On a simple method to compute

polygonal minimal surfaces

M. Hinze

TU - Berlin Fachbereich Mathematik Straße des 17. Juni 136 August 27, 1992

Abstract

Given a closed polygonal contour with N+3 vertices in IR^q (q ≥ 2) there is a one to one correspondence between the zeros of ∇θ and minimal surfaces spanned by Γ, where θ(κ) := inf_{v∈X(κ)} D(v) (κ ∈ T ⊂ IR^N ) denotes Shiffman’s function for the polygon Γ and D denotes Dirichlet’s Integral. We derive an explicit expression for ∇θ_h, where θ_h(κ) := inf_{v∈Xh(κ)} D(v) with suitable finite element spaces X_h(κ). Furthermore we assure that each zero of ∇θ_h is also approximately a zero of ∇θ and vice-versa. Using quasi-newton-methods and variants of Newton’s Method, several examples of minimal surfaces are computed.

1 Introduction

The minimal surfaces spanning a closed polygon Γ ⊂ IR^q (q ≥ 2) with finitely many corners correspond in a one to one manner to the critical points of Shiffmans function θ(κ) := inf_{v∈X(κ)} D(v) (κ ∈ T , T defined through (1)) of finitely many variables. That means the minimal surface problem for a closed polygon with finitely many corners is embedded into a family of quasiminimal surfaces, i.e. solutions of (3) for fixed κ (see [2], [3] and [5]). In an earlier paper ([4]) we have been concerned with the numerical evaluation of θ. There we have approximated the solution of (7) with finite elements.

The present paper deals with the numerical approximation of minimal surfaces bounded by a polygon in the sense of Shiffman. It is mainly based on an earlier paper of the author [4].

The paper is organized as follows. In this chapter we introduce the basic notations and state the variational problems with their underlying partial differential systems. Moreover we cite some important results concerning polygonaly bounded minimal and quasiminimal surfaces. Chapter 2 deals with the discrete treatment of θ. Following Courant, we derive an expression for ∇θ_h with the help of inner variations of the unit disc. Furthermore we estimate ‖∇θ_h − ∇θ‖_{∞,T} 0 where T^′ ⊂⊂ T (see (1)). In chapter 3 we give some numerical examples.

Let B = {w = x_1 + ix_2; |w| < 1} denote the unit disc and let Γ ⊂ IR^q(q ≥ 2) be a closed polygon with N + 3 distinct vertices a_1, . . . , a_{N +3} arranged in cyclical order. With ϕ_k :=^{ak+1−ak}

|a_k+1−a_k | (1 ≤ k ≤ N + 3; aN +4 := a1) we assume the pairs ϕk, ϕk+1

linearly independent (1 ≤ k ≤ N + 2). Let

T := {κ ∈ IR^N ; 0 < κ_1 < . . . < κ_N < π} (1)

and fix κ_{N +i} :=

1 + i 2 π (i = 1, 2, 3), κ_{N +4} := κ_1. Let γ_k := {w = e^{iξ}; κ_k < ξ < κ_{k+1}} (1 ≤ k ≤ N + 3). (2) With β_k := e^{iκk} (1 ≤ k ≤ N + 3) we donote the singular points. Consider the vector valued functions

X(κ) = {v : B −→ IR^q; v ∈ H^1(B), v(γ_k) ⊂ a_k + Γ_k (1 ≤ k ≤ N + 3)}

and let D(v) :=^1_2 ∫ B |∇v|^2dx_1dx_2 denote Dirichlet’s Integral. Here Γ_k stands for the line tϕ_k (t ∈ IR) and H^1(B) denotes the usual Sobolev space of functions having square integrable weak derivatives up to order 1. For fixed κ the unique solution of Δu = 0 in B T_ku = u on γ_k (1 ≤ k ≤ N + 3) (3) (∂_ru , ϕ_k) = 0 on γ_k (1 ≤ k ≤ N + 3) is called a quasiminimal surface. Here T_k denotes the reflection at the line a_k +Γ_k and ∂_r stands for the radial derivative. T_ku = u simply means that u_{|γk} ⊂ a_k+Γ_k (1 ≤ k ≤ N + 3). A harmonic surface with

(u_{x1} , u_{x2} ) = 0, |u_{x1} | = |u_{x2} | (4)

is called a minimal surface. Any solution of (3) - (4) is called a minimal surface bounded by Γ in the sense of Shiffman.

Remark 1.1 Every solution of Plateau’s Problem for Γ is also a solution of (3) -

(4) 2

In [4] we have shown that the solution of (3) for fixed κ coincides with the unique solution of θ = inf_{v∈X(κ)} D(v). (5)

Compare also [2], [3] and [5]. Therefore, (5) defines a function θ : T −→ IR. Let u(κ) denote the solution of (5). It is a well known fact that u(κ) depends analyticaly on κ. Moreover, for fixed κ, u(κ) is an analytical function of B \ {β_1, . . . , β_{N +3}} to IR (see [2]).

Important is

Theorem 1.2 The unique solution of (5) is a solution of (3) - (4) ⇐⇒

∇θ(κ) = 0 (6) 2 For a proof of Theorem 1.2 we refer to [5], [3]. We finish this section with two remarks.

Remark 1.3 In the case where Γ is an extreme polygon with geodesic curvature lower than 4π (2 ≤ q ≤ 3) or^{10}_3 π (q ≥ 4) there exits a unique κ^∗ with ∇θ(κ^∗) = 0 (see [6]) 2

Remark 1.4 It is not known till yet whether the set of solutions of (5) for an arbitrary closed polygon is finite or not 2

2 The discrete approach

The discrete analogon to (5) is

θ_h = inf_{v∈Xh(κ)} D(v) (7)

with a suitable finite element space X_h(κ). Here h denotes the gridwidth of a regular triangulation τ = τ (κ) of the unit disc (for a more detailed description see [4]). With B_h we denote the collection of triangles D of τ and Y_h := {v ∈ C^0(B)^q; v_{|D} linear ∀ D ∈ τ }. With this we set

X_h(κ) := {v ∈ Y_h; T_kv = v on γ_k ∩ ∂B_h (1 ≤ k ≤ N + 3)}.

For an arbitrary domain Ω, ‖ · ‖_{1,Ω} denotes the H^1(B) norm, | · |_{1,p,Ω} denotes the H^{1,p}(Ω) seminorm (1 ≤ p ≤ ∞). We are now prepared to state

Lemma 2.1 For every κ ∈ T (7) has a unique solution u_h(κ). Furthermore, with u(κ) from (5) we are able to estimate ‖u − u_h‖_{1,Bh} ≤ c h^p �2_p |u|_{1,p,B} ∀ 2 < p < − 2 p_{min} (8) with p_{min} ∈ (−1, 0] and a positive constant c depending linearly on N 2

For a proof see [4]. From Lemma 2.1 we induce that θ_h is a function from T to IR. In a next step we ensure the differential dependence of θ_h(κ) with respect to its arguments. Let S(κ_{k−1}, κ_k) := {re^{iξ}; 0 ≤ r ≤ 1; κ_{k−1} < ξ < κ_k} and S_h(κ_{k−1}, κ_k) := S(κ_{k−1}, κ_k) ∩ B_h. Theorem 2.2 θ_h ∈ C^∞(T ). For the partial derivatives with respect to κ_k we have θ_{hκk} = 1 2 ( 1 κ_k − κ_{k−1} ∫ S_h (κ_k�_1,κ_k )

(u^2_{hx1} − u^2_{hx2} ) x^2_1 − x^2 x^2_1 + x^2 + 4u_{hx1} u_{hx2} x_1x_2 x^2_1 + x^2 dx_1dx_2 − (9) 1 κ_{k+1} − κ_k ∫ S_h (κ_{k+1},κ_k )

(u^2_{hx1} − u^2_{hx2} ) x^2_1 − x^2 x^2_1 + x^2 + 4u_{hx1} u_{hx2} x_1x_2 x^2_1 + x^2 dx_1dx_2)

Proof : For fixed κ, every function v_h ∈ X_h(κ) has a representation

v_h = NV∑ j=1 v^j_hb_j, where {b_1, . . . , b_{NV} } are usual continous, piecewise linear shape functions corresponding to the triangulation τ (κ) (note that every triangulation depends on κ because the singular points {β_1, . . . , β_{N +3}} have to be vertices of the triangulation), v^j_h (1 ≤ j ≤ NV ) are the corresponding nodal vectors and NV denotes the number of nodes of τ (see [4]). In this context (7) is a minimization problem and the unique solution u_h of (7) corresponds to the unique solution u_h of a linear system, i. e. Au_h = a, (10) where the stiffness matrix A and the right hand side depend on κ and on the geometry of the problem. Cramers Rule now yields u_h = u_h(κ) ∈ C^∞(T ) ∀h > 0 and therefore u_h ∈ C^∞(T ) .

To obtain (9) we procced as Courant in his famous investigations on unstable polygonal minimal surfaces [1], chap. 6. Our notation now takes pattern from Struwe [7]. Let ϕ ∈ C^{0,1}(B, IR^2). For ϵ ∈ IR with |ϵ| ‖∇ϕ‖_{∞,B} < 1 consider the maps g_ϵ := id + ϵϕ : B −→ g_ϵ(B) =: B_ϵ ∼= B. Then g_ϵ is a homeomorphism B −→ B_ϵ. Given κ, κ_ϵ is obtained as e^{iκϵk} := g_ϵ(e^{iκk} ) (1 ≤ k ≤ N + 3). Thus we have

θ_h(κ_ϵ) = D_ϵ(u_h(κ_ϵ) := 1 2 ∫ Bϵ |∇u_h(κ_ϵ)|^2dx_1dx_2 ≤ D_ϵ(u_h(κ) ∘ g^{−1}_ϵ ) = D(u_h(κ)) − 1 2 ϵ ∫ B (u^2_{hx1} − u^2_{hx2} )(ϕ^{(1)}_{x1} − ϕ^{(2)}_{x2} ) + +2u_{hx1} u_{hx2} (ϕ^{(2)}_{x1} + ϕ^{(1)}_{x2} )dx_1dx_2 + O(ϵ^2) Therefore,

lim_{ϵ→0} θ_h(κ_ϵ) − θ_h(κ) ϵ = − 1 2 ∫ B (u^2_{hx1} − u^2_{hx2} )(ϕ^{(1)}_{x1} − ϕ^{(2)}_{x2} ) + +2u_{hx1} u_{hx2} (ϕ^{(2)}_{x1} + ϕ^{(1)}_{x2} )dx_1dx_2 = d dϵ D_ϵ(u_h(κ) ∘ g^{−1}_ϵ )_{|ϵ=0} .

We now choose a piecewise linear, continous ϕ which only affects S(κ_{k−1}, κ_{k+1}) and acts on the angle to obtain (9) (see [9], p. 66 and [1], chap. 6) 2 Remark 2.3 (9) is also valid if we replace θ_h by θ, u_h by u and S_h by S 2 We are now prepared to state the main Theorem of this paper. Let ‖ · ‖_{1,∞,Ω} denote the H^{1,∞}(Ω) norm.

Theorem 2.4 For every compact subset T^′ ⊂ ⊂ T we have ‖θ_h − θ‖_{1,∞,T} 0 ≤ (11)

c(T^′) h^p

�2_p sup_{κ∈T} 0 |u(κ)|_{1,p,B} ∀ 2 < p < − 2 p_{min} with a positive constant c(T^′) and pmin from Lemma 2.1.

The proof is an immediate consequence of Lemma 2.1 together with Theorem 2.2 and the continous dependence of u with respect to κ under consideration of Remark 2.3.

Theorem 2.4 yields that every zero of ∇θ_h is approximately a zero of ∇θ and viceversa. To compute a minimal surface bounded by Γ we have to seek for a solution κ^∗ of

∇θ_h(κ) = 0. (12)

We can do this using Newton- and Quasi-Newton methods. The major disadvantage when using Newton’s Method or variants of Newton’s Method is that we have to involve the second derivative of θ. Using the Simplified Newton Method we only have to evaluate θ_h O(N) times for a difference approximation of D^2θ based on the expression (9) for ∇θ_h (note that every evaluation of θ_h amounts to solve a linear system of the form (10)).

3 Examples

At last we give four examples of computed polygonal minimal surfaces. In Figures 1, 2 we are concerned with Courants Example. The triangulation and the corresponding surface are shown. The contour has 18 vertices and a hight of 1.5 cm (compare Wagner’s computations in [8]). Dirichlet’s Integral has a value of 7.12313. The second example shows a cloverknot-like contour with 18 vertices. Dirichlet’s Integral has a value of 6.42447 (see Figures 3, 4).

Figures 5 and 6 show a triangulation and a surface in an Enneper-like contour with 12 vertices. Dirichlet’s Integral has a value of 9.03082.

The last example is a cloverleaf-like contour in IR^2 with 20 vertices (r=0.5, Figures 7, 8). The energy of the mapping is 3.81654.

Figure 1: Figure 2:

Figure 3: Figure 4:

Figure 5: Figure 6:

Figure 7: Figure 8:

References

[1] R. Courant. Dirichlet’s Principle. Interscience Publishers 1950

[2] E. Heinz. Über die analytische Abhängigkeit eines linearen elliptischen Randwertproblems von Parametern. Nachr. Akad. Wiss. Gottingen, 1-20 (1979)

[3] E. Heinz. Über eine Verallgemeinerung des Plateau’schen Problems. Manuscipta Math. 28, 81-88 (1979)

[4] M. Hinze. On the numerical treatment of quasiminimal surfaces. Preprint 315 TU - Berlin (1992) (submitted to IMPACT of Computing in Science and Engineering)

[5] I. Marx. On the Classification of Unstable Minimal Surfaces with Polygonal Boundaries. Communications on Pure and Applied Mathematics, Vol. 8, 235- 244 (1955)

[6] F. Sauvigny. Ein Eindeutigkeitssatz für Minimalflächen im IR^p mit polygonalem Rand. Journal f. d. Reine und Angew. Math. 358, 92-96 (1985)

[7] M.Struwe. Plateau’s Problem and the Calculus of Variations. Mathematical Notes 35, Princeton University Press 1988

[8] H.J. Wagner. Ein Beitrag zur Approximation von Minimalflächen. Computing 19, 35-79 (1977)

[9] O. Wohlrab. Zur numerischen Behandlung von parametrischen Minimalflächen mit halbfreien Rändern. Preprint No. 739, SFB 72 Universität Bonn

Michael Hinze TU - Berlin Straße des 17. Juni 136 D - 1000 Berlin 12