Twistor spinors and their zeroes^�

Katharina Habermann, Berlin

January 11, 1993

Abstract

A generalization of the Einstein condition for Killing spinors is given for twistor spinors on Riemannian manifolds. We study the zeroes of twistor spinors on manifolds with parallel Ricci-tensor, in particular on Einstein manifolds. Furthermore, we consider the conformal deformation of the metric defined by a twistor spinor and find a condition for the completeness of this metric on the complement of the zero set. Examples are constructed for which the situation is realized. Finally, we obtain results concerning the conformal vector field defined by a twistor spinor.

Introduction

We study n-dimensional Riemannian spin manifolds (M^n, g), where n ≥ 3, admitting non-trivial twistor spinors. A twistor spinor is a spinor field φ ∈ Γ(S) satisfying the differential equation

∇_X φ + 1 n X · Dφ = 0 for all vector fields X.

In [18] A. Lichnerowicz introduced the twistor spinors as zeroes of the conformally invariant twistor operator D and started their systematical geometrical investigation. In particular, using the solution of the Yamabe problem he

�Supported by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 288

proved that on compact manifolds the space of all twistor spinors coincides - up to a conformal change of the Riemannian metric - with the space of all Killing spinors (see [19]). Killing spinors are special solutions of the twistor equation. If (M^n, g) admits a non-trivial Killing spinor, then (M^n, g) is an Einstein manifold. In Proposition 2 of this paper we give a generalization of this result for twistor spinors. It is well known that Killing spinors have no zeroes. Whereas non-trivial Killing spinors vanish nowhere, twistor spinors with zeroes are possible. In [12] Th. Friedrich studied the zeroes of twistor spinors. In particular, it turned out that the set of all zeroes of a twistor spinor is a discrete subset of M^n.

We will consider here twistor spinors admitting zeroes on manifolds with parallel Ricci-tensor. As a consequence we will see that any twistor spinor on the standard sphere S^n vanishes at most at one point. Recall that A. Lichnerowicz in [19] proved that the standard sphere S^n is - up to a conformal change of the Riemannian metric - the only compact manifold admitting twistor spinors vanishing at some point.

In [12] Th. Friedrich has shown that twistor spinors on complete connected Einstein manifolds of non-positive scalar curvature vanish at most at one point. We will prove that this result is true also in the case of positive scalar curvature. Furthermore, we will see that the Euclidean space, the hyperbolic space and the sphere are the only complete connected Einstein manifolds admitting twistor spinors vanishing at some point.

Next we consider the conformal deformation of the metric defined by a twistor spinor and give a condition for completeness of the metric on the complement of the set of all zeroes. Examples are given for which the situation is realized. Finally, we obtain results concerning the conformal vector field defined by a twistor spinor and give a local description of Riemannian manifolds admitting twistor spinors vanishing at some point.

1 General formulas and results

Let (M^n, g) be an n-dimensional Riemannian spin manifold, n ≥ 3, and let S be the spinor bundle of (M^n, g) equipped with the standard hermitian inner product <, >. The covariant derivative on the spinor bundle induced by the Levi-Civita connection ∇ on M^n will also be denoted by ∇. We consider the

Clifford multiplication μ : T M^n ⊗ S → S and denote by X · φ = μ(X · φ) the Clifford multiplication of the vector X by the spinor φ. Let e_1, . . . , e_n be a local orthonormal frame on M^n. Then the mapping p : T M^n ⊗S → T M^n ⊗S defined by p(X ⊗ φ) = X ⊗ φ + 1 n n∑ j=1 e_j ⊗ e_j · X · φ, for X ⊗φ ∈ T M^n ⊗S, is a projection of T M^n ⊗S onto the kernel kerμ of the Clifford multiplication. The twistor operator D is defined as the composition of the covariant derivative ∇ and the projection p

D = p ∘ ∇ : Γ(S) → Γ(T^∗M^n ⊗ S)^∼= Γ(T M^n ⊗ S) → Γ(kerμ).

Here we identify the bundles T^∗M^n and T M^n via the metric g. Locally the twistor operator D is given by

Dφ =^{n∑}_{j=1} ej ⊗ (∇e_j φ +^1_nej · Dφ) for φ ∈ Γ(S),

where D denotes the Dirac operator.

Let g = λg be a conformal change of the metric, where λ is a positive realvalued function on M^n, and let^− : S → S denote the natural isomorphism of the corresponding spin bundles. Then we have the relation

Dφ = λ^14 D(λ^14 φ) for φ ∈ Γ(S),

where D denotes the twistor operator in S. Thus, the twistor operator D is a conformally invariant operator.

The zeroes of D are called twistor spinors. The kernel of D is described by the twistor equation ∇_X φ + 1 n X · Dφ = 0 for all vector fields X ∈ Γ(T M^n). On the space kerD of all twistor spinors we have two conformal invariants

C_φ = Re < Dφ, φ > and

Q_φ = |φ|^2|Dφ|^2 − C^2_φ − n∑ j=1 (Re < Dφ, e_j · φ >)^2 ≥ 0, where e_1, . . . , e_n is an orthonormal frame on M^n. Further, if φ ∈ kerD then

∇_X (Dφ) = n 2 L(X) · φ for all X ∈ Γ(T M^n), where L denotes the (1, 1)-tensor defined by L = 1 n − 2 ( R 2(n − 1) id − Ric ) . Furthermore, any twistor spinor satisfies

D^2φ = Rn 4(n − 1) φ. In the case that the manifold (M^n, g) is an Einstein manifold we have some more information. It is easy to prove assuming (M^n, g) to be Einstein that D(kerD) ⊂ kerD. Moreover, the (1, 1)-tensor L simplifies to L = − R 2n(n − 1) id.

We denote by N_φ = {x ∈ M^n : φ(x) = 0} the zero set of the twistor spinor φ. Th. Friedrich proved (see [12]) that N_φ is a discrete subset of M^n. If φ is a twistor spinor vanishing at some point, then C_φ = 0 and Q_φ = 0. Moreover, if φ is a twistor spinor such that C_φ = 0 and Q_φ = 0, then we have the relation uDφ = n 2 gradu · φ, where u = |φ|^2 (see [12]). Using this relation one proves

Lemma 1. Let (M^n, g) be a Riemannian spin manifold with twistor spinor φ such that C_φ = 0 and Q_φ = 0. Then^1_{|φ|n} φ is a harmonic spinor on M^n \N_φ. 2

2 A generalization of the Einstein condition

An important special class of twistor spinors are the Killing spinors, i. e. spinor fields φ ∈ Γ(S) on (M^n, g) satisfying the differential equation ∇_X φ = λX · φ for a complex number λ and all vector fields X. However, a necessary condition for the existence of non-trivial Killing spinors is that the underlying Riemannian manifold is an Einstein manifold of scalar curvature R = λ^24n(n − 1). As a kind of generalization of this condition we are now going to prove the following result.

Proposition 2. Let (M^n, g) be a Riemannian spin manifold, φ a non-trivial twistor spinor on M^n and u = |φ|^2. Then u {R n X − Ric(X) } = (n − 2) { ∇_X gradu + 1 n ΔuX }

holds for all vector fields X on M^n.

Proof: Let e_1, . . . , e_n be a local orthonormal frame on M^n. Then we have

e_j (u) = − 1 n {< e_j · Dφ, φ > + < φ, e_j · Dφ >} for j = 1, . . . , n. This implies

X(e_j (u)) = ∇_X e_j(u) + g(L(X), e_j )u + 2 n^2 g(X, e_j )|Dφ|^2. Consequently

∇_X gradu = L(X)u + 2 n^2 |Dφ|^2X + n∑ j=1 {∇_X e_j(u)e_j + e_j(u)∇_X e_j}. Using g(∇_X e_j , e_i) = −g(e_j , ∇_X e_i) for i, j = 1, . . . , n, we obtain n∑ j=1 {∇_X e_j(u)e_j + e_j (u)∇_X e_j} = 0.

Thus, ∇_X gradu = uL(X) + 2 n^2 |Dφ|^2X for all vector fields X. Since |Dφ|^2 = Rn 4(n − 1) u − n 2 Δu for each twistor spinor φ we conclude that

uL(X) = ∇_X gradu − R 2n(n − 1) uX + 1 n ΔuX. Applying the definition of L, we obtain the assertion. 2 Now we obtain the Einstein condition for Killing spinors in the following way. The Killing equation ∇_X φ = λX · φ and the identity D^2φ = Rn 4(n − 1) φ for twistor spinors implie the equation

λ^2 = R 4n(n − 1) for the scalar curvature R. Hence λ is either real or imaginary. If φ is a real Killing spinor, then u = |φ|^2 is constant and by the Proposition (M^n, g) is an Einstein manifold. If φ is an imaginary Killing spinor with Killing number λ = iα, then holds ∇_X gradu = 4α^2uX for all vector fields X and Δu = −4nα^2u. Thus Proposition 2 yields the Einstein condition again.

3 Zeroes of twistor spinors on manifolds with parallel Ricci-tensor

Let (M^n, g) be a Riemannian spin manifold with ∇Ric = 0. For instance, Einstein manifolds are manifolds with parallel Ricci-tensor. ∇Ric = 0 implies that the scalar curvature is constant and, moreover, the (1, 1)-tensor L is parallel, too.

Now consider a geodesic γ(t) in M^n and a non-parallel twistor spinor φ. Set u(t) = |φ(γ(t))|^2 and v(t) = |Dφ(γ(t))|^2. Moreover, we introduce the functions s(t) = |L(γ̇(t))| and A(t) = g(L(γ̇(t)), γ̇(t)). Since ∇Ric = 0, these functions are constant along the geodesic, s(t) ≡ s and A(t) ≡ A. From the twistor equation we obtain the system u^{′′} = Au + 2 n^2 v v^{′′} = n^2 2 s^2u + Av of ordinary differential equations for the functions u and v along γ(t). The Cauchy-Schwarz inequality implies |A| ≤ s, and we consider the following cases

(i) s = 0, A = 0 (ii) s > 0, A + s = 0 (iii) s > 0, A − s = 0 (iv) s > 0, A + s > 0, A − s < 0. Solving the differential equations above, we obtain:

(i) If s = 0, then u(t) = v_0 n^2 t^2 + u_1t + u_0 and v(t) = v_0 > 0.

(ii) If s > 0 and A + s = 0, then u(t) = 1 2 { 1 √ 2s (u_1 − 2 sn^2 v_1) sin( √ 2st) + (u_0 − 2 sn^2 v_0) cos( √ 2st) +(u_1 + 2 sn^2 v_1)t + u_0 + 2 sn^2 v_0 }

and

v(t) = 1 2 { 1 √ 2s (v_1 − sn^2 2 u_1) sin( √ 2st) + (v_0 − sn^2 2 u_0) cos( √ 2st) +(v_1 + sn^2 2 u_1)t + v_0 + sn^2 2 u_0 } . (iii) If s > 0 and A − s = 0, then u(t) = 1 2 { 1 √ 2s (u_1 + 2 sn^2 v_1) sinh( √ 2st) + (u_0 + 2 sn^2 v_0) cosh( √ 2st) +(u_1 − 2 sn^2 v_1)t + u_0 − 2 sn^2 v_0 }

and v(t) = 1 2 { 1 √ 2s (v_1 + sn^2 2 u_1) sinh( √ 2st) + (v_0 + sn^2 2 u_0) cosh( √ 2st) +(v_1 − sn^2 2 u_1)t + v_0 − sn^2 2 u_0 } . (iv) If s > 0, A + s > 0 and A − s < 0, then u(t) = 1 2 { 1 √ s + A (u_1 + 2 sn^2 v_1) sinh( √ s + At) + (u_0 + 2 sn^2 v_0) cosh( √ s + At) + 1 √ s − A (u_1 − 2 sn^2 v_1) sin( √ s − At) + (u_0 − 2 sn^2 v_0) cos( √ s − At) }

and v(t) = 1 2 { 1 √ s + A (v_1 + sn^2 2 u_1) sinh( √ s + At) + (v_0 + sn^2 2 u_0) cosh( √ s + At) + 1 √ s − A (v_1 − sn^2 2 u_1) sin( √ s − At) + (v_0 − sn^2 2 u_0) cos( √ s − At) } . Finally we have Lemma 3.1. Let x_0 ∈ M^n be a zero of the twistor spinor φ, x_0 ∈ N_φ. Moreover, let γ(t) be a geodesic in M^n such that γ(0) = x_0. With the notations above we obtain

(i) If s = 0, then u(t) = v_0 n^2 t^2 and v(t) ≡ v_0 > 0.

There are no more zeroes of φ along γ(t).

(ii) If s > 0 and A + s = 0, then u(t) = v_0 sn^2 (1 − cos( √ 2st)) and v(t) = v_0 2 (1 + cos( √ 2st)). Because of the periodicity of u other zeroes along γ(t) are possible.

(iii) In the case s > 0 and A − s = 0 the solutions are u(t) = v_0 sn^2 (cosh( √ 2st) − 1) and v(t) = v_0 2 (cosh( √ 2st) + 1).

No more zeroes are possible.

(iv) For s > 0, A + s > 0 and A − s < 0 we have u(t) = v_0 sn^2 (cosh( √ A + st) − cos( √ s − At)) and v(t) = v_0 2 (cosh( √ A + st) + cos( √ s − At)). In this case, too, there are no more zeroes. 2

Example. The standard sphere S^n.

We have Ric = (n − 1)id. Thus L = −^1_2 id and R = n(n − 1). We fix x_0 ∈ S^n and a geodesic γ(t) of maximum length with γ(0) = x_0. The constants A and s are given by s = 1 2 and A + s = 0.

Now let φ be a twistor spinor on S^n with zero point x_0. Then we have u(t) = 2v_0 n^2

(1 − cos(t)) and v(t) = v_0 2 (1 + cos(t))

for the functions u(t) = |φ(γ(t))|^2 and v(t) = |Dφ(γ(t))|^2 along γ(t). Obviously, γ(2π) is the next zero of φ along γ(t). On the other hand, all maximum geodesics on S^n are closed and of length 2π, i.e. γ(2π) = γ(0) = x_0.

Proposition 3.2. Any twistor spinor on the standard sphere S^n vanishes at most at one point. 2 4 Zeroes of twistor spinors on Einstein manifolds

In [12] Th. Friedrich has shown that twistor spinors on complete connected Einstein manifolds of non-positive scalar curvature vanish at most at one point. We will prove that this result is true also in the case of positive scalar curvature.

Proposition 4.1. Let (M^n, g) be a complete connected Einstein manifold of positive scalar curvature R > 0 and spin. Then any twistor spinor has at most one zero.

Proof: Since the scalar curvature R of (M^n, g) is positive, we know that s = R 2n(n − 1) and A + s = 0.

Let φ be a twistor spinor with two zeroes x_0 and x_1 and let γ(t) be a minimizing geodesic such that γ(0) = x_0 and γ(t_1) = x_1. Along the geodesic γ(t) we have |φ(γ(t))|^2 = v_0 sn^2 (1 − cos( √ 2st)), where v_0 = |Dφ(x_0)|^2 > 0. This implies

t_1 = 2kπ √ 2s = 2k π √ R n(n−1) for some positive integer k.

On the other hand, the Theorem of Myers says

t_1 ≤ π √ R n(n−1) Thus k = 0, and we obtain x_0 = x_1. 2 Corollary 4.2. Any twistor spinor on a complete connected Einstein manifold vanishes at most at one point. 2 Remark. On the Euclidean space R^n, on the hyperbolic space H^n and on the sphere S^n there exist twistor spinors vanishing at some point (see [6]).

5 Twistor spinors on Einstein manifolds

In this section we will see that the Euclidean space, the hyperbolic space and the sphere are the only complete connected Einstein manifolds admitting twistor spinors vanishing at some point. For completeness we recall two results proved in [14].

Twistor spinors as sums of Killing spinors

Proposition 5.1. Let (M^n, g) be a Riemannian spin manifold. Suppose that (M^n, g) is an Einstein manifold with non-vanishing scalar curvature R ≠ 0. Then

(i) If R > 0, then any twistor spinor is the sum of two real Killing spinors.

(ii) If R < 0, then any twistor spinor is the sum of two imaginary Killing spinors. 2 A characterisation of the hyperbolic space and the Euclidean space

Proposition 5.2. Let (M^n, g) be a complete connected spin manifold. Furthermore, let (M^n, g) be an Einstein manifold with non-positive scalar curvature R ≤ 0. Suppose that φ is a non-parallel twistor spinor on M^n such that the function f : M^n → [0, ∞) defined by f(x) = |φ(x)|^2, x ∈ M^n, attains a minimum. Then

(i) If R < 0, then (M^n, g) is isometric to the hyperbolic space with sectional curvature R/(n(n − 1)).

(ii) If R = 0, then (M^n, g) is isometric to the space R^n with the standard metric. 2 Finally we find another

Characterisation of the sphere

Proposition 5.3. Let (M^n, g) be a complete connected Riemannian spin manifold and an Einstein manifold of positive scalar curvature R > 0. Suppose that φ is a twistor spinor on M^n, where |φ|^2 is non-constant. Then (M^n, g) is isometric to the sphere of scalar curvature R.

Proof: As a consequence of Proposition 5.2 there exist Killing spinors φ_1 and φ_2 such that ∇_X φ_1 = λX · φ_1 and ∇_X φ_2 = −λX · φ_2 for all vector fields X, where λ =^1_2 √ R/(n(n − 1)) and φ = φ_1 + φ_2. Thus |φ|^2 = |φ_1|^2 + |φ_2|^2 + 2(φ_1, φ_2). Now |φ_1|^2 and |φ_2|^2 are constant. Consequently, f = (φ_1, φ_2) is a non-constant function, which satisfies the equation

Δf = R n − 1 f. By the theorem of Myers M^n is compact, and the assertion is a consequence of the theorem of Obata (see [8]). 2 6 The conformal deformation defined by a twistor spinor

Let (M^n, g) be a Riemannian spin manifold and suppose that φ is a nontrivial twistor spinor. In earlier papers the metric g =^1_{|φ|4} g on M^n \ N_φ, where N_φ is the zero set of φ, was studied. For instance, it was shown that (M^n \ N_φ, g) is an Einstein manifold (see [12] and [14]). Our purpose here is to prove a sufficient condition for the completeness of the metric g on M^n \ N_φ. Recall that N_φ is a discrete subset of M^n.

Let (M^n, g) be a Riemannian spin manifold and suppose that φ is a nontrivial twistor spinor vanishing at some point. We define a function r = r_φ : M^n → [0, ∞) by r(x) = dist(x, N_φ) for x ∈ M^n.

Lemma 6.1. If u = |φ|^2 satisfies the condition u(x) < r(x) for all x ∈ M^n \ N_φ, then g is a complete Riemannian metric on M^n \ N_φ. Proof: The proof proceeds as the proof of Theorem 1 in [25]. 2 Let α ≠ 0 be a real constant. Since N_{αφ} = N_φ, we have r_φ = r_{αφ}. For the twistor spinor αφ the condition above is α^2|φ|^2 < r_{αφ} which is equivalent to |φ|^2 r < 1 α^2 .

Completeness of the Riemannian metric^1_{|φ|4} g is equivalent to completeness of the metric^1_{|αφ|4} g. We deduce:

Proposition 6.2. Let (M^n, g) be a Riemannian spin manifold and suppose that φ is a non-trivial twistor spinor vanishing at some point. If sup x∈M^n\N_φ |φ(x)|^2 dist(x, N_φ) < ∞, then g =^1_{|φ|4} g is a complete Riemannian metric on M^n \ N_φ. 2 Now we get the following corollary of Proposition 6.2.

Corollary 6.3. Let (M^n, g) be a complete Riemannian spin manifold and suppose that φ is a non-trivial twistor spinor with a finite number of zeroes and such that the function |φ|^2 is bounded. Then the metric g =^1_{|φ|4} g on M^n \ N_φ is a complete Riemannian metric.

Proof: When |φ|^2 is bounded it is enough to prove the condition from Proposition 6.2 in a neighbourhood of the zeroes of φ. Let x_0 be a point of N_φ and γ(t) a geodesic with γ(0) = x_0. Along this geodesic we know that |φ(γ(t))|^2 dist(γ(t), N_φ) = u(t) t . We have u^′(0) = 0, so lim_{t→0} u(t) t = 0,

Thus sup x∈M^n\N_φ |φ(x)|^2 dist(x, N_φ) < ∞, and the assumption follows. 2

Example. The standard sphere S^n.

Let φ be a non-trivial twistor spinor on S^n with zero x_0. Thus x_0 is the only zero of φ. Since S^n is compact, the function |φ|^2 is bounded. Using Corollary 6.3, the metric^1_{|φ|4} g on S^n \ {x_0} is complete.

7 The conformal vector field defined by a twistor spinor

Let (M^n, g) be a Riemannian spin manifold. We assume φ to be a spinor field on M^n and define a vector field as well as a real-valued 1-form ω by g(V, X) = ω(X) = i < φ, X · φ > for all vector fields X.

Lemma 7.1. Let (M^n, g) be a Riemannian spin manifold and suppose φ to be a non-trivial twistor spinor on M^n. The vector field V has the following properties:

(i) The Lie derivative of the metric in direction of the vector field V satisfies

LV g = 2hg, where h =^2_nIm(< Dφ, φ >),

in particular V is a conformal vector field.

(ii) If C_φ = 0 and Q_φ = 0, then ||V ||^2 = k_φ|φ|^4, where 0 ≤ k_φ ≤ 1 is a constant. Consequently, if V does not vanish identically, then the zeroes of V coincide with the zeroes of φ. In particular, they are isolated.

(iii) If C_φ = 0 and Q_φ = 0, then k_φ = 1 if and only if V · φ = i|φ|^2φ. (iv) Finally, if C_φ = 0 and Q_φ = 0, then V (|φ|^2) = h|φ|^2. Proof:

(i) First observe that g(∇_X V, Y ) = X(g(V, Y )) − g(V, ∇_X Y ) = i{< ∇_X φ, Y · φ > + < φ, ∇_X Y · φ + Y · ∇_X φ > − < φ, ∇_X Y · φ >} = − i n {< X · Dφ, Y · φ > + < φ, Y · X · Dφ >} = 2 n Im(< X · Y · φ, Dφ >) for vector fields X and Y on M^n, and hence (LV g)(X, Y ) = g(∇X V, Y ) + g(X, ∇Y V ) = 2 n Im(< (X · Y + Y · X) · φ, Dφ >) = 4 n Im(< Dφ, φ >)g(X, Y ). (ii) Let V_φ(x) be the n-dimensional real subspace of S_x given by V_φ(x) = {X · φ(x) : X ∈ T_xM^n}, where x ∈ M^n \ N_φ. Then we have dist^2(iφ, V_φ) = |φ|^2 − ∑n j=1 Re(< iφ, e_j · φ >)^2 |φ|^2 = |φ|^2 − ∑n j=1 g(V, e_j )^2 |φ|^2 = |φ|^2 − ||V ||^2 |φ|^2 . It is well known (cf. [12]) that if C_φ = 0 and Q_φ = 0, then the expression dist^2(iφ, V_φ) |φ|^2 = 1 − ||V ||^2 |φ|^4 = c is a constant satisfying 0 ≤ c ≤ 1, i. e. ||V ||^2 = (1 − c)|φ|^4. (iii) This is proved in [28].

(iv) From C_φ = 0 and Q_φ = 0 we know that uDφ =^n_2 gradu · φ, where u = |φ|^2. Thus V (u) = i < φ, gradu · φ > = 2 n iu < φ, Dφ > = − 2 n i < Dφ, φ > u = hu. 2 Proposition 7.2. Let (M^n, g) be a Riemannian spin manifold and suppose φ to be a non-trivial twistor spinor vanishing at some point x_0. Furthermore, let V be the conformal vector field defined by φ. If (x_1, . . . , x_n) are local coordinates on M^n near x_0, then ( ∂V^i ∂x_j (x_0) ) i,j=1,...,n = 0.

Proof: Choose a local orthonormal frame e_1, . . . , e_n and local coordinates (x_1, . . . , x_n) such that ∂ ∂x_j (x_0) = e_j(x_0)

for j = 1, . . . , n. Since V = n∑ j=1 g(V, e_j )e_j = n∑ m=1 V^m ∂ ∂x_m , we have g(V, e_j) = ∑ m V^mg( ∂ ∂x_m , e_j )

and consequently ∂ ∂x_k g(V, e_j ) = ∑ m {∂V^m ∂x_m g( ∂ ∂x_m , e_j)+V^mg(∇ ∂_{∂xk} ∂ ∂x_m , e_j )+V^mg( ∂ ∂x_m , ∇ ∂_{∂xk} e_j ) } . Because of V^m(x_0) = 0 for m = 1, . . . , n, we have ∂ ∂x_k g(V, e_j )(x_0) = ∑ m ∂V^m ∂x_k (x_0)g( ∂ ∂x_m (x_0), e_j (x_0)) = ∑ m ∂V^m ∂x_k (x_0)δ_{mj} = ∂V^j ∂x_k (x_0).

On the other hand, we see ∂ ∂x_k g(V, e_j ) = i ∂ ∂x_k < φ, e_j · φ > = i { < ∇ ∂_{∂xk} φ, e_j · φ > + < φ, ∇ ∂_{∂xk} (e_j · φ) > } .

But x_0 is a zero of φ. Hence ∂ ∂x_k g(V, e_j )(x_0) = 0.

Consequently ∂V^j ∂x_k (x_0) = 0 for j, k = 1, . . . , n. 2 Proposition 7.3. Let (M^n, g) be a complete connected Riemannian spin manifold and suppose φ to be a non-trivial twistor spinor with a zero x_0. Furthermore, we consider the conformal vector field V and the corresponding function h. Then the following conditions are equivalent.

(i) h is constant.

(ii) h ≡ 0.

(iii) V ≡ 0.

Proof: If h is constant, then φ(x_0) = 0 implies h ≡ 0. Thus L_V g = 0, i. e. the 1-parameter transformation group {ϕ_t : M^n → M^n}_{t∈}R defined by V consists of isometries. By Proposition 7.2 we conclude dϕ_t(x_0) = id_{Tx0 M} n for each ϕ_t of this family. Let γ be a geodesic with initial point x_0 and initial tangent vector γ̇(x_0). Hence ϕ_t(γ) is also a geodesic with initial point x_0. Since dϕ_t(x_0)(γ̇(x_0)) = γ̇(x_0), both geodesics coincide, ϕ_t(γ) = γ. Thus V ≡ 0 is proved. 2 Proposition 7.4. Let (M^n, g) be a Riemannian spin manifold and assume φ to be a non-parallel twistor spinor vanishing at some point. Furthermore, let h be non-constant. Then the Pfaffian system ω = 0 on M^n \ N_φ defines an integrable distribution.

Proof: Let X and Y be vector fields on M^n \ N_φ. Then dω(X, Y ) = X(ω(Y )) − Y (ω(X)) − ω([X, Y ]) = − i n {< X · Dφ, Y · φ > + < φ, Y · X · Dφ > − < Y · Dφ, X · φ > − < φ, X · Y · Dφ >}. Since φ has a zero, we can substitute uDφ =^n_2 gradu · φ into the equation, and obtain that udω(X, Y ) = 2{X(u)ω(Y ) − Y (u)ω(X)}. Consequently, dω ∧ ω = 0 on M^n \ N_φ, and by the Frobenius’ Theorem the assertion is proved. 2

8 Twistor spinors on non-compact Riemannian manifolds

The spinor derivative on submanifolds of codimension one For details we refer to [3] or [5].

Let (M^n, g) be a Riemannian manifold and denote by S the spinor bundle of (M^n, g). Furthermore, let F^{n−1} be an oriented submanifold of codimension one of (M^n, g) with the induced metric. We denote by ξ the normal unit vector field on F^{n−1} given by the orientation of F^{n−1} and M^n. The vector field ξ induces a spin structure on F^{n−1}. We denote by S_F the corresponding spinor bundle of F^{n−1}. Then one can prove the following Lemma (cf. [3]).

Lemma 8.1.

(i) If n = 2m + 1, then the restriction of the spinor bundle S of (M^n, g) to the submanifold F^{n−1} is isomorphic to the bundle S_F , where ξ acts on S_F = S^+_F ⊕ S^−_F by

ξ · (φ^+ ⊕ φ^−) = (−1)^miφ^+ − (−1)^miφ^−

and the spinor derivative of φ ∈ Γ(S) is given by

∇_X φ = ∇^F_X (φ|_F ) − 1 2 ∇_X ξ · ξ · φ for all X ∈ T_xF^{n−1}.

(ii) If n = 2m + 2, then the restriction of the spinor bundle S of (M^n, g) to the submanifold F^{n−1} is isomorphic to the bundle S_F ⊕ ^S_F , where ξ acts on S_F ⊕ ^S_F by ξ · (φ_1 ⊕ ^φ_2) = (−1)^mi(φ_2 ⊕ ^φ_1)

and the spinor derivative of φ ∈ Γ(S) is given by

∇_X φ = ∇^F_X φ_1 ⊕ ^∇^F_X ^φ_2 − 1 2 ∇_X ξ · ξ · φ for all X ∈ T_xF^{n−1} (with the denotation φ|_F ∼= φ_1 ⊕ ^φ_2). Here ^: S → ^S is the isomorphism of the vector bundles given in [3]. 2

Moreover, we will need the following Lemma (cf. [3]).

Lemma 8.2. Let (M^n, g) be an odd-dimensional spin manifold. Then the isomorphism ^: S → ^S of the vector bundles has the properties ^∇^S_X φ = ∇^^S_X ^φ and ^X · φ = −X · ^φ for all vector fields X and spinor fields φ. 2

A local description of Riemannian manifolds admitting twistor spinors vanishing at some point

Proposition 8.3. Let (M^n, g) be a Riemannian manifold and suppose φ to be a twistor spinor such that N_φ ≠ ∅ and h is non-constant. Then (M^n \ N_φ, g) is locally is ( F^{n−1} × (−ε, ε), exp ( 2 ∫ t 0 h(ϕ_s(x))ds ) g_F ⊕ dt^2 ) , where (F^{n−1}, g_F ) is a Riemannian spin manifold. Moreover, if we have k_φ = 1, then the restriction φ|_F ∈ Γ(S_F ) of φ yields a non-trivial twistor spinor on (F^{n−1}, g_F ).

Proof: Let V be the conformal vector field defined by φ. Then we consider on M^n \ N_φ the unit vector field ξ = V/|φ|^2. We fix an arbitrary point x ∈ M^n \ N_φ. Denote by ϕ_t(x) the integral curves of V with initial point x and let F^{n−1} be a leaf of the foliation of M^n\N_φ defined by V (see Proposition 7.4) with x ∈ F^{n−1}. We compute d dt (ϕ^∗_t g)_x(X, Y ) = (L_V g)_{ϕt(x)}(dϕ_t(X), dϕ_t(Y )) = 2h(ϕ_t(x))g_{ϕt(x)}(dϕ_t(X), dϕ_t(Y )) = 2h(ϕ_t(x))(ϕ^∗_t g)_x(X, Y ) for X, Y ∈ T_xF^{n−1}. The solution of this differential equation is given by

(ϕ^∗_t g)_x(X, Y ) = g_x(X, Y ) exp ( 2 ∫ t 0 h(ϕ_s(x))ds ) . Let F^{n−1} × (−ε, ε) be a neighbourhood of F^{n−1} and define Φ : F^{n−1} × (−ε, ε) → M^n \ N_φ by Φ(x, t) = ϕ_t(x). Thus dΦ_{(x,t)}(X ⊕ r ∂ ∂t ) = dϕ_t(X) + rξ(ϕ_t(x)), which implies

(Φ^∗g)_{(x,t)} (X ⊕ r ∂ ∂t , Y ⊕ p ∂ ∂t ) = g_{ϕt(x)}(dϕ_t(X) ⊕ rξ(ϕ_t(x)), dϕ_t(Y ) ⊕ pξ(ϕ_t(x))) = (ϕ^∗_t g)_x(X, Y ) + rp = exp ( 2 ∫ t 0 h(ϕ_s(x))ds ) g_x(X, Y ) + dt^2(r ∂ ∂t , p ∂ ∂t ). Therefore Φ^∗(g) = exp ( 2 ∫ t 0 h(ϕ_s(x))ds ) g|_F ⊕ dt^2. If k_φ = 1, then ξ · φ = iφ. Let n = 2m + 1. ¿From ∇_X φ = ∇^F_X (φ|_F ) − 1 2 ∇_X ξ · ξ · φ, we obtain ∇_X φ = ∇^F_X (φ|_F ) − i 2 (i∇_X φ − ξ · ∇_X φ) = ∇^F_X (φ|_F ) + 1 2 ∇_X φ + i 2 ξ · ∇_X φ.

Since φ has a zero, we can substitute uDφ =^n_2 gradu · φ into the equation above. Thus

2u∇^F_X (φ|_F ) = 1 2 {iξ · X · gradu · φ − X · gradu · φ} = 1 2 {−iX · ξ · gradu · φ − X · gradu · φ} = iξ(u)X · φ − X · gradu · φ = X · {hξ − gradu} · φ, i. e.

∇^F_X (φ|_F ) = 1 2u X · {hξ − gradu} · φ. Let X_1, . . . , X_{n−1} be a local orthonormal frame tangential to F^{n−1}. Then for the Dirac operator D^F of F^{n−1} we have

D^F (φ|_F ) = n−1∑ j=1 X_j · ∇^F_{Xj} (φ|_F )

= 1 2u n−1∑ j=1 X^2_j · {hξ − gradu} · φ = − n − 1 2u {hξ − gradu} · φ. Obviously φ|_F is a solution of the twistor equation on F^{n−1}. Now let n = 2m + 2. ¿From ξ · φ = iφ we derive

ξ · φ|_F = ξ · (φ_1 ⊕ ^φ_2) = (−1)^mi(φ_2 ⊕ ^φ_1) = iφ|_F = iφ_1 ⊕ ^φ_2.

Hence φ_1 = (−1)^mφ_2 and φ|_F = φ_1 ⊕ (−1)^m ^φ_1 respectively. Using Lemma 8.1, we have

∇_X φ = ∇^F_X φ_1 ⊕ (−1)^m^∇^F_X ^φ_1 − 1 2 ∇_X ξ · ξ · φ for all X tangential to F^{n−1}. Analogously to the first case we have

∇^F_X φ_1 ⊕ (−1)^m^∇^F_X ^φ_1 = 1 2u X · {hξ − gradu} · φ.

This implies

D^F φ_1 ⊕ (−1)^{m+1} ^D^F φ_1 = n−1∑ j=1 X_j · ∇^F_{Xj} φ_1 ⊕ (−1)^{m+1} ( X_j · ∇^F_{Xj} φ_1 )^

= n−1∑ j=1 X_j · ∇^F_{Xj} φ_1 ⊕ (−1)^mX_j · ^∇^F_{Xj} ^φ_1 = − n − 1 2u {hξ − gradu} · φ. Furthermore

∇^F_X φ_1 ⊕ (−1)^m ^∇^F_X φ_1 = − 1 n − 1 X · {D^F φ_1 ⊕ (−1)^{m+1} ^D^F φ_1} = − 1 n − 1 {X · D^F φ_1 ⊕ (−1)^m ( X · D^F φ_1 )^ }. Consequently, we arrive at

∇^F_X φ_1 = − 1 n − 1 X · D^F φ_1, i. e. φ_1 is a non-trivial twistor spinor on F^{n−1}. 2

The spinor derivative on warped products

For details see again [3] or [5].

Let (F^{n−1}, g_F ) be a spin manifold with spin structure (Q_F , f_F ), I = (a, b) ⊂ R, −∞ ≤ a < b ≤ ∞, be an open intervall and c ∈ C^∞(F × I, R) be a smooth function. We consider the warped product (M^n, g) := (F × I, e^{2c(x,t)}g_F ⊕ dt^2). (M^n, g) is a spin manifold with spin structure (Q, f). This spin structure reduces with respect to the global unit vector field ξ(x, t) :=^∂_{∂t} (x) to a spin structure ( ^Q, ^f), which is on each fibre F × {t} the conformally equivalent spin structure of (F, e^{2c(x,t)}g_F ) to (Q_F , f_F ). Denote by S_F the spinor bundle of (F^{n−1}, g_F ). Let π : F × I → F be the projection. For a section φ ∈ Γ(π^∗S_F ) we denote by φ_t ∈ Γ(S_F ) the spinor field, given by φ_t(x) = φ(x, t). For a vector field X on F let ~X be the vector field defined by ~X(x, t) := e^{−c(x,t)}X(x) on M.

Lemma 8.4. On the warped product (M^n, g) we have the following relations between the spinor bundles of (M^n, g) and (F^{n−1}, g_F ).

(i) If n = 2m + 1, then the spinor bundle S of (M^n, g) can be identified with the bundle π^∗S_F π^∗S_F ~→ S φ → ~φ in such a way that the Clifford multiplication satisfies ~X(x, t) · ~φ(x, t) = (X(x) · φ_t(x))~, X(x) ∈ T_xF, ξ · (φ^+ ⊕ φ^−)~ = (−1)^mi(φ^+ − φ^−)~ and the spinor derivative is given by ∇^S~_X ~φ = e^{−c} ( ∇^{SF}_X φ_t − X · grad_F (c) · φ_t )~ − 1 2 c^′ ~X · ξ · ~φ, X ∈ T_xF, ∇^S_ξ ~φ = ~∂ ∂t (φ). (ii) If n = 2m + 2, then the spinor bundle S of (M^n, g) can be identified with the bundle π^∗S_F ⊕ π^∗ ^S_F π^∗S_F ⊕ π^∗ ^S_F ~→ S φ = φ_1 ⊕ ^φ_2 → ~φ = ~φ_1 ⊕ ~^φ_2 in such a way that the Clifford multiplication satisfies ~X(x, t) · ~φ(x, t) = (X(x) · φ_{1t}(x))~⊕ (X(x) · φ_{2t}(x))~, X ∈ T_xF, ξ · ( ~φ_1 ⊕ ~^φ_2) = (−1)^mi( ~φ_2 ⊕ ~^φ_1) and the spinor derivative is given by ∇^S~_X ~φ = e^{−c} {( ∇^{SF}_X φ_{1t} − X · grad_F (c) · φ_{1t} )~ ⊕ ( ∇^^{SF}_X ^φ_{2t} − X · grad_F (c) · ^φ_{2t} )~}

− 1 2 c^′ ~X · ξ · ~φ, X ∈ T_xF, ∇^S_ξ ~φ = ~∂ ∂t (φ), where c^′ =^∂_{∂t} (c). Furthermore, grad_F (c) is defined by grad(c) = ~grad_F (c) ⊕ c^′ξ and grad(c) is the gradient on M^n respectively g. For the definition of ^S_F we refer again to [3] or [5].

Proof: Let (e_1, . . . , e_{n−1}) be a local orthonormal frame of (F, g_F ) and let X ∈ T_xF . On the warped product (M^n, g) the Levi-Civita connection satisfies g(∇^M~_X ~e_j , ~e_i) = e^{−c} { g_F (∇^F_X e_j , e_i) + e_j (c)g_F (X, e_i) − e_i(c)g_F (X, e_j ) } , g(∇^M~_X ~e_j, ξ) = − ∂ ∂t (c)g_F (X, e_j) and g(∇^M_ξ ~e_j, ξ) = g(∇^M_ξ ~e_j , ~e_i) = 0 for i, j = 1, . . . , n − 1. Now the assertion follows similarly as in the proof of Lemma 4 in [5]. 2

The existence of twistor spinors on warped products

Let (F, g_F ) be a n-dimensional Riemannian spin manifold. Denote by S_F the spinor bundle and by ∇ the covariant derivative on S_F induced by the Levi-Civita connection on F . Furthermore, let c ∈ C^∞(F, R) be a smooth function on F . We define a covariant derivative ∇^c : Γ(S_F ) → Γ(T^∗F ⊗ S_F ) by ∇^c_X ψ = ∇_X ψ − X · grad(c) · ψ for all vector fields X and spinor fields ψ.

We call a section ψ ∈ Γ(S_F ) c-parallel if and only if ∇^cψ = 0. Lemma 8.5. Let ψ ∈ Γ(S_F ) be a non-trivial c-parallel spinor field on (F, g_F ). Then ψ is a twistor spinor and has the following properties:

(i) C_ψ = 0 and Q_ψ = 0. (ii) |ψ|^2 · e^{2c} = constant. (iii) ψ has no zero.

Proof: ¿From ∇_X ψ = X · grad(c) · ψ for all vector fields X it follows that Dψ = −ngrad(c) · ψ. Thus C_ψ = Re(< Dψ, ψ >) = 0 and Q_ψ = |Dψ|^2|ψ|^2 − ∑ j Re(< e_j · Dψ, ψ >)^2 = n^2||grad(c)||^2|ψ|^4 − n^2||grad(c)||^2|ψ|^4 = 0.

Since ψ is a twistor spinor, it holds |ψ|^2Dψ = n 2 grad|ψ|^2 = −n|ψ|^2grad(c) · ψ.

Then grad(ln |ψ|^2) = −2grad(c).

Therefore (ii) follows. Now (iii) is obvious. 2

Example. Let (F, g) be a Riemannian spin manifold admitting a non-trivial parallel spinor field ψ and suppose c to be an arbitrary real-valued function on F . Then e^{−c}ψ on (F, g), where g = e^{−4c}g, is a c-parallel spinor field. Here − : S_F → S_F denotes the natural isomorphism of the corresponding spin bundles.

Remark. There are a lot of manifolds admitting parallel spinor fields, which hence yield c-parallel spinor fields as mentioned above.

Corollary. ψ ∈ Γ(S_F ) is a non-trivial c-parallel spinor field on (F, g_F ) if and only if^1_{|ψ|} ψ is a non-trivial parallel spinor field on (F, g_F = e^{4c}g_F ). Proof: The assertion is a direct consequence of Lemma 8.5, the example of this section and Proposition 6 in [12]. 2

Proposition 8.6. Let (F^{n−1}, g_F ) be a Riemannian spin manifold, c ∈ C^∞(F × R, R) be a smooth function and suppose ψ ∈ Γ(S_F ) to be a nontrivial c-parallel spinor field on F . Then there exists a non-trivial twistor spinor ~φ on the warped product

(M^n, g) := (F^{n−1} × R, e^{2c}g_F ⊕ dt^2)

such that C~_φ = 0 and Q~_φ = 0.

Proof:

Let n = 2m + 1. We define a spinor field ~φ on (M^n, g) by φ(x, t) = e^{c(x,t)/2}ψ(x). Then ∇ ~_X ~φ = e^{−c} (∇_X ψ − X · grad_F (c) · ψ)~− 1 2 c^′ ~X · ξ · ~φ = − 1 2 c^′ ~X · ξ · ~φ for X ∈ Γ(T F ) and ∇_ξ ~φ = ~∂ ∂t (φ) = 1 2 c^′ ~φ. ¿From this we conclude D ~φ = 2m∑ j=1 ~e_j · ∇~_{ej} ~φ + ξ · ∇_ξ ~φ = 1 2 (2m + 1)c^′ξ · ~φ, where (e_1, . . . , e_{2m}) is a local orthonormal frame on (F, g_F ). Thus ∇ ~_X ~φ + 1 2m + 1 ~X · D ~φ = − 1 2 c^′ ~X · ξ ~φ + 1 2 c^′ ~X · ξ · ~φ = 0 and ∇_ξ ~φ + 1 2m + 1 ξ · D ~φ = 1 2 c^′ ~φ − 1 2 c^′ ~φ = 0. Consequently, ~φ is a twistor spinor on (M^n, g).

Let n = 2m + 2. We consider the spinor field ~φ on (M^n, g) given by φ(x, t) = e^{c(x,t)/2}(ψ(x) ⊕ (−1)^m ^ψ(x)). We obtain ∇ ~_X ~φ = e^{−c} { (∇_X ψ − X · grad_F (c) · ψ)~⊕ ( ^∇_X ^ψ − X · grad_F (c) · ^ψ )~} − 1 2 c^′ ~X · ξ · ~φ = − 1 2 c^′ ~X · ξ · ~φ for X ∈ Γ(T F ) and ∇_ξ ~φ = ~∂ ∂t (φ) = 1 2 c^′ ~φ.

Analogously, ~φ is a twistor spinor on (M^n, g). We have < D ~φ, ~φ >= n 2 c^′ < ξ · ~φ, ~φ >, and thus C~_φ = Re(< D ~φ, ~φ >) = 0 follows. Furthermore Q~_φ = | ~φ|^2|D ~φ|^2 − n−1∑ j=1 (Re < D ~φ, ~e_j · ~φ >)^2 − (Re < D ~φ, ξ · ~φ >)^2 = | ~φ|^2|D ~φ|^2 − n^2 4 (c^′)^2 n−1∑ j=1 (Re < ξ · ~φ, ~e_j · ~φ >)^2 − (Re < D ~φ, ξ · ~φ >)^2 = n^2 4 (c^′)^2| ~φ|^4 − n^2 4 (c^′)^2(Re < ξ · ~φ, ξ · ~φ >)^2 = 0. 2 References

[1] M.F.Atiyah, N.J.Hitchin & J.M.Singer: Self-duality in four dimensional Riemannian geometry. Proc. R. Soc. London Serie A, 362(1978)425- 461 [2] H.Baum: Spin-Strukturen und Dirac-Operatoren über pseudoriemannschen Mannigfaltigkeiten. Teubner Leipzig 1981

[3] H.Baum: Complete Riemannian manifolds with imaginary Killing spinors. Ann. Global Analysis Geom. 7(1989)205-226

[4] H.Baum: Odd-dimensional Riemannian manifolds with imaginary Killing spinors. Ann. Global Analysis Geom. 7(1989)141-154

[5] H.Baum: Vollständige, nicht-kompakte Mannigfaltigkeiten mit Killing- Spinoren. Dissertation (B), Teil 1, Humboldt-Universität zu Berlin (1989)

[6] H.Baum,Th.Friedrich,R.Grunewald & I.Kath: Twistors and Killing Spinors on Riemannian Manifolds. Teubner Leipzig 1991

[7] Ch.Bär: Real Killing spinors and Holonomy. Preprint

[8] M.Berger,P.Gauduchon & E.Mazet: Le spectre d’une variété riemannienne. Lect. Notes Math. 194, Springer-Verlag 1970

[9] A.Besse: Einstein manifolds. Springer 1987

[10] J.Dieudonné: Grundzüge der modernen Analysis 4. Deutscher Verlag der Wissenschaften Berlin 1976

[11] Th.Friedrich: Der erste Eigenwert des Dirac-Operators einer kompakten Riemannschen Mannigfaltigkeit nichtnegativer Skalarkrümmung. Math. Nachr. 97(1980)117-146

[12] Th. Friedrich: On the conformal relation between Twistors and Killing spinors. Suppl. Rend. Circ. Mat. Palermo Serie II, 22(1989)

[13] Th.Friedrich & O.Pokorna: Twistor spinors and solutions of the equation (E) on Riemannian manifolds. Suppl. Rend. Circ. Mat. Palermo Serie II, 26(1991)

[14] K.Habermann: The Twistor Equation on Riemannian Manifolds.

Journal of Geom. and Physics 7,n.2(1990)469-488

[15] O.Hijazi & A.Lichnerowicz: Spineurs harmoniques, spineurs-twisteurs et géométrie conforme. C. R. Acad. Sci. Paries 307, Série I(1988)833- 838 [16] S.Kobayashi & K.Nomizu: Foundations of Differential Geometry.

Vol.I and II.Intersc. Publ. J. Wiley & Sons, New York - London 1963, 1969

[17] J.Lafontaine: The Theorem of Lelong-Ferrand and Obata.

in: Conformal Geometry, Aspekte der Mathematik, R.S.Kulkarni, U.Pinkall (ed.), MPI Bonn 1988

[18] A.Lichnerowicz: Spin Manifolds, Killing Spinors and Universality of the Hijazi Inequality. Lett. in Math. Physics 13(1987)331-344

[19] A.Lichnerowicz: Les spineurs-twisteurs sur une variété spinorielle compacte.

C. R. Acad. Sci. Paries 306, Sárie I(1988)381-385

[20] A.Lichnerowicz: On the Twistor-Spinors. Lett. in Math. Physics 18(1989)333-345

[21] A.Lichnerowicz: Sur les résultats de H.Baum et Th.Friedrich concernant les spineurs de Killing à valeur propre imaginaire. C. R. Acad. Sci. Paries 309, Série I(1989)41-45

[22] A.Lichnerowicz: Sur les zéros des spineurs-twisteurs. C. R. Acad. Sci.

Paries 310, Série I(1990)19-22

[23] K.Neitzke: Die Twistorgleichung auf Riemannschen Mannigfaltigkeiten. Diplomarbeit Humboldt-Universität zu Berlin (1989)

[24] P.van Nieuwenhuizen & N.P.Warner: Integrability Conditions for Killing Spinors. Commun. Math. Phys. 93(1984)227-284

[25] K.Nomizu & H.Ozeki: The existence of complete Riemannian metrics.

Proc. Amer. Math. Soc. 12(1961)889-891

[26] M.Obata: Conformal transformations of Riemannian manifolds.

J. Differential Geometry 4(1970)311-333

[27] P.Penrose & W.Rindler: Spinors and Space Time.

vol.2, Cambr. Mono. in Math. Physics (1986)

[28] H.-B.Rademacher: Generalized Killing Spinors with Imaginary Killing Function.

Preprint 154, Sonderforschungsbereich 256 an der Universität Bonn (1991)

Katharina Habermann Humboldt-Universität zu Berlin FB Mathematik Institut für Reine Mathematik PF 1297 Unter den Linden 6 O-1086 Berlin