Computing Discrete Minimal Surfaces and Their Conjugates

Ulrich Pinkall

Techn. Univ. Berlin

Sonderf orschungsbereich 288

Straße des 17. Juni

1000 Berlin 12

Germany

K onrad Pol thier

Ma th. Inst. Univ. Bonn

Sonderf orschungsbereich 256

Beringstr. 4

5300 Bonn 1

Germany

F ebruary 1993

Abstra ct. W e presen t a new algorithm to compute stable discrete

minimal surfaces b ounded b y a n um b er of fixed or free b oundary curv es in R

3

,

S

3

and H

3

. The algorithm mak es no restriction on the gen us and can handle

singular triangulations. F or a discrete harmonic map a conjugation pro cess is

presen ted leading in case of minimal surfaces additionally to instable solutions

of the free b oundary v alue problem for minimal surfaces. Symmetry prop erties

of b oundary curv es are resp ected during conjugation.

1. Intr oduction

The Problem of Plateau w as a long standing problem in minimal surface theory .

It asks for the existence of a disk t yp e minimal surface spanned b y a giv en closed

b oundary curv e Γ in R n

. The name honors the w ork of the Belgian ph ysicist J.A.

Plateau, who did extensiv e exp erimen tal studies during the b eginning of the 19th

cen tury con vincing the mathematicians of an affirmativ e solution of the question. But

time had to pass un til 1930 to create a theoretical pro of: the use of the W eierstraß

represen tation form ulas had failed as w ell as trying to minimize the area functional

A ( f ) =

∫

Ω

J acobian ( f )

in the class of parametric maps from a fixed disk-t yp e domain Ω ⊂ R

2

f : Ω → R n

f ( ∂ Ω) = Γ .

Douglas [ 4 ] and Rado [ 11 ] at the same time had the ingenious idea not to minimize

the area functional directly but to minimize, in the later reform ulation b y Couran t

[ 3 ], the Diric hlet in tegral

E

D

( f ) =

1

2

∫

Ω

| ∇ f |

2

.

1

By this the symmetries of the problem w ere drastically reduced from the class of all

parameterizations to the class of all conformal parameterizations.

F rom the n umerical p oin t of view there exist a n um b er of differen t metho ds to

compute minimal surfaces, see for example [ 1 ], [ 2 ], [ 5 ], [ 13 ], [ 15 ], [ 16 ]. In this pap er

w e presen t a new algorithm b y splitting the minimization pro cess in a sequence of

steps computing harmonic maps on surfaces. W e a v oid using an y t w o dimensional

parameter domain. W e will also minimize w.r.t. v ariations of b oundary p oin ts lying

on straigh t b oundary lines, and p oin ts lying on free b oundary curv es restricted to

planes. Therefore the resulting discrete minimal surfaces ma y b e extended along

b oundary symmetry lines as discrete minimal surfaces.

Additionally w e presen t for discrete harmonic maps an algorithm computing a

conjugate harmonic map. In case of a planar surface this leads exactly to the conjugate

minimal surface. If the image of a harmonic map has symmetry lines, then the

conjugate image will ha v e the corresp onding symmetry prop erties, see § 2 Since for

minimal surfaces the iden tit y map is harmonic w e can compute its conjugate minimal

surface using the ab o v e algorithm.

In the follo wing w e men tion t w o ma jor approac hes for computing minimal surfaces

in more detail since our algorithm is in some sense a mixture of b oth.

The first algorithm has its origin in the theoretical existence pro ofs of Douglas and

Rado, resp. the later form ulation b y Couran t, and tries to imitate them n umerically:

for a giv en curv e Γ ⊂ R

3

this algorithm w orks on discrete surfaces parameterized

o v er the triangulated unit disk B . Starting with an initial parameterization

f : B → R

3

f ( ∂ B ) = Γ

one successiv ely rep eats a t w o comp onen t minimization step:

• minimize the Diric hlet energy E

D

( f ) b y v arying p oin ts in image space

• minimize E

D

( f ) b y v arying p oin ts of the discretization in the planar do-

main B .

In the follo wing w e will call the first step the ”Diric hlet step” and the second

step the ”conformal step”, since it is used to mak e the map f conformal, see § 2 for

more details. During the Diric hlet step a fixed parameter domain is assumed. The

n umerical minimization of the Diric hlet in tegral is then a linear problem and straigh t

forw ard. But for the conformal step the differen t algorithms v ary , see e.g. W ohlrab

[ 16 ] and Hutc hinson [ 6 ].

V arying p oin ts in the domain ma y b e in terpreted as v ariation of the metric to

mak e the map conformal. In the con tin uous case this w ould b e accomplished b y tak-

ing the induced metric, and the map w ould b e immediately an isometry and therefore conformal. In the discrete case w e ev en ha v e the problem to define conformalit y . F or

example it is usually not p ossible to get a conformal map in the sense that angles in

corresp onding domain and image triangles are the same, since the domain is flat. It

remains that one can minimize the conformal energy but without hop e of getting it

v anished.

Another approac h to compute minimal surfaces is via mean curv ature flo w. Nu-

merically this is the most natural approac h since the area is directly minimized b y

letting the surface flo w in normal direction with sp eed b eing the mean curv ature of

the surface. This equals minimizing in direction of the area gradien t. One difference

of this approac h to the former one is that it only w orks in image space without ha ving

a t w o dimensional parameter domain. Implemen tations of suc h algorithms are due to

Brakk e [ 1 ] and Dziuk [ 5 ]. A dra wbac k of this approac h is that b oundary p oin ts ma y

v ary only orthogonal to the curv e, and that singularities dev elop in general at thin

nec ks, ev en if the b oundary curv e is planar.

Our minimization algorithm com bines asp ects of b oth metho ds: it uses as the

fundamen tal minimization step the Diric hlet step from the first algorithm but in a

differen t w a y: for a giv en b oundary Γ and metrical surface M

i w e compute the next

surface M

i +1 as the minimizer of the Diric hlet functional

M

i +1

:= min

M

1

2

∫

M

i

| ∇ ( f : M

i

→ M ) |

2

.

P a y atten tion to the fact that w e do not use a planar t w o-dimensional domain but

instead the most recen t computed surface M

i

. Suc h a tric k w as also applied in com-

puting the mean curv ature flo w b y Dziuk [ 5 ] to reduce n umerical difficulties with the

Laplace op erator.

Numerically w e are left within eac h step with a linear problem of computing the

surface M

i +1 where the minim um of the quadratic function is attained. This new min-

imization metho d is faster than the first algorithm since the nonlinear conformal step

is completely skipp ed. It is no longer necessary to adapt the conformal structure of

the parameter domain b ecause in eac h step w e start with the conformal iden tit y map.

This a v oids also n umerical inaccuracies arising from inaccurate conformal structures

in the domain.

Since w e alw a ys step to the absolute minim um of the Diric hlet in tegral in eac h

iteration and do not mo v e along the area gradien t w e pro ceed discrete also in time

direction. Compared to the mean curv ature flo w w e ha v e therefore less problems with

mean curv ature t yp e singularities arising e.g. at thin handles, see fig. 12, and w e

ha v e more flexibilit y in mo ving p oin ts tangen tial to the b oundary .

Additional to b oth theoretical algorithms w e can handle in a natural w a y situations where lines are joined b y m ultiple surfaces, see fig. ?? . Brakk e’s ev olv er can

handle these to o.

F or the n umerical and graphical computations the authors used the mathematical

programming en vironmen t GRAPE dev elop ed at the Sonderforsc h ungsb ereic h 256 at

the Univ ersit y of Bonn.

This w ork w as done while the second author visited the Sonderforsc h ungsb ereic h

288 in Berlin. He w an ts to thank the SFB for the hospitalit y he enjo y ed.

The authors w ould lik e to thank U. Brehm for fruitful discussions.

2. General Setup

Before w e start with the discrete situation let us review a few definitions and results

from the con tin uous case.

Let Γ = { Γ

1

,.., Γ

n

} b e a collection of Jordan curv es and M a surface with b oundary

∂ M = Γ .

Definition 1. M is a minimal surface iff for eac h p oin t p ∈ M one can c ho ose a

small neigh b ourho o d U ( p ) whic h has minimal area among other patc hes V ha ving

the same b oundary as U .

By this definition minimal surfaces are c haracterized b y ha ving lo cally least area

compared to small v ariations of the surface.

Let ( N , h ) and( M , g ) b e t w o Riemannian manifolds with metrics h and g , and let

f : Ω ⊂ N → M

b e a parameterization of a surface f (Ω) ⊂ M o v er a t w o dimensional domain sub-

manifold Ω ⊂ N . Then the ar e a of f (Ω) is giv en b y

A( f ) =

∫

Ω

J acobian ( f )

and the Dirichlet ener gy of the map f is defined as

E

D

( f ) =

1

2

∫

Ω

| ∇ f |

2

g

,

where | ∇ f |

2

g

= tr ace g ( ∂ f ., ∂ f . ), g indicating the metric to b e used.

It is w ell kno wn that

A ( f ( M )) ≤ E

D

( f ) with equalit y iff f is a conformal map. F ollo wing a prop osal of Hutc hinson [ 6 ] w e will

call the difference

E

C

( f ) = E

D

( f )- A ( f ( M ))

the c onformal ener gy of the map f . This is justified b y the observ ation that for

Euclidean ( x, y )-domains

E

C

( f ) =

1

2

∫

Ω

|

|

| D

90

f

x

− f

y

|

|

|

2

,

where D

90

is the 90

∘

rotation in the orien ted tangen t plane, is a natural measure of

failure for a map to b e conformal.

Minimal surfaces in three dimensional space forms M

3

( c ) with constan t curv ature

c alw a ys come in a family of minimal surfaces. Let f : Ω → M

2

⊂ M

3

( c ) b e a

minimal immersion of a simply connected domain Ω in to a three dimensional space

form. Then there exists the asso ciate d family

f θ

: Ω → M

3

( c )

of isometric minimal immersions: let g b e the b y f induced metric on Ω and S the

W eingarten map defined b y ∇ f · S = ∇ N with N b eing the normal map of the

surface. Using these data the maps f θ

are determined up to isometrics of M

3

( c ) b y

the geometric data ( g θ

, S θ

) defined b y

g θ

:= g

S θ

:= D θ

· S ,

(1)

where D θ

is rotation ab out the angle θ in the orien ted tangen t planes of Ω . f π

2

is

called the c onjugate immersion of f , and f π

= inversion ( f ) . See La wson[ 9 ] for a

more detailed explanation.

Minimal surfaces in three dimensional space forms ha v e a useful symmetry prop-

ert y: if they con tain a straigh t line, i.e. a geo desic of M

3

( c ) , then the minimal surface

is in v arian t under 180

∘

rotation around this line, and if they meet a totally geo desic

plane in M

3

( c ) orthogonally along an arc, then the minimal surface is in v arian t under

reflection at this plane. These prop erties allo w the construction of complete surfaces

from fundamen tal pieces b ounded b y symmetry lines.

The symmetry prop erties are also an essen tial to ol for the existence pro of called

c onjugate surfac e c onstruction : This construction, originally in v en ted b y Sm yth [ 12 ]

for pro ving existence of three minimal patc hes in a giv en Euclidean tetrahedron, is

based on the fact that a straigh t line on a minimal surface corresp onds to a planar

line of symmetry on the conjugate surface and vice v ersa. Minimal surfaces, whic h are cut b y their symmetry planes in simply connected domains, ha v e therefore a con-

jugate domain b ounded b y straigh t lines. T o pro v e existence of the original piece one

can often reconstruct the conjugate p olygonal con tour using only kno wledge ab out

the symmetry planes. Then e.g. the Morrey solution to the Plateau problem for the

p olygonal con tour pro v es existence of the conjugate patc h and via conjugation also

of the patc h b ounded b y symmetry planes whic h one w as lo oking for. See Karc her [ 7 ]

for conjugate constructions in R

3

, Karc her, Pink all, Sterling [ 8 ] in S

3

and P olthier

[ 10 ] in H

3

.

3. Discrete minimal surf a ces

In this paragraph w e define discrete surfaces and analogs of other terms kno wn from

the con tin uous case. W e will see that esp ecially the energy of a discrete map and its

deriv ativ e can b e expressed in terms with geometric meaning.

Definition 2. A discrete surface in a three dimensional space form is a top ological

simplicial complex consisting of triangles. The triangles ma y b e degenerated to a line

or a p oin t.

Definition 3. A discrete surface is (area-) minimal iff small p erturbations of sur-

face v ertices in a small region w ould increase the total area.

In the follo wing w e assume that the discrete surfaces lie in a v ector space attac hed

with a constan t metric. Let

f : ( T

1

, g ) → ( T

2

, h )

b e a map b et w een t w o triangulations with metrics g and h and with the same un-

derlying top ology , i.e. the abstract simplicial complexes of T

1 and T

2 are iden tical.

W e assume that f is defined on the v ertices and con tin ued as a linear map in to the

in terior of the triangles. With this w e define:

Definition 4. The energy of a map b et w een discrete surfaces is the sum of the

energies of all linear triangular mappings

f

i

: (Δ

1 ,i

, g ) → (Δ

2 ,i

, h ) ,

where Δ

1 ,i and Δ

2 ,i are the i -th corresp onding triangles from T

1 and T

2 mapp ed on to

eac h other b y f

i

.

The energies of these atomic maps f

i are giv en as in the con tin uous case. The f

i

are linear mappings b et w een t w o triangles, and their energy E

D

( f

i

) is giv en b y

E

D

( f

i

) =

1

2

∫

(Δ

i

,g )

| ∇

g f

i

|

2

h

,

α

Discrete Minimal Surfaces and Their Conjugates 7 r the deriv ativ e op erator w.r.t. the metric g and j Δ j norm in image w.r.t. the metric h:

turns out that for a linear map f : Δ Δ et w een triangles Δ Δ explicit represen tation of E f ) in terms of the angles of Δ i.e. its ”conformal and the side lengths of Δ

5. Let f b e a linear map b et w een t w o triangles Δ Δ t w o v ector with constan t metrics g and h . Then the Diric hlet energy of f is giv en b y f ) = =1 ff ! (2) ff the angles of Δ the metric g and a corresp onding side lengths

Δ the metric h . See figure 1 for the notation.

1: A tomic linear map b et w een t w o triangles of. The linear map is defined b y f ( v ) = a and f ( w ) = b and its Diric hlet is giv en b y f ) = r f j h ( @ f :; @ f : ) e split f using t w o linear maps ’ : T T : T T ’ resp.

giv en b y mapping the unit base f e e to f v ; w g resp. f a; b g on the standard

T b y the unit base f e e in R Then w e ha v e f = Δ ’ 1 f = @ Δ @ ’ 1 the follo wing the scalar pro ducts and norms are tak en w.r.t the corresp onding w e therefore skip indicating it.

Discrete Minimal Surfaces and Their Conjugates 8 is: Δ @ = a; a i h a; b i a; b i h b; b i

’ 1 ’ 1 w ; w i Γ h v ; w i h v ; w i h v ; v i det @ ’ ) w e compute:

( f Δ @ f ) = tr ( ’ 1 Δ @ Δ @ ’ 1 tr ( Δ @ Δ @ ’ 1 ’ 1 det @ ’ ) ( h a; a i Δ h w ; w i Γ 2 h a; b i Δ h v ; w i + h v ; v i Δ h b; b i ) c := b Γ a w e ha v e Γ 2 h a; b i = j c j j a j j b j con tin ue with det @ ’ ) (( h w ; w i Γ h v ; w i ) j a j ( h v ; v i Γ h v ; w i ) j b j h v ; w i j c j

@ ’ ( Γ w ;v Γ w i

@ ’ a j w Γ v ; Γ v i

@ ’ b j v ;w i@ ’ c j

@ ’ =1 ff a or the last step w e used the iden tities :

ff = v ; w i v j Δ j w j sin ff = @ ’ v j Δ j w j w e obtain:

f ) = h ( f @ f ) = e h ( f @ f ) det @ ’ 1 =1 ff a additional factor the area of T 2 represen tation is so natural that it should ha v e app eared somewhere in the but the authors ha v e not found a reference. Compare Wilson [ 15 ] for a t and less clear examination of the triangular Diric hlet energy . Our repretation immediately sho ws the conformal in v ariance of the Diric hlet energy w.r.t.

c hanges of the domain metric, and the quadratic dep endence on the side in image space.

an immediate consequence w e can no w define the Diric hlet energy of a map f et w een t w o discrete surfaces as the sum of all energies on triangles:

f ) = tr iang l es

=1 f edg es

=1 cot ff cot fi j a

αβαβ

Discrete Minimal Surfaces and Their Conjugates 9 the last represen tation w e merged t w o terms corresp onding to the same edge a angles ff fi the angles opp osite to a the t w o adjacen t triangles. F or oundary edges one term is assumed to b e zero. Heuristically the represen tation ma y e considered as the w eigh ted sum of all edges lengths. The w eigh ts dep end only on domain. By this in terpretation the energy is concen trated on the edges as tension.

b e a w are that the tension ma y b e negativ e meaning that this edge acts with a elling force on his end p oin ts.

e will pro of some further useful iden tities for planar triangles.

2: Notation for triangles rom figure 2 w e read ( c Pr ( p ) Γ q c q Pr ( p ), c = c c q q ff Δ h = Γ D fi Δ h = Γ D

= h + c

= h Γ c e no w get immediately ff + cot fi = c jh j further ff Δ a + cot fi Δ b = Γ D (5) formally the energy for the iden tit y map of a triangle Δ with side lengths b, c and angles ff , fi , fl w e obtain t wice its area:

ff Δ j a j cot fi Δ j b j cot fl Δ j c j 4 Δ ar ea (Δ) the same w a y as in the con tin uous case w e define a discrete harmonic map:

Discrete Minimal Surfaces and Their Conjugates 10

6. A discrete harmonic map is a critical p oin t for the Diric hlet energy w.r.t. v ariations of in terior surface v ertices in image space. T o include prop erties in to this definition w e allo w in some cases also v ariation of oundary p oin ts:

if a domain b oundary segmen t and its corresp onding image b oundary segmen t straigh t lines, then the in terior b oundary p oin ts ma y v ary along the straigh t in image space if b oth corresp onding segmen ts are planar symmetry curv es restricted to planes e allo w v ariation of in terior b oundary p oin ts in the image plane. This mo dels free b oundary v alue problems in all other cases the image b oundary p oin ts remain fixed.

n umerical condition for lo cal harmonicit y is explicitly giv en b y differen tiating

(3): p f ) = neig hbour s of p

=1 cot ff cot fi p Γ q = 0 (6) p = neig hbour s of p

=1 cot ff cot fi q neig hbour s of p

=1 ff cot fi q through all p oin ts adjacen t to p . If (6) is true for all in terior p oin ts p f is a critical p oin t for the discrete energy functional. The condition for p oin ts b oundary symmetry lines is the same except that the full v ertex star around a oin t p has to b e constructed corresp onding to the symmetry prop erties.

e will no w ha v e a closer lo ok at the pro cedure to compute the harmonic map umerically . F or simplicit y w e assume a Diric hlet Problem, i.e. a giv en triangulated

Ω and a fixed map f : @ Ω ! Γ ; Γ a fixed p olygonal con tour, then lo oking a harmonic extension of f in to the in terior of Ω. Solving problems with straigh t oundary lines or free b oundary v alue problems the b oundary p oin ts ma y also mo v e constrain t to the curren t b oundary condition.

1. In the con tin uous case the extension is unique in Euclidean space. 2.

practice our algorithm uses @ Ω = Γ :

P = ( p :::; p p +1 :::; p + I b e a represen tation of f (Ω) with p i ¿ B ; an terior v ertex of f (Ω) and p i ˇ B , a b oundary v ertex of f (Ω), : Then minimizing f ) is a quadratic problem and has a unique solution. W e write it therefore using quadratic form:

Discrete Minimal Surfaces and Their Conjugates 11 f ) = edg es

=1 cot ff cot fi j a points

=1 neig hbour s of p

=1 cot ff cot fi j p p

P S Δ P

S is the w ell kno wn stiffness matrix from finite elemen t theory . But instead ha ving basis functions in v olv ed w e ha v e in our case explicit expressions for the onen ts of S : cot ff cot fi Δ id ; if i 6= j and p adjacen t to p

, if i 6= j and p not adjacen t to p neig hbour of p Γ S id is the iden tit y map of the am bien t v ector space. S is symmetric and p ositiv e

(0 ˘ P S Δ P , 0 ˘ E f ) ˘ ar ea , P = 0) :

condition for a surface to attain the minim um of the Diric hlet energy while eeping the b oundary p oin ts fixed is giv en b y: letting X = ( p :::; p x +1 :::; x + I e an admissible surface (with fixed b oundary p oin ts p free in terior p oin ts x

(0 ; :::; 0 ; x +1 :::; x + I b e an admissible v ariation direction w e ha v e

= X = P f ) = X = P S Δ X = 2(0 ; :::; 0 ; id; :::; id ) Δ S Δ X =: Q

Q ; i 2 [ 1 ; B ]

=1 + I= B +1 , i 2 [ B + 1 ; B + I ] in terior p oin ts x b e computed using the linear system of equations:

0, i 2 [ B + 1 ; B + I ] :

oth harmonic maps defined on a planar domain are c haracterized b y their v alue prop ert y , whic h means that the cen ter of a small circle is mapp ed to the ter of mass of the circle’s image. This has as a consequence that the image of a map lies inside the con v ex h ull of its b oundary . F or discrete harmonic maps corresp onding mean v alue prop ert y follo ws immediately from the lo cal harmonicit y

(6), see Wilson [ 15 ]:

7. Let f b e a discrete harmonic map defined on the p oin ts f q around a oin t p . If the p oin ts f q form a regular planar p olyhedron with cen ter p , then f ( p ) the cen ter of mass of f f ( q g .

this result do es not hold in general for other planar or spatial domains. Nevw e ha v e a con v ex h ull prop ert y for discrete harmonic maps as far as the domain consists only of acute triangles.

Discrete Minimal Surfaces and Their Conjugates 12

8. Let f b e a discrete harmonic map defined on a spatial domain formed y the p oin ts f q around a p oin t p . If the triangles around p are all acute, then f ( p ) in the con v ex h ull of f f ( q g .

of. F rom the lo cal harmonicit y condition (6) w e see that p can b e represen ted a linear com bination of the p oin ts f q . Since all angles are acute, the w eigh ts of q in the in terv al (0 ; 1 : ), and p is a con v ex com bination.

9. Discrete minimal surfaces ha v e the con v ex h ull prop ert y , since they are p oin ts of the area functional. The Minimiza tion Algorithm x 3 w e explained a metho d to compute a discrete harmonic map for an arbitrary en triangulated domain and a giv en b oundary configuration Γ in image space. In metho d Γ w as allo w ed to consist of a collection of curv es, whic h migh t individb e mark ed as b eing fixed curv es or as b eing straigh t or planar symmetry lines.

w ould had the effect of additionally v arying their b oundary p oin ts w.r.t. these ts. W e call t w o collections Γ and Γ alen t (‘ ¸ ‘) iff b oth are iden tical fixed arcs and if there exists a one to one corresp ondence of v ertices inside a line resp. a symmetry plane.

our algorithm attac ks the follo wing problem:

Giv en a b oundary configuration Γ and an initial discrete surface M

@ M Γ. Find a discrete lo cally area minimizing surface M the class

= f M j M t w o dimensional simplicial complex of the same binatorial triangulation as M @ M ¸ Γ ;

ma y b e extended across symmetry arcs of @ M as a lo cal minimizer g problem is form ulated in a v ery restrictiv e w a y as e.g. w e do not allo w top ology hanges for the momen t. This constrain t w as made to simplify the description, see

6 for a discussion of top ology c hanges.

algorithm:

tak e the initial surface M b oundary @ M Γ as the first appro ximation

M , set i to 0.

Discrete Minimal Surfaces and Their Conjugates 13 compute the next surface M +1 y solving the linear Diric hlet problem r ( f : M M ) j condition for the minim um M +1 giv en b y (6).

set i to i + 1 and con tin ue with 2.

In practice w e use the criterium j ar ea ( M Γ ar ea ( M +1 j ¡ ffl as a stopcondition osition 10. The algorithm con v erges to a solution of the problem, if no triandegenerate. of. The condition ”no triangles degenerate” means that w e assume all triangles for all surfaces of the sequence to b e uniformly b ounded a w a y from 0 to

. F rom the construction the sequences f ar ea ( M g and f E f M M +1 g are decreasing: ea ( M = E id M ˘ E f M M +1 ar ea ( M +1 + E f

E id M +1 = ar ea ( M +1 no triangles degenerate w e minimize in a compact set of surfaces. Therefore a of f M con v erges uniformly to a limit surface M , i.e. j M M j ! 0.

e no w sho w that M is minimal: Let M b e the ab o v e class of surfaces with the righ t ology and define M ! R

X ) := E f M X ) a quadratic function with minim um in M +1 i.e.

F j M +1 0 :

of the degeneracy condition w e ha v e a uniform b ound s the norm of enden t of i: Therefore

F j M r F j M r F j M +1 r j ¸ j M M +1 w e obtain: r F j M ˇ s j M M +1 w e ha v e M M it follo ws r F j M r F j M 0. r F j M 0 means that is a critical p oin t for the energy function E f M ! X ), i.e. M is stationary oin t for the area functional. 2

Discrete Minimal Surfaces and Their Conjugates 14

The Conjuga tion Algorithm of the ma jor problems conjugation algorithms ha v e to deal with is that they ha v e use inaccurate discrete data out of a minimization pro cess as an appro ximation to smo oth surface, since all kno wn approac hes try to sim ulate the pro cedure (1) of x 2 the smo oth case.

adv an tage of our metho d for discrete minimal surfaces, and far as the authors w, the only metho d with reasonable results, is that w e use the discrete data of the pro cess directly to compute a discrete conjugate surface. The discrete y condition (6) is sim ultaneously the in tegrabilit y condition for the discrete surface, whic h means that w e lo ose no accuracy during the conjugation cess. algorithm is defined for a triangular graph M, whic h is a stationary critical oin t for the area functional, but the algorithm ma y also b e applied to harmonic b et w een t w o discrete surfaces. Suc h a graph ma yb e obtained b y a minimization cedure describ ed in the previous paragraphs. Then for eac h v ertex p w e ha v e the y condition p f : M ! X 2 M ) X = M neig hbour s of p=1 cot ff cot fi p Γ q = 0 , h means geometrically that the sum of the w eigh ted edges emanating from p add to a closed p olygon. This closed p olygon is defined as the dual cell of the p oin t p .

w orks p erfectly for in terior p oin ts. F or p oin ts along the b oundary w e distinguish w o case: If the p oin t b elongs to a planar or straigh t symmetry curv e the whole neighourho o d is uniquely determined b y the symmetry prop erties and the algorithm w orks as for in terior p oin ts.

If a p oin t p b elongs to a non symmetric fixed b oundary curv e the construction a neigh b ourho o d is usually not p ossible. W e then assume the existence of a b ourho o d suc h that all w eigh ted edges sum up to zero. It is of no further ance ho w this strip around the b oundary curv e is defined since for the algorithm it suffices to kno w only t w o adjacen t b oundary v ertices p and an edge from p in to the in terior of the surface.

ho w do es the conjugation pro cess w ork: consider a neigh b ourho o d of a p oin t on the discrete minimal surface as in figure 3.

iden tit y map f of the discrete surface to itself is a discrete harmonic map b y assumption. Restricted to a single triangle it is a smo oth linear map. Conjugation the smo oth case means rotating the one-form d f of the map f in eac h tangen t space.

12345α_1β_{23451}β_{5432}

Discrete Minimal Surfaces and Their Conjugates 15

3: Neigh b ourho o d around a P oin t this op eration is only defined on the smo oth linear triangles, but along the edges results in discon tin uities of the atomic one-forms. In spite of these discon tin uities follo wing definition mak es sense:

e define a global star op erator acting on the differen tial d f of f b y d f := d f Δ J ;

J is the w ell-defined 90 on the in terior of eac h triangle.

form Λ d f is not closed globally , but it turns out that it can b e in tegrated v ery sp ecial paths.

t w o adjacen t triangles in figure 4, whic h ma y not necessarily b e coplanar.

v b e the v ector emanating from p oin t p to p oin t q , let further M M e cen ters of the circumcircles of the triangles T T w w eing the mid erp endiculars w.r.t. the edge v . Then it is an elemen tary calculation that cot ff Δ J v cot fi Δ J v

J is tak en w.r.t. the appropriate triangle, and further d f ( w = Γ cot ff Δ v d f ( w = Γ cot fi Δ v .

means Λ d f is con tin uous across triangle edges when applied to v ectors orthogoto the edges.

αβ

Discrete Minimal Surfaces and Their Conjugates 16

4: P ath b et w een t w o adjacen t triangles e no w in tegrate the one-form Λ d f along the path fl ; consisting of the mid p erendiculars around a p oin t p . This results in adding up all the w eigh ted v ectors and e obtain d f = Γ neig hbour s of p

=1 cot ff cot fi v 0 .

w w e arriv ed at the most imp ortan t p oin t: The expression is exactly zero since it the condition for the initial triangulation of b eing minimal, i.e.

11. The closeness condition for the dual one-form Λ d f equals the miniy condition for the initial triangulation f .

d f is therefore closed along suc h a path and in this w a y w e obtain a dual cell for h v ertex p . Con tin uing w e get a w ell-defined dual graph to the giv en minimizing see figure 5. F or eac h triangle w e obtain a v ertex of the dual graph three adjacen t v ertices. Ev ery suc h four v ertices lie in a plane since the three edges w ere coplanar.

e are further in terested in a triangulation of the dual surface b eing top ologiequiv alen t to the original triangulation b ecause then the asso ciated family of minimizing triangulation w ould also b e defined. As remark ed ab o v e this cannot e canonically defined since the one-form Λ d f is not globally closed. But w e can tin ue in tegrating the form canonically on the in terior of eac h triangle. This giv es

12345 γ^{αβαβ} Discrete Minimal Surfaces and Their Conjugates 17

5: In tegrating along a path: In tegrating the atomic one form Λ d f along the fl , consisting of all mid p erp endiculars around a v ertex p on the minimizing giv es the dual cell corresp onding to p (for a clearer represen tation w e dual complex of triangles whic h fit together on common basis p oin ts of their miderp endiculars. A go o d appro ximation no w for the cen ter of eac h dual cell is taking mean of all triangle v ertices lying inside the dual cell, see figure 6.

the case of a v ertex q lying on a fixed b oundary arc a whole neigh b ourho o d usually not con tractible. T o conjugate suc h p oin ts w e use information a v ailable the dual cell of an adjacen t in terior p oin t. Lo ok at figure 6 and assume q a fixed b oundary arc, p b eing an adjacen t in terior p oin t. Then b y conjugating a b ourho o d of p w e automatically obtain f q whic h is an ideal candidate for the p oin t of q to the conjugation of in terior p oin ts this metho d differs in the fact that a final a v eraging is not p ossible.

12. In the case of a planar initial triangulation this results in getting exactly conjugate minimal surface.

of. In the planar case the op erator J is constan t on the triangulation, there-

Λ d f is globally closed on the triangulation T and b eing the differen tial of

Γ J Δ f : T ! T the triangulation T on its conjugate triangulation T b eing the 90 triangulation T :

Discrete Minimal Surfaces and Their Conjugates 18

6: Conjugating a Cell: In tegrating the atomic one form Λ d f inside the triangle p; q q +1 leads to a w ell-defined triangle, whose mid p erp endiculars are part of the graph. The image f p ) is defined as the mean of all f p ) :

further prop ert y of the discrete conjugation metho d is giv en b y the follo wing

13. Straigh t lines resp. planar lines of symmetry of a minimizing trianguare mapp ed to planar symmetry lines resp. straigh t lines on the conjugate of. Let p b e a b oundary p oin t lying on the in terior of a straigh t line l with oundary neigh b ours q q The v ertex star around p consists of the b oundary oin ts q q of p oin ts in the in terior of the surface and their reflected images, see

7. dual cell is constructed b y adding the w eigh ted edges emanating from p in a sequence. Let v b e a v ector emanating from p. It can b e written as

= ‘ + ‘

‘ the comp onen t orthogonal to the line ‘ . The corresp onding v ector ot ( v ) is giv en b y ot ( v ) = ‘ Γ ‘ e no w start building the dual cell with the v ector v to ‘ , w.l.o.g putting cen ter of v to the origin. A t its end p oin t e w e add the next v ector v at

Discrete Minimal Surfaces and Their Conjugates 19

7: Symmetry of the Conjugate Surface fo ot p oin t f the v ector Γ r ot ( v ) The t w o new end p oin ts, also denoted with e f , are giv en b y = ‘ + ‘

= Γ ‘ + ‘ rom this it follo ws b y induction that the dual cell is symmetric w.r.t. the plane to ‘ and going through the cen ter of v v the same manner one pro ofs that planar symmetry lines are mapp ed to straigh t

2 Topology Changes this c hapter w e discuss ongoing exp erimen ts with c hanging the connectivit y of a surface during the minimization pro cess. The aim of these exp erimen ts is to e able to compute b ey ond singular situations, when the triangulation b ecomes deand thereb y compactifying the class of discrete surfaces o ccurring during the pro cess. ”Degenerate triangulation” means that triangle angles b ecome or ß : This happ ens when the triangle shrinks to a line, i.e all three p oin ts b ecoming or t w o or three v ertices merge to a single p oin t. F rom the theoretical p oin t view these situations are not dangerous since the energy and its deriv ativ e of a of suc h a degenerate triangle to a non-degenerate w ould b e infinite. Therefore triangle w ould remain unc hanged when con tin uing the iteration. The problems ccur only for the n umerics when triangles start to degenerate.

it turns out that one can go around these difficulties b y ha ving a closer lo ok at degenerate situations. W e consider the case where a v ertex falls on to the opp osite

π/2−α

Discrete Minimal Surfaces and Their Conjugates 20 as a sp ecial case of the situation where t w o p oin ts merge.

A, B, C b e a rectangular triangle as sho wn in figure 8,

8: Degenerate T riangle the length ; A normalized to unit length. Consider no w the v ariation the energy for v ariable C and small ff :

energy is giv en b y = cot ff j B Γ C j cot ( ff ))

C = ff ( C Γ B ) = Γ BC Γ B j

C = ff Δ id rom this w e ha v e that mo ving C a little bit while ff is v ery small w ould cost an infinite t of energy . So once ha ving a degenerate triangle it will remain degenerate further minimizations. The consequence for the n umerical algorithm is that e can compute b ey ond singular situations: once suc h a situation o ccurs w e can remo v e the singular triangle using the rules sho wn in figure 9.

total n um b er of triangles is less or equal than b efore.

K. Brakk e, Surfac e Evolver Manual , The Geometry Cen ter, Minneap olis.

P . Concus, Numeric al Solution of the Minimal Surfac e Equation , Math. Comput.

(1967), 340-350.

R. Couran t, Dirichlet’s Principle, Conformal Mapping, and Minimal Surfac es , terscience, New Y ork, 1950.

J. Douglas, Solution of the Pr oblem of Plate au , T rans. Amer. Math. So c. 33

263-321.

Discrete Minimal Surfaces and Their Conjugates 21

9: Degenerate Situations

G. Dziuk, A n A lgorithm for Evolutionary Surfac es , Numer. Math. 58 (1991),

J.E. Hutc hinson, Computing Conformal Maps and Minimal Surfac es , Pro c.

tr. Math. Anal., Can b erra, 26 ( 1991 ) , 140-161.

H. Karc her, T riply Perio dic Minimal Surfac es of A lan Scho en and Their Constant an Curvatur e Comp anions , Man uscr. Math. 64 (1989), 291-357.

H. Karc her, U. Pink all, I. Sterling, New Minimal Surfac es in S J. Diff. Geom.

(1988), 169-185.

H.B. La wson, Complete Minimal Surfac es in S Ann. of Math. 92 (1970), 335-

K. P olthier, New Perio dic Minimal Surfac es in H Pro c. Cen tr. Math. Anal., b erra, 26 ( 1991 ) , 201-210.

T. Rado, The Pr oblem of L e ast A r e a and the Pr oblem of Plate au , Math. Z. 32

763-796.

B. Sm yth, Stationary Minimal Surfac es with Boundary on a Simplex , In v en t.

76 (1984), 411-420.

J.M. Sulliv an, A Crystal line Appr oximation The or em for Hyp ersurfac es , Ph.D.

Princeton Univ. (1990).

Discrete Minimal Surfaces and Their Conjugates 22

T. Tsuc hiy a, Discr ete Solutions of the Plate au Pr oblem and Its Conver genc e , of. Comp. 49 , 179 (1987),157-165.

W.L. Wilson, On Discr ete Dirichlet and Plate au Pr oblems , Num. Math. 3 (1961),

O. W ohlrab, Zur numerischen Behand lung von p ar ametrischen Minimalfl¨ achen halbfr eien R¨ andern , Dissertation Bonn, 1985.

grape.ps grape.ps grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 23

10: Constructing Karc her’s Sc herk surface with handle triangulation of a p en tagon in fig. 10a with four straigh t and one planar oundary . Boundary p oin ts ma y v ary along straigh t arcs resp. planes. Figure 10b ws the triangulation after some minimization steps. Applying the conjugation leads to fig. 10c with four exactly planar and one exactly straigh t symmetry

Successiv e reflection along symmetry lines leads to a fundamen tal domain for the group of the complete minimal surface of Karc her. Refining w as con trolled y using discrete curv ature information of the discrete surface.

grape.ps grape.ps grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 24

11: Minimal surface with ends initial surfaces of the sequence are b ounded b y three straigh t lines meeting angles 60 90 and a helicoidal arc ha ving 90 with t w o straigh t lines.

helicoidal arc is translated to infinit y during the sequence. The conjugate piece of three planar symmetry lines and and eigh th of a catenoidal end. It can e reflected to a minimal surface with cubical symmetry and six gro wing ends, whic h ximates a complete minimal surface in the limit. The helicoidal arc in this is no symmetry line.

grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 25

12: Minimizing a drop-lik e surface drop-lik e initial surface b ounded b y a planar curv e. One minimization step directly to a planar surface, and therefore a v oids a mean curv ature flo w t yp e y at the thin nec k. This illustrates that the minimization algorithm pro ceeds also in time direction.

Discrete Minimal Surfaces and Their Conjugates 26

13: The Goldsc hmidt solution minimization steps of a cylinder t yp e initial surface. Bet w een the Goldsc hmidt and the final figure an additional algorithm remo ving degenerate triangles as applied.

grape.ps grape.ps grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 27

14: Minimizing the instable T rinoid example similar to fig. ?? with higher gen us. An instable part of the trinoid surface of Jorge and Meeks w as computed using the W eierstraß represen taform ula and then used as an initial surface for the minimization algorithm. The

Goldsc hmidt t yp e solution as in fig. ?? app ears.

grape.ps grape.ps

grape.ps grape.ps

grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 28

15: Surface with higher gen us one-parameter family of initial surfaces where the distance b et w een b oth figuret b oundary curv es is v arying. Dep ending on the heigh t three situations app ear the minimization pro cedure. Tw o extreme heigh t v alues lead to t w o differen t once a singularit y at the middle nec k and once t w o singularities at t w o outer nec ks. F or sp ecial heigh t v alues a stable discrete minimal surfaces is in the limit. The initial surfaces w ere generated using the surface builder dule of GRAPE.

grape.ps grape.ps grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 29

16: Gro wing Karc her handles example illustrates the time dep enden t pro cess of gro wing additional hanout of existing minimal surfaces. F or the O,C-TO surface of A. Sc ho en is no tation form ula kno wn, its existence w as pro v ed b y Karc her [ 7 ] as an in terv alue argumen t using the conjugate surface construction, i.e. during the cess of gro wing handles exists one v alue at whic h the handles meet the existing planes of the cub e. The o ccurring extreme situations made it necessary to adaptiv ely during the deformation. Refining w as con trolled b y using discrete ature information of the discrete surface.

grape.ps

Discrete Minimal Surfaces and Their Conjugates 30

17: A non orien table minimal M¨ obius band algorithm handles non orien table surfaces since the diric hlet minimalit y con-

(6) is indep enden t of the orien tation.

grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 31

18: A Surface with triple line minimal configuration with a singular triple line where three patc hes meet. Suc h ultiple lines are naturally co v ered b y the algorithm since the diric hlet minimalit y at a p oin t (6) is a finite sum of the w eigh ted directions of all edges emenating a p oin t. The w eigh t of eac h edge is determined b y all triangles, whic h ma y b e than t w o, joining this edge.

grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 32

19: Examples of Sm yth in a tetrahedron example corresp onding to the first usage of the conjugate surface construction y B. Sm yth. A discrete minimal surface in a quadrilateral is conjugated to a patc h ounded b y the four faces of a tetrahedron along planar symmetry lines. But this h is not a stable discrete minimal surface. F urther minimization of this patc h k eeping the b oundary curv es restricted to the faces lets the patc h degenerate an edge of the tetrahedron.

grape.ps grape.ps

Discrete Minimal Surfaces and Their Conjugates 33

20: Minimal Surface Configuration in a Cub e minimal configuration b ounded b y the edges of a cub e. The in terior of the con tains triple lines where differen t surface patc hes meet at an angle of 120