Adiabatic Invariance and the Regularity of Perturbations

Klaus Jung^�

September 2, 1994

Abstract

A loss in smoothness of a switching process decreases the accuracy of an adiabatic invariant. Here we show that for classical Hamiltonian systems the degree of smoothness can be observed in the signal.

1 Introduction

A parameter dependent family of integrable dynamical systems can be perturbed by making the parameter time dependent. This perturbation normally destroys the integrability. If one changes the parameters very slowly, the adiabatic theorem tells us that the motion of the perturbed system stays for most of the initial data nearby the unperturbed motion. The parameters change on a time scale 1/ε. ε → 0 is the adiabatic limit and τ = εt the so called slow time.

One interesting situation arises when a parameter is switched on and off. Switching means that we have a time dependent parameter ω(τ ) which is constant up to a time τ_0 = 0, then changes its value and finally remains constant again for τ ≥ 1. (See figure 1.)

We want to examine the influence of the smoothness of the switching on the dynamical behaviour of the system. First we have to distinguish different classes of smoothness:

• Finite differentiability: ω ∈ C^n(⋛), ω ∉ C^{n+1}(⋛) for n ∈ ▲.

• Infinite differentiability: ω ∈ C^∞(⋛). Here it is possible to distinguish different classes by the growth of the derivatives of ω. These classes are called Gevrey classes and are indexed by α ∈ [1, ∞). Section 2 discusses these classes in detail.

�Technische Universität Berlin, Fachbereich Mathematik, Sekr. MA 7-1, Straße des 17. Juni 136, 10623 Berlin

0 1 ø

!

1

Figure 1: A typical switching function

• Analyticity. In this case ω cannot be constant on any interval. The switching times τ = 0 and τ = 1 are pushed to −∞ resp. +∞.

The known results (stated very roughly) are as follows:

• For time dependent systems of classical mechanics with one degree of freedom the action variable is an adiabatic invariant in the following sense [1], [2], [6]: max τ ∈[0,1] |J(τ ) − J(0)| = O(ε) . If we only consider ΔJ := J(1) − J(0) there exist better results depending on the smoothness of ω:

– For ω ∈ C^n(⋛) one has ΔJ = O(ε^{n+1}). (See [19], [15], [13].) – For the special case of the harmonic oscillator Stengle showed in [24]:

If ‖ω^{(n)}‖_1 = O(exp h(n)) where n log n = o(h(n)), then for any δ > 0 one has J(∞) J(−∞) − 1 = O(exp(−h^∗(log ε^{−1+δ}))) ,

where h^∗ is the Legendre transform of h. Remark: If ω is Gevrey the optimal choice of h concerning the growth of the derivatives of ω does not meet the assumption n log n = o(h(n)).

– For analytic ω one has ΔJ = O(exp(−^c_ε )). (See [19].)

• For time dependent systems of classical mechanics with more than one degree of freedom the situation is qualitatively different since one cannot avoid resonances [2]. They do not allow any better result (even for ΔJ) than the following [20], [7]: If one restricts the initial data to an appropriate set of measure 1 − √ ε one gets max τ ∈[0,1] |J(τ ) − J(0)| = O( √ ε) .

energy

time

Figure 2: Gap condition in quantum mechanics

• For time dependent quantum mechanical systems one has the following result: If the system satisfies a gap condition (see figure 2), then the tunneling probability P between one energy band at time −∞ and another band at time +∞ is an adiabatic invariant:

– If the time dependence is C^n one has P = O(ε^{n+1}). (See [3], [14], [21], [11].)

– In the analytic case one has P = O(exp(−^c_ε )). (See [22], [12], [10].) – For the Gevrey class case Nenciu showed in [22]: P = O(exp(−^cα^√_ε )).

The gap condition in quantum mechanics can be compared to a non-resonance condition in classical mechanics. If one has more than one degree of freedom in quantum mechanics, one cannot in general avoid level crossings [8] [23]. The parallelism of the quantum mechanical situation and the classical situation with one degree of freedom leads to the conjecture that there should be a similar behaviour also concerning Gevrey classes.

Conjecture For a system of classical mechanics with one degree of freedom and a perturbation of Gevrey class α the action should be an adiabatic invariant of the form

ΔJ = O(exp(− c α√ ε )) . (1)

This conjecture is also motivated by the known relation between ΔJ and the differentiability (C^n(⋛)) of the switching function. The aim of this paper is to support this conjecture by a numerical analysis in the simple case of the harmonic oscillator with a switching function chosen in a Gevrey class. The numerical analysis clearly indicates that there is a measurable effect due to the change of smoothness of the switching function. Therefore it may be of importance for concrete physical experiments to control the smoothness of switching functions.

1.1 The perturbed harmonic oscillator

For our numerical analysis we consider the 1-dimensional harmonic oscillator with slowly varying frequency ω, described by the Hamiltonian E(p, q, τ ) = 1 2 (p^2 + ω^2(τ )q^2), τ = εt ,

where ε → 0 in the adiabatic limit. Using the standard canonical transformation generated by S = 1 2 ωq^2 cot φ we transform E to action angle variables: H(J, φ, τ ) = Jω + εJ ω^′ 2ω sin(2φ) . (2)

The motion is described by the solutions of the canonical equations εJ^′ = − ∂H ∂φ , εφ^′ = ∂H ∂J , (3)

where the prime denotes the derivative with respect to τ .

2 Switching functions

The perturbation is switched on and off by using a C^∞ function ω which is constant outside [0, 1]. (See figure 1.) The smoothness of the switching function in the C^∞ class is controlled by the growth of its derivatives. The Gevrey classes interpolate between the pure C^∞ case and the analytic case [5], [9], [16].

2.1 Gevrey classes

Definition 1 For α ∈ [1, ∞) a function f ∈ C^∞(⋛) is called of Gevrey class α, if there exist constants c_1, c_2 > 0, such that for all n ∈ ▲_0 we can estimate the n-th derivative of f by ‖f^{(n)}‖_∞ ≤ c_1c^n_2 n^{αn} .

The Gevrey class is denoted by Γ^α(⋛).

The Gevrey classes have the following properties:

1. For α = 1 we are in the analytic case. 2. Γ^{α1} ⊂ Γ^{α2} for α_1 ≤ α_2. 3. Γ^α ∩ C_0 ≠ ≷ for α > 1.

4. Γ^α is an algebra, stable under differentiation, translation and composition.

5. Let f be of Gevrey class α and F (x) := ∫ x 0 f(t) dt. If ‖F ‖_∞ < ∞ then F ∈ Γ^α.

6. The remainder of the Taylor series expansion of a function of Gevrey class α > 1 can be made exponentially small in a sense described in Lemma 1 below.

Remarks

• The properties 1, 2, 4 and 5 are easily verified. See also [5], [16].

• Because of property 3 the Gevrey classes are useful to construct switching functions.

• In the analytic case (α = 1) the Taylor series expansion converges to the function in a neighbourhood of the expansion point. For α > 1 this is not necessarily the case, moreover the Taylor series can diverge. But it is still possible to make the remainder exponentially small by an appropriate truncation of the series:

Lemma 1 For f ∈ Γ^α there exist constants M, c > 0 such that for all ε > 0 one can find N_ε ∈ ▲ such that the remainder R_{Nε} of the Taylor series expansion becomes small: sup x∈Uε(x0) |R_{Nε} (f, x_0; x)| ≤ M exp(− c α�1√ε) . Proof. For f ∈ Γ^α, x ∈ U_ε(x_0) and N ∈ ▲ there exists t ∈ U_ε(x_0) such that |R_N (f, x_0; x)| = | f^{(n)}(t) N! (x − x_0)^N | ≤ |f^{(n)}(t)| ε^N N! . Using the Stirling formula n! = ( n e )n √ 2πn (1 + O(^1_n )) ≥ const. ( n e )n and the fact that f is of Gevrey class α we get

|R_N (f, x_0; x)| ≤ c_1(c_2ε)^N N^{αN} N! ≤ c_3(c_2e ε)^N N^{(α−1)N}

= c_3 exp ( N ( ln(c_2e ε) + (α − 1) ln N )) . We minimize the exponent by choosing

N_ε := [ 1 e^α�^1 √ c_2e ε ]

where the square brackets denote the integer part. Finally we get

|R_N (f, x_0; x)| ≤ c_3 exp ( − const. α�1√ε ) . �

2.2 A switching function in the Gevrey class α

For the numerical analysis we need a switching function with adjustable Gevrey class. The switching function will be build using the following ”prototype” function:

Lemma 2 For β > 0 the function

f_β(x) := exp(−^1_{xβ} ) for x > 0 0 for x ≤ 0 is of Gevrey class 1 +^1_β . Moreover, f_β ∉ Γ^α for any α < 1 +^1_β . To prove Lemma 2 we have to estimate the derivatives of f_β. Lemma 3 gives us an explicit formula for all derivatives. The proof of Lemma 3 is by induction and will not be stated here.

Lemma 3 f_β is C^∞ and for all n ∈ ▲ we have f^{(n)}_β = n−1∑ k=0 a_{n,k} g_{n,k} (4) with a_{n,0} = β^n (5) a_{n,k} = (−1)^kβ^{n−k} ∑ 1≤j1≤...≤jk ≤n−k k∏ i=1 ( j_i(β + 1) + i − 1 ) (6) and g_{n,k}(x) = x^{(k−n)β−n}f_β(x) . (7) Proof of Lemma 2. First we estimate the functions g_{n,k}. Obviously g_{n,k} tends to zero as x → 0 or x → ∞. The maximum of g_{n,k} is given by max_{x∈}R g_{n,k}(x) = γ^γ exp(−γ) with γ = n(1 +^1_β ) − k. We get ‖g_{n,k}‖_∞ ≤ ( n(1 + 1 β ) )n_{(1+} 1_{β )−}k

. (8) In (6) we estimate each factor of the product by (n − k)(β + 1) + k − 1 ≤ n(β + 2). The sum in (6) has ( n−1 k ) terms. So we get |a_{n,k}| ≤ β^{n−k} ( n − 1 k ) (n(β + 2))^k ≤ β̃^n ( n − 1 k ) (n(β + 2))^k (9) with β̃ = max{β, 1}. Using (8) and (9) we finally get for n ∈ ▲

‖f^{(n)}_β ‖_∞ ≤ n−1∑ k=0 ( n − 1 k ) β̃^n(nb)^{n(1+ 1}β^) ≤ const.^nn^{n(1+ 1}β^)

with b = max{1 +^1_β , β + 2}. Together with the fact that f_β is bounded we have shown that f_β ∈ Γ^{1+ 1β} . We will see now that f_β ∉ Γ^α for any α < 1 +^1_β . The Taylor series expansion of f_β at the point x_0 = 0 is identically zero, thus Lemma 1 gives us

exp(− 1 ε^β ) = sup_{0<x<ε} exp(− 1 x^β ) = sup_{x∈Uε(0)} |f_β(x)| ≤ M exp(− c ε^{1α}�^1 ) . This implies β ≥^1_{α−1} or α ≥ 1 +^1_β . �

The derivative of f_β itself has not compact support, but we can use f_β to construct a switching function of the desired type.

ω_β(τ ) := c τ∫ 0 f_β(s)f_β(1 − s) ds + 1 , (10)

where the constant c is chosen in such a way that ω_β(1) = 2. It follows from Lemma 2 and the properties 4 and 5 that ω_β is of Gevrey class 1 +^1_β .

3 Numerical analysis

3.1 Time evolution of the action variable

To calculate the time evolution of the action variable J we have to solve the canonical equations (3) with the Hamilton function (2). This is done numerically by use of the Runge-Kutta algorithm with an error term of order 5. Since we consider C^∞-smooth perturbations and are interested in the behaviour of J for small values of ε, we have to deal with very small differences between J(τ ) and the initial value J_0. So special care has to be taken in the numerical calculations not to compute differences of large values (compared to the difference itself).

A typical time evolution J(τ ) is shown in figure 3. J is oscillating with a finally decreasing amplitude. The interesting point is that the difference ΔJ = J(1) − J(0) is small compared to the maximal amplitude of the oscillation. This behaviour is typical for the switching of a perturbation. ΔJ becomes exponentially small with respect to ε, but max_{τ ∈[0,1]} |J(τ ) − J_0| scales with O(ε).

This can be understood with the help of the perturbation theory, which can be done for example by use of the Lie formalism [4] [17] [13]. In the C^∞ case it

Slow time τ

Action J

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.985

0.99

0.995

1

1.005

1.01

ΔJ

Figure 3: Time evolution of the action variable (ε = 0.2, β = 1)

gives us an approximation of J(τ ) to any desired order. (See e.g. [13].)

J(τ ) = J_0[1 − ε 1 2 ω^′ ω^2 sin 2θ̃(τ ) + ε^2(− 1 4 1 ω ( ω^′ ω^2 )_′ cos 2θ̃(τ ) + 1 8 ( ω^′ ω^2

)_2

)] + O(ε^3) (11)

with

θ̃(τ ) = θ_0 + 1 ε τ∫ 0 ω̄(s) ds, ω̄ = ω(1 − ε^2 8 ( ω^′ ω^2

)_2

) (12)

Obviously max_{τ ∈[0,1]} |J(τ ) − J_0| is of order O(ε), but at τ = 0 and τ = 1 all derivatives of ω vanish (since ω ∈ C^∞ and is constant outside [0, 1]), such that terms of order ε and higher become zero.

3.2 ε-dependence of ΔJ

Since we are interested in the ε-dependence of ΔJ and in the dependence of ΔJ(ε) on the smoothness of the switching function, computations as shown in figure 3 have been done for a large number of ε values and for many switching functions.

To present the well known situation of a switching function in C^n(⋛), the numerical analysis has been done for ω̃ ∈ C^1(⋛), ω̃|_{(0,1)} ∈ C^∞((0, 1)) and ω̃ ∈ C^2(⋛), ω̃|_{(0,1)} ∈ C^∞((0, 1)). In this case formula (11) is still valid for τ ∈ [0, 1] if we define the derivatives of ω at the boundary points τ = 0 and τ = 1 to be the right hand side (resp. left hand side) limit of the derivatives. Since terms of

ln(ε) ln jΔJ j

-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 -14 -13 -12 -11 -10 -9 -8 -7 -6 -5

Figure 4: Deviation of the action for ω ∈ C^1(⋛) (including a straight line with slope 2)

order ε^n contain the n-th derivative of ω it is clear that we get ΔJ = O(ε^2) for ω̃ and ΔJ = O(ε^3) for ω̃.

This behaviour can be easily verified in a double logarithmic plot of the numerical data. See figures 4 and 5. The straight lines of slope 2 (resp. 3) indicate this behaviour.

For a switching function in a Gevrey class the numerical analysis in order to verify the conjectured behaviour (1) is more complicated. Since |ΔJ| ≈ M exp(− c α√ ε ) (13)

implies ln |ΔJ| ≈ ln M − c α√ ε (14) and ln | ln |ΔJ| − ln M| ≈ ln c − 1 α ln ε (15)

it is a good idea to plot ln | ln |ΔJ| | over ln ε. If |ΔJ| ≪ M and the action variable has the assumed behaviour the plot should be approximately a straight line with slope −^1_α for small ε. Figure 6 shows such a plot. In this scaling larger values of the y-axis correspond to smaller values of ΔJ.

One can see that there are singularities which depend on the chosen initial angle φ_0. (The initial action is always J_0 = 1). To eliminate these singularities

ln(ε) ln jΔJ j

-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 -28 -26 -24 -22 -20 -18 -16 -14 -12

Figure 5: Deviation of the action for ω ∈ C^2(⋛) (including a straight line with slope 3)

ln(ε) ln j ln jΔJ jj resp. ln j ln max jΔJ jj

-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4

φ0 = 0 φ0 = π/8

max φ02[0,π/2)^{jΔJ j}

Figure 6: Deviation of the action for different initial angles φ_0 (β = 1)

ln jΔJ j

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 -24 -22 -20 -18 -16 -14 -12 -10 -8 -6 -4

α̃ = 1.3 α̃ = 2.0 α̃ = 5.0

ε�1/α̃_{in relative units}

2 3.5 5

-1+3E-5

-1

Correlation for small values of ε

Figure 7: Deviation of the action in different plots (β = 1)

the computations are done for several different initial angles. For each ε value the greatest |ΔJ| value is plotted. (See also figure 6). This gives a nearly straight line for small values of ε. The numerical analysis of the slope (putting ln M = 0) differs from the conjectured by approximately 12%. To improve this one has to take into consideration the value ln M.

3.3 Gevrey class dependence of ΔJ(ε)

To see the dependence of ΔJ(ε) from the Gevrey class of the switching function, the parameter β of the switching function ω_β is varied. The idea is to compute a value α̃_{opt} from the numerical data, such that the data best fits to the assumed behaviour O(exp(−^cα^√_ε )). In other words, for each Gevrey class α = 1 +^1_β of the perturbation ω_β we plot ln |ΔJ(ε)| over ε^{−1/α̃} (see eq. (14)) for several values of α̃. Figure 7 shows such plots. The x-axis is scaled in such a way, that small values of ε are plotted on the left hand side. The optimal value α̃_{opt}(α) is defined to be that value α̃ for which the plot at small values of ε is best approximated by a straight line. The choice is made by optimizing the correlation coefficient of a linear regression of the data. (See small picture inside figure 7.) A correlation coefficient with absolute value of 1 indicates a straight line.

If ΔJ has the conjectured behaviour (1), α̃_{opt} should equal the Gevrey class α = 1+^1_β of the switching function. Figure 8 compares this Gevrey class with the numerically computed ”best fit” value α̃_{opt}. Numerically the two values coincide up to an error of 8% for β = 1.

β

Gevrey class

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 0

0.5

1

1.5

2

2.5

3

Gevrey class of ωβ (α = 1 +^1_β )

”best fit” Gevrey class α̃opt

Figure 8: Comparison of numerical result and theoretical conjecture

3.4 Conclusion

The derivation of the action ΔJ depends on the regularity of the switching function. This functional dependence is well understood for switching functions with only finitely many derivatives. For the case of switching functions in a Gevrey class a conjecture is formulated which is close to a result recently shown in the frame work of quantum mechanics.

In this article, conjecture (1) is verified numerically for a special model and switching functions in a Gevrey class with α > 1. The case α = 1, i.e. the case of analytic switching functions, can be treated analytically and is consistent with conjecture (1), too. For switching functions with parameter β > 1.2 the best fit value α̃_{opt} deviates from the prediction of the conjecture by less than 10%.

Acknowledgment

I would like to thank Ruedi Seiler for supporting this work. Thanks go also to Andreas Knauf for many helpfull discussions and to Joachim Asch, who had the idea how to use Lemma 1 to prove the second part of Lemma 2.

References

[1] V. I. Arnold: Mathematical Methods of Classical Mechanics; Springer, New York, Heidelberg, Berlin, 4. corrected printing 1984

[2] V. I. Arnold: Geometrische Methoden in der Theorie der gewöhnlichen Differentialgleichungen; VEB Deutscher Verlag der Wissenschaften, Berlin, 1987

[3] J. E. Avron, R. Seiler, L. G. Yaffe: Adiabatic Theorems and Applications to the Quantum Hall Effect; Commun. Math. Phys. 110 (1987), 33–49

[4] J. R. Cary: Lie Transform Perturbation Theory for Hamiltonian Systems;

Physics Reports 79, No. 2 (1981), 129–159

[5] M. Gevrey: Sur la Nature Analytique des Solutions des Équations aux Dérivées Partielles; Annales École norm. sup., 35 (1918), 129–189

[6] S. Golin: Existence of the Hannay Angle for Single-Frequency Systems; J.

Phys. A: Math. Gen. 21 (1988), 4535–4547

[7] S. Golin, A. Knauf, S. Marmi: The Hannay Angles: Geometry, Adiabaticity, and an Example; Commun. Math. Phys. 123 (1989), 95–122

[8] S. Graffi, T. Paul, H. J. Silverstone: Resonance Overlapping in Classical Mechanics and Avoided Crossings in Quantum Mechanics; Phys. Rev., A. 37(6) (1988), 2214-2219

[9] L. Hörmander: The Analysis of Linear Partial Differential Operators II;

Springer, Berlin, Heidelberg, 1983

[10] V. Jakšić, J. Segert: Exponential Approach to the Adiabatic Limit and the Landau-Zener Formula; Rev. Math. Phys. 4 (1992), 529–574

[11] A. Joye, C.-E. Pfister: Full Asymptotic Expansion of Transition Probabilities in the Adiabatic Limit; J. Phys. A: Math. Gen. 24 (1991), 753–766

[12] A. Joye, C.-E. Pfister: Exponentially Small Adiabatic Invariant for the Schrödinger Equation; Commun. Math. Phys. 140 (1991), 15–41

[13] K. Jung: Zur Adiabatischen Invarianz im Lie-Formalismus; diploma thesis at the Technische Universität Berlin, 1991, unpublished

[14] M. Klein, R. Seiler: Power-Law Corrections to the Kubo Formula Vanish in Quantum Hall Systems; Commun. Math. Phys. 128 (1990), 141–160

[15] A. Lenard: Adiabatic Invariance to all Orders; Ann. Phys. 6 (1959), 261– 276 [16] J. Leray, Y. Ohya: Systèmes Linéaires, Hyperboliques Non-Stricts; Colloque C.B.M., Louvain (1964); reprint in Battelle Rencontres on Hyperbolic Equations and Waves, Seattle, Wis., (1968)

[17] A. J. Lichtenberg, M. A. Liebermann: Regular and Stochastic Motion ;

Springer, New York, Heidelberg, Berlin, 1983

[18] A. Martinez: Precise Exponential Estimates in Adiabatic Theory; Prépublication Mathématiques de l’Université Paris-Nord, No. 93-01 (1993)

[19] A. I. Neishtadt: On the Accuracy of Conservation of the Adiabatic Invariant;

PMM U.S.S.R. 45 (1982), 58–63

[20] A. I. Neishtadt: Averaging in Multifrequency Systems, II; Sov. Phys. Dokl.

21 (1976), 80–82

[21] G. Nenciu: Adiabatic Theorem and Spectral Concentration; Commun. Math.

Phys. 82 (1981), 125–135

[22] G. Nenciu: Linear Adiabatic Theory: Exponential Estimates; Commun.

Math. Phys. 152 (1993), 479–496

[23] M. M. Skriganov: The Spectrum Band Structure of the Three-Dimensional Schrödinger Operator with Periodic Potential; Invent. Math. 80 (1985), 107–121

[24] G. Stengle: Asymptotic Estimates for the Adiabatic Invariance of a Simple Oscillator; SIAM, J. Math. Anal. 8, No. 4 (1977), 640–654