Model states revisited

H. Volger FMI, Univ. of Passau

December 22, 1995

Abstract

Logic programs posess a unique smallest Herbrand model, the initial model semantics. In addition, the smallest Herbrand model of a logic program can be constructed as least fixpoint of an appropriate closure operator on Herbrand structures. This is the initial model semantics of the logic program.

Replacing logic programs by the more general disjunctive logic programs where we admit disjunctions in the head of rules we have the following situation. However, a disjunctive fact has several different minimal Herbrand models. Hence, disjunctive logic programs posess in general a set of minimal Herbrand models, the minimal model semantics.

To obtain an analoguous fixpoint characterization one has to collect the Herbrand structures into one object. Therefore Lobo, Minker, Rajasekar (cf.[5]) have introduced the notion of a model state of a disjunctive logic program where disjunctions of ground goals replace the ground goals. — However, a small counterexample shows that their definition needs to be corrected.

In this paper we introduce an improved definition and develop carefully the correspondence between states and their saet of structures. As a pay-off we obtain a generalization of the results to states for 3-valued Herbrand structures. Since 3-valued Herbrand structures are described by negated and unnegated ground goals, the generalized Herbrand states consist of disjunctions of negated and unnegated ground goals. The 3-valued minimal model semantics yields a minimal-maximal model semantics of Herbrand structures.

1 The minimal model semantics

For the following we fix a clause theory i.e. a set of clauses P over a given first order language L. By ground(P ) we denote the set of ground instances of P . HB(L) , the Herband base over L, is the set At_0(L) of ground atoms (=goals) over L. As usual, HStr(L), the set of Herbrand structures over L, consists of subsets of HB(L).

Using disjunctions of atoms rather than single atoms we obtain the following notions. DHB(L), the disjunctive Herband base over L, is the set W HB(L) of positive ground clauses (i.e. disjunctions of ground atoms without repetitions) over L. We use ≤ for the inclusion between clauses and ∨ for the union of clauses. The empty clause is denoted by 2.

1.1 Herbrand states and their minimal Herbrand models

Now DHStr(L), the set of Herbrand states (= disjunctive Herbrand structures) over L, consists of subsets of DHB(L). The canonical Herbrand state M_P for P is given by the set {C ∈ DHB(L) : P ⊢⊢ C}. Beside the inclusion ordering ⊆ for Herbrand states we use also the finer partial order ⊑ which is defined as follows. M_1 ⊑ M_2 whenever for every C_1 ∈ M_1 there exists C_2 ∈ M_2 with C_2 ≤ C_1. The corresponding equivalence relation is denoted by ≈. On Herbrand structures ⊑ coincides with the inclusion ordering.

The expansion resp. canonical part of a Herbrand state is defined as follows. exp(M) := {C ∈ DHB(L) : C^′ ≤ C for some C^′ ∈ M} resp. can(M) := {C ∈ DHB(L) : for all C^′ ∈ MC^′ ≤ C implies C^′ = C} is the largest resp. smallest representative of the equivalence class of M. The former is useful in proofs whereas the latter is useful in computations. It should be noted that exp is a closure operator on Herbrand states which commutes with arbitrary unions.

The extension of the validity relation to Herbrand states is obtained as follows. Let M be a Herbrand state and C ∈ DHB(L) be a positive disjunction. M |= C i.e. C holds in M whenever C ∈ exp(M). The relation M |= C depends only on M/ ≈ since the validity relation is monotonic in both arguments. Moreover, for Herbrand structures the definition reduces to the usual definition. For a Herbrand structure N we have N |= C if A ∈ N for some A ∈ C.

The Herbrand structures associated with a Herbrand state M are obtained as follows. The set HMod(M) of Herbrand models (= realizations) of M consists of those Herbrand structures N which satisfy the set M of positive ground clauses i.e. N |= C for all C ∈ M. Note that N |= M is equivalent to M ⊑ N. Now the set MHMod(M) of minimal Herbrand models of M is the set of Herbrand models associated with M.

The lemma below shows that there is a minimal Herbrand model below any given Herbrand model of a model state M. The proof makes use of Zorn’s lemma to produce the required model.

Lemma 1 1. If N ∈ MHMod(M) and N |= L then there exists C ∈ M with L ∈ C , (C − {L}) ∩ N = ∅ 2. For every N ∈ HMod(M) there exists N^′ ∈ MHMod(M) with N^′ ⊆ N

The following proposition shows that the notion of a Herbrand state behaves as wanted. The same positive ground clauses hold in a Herbrand state and its associated set of minimal Herbrand models. It is based on lemma 1 and the observation that each structure K contains a unique Herbrand structure K_0 which is equivalent to K with respect to the validity of elements of DHB(L).

Proposition 2 For M ∈ DHStr(L) and C ∈ DHB(L) the following statements are equivalent: 1. M |= C 2. HMod(M) |= C 3. MHMod(M) |= C 4. M ⊢⊢ C Modifying the proof of lemma 1 we obtain the extension of lemma 1 to the nonpositive clause set ground(P ).

Lemma 3 For each N ∈ HMod(ground(P )) there exists N^′ ∈ MHMod(M) with N^′ ⊆ N.

1.2 Implication pairs and model states

In general, the clause set ground(P ) is not a Herbrand state, since its clauses may contain negated atoms. To accomodate our formalism to these clauses we replace everywhere ground atoms by ground literals (= negated or unnegated ground atoms). We obtain HB^∗(L) , the generalized Herband base over L, as the set At_0(L)∪¬(At_0(L)) of ground literals over L. Similarly, we obtain DHB^∗(L), the generalized disjunctive Herband base over L, as the set W HB^∗(L) of ground clauses ( = disjunctions of ground literals without repetitions) over L. Thus ground(P ) becomes a subset of DHB^∗(L).

It should be noted that each C ∈ DHB^∗(L) can be written in the form D̄ ∨ D′ := ¬A_1 ∨ . . . ∨ ¬A_k ∨ D with D = {A_1, . . . , A_k}, D′ ∈ DHB(L). Hence arbitrary ground clauses are described by pairs of positive clauses. Now the validity relation for a Herbrand state M can be extended to an implications pair D ⇒ D^′ with D, D^′ ∈ DHB(L) with D = {A_1, . . . , A_k} as follows:

M |= D ⇒ D^′ i.e. D ⇒ D^′ holds in M

if for all C_1, . . . , C_k ∈ DHB(L)

M |= A_1 ∨ C_1, . . . , M |= A_k ∨ C_k implies M |= D^′ ∨ C_1 ∨ . . . ∨ C_k

For a Herbrand structure N this definition reduces to N |= D ⇒ D^′ iff N |= A_1, . . . , N |= A_k implies N |= D^′. In this case D ⇒ D^′ corresponds to D̄ ∨ D^′ := ¬A_1 ∨ . . . ∨ ¬A_k ∨ D^′ as expected.

It should be admitted that the definition of the validity of an implication pair D ⇒ D^′ was derived from the following definition. The direct implication operator T_{D⇒D}0 on DHStr(L) is defined by: T_{D⇒D}0 (M) := {D^′ ∨ C_1 ∨ . . . ∨ C_k : A_i ∨ C_i for i = 1, . . . , k} It is obtained by applying positive hyperresolution with repect to D̄ ∨ D^′ to the clauses in M (cf.J.A.Robinson [9]).

The proposition below extends proposition 2 to implication pairs.

Proposition 4 For M ∈ DHStr(L) and D, D^′ ∈ DHB(L) the following statements are equivalent: 1. M |= D ⇒ D^′ 2. MHMod(M) |= D ⇒ D^′ 3. T_{D⇒D}0 (M) ≤ M It should be noted that in statement (2) MHMod(M) may not be replaced by HMod(M). In addition, we may not add M ⊢⊢ D̄ ∨ D^′ as another equivalent statement. Take M := {p(a) ∨ p(b)} with MHMod(M) = {N_1, N_2} where N_1 = {p(a)}, N_2 = {p(b)} and N ∈ (MHMod(M) − HMod(M)) where N = {p(a), p(b)}. Now we have M |= (p(a)∨p(b)) ⇒ 2 and hence N_i |= ¬p(a)∨¬p(b) for i = 1, 2 but N |̸= ¬p(a) ∨ ¬p(b) and hence M ⊬⊢ ¬p(a) ∨ ¬p(b). The clauses in ground(P ) can now be represented as implication pairs.

Hence a Herbrand state M is called a model state for P if M |= C ⇒ D holds for all implication pairs in ground(P ). This is our version of the notion of a model state.

In addition, we can define the operator T_P of positive hyperresolution by T_P (M) := S{T_{C⇒D}(M) : C ⇒ D ∈ ground(P )}. As a corollary of proposition 4 we obtain the following characterization of the model states of P .

Corollary 5 For M ∈ DHStr(L) the following statements are equivalent: 1. M |= ground(P ) 2. MHMod(M) ⊆ HMod(ground(P )) 3. T_P (M) ≤ M

Now we are in the position to show that the canonical model state M_P has the usual fixpoint characterization as expected. It generalizes the classical result for logic programs.

Proposition 6 M_P is a minimal fixpoint of T_P which is unique up to ≈ and M_P is the smallest fixpoint of T_P · exp.

The combination of corollary 5 and proposition 6 yields MHMod(M_P ) ⊆ HMod(ground(P )). Moreover, by definition we have ground(P ) ⊢⊢ M_P and hence HMod(ground(P )) ⊆ HMod(M_P ). Applying lemma 1 and lemma 3 we obtain the following result.

Proposition 7 MHMod(ground(P )) = MHMod(M_P ) i.e. M_P represents the minimal model semantics of P .

Below we shall exhibit two nonequivalent clause theories P and P^′ which satisfy M_P = M_P 0 i.e. they have the same minimal model semantics. Hence this semantics looses some information contained in the theory. Later on we shall consider a finer semantics, the minimal-maximal model semantics.

2 The counterexample

A Herbrand state M is model state in the sense of Lobo, Minker, Rajasekar (cf.[5]) of a disjunctive logic program P if: HMod(M) ⊆ HMod(P ) MHMod(P ) ⊆ down(MHMod(M)) where N ∈ down(MHMod(M)) if N ⊆ N^′ ∈ MHMod(M) for some N^′. Let P be the following set of clauses: {r(Y ) ∨ q(Y ) ← p(Y ), p(a) ∨ p(b)}.

The computation of M_P , the canonical Herbrand state for P , yields: exp({p(a) ∨ p(b), p(a) ∨ r(b) ∨ q(b), p(b) ∨ r(a) ∨ q(a), r(a) ∨ q(a) ∨ r(b) ∨ q(b)}) MHMod(M_P ) = {N_1, N_2, N_3, N_4}

where N_1 = {p(a), r(a)}, N_2 = {p(a), q(a)}, N_3 = {p(b), r(b)}, N_4 = {p(b), q(b)}. In addition, we know MHMod(P ) = MHMod(M_P ). This yields the second condition in the above definition. However, the Herbrand structure N_0 = {p(a), p(b), r(a)} belongs to HMod(M_P ) but not to HMod(P ). This contradicts the first condition in the above definition. – However, the results of the previous section show that our version of the notion of model state works as required.

Now extend P to P^′ by the clause 2 ← (q(X) ∧ r(X)). It can be verified that one has M_P = M_P 0 i.e. P and P^′ have the same minimal model semantics.

3 The minimal-maximal model semantic

One obtains a finer semantics if negated ground atoms are included in the definition of Herbrand states. Replacing everywhere ground atoms by ground literals i.e. negated or unnegated ground atoms we arrive at the following generalization of our previous results, where 3-valued Herbrand structures replace the Herbrand structures.

HB^∗(L) , the generalized Herband base over L, is the set At_0(L)∪¬(At_0(L)) of ground literals over L. As before, HStr^∗(L), the set of generalized Herbrand structures over L, consists of the subsets of HB^∗(L).

Note that a generalized Herbrand structure N corresponds to a unique 3- valued Herbrand structure (N_1, N_0) in the sense of Fitting [1] by means of ¬(N_0) = N ∩ ¬(At_0(L)), N_1 = N ∩ At_0(L) and N = N_1 ∪ ¬(N_0) (cf. also [8],[7]). A generalized Herbrand structure N is said to be consistent resp. complete if N satisfies N_1 ∩ N_0 = ∅ resp. N_1 ∪ N_0 = HB(L).

For every Herbrand structure N there is a complete generalized Herbrand structure N^∗ := N ∪ ¬(HB(L) − N). Note that we have (N_1, N_0) ≤ K^∗ iff N_1 ⊆ K ⊆ (HB(L) − N_0). Hence the Herbrand structures K above a minimal 3-valued Herbrand structures (N_1, N_0) have N_1 resp. HB(L) − N_0 as as a lower resp. upper bound. This shows that the set of minimal 3-valued Herbrand models yields a minimal-maximal semantics.

Continuing the generalization to ground literals rather than ground atoms most of the results in section 1 can be generalized. The details will have to be worked out in a later version of this paper. In particular, the relation of the minimal-maximal model semantics to other semantics in the literature should be clarified.

References

[1] M. Fitting. A Kripke-Kleene semantics for logic programs. J. of Logic Programming, 3:93–114, 1986.

[2] M. Fitting. Partial models and logic programming. Theoret.Comp.Sci., 48:229–255, 1986.

[3] K. Kunen. Negation in logic programming. J. of Logic Programming, 4:289– 308, 1987.

[4] J. Lloyd. Foundations of logic programming. Springer Verlag, 2nd edition, 1987.

[5] J. Lobo, J. Minker, and A. Rajasekar. Foundations of disjunctive logic programming. MIT Press, 1992.

[6] J. Minker. On indefinite databases and the closed world assumption. In Lecture Notes in Comp.Sci. 138, pages 292–308. Springer Verlag, 1982.

[7] H. Przymusinska and T. Przymusinski. Semantic issues in deducitve databases and logic programs. In R. Banerji, editor, Formal techniques in artificial intelligence, pages 321–367. North-Holland Publ.Comp., 1990.

[8] T. Przymusinski. Every logic program has a natural stratification and an iterated least fixed point model. In Proceedings of the 8th Symposium on Principles of Database Systems, pages 11–21. ACM SIGACT-SIGMOD, 1989.

[9] J. Robinson. Automatic deduction with hyper-resolution. International J.

of Computer Mathematcis, 1:227–234, 1965.