle for sequentiabystemsisingstatetransitionschemas.
This approachs highly restricted,asit cannoteven handlethe functional sublanguage
of Z. An elaboratedunctionalapproad for executingZ hasbeendescribedy Valentine
[1992,1995],thoughnoimplementatiorexiststoday A translatiorto Haslell is described
in [Goodman,1995], wheremonadsare usedfor dealingwith the sequentiakpecifica-
tion style, but no logic resolutionis employed. Mappingsto Prologaredescribedge.g.,
in [Westand Eaglestone1992]. Mappingsof Z to Mercury aredescribedn [Winikoff
etal., 1998]: however, in this approachheeffective power of executionis restrictedcom-
paredwith ours, becausdhe dataflow hasto be determinedstatically The approach
presentedn this thesisgoesbeyondall the others,sinceit allows the combinationof the
functionalandlogic aspectof Z in a higherordersetting,treatingsequentiabehaiors
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asfirst-ordercitizins, comparableas to the integration of imperatve computationinto
functionallanguagesisingmonads.
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Conclusion

Motivatedby the desireof executinga subsetf the set-basedpecificationanguagez,
we have introducedthe set-basedtalculusuZ, defineda computationmodelfor uZ as
well as an abstractmachineimplementingthis model, a compilationof uZ to the ma-
chines instructionsetandan efficient implementatiorstratey for the machinein C++.
The applicationof this work in the ZeTa systemhasalsobeenoutlined. A discussion
of the resultsobtainedand of relatedwork hasbeengivenin the relevant chapters.In
this concludingchapter we summarizethe contritutions of the work and discusssome
possibledirectionsfor thefuture.

7.1 Contributions

uZ Calculus

TheuZ calculusprovidesanew way of viewing the A\-calculus predicatecalculus schema/module
calculus,setalgebragetc. within a unifiedframewvork. The calculusis consideredn“in-
vention of the obvious”: to the authors knowledge, thereis no comparabldanguage
thoughnoneof theingredientf the calculusareactuallynen. Themostunusualndivid-
ual construcof uZ is its operatoiof settranslationproviding ameandor theconstructve
descriptionof morphismsin the cateyory of ;Z setsand,in combinationwith the other
operatorssupplyinguZ’s expressve power.

nZ's semanticmodelof partial setalgebrasa generalizatiorof three-aluedlogics,
is — at leastasa modelfor Z relatedlanguages- a new approach.The authorbelieves
thatit is actuallya more suitablemodelfor Z itself thanthe one currently proposedoy
Z’sDraft ISO Standard The standardeavesthetreatmenbf undefinednesandpartiality
quite vague,in an unfortunateformal methods tradition. In this thesis,we have at least
showvn thatit is possibleto definea model of undefinednesfor a set-basedormalism
thatis basedon simple notionsof lattice theory and doesnot requiredeepinsight into
mathematicasettheory(which cannotbe expectedof computerscientists.)

Computation Model

The referencecomputationmodelof xZ, definedin the style of naturalsemanticspro-
videsa new view of computationin the realmof languageghat canbe encodedn uZ,
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leadingto a realistic efficient implementation. New is the representatiof setvalues
by unionsof singleton-setvaluesand of intensions the latter describing“computation
receipts”for sets. Intensionsare a generalizatiorof “closures”,asusedin computation
modelsfor functionallanguages.

Giventheminimality of the uZ calculus,ts computatiormodelcouldhave beenkept
minimalaswell, andthedifferentembeddednodels-functionalreductionandconcurrent
constraintresolution— could have beenclearly worked out. The interfacesof thesetwo
worlds of computationare clearly visible — via the i -operatorthat invokes constraint
resolutionfrom valuereductionandvia the p € e constraintthat calls value reduction
for e from constraintresolution. The presencef nondeterministicomputationandthe
needto introducechoicepointsin animplementations isolatedin computinga constraint
p € v; UV, Wherewe canchoosebetweemn € v; andp € v,. Thehigherordernatureof
the modelshavs up in the instantiationof anintensionfor the computationof p € [p’ |
o | ¢], wherewe “import” thefirst-ordercitizen, the constraintr | ¢, into aresolution
context.

Abstract Machine

The abstractmachine ZAM, andits implementatioremegedasa consequencef uZ’s
computatiormodel. It waspossibleto keepthe machinesmall, beingeasyto understand
(relative to the inherentcomplexity of the computationproblemin pZ). The overall ar
chitectureof the machineis innovative in this respect.Most of the organizationabletails
of the machinecanbe regardedas“folklore”: for example,implementatiorof residua-
tion usingwait setsat variables,or employing the “AndorraPrinciple” for choicepoint
scheduling.

The implementationof the ZAM in C++ providesan innovative architectureby its
persistensingle-assignmenmnegisters.On the onehand,persistentegistersallow an effi-
cientrealizationof threaddumping,becaus@nly the programcountemeeddo betrailed,
andon the otherhand,they enablecalleesto export referenceso registerregionsout of
their lexical scope.In combinationwith conserative garbagecollection,this leadsto an
integratedstack/heapnodel of memoryallocation,which canbe utilized by high-level
optimizationsthatemploy aregion analysis.

Formalization in Z

We have given a comprehensie formal specificationin strictly type-checkd Z of uZ's
syntaxandsemanticsequationatheory computatiormodelandabstractnachine.Thus,
thiswork represents casestudyfor the useof Z asa metalanguageFor this purposejt
wasessentiato extendZ. Thefirst category of extensionsve made— suchasinference-
rule systemsandrecursve partial functions— could be explainedaspure syntacticsugar
andareactuallyimplementedhis way by the ESZ macropreprocessofThe secondcate-
gory — suchasindependencef thetextual orderof paragraphs- neededeal extensions
in comparisorto StandardZ, which areimplementedy the ESZ type checler. The ex-
perimentshows that — with the extensionsused- Z is not only suitablefor specifying
sequentiabystemsn the stylefoundin thetextbooks,but alsofor the complex axiomatic
specificationgsfoundin this thesis.
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7.2 FutureWork

Apart from minor enhancementsf the basic model, its didactic presentationa full-

fledgedimplementationand casestudiesapplying the implementation the basicwork
presentedn this thesisprovidesa startingpoint for further lines of research.The most
importantof theseareoutlinedbelow.

Adding Solwers

For specializecconstraintproblems(e.g.subsetconstraints)tailored solving techniques
andtoolsareavailable. Thetrendin constraint-solvingystemss thereforeo usemodular
frameworks, wherecomponentdor specializedsolvers canbe easilyintegrated,on the
semanticahswell asthetool level. Theaim of futurework on uZ andits implementation
will beto supportsuchmodularity andintegratefurtherresolutiontechniques.

On the implementationlevel, the thread-basearchitectureof the ZAM andits im-
plementationin C++ is in principel preparedor modularity An extensionwould need
to cornvert intensionsand threadsinto abstractclasses providing abstractmethodsfor
spavning athread,executinga threads next step,trailing, backtrackingandchoicepoint
creation.Thismayallow third-partyconstrainsolversto beintegrated therebyinheriting
the genericcapabilitiesof the ZAM for representingonstraintsasfirst-classvalues,for
choicepoint managemenrdndfor variableallocation.

Static Analyses

The uZ calculusprovidesanoptimalsettingfor investigatingandrealizingstaticanalyses
usingthe set-base@pproachlin his diplomathesis Wieland[1999] hasdevelopedinitial
stepstoward a subsetconstraintsolver on uZ terms,which is appliedto extendedtype
checkingof Z. Anotherapplicationof this frameavork might be determinismand mode
analysisfor the optimizedcompilationof uZ itself. (As Branded1997] hasshawvn in his
diplomathesis set-base@nalysign principle canbeusedfor this purpose.)

Both the extendedtype checkingandthe determinismproblemareformulatedasab-
stractionsfrom pZ termsinto (specialized)set expressionswhich can be directly ex-
pressedn uZ itself. For example,for the type analysis,a constantexpressionl is ab-
stractednto the expression{1}, denotinga singletontype. Futureresearchmight, then,
focuson areflectve approach:ananalysisof a uZ expressionandhencethe high-level
form it encodes)s describedoy a translationinto a moreabstraciuZ expressionwhich
is theninterpretedby compilationand execution. To obtainthe full power of set-based
analysisa solver componenfor subsetonstraintsnust,of courseaddedo theZAM.

Computing Interval Logics

In [Bussav and Grieskamp,1997;Bussav et al., 1997b]we describeda modestexten-
sion of Z thataddstempoal interval logic to the language.The additionof tracesto a
set-basednodelwasshown to work well: atemporalformulamerelyrepresents setof
traces.A promisingline of researclwould beto adda solverto uZ, implementinga few
primitive operatorof discretetemporalinterval logics. Oneinterestingapplicationarea
is testdataevaluationfor reactve and embeddedsystems;a further is the executionof
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watchdogamonitoringthe allowed modalactionsof safety-or security-criticalsystems.
Sinceinterval logicscanbe usedasanaturalmodelfor the constructve descriptionof re-
active behaior (Bussav andGrieskam1997], for example provide ashallov encoding
of Statechart@ interval logics),theanimationandprototypingof reactve systemsnight
alsobepossibleusingthis approach.
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