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Abstract

The solution of least squares estimation problems is of great importance in the areas
of numerical linear algebra, computational statistics and econometrics. The design and
analysis of numerically stable and computationally efficient methods for solving such least
squares problems is considered. The main computational tool used for the estimation of
the least squares solutions is the QR decomposition, or the generalized QR decomposi-
tion. Specifically, emphasis is given to the design of sequential and parallel strategies for
computing the main matrix factorizations which arise in the estimation procedures. The
strategies are based on block-generalizations of the Givens sequences and efficiently exploit
the structure of the matrices.

An efficient minimum spanning tree algorithm is proposed for computing the QR de-
composition of a set of matrices which have common columns. Heuristic strategies are
also considered. Several computationally efficient sequential algorithms for block down-
dating of the least squares solutions are designed, implemented and analyzed. A parallel
algorithm based on the best sequential approach for downdating the QR decomposition
is also proposed. Within the context of block up-downdating, efficient serial and parallel
algorithms for computing the estimators of the general linear and seemingly unrelated re-
gression models after been updated with new observations are proposed. The algorithms
are based on orthogonal factorizations and are rich in BLAS-3 computations. Experimen-
tal results which support the theoretical derived complexities of the new algorithms are
presented. The comparison of the new algorithms with the corresponding LAPACK rou-
tines is also performed. The parallel algorithms utilize efficient load balanced distribution
over the processors and are found to be scalable and efficient for large-scale least squares
problems.

It is expected that the proposed block-algorithms will facilitate the solution of compu-
tationally intensive statistical problems and the estimation of large scale linear models on

serial and parallel computers.
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Chapter 1

Introduction

The linear Least Squares (LS) problem is a computational problem of great importance,
which arises in various applications, such as statistics, econometrics, optimization and sig-
nal processing to name but a few. Efficient methods for solving LS problems have been
developed during the last fifty years of active research [5, 21, 22, 32]. The orthogonal
factorizations are very important in the LS computations due to the property that the
orthogonal matrices preserve the Euclidean norm of a vector after multiplication. Specifi-
cally, the QR decomposition (QRD) is often associated with the solution of LS problems.
The QRD is one of the main computational tools in numerical linear algebra [5, 20, 32]. It
provides more accurate solution than the LU and other similar decompositions and involves
less computations than the singular value decomposition.

In this thesis sequential and parallel algorithms employing Givens rotations and House-
holder transformations for computing various LS and QRD-related problems are proposed.
The algorithms, in general, utilize block-generalizations of the sequential and parallel
Givens sequences. They exploit efficiently the structure of the computed matrices and

are rich in BLAS-3 operations.

1.1 Least Squares and QR Decomposition

The LS problem can be formulated as

T = argmin|| Az — y||2, (1.1)
€T
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where A € R™*" is the data matrix of full column rank, y € R" is the response vector,
x € R™ is the unknown vector and || - || denotes the Euclidean norm. Let the QRD of the
augmented (n + 1) x (n+ 1) matrix A = (A y) be given by

n 1
],% RUn
N . ’

where @) € R"™*™ is orthogonal and R € R"™*™ is upper triangular and non-singular. The

LS estimator of z in (1.1) is computed by solving the triangular system
Rz = . (1.3)
The Generalized Linear Least Squares Problem (GLLSP) has the form

argmin v/ v subject to y = Az + Cu (1.4)

uU,x

and is often associated with the computation of the best linear unbiased estimator (BLUE)
of the General Linear Model (GLM)

y= Az +e, e~ (0,0°Q). (1.5)

Here y € R™ is the response vector, A € R™*" is the full rank exogenous data matrix,
x € R™ are the coefficients to be estimated and £ € R™ is the noise with zero mean and
variance-covariance matrix o2€). Without loss of generality it is assumed that Q = CCT
is non-singular. The random vector u is defined by Cu = ¢, i.e. u ~ (0,021;,).

The solution of the GLLSP (1.4) requires the computation of the generalized QR de-
composition (GQRD) of the augmented matrix A = (A y) and C [35]. That is, computing
the QRD of A in (1.2) and the RQ decomposition

n 1 m—n-—1

Uiqn r Ui n

0 0 U272 m—-—n-—1
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Here R and U are upper triangular matrices of order n and m, respectively, and @Q,II €
Rme

are orthogonal [5, 20]. Pre-multiplying both sides of the constrains in the GLLSP

(1.4) with the orthogonal matrix Q' the problem becomes equivalent to
argmin |17 u||? subject to QTy = QT Az + QTcuN w , (1.7)
U,T
which after the factorization (1.6) can be written as

gy = Rz + Uy 1v1 + v + Up 209,
argmin (||vy||> 4+ v? + [|va]|?)  subject to n = dv + gua, (1.8)

U1,0,02,T
0= U2’2U2.

Note that, here the vector Tl is partitioned as (v{ v vg ). From the last constraint it

follows that vo = 0 and consequently, the second constraint can be used to derive v = n/é.

Thus, the GLLSP (1.8) is reduced to

argmin ||v1||?> subject to § = Rx + Uy vy + rv. (1.9)

V1,T

In order to minimize the objective function of (1.9) the vector v; is set to zero. Finally,
the BLUE of the GLM (1.5) is obtained by solving the triangular system

Rz =g —nr/d. (1.10)

1.2 Computing the QR decomposition

The QRD of a matrix A € R™*™ (m > n) is given by

OTA = <R> " (1.11)
0/m-—n

where @ € R™*™ is orthogonal, i.e. it satisfies Q7Q = QQT = I,,, and R € R"*" ig
upper triangular. The matrix A is assumed to be of full-column rank. The two most
significant methods for forming the QRD are known as Householder transformations and
Givens rotation methods.

A Householder matrix (or Householder transformation) is a symmetric orthogonal m xm
matrix of the form

hhT

H=1I, 2,
SR
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where h € R™ is such that ||h]|> # 0. The Houscholder matrices are used to annihilate
portion of elements of a vector or a matrix [5, 20]. Specifically, let 2 € R™ be non zero. A
Householder matrix H can be constructed such that y = Hx has all elements zero except

T

the first one by setting h = x + aey, where o« = z* = and e; denotes the first column of the

m X m identity matrix I,,.
Consider the computation of the QRD (1.11) as a sequence of n Householder transfor-

mations. The orthogonal matrix ) is defined as the product of the Householder matrices
Q= HHy---H,.
At the ith step of the QRD a Householder transformation has the form
i—1 m—i+1

Iiq 0 1—1

HZ': ~ i )
0 H; m—1+1

where H; = I,,_i+1 — 2(hhT)/||h||%. For A© = A, the ith step (i = 1,...,n) computes

A — fAG-D) = Ry Jj%) i
' 0 AD Jm—q’

where Rgil) is upper triangular. The application of H;,; from the left of A® annihilates

the last m —i — 1 elements of the first column of A(®). The transformation HZ-HA(” affects

only A® and it follows that
am = (1),
0

A Givens rotation is a m x m orthogonal matrix having the structural form

i J
! !
I; 4
G(k) C —S — 1
I I i1 '
S C —
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where ¢ = cos(f) and s = sin(#) for some 6, that is ¢>+s? = 1 [20]. The transformation Ggi.)
when applied to the left of a matrix annihilates the kth element in the jth row. The Givens
rotations are important, because they can annihilate the elements of a matrix or a vector
more selectively than the Householder transformations and affects only the ¢th and the
jth rows during the computations. Specifically, for A € R™*"™ the Givens transformation
A= GZ(-?A results in the element a;; being zero and modifies the pth (p =4, j) row of A

as follows:

cA;. + sA;., if p=1,
Ap,: = _SAi,: + CAj,n 1fp =J

Ay, otherwise.

Note that, in order for a;j to become zero, the values of ¢ and s are given, respectively,
by ¢ = a; 1/t and s = a;/t, where 2 = aik + aik.
Consider the computation of the QRD (1.11) as a sequence of n(2m —n — 1)/2 Givens

rotations. The orthogonal matrix @ is defined as the product of the Givens matrices

1 1 2 2
Q= (Gl CIDGL -G53+ (G- Gl ).
This sequence is referred as column-based, because it annihilates the elements below the
main diagonal from bottom to top starting with the first column. Figure 1.1 illustrates the

column-base annihilation Givens sequence, where m = 4 and n = 3.

oo0 LK) (1)e|e|® LK) o o0 oo0

oole G(l)Eooo GI,QEOOO o0 G(Q)E (I oo

1 oo|0 2300 |@ o 2 0 2,3 ole 3 °

Gg,i[o oe oe o0 Gi(?),z)l[ ole ° Gi(?),z)l[ o
D Zero element E Non-zero element @ Annihilated element

Figure 1.1: Column-based Givens sequence for computing the QRD of A € R**3,

A block generalization of the Householder and Givens sequences can be used for de-
veloping efficient sequential and parallel algorithms which are rich in BLAS-3 operations.

Instead of a sequence of Givens rotation, a single block Givens transformation can be used
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to annihilate a submatrix. Let the m x n matrix A be partitioned as

/l} ’l} o« o e /l}
Ay Arg -0 Arg\ v
A— As1 Agp -+ Agg|vw
- )
Apr Apa o Apg/) v

where m = pv, n = qv and each block A4; ; (i =1,...,pand j =1, ..., ¢) is a square matrix of
size v. The block Givens rotation G’g? when applied to the left of the matrix A annihilates

the kth submatrix in the jth block row. Consider the QRD

T Ai,j B R v
7 (5) =)

where R € RV*V is upper triangular and Q € R?"*?Y is orthogonal. The block Givens

transformation matrix @E’kj) has the form

i J
| |
Iy
T T 4
,('k‘) _ 1,1 2,1 —t
" Lo(j=i-1) ’
T T .
1,2 2,2 —J
Lyp—j-1)
where @ in (1.12) is defined by
v v

Q=(Qu1 Q2\v
Q21 Q22) v

E? is not a rotation matrix. Such orthogonal matrices are often

employed in the development of algorithms that efficiently exploit the structure of the
matrices, which arise in the estimation of LS problems [10, 12, 14, 24, 27, 47, 50, 48, 49].

Note that in general G
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1.3 Structure of the thesis

Each chapter of the thesis is self contained!. Chapter 2 investigates algorithms for com-
puting the QRD of a set of matrices which have common columns. The problem is tackled
using a directed weighted graph to express the relationship (the common columns) among
the matrices. Each node in the graph represent the triangular factor derived from the QRD
of a matrix from the set. An edge between two nodes exists if and only if the columns
of one of the matrices is a subset of the columns of the other. The weight of an edge
is the computational cost of deriving the triangular factor of the subset matrix given the
triangular factor of the larger matrix. The problem is shown to be equivalent to finding the
minimum spanning tree (MST) of the graph. An algorithm for computing the QRDs using
the MST is proposed. Alternative heuristic strategies are also considered. The theoretical
and numerical results are given.

Chapter 3 presents five computationally efficient algorithms for block downdating of
the least squares problem. The algorithms are block generalization strategies of the Givens
sequences. They exploit the specific structure of the matrices and are rich in BLAS-3
computations. The theoretical complexities and execution times of the algorithms are
derived. The experimental results confirm the theoretical ones.

Chapter 4 considers parallel algorithms for downdating the QRD. An efficient algorithm,
which is a block version of sequential Givens strategy, is proposed. The algorithm takes
advantage of the structure of the computed matrices. Furthermore, it utilizes an efficient
load-balanced distribution of the matrices over the processors which does not require inter-
processor communication. The presented theoretical and experimental results shows that
the parallel strategy is scalable and efficient for large-scale downdating problems.

In Chapter 5 efficient sequential and parallel algorithms for estimating the general lin-
ear model (GLM) are proposed. The algorithms use the GQRD as a main computational
tool and exploit efficiently the triangular structure of the Cholesky factor and the variance-
covariance matrix of the model. The sequential block algorithm is an adaptation of a known
Givens strategy. Specifically, the GLM is solved recursively, computing a series of smaller
and smaller GLLSPs. The parallel version of the serial algorithm proposes an efficient
distribution of the matrices over the processors which requires low inter-processor commu-
nication. The theoretical complexities of both, the sequential and the parallel algorithm

are derived and analyzed. Experimental results are presented which confirm the theoretical

'Each chapter has been published, or is submitted for publication in a refereed international journal.
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analysis. The parallel algorithm is scalable and efficient for computing large-scale general
linear estimation problems.

Chapter 6 presents computationally efficient sequential and parallel algorithm for es-
timating the seemingly unrelated regressions model after been updated with new obser-
vations. The proposed algorithms are based on orthogonal transformations and are rich
on BLAS-3 computations. The structure of the computed matrices is efficiently exploited.
A load-balanced distribution is proposed for the parallel algorithm which leads to low
inter-processor communications. Theoretical and experimental results are presented and
analyzed. The results show the efficiency and scalability of the parallel algorithm. The

last chapter concludes the thesis and provides future research directions.



Chapter 2

Algorithms for computing the QR
decomposition of a set of matrices

with common columns

Abstract:

The QR decomposition of a set of matrices which have common columns is investigated.
The triangular factors of the QR decompositions are represented as nodes of a weighted
directed graph. An edge between two nodes exist if and only if the columns of one of
the matrices is a subset of the columns of the other. The weight of an edge denotes the
computational complexity of deriving the triangular factor of the destination node from
that of the source node. The problem is equivalent to construct the graph and find the
minimum cost for visiting all the nodes. An algorithm which computes the QR decom-
positions by deriving the minimum spanning tree of the graph is proposed. Theoretical
measures of complexity are derived and numerical results from the implementation of this

and alternative heuristic algorithms are given.

IThis chapter is a reprint of the paper: P. Yanev, P. Foschi and E.J. Kontoghiorghes. Algorithms for

computing the QR decomposition of a set of matrices with common columns. Algorithmica, 39:83-93, 2004.

9
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2.1 Introduction

Computationally intensive methods for deriving the least-squares estimators of seemingly
unrelated regression and simultaneous equation models have been proposed [24]. These
estimation methods require the QR decompositions of a set of matrices which have common
columns. These columns correspond to exogenous factors that occur in more than one
econometric relationship of the model. Consider the QR decomposition (QRD) of the full

column rank matrix A4; € R™*ki.

R\ E; .
Q?Ai:<0>m_h, (i=1,...,G), (2.1)

where Q; € R™*™ is orthogonal and R; € RF*¥i is upper triangular. The exogenous

matrices with common columns can be expressed as
A =AS;, (i=1,...,G), (2.2)

where A € R™ " and S; € R™ ¥ is a selection matrix [13, 24, 30]. It is often the case
that n < Zszl k;, i.e. the number of distinct factors is much less than the total number
of factors occurring in the whole model.

The main method used to compute (2.1) is by forming the QRDs of Ay,..., Ag one

at a time, without taking into account that the matrices may share common columns. Let

the QRD of A be given by
OTA = <R> " (2.3)

0/m—-n’
where @ € R™*™ is orthogonal and R € R"™*™ is upper triangular. Thus, the upper
triangular factor R; in (2.1) can be derived by computing the QRD

n—k:i

QiTRSi:CZi)ki L (i=1,...,G), (2.4)

where Q; € R™™ is orthogonal [19, 20, 23]. The orthogonal matrix @; in (2.1) is defined

by
o Q 0
Qi=Q ( 0 Im_n> : (2.5)

Notice that the QRDs in (2.4) are equivalent to the re-triangularization of a set of upper-

triangular matrices after deleting columns.
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Sequential and parallel strategies which compute the QRD of RS; have been proposed
[23, 24, 30]. These strategies use Givens rotations and exploit the non-full structure of R.S;.
However, the occurrence of common columns among RS, ..., RS has not been exploited.
The purpose of this work is to propose and investigate sequential factorization strategies
that take advantage of this possibility when n < Eszl k;. The algorithms are based on
Givens rotations [20].

A Givens rotation in plane (4, j) that reduces to zero the element b; ;, when it is applied
from the left of B = [b;;] € R™" will be denoted by G\"),

1 < k < n. The rotation GE?B affects only the ith and jth rows of B. The changes in

these rows can be written as

b, big .o big ... big
C S S I ,1 N k o ’ (2.6)
—S C ij; bj71 . bj,k c. bjm

where b; ) # 0, A+st=1¢= big/T, s =bjr/T, 2 = b?k + b?kv I;i,k = 7 and l;j,k =0.

If bj;, = 0, then GZ(.? = I,,. Standard column notation is used to denote sub-vectors and

where 1 < 4,7 < m and

sub-matrices [20]. The construction of a Givens rotation requires 6 flops denoted by t.
The same time is required to apply the rotation to a 2-element vector. Thus, nt flops are
needed to compute (2.6). Notice that the rotation is not applied to the pair of elements b; j,
and b; , used in the construction of the rotation. These are set to 7 and zero, respectively.

In the next section Givens’ sequences for computing the QRD of RS; (i = 1,...,G)
are presented. Section 3 proposes an efficient algorithm for computing the QRDs of
RS1, ..., RS, which are represented as nodes of a directed graph. Within this context
the Minimum Spanning Tree (MST) terminology is used. That is, the problem of deriving
the MST in a graph is equivalent to that of finding the tree which consists of the shortest
paths for visiting all nodes, starting from the root node. Numerical results are presented

and the performance of the algorithm is evaluated. In section 4 conclusions are offered.

2.2 Computing the QR decomposition of RS;

There are many equivalent strategies for computing the QR decomposition using Givens
rotations [20]. Consider the case where the elements of a matrix below the main diagonal
are annihilated column-by-column and from bottom to the top with zero elements being
preserved throughout the annihilation process. Furthermore, let the Givens rotations be

between adjacent planes. The number of Givens rotations required to compute (2.3) is
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given by Y (m —1i) =n(2m —n —1)/2 and Q' is defined by

n m-—i

QT =TITI Y sumiir - (2.7)

i=1j=1

o
L
21
20
1929
18(28
17|127|36[44
16{26(35[43|50]
15(25(34{42|49|55
14{24{33(41|48|54
13|23|32(40j47(53
12(22(31(39|46|52|57]

—
[y

=
=)

HO00
EHOO00

SO0 000

Ao
00000000

S
©

ot
(03]

HIN[W|R[OO|[]|00|©

Figure 2.1: Computing the QRD of A € R'?*8 using Givens rotations.

Figure 2.1 shows the annihilation pattern corresponding to this Givens’ sequence, where
m =12 and n = 8. An entry ¢ (¢ = 1,...,60) indicates that the element is reduced to
zero by the ith rotation. The complexity of computing the QRD (2.3) using this strategy
is given by

C(m,n) =ty (m—i)(n—i+1)
=1
=tn(B3mn+1)—n?—-3n-2)/6. (2.8)

Thus, the complexity of computing the QRDs of Ay, ..., Ag simultaneously is given by

G
Ty(m,k,G) =Y _ C(m, k), (2.9)
i=1
where k = (k1,...,kqg).
Let S; in (2.2) be expressed as S; = (e,\i,l...exiyki) with \j = (A1, .., Aik, ), where ey,
is the A; jth column of the unit matrix I,, i =1,...,G and j = 1,...,k; [23, 24, 30]. Then,
the number of Givens rotations needed to compute the QRD (2.4) is given by Z?Z:l()\l i—7J)
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and the orthogonal matrix Qgp is defined as:

k; )\im_n

T (n)

Qi = H H G/\Z'L,n—j,/\i,n—j—&—l . (2.10)
n=1 j=1

Figure 2.2 shows the Givens’ sequence when re-triangularizing R.S;, where n = 12, k; = 6
and \; = (1,2,5,6,10,12).

v ele|e
@i~ 00| 0e®

SR A= I A XK XK

NE U000

12
11
10

Figure 2.2: Computing the QRD of RS;, where R € R!2X12 [:=6 and )\, =
(1,2,5,6,10,12).

The complexity of computing the QRD (2.4) is given by

ki
CZ'(AZ‘, kz) =t ()‘Z}j —])(I{ZZ -7+ 1) . (2.11)

=

[y

Thus, the total complexity of computing (2.3) followed by re-triangularization of RSj, ..., RSg

one at a time is given by

G
Ty(Ni, ki, G) = C(m,n) + Y Ci(Ni ki) - (2.12)
=1

2.3 The Minimum Spanning Tree algorithm

The triangular factors R, Ri,...,Rqg can be represented as nodes Ny, Ni,..., Ng of a
weighted directed graph. An edge between two nodes N; and N; (denoted by FE; ;) exists

and is directed from N; towards NN;, if and only if R; contains all the columns of R;



14 CHAPTER 2. QRD OF A SET OF MATRICES WITH COMMON COLUMNS

(4, = 0,1,...,G and i # j). The weight of E;; is denoted by C; ;, the complexity of
computing R; given R;. The goal is to construct the graph and to find Minimum Spanning
Tree of the graph which provides the minimum computational cost for deriving Ry, ..., Rg
[31, 40].

To determine the MST the properties of the graph need to be explored. Let I'(V, E, n)
be a graph with the sets of nodes and edges denoted by V and FE, respectively, and n
denotes the number of columns of the matrix R. The graph I'(V, E,n) can be divided into
n levels Ly, ..., L,. The matrices with k& columns belong to the level L, (k = 1,...,n).
Notice that R belongs to level L, and level L,,_; can have at most n nodes (matrices).
In general, there are at most C}' = n!/kl(n — k)! nodes in the level Ly, (k = 1,...,n).

Therefore, the maximum number of nodes in I'(V, E/,n) is
n—1
|V’max = ZCZL =2"-1. (2.13)
i=0

Now, from the kth level exists a maximum of C’,:}(Q(”_k) — 2) edges. Thus, the maximum

number of edges in the graph is

n—2

|Elmaz = Z Czn(2(n_i) —2)
=0

=3n— 20D 41 (2.14)

Let F; ; exist and let p; ; denote the position of the jth column of R; in R;. Notice that
pij = j for every j. Then, the cost of the edge C; ; is given by

k;
Cig =ty (pij—i)kj—j+1). (2.15)
=

Now, let Rs € Ly, Ry, € Ly and R; € L,, where E,; and Ej; exist, and p # g # r. If there
is a path from R, to Ry, then C},; < C,;. Therefore, F,; can be deleted from the graph.
A path from R, to Ry, exists if and only if the node R;, can be reached from the node Rj.
When this rule is applied the number of the edges to be computed is reduced. Figures
2.3(a) and 2.3(b) illustrate the graph I'(V, E, 6) with all and with the reduced number of
edges, respectively. The matrices R and R; (i = 1, ..., G) are denoted by square and round
frames, respectively. The indexes of columns for each matrix are shown by a sequence of

digits in the frames.
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Lg
Ls 12?5156
Ly
Ls
Lo
(a) The Graph I'(V, E, 6), where |E| = 17.
Lg
Ls ﬁ
Ly
Ls
Lo

(b) The Graph I'(V, E, 6), where |E| = 10.

Figure 2.3: The Graph I'(V, E,n) with all and reduced number of edges, where |V| = 9

and n = 6.

In order to determine the MST, the cost C;; of each edge is computed and, for each
node, the incoming edge with minimum cost is selected. If more than one incoming edge
with equal weights exist, then one of them is selected randomly. The correctness of this
algorithm follows from the acyclic property of I'(V, E,n) [1]. The time required to derive
C;,j depends on the time to compute p; 1, ..., p;x, and calculate the summation (2.15). At
most k; comparisons are necessary to determine p;1,...,p;;. A single comparison and

the summation of (2.15) requires one and 5k; flops, respectively. The total time needed to
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compute Cj ; is k; + 5k; < 6k; = k;t. Let

i=1,...,

and the upper bound of the time needed for deriving the MST of a graph with |E| nodes
be given by
Tust < |E|Tepce + |E| - (2.17)

Here | E|Tgper is the maximum time needed to compute the costs of all edges and |E| is the
maximum number of comparisons that could be done. Then, the complexity of computing

the matrices Ry, ..., Rg using the MST approach is:
G ki
T3(ki7m7napi7 G) = C(’m,n) + Z Z(pz’,j —J) (ki —j + 1) + Tusr » (2'18)
i=1 j=1

where C'(m,n) is given by (2.8) and corresponds to the complexity of computing the QRD
(2.3) and p; = (pig - Pik;)-

R

123456
7 .

Be Ry Rg
12 23 46

[ ] artificial nodes () required nodes

Figure 2.4: The Graph I'(V, E,n) with the artificial nodes Ry and Rjg, where |V| = 10,
|E| =9 and n = 6.

The MST approach reduces the complexity in the specific case where the columns of
some of the matrices are subsets of the columns of other matrices. In order to exploit
the possibility of common columns occurring in Ry, ..., Rg¢ new nodes (hereafter called
artificial nodes) are added in the graph I'(V, E,n). An artificial node is the conjunction of

the columns of two or more matrices. The QRD of these matrices might be more quickly
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derivable given the QRD of the artificial node. Figure 3 illustrates the graph I'(V, E, 6),
where the two artificial nodes Ry and Rj( are denoted by square frames. Thus, the problem
becomes one of finding the optimal tree which covers Ry, ..., Rg in the graph that includes

all artificial nodes. Algorithm 1 computes this optimal tree.

Algorithm 1 The optimal MST algorithm.
1: Construct the full graph consisting of Ry, ..., Rg and all possible

artificial nodes.
2: Find all the edges and their corresponding weights.
3: For all subgraphs which include Ry, ..., Rg find the MST of each of them.

4: Compute the complexity of each MST and choose the minimum one.

Now, let the full graph generated by the Algorithm 1 be denoted by I'p (Vir, Er, n), where
[Ve| = 2% +1 and the maximum number of edges is given by |Fg|yax = 2¢(2¢ +1)/2. The
number of all subgraphs which include the matrices Ry, ..., Rqg is 2(2¢-G), Thus, an upper
bound for the total complexity of this algorithm is

c(G) = 2(2CLG)TMST + QG(QG + DTgpee/2 + Ts (2.19)

where Typer and Tygr are given by (2.16) and (2.17), respectively. The time to compute
the complexities of each MST and to derive the minimum one is denoted by T5.

Algorithm 1 implements the optimal strategy for computing Ry, ..., Rq, given R. How-
ever, this optimal strategy has a double exponential complexity. Thus, it is not compu-
tationally feasible. To reduce the computational cost of Algorithm 1 a heuristic approach
can be considered. The heuristic algorithm (Algorithm 2) computes the MST of the initial
matrices Ry, ..., Rg and then searches for artificial nodes which can reduce the weight of
the tree. An artificial node is added to the MST if and only if it reduces the complexity
between an existing node and its children. Then, a new MST is reconstructed and the
procedure is repeated. A maximum of 2¢ artificial nodes can be constructed from the G
initial matrices. Each of these artificial nodes is evaluated to determine whether it should
be included into the tree or not. Thus, the complexity of finding the MST using this
heuristic approach is exponential O(2G) and computationally expensive.

Algorithm 2 can be modified to reduce its high complexity. The artificial nodes are
constructed from the columns of those two child nodes which have the maximum number of

common columns. In this way not all 2¢ artificial nodes are considered. The total number
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Algorithm 2 The heuristic MST algorithm.
1: Find the MST of Rq,...,Rg .

2: for each node with more than one outgoing edge do

3:  Construct all artificial nodes from the columns of the child nodes.

4:  Compute the weights of the incoming and outgoing edges of the new
artificial node.

5:  Add the new artificial node to the tree if it reduces the cost.

6:  Re-construct the MST until no more artificial nodes can be added.

7. end for

of computed matrices is G, where max(G) = 2G. Thus, the complexity of determining the
MST is polynomial O(kG?). The total complexity of the modified heuristic method is

Gk
Ty(kiymn,pi, @) = Clm,n) + 33 (piy — )k —j + 1)+ O(kGY) . (2.20)

i=1 j=1
2.4 Numerical results

The modified heuristic approach is most efficient in the two cases, where there are many
artificial nodes or none, but the columns of some matrices are subsets of the columns of
others. The performance of the algorithms is considered in these two cases. First, when R;
is a sub-matrix of R; for all i = k,k+1,...,G, j =0,1,...,G, (i # j), where 1 < k < G/2
and the MST containing Ry, ..., Rg can not be optimized. In this case no artificial nodes
can be determined and the solution is optimal. Second, when the columns of none of the
initial matrices Ry, ..., Rg are subset of the columns of other initial matrix, but where they
have most of their columns common. Here many artificial nodes can be determined, but
the solution may not be the optimal. Tables 1(a) and 1(b) show the execution times of the
modified heuristic method in these two cases, respectively. The performance of computing
the QRDs (2.4) one at a time is also reported. Comparisons between the two methods are
made also using their theoretical measures of complexity.

The constructed MST of each of the matrices in Table 1(a) is a binary tree. In this case
no artificial nodes can be determined. Thus the MST strategy for factorizing the matrices
R, ..., Rg is optimal. Furthermore, the execution time of the modified heuristic algorithm
is the same as that of Algorithm 2. In Table 1(b) the matrices Ry,..., Rg have a large

number of common columns, but none of them is a sub-matrix of another matrix. In this
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Table 2.1: Theoretical complexity and execution time of the modified heuristic method and

that of re-triangularizing the G matrices one at a time, where the total number of distinct

columns of all matrices is n.

Execution times

Theoretical Complexity

Retriang. Heuristic Retriang. Retriang.
G n method method Heuristic Heuristic
14 1120 4.39 3.09 1.42 1.70
14 2560 54.29 36.90 1.47 1.70
14 2880 85.68 56.05 1.52 1.70
14 3200 120.87 82.60 1.46 1.70
30 1440 10.69 6.63 1.61 1.85
30 2240 35.70 22.25 1.60 1.85
30 2560 56.68 37.29 1.52 1.85
30 3040 120.46 74.31 1.62 1.85
62 1920 25.10 16.38 1.53 1.93
62 2560 65.66 42.89 1.53 1.93

(a) No artificial nodes exist in the graph. The MST is a binary tree

which consists of exactly G matrices.

Execution times

Theoretical Complexity

Retriang. Heuristic Retriang. Retriang.
G n method  method Heuristic Heuristic
16 500 0.67 0.44 1.52 1.60
16 1000 3.97 2.56 1.55 1.60
16 1500 11.79 7.53 1.57 1.60
16 2000 27.44 17.88 1.55 1.60
28 1500 8.80 5.66 1.55 1.67
28 2000 18.88 11.99 1.57 1.67
28 2500 35.39 21.91 1.61 1.67
28 3000 62.71 37.71 1.66 1.67
40 2400 27.37 18.05 1.52 1.72
40 3200 62.92 38.31 1.64 1.72

(b) The MST consists of 3G /2 nodes from which G/2 are artificial.
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example G/2 artificial nodes are constructed. Thus, the MST consists of 3G /2 nodes. An
artificial node is constructed from two matrices if they have at least half of their columns
in common. Notice that, in both cases, the heuristic method executes in less than 2/3
of the time required by re-triangularization of Ry, ..., Rg one at a time. The discrepancy
between the theoretical and actual performance of the heuristic algorithm is due to the

implementation overheads.

2.5 Conclusion

Strategies for computing the QR decomposition (QRD) of the set of matrices Ay, ..., Ag
which have common columns have been considered. The first strategy computes the QRD
of each matrix independently and does not exploit the relationship that may exist among
the matrices. The second strategy expresses the matrix A; as AS;, where A consists of
all the distinct columns of Aj, ..., Ag and S; is a column-selection matrix. Initially it
computes the triangular factor R of the QRD of A. Then it derives the QRD of A; by
re-triangularizing RS; (i = 1, ..., G). This re-triangularization is equivalent to the multiple-
column downdating of the QRD [19, 24]. The second strategy is found to have better
complexity than the first.

The remaining novel strategies use a weighted directed graph to express the relation-
ship (common columns) among the matrices. The nodes represent the triangular factors
Ry, ..., Rg derived from the QRDs of Ay, ..., Ag, respectively. An edge between two nodes
exist if the columns of one of their corresponding matrices is a subset of the columns of the
other. The weight of an edge is the computational cost of deriving the triangular factor
of the subset matrix given the QRD of the larger matrix. The Minimum Spanning Tree
(MST) of this graph provides efficient strategies of computing the QRDs of Ay, ..., Ag when
the columns of some of them are subset of the columns of others. If no such matrices exist,
then the MST is equivalent to the second strategy which derives Ry, ..., Rg one at a time.
This is offset by adding new (artificial) nodes which correspond to matrices constructed
from the conjunction of columns of two or more matrices.

The algorithm for deriving the MST of the graph that includes all artificial nodes
has double exponential complexity and is thus computationally intractable. A heuristic
approach that reduces the complexity of the algorithm to polynomial time has been pro-

posed. The performance of the heuristic method has been investigated in two cases, where
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it is most efficient. The numerical results indicate the superiority of this method compared
to that of the second strategy which re-triangularizes RS1, ..., RSg one at a time.

The re-triangularization of the matrices RS; (i = 1,...,G) has been performed using
Givens rotations. Householder transformations and block versions of Given rotations can
also be used [11, 26, 27, 47]. Furthermore, in some econometric models the data matrices
A, ..., Ag may have special structure and properties [10, 12, 13, 14, 24]. In such cases the
efficient re-triangularization of RS; (i = 1,...,G) will require special algorithms. This will
result in the edges of the directed graphs having different costs. However, the derivation
of the MST and heuristic strategies for factorizing the matrices will remain the same.
Currently the adaptation of the proposed strategies to compute subset regression models

is under investigation [15, 16].
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Chapter 3

Efficient algorithms for block
downdating of least squares

solutions

Abstract:

Five computationally efficient algorithms for block downdating of the least squares solu-
tions are proposed. The algorithms are block versions of Givens rotations strategies and
are rich in BLAS-3 operations. They efficiently exploit the triangular structure of the
matrices. The theoretical complexities of the algorithms are derived and analyzed. The
performance of the implementations confirms the theoretical results. The new strategies

are found to outperform existing downdating methods.

IThis chapter is a reprint of the paper: P. Yanev and E.J. Kontoghiorghes. Efficient algorithms for block
downdating of least squares solutions. Applied Numerical Mathematics, 49:3-15, 2004.

23



24 CHAPTER 3. BLOCK DOWNDATING OF LS SOLUTIONS

3.1 Introduction
Consider the least squares (LS) problem
T = argmin||Az — b||2 , (3.1)

where A € R™*("=1) is of full column rank, b € R™, z € R and || - || denotes the
Euclidean norm. Let A = (A b) be partitioned as

-~ (A A b
A= (2= (7 )Y (3.2)
A2 Ag b2 m—d

The downdating least squares problem can be defined as the solution of the least squares

problem
To = argmin|| Aoz — ba|2 (3.3)
T

after (3.1) has been solved. Here it is assumed without loss of generality that the first d
observations are deleted, Ao has full column rank and m > d + n.
Let the QR decomposition (QRD) of A be given by:

R R u n—1
QTg: <0> =10 pl1 , (3.4)
0 0/ m-n

where Q € R™*™ is orthogonal and R € R("~1*("=1) ig ypper triangular. The LS estimator

of z in (3.1) is obtained from the solution of the triangular system
Rx = u. (3.5)
Thus, the downdating problem can also be seen as equivalent to computing the QRD of
Ay
~ R2 u2 \ n—1
_ R
Q§A2=<O>= 0 o1 (3.6)
0 0 m—d—n

and solving RoTo = ug after (3.4) and (3.5) have been computed. The orthogonal matrix

Q- and the upper triangular matrix Ry in (3.6) are of order (m — d) and n, respectively.
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Different sequential strategies for solving the downdating least squares problem have
been proposed [5, 19, 20, 24, 28, 32, 33]. These mainly consider Givens rotations for
downdating the LS solution by single observation, or the straightforward use of the QRD
for downdating the block of observations. In the latter case the structure of the matrices is
not exploited [8]. In this work sequential algorithms for block-downdating the LS solution
are proposed. These new methods are rich in BLAS-3 operations and take advantage of
the initial triangular structure of the matrices. The evaluation of the various methods is
performed using theoretical measures of complexity and experimental results.

It is assumed that the orthogonal matrix @ in (3.4) is available. The algorithms have
been implemented on Intel Pentium III, 800 MHz processor. The performance of the algo-
rithms has been evaluated and the execution times are reported in seconds. The complexity
of the algorithms in number of flops (floating point operations) are also reported. The next
section considers various LS block-downdating strategies. In section 3 the performance of

the algorithms is evaluated. Finally, in section 4 conclusions are drawn.

3.2 Block-downdating of the LS solutions

The downdating LS problem can be solved in three stages. Let @ in (3.4) be partitioned

as

d m—d
T T
11 12 |»
Qf = %:1 '52 d (3.7)
Q%:l %:2 m—d—n
The first stage computes the QRD
L Z\ d
HT (%1) ( ) (3.8a)
3,1 0/ m—d—n
and the product
T AT
r(Q22) _ 2,2
(%) - (%) -



26 CHAPTER 3. BLOCK DOWNDATING OF LS SOLUTIONS

Here H is orthogonal of order (m —n) and Z € R?*? is upper triangular. The second stage

computes the row-permuted QRD

d d
GT< fl>: (0> (3.90)
A D Jad
and the products
n n m—d m—d

T AT
GT < h ) = ( B )n and GT ( 91’2 ) = ( 1.2 )n (3.9b)
0 E )d Q39 0 /a4

Here G is a (d + n) x (d + n) orthogonal matrix and, by construction, D € R%*¢ is upper
triangular, but it will be shown that |D| = I;. That is, D is diagonal with entries +1.
Finally, the third stage computes the QRD of B, i.e.

Q"B =R, (3.10)
with orthogonal QV € R™ "™ and upper triangular Ry € R™", In summary,

- 0 AT AT _
or o GT 0 I, 0 i - | Q (6;21,2 i
0 I, 0 Im—dn 0 HT 0 ~ Ao

3,2

Ry
= E

[an)

Here it can be seen that (0 DT 0)7 is the image under an orthogonal map of an orthogonal
set of d column vectors — the first d columns of Q7 — and hence, D has orthogonal columns.
Since D is by construction upper triangular, its diagonal elements must be +1. Hence,
E = Dgl, i.e. DE = A; is the deleted block of observations, and the orthogonal Q7 in

the QRD (3.6) is given by
Q= (éi@ﬂ) :

T
3,2
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If @ in (3.4) is not available, but A; and R are known, then @;; and Z in (3.9a) can
be obtained from the solution of the triangular system A; = Q11 R and the Cholesky
factorization Z7Z = I; — QMQ{D respectively [19, 24, 28].

The computation of (3.8a) and (3.8b) can be obtained efficiently using standard QRD
methods and software, e.g. LAPACK, which are based on Householder transformations
[2, 20]. Now, consider the computation of (3.9a), i.e. the second stage of the downdating

process. Let Q{l and R be partitioned, respectively, as

d ni no ng
W\ Riy Rip -+ Rig \m
we |, Ry -+ Ry "
QT = o |, and R= S (3.11)
W@ |, Ry | ng

where n = "7 | n;. The factorization (3.9a) is obtained in g steps block by block. Starting
from Z(©) = Z and Eéo) =0, the ith (i =1, ..., g) step computes the row-permuted QRD

GT (;{;) = (Z(zi)> ’; (3.12a)
and the product
a (M) () e

where G; is an orthogonal matrix of order (d + n;), Z () is upper triangular and Ei,i is
full. Thus, in (3.9a) |D| = [Z9| = I;, E = (Egg)--'Eg(,g)) and the matrix B has the

block-triangular structure

ny na ng
Riy Rip Rig \m
Ry Ray |n
b (3.13)
Ryg ) g
The factorization (3.10) is obtained by computing the QRDs
QzTEM = ém’ (3.14&)
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and
Qf (f%i,m f%i,g) = (ﬁi,m Ei,g) : (3.14D)

where the orthogonal @Z and upper triangular ]%H are of order n; and ¢ = 1,...,g. Thus,
QT and Ry in (3.10) are given, respectively, by QT = diag(@vlT, s QVQT) and

§1,1 ﬁa,z e El,g
Ry = w 29 (3.15)
Rgug

Algorithm 3 summarizes the steps of the block strategy for computing the downdating LS
solution. The standard colon notation will be used to denote subvectors and submatrices
[20].

Algorithm 3 Downdating the least squares problem (3.3).
1: Let @ be partitioned as in (3.7)

T Z
2: Compute the QRD  HT (g?) = ( )

3,1 0

3 Let 2O = Z and E”) =0
4: Let R in (3.4) and QT in (3.7) be partitioned as in (3.11)
5. fori=1,...,9 do

W 0
6:  Compute the row-permuted QRD ~ GT ( ) = < A >

Z(i-1) 70
7. GT (-R(i,i:g)> o (Rz,(z)g>
: i i—1 - %
E’i:g Ei:g

8: end for

9: fori=1,...,gdo

10:  Compute the QRD @lTJ/%“ = EH
11: @fﬁi,iﬂzg = Ei,i-ﬁ-l:g

12: end for

L R
13: Let Ry = [Ri,j] = ( 2w

as in (3.6)
0 p2

14: Solve the triangular system RoZo = us
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3.3 Strategies for computing the factorization (3.12)

The main operation of the downdating LS Algorithm 3 is the loop 5-8 which corresponds
to the factorizations (3.12a) and (3.12b). Hereafter, the particularly interesting case where
n > d is considered. The theoretical complexity for computing (3.12) directly using the
standard LAPACK routines (hereafter called Strategy 1) is given by

Ty, = 2d%(5/3 + 3i) + 2d% = O(2d*(5/3 + 3i)). (3.16)

Let W@ and Z® in (3.12a) be partitioned, respectively, as

U1 Vg
e 20 o 20 \w
w@ = (Wl(l) Wk(;l) )m and 20 = P L (3.17)
(4)
k) v

where 7 ](ZJ) (j = 1,...,k) is upper triangular and n; = 25:1 v;. For simplicity it will be

assumed that n; =d (i =1,...,9) and v; =v (j = 1,...,k), i.e. n = gd, d = kv and v is the
block size of the partitioned matrices. The updating QRD (3.12a) is obtained in & steps.
For Wj(z’o) = Wj(z) and Wj(z’k) = 0, the jth step (j = 1, ..., k) computes the updating QRD

of smaller-in-dimension matrices

(1,5—1) (4,5—1) (i,5—1) (4,9) (4,9)
b (Wj«—l) Mo Wk(‘—n):(?) o W'?'))kv e
Zj Zijei o Lk Zij Zjjn Zik ) v

where D]T is orthogonal of order (k+1)v, Z ](z]) € RY*? is upper triangular and recall d = kv.

The orthogonal DJT can be applied to the corresponding rows of the matrices in (3.12b)

without explicitly computing GZT. That is, it computes
RU-Y .. R RY ... RY
Dy | 1) | =\ LG (5 | (3.19)
0 ... E# B2V B

where Rg(;) = R;q, RZ(]Z) = ﬁi,q in (3.12) and E(gj’j) denotes the jth block row of the matrix
Eél) (¢ = i,...,g) during the jth (j = 1,...,k) step of the computation. The theoretical
complexity of this method (Strategy 2) is given by

To; = 2d*(1 + 2i) + d*(1 + 2i)(1 +v) + dv(v/3 — 1) = O(2d>(1 + 2i)). (3.20)
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An alternative approach (Strategy 3) is to construct explicitly G;TF and then compute
(3.12b). The orthogonal G} = 5,{ e ﬁlT, where

kv v
) (4)
D D v
op- (o o) o1
Dyy Dy ) v
with Dg% lower triangular [24, pages 49-53] and
kv (J—1)v v (k—7)v
byl o DY)y 0 \m
~ 0 I, 0 0 i—1)v
D2,1 0 DQ’2 0 v
0 0 0 I(k,j)y (k—j)v

Theorem 1 Let CU) = ]_N)JT - 5{ and CO) = Iopy. The orthogonal matrix CY) has the

structure

kv (G—1)v v (k—j)v
c% C% oy 0 \m
j J .
o= | Gar Gz 000 {6 (3.22)
03{1 C'3?2 03{3 0 v
0 0 0 I(k,])v (k—j)v
() () ~
where Cy 5 and Cyg3 are lower triangular.
PrROOF.  The proof is by induction. For 7 = 1 the matrix
kv v (k—1)v
by Dy 0 \w
cW=pf= | oy o) o |, (3.23)
0 0 [(kfl)v (k—1)v

has the structure (3.22). Assuming that CU) has the structure defined in (3.22). It will be
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shown that CUTD has the structure (3.22) too. The matrix CUT1) = ﬁfHC(j) equals

kv ju v (k—j—1)v kv (Gj—1)v v (k—j)v
1 - ) . .
DI o DG o\ (e ) ol o
) _ 0 Ly 0 0 C) Oy 00
= . . , : .
N N e ST RC I
0 0 0 TI—j—1ye 0 0 0 Ik—jp
kv (Gj—1)v v v (k—j—1)v
i+1) ~(j i+1 +1 j +1
pPflef) | ot o) DEt,.cth | DEY 0
T " o 0
— o) c) o) 0 0
1) 0) (1) ) 1) 0) G+1) |
i+1) ~(j i+1) ~(j i+1) ~(j j+1
D2J,1 01?1 D2],1 C'1{2 D2j,1 01?3 DQJ,Z 0
0 0 0 0 T—j—1yw
where
(U+1)  _ G+ ~6) A6+ _ (HG+D) (9) (7+1) (9)
Ciy = Dyy 'Cpli, Cfy 7 = (Df;(j_n,;cﬂz D(j_l)v+1;jv,;01fg>>
A A A o) - c)
C§]3+1) _ D§];1)7 Céjl-l-l) _ ( 2,1) ’ Céj; ) _ 2,2 . : (324)
e an=ld) A e
- 1) - . . . . . -
B = DO, o = (DY) DYICB) ma O = DY
Here, Dg;;.i)l)v’: and Dgigvﬂzjw are submatrices of D%H). Notice that Cg;l) and Cé{;l)

are lower triangular. Thus, CU*1 has the structure defined in (3.22). This completes the
proof. W

Figure 3.1 shows the affected submatrices during the computation of C(V), ..., Cc%) =
GiT, where k = 4, and a square denotes an v X v submatrix.

From Theorem 1 it follows that the orthogonal matrix G} in (3.12a) has the structure

kv kv
k ~N(k
GT =W = QH @; e (3.25)
’ o8 a8 Sk

where
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oM c@ c® c@
ole[ee[e ole[e[o[e]e o[e[e]o[o[o]e o[eje]o[e]e]0o]e
ole[e[e]e ole[e[oo]e ole[e[o|o|o]e o[eje[e[o]0|0]0
oje[e[e|e oje[e[o|o]e o[e[e[o|o|o|e o[e[e[e|o|0|0|e
00000 ole[e[o|o]e o[e[e[o|o[0o|0 o[e[e[o[o|0[0|e
elefee e/e[e/® e[e[e[® e[e[e[e

eje[e[e[e 00000 olejejee
000000 00000
o[e[e[e]e]o]e

[ ] Zero [®] Non-zero N Identity Lower triangular |E| Affected blocks
Figure 3.1: The orthogonal CU), (j =1, ...,4).

Here, éékz) is lower triangular and this can be exploited when it comes to the matrix
multiplication (3.12b). This strategy to compute (3.12) is summarized by Algorithm 4.
The steps 7-10 correspond to the computation of (3.12b). The complexity of Algorithm 4

(i.e. Strategy 3) is given by

Ts,; = d*(3 + 7i) + 2d%(2 + 3v) + 4dv? /3 = O(d*(3 + Ti)). (3.26)

Algorithm 4 The third Strategy for computing (3.12).
1: Let €0 = Doy
2: for j=1,...,k do
Wi (g
3:  Compute the QRD D;; Zj(i—l) = ,

JsJ

() - ()
7.+ 1k \75j+Lk
5. Compute CU) = D;‘-FC(j_l) as in (3.24)
6: end for
7: Ezz = kal)Rzz
8: EZ(Z) = @éyl)Ri,i
9 Rigprg = O\ Rijrrg + 9B
100 By = O Ry + G B

An alternative approach is to compute the QRD of W prior to the computation of
(3.12a). That is, (3.12) is computed in three stages:

d n;g ng d n; ng

QI (W(i) Ri; - Ri,g>: (U(i) Rii -+ Ri’g )7 (3.27a)
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~ U@ 0
T _
(20 (2) aam
~ (Ri; - R Ri; - R;
GT (™™ (iigl) = & (;‘; . (3.27c)
0 - FEy E: - Ey

Here G; is orthogonal of order 2d and in (3.12), GT = édeiag(Q*T, 1y).
Now, let U® be conformally partitioned as Z() in (3.17). That is,

and

v1 Vg
o o UY) \w
U@ — . : D (3.28)
i ).
where U") (j = 1,...,k) is upper triangular Ul = " and U = 0. The updatin
g \J y ey pp g » Y155 = Y1 15,5 — Y- p g

QRD (3.27a) is obtained in k steps. The jth step (j = 1,...,k) computes the updating

QRD of smaller-in-dimension matrices

2,7—1 2,0—1 2,7—1 1,7 2,7
DT (Ul(:(afjl)) Ul(;(]fjﬁf Ul(:(yfkl))> _ ( ° ¢ 1(:(5)3)‘“ Uf;z?) (3.29)
Vi 71— 1— 1— 7 7 1 ) :
Zj Zijwei o L Zii Zigm o Lk

where D]T is orthogonal of order (j + 1)v and Z ](l]) € RV*? is upper triangular.
Two approaches for computing (3.12) can be considered. The first one applies D;‘-F to
the corresponding rows of the matrices in (3.27b) without deriving CNJZT explicitly. The

complexity of this approach (Strategy 4) is given by

Ty; = 2d°(1+2i) +d*(1 4 2v + 4i + 4iv) + dv(20/3 — 1) (3.30)
= 012d3(1+2i)) .

Notice that Strategies 2 and 4 have the same order of complexity. The second approach
constructs CNJ;‘F = lNDkTﬁf Now,

G-l v v
pf o) o\

e I N (319
pll o) ob) ).
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with Déj% and Déj?)) lower triangular [24, pages 49-53] and

(Gj—1)v v (k—1)v v (k—j)v

pYl pY) o DY) 0 \G-ue
pyl pY)y o DY) o0 |
Df = 0 L1y O 0 (k—1)v - (3.31b)
R SR R
0 0 0 0 Igjw ki

Furthermore, as in Theorem 1, it can be proved that C) has the structure

(J—1)v v (k—=j)v  (j—-1)v v (k—j)v

)
¢l Oy o Ol G0 \G-ue
SONN R R R
~. 0 0 Tip—ivw 0 0 0 k—j)v
ey o e o |
0 0 0 0 0 Ti—jyp /J (k=i
where 69531) , CN’éjZ), 5492) and 6&2 are lower triangular. Figure 3.2 shows the affected subma-
trices during the computation of C @ .., ck) = é'f, where k = 4 and a square denotes an
v X v submatrix.
cm o o®) oW
[ o L] [ JEJ [ JLJE] (JCJE] o0 00|00 OO
o e o e (LK) o0 o0 00|00 OO
o0 o00 o0 00|00 OO
o 0 00|00 OO
@ @ ® ® [ o
e e e e (I (I
(LI (LI

[ ] Zero [®] Non-zero E Identity Lower triangular E Affected blocks

Figure 3.2: The orthogonal cW, (j=1,...,4).

Thus, the orthogonal matrix éZT in (3.27b) has the structure

kv kv
B B ok Ak N
T _ (k) _ 1,1 1,2
Cy1 22 ) kv
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where
~(k ~(k ~(k ~(k ~(k
et = (G0 ) = (G G) e (T )
’ C 1 02,2 ’ 02,3 C'2,4 7 04,1 04,2
and

Algorithm 5 summarizes the steps of this 4th strategy for computing (3.12), when refor-
mulated as (3.27). The lines 9-10 compute (3.27¢) by exploiting the triangular structure

of C’ékl) and C’é@ . The complexity of Algorithm 5, i.e. Strategy 5, is given by

Ts; = d*(5/3 4 8i) + d*(3 + 8v + 2i) + dv(1 + 4v) = O(d*(5/3 + 8i)). (3.34)

Algorithm 5 The computation of factorization (3.27).
1: Let CO = Iy,
2: Compute the QRD  QITW® = y®
3: Rijiig = Qly; Rijicg
4: for y=1,...,k do

i 0
5:  Compute the QRD DjT le(jiﬂl) - 7(0)

(U (o)
. :7,7+1: _ :7,7+1:

gtk )\ Ak
7. Compute CV) = DJTC(]'*D similar to (3.24)
8: end for
0: Rijg = Oy Risig + OV BT
10: (121; = gkl) Rijisg + 7§k2)E(leli;

3.4 Numerical results and conclusion

The five strategies described here for computing (3.12) have been implemented and an-
alyzed. A suitable block size v has been found to be 50 on the Intel Pentium III, 800

MHz processor. Table 3.1 shows the theoretical complexities and execution times of the
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five strategies. The theoretical results confirm the performance of the implementations.
Strategy 2 has the best performance. That is, the computation of (3.12) is best obtained
by computing (3.18) and (3.19) for j =1,... k.

Table 3.1: Theoretical complexities (Mflops) and execution times (sec).

Strategy 1 Strategy 2 Strategy 3 Strategy 4 Strategy 5
d i T1 Time T> Time T3 Time Ty Time Ts Time
200 2 122.82 1.05 90.35 0.90 148.82 1.36 100.68 0.94 159.62 1.44
200 3 170.90 1.46 126.43 1.27 204.82 1.90 140.84 1.36 223.70 2.02
200 4 218.98 1.87 162.51 1.64 260.82 241 181.00 1.79 287.78 2.61
200 6 315.14 2.81 234.67 2.38 372.82 3.45 261.32 2.69 415.94 3.78
200 8 411.30 3.92 306.83 3.14 484.82 4.38 341.64 3.64 544.10 4.90
300 2 414.36 3.58 293.18 2.95 487.36 4.49 316.29 3.01 516.64 4.73
300 3 576.54 5.03 410.36 4.15 676.36 6.54 442.65 4.46 732.82 6.79
300 4 738.72 6.31 527.54 5.32 865.36 8.21 569.01 6.07 949.00 8.70

6

8

2

3

4

6

300 6 1063.08 11.40 761.90 8.57 1243.36 12.93 821.73 10.88 1381.36 13.59
300 8 1387.44 17.32 996.26 13.01 1621.36 21.08 1074.45 14.81 1813.72 22.36
400 981.97 8.40 681.11 6.85 1137.97 10.39 722.08 7.01 1199.80 11.18
400 3 1366.29 11.70 953.43 9.59 1585.97 15.29 1010.72 9.94 1712.12 15.88
400 4 1750.61 17.13 1225.75 15.18 2033.97 23.51 1299.36 16.10 2224.44 23.83
400 6 2519.25 28.09 1770.39 22.95 2929.97 35.26 1876.64 24.57 3249.08 36.73

Table 3.2 shows the execution times of three methods for solving the downdating prob-
lem for various values of m, n and d. The Standard LAPACK method corresponds to
the conventional method in [8] which computes (3.7)-(3.10) using LAPACK routines, but
without exploiting the structure of Z and R in (3.9a). The Givens method uses plane
rotations to delete the d observations one at a time [19]. The new downdating method is
Algorithm 3 which employs the 2nd strategy to compute (3.12).

The Givens method outperforms the conventional one when the number of deleted
observations d is small compared to the number of variables n. Furthermore, if d < n,
then the Givens method also outperforms the new downdating algorithm. However, for
not very small d the proposed block-downdating algorithm is computationally the most
efficient one. The numerical stability of the proposed algorithm should be investigated [9].

The parallelization of the new downdating algorithm using the various strategies for

computing (3.12) is currently under investigation. The adaptation of the computationally
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Table 3.2: Execution times of the downdating methods.

ALGORITHMS

RATIO

m n d LAPACK Givens New Down. NIEQ/P]%(?WI; LéilgSSK Ne%}vi\],)egx?vn
1000 400 10 0.97 0.11 0.09 10.77 8.81 1.22
1000 400 20 1.09 0.23 0.17 6.41 4.73 1.35
1000 400 50 1.23 0.64 0.37 3.32 1.92 1.62
1000 400 100 1.77 1.55 0.94 1.88 1.14 1.64
1000 400 200 3.08 3.79 1.84 1.67 0.81 2.05
1000 600 10 3.34 0.24 0.22 15.18 13.91 1.09
1000 600 20 3.57 0.52 0.37 9.64 6.86 1.40
1000 600 50 3.82 1.31 0.86 4.44 291 1.52
1000 600 100 5.04 2.98 1.78 2.83 1.69 1.67
1000 600 200 7.43 7.66 3.84 1.93 0.96 1.99
1600 800 10 8.44 0.42 0.40 21.10 20.09 1.05
1600 800 20 8.56 0.92 0.68 12.58 9.30 1.35
1600 800 50 9.13 2.29 1.69 5.40 3.98 1.35
1600 800 100 10.86 5.40 3.37 3.22 2.01 1.60
1600 800 200 17.06 13.26 7.38 2.31 1.28 1.79
1600 800 400 31.11 35.55 16.90 1.84 0.87 2.08
2000 1200 10 24.62 0.96 1.13 21.78 25.64 0.84
2000 1200 20 34.20 2.06 2.17 15.76 16.60 0.94
2000 1200 50 36.29 4.98 4.83 7.51 7.28 1.03
2000 1200 100 40.30 11.28 8.19 4.92 3.57 1.37
2000 1200 200 51.48 25.88 15.37 3.34 1.98 1.68
2000 1200 400 83.38 153.59 37.60 2.21 0.54 4.08

37

efficient downdating algorithms are intended to be used in regression diagnostics and cross-

validation, where repeatedly a number of observations is deleted [3, 27, 42]. It is expected

that the improved performance of the proposed downdating methods will facilitate the

investigation (evaluation of influential data) of large-scale models. Within this context the

downdating of seemingly unrelated regression models is currently considered [10, 12, 27, 34].
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Chapter 4

Parallel algorithms for downdating

the QR decomposition

Abstract:

A computationally efficient parallel algorithm for downdating the QR decomposition is
proposed. The algorithm is a block version of sequential Givens strategies and efficiently
exploits the triangular structure of the matrices. An efficient distribution of matrices over
the processors is proposed. Furthermore, the algorithm does not require inter-processor
communication. The theoretical complexity of the algorithm is derived and experimental
results are presented and analyzed. The parallel strategy is scalable and highly efficient

for large-scale downdating problems.

4.1 Introduction

The recomputation of the QR decomposition (QRD) of a matrix after rows have been

deleted arises often in diverse applications [24]. Consider the QRD of the full rank A €

IThis chapter is a reprint of the paper: P. Yanev and E.J. Kontoghiorghes. Parallel algorithms for
downdating the QR decomposition. Parallel Computing, 2004 (Submitted).
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R™*™ matrix :

R
QTA=<O>;_TZ , (4.1)
with
d m-—d
A d Ql,l Q{Q n
_ 1 T _
O Y R A ) B

T T m—d—n
3,1 Q3,2

where R € R™™ is upper triangular and @ € R™*™ is orthogonal. The computation of the
QRD of As having found the decomposition of A given by (4.1) is known as the downdating
QRD problem. Thus, assuming that m > d+n and As has full rank, the downdating QRD

is expressed as:

0 /m—-d—n

Qb 4y = <R2> g , (4.3)

where @3 is an orthogonal matrix of order (m — d) and Ry € R™*™ is upper triangular.
The QRD (4.3) is derived in two stages utilizing the computations performed in (4.1)
[5, 8, 19, 20, 24]. The first stage computes the factorizations

T Q%jl o Z\d
" <Q£2>_<O>m—d_n (4.4)

and
d n d n
r R 0 B
GT | it - " (4.5)
Z 0 D E)d

where H and G are orthogonal matrices of order (m—n) and (d+n), respectively, Z € R4*4

is upper triangular and |D| = I;. The second stage computes the triangular factor Rs in
(4.3) by finding the QRD

Q"B=R,. (4.6)
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If @, in (4.1), is not available, then Q{l and Z in (4.5) can be computed by solving the
triangular system A; = Q1,1 R and the Cholesky factorization z77 =1, — QMQ& [24].
Hereafter it is assumed that ()11 and Z are known and only Ry, in (4.3), and thus in (4.6),
is required. That is, Q)2 is not explicitly computed.

Thus, the downdating problem becomes equivalent to computing (4.5) and (4.6). In
the light of this observation sequential and parallel strategies to solve the downdating
problem have been designed [4, 8, 19, 20, 24, 28, 32, 33]. A computationally efficient
block-downdating algorithm has also been recently proposed [47]. In this paper, a parallel
strategy based on this algorithm is investigated. The notation is consistent with that in
[47]. The sequential algorithm is briefly presented in the next section. Section 3 considers
various parallel strategies and presents the theoretical and computational results. Section

4 offers some conclusions.

4.2 Block downdating of the QRD

Recently an efficient block-generalization of a Givens strategy for single-row downdating
of the QRD has been proposed [47]. The algorithm is rich in BLAS-3 operations and takes
advantage of the initial triangular structure of the matrices. Let the matrices Qfl and R

in (4.5) be partitioned, respectively, as

d ni no ng
W\, Rin Rig2 -+ Rig\nm
w®@ |no R ... R Ny
QL= | " |7 and R= S (4.7)
W) | g Ry, Mg

where n = Y7 | n;. The sequential algorithm computes (4.5) in g steps. For Z = Z ©) and
Eéo) =0, the ith (: =1, ..., g) step computes the row-permuted QRD

w® 0\ ni
T o )
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and the product

ni ng n; ng
R R; Rii - R

G | <z‘ig1) B ) (’5 ’ (4.80)
0 B E B

where G; is orthogonal and of order (d + n;), Z) is upper triangular and B in (4.5) has

the block-triangular structure

ﬁl,l §1,2 él,g
o o B

B: 272 .279 (49>
R979

The QRD of B in (4.6) is obtained in g steps by computing at the ith step (i = 1,...,9)
the QRDs:

QT Ri; = Ri; (4.10a)

)

and the products

~

Qf (Rizer - Riy) = (Rizrr .. Riy) . (4.10D)

where EH is upper triangular and Q7 is orthogonal. That is, Ry in (4.3) is given by:

Riy Riz - R
B .. B

Ry = w2 - (4.11)
Rg,g

Algorithm 6 summarizes the steps of this strategy for block downdating the QRD. House-
holder transformations are used to compute the factorizations (4.5) and (4.6) and the
orthogonal matrices G; and Q; (i = 1, ..., g) are not explicitly constructed. The theoretical

complexity of this algorithm is given by:

Ts(g,d) = 2gd*(2d(3g + 5) + 3g) /3 = O(4g*d*) . (4.12)
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Algorithm 6 The sequential block downdating of the QRD.
1: Let QT | and R in (4.5) be partitioned as in (4.7)
2: fori=1,...,9do

W) 0
) . T =
3:  Compute the row-permuted QRD G (Z(il)> (Z(i)>
R

4:  Compute G7T ( ’ (i’gl)> = ( (i) (g)
0 - E EY ... Ef

- end for

5
6: fori=1,...,9do

7. Compute the QRD  QTR;; = Ry,

8 Compute QF (Ei’i+1 ﬁi,g> = (Ei,iﬂ Ei,g)
9: end for

4.3 Parallel downdating of the QRD

The design of a parallel algorithm requires the efficient distribution of matrices on the
processors such that load balancing is achieved together with low inter-processor commu-
nication. Let p denotes the number of processors. Assume for simplicity that ¢ in (4.7)
is a multiple of p. Consider the block-partitioning of R in (4.7). The cyclic distribution
will allocate R.; (i = 1,...,g) to the processor Py,, where A\; = (i — 1) mod p + 1. This

distribution results in the processor P; being allocated the n x n/p matrix
R(J) = (RJ R7J+p R7J+2p e R?]J’_g_p)'

The number of non-zero elements of RY) is given by g(g — p)/2p? + p(p — j). Thus, R®),
which is allocated to the last processor, has the maximum density.

In order to reduce the inter-processor communications the factorization (4.8a) is com-
puted by each processor which then, updates its allocated matrix RY). Furthermore, using
a Single Program Multiple Data (SPMD) paradigm the local matrices RY) (j = 1,...,p)
are assumed to have maximum density and thus share the structure of R with the result
that the processors P, ..., P,_1 perform computations on zero blocks. Figure 4.1 shows
the distribution of the matrices R and F in (4.5), with p = 4 and ¢ = 16. Note that
Q* = (Q11 Z7)T is duplicated in each processor. The shaded and blank blocks indi-
cate, respectively, the affected and unaffected blocks during the computations. The empty

shaded blocks remain zero throughout the factorization process.
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P Py Py Py

Q* RM Q* R® Q* R®) Q* R@
[o] eoe|e [¢] [e]e]e]e [¢] [e]eTe]e [¢] [e]eTe]e
O ojele [o| [e/e[e]e [o| [e]e]e]e (o [e]e]e]e
O ojele o] 0D o] olele [o| [e]e]e]e
| (fefels] [o] Telols] [¢] MTelele] [o] TeTeTe
o oo g 0 o] olele o] NOD
O oo g 0 o] oo o] N0
O oo o] 0 o] oo o] oo
a e | @ a oo o | oo a oo
o] ° o] ° a oo o] oo
il d | o [ o e [T Tele
d A C Ad O | © | S
d d Ad O | © | S
d d Ad | © | O
o] o] o] o]

o CTTT1 O] O] AT

D Zero E Non-zero Upper triangular DAffected blocks

Figure 4.1: The cyclic distribution of the matrices on 4 processors, when g = 16.

The parallel downdating of the QRD problem is achieved in three stages. The first
stage computes (4.8). Specifically, the factorization (4.8a) is computed by each processor
P; which then updates its local matrix RU), where 7 =1,...,p. The second stage computes
(4.10a), i.e. processor P; computes the QRDs

Zjﬁl(,][)i/p] = Eg,]()i/pp t=757+Dp, ]+ 9D (4.13)

T
i?j
sends QZ] to P, and also receives QZT in return, where r = 1, ..., p and r # j. Finally, in the

The explicitly computed orthogonal matrices are sent to all processors. That is, P;
last stage each processor applies the matrices ng (J=1..,pandi=j,j+p,....5+9—p)
to update R,

Algorithm 7 summarizes the steps of this parallel strategy for block downdating of the
QRD. The theoretical computational complexity of this algorithm is given by:

Tp,(9,d,p) = 29d*(3(g +p — 1) + d(6g + 11p + 1)) /3p = O(4¢°d’ /). (4.14)

Recall that d and p denote the number of deleted rows and the number of processors,
respectively. The upper-triangular n x n matrix R is partitioned in g x g blocks, where

n = gd.
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Algorithm 7 The parallel block downdating of the QRD with cyclic distribution on p

Processors.
1. Let R be block-partitioned as in (4.7), where g is a multiple of p.

2: Allocate Q1,1 and Z to all processors.

3: Allocate RY) = (R.; R.jip -+ R.jig—p) to processor Pj (j =1,...,p).
4: each processor P; (j =1,...,p) do in parallel:

5. fori=1,...,9 do

w® 0
6:  Compute the row-permuted QRD GZT ( ) = ( ) )

Z(i—1) 7(i)
) L ) 210)) ... pl)
. Compute 7T [Tl Rigm \ — (Fifim Rigro
! 0 . Eg’_l) EZ,(’) . Eé’)
8: end for

9: fori=75,5+p,....,7+9g—pdo Compute the QRD szﬁg[)i/p] = éz(,j[)i/m end do
10: Send ng to processors P (i =j,j+p,...,j+g—p;r=1,...p and r # j).

11: Receive Q;‘QT from processors P, (k=nr,r+p,...,r+g—p;r=1,...p and r # j).
12: fori=1,...,9 do

13 r:=(i—1) modp+1

1 Compute  Q;, (ﬁgfr)(m)/pw . Egﬁm) - (Rgr)w)/pw . Egﬁm)

15: end for

Table 4.1 shows the execution and communication times for Algorithm 7 for some g and
d. The execution times of the sequential algorithm and efficiency of the parallel algorithm
are also presented. These results show that the efficiency of Algorithm 7 degrades as the
number of processors increases because of the high communication costs. The computation
time increases more than the communication overheads for increasing g, and thus, the
efficiency of the algorithm increases. Thus, Algorithm 7 can achieve high efficiency for
relatively large d and exceptionally large g with respect to the number of processors.

In order to eliminate the inter-processor communications in the second stage of Algo-
rithm 7 the diagonal block matrices of R, i.e. Ri1,...,Ry4 in (4.7) are allocated to each
of the processors. Thus, the factorizations (4.13) are computed locally by each processor.
This has the disadvantage of duplicating data, i.e. the diagonal of R is allocated twice to
the processors, but it has the advantage of eliminating communication costs. A drawback
of this strategy, as well of Algorithm 7, is that the matrices allocated to the processors

have unequal numbers of non-zero blocks. The load increases with increasing the processor
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Table 4.1: Execution times, communication times and efficiencies of Algorithm 7.

2 processors 4 processors 8 processors 16 processors

g d Serial Time Comm Eff Time Comm Eff Time Comm Eff Time Comm Eff
160 10 2.11 1.13 0.01 093 056 001 094 137 1.11 0.19 1.70 1.55 0.08
240 10 4.91 249 0.01 099 131 0.01 094 192 129 032 252 217 0.12
320 10 8.66 4.37 0.01 099 224 001 097 241 132 045 278 235 0.19
480 10  10.97 5.55 0.01 099 282 0.01 097 266 212 0.52 426 3.52 0.16
640 10 13.78 6.98 0.01 099 351 0.02 098 5.02 320 034 530 435 0.16
32 50 5.39 2.73 0.01 099 165 0.02 0.82 1.82 0.78 037 526 4.50 0.06
48 50  11.78 592 0.01 099 329 0.04 090 319 1.18 046 6.58 5.37 0.11
80 50 3286 16.68 0.01 0.99 869 0.06 095 6.81 147 060 739 578 0.28
160 50 153.31  77.41 0.04 0.99 40.21 0.39 0.95 23.60 208 0.81 34.23 2297 0.28
240 50 586.74 301.98 0.09 0.97 155.00 0.48 0.95 81.44 4.31 0.90 72.75 32.14 0.50
320 50 736.11 371.64 0.13 0.99 189.70 0.53 0.97 100.41 5.17 0.92 86.67 36.95 0.53
16 100 9.98 524 0.01 095 337 005 0.74 327 091 038 839 6.72 0.07
32 100 3533 1832 0.01 096 10.12 0.06 0.87 7.75 1.07 0.57 12.65 8.13 0.17
64 100 163.74 8244 0.01 0.99 44.20 0.08 0.93 2793 3.12 0.73 28.61 14.04 0.36
128 100 642.34 323.41 0.06 0.99 169.73 0.16 0.95 93.35 6.23 0.86 94.71 46.27 0.42
256 100 3082.61 1558.44 0.14 0.99 813.44 1.08 0.95 424.16 991 0.91 301.10 86.32 0.64

index, so the execution time is dominated by the last processor which holds the matrices
with maximum density. An improved distribution for the matrices can offset this drawback.

An efficient load-balanced distribution allocates the the non-zero blocks of R equally
to each processor. The first g/2 block columns of R are allocated using the column cyclic
distribution scheme of Algorithm 7. The remaining ¢g/2 block columns of R are distributed
using a reverse (counting backwards) column cyclic allocation scheme. That is, the block

column R.; is allocated to the processor P),, where

N = (t—1) modp+1 if i=1,...,9/2,
' p—(i—1) modp if i=g/2+1,...,9.

This distribution results in the processor P; being allocated the n x n/p matrix
RY = (R Rujip - Rigriojp Rigriog):

Figure 4.2 shows the distribution of the matrices in (4.5) on the processors, with p = 4
and g = 16, Q* = (@11 Z7)T and R* = (Ry1 --+ Rg4 0). The shaded blocks are the
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Figure 4.2: The modified cyclic distribution of the matrices on 4 processors, when g = 16.

matrices affected during the computation. Note that now each processor operates on the
same number of non-zero blocks.

This version of the parallel downdating algorithm comprises of two stages which com-
pute (4.8) and (4.10). In the first stage each processor computes locally the factorization
(4.8a) and then, for the computation of (4.8b), it applies G7 to its allocated block subma-
trices of R and E. In the second stage, each processor computes the re-triangularization
(4.10a) of the diagonal matrices fi” (i = 1,...,9) and then updates locally the allocated
matrices R (j =1,...,p). Algorithm 8 summarizes the steps of this approach. Note that
the main computations are performed by the loop at lines 9-22. The conditional statement
at lines 12-20 avoids computations on zero blocks after the factorization (4.8a) at line 11
has been computed. The second conditional statement at lines 15-19 prevents the appli-
cation of the orthogonal matrix QiT to the matrix ﬁm when the processor P; has been
allocated R;; as part of RU),

Algorithm 8 does not require inter-processor communication and thus, its theoretical

complexity is just the computational complexity. That is,
Tp,(g.d,p) = 29d*(3(g + p) + d(6g + 16p + 3)) /3p = O(4g*d’/p) . (4.15)

Notice that the latter exceeds the complexity of Algorithm 7 in (4.14) by 2gd?(3 + 5pd +
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Algorithm 8 The modified parallel block downdating of the QRD with cyclic distribution.

—_
S

—_
—_

,_.
B

13:

14:
15:

16:
17:
18:
19:
20:
21:
22:

Let R be block-partitioned as in (4.7), where g is a multiple of 2p.
Allocate Q1,1, Z and R;; to all processors (i =1, ..., g).
Allocate RU) = (R.j R.jyp -+ R.gr1—j—p R.g+1—j) to processor P; (j =1,...,p).
each processor P; (j =1,...,p) do in parallel:
for alli=1,...,9/p do
if (i+j—1 mod p=0) then 5§j) =1 else 5§j) :=p+1end if
end for
Let \j:=0and oj:=j5—1
fori=g,...,1do
if 0; = 0 then )\; := \; + 1 and 0 := 6 end if

J

C te th ted QRD G7T we = 0
ompute € row-permurte i Z(’) = Z(i—l)
if \; # 0 then

) .. pWw ) ... RW
Comp. GT R;; Ri,g/ﬁp,\j Ri,g/p _ R;; Ri,g/pﬂ—Aj Rz'zg/p
"\ o 0 B r ETY ... B
Compute the QRD QZT}?” = }N?m
if o; = 6 then
T (B0) 50) =(7) =(9)
Compute  Q; <Ri,g/p+27/\j Ri,g/p) B (Rivg/pﬂﬂj RW/P)
else
T ( ) »(7) _ (@ ()
Compute  Q; <Rz‘,g/p+1_Aj Ri,g/p)* (Rivg/PH—M Rivg/l’>
end if
end if

Let 0j:=0; -1

end for

2d)/3p flops. However, Algorithm 8 unlike Algorithm 7, has no inter-processor communi-

cation cost. From (4.12) and (4.15) it follows that the efficiency of Algorithm 8 approaches

one for very large g, i.e. limy_.o Ts(g,d)/(p x Tp,(g,d,p)) =~ 1.

Table 4.2 shows the execution times and actual (and in brackets the theoretical) ef-

ficiencies of Algorithm 8 for some g and d. The theoretical complexity is confirmed by

the experimental results. Comparing the results of Tables 4.1 and 4.2 it will be observed

that Algorithm 8 outperforms Algorithm 7 for larger numbers of processors. Furthermore,
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Algorithm 8 is scalable, i.e. the efficiency remains the same when the number of block

columns g and the number of processors p are doubled.

Table 4.2: Execution times (sec.) and efficiencies of Algorithm 8.

2 processors 4 processors 8 processors 16 processors

g d Serial Time Eff. Time Eff. Time Eff. Time Eff.
160 10 211 112 094 (0.98) 0.58 0.91 (0.95) 0.32 0.82 (0.89) 0.27 0.49 (0.80)
240 10 491 256 0.96 (0.98) 1.33 0.92 (0.96) 0.74 0.83 (0.93) 0.48 0.64 (0.86)
320 10 8.66 4.38 0.99 (0.99) 2.32 0.93 (0.97) 1.27 0.85 (0.94) 0.79 0.69 (0.89)
480 10 10.97 555 099 (0.99) 290 0.95 (0.98) 1.59 0.86 (0.96) 0.85 0.81 (0.92)
640 10 13.78  6.94 0.99 (0.99) 3.56 0.97 (0.99) 1.90 0.91 (0.97) 1.01 0.86 (0.94)
32 50 539 3.08 0.88 (0.89) 1.85 0.73 (0.78) 1.12 0.60 (0.63) 0.83 0.41 (0.45)
48 50 11.78 6.62 0.89 (0.92) 3.68 0.80 (0.84) 2.22 0.66 (0.71) 1.41 0.52 (0.55)
80 50 32.86 17.41 0.94 (0.95) 9.45 0.87 (0.90) 5.28 0.78 (0.80) 3.19 0.64 (0.66)
160 50 153.31 79.49 0.96 (0.97) 41.71 0.92 (0.94) 22.39 0.86 (0.89) 12.45 0.77 (0.80)
240 50 586.74 303.68 0.97 (0.98) 158.53 0.93 (0.96) 81.46 0.90 (0.92) 43.73 0.84 (0.85)
320 50 736.11 37296 0.99 (0.99) 191.98 0.96 (0.97) 99.11 0.93 (0.94) 53.06 0.87 (0.89)
16 100 9.98 6.33 0.79 (0.81) 3.95 0.63 (0.65) 2.68 0.47 (0.47) 2.13 0.29 (0.30)
32 100 35.33 19.94 0.89 (0.89) 11.78 0.75 (0.78) 6.96 0.63 (0.63) 5.03 0.44 (0.45)
64 100 163.74 87.87 0.93 (0.94) 47.32 0.87 (0.87) 27.12 0.75 (0.77) 17.78 0.58 (0.61)
128 100 642.34 331.60 0.97 (0.97) 176.68 0.91 (0.93) 93.20 0.86 (0.87) 53.98 0.74 (0.76)
256 100 3082.61 1592.49 0.97 (0.98) 821.98 0.94 (0.96) 428.01 0.90 (0.93) 229.60 0.84 (0.86)

4.4 Conclusions

Two parallel strategies for downdating the QR decomposition have been proposed. These
are parallel versions of a recently proposed sequential algorithm which efficiently exploits
the triangular structure of the matrices and is rich in BLAS-3 operations [47]. The al-
gorithms have been implemented on a shared memory SUN Enterprise 10 000 (16 CPU
UltraSPARC of 400 MHz) using the single-program multiple-data paradigm. Theoretical
and experimental results for both strategies have been presented and analyzed. The per-
formance of the first algorithm is degraded by the communication costs which increases
significantly with the number of processors. The second strategy has no inter-processor

communications, but has some duplicated computations. It is found to outperform the first
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parallel strategy (Algorithm 7) when the number of processors is not small. Generally, the
second parallel strategy (Algorithm 8) achieves perfect load balancing, scalability and can
reach an efficiency close to one when the number of block columns ¢ is reasonably big. In
addition, the theoretical complexities have confirmed the computational experiments.
Currently, within the context of cross-validation, the adaptation of the parallel Algo-

rithm 8 to compute a series of downdating least squares problems is being considered.



Chapter 5

Efficient algorithms for estimating

the general linear model

Abstract:

Computationally efficient serial and parallel algorithms for estimating the general linear
model are proposed. The sequential block-recursive algorithm is an adaptation of a known
Givens strategy that has as a main component the Generalized QR Decomposition. The
proposed algorithm is based on orthogonal transformations and exploits the triangular
structure of the Cholesky factor of the variance-covariance matrix. Specifically, it com-
putes the estimator of the general linear model by solving recursively a series of smaller
and smaller generalized linear least squares problems. The new algorithm is found to
outperform significantly the corresponding LAPACK routine. A parallel version of the
new sequential algorithm which utilizes an efficient distribution of the matrices over the
processors and has low inter-processor communication is developed. The theoretical com-
putational complexity of the parallel algorithms is derived and analyzed. Experimental
results are presented which confirm the theoretical analysis. The parallel strategy is found
to be scalable and highly efficient for estimating large-scale general linear estimation prob-

lems.

IThis chapter is a reprint of the paper: P. Yanev and E.J. Kontoghiorghes. Efficient algorithms for
estimating the general linear model. Parallel Computing, 2004 (Submitted).
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5.1 Introduction
Consider the General Linear Model (GLM)
y=XB+e, e~ (0,0%Q), (5.1)

where y € R™ is the response vector, X € R™*" is the full rank exogenous data matrix,
B € R™ are the coefficients to be estimated and ¢ € R™ is the noise with zero mean and
variance-covariance matrix o2€). It is assumed that the matrix Q = CCT, C € R™*™ is
known, upper triangular and non-singular, while the scalar ¢ is unknown [30]. The basic
linear unbiased estimator (BLUE) of (3 is obtained by solving the generalized linear least
squares problem (GLLSP)

argmin v’u  subject to y = X8+ Cu, (5.2)

u76

where u is a random vector defined by Cu = ¢, i.e. u ~ (0,0%I,;,). The GLLSP can be
solved using the generalized QR decomposition (GQRD) of X = (X y) and C:

n 1
_ R y\n
T 5 R\ _
and
n 1 m—n-—1
Uqor Uio n
om=u"= 1 0 s g 1 . (5.3b)
0 0 U2 9 m—-—n-—1

Here R and U are upper triangular matrices of orders n and m, respectively, and @,II €
R™>™ are orthogonal [5, 20]. The GLLSP (5.2) is equivalent to

argmin |17 u[|?> subject to QTy=QTXp+QTculTu ,
U7B
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which can be written also as

g =RB+Ujv1 +rv+ Ujovs,

argmin ([|vg]|> 4+ v + |Ju2||?)  subject to n = dv + gug, (5.4)
v1,V,v2,3
0 = Uz 2v2,
where the vector w1l is partitioned as (v{ v 1) and | - || denotes the Euclidean norm.

The values of v = 0 and v = 7/d can be derived from the last two constraints in (5.4).
Then, setting v; = 0, the BLUE of (3 is obtained by solving

RB =g —mnr/o. (5.5)

The triangular structure of C' (which is assumed to be available) facilitates the devel-
opment of efficient algorithms for solving the GLLSP [25, 35, 36, 37]. In this work block
recursive sequential and parallel strategies which exploit the structure of the matrices are
proposed. The new methods are rich in BLAS-3 operations and solve a series of reduced
size GLLSPs.

The algorithms have been implemented on 32 CPUs IBM’s p690+ high-end compute
node with 27 GB distributed memory. The communications between the processors are
realized using the MPI library. The performance of the algorithms has been evaluated
experimentally. In addition, the theoretical complexities of the algorithms in number of
flops (floating point operations) are also presented. The serial block-Givens strategy is
then described and compared with the existing LAPACK routine for estimating the GLM.
In section 3 the parallel algorithm is considered and the theoretical and computational

results are presented. In section 4 some conclusions are drawn.

5.2 Serial block Givens strategy

An efficient sequential algorithm based on Givens rotations for estimating the GLM has
been proposed by Paige [35]. Here a block version based on this sequential strategy is
investigated [47]. Consider the GLLSP (5.2), where the matrices X = (X y) and C are
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partitioned, respectively, as

n 1 n n n
X1 vy \n Cip Ci2 -+ Cig\n

= X n C o C n

X= | "7 ad o= »2 Sl (5.6)
Xi )" Crw )"

Here C;; (i = 1,..., k) are upper triangular where, for simplicity, it is assumed that m = kn.
The sequential block algorithm computes the solution of the GLLSP (5.2) in k steps. The
GQRD (5.3) is computed during the first (k—1) steps. For j = k—i theith (i =1,...,k—1)
step computes the smaller GQRD of

<~Xj yé;) and (Cj’j ch’j“>, (5.7)
Xiv1 Y 0 Cjt1+1

where y]gljl = Yk—1, y,(;) = Yk, Xk = Xy, 5k—1,k = Ck—l,k and ‘Cv'k’kz = Ck,k~ That is, initially
the QRD of the first matrix in (5.7) is computed by:

~(7)

(2) i Y
X oy
Q7 (XJ 0 > =10 n |1 ; (5.8)
i+ Yy 0 0 /)n—1

where Q; € R?"*2" is orthogonal and X j is upper triangular. Then, the orthogonal matrix
QT is applied from the left of the second matrix in (5.7) which is then re-triangularized

from the right, i.e.

n 1 n—1
c. & Ciy ) Cijer \n
L Ciin
(QzT ( AV )) 1I; = 0 0; gi 1 : (5'9)
0 Cirrjn _ —
0 Cjtigh

Here 1II; is orthogonal and of order 2n; 6]-,]- and 6j+17j+1 are upper triangular. Once the
ith GQRD of (5.7) has been computed, II; is applied from the right of the affected jth and
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(7 + 1)th block-columns of C, i.e. the product

n n n 1 n—1

C1j 51,j+1 51,3‘ 7“9 Ci 41

Caj Cyj Co; 1) T n

2,5 2,j+1 I, — 2,5 2 2,j+1 . (5'10)
ijlvj éjfld”rl CN’J‘*LJ‘ Tg(‘i—)l 6]'*1,]#1

is computed. Note that this is the most time consuming task in each step of the computa-
tion of the GQRD (5.3), especially when k is large, i.e. when m > n.
Now let (vl | @l |)II; be partitioned conformably as (u! @l v; u!), where (ul @l) =

u. The GLLSP (5.2) after the ith step of computing the GQRD (5.3) can be written as

argmin (]| + ] + v? + [@]?) subject to

Ugy U, Vi, 3

y@;l X1:j-1 Crj-1,1:-1 51;]'—1,;' Ti;j_l Ciij-1,4+1 Uj
~](.i) B )~(j m 0 CN’M 7“3- Cjj+ U;
ni 0 0 0 0; i U;
0 0 0 0 0 6j+17j+1 U;

From this it follows that 6j+17j+1ﬁi =0, i.e. w; =0 and n; = dv; + giu;, i.e. v; = n;/d;.
Thus, the GLLSP (5.2) is equivalent to the reduced GLLSP

(i+1) X1 Crj-11j-1 Crj1;\ (i
argmin (ol + @) st (M) )= (T e (7T ()
wi i3, Y; X; 0 Cji Ui

where
1+1 7 7
yg;_—i _ y%;—l _ ) T%Z‘)j—l 5 11
@ | =\ el ] (5.11)
Yj Yj Ty

Equation (5.11) shows the size-reduction of the GLLSP after each step of the computation.
Following the completion of the (k — 1)th step the final, smallest GLLSP has the form:

~(k—1) )’5 C~, (k—1) ~
. ~ Y 1 1,1 T Uk—1
argmin (Huk,1|]2 + ”Uk—le) s.t. = B+ !
Up—1,0K-1,0 Mk—1 0 0 Op—1 Vk—1

or

. k) > ~
argmin ||i,_q]|* s.t. y% )= X8+ Ci1Uk—1,
Up—1,0
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where X; and 51,1 are upper triangular and are derived from the QRD (5.8) and RQD

(5.9), respectively, and ygk) = gjikil) — nk,lrgkfl)/ék,l. Thus, the kth step computes the

BLUE of 3 by setting tx_1 = 0 and solving the upper triangular system X, 0= ygk).

Algorithm 9 The sequential block Givens algorithm for solving the GLLSP (5.2).
1: Let X and C in (5.3) be partitioned as in (5.6), where m = kn
2: Let y;il_)l = Y1, y,ﬁ” = Y, Xgp = Xp, Cr_1 = Cp_14 and Cjp, = Cp.
3: fori=1,...,k—1do
4:  Set j:=k—1

(i) ~
X, Ci; Cj;
Compute the GQRD of <~ Y ) and ( B il ) as in (5.8) and (5.9)

X y](’ll 0 Cjitii41

o

6: if i #k—1 then
7 Compute (Clsjfl,j 6’1:j71,j+1> ; = (6'1:]'71,]' 7“@_1 Ul:j—l,jﬂ)
8 end if
y(i{rl) y(i)' MO}
9:  Update the vector y: %Z{[ﬁ = {61 — L 1:&;1
Yj Yj AT
10: end for
11: Solve )?15 = ygk)

Algorithm 9 summarizes the steps of this block Givens strategy for estimating the
GLM. For the factorizations (5.8) and (5.9) Householder transformations are employed.
The orthogonal matrices @; and II; (¢ = 1,...,k — 1) are not explicitly constructed. The

theoretical complexity of this algorithm is given by:
Tsc(m,n) ~ 4m*n + 14mn® — 1803 . (5.12)

Table 5.1 shows the execution times in seconds and the theoretical complexities in number
of flops of Block-Givens Algorithm 9 (BG) and the LAPACK (LP) routine DGGGLM
which estimates the GLM for some values of n and k, where m = kn [2]. The theoretical

complexity of LAPACK is given by:
Tip(m,n) ~ (4m3 + 12m?n — 2n3)/3 . (5.13)

Note that, theoretically, Algorithm 9 is approximately m/3n times faster than the LA-
PACK routine, which is confirmed by the experimental results. This improvement is due
to the fact that the Algorithm 9 exploits the triangular structure of the large and computa-
tionally expensive matrix C' in (5.2), while the LAPACK routine assumes that C' is dense.
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The experimental results (LP/BG) confirm the theoretical ones (Tip/Tpg). There is a
negligible discrepancy between the two ratios when k is big and n is relatively much smaller.
This is due to the increasing overheads which occur from the frequent data exchanges of

the submatrices in (5.6).

Table 5.1: Execution times (sec.) and theoretical results of Algorithm 9 and LAPACK.
n 25 50 100
k—2 128 256 384 64 128 192 32 64 96
LP 25.77 213.35 601.58 26.25 216.62 603.03 27.77 223.35 605.58
BG 076 288 6.59 144 532 9.71 2.62 10.56 19.04
LP/BG 3391 74.08 91.29 18.23 40.72 62.10 10.60 21.15 31.81
Trp/Tpg 42.69 85.35 128.01 21.38 42.69 64.02 10.77 21.39 32.04

5.3 Parallel algorithm

The computation of the product (5.10) is the most time consuming task in Algorithm 1.
This cost can be reduced by applying the orthogonal matrices II; (i = 1,...,k — 1) to the
block columns of C' (see line 7 of Algorithm 9) in parallel. An efficient parallel algorithm
requires a load-balanced distribution of the matrices over the processors and low inter-
processor communication [48]. Let p denotes the number of processors and assume that
(k — 2) is a multiple of p, where m = kn.

Consider the partitioning of the matrices X and C as in (5.6). To achieve low inter-
processor communication, the GQRDs computed in line 5 of Algorithm 9 are executed
simultaneously by all processors. That is, the data matrix X, the last two block rows of y
and the main, sub- and super-block diagonals of C' are duplicated on each processor. The
remaining (k — 2) block-rows of C' and y are allocated to the processors using a block-row
cyclic distribution. Specifically, C;. (i = k — 2,...,1) is allocated to the processor Py,
where \; = p— (i —1) mod p. The same distribution scheme is used for the vector y. This

distribution will result in the processor P; (j =1, ...,p) being allocated the vector

) T
4) = (y;;r“,j I y;ilfj) (5.14)
and the matrix
) T
) = (Cgﬂfj,: Copr1—j, Olzflfj,) ’ (5.15)
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where 47 € R™k=2)/px1 and CU) ¢ R*+=2)/P*m_ Figure 5.1 shows the distribution of the
matrices X and C over the processors, with p = 4 and k = 18. The shaded blocks indicate
those copied to all processors. The blank, unshaded, blocks are null and are unaffected

during the computation.

Q

Y

Py

—,]:)2

_,]:)1

Ps
- s P2

Py

—,]32

_>P1

pla
- P2 3

[e[e[e]e[e[e]e[e]e[e]o]e[e]o]e[0]0]0]

Figure 5.1: The row-block cyclic distribution of the matrices on 4 processors, when k = 18.

The parallel algorithm solves the GLLSP (5.2) in k steps. During the first (k — 1)
steps, all processors initially compute the same factorizations (5.8) and (5.9). Then each
processor updates its allocated submatrix C'¥) and subvector fy(j). Note that, at the ith
step, each processor updates [¢/p] blocks, where ¢ = k — ¢ — 1. Thus, the processors
have equal computational loads. When the local computations have been completed one
processor, P; say, sends one block from CU) and vU), which are required for the next
step, to the other processors P, (r = 1,...,p and r # j). That is, at each step only one
processor broadcasts an n x n submatrix and an n-element subvector. This broadcast acts
as a barrier-synchronization point for the processors before the next step commences. The
parallel strategy is summarized in Algorithm 10. The broadcast performed by processor
P;j is shown in lines 13-17 of the parallel algorithm.

The theoretical computational complexity of this algorithm is given by:
To(m,n, p) = (4m>n — 16mn® + 16n3) /p + 30mn? 4 34n>. (5.16)

From (5.12) and (5.16) it follows that the computational efficiency of Algorithm 10 ap-

proaches one for very large m, i.e. lim,, o0 Tc(m,n)/(p x Tp(m,n,p)) ~ 1. This does
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Algorithm 10 The parallel algorithm for solving the GLLSP (5.2) on p processors.

Let X and C be partitioned as in (5.6), where m = kn and k — 2 is a multiple of p.

2: Allocate X, yr—1, Yk, Cri, Cii and Cj 41 (i =1,...,k — 1) to all processors.
3: Allocate 7/) and C) as in (5.14) and (5.15), respectively, to processor P;j (j = 1,...,p).
4: each processor P; (j =1,...,p) do in parallel:
5. fori=1,...,k—1do
6: Sett:=k—1i " N
i
7. Compute the GQRD of <~Xt y(ti) ) and <Ct’t ~Ct’t+1 ) as in (5.8) and (5.9).
Xev1 Yy Cii1,t41
8:  Compute y,(:j'il) = yj](;zl — 771-/52-7“,(3) — 1.
9: if i # k—1 then
10: Set g:=k—1—1
11: Compute C’y) ) = C(,j) ) P;.
n[q/pl,ng+1:ng+2n Lin[q/p]ng+1mg+2n
122 Compute Ve = Mafesnl ~ ViCTnfa/mlngtns1
13: if j=(i—1) mod p+ 1 then
14: Send yﬁil) and 5’,5_1,75 to P., where r = 1,...,p and r # j.
15: else
16: Receive ylfijl) and ét_u from P,, where r = (i —1) mod p + 1.
17: end if
18:  end if
19: end for

20: Solve )Nflﬁ = y§k)

not take into account, however, the inter-processor communication. Table 5.2 shows the

execution times and actual (and in brackets the theoretical) efficiency of Algorithm 10 for

some p and n, where y = m/n — 2. The experimental results confirm the theoretical com-

plexities. Note that, the communication time increases with the number of the processors

which affects the efficiency of the algorithm for small size problems. Furthermore, Algo-

rithm 10 is scalable. That is, the efficiency remains constant when the size of the problem

m, and consequently i, is multiplied by v/2 and the number of the processors p is doubled.
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Table 5.2: Execution times (sec.) and efficiency of Algorithm 10.
Algorithm 10

2 processors 4 processors 8 processors 16 processors 32 processors

u n Serial Time  Eff. Time Effi Time Efft Time Eff. Time Eff.

128 25 0.76 0.41 .93 (.95) 0.24 .79 (.86) 0.16 .59 (.72) 0.13 .37 (.54) 0.19 .13 (.37)
256 25 2.88 1.54 .94 (.97) 0.82 .88 (.92) 0.50 .72 (.83) 0.36 .50 (.70) 0.38 .24 (.53)
384 25 6.59 3.47 .95 (.98) 1.75 .94 (.95) 1.08 .76 (.88) 0.63 .65 (.78) 0.72 .29 (.63)
512 25 11.95 6.09 .98 (.99) 3.17 .94 (.96) 1.81 .83 (.91) 1.12 .67 (.82) 1.01 .37 (.69)
640 25 18.77 9.51 .99 (.99) 4.82 .97 (.97) 2.69 .87 (.92) 1.50 .78 (.85) 1.28 .46 (.74)
768 25 26.49 13.54 .98 (.99) 6.82 .97 (.97) 3.75 .88 (.94) 2.02 .82 (.87) 1.61 .51 (.77)
896 25 36.23 18.51 .98 (.99) 9.35 .97 (.98) 4.96 .91 (.95) 2.65 .85 (.89) 1.94 .58 (.80)
64 50 1.44 0.79 .91 (.90) 0.49 .73 (.76) 0.36 .50 (.57) 0.31 .29 (.39) 0.34 .13 (.23)
128 50 5.32 2.83 .94 (.95) 1.58 .84 (.86) 0.97 .69 (.72) 0.77 .43 (.54) 0.86 .19 (.37)
192 50 9.71 5.18 .94 (.96) 2.76 .88 (.90) 1.88 .65 (.79) 1.26 .48 (.64) 1.27 .24 (.36)
256 50 17.47 9.09 .96 (.97) 4.80 .91 (.92) 2.82 .77 (.83) 1.97 .55 (.70) 1.70 .32 (.53)
320 50 27.13 14.14 .96 (.98) 7.45 .91 (.94) 4.22 .80 (.86) 2.76 .61 (.74) 2.12 .40 (.58)
384 50 39.35 20.07 .98 (.98) 10.76 .91 (.95) 5.95 .83 (.88) 3.78 .65 (.78) 2.61 .47 (.63)
448 50 53.71 27.38 .98 (.98) 14.34 .94 (.95) 7.83 .86 (.90) 4.62 .73 (.80) 3.04 .55 (.66)
32 100 2.62 1.61 .81 (.84) 1.11 .59 (.63) 0.88 .37 (.42) 0.81 .20 (.26) 0.83 .10 (.14)
64 100 10.56 5.94 .89 (.90) 3.61 .73 (.76) 2.47 .53 (.57) 1.98 .33 (.39) 1.78 .19 (.23)
96 100 19.04 10.39 .92 (.93) 5.92 .80 (.82) 3.81 .62 (.66) 2.76 .43 (.48) 2.56 .23 (.31)
128 100 26.67 14.27 .93 (.95) 8.06 .83 (.86) 4.89 .68 (.72) 3.45 .48 (.54) 3.15 .26 (.37)
160 100 41.18 21.78 .95 (.96) 11.91 .86 (.88) 7.08 .73 (.76) 4.86 .53 (.60) 3.63 .35 (.42)
192 100 58.91 30.93 .95 (.96) 16.76 .88 (.90) 9.83 .75 (.79) 6.47 .57 (.64) 4.75 .39 (.46)
224 100 79.85 41.65 .96 (.97) 22.40 .89 (.91) 12.86 .78 (.81) 8.02 .62 (.67) 5.68 .44 (.50)

5.4 Conclusion

Computationally efficient sequential and parallel algorithms for computing the best linear
unbiased estimator of the general linear model (5.1) have been proposed. The sequential
algorithm is a block version of an efficient serial approach that employs as a main com-
putational component the Generalized QR Decomposition [35]. The new block Givens
algorithm exploits the triangular structure of the Cholesky factor C' of the dispersion ma-

trix © and is rich in BLAS-3 operations. It is found to be m/3n times faster than the
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corresponding LAPACK routine DGGGLM for estimating the GLM [2].

The parallel approach is based on the new sequential strategy. The parallel algorithm
copies the augmented matrix X and the main, sub- and super-block diagonals of C to
all processors. The rest of the matrix C is evenly distributed across the processors. The
algorithm duplicates parts of the computation. However, this is compensated for the load
balanced distribution of the computationally expensive matrix C' resulting in minimal inter-
processor communication. The algorithms have been implemented on a parallel computer
with distributed memory. The theoretical complexities of both algorithms are stated and
experimental results are presented and analyzed. Overall, the parallel algorithm is found
to be scalable and capable of solving large scale GLM estimation problems, where m > n.

Currently, an adaptation of the parallel algorithm to estimate Seemingly Unrelated
Regressions -a special class of a GLM which involving Kronecker structures- is being in-
vestigated [10, 24, 29, 43, 51].
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Chapter 6

Computationally efficient methods
for estimating the

updated-observations SUR models

Abstract:

Efficient serial and parallel algorithms for estimating the seemingly unrelated regressions
model after been updated with new observations are proposed. The sequential block al-
gorithm is based on orthogonal transformations and exploits the sparse structure of the
data matrix and the Cholesky factor of the variance-covariance matrix. A parallel version
of the new sequential block algorithm is developed. It utilizes an efficient distribution of
the matrices over the processors and has low inter-processor communication. Theoretical
and experimental results are presented and analyzed. The parallel algorithm is found to

be scalable and efficient.

IThis chapter is a reprint of the paper: P. Yanev and E.J. Kontoghiorghes. Computationally efficient
methods for estimating the updated-observations SUR models. Applied Numerical Mathematics, 2005
(Submitted).
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6.1 Introduction

Consider the seemingly unrelated regressions (SUR) model, defined by the set of G regres-

sions
v =XBi+e, 1=1,..G, (61)

where y; € RT are the response vectors, X; € R7*%i are full column rank data matrices,
B; € RFi are the coefficients to be estimated and &; € R are the disturbance vectors,
which have zero mean and variance-covariance matrix o; ;I7. Note that, the disturbances
in the SUR model are contemporaneously correlated across the regression equations, i.e.
E(eie]) = oijlr (1,5 = 1,...,G) [24, 43, 44].

The compact form of the SUR model is given by

Y1 X 51 €1

ya Xa Ba ea

which can be equivalently written as
vee(Y) = (&, Xi)vee({Bi}c) + vec(E), (6.3)

where Y = (y1---yg), E = (e1---€g), ®%,X; = diag(X1, ..., X¢), {Bi}¢ denotes a set of
G vectors and vec(+) is the vector operator that stacks the columns of a matrix or set of
vectors. The disturbances, vec(E) in (6.3), have zero mean and variance-covariance matrix
Y®Ir, ie. vec(E) ~ (0,2®Ir), where ¥ = [0, ;] € R“*¢ is symmetric positive semidefinite
matrix [24, 43, 44, 45, 51]. For simplicity, the data matrix @iG:lX,- is abbreviated to ©;X;
and the coefficients {3;}¢ to {;}. The notation is consistent with that in [27].
The best linear unbiased estimator (BLUE) of {3;} can be obtained by solving the
generalized linear least squares problem (GLLSP)
arg{rgli}nHUH% subject to  vec(Y) = (9 X;)vec({B;}) + vec(UCT), (6.4)
UABi
where ¥ = CCT, the matrix U € RT*Y is such that UCT = E and the | - || is the
Frobenius norm, defined as |U||% = S, Z?:l Zj [10]. It will be assumed that the
matrix C' € RE*¢ is the upper-triangular Cholesky factor of ¥ and is part of the original
data. From the properties of the Kronecker product and the vec(-) operator follows that
vec(E) = vec(UCT) = (C ® Ir)vec(U), and thus, vec(U) ~ (0, Igr) [39, 41].
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The GLLSP (6.4) can be solved using the generalized QR decomposition (GQRD) of
@;X; and (C ® Ir), which first computes the QR decomposition (QRD)

DiR; K
QT (@iX;) = ( 0 > OT - K (6.5a)
and then the RQ decomposition (RQD)
K GT'-K
QT (CelIr)I=W = (W“ M2 ) K (6.5b)
0 W GT - K

where K = ZZG:1 ki, R; and W are upper triangular matrices of order k; and GT', respec-
tively, and Q,II € RETXCT are orthogonal [29, 37, 38].
The GLLSP (6.4) is equivalent to

argmin||TT vec(U)[|? s.t. QT vec(Y) = QT (@, X;)vec({8;}) + QT (C @ I7)IIT  vec(U),

which after the computation of the GQRD (6.5) can be written as

G
argmin Z:(HﬂZH2 + ||4]|?)  subject to

0B} =1
vec({7;}) _ iR vee({8:)) + Wii Wip vec({u;}) (6.6)
vee({gi}) 0 ’ 0 Wap )\ vee(fai}) )
where || - || denotes the Euclidean norm and the vectors Q7vec(Y) and IT7vec(U) are

partitioned, respectively, as

vee({gi}) ) K vee({iis}) ) Ko
vec({7;}) T-K vec({1;}) T-K

From the constrains in (6.6) it follows that vec({g;}) = Waavec({w;}), i.e. vec({d;}) can
be computed. Then, setting vec({u;}) = 0, the BLUE of the SUR model is given by

QTvec(Y) = ( and T vec(U) = (

@i Rivec({6:}) = vec({7i}), (6.7)

where vec({7;}) = vec({#i;}) — Wi avec({i;}).
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Often the SUR model is updated by new observations [6, 7, 24]. The estimation of the
updated SUR model has been discussed in [27]. The purpose of this work is to design effi-
cient strategies to compute the updated estimators. The next section reviews the updated
SUR model estimation procedure. Section 3 considers sequential strategies for computing
the main matrix factorizations arising in the estimation procedure. Parallel algorithms are
considered in Section 4. The algorithm is implemented on a virtual shared memory parallel
machine SUN Enterprise 10 000 (16 CPU UltraSPARC of 400 MHz) using a single-program
multiple-data (SPMD) programming paradigm. Finally, Section 5 concludes.

6.2 Updating the SUR model with new observations

The updated-observation SUR (UO-SUR) model is defined as the original SUR model (6.1)
with an equal number of new observations added to each regression equation. Let the new

observations be denoted by
g = x84+ i=1,..G, (6.8)
which can be written equivalently as
vec(Y®)) = (@iXi(s))vec({ﬁi}) + vec(E®), (6.9)

where vec(E®)) ~ (0,2() @ I ), B¢) € R(GXE) ig positive definite and non-singular and
T®) is the number of observations added to each equation. The problem of estimating the
UO-SUR model is the solution of the SUR model

Yi X & .
- - L i=1,..,G, 6.10
() = (60 ) e () o

after (6.1) has been solved. The UO-SUR model can be equivalently written as

(v, )= (o o (72 ) o

2

Note that, the disturbances vec(E®)) and vec(E) are not correlated, i.e.

vec(FE) 0 EQIr 0
vec(E()) ’ 0 20 ® Ipes) '
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The BLUE of the UO-SUR model is obtained by solving a similar to (6.4) GLLSP (UO-
GLLSP), which is given by

argmin ||U]|% + [|[U®)]|%  subject to
UU G {8:}

vec(Y) B ;X (15 C®Ir 0 vec(U)
< vec(Y(9)) ) a ( @iXi(S) )V ({5:}) +< 0 C® @ Iy ) ( vec(U®) )6.12)

where C'®) € RG*C is the upper-triangular Cholesky factor of £(*) and U®)(C)T = E(),
Using the GQRD (6.5), the constraints (6.12) becomes equivalent to

vec(7i) @iR; Wip Wip 0 vec(i;)
vec(7i ) = 0 vec({3i}) + 0 Wape 0 vec(;)
vec(Y () @iXZ-(S) 0 0 CO@In vec(U®)

and from the solution of the GLLSP (6.6), it follows that the UO-GLLSP can be reduced
to

G
argmin Z a2+ |[U®)]|% subject to
aivU(S)v{Bi} =1

veC({?ji}) B G R; ‘ Wi 0 vec({@;})
( vee(Y(®)) ) - ( B X )Vec({ﬁl}) ’ < 0 CYe I ) < vee(U() )  (613)

where vec({#;}) is computed as in (6.7). The reduced in size UO-GLLSP can be solved
using the updated GQRD (UGQRD)

(s)
®; R; O, R; K
NI ) = 7 6.14
(Q ) (@iXi(S)> ( 0 >GT(S) ( a)

and

(s) (s)
oyT [ Wi 0 s s W W K
((Q( HT ( “ )) e — W) — e o (614D)
0 CY®Ins 0 W, GT

where Q) TI(8) € RE+GT®XK+GT™ 16 orthogonal and @iRZ(»S) and W) are upper tri-
angular of order K and K + GT®), respectively. Note that after the UGQRD (6.14) the
UO-GLLSP becomes similar to the GLLSP (6.6) and can be solved equivalently.
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6.3 Sequential strategies for computing the UGQRD (6.14)

The serial algorithms proposed here take advantage of the sparse structure of the matrices
in (6.14) and are rich in BLAS-3 operations [47, 50]. Sequentially, the computation of the
UGQRD is performed in two stages. Let the upper-triangular Cholesky matrices Wi ; and
Cc) @ I1(s) be partitioned, respectively, as

ki - ke AC R A C)
Ain o A \ Ky Cip -+ Cia \T®
Wi = SO D oand CW @ I = SR D, (6.15)
A ke Ca.a T

where A;; and C;; (i = 1,...,G) are upper triangular. The first stage computes the UQRD
(6.14a) in G steps. The ith (i = 1, ..., G) step derives the QRD

(s)
R; R\ Kk
T 7 i 7
. = 6.16a
Qz <X7;(S)> < 0 )T(s) ( )
and computes the product
ki - kg T® ... TG ki - kg T ... T6)
Aji o A 0 -~ 0 Aji - Aig Bii - Big \ki
of [ G - ! @ e (o (6.16b)
0 - 0 Cii - Cig Di; - Dig Ciy -+ Cig )T

where RES) € RFi*ki ig upper triangular and QiT is orthogonal and of order (k; + T(S)).
Note that, after the UQRD (6.14a) is completed, the orthogonal matrix Q(*) is given by

K GT) k; ()

EBZQZ(M) @Z_le,z) K le’l) QZQ,Q) ks
,  where Q; =

Q(S):
&:Q%Y e, ) GTV
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and the modified Cholesky matrix in (6.14b) has the form

(Q@F<W“

0

)

k1 kq

Eu fAh,G
gG,G

D11 D1
Dqg g

69

T(s)

Bl,G kl
Baa | ka
61 G T(s)
N T(s)
Ca,q

The second stage computes the URQD (6.14b), i.e. it annihilates the matrices D; ; (i, j =
1,...,G ,i < j) from the right in G steps. The ith (i = 1, ..., G) step annihilates the matrices
Dy ¢4j—1 by computing (for t =G —i+1 and j =1,...,7) the RQD

and the product

i1

ai=1)
Al,t+j71

A1)
At+j—1,t+j—1

i—1
DY)

(i—1)
thl,t+j71

where C’t(ft) S RTC =T

i—1 A=D1, . —
(ng,tJrj)fl Ct,]t ) IL,; =
() Kttj-1

i—1 i
Bgt : Ag,iﬂ'—l
j—1) (@)
Bt(ij—l,t I, = At+j—1,t+j—1
~G—1 ’ i
C{{t ) Dg,y):+j—1
~G—1 i
oy D) i
20 _

is upper triangular, Ay, =

o )

T(s)
)

)
Byl 14

&

o,

(6.17a)
k1
i1
AN ()
T(s)

A\m,’fh B'Eig,)n = Bm,nv D7(7(7,),)7’L - Dm,n

@(,?,)n = Amvn (m,n =1,...,G ;m < n) and Bﬁ,ifnl) =0wheni>1land m >n+1i— 1.

After the computation of the URQD (6.14b), the matrices Wl(sl) ,

respectively, by

(G (G G G
A9 A B9 B{%)
Wy = o lowl =
~NG (@) (@)
(G,é‘ BG,I BG,G

and W) =

Wl(;) and W2(52) are given,

~(G AG
ay - 49

A(G)
G,G
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Figure 6.1 illustrates the process of computing the UGQRD (6.14). An arc between

two blocks denotes an UQRD or an URQD done in stage 1 and stage 2, respectively. The

. s s .. .. . .
orthogonal matrices QE ) and Hz(',j) are not explicitly computed (7,5 =1,...,G ,i < j).
@i R; w- 0 R . % 0
( @vx(s) ) < (1),1 c®) er1 ) ( Gl (Q(b))T (1)‘1 c®) @1
i ® Lp(s) 0 © Ip(s)
ki ks ko ki k ks TG ki ks k: ki k ky T
e .........a****** ) .........a.....a
L] *.........******kl L] ................kl
LIS ® 0 0l o 0 00 x|k | k| LICJIES ® 0 0|00 00 0l <o 0|00
oo *o/o|eo/e[0]0| Ik K 5 | oo o/efelee/e/o/o]x x[o/o]e]of ;.
L] *x k0|0 e o 0 e x|k |k K| L] ® 0 0/0 00 0 0olk x|o ole o
e e 00 0 LI * | *| e e 00 0 ® 0 0 0 o)k x|k x|® O
o elee [ FI0000 [* % | e elee [ oo /e/e|o]xx|x/x|e 0
ojee *|x|e|o]0] [ EaE | o[ee o/e/elo/ofx x|« x|o/0] 1.
LI *|x k| @ @ * | *| LI ® 0 0 0 ok x|k x|oe®
L] * | k| k| k| @ * | | L] ® 0 0 0 0k x|k x|®o O
o\o [ k[ [ [ [ [k [k [k [k [ x[@[x[@ x|@ X (s) Soloololojooloofe ele ele of (s)
O l ***********.*.*.Tk OOODODOOODO.....TL
o o |k |k |k k| k| k| K| ® *x|® x| (S) QOKOOOQ e olo o (S)
OO0 k| x|k |k k| k| K *.*.T O OToTe O O...T
SIEeETe e T e o Dadnse i 28 0 PG
STAGE 1 STAGE 2

[0 Zero element [¢] Non-zero element [©] Annihilated element Filled-in element

Figure 6.1: Computing the UGQRD (6.14), where G = 3 and T®) = 2.

Algorithm 11 Sequential algorithm for solving the UGQRD (6.14).

[
= o

© »® TP g W

. Let Wy 1 and C) x L) in (6.13) be partitioned as in (6.15).
: Let Vi D{) = Dy and Cyy) = Cpy (t = 1,...,G).
:fori=1,...,G do
Compute the UQRD (6.16a) and the product (6.16b).
: end for
fori=1,...,G do
Let t:=G—i+1
for j=1,...,7do
Compute the URQD of (Dgtjrlj)il At(i_l)> asin (6.17a) and the product (6.17b).
end for
: end for

Algorithm 11 summarizes the steps of the sequential strategy for solving the UGQRD

(6.14). The main computational tools utilized throughout the computations is the UQRD
(at line 4) and the equivalent URQD (at line 9). Hereafter only the UQRD will be con-
sidered. Two different strategies for computing this factorization are proposed. The first
approach is to compute the updating of the QRD using the standard LAPACK QRD rou-

tine. Note that this strategy does not take into account the upper triangular structure of
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the submatrix used in the updating. The theoretical complexity of this approach is given
by

Tiapack(n, 8,m) = 2n%(s + 2n/3) + 2mn(n + 2s + 1). (6.18)

Here the updated upper-triangular matrix is of dimension (n x n), s is the number of new
rows added to this matrix and m is the number of columns of the matrix multiplied with
the orthogonal factor after the updating.

The second approach to compute the URQD is a block updating strategy and takes
advantage of the initial upper-triangular structure of the matrix, which has to be updated.
It partitions the matrices in blocks of size (v X v), where n, m and s are multiples of v. The
updating of the QRD is computed in n/v steps, where in each step a QRD of a (v+s) X v
matrix is derived and then the orthogonal matrix is multiplied with a matrix of dimensions

(v+ s) x m. The theoretical complexity of this approach is given by
Tsrock(n,s,m,v) = 2nv(s +2v/3) + n(2m +n —v)(v + 2s + 1). (6.19)

Note that Ty apack(n, s, m) > Tarock(n, s, m,v), for n > v > 1. The equality holds if and
only if v = n. The theoretical complexity of Algorithm 11 can be calculated using each
of the two aforementioned strategies. Specifically, in line 4, the UQRD of a matrix with
dimensions (k; +T)) x k; is computed and the orthogonal matrix is then multiplied with
a (ki +T) x (Z]G:l k;j 4+ T®) (G — i+ 1)) matrix, for i = 1,...,G. Finally, in line 9, the
URQD of a T®) x (T(s) + kG4j—i) matrix is computed and the orthogonal factor is applied
to a matrix with dimensions ( tG:ij_i ke + TO(G — i) x (T + kgyj), fori=1,...,G
and j = 1,...,4. The overall complexity of the Algorithm 11, is given by:

G G G 1 r
Ts =Y Tip(k, T ki + TG —i+ 1)+ D> Tip(T ke, > ke + TO(G — i),
i=1 j=i i=1 j=1 t=1

where r = G+ j — i and 17, /B 18 either the T1apack or Terock complexity (the block-size
parameter v of Trock has been omitted).

The BLOCK algorithm for the two important cases of the SUR model is investigated.
In the first case, all equations have the same number of variables, i.e. Vi k; = k. The
second case, the ith equation has k; = ik variables, where k = k; and ¢ = 1,...,G. The

theoretical order of complexities of these two cases are given, respectively, by:

Tgs, (G, k, T v) ~ G2(2GKT™ (2k + T + v(3k? + 2GET® + G(T)?))/3  (6.20)
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and
Tis, (G, k, T, v) ~ G*k(5v(k + T®) + 2T (4Gk + T9)) /20. (6.21)

Table 6.1 and 6.2 show the execution times and the theoretical complexities of Algo-
rithm 11 for different values of G and k; (i = 1,...,G). The values of the theoretical
complexity in hundred millions of floating point operations (flops) of Algorithm 11 are
presented in brackets. Table 6.1 considers the SUR model, where k; = k (1 = 1,...,G) and
G varies from 5 to 40. Table 6.2 presents the results for the SUR model comprising 5 equa-
tions, i.e. G = 5. The number of variables k; is the same for all equations in the first two
columns, i.e. k = k; = -+ = kg, while in the last two columns k; = ik (i = 1,...,G). The
best block size for the BLOCK approach is found to be v = 20. The experimental results
show that the BLOCK algorithm outperforms the LAPACK algorithm. For larger dimen-
sions the BLOCK strategy is found to be up to twice faster than the LAPACK strategy.

The obtained results are confirmed by the theoretical complexities.

Table 6.1: Execution times and theoretical complexities of Algorithm 11, k; =k, i=1,...,G
and v = 20.

k=5 k=20 k =40
T G BLOCK  LAPACK BLOCK  LAPACK BLOCK LAPACK
25 5 0.02(0.02) 0.02(0.02)| 0.09 (0.07) 0.09 (0.08) 0.23 (0.20) 0.23 (0.23)
25 10 0.14 (0.11)  0.15 (0.13)| 0.53 (0.43)  0.51 (0.49) 1.41 (1.20) 1.38 (1.35)
25 15 0.45 (0.33)  0.48 (0.42)| 1.61 (1.33)  1.60 (1.49) 4.22 (3.65) 4.11 (4.05)
25 20 1.02(0.75) 1.18 (0.95)| 3.61 (2.99) 3.56 (3.36)|  10.10 (8.19) 9.67 (9.02)
25 40 7.95 (5.59)  8.34 (7.15)|27.34 (21.95) 28.32 (24.84)| 75.67 (60.06)  72.50 (65.58)
50 5 0.08(0.06) 0.11 (0.11)| 0.22 (0.20)  0.27 (0.28) 0.54 (0.50) 0.60 (0.64)
50 10 0.48 (0.37)  0.76 (0.76)| 1.38 (1.22)  1.80 (1.79) 3.22 (2.98) 3.65 (3.88)
50 15 1.51 (1.16)  2.37 (2.38)| 4.25 (3.72) 5.38 (5.54)|  10.04 (9.06)  11.44 (11.86)
50 20 3.49 (2.64) 5.45 (5.45)| 9.71 (8.36) 12.51 (12.55)| 23.88 (20.35)  25.99 (26.70)
50 40 26.83 (19.81) 42.33 (41.31)|73.53 (61.65) 93.76 (93.78)|176.98 (149.76) 197.49 (197.26)

6.4 Parallel algorithm for computing the UGQRD

The computational steps of the UQRD (6.16) can be performed independently and thus,

in parallel (see the first stage of Figure 6.1). In order to construct an efficient parallel
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Table 6.2: Execution times and theoretical complexities of Algorithm 11, v = 20 and G = 5.

ki=k ki = ik
T®) k  BLOCK  LAPACK BLOCK LAPACK
25 5 0.02(0.02) 0.02 (0.02) | 0.06 (0.05)  0.06 (0.06)
25 10 0.04 (0.03) 0.04 (0.04) | 0.16 (0.14)  0.16 (0.16)
25 20 0.09 (0.07)  0.09 (0.08) | 0.50 (0.45)  0.54 (0.55)
25 40 0.23 (0.20) 0.23 (0.23) | 1.76 (1.56)  2.23 (2.32)
50 5 0.08(0.06) 0.11 (0.11) | 0.18 (0.16)  0.22 (0.23)
50 10 0.11 (0.10)  0.16 (0.16) |  0.39 (0.37)  0.44 (0.47)
50 20 0.22 (0.20)  0.27 (0.28) | 1.10 (1.03)  1.18 (1.27)
50 40 0.54 (0.50)  0.60 (0.64) | 3.56 (3.33)  4.07 (4.35)
100 5 0.27 (0.22) 0.74 (0.75) | 0.57 (0.52)  1.06 (1.12)
100 10 0.39 (0.34)  0.87 (0.92) | 1.16 (1.09)  1.69 (1.82)
100 20 0.67 (0.63) 1.22 (1.30) | 2.77 (2.70)  3.39 (3.76)
100 40 1.44 (1.39) 2.14 (2.26) | 872 (7.81)  9.32 (10.13)
200 5 1.12(0.84) 4.98 (5.39) | 2.11 (1.87)  6.37 (6.72)
200 10 1.49 (1.26) 5.48 (6.00) | 3.97 (3.59)  8.17 (8.97)
200 20 2.41(2.18) 6.67 (7.32) | 8.71(7.97) 13.24 (14.51)
200 40 4.86 (4.36) 9.66 (10.35) | 22.96 (20.45) 27.83 (30.05)

algorithm, a load-balanced distribution of the matrices over the processors should be em-
ployed, which also provides low inter-processor communication [50, 48]. Let the number of
processors is denoted by p and assume for simplicity that G is multiple of 2p.

The distribution of the matrices depends mainly on the number of variables in each
regression equation k; (i = 1,...,G). As in the sequential algorithm, the two cases of k; = k
and k; =ik (i = 1,...,G) are considered. In order to choose a load-balanced distribution,
the theoretical complexities of the different steps during the computation of the UQRD
(6.16) and the URQD (6.17) are investigated. The number of flops performed at the ith
step of the UQRD (6.16) using the faster BLOCK approach, is given by:

Trock, = 2kiv(2v + 3T + 3k;( Zk: +2T(G =i+ 1) + ki — v)(v + 2T +1).

Here k; is a multiple of the block size v. Figure 6.2 shows how the complexity change in
each step of the computation of the UQRD (6.16). Note that, the shape of the curves will
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remain the same for different values of G, k, v or T,

2.10 1.2-10M e
1.5.10° 110"
' 8-10%°
1-108 6-10%°
6107 4.10%°
2.10%°
20 40 60 80 20 40 60 80

Figure 6.2: Theoretical complexity of the ith step (i = 1, ..., G) of the UQRD (6.16), where
G =80, k =40, v = 20 and T = 50.

An efficient load-balanced distribution allocates the G equations to the processors, in
such a way, that the overall computational complexity assigned to each processor is the
same. For the case shown in Figure 6.2(a), i.e. where k; = k (i = 1,...,G), a completely
load-balanced distribution can be achieved when G is a multiple of 2p. Specifically, the
matrices computed during the first G/2 steps of the UQRD (6.16) are allocated to the pro-
cessors using the cyclic distribution scheme. The matrices computed during the remaining
G /2 steps are distributed using a reverse (counting backwards) cyclic allocation scheme.
That is, the matrices affected in the ith step

k; ki o kg T ... TG
and ’ “ (6.22)
Xz'(S) T(s) 0 0 Cy s Cic T(s)
are allocated to the processor P,,, where
— 1 d 1 if 1 =1,...,G/2
. (i—1) mod p+ i i=1,...,G/2, (6.23)
p—(i—1) modp if i=G/2+1,...,G.

Figure 3 shows the distribution of the matrices over the processors, with p =4, G = 8 and
ki=k(@=1,..,G).

The second case of the SUR model shown in Figure 6.2(b), i.e. where k; = ik (i =
1,...,G) and k = ki, utilizes the same distribution scheme (6.23), as that illustrated in
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Figure 6.3: Distribution scheme for 4 processors, where k; =k (i =1,...,G) and G = 8.

Figure 3. Note that the distribution does not achieve a perfect load balance among the
processors. As shown in Figure 6.2(b), during the computation of the UQRD (6.16) the
execution time will be dominated by the last processors. However, the distribution achieves
load balanced computations during the solution of the URQD (6.17), which is the most
significant time consuming operation of the GQRD (6.5). Note that, for k; = ik (i =
1,...,G) each processor has been allocated exactly kG(G +1)/2p + T®)G /p rows.

The parallel algorithm computes the UGQRD (6.14) in two stages. During the first
stage, the UQRD (6.16) is computed in G/p steps. Each processor derives the UQRD
(6.16a) of its allocated matrices and then computes the product (6.16b). The second stage
computes the URQD (6.17) in G steps. At the ith step (i =1, ..., G), the processor, P, say,
which has locally the matrices (D,ﬁf;l) e Dggl)) and CA'&_D asin (6.17) (fort = G—i+1)
sends them to the other processors P (r = 1,...,p and r # «;). Then, similarly to (6.17),
each processor computes the URQD (6.17a) and updates locally the corresponding allocated
block-columns. The parallel strategy is summarized in Algorithm 12.

The theoretical order of computational complexities of Algorithm 12, when k; = k& and

k; =ik (i =1,...,G) is given, respectively, by
Tep, (G, k, T v, p) = G2AGKT® (2k + T®)) + 3v(2k? + 2kT) + p(T)2)) /6p (6.24)
and

Top, (G, k, T®) v, p) ~ G3(24G?k*T™) + 50(3Gk(k +T®) + 4(T)?)) /60p.  (6.25)
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Algorithm 12 The parallel algorithm for solving the UGQRD (6.14) on p processors.
1: Let Wy 1 and C) x I in (6.13) be partitioned as in (6.15).

2 Let Vi DY) = Dyy and CY = Cyy (t=1,...,G).

3: Allocate the matrices in (6.14) to the processors with respect to the values of k;.
4: each processor P, (7 =1,...,p) do in parallel:

5. for j=1,...,G/p do

6: if j>G/2pand k; =ik (i=1,...,G) then

7: Compute the UQRD (6.16a) and the product (6.16b) for i = jp+1 — 7.
8 else

9: Compute the UQRD (6.16a) and the product (6.16b) for i = (5 — 1)p + 7.
10:  end if

11: end for

12: fori=1,...,G do

13: Lett:=G—-1i+1
14:  if P, has the matrix @t then

15: Send (Dt(ft_l) e Dﬁfgl)ét,t) to P., where r = 1,....,p and r # ~.
16: else

17: Receive (Dt(ft_l) . Dig ”(Z,t) from the broadcasting processor.
18:  end if

19: forj=1,...,7do

20: Compute the factorization of (DS@?_@&”) as in (6.17a).
21: Update locally the corresponding block-columns similarly to (6.17b).

22:  end for
23: end for

From (6.20) and (6.24) it follows that the computational efficiency approaches one for very
large G, i.e. limg_.o0 Tis, (G, k, T®), v)/(px Tip, (G, k, T v,p)) ~ 1, which is also true in
the case for (6.21) and (6.25), i.e. img_oo TS, (G, k, T, v)/(p x Tgp, (G, k, T, v, p)) ~
1. Note that, these theoretical complexities do not take into account the inter-processor
communications. Table 6.3, 6.4 and 6.5 shows the execution times and actual (and in
brackets the theoretical) efficiencies of Algorithm 12 for some T) and k. In Table 6.3
ki =k (i =1,..,G) and G = 32. Table 6.4 shows the scalability of the algorithms for

larger G and fixed value of k. That is, the efficiency remains constant when the size of the
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number of equations in the SUR model, i.e. G and the number of processors are doubled.
In Table 6.5 k; = ik (i = 1,...,G) for k = 5 and k = 10. The theoretical complexity is

confirmed by the experimental results.

Table 6.3: Execution times (sec.) and efficiencies of Algorithm 12 for k; =k (i =1, ...

and G = 32.

2 processors 4 processors 8 processors 16 processors

T &k Serial Time Ef.  Time Ef. Time Ef.  Time Eff
25 5 435 239 91(93) 135 .81(.82) 0.81 .67 (.67) 0.61 .45 (.47)
25 10 7.05 3.84 .92(.94) 221 .80 (.85) 1.28 .69 (.70) 0.86 .51 (.52)
25 20 14.27 7.63 .94 (.95) 4.32 .83(.88) 24 .74 (.75) 1.65 .54 (.58)
25 40 37.65 20.33 .93 (.96) 11 .86 (.90) 6.03 .78 (.80) 3.96 .59 (.65)
50 5 14.79 824 .90 (.93) 4.58 .81 (.81) 2.92 .63 (.64) 2.04 .45 (.45)
50 10 21.01 11.43 .92 (.94) 6.66 .79 (.83) 3.97 .66 (.67) 2.7 .49 (.49)
50 20 38.21 20.83 .92 (.95) 11.82 .81 (.85) 6.86 .70 (.71) 4.71 .51 (.53)
50 40 88.99 47.55 .94 (.96) 26.14 .85 (.88) 14.77 .75 (.76) 10.11 .55 (.59)
100 5 55.11 30.77 .90 (.93) 18.35 .75 (.81) 11.27 .61 (.64) 8.12 .42 (.44)
100 10 7778 43.19 .90 (.93) 23.58 .82 (.82) 14.94 .65 (.65) 11.05 .44 (.46)
100 20 121.89 66.64 .91 (.94) 38.19 .80 (.83) 22.68 .67 (.68) 16.12 .47 (.49)
100 40 251.53 137.09 .92 (.95) 75.75 .83 (.86) 44.78 .70 (.72) 31.33 .50 (.54)
200 5 220.99 123.51 .89 (.92) 69.67 .79 (.80) 45.07 .61 (.63) 32.52 .42 (.43)
200 10 288.5 161.75 .89 (.93) 92.21 .78 (.81) 58.46 .62 (.64) 43.91 .41 (.45)
200 20 455.97 253.19 .90 (.93) 143.76 .79 (.82) 88.47 .64 (.66) 63.12 .45 (.47)
200 40 875.92 488.03 .90 (.94) 268.43 .82 (.84) 162.8 .67 (.68) 115.07 .48 (.49)

6.5 Conclusions

7G)

The computational aspects of estimating the SUR model after it has been updated by new

observations have been considered. Sequential and parallel algorithms to compute the main

tool of the estimation procedure -the generalized QR decomposition of the data matrices-

have been proposed. The algorithms are rich in BLAS-3 operations and exploit efficiently

the triangular structure of the matrices. For reasonably big matrices the BLOCK sequential

strategy is found to outperform the LAPACK sequential strategy. The parallel algorithm

is based on a SPMD programming paradigm and employs different partitioning techniques
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Table 6.4: Execution times (sec.) and efficiencies of Algorithm 12 for k; =k (i = 1,...,G)
and T(®) = 50.

2 processors 4 processors 8 processors 16 processors
kG  Serial Time EAff. Time EAff. Time Eff. Time Eff.
5 32 14.79 824 .90 (.93) 4.58 .81 (.81) 2.92 .63 (.64) 2.04 .45 (.45)
5 64 105.62 57.3 .92(.96) 30.96 .85 (.89) 17.67 .75 (.78) 11.05 .60 (.61)
5 96 363.43 189.32 .96 (.97) 99.79 .91 (.92) 55.76 .81 (.84) 33.32 .68 (.70)
5 128 866.26 445.09 .97 (.98) 235.1 .92 (.94) 130.9 .83 (.87) 71.86 .75 (.76)
10 32 21.01 11.43 .92 (.94) 6.66 .79 (.83) 3.97 .66 (.67) 2.7 .49 (.49)
10 64 161.56 84.78 .95 (.97) 45.42 .89 (.90) 26.22 .77 (.80) 15.68 .64 (.64)
10 96 540.02 280.07 .96 (.98) 148.55 .91 (.93) 81.56 .83 (.85) 47.06 .72 (.73)
10 128 1348.72 685.66 .98 (.98) 358.55 .94 (.95) 195.7 .86 (.88) 111.13 .76 (.78)

Table 6.5: Execution times (sec.) and efficiencies of Algorithm 12 for k; = ik (i = 1,..., G).
G =32 2 processors 4 processors 8 processors 16 processors

kT Serial Time Eff. Time Eff. Time Eff. Time Eff.

5 25 15805 849 .93 (.95) 46.61 .85 (.87) 26.22 .75 (.76) 16.32 .61 (.63)
5 50 345.72 183.23 .94 (.95) 102.02 .85 (.86) 59.27 .73 (.74) 37.26 .58 (.60)
10 25 640.32 345.41 .93 (.94) 185.69 .86 (.87) 104.8 .76 (.77) 61.29 .65 (.66)
10 50 1206.51 653.09 .92 (.95) 351.46 .86 (.87) 202.7 .74 (.76) 121.45 .62 (.63)

G =64
5 25 49209 2529 .97 (.98) 1341 .92 (.93) 736.4 .84 (.86) 432.75 .71 (.75)
10 25 18646 9645 .97 (.98) 5139 .91 (.93) 2765 .84 (.86) 1603 .73 (.76)

with respect to the values of k; (i =1, ..., G), i.e. the number of variables in the regressions
of the SUR model, in order to achieve load balancing. The two main cases k; = k and
ki = ik (i = 1,...,G) have been considered. Some small parts of the computations are
duplicated. However, this is compensated by the minimal interprocessor communication.
The execution times and the theoretical complexities of the sequential and the parallel
algorithms are presented and analyzed. The theoretical results confirm the numerical
experiments, which have illustrated the efficiency and scalability of the proposed parallel

algorithm.



Chapter 7

Conclusions and future research

Computationally efficient algorithms for computing the estimation of Least Squares (LS)
problems have been proposed and analyzed. The algorithms have the QR decomposition
(QRD), or the Generalized QRD (GQRD), as the main computational tool. This allowed
the design of computationally efficient and numerically stable implementations. Specifi-
cally, the block generalization of the Givens sequence have been employed for computing
the QRD and the GQRD. In each problem which has been investigated the structure and
the properties of the matrices involved in the estimation procedures have been exploited.
The computational details of the implemented algorithms have been discussed. In or-
der to assess the computational efficiency and scalability of the proposed algorithms the
theoretical complexities and numerical results have been derived and analyzed.

Various strategies for computing the QRD of the set of matrices Ay, ..., Ag which have
common columns have been investigated in Chapter 2. The novel strategies use a weighted
directed graph to express the common-columns relationship among the matrices. The
nodes of the graph represent the triangular factors Ry, ...., Rg derived from the QRDs of
Aq, ..., Aq, respectively. An edge between two nodes exists if and only if the columns of
one of the matrices is a subset of the columns of the other. The weight of an edge is
the computational complexity of deriving the triangular factor of the subset matrix given
the QRD of the larger matrix. The problem is equivalent to construct a graph and to
find the minimum cost for traversing all the nodes. The proposed algorithm computes the
QRD of the matrices Ay, ..., Ag by deriving the minimum spanning tree of the graph. The
theoretical complexity of this strategy is found to be of double exponential order. Two

alternative heuristic strategies have also been considered. The heuristic algorithms for

79
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deriving the minimum spanning tree of the graph include some artificial nodes which are not
present in the initial set of matrices. The artificial nodes are introduced in order to reduce
the total computational cost. The first strategy had an exponential order of complexity
which made it computational infeasible. The second heuristic approach had a linear order
of complexity. Experimental results found that this heuristic strategy outperformed the

straight forward approach of re-triangularizing the matrices one at a time.

In Chapter 3, five computational strategies for block downdating of the LS solutions
have been proposed. The new strategies, which are block version of Givens rotations, are
rich in BLAS-3 operations and exploit the sparsity of the orthogonal matrix (). The numer-
ically reliable method require that columns of the orthogonal matrix must be available [8].
The Givens strategy uses plane rotations to delete the new observations one at a time. The
Givens method outperforms the downdating LAPACK routine when the number of deleted
observations d is small compared to the number of variables n. It also outperforms the
new block-downdating algorithm for very small d < n. For not very small d the proposed

block-downdating algorithm is computationally most efficient.

The parallelization of the new block-downdating algorithm using various distributions
of the computed matrices over the processors has been discussed in Chapter 4. Two
parallel strategies for downdating the QRD have been proposed. The algorithms have been
implemented using the single-program multiple-data (SPMD) paradigm. The performance
of the first strategy is degraded by the communication cost which increases exponentially
with the number of processors. The second strategy has no inter-processor communication,
but has some duplicated computations which makes it suitable for large-scale problems
on bigger number of processors. Generally, the second algorithm achieves perfect load

balancing, scalability and efficiency close to one for large-scale problems.

In Chapter 5, computationally efficient serial and parallel algorithms for estimating the
general linear model (GLM) have been proposed. The serial block Givens algorithm is an
adaptation of a known recursive Givens strategy. It presents the GLM as a generalized
linear least squares problem (GLLSP). The recursive algorithm is based on orthogonal
factorization and uses the GQRD as a main computational tool. The triangular struc-
ture of the Cholesky factor of the variance-covariance matrix is efficiently exploited. The
estimation of the GLM is derived recursively by solving a series of smaller and smaller
GLLSP problems. This reduces significantly the computational burden of the standard

estimation procedure. The new algorithm is found to be m/3n times faster than the cor-
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responding LAPACK routine for estimating the GLM, where m and n denote the number
of observations and variables, respectively. A parallel approach based on the new sequen-
tial strategy has been also designed. It copies the main, sub- and super-block diagonals
of the augmented Cholesky factor to all processors and distributes the remaining matrix
evenly. The algorithm duplicates parts of the computations, but it gains from the minimal
inter-processor communication. Overall, the parallel algorithm is found to be scalable and
efficient for large-scale least-squares problems.

An adaptation of these parallel algorithms to estimate the updated-observation seem-
ingly unrelated regressions model (SUR) have been proposed in Chapter 6. An efficient
serial algorithm has been also developed. The best linear unbiased estimator of the SUR
model has been computed after formulating the SUR as a GLLSP. The parallel algorithm
exploits the block-sparse structure of the computed matrices and computational experi-

ments indicated its scalability and efficiency.

7.1 Future research

Parallel algorithms to compute all possible subset models of the ordinary, general and SUR
model have been considered. Furthermore, a branch and bound algorithm for computing
the best subset regression models have been developed [15, 16, 17, 18]. The minimum
spanning tree approach and the heuristic strategies that have been proposed in [46] can
be adapted for the computation of all possible subset regression models. This promising
approach merits investigation.

Computationally efficient methods for updating the SUR models with new observations
have been proposed. The problems of adding and deleting exogenous variables from the
SUR models have also been addressed [27]. The non straightforward problem of deleting
observations from the SUR model (downdating) needs to be considered [10, 12, 27]. Special
attention should be given to the numerical stability of the downdating algorithms [30].
Within the framework of investigating influential data, various methods to solve the SUR
model after unequal number of observations have been added or deleted from some of the
regressions should be investigated.

Furthermore, the application of the various techniques for up-downdating the LS prob-
lem and QRD should be investigated in the context of regression diagnostics and cross-

validation, where repeatedly a number of observations is added and/or deleted [3, 27].
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The estimation of the SUR model subject to linear constraints needs to be pursued.
The estimation of these constrained models implies the solution of a particular quadratic
programming problem. Existing procedures should be adapted to exploit the structure
of the model. The special case of separable inequality constraints should be considered.
Within this context the design of efficient sequential and parallel techniques for solving
augmented systems which exploit the structure of the matrices need to be developed.
Block-recursive algorithms based on the GQRD are currently under investigation. The
algorithms should be adapted to handle the special structures of the matrices which are
found in various estimation problems.

The various parallel algorithms need to be considered when the models are sparse and
which is very often the case. Direct factorization strategies such as multifrontal QRD and
iterative methods need to be considered. The problem of estimating ill-conditioned SUR

models need to be addressed as well.
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