A lattice model of local algebras of observables and fields with braid group statistics

M. Karowski, R. Schrader

Institut für Theoretische Physik Freie Universtität Berlin Arnimallee 14, 14195 Berlin, Germany

May 30, 1995

Abstract Using the 6j-symbols and the R-matrix for the quantum group Sl_q(2, C) at roots of unity we construct local algebras of observables and fields with braid group statistics on the lattice Z. These algebras are closely related to the XXZ-Heisenberg model and the RSOS models thus exhibiting the quantum group symmetry of these models. Our discussion relates the theory of integrable lattice models to the Doplicher- Haag-Roberts theory of superselection sectors. The construction of these algebras is a variant of the path space construction of Ocneanu and Sunders which replaces the usual tensor product construction of lattice models in statistical mechanics and extends previous discussions by Pasquier. Our construction is based on the theory of coloured graphs on S^2 and the associated Wigner-Eckhart theorem obtained previously by the authors.

1 Introduction

Lattice models of quantum statistical models are usually based on the concept of the tensor product and variants thereof like the antisymmetric (=fermionic) and symmetric (=bosonic) tensor product (see e.g. [1]). Thus to each site x on a finite lattice Λ one associates a Hilbert space h_x (usually finite dimensional) and the Hilbert space associated to Λ is then given as H_Λ = ⨂ x h_x. As an example for the Heisenberg model one takes h_x = C^2 and for the Hubbard model one takes h_x = C +C^2 +C ∼= C^4 which is the Fockspace for two spin 1/2 particles (spin-up and spin-down). In this last case H_Λ = ⋀ x∈Λ h_x and in both cases it makes sense to speak of global SU(2) invariance for lattice models given in terms of local Hamiltonians and where on each h_x one has the canonical representation of SU(2).

The aim of this article is to provide a general set-up for one-dimensional lattice models which is based on the so-called path space formulation. This is similar to Baxters [2] formulation of the eight-vertex model in terms of the SOS-model. Using the quantum group SL_q(2, C ) [3] at roots of unity (q = exp^{πi}_r , 3 ≤ r ∈ N^+) Pasquier [4] introduced this concept, originally due to Ocneanu [5] and Sunders [6] (see also [7]), for lattice models of quantum statistical mechanics. The path space we will use is the set of all paths in the Bratteli diagram obtained by tensoring the “good” representations of SL_q(2, C ) (see e.g. [8]) with the fundamental spin^1_2 representation.

Thus to each “interval” I ⊂ Zwe will associate a finite dimensional Hilbert space V_I with basis elements labelled by paths of length |I| + 1, where |I| denotes the number of lattice points in I. Intuitively to each lattice point there is associated one copy of the fundamental representation. For generic q not a root of unity and up to multiplicities this formulation is essentially equivalent to the tensor product formulation. In particular this basis replaces a basis in the tensor product representation labelled by magnetic quantum numbers. For q being a root of unity, the case we will consider, the path space V_I has a dimension smaller than 2^{|I|}, is the dimension of the corresponding tensor product version. To each V_I we will associate a ∗-subalgebra of End(V_I ), the so-called observable algebra A_I localized in I. By construction it is the linear space of elements in End(V_I ) whose matrix elements with respect to the path basis are given in terms of invariants of planar coloured graphs (with colours indexed by the “good” irreducible representations of SL_q(2, C )) on the boundary S^2 = ∂D^3 of the unit ball. Such invariants in terms of partition functions were obtained in [9] as generalizations of the combinatorial Turaev-Viro approach to topological quantum field theory using the 6j symbols of SL_q(2, C ) [10].

These constructions of V_I and A_I for varying I are related in the following way. There is a canonical bilinear map ◯ : V_{I1} × V_{I2} → V_{I1 ∪I2} for neighboring intervals I_1 and I_2. This map ◯ replaces the tensor product and is not injective since dimV_{I1} · dimV_{I2} > dimV_{I1∪I2} , which is again related to the fact that we work at roots of unity. Furthermore this map ◯ induces a map from A_{I1} × A_{I2} into A_{I1∪I2} , also denoted by ◯ . In particular ◯ leads to an injective ∗-homomorphism ι_I′_{,I} of A_I into A_I′ for any I ⊂ I^′. Now ι_{I,I1} (A_{I1} ) and ι_{I,I2} (A_{I2} ) commute wherever I_1 and I_2 are disjoint subintervals of I. Thus our construction exhibits all the properties required for local observable algebras on a lattice. In particular one may introduce dynamics in the form of models given by local Hamiltonians. Moreover, motivated by the theory of superselection theory of Doplicher, Haag and Roberts [11] (see also [12]) we construct a local endomorphism associated to the fundamental representation and whose index of inclusion is given by the square of the q-dimension d_q(^1_2 ) of the fundamental representation.

Furthermore we may even construct field algebras F_I which are ∗-subalgebras of End(V_I ) and which contain A_I . F_I is the analogue of the algebra in the tensor product formulation with a basis given by magnetic quantum numbers generated by irreducible tensor operators T^j of spin j. More precisely this analogue looks as follows. Recall that such operator T^j are completely determined by their reduced matrix elements < k_r‖T^j‖k_s > due to the Wigner-Eckhart theorem for SU(2) by which < k_r, m_r | T^j_m | k_s, m_s >= C ( k_r j k_s m_r m m_s ) < k_r‖T^j‖k_s > Here m_r, m and m_s are magnetic quantum numbers, k_r and k_s are total angular momentum (s = source, r = range) and C is the resulting Clebsch-Gordon coefficient. In our context F_I is indeed generated by elements ψ_j(k_s, k_r) replacing these reduced matrix elements. As a ∗-subalgebra of F_I, the algebra A_I may then be viewed as the algebra of invariant operators, i.e. those for which j = 0. In fact the Jones index of the inclusion A_I ⊂ F_I is essentially given by ∑ j d^2_q(j), i.e. the sum of the squares of the q-dimension squared of the representation space for the spins j.

Moreover, the inclusion map ι_I′_{,I} (I ⊂ I^′) extends to an inclusion map from F_I into F_I′ . Also there is a family of traces tr_I on these field algebras compatible with these inclusion maps. This allows one to discuss the thermodynamic limit, i.e. the inductive limit, of these algebras, which then carries a trace. This in turn makes a GNS construction possible.

Our path space formulation finally allows a discussion of quantum group symmetry, thus providing an alternative to the discussion given by Mack and Schomerus [13]. In fact, we construct an algebra which we call a path Hopf algebra, where the tensor product operation ⊗ is replaced by ◯ , but which otherwise exhibits all properties usually valid in Hopf algebras.

This article is organized as follows. In Section 2 we briefly review the theory of planar, coloured graphs as given in [9] and which we will need in what follows. In Section 3 we introduce the spaces V_I and the local observable algebras A_I and in Section 4 we construct the field algebras F_I . In Section 5 we make a further generalization by introducing socalled generalized field algebras, which in Section 6 will allow us to introduce these path Hopf algebras and to discuss the associated quantum group symmetry. These (generalized) fields also exhibit a structure which may be considered to be a path space version of what is called the concept of auxiliary space by the St. Petersburg school (see e.g. [14]). In Section 7 we discuss the thermodynamic limit. Finally in Section 8 we show how to construct models by defining local Hamiltonians, exemplified in the definition of RSOS models in this path space formulation.

2 The theory of coloured graphs on S^2 revisited

In this section we briefly review the theory of coloured graphs on the boundary ∂M of a compact oriented 3-manifold M given in terms of the 6j-symbols and the R-matrix of the quantum group Sl_q(2, C ) at roots of unity (q = exp(iπ/r), r ∈ N + 2) (see [9]). We will only need the case M = D^3 (the unit ball in R^3) such that ∂M = S^2 (the unit disc). Let |G| be the topological space associated to a 1-dimensional simplicial complex G (see e.g. [15]). By assumption on G, every vertex σ^0 ∈ G is contained in the boundary of n = n(σ^0) 1-simplexes with 3 ≤ n ≤ 4 and we will say that σ^0 is an n-vertex. Again by assumption every 4-vertex σ^0 is given an additional structure by pairing the 4 1-simplexes meeting at σ^0 into two unordered pairs. The 1-simplexes in an pair are called opposite to each other. In addition one of the pairs is given the name “above” and the other pair the name “below” as depicted in (1.1). We say that the pair “below” undercrosses the pair “above”.

� @@

@@ �_{(2.1)}

By abuse of notation we continue to denote by |G| this topological space with this additional structure. By definition a coloured graph |G|_x is such a space |G| and a map x : σ^1 → x(σ^1) from the set of nonoriented 1-simplexes in G into the set I = {0,^1_2 , 1,^3_2 , . . . ,^r_2 − 1} (r ∈ N + 2) with the following property: If two 1-simplexes σ^1 and σ^1_2 are opposite to each other at a 4-vertex then x(σ^1) = x(σ^1_2) (compare Fig. (2.1)).

By definition a coloured graph on S^2 is a pair (|G|_x, φ) where φ is a homeomorphism of |G| into S^2 with the following local property near a 4-vertex σ^0. In a neighbourhood in S^2 of φ(σ^0), the images of the two open opposite 1-simplexes in one pair are separated by the images of the closed 1-simplexes in the other pair (compare again (2.1)). Two coloured graphs (|G|_x, φ) and (|G|_x, φ^′) are called homotopic if there is a homotopy φ_t (0 ≤ t ≤ 1) of the maps φ and φ^′ such that (|G|_x, φ_t) is a coloured graph for all 0 ≤ t ≤ 1. Using the 6j-symbols and the R-matrices of the quantum group Sl_q(2, C ) at roots of unity (q = exp(iπ/r), r ∈ N + 2) and by a generalization of the state sum of Turaev and Viro [10] one may associate complex numbers Z(|G|_x, φ) to coloured graphs (|G|_x, φ) on S^2. These numbers are homotopy invariant. To simplify notation we will identify |G| with its image φ(|G|) in S^2 and we will call |G| a planar graph. Furthermore we will even use the symbol |G|_x to denote its state sum. Thus one has in particular

fflffififl_{j ≡ Z} ( fflffififl_j)_{= w2j (2.2)} i ´`ıȷ_{j k ≡ Z} (_i ´`ıȷ_{j k})_{= N ijk (2.3)} ˚¯ˇ̆_{�@m l}n_{i jk ≡ Z} ( ˚¯ˇ̆_{�@m l}n_{i jk} )_= |_{i j kl m n} |_{(2.4)} a ˚¯ˇ̆_{↙ ↗@@dci j b ≡ Z} (_a ˚¯ˇ̆_{↙ ↗@@dci j b})_{= qaqbqcqd} |_{i a cj b d} |_{(2.5)} Here w^2_j is up to a sign the q-dimension

w^2_j = (2j + 1)_{−q} = (−1)^{2j}d_q(j) = (−1)^{2j} sin^π_r (2j + 1)

sin^π_r

. (2.6)

For later purpose we make the convention that w_j = i^{2j}|w_j|. Hence the w_j are real for

integer j and purely imaginary for half-integer j.

The fusion matrix is for i, j, k ∈ I)

N^i_{jk} = { 1 if k ≤ i + j, j ≤ i + k, i ≤ j + k, r − 2 ≥ i + j + k ∈ Z 0 otherwise.

(2.7)

The expression (2.4) is the 6j-symbol and (2.5) is the R-matrix (see [16]) with

q_a = (−1)^aq^{a(a+1)} (a ∈ I). (2.8)

The 6j-symbol is normalized such that it has the symmetry | | | | i j k ℓ m n | | | | = | | | | j i k m ℓ n | | | | = | | | | i k j ℓ n m | | | | = | | | | i m n ℓ j k | | | | (2.9)

and is nonvanishing exactly when N^i_{jk} = N^i_{mn} = N^j_{ℓn} = N^k_{ℓm} = 1. One has ∑ c N^a_{bc}w^2_c = w^2_aw^2_b . (2.10)

With respect to the state sum the following local rules are valid:

fflffi fifl_{= , � AAAA = � AAAA , �} �@_{@@@ = �} �@_{@@@ , (2.11)}

b fflffififl_d^a_{c = w−2a δadN abc}^a_{, a b =} ∑_{c w2c � @@}�^�@^@_a_b_{c , (2.12)}

� @@ �@@ a e b d c = ∑ f w^2_f | | | | a b c d e f | | | | � @@ � @@ a e b d f , (2.13)

∑ a w^2_a ff� � a b = w^2δ^{b0} b with w^2 = ∑ i w^4_i = −2r (q − q^{−1})^2

, (2.14)

�@@ � � @@ @ a b c = q_c q_aq_b �@@b a_{c , and δc 0} � @@ �@@ a e b d c = δ^{ab}δ^{ed} w_aw_e � @@ �@@ a e b d

. (2.15)

Also for a local colouring near a 3-vertex of the form

� @@^{a b} c (2.16)

one has the fusion rule in the sense that the partition function vanishes unless N^a_{bc} = 1. Finally for a local part A of |G|_x with n “external legs” of colours j_1, . . . , j_n one has a Wigner-Eckhart theorem in the form

´` ıȷ_A^{. . .j1 j2 jn} = ∑_a w2_a´ ` ıȷ^{A. . .j1 j2 jn} a_2 a_3 a_{n−2} . . . j_1 j_2 jn

(2.17)

with the weight factor w^2_a = ∏n_{−2} ν=2 w^2_{aν} . For n = 2 one has j_1 = j_2 and the weight factor is w^{−2}_{j1} . For n = 1 the single colour j_1 has to be zero. Note that the first relation in (2.12) may be derived from (2.17) and (2.3). Furthermore we have � @@ a e c b d f = | | | | a b c d e f | | | | � @@ a e f (2.18)

such that (2.13) may be rewritten as

� @@ �@@ a e b d c = ∑ f w^2_f � @@ a e c b d �@ @b d f . (2.19)

Note that (2.19) alternatively follows from the second relation in (2.12). Relation (2.13) is called a Fierz transformation in the present context.

3 The local observable algebra

In this section we will associate to each interval I = {x_i, x_i + 1, . . . , x_f = x_i + |I| − 1} (x_i= initial point, x_f =final point), of |I| lattice points in Za finite dimensional ∗-algebra A_I which will be a subalgebra of End(V_I ), where V_I is a finite dimensional vector space over

C . AI will be the linear space spanned by elements A whose matrix elements will be given

in terms of (partition functions of) certain coloured graphs. First we recall some well knows fact on the braid group. Let B be a braid in the braid group B_{|I|} of |I| elements. This means B is a graph containing only 4-vertices (in the sense of (2.1) and satisfying the rules (2.11)) with 2|I| external legs whose colours are all 1/2, where |I| of these legs point upward and |I| legs point downward. We depict this as follows B = ´` ıȷ_{Bxi xf}^{xi xf}_{. . .}^{. . .}_{(3.1)} Unless stated otherwise, in what follows vertical legs will always carry colour 1/2 (they are depicted by thin lines whereas lines of arbitrary colour are depicted by thick lines). The multiplication of two braids is given putting them on top of each other

AB = ´` ıȷ B ´` ıȷ_A . . . . . . . . .

. (3.2)

Definition 3.1 The linear space spanned by these braids (with coefficients in C ) is the braid group algebra B_I

Lemma 3.2 The braid group algebra B_I is generated by the unit braid

1_I = . . . x_i xf (3.3)

and the simple braids

r^I_x = . . . � � @@ @@_{. . .} x_i x−1 x x+1 xf and (r^I_x)^{−1} = . . . � � @ @_{. . .} x_i x−1 x x+1 xf (3.4) with x_i ≤ x ≤ x_f − 1.

Next we introduce the path space representations of the braid group algebra B_I . We start with a construction of vector spaces V_I for any interval I.

Definition 3.3 The basis of the path space V_I is given by the symbols |a⟩ with the path a = (a_{xi−1}, a_{xi} , . . . a_{xf} ) (a_x ∈ I) such that the fusion rule N^{12}a_xa_{x+1} = 1 (x_i − 1 ≤ x < x_f ) holds. We depict this graphically as

|a⟩ = |a_{xi−1}, . . . , a_{xf} ⟩ = w_a x_i xf . . . a_{xi−1} a_{xi} . . . ax_f −1 ax_f 1 2 1 2 1 2 1 2 ¯ ˘^{(3.5)}

where w_a = 1 w_{axf} x_f∏ x=x_i w_{ax} . (3.6)

This is the path space version of the usual tensor product C^{⊗2|I|} in the context of lattice models in statistical mechanics (see e.g. [17]). (For later purpose we also allow I = ∅, with a = (a) and w_a = 1/w_a.) The “bra”-vector corresponding to (3.5) is depicted by

⟨a| = ⟨a_{xi−1}, . . . , a_{xf} | = w_a x_i xf . . . a_{xi−1} a_{xi} . . . ax_f −1 ax_f 1 2 1 2 1 2 1 2 ˚ ˇ_{(3.7)}

and by definition the pairing is given in terms of a graph as

⟨a^′|a⟩ = w^2_a . . . a_{xi−1} a_{xi} . . . ax_f −1 ax_f a^′_{xi−1} a^′_{xi} . . . a^′_{xf −1} a^′_{xf} 1 2 1 2 1 2 1 2 ˚ ¯ ˇ ˘^{= δa′a = xf∏}x=x_i−1^{δa′}x^{ax . (3.8)} where the second relation follows from iterative application of (2.12). This allows us to introduce a scalar product on V_I by ⟨v^′|v⟩ = ∑ a v̄^′_av_a (3.9) for |v⟩ = ∑ a |a⟩v_a and |v^′⟩ = ∑ a |a⟩v^′_a making V_I a finite dimensional Hilbert space.

These spaces V_I form the ingredients for our path space approach and replace the tensor product stuctures usually employed in lattice models (see e.g. [17], [1]). In analogy to the usual tensor product, however, there is a bilinear map ◯ : V_{I1} × V_{I2} → V_{I1 ∪I2} written as v_1 × v_2 → v_1 ◯ v_2 (v_i ∈ V_{Ii} , i = 1, 2) and defined on the basis vectors as follows. For

|a_1⟩ = |a_x1_{i −1}, . . . , a_x1_f ⟩ ∈ V_{I1} |a_2⟩ = |a_x2_{i −1}, . . . , a_x2_f ⟩ ∈ V_{I2} (3.10) with x^1_f = x^2_i − 1 and hence a_x1_f = a_x2_{i −1} we set |a_1 ◯ a_2⟩ = |a_x1_{i −1}, . . . , a_x1_f = a_x2_{i −1}, . . . , a_x2_f ⟩ ∈ V_{I1 ∪I2} (3.11) if a_x1_f = a^2_{xi−1} and |a_1 ◯ a_2⟩ = 0 otherwise. Note that in contrast to the tensor product setup we have dim(V_{I1} )dim(V_{I2} ) >dim(V_{I1∪I2} ). This inequality is related to the fact that the tensor product of two ”good” representations of sl_q(2, C ) contain ”bad” representations. This is also visible in the fact that ⟨a^′_1 ◯ a^′_2|a_1 ◯ a_2⟩ = δ_a′_{x1f ,ax1f} ⟨a^′_1|a_1⟩⟨a^′_2|a_2⟩ . (3.12) Concerning the dimension of the spaces we have dim V_I = ∑ a,b (N^{1/2})^{|I|}_{ab} . (3.13)

In particular with Ĩ = I ∪ {x_f + 1} dim V~_I < 2 dim V_I (3.14) such that by complete induction dim V_I < const. 2^{|I|} (3.15) for all I. We can even say more. Since the Verlinde matrix S diagonalizes each fusion matrix N^l with eigenvalues S_{ld}/S_{0d}, we have (see e.g. [9]) dim V_I = ∑ a,b,d ( S_{1/2d} S_{0d} )_|I_| S_{ad}S_{bd} = ∑ d ( S_{1/2d} S_{0d} )_|I_| f^2_d (3.16)

with f_d = ∑ a S_{ad}. Since the largest absolute value of the eigenvalues of N^{1/2} is d_q(1/2) and since f_{1/2} ≠ 0 we obtain lim_{|I|→∞} |I| even ln dim V_I = ln d_q(1/2) < ln 2. (3.17) Note that the corresponding number in the tensor product formulation is ln 2, when the space at each lattice site is C^2 . The above number may be interpreted as the entropy per site at temperature T = ∞ (see also [18]).

To each braid B ∈ B_I we associate an element of End(V_I ) also denoted by B. Its matrix elements w.r.t. the basis |a⟩ (i.e. B|a⟩ = ∑ a^′ |a^′⟩⟨a^′|B|a⟩) are given as

⟨a^′|B|a⟩ = w_aw_a′ ’& $% B . . .

. . .

a_{xi−1} a_{xi} . . . a_{xf −1} ax_f a^′_{xi−1} a^′xi . . . a^{′x}f^{−1} a^′_{xf} ’ & $ %^{(3.18)}

where a_{xi−1} = a^′_{xi−1}, a_{xf} = a^′_{xf} .

Definition 3.4 The subalgebra A_I ⊂ End(V_I ) spanned by all graphs of the form (3.18) is the algebra of local observables.

By the Wigner-Eckart theorem (2.17) the matrix multiplication of the elements in A_I as transformations on the vector space V_I is compatible with the multiplication in the braid group algebra B_I .

Lemma 3.5 The algebra A_I ⊂ End(V_I ) yields a representation of the braid group algebra B_I π_I : B_I → A_I . (3.19)

Since we do not associate a numerical value to an open graph, in the following all relations containing open graphs in B_I have to be understood in terms of relations in A_I via eq. (3.18).

Let A be an arbitrary planar graph with 2|I| external legs whose colours are all 1/2 (note that the colour 1/2 corresponds to the fundamental representation of Sl_q(2, C )). We assume |I| of these legs point upward and that |I| legs point downward and depict this also as follows A = ´` ıȷ_{Axi xf}^{xi xf}_{. . .}^{. . .}_{. (3.20)} Lemma 3.6 Such graph A can be written as a linear combination of braids. Therefore we may identify the linear space spanned by all such planar graphs A with the braid group algebra B_I .

The proof of this lemma will be given in Appendix A. Note that B_I ∼= C if |I| = 1.

Theorem 3.7 A_I is spanned by the coloured graphs of the form

e^{I,l}_b′_b = ( x^{f −2}∏ x=x_i−1 w_b′_x w_{bx} ) . . .

. . . b_{xi−1} b_{xi} bx_f −2 b^′_{xi−1} b^′_{xi} b^′_{xf −2} Ø Œ^{(3.21)}

with b = (b_{xi−1} , b_{xi}, . . . , b_{xf−1} ), b^′ = (b^′_{xi−1} , b_{xi} , . . . , b_{xf−1} ) and b^′_{xi−1} = b_{xi−1} or alternatively by the elements of the form

e^{I,r}_b′_b = ( x^f∏ x=x_i+1 w_b′_x w_{bx} ) . . .

. . . b_{xf} b_{xf −1} b_{xi+1} b^′_{xf} b^′_{xf −1} b^′_{xi+1} øÆ (3.22)

with b^′_{xf} = b_{xf} . We have the orthogonality relations e^{I,r}_b′_b e^{I,r}_b′′′_b′′ = δ_{b,b}′′′ e^{I,r}_b′_b′′ (3.23) and the completeness relation ∑ b e^{I,r}_{b b} = 1_I . (3.24)

Similar relations are valid for e^{I,l}_b′_b. The center of A_I is spanned by the minimal projectors

p^I_j = ∑ b bxf =j e^{I,r}_{b b} = ∑ b bxi−1=j e^{I,l}_{b b} (3.25)

such that A_I decomposes as

A_I = ⨁ j A_{I,j} , where A_{I,j} = p^I_j A_I . (3.26)

The proof is a trivial consequence of the Wigner-Eckhart theorem. Note that the factors in front of eqs. (3.21) and (3.22) are real by the fusion rules and eq. (2.6).

Example 3.8 The matrix elements of e^{I,r}_b′_b are given by ⟨a^′|e^{I,r}_b′_b |a⟩ = w_a′ w_a x_f∏ x=x_i+1 w_b′_x w_{bx} | | | a_{x1} a_{x−1} b_{x−1} 1 2 b_x a_x | | | | | | a^′_{x1} a^′_{x−1} b^′_{x−1} 1 2 b^′_x a^′_x | | | (3.27)

with b_{xi} =^1_2 = b^′_{xi} . The matrix elements of the elementary braids r^I_x are obtained from (2.5) as ⟨a^′|r^I_x|a⟩ = ( x^f∏ y=xi−1 y≠x δ_{ay,a}′_y ) w_a′_x w_{ax} q_{ax−1} q_{ax+1} q_{ax} q_a′_x | | | | 1/2 a_{x−1} a_x 1/2 a_{x+1} a^′_x | | | | . (3.28)

The algebra A_I is also a ∗-algebra, whose involution of a graph A in A_I by definition is given by associating to A^∗ the graph obtained by mirroring the graph A along an arbitrary horizontal axis, such that for example a 4-vertex � � @@ @@ j i is mirrored into � � @ @ i j and vice versa. (3.29)

Extending this antilinearly to all of A_I , it is easy to see that with respect to the scalar product on V_I introduced above, A^∗ is indeed the adjoint of A.

Example 3.9 (|I| = 3):

∗ : �

@@� �^→ @_@^�� � (3.30)

Obviously, we have e^{I,r}_b′_b^∗ = e^{I,r}_{b b}′ and by definition (r^I_x)^{−1} = (r^I_x)^∗. In particular the algebra A_I ⊆ End(V_I ) defines a ∗-representations of A_I and also of the group algebra of the braid group B_{|I|} for |I| elements.

Remark 3.10 It is easy to see that B ∈ B_{|I|} ⊂ B_I given by a braid is unitary BB^∗ = 1_I . Hence we have a unitary representation of the braid group.

Moreover, A_I is also a C^∗-algebra, since the identity transformation 1_I of End(V_I ) belongs to A_I and is given in terms of the graph (3.3). In particular (see e.g. [7] proposition II.1) A_I is (isomorphic to) a direct sum of full matrix algebras. We will characterize these full matrix algebras in Section 4.

In the following part of this section we analyse the inclusion properties of the local observable algebra under enlarging the lattice I. On the braid group algebras we now define canonical injective ∗-homomorphisms ι_I′_{,I} : A_I → A_I′ whenever I ⊆ I^′ and satisfying ι_I′′_{,I}′ ∘ ι_I′_{,I} = ι_I′′_{,I} for I ⊆ I^′ ⊆ I^{′′} and ι_{I,I} = id_{AI} as follows. With I^′ = {x^′_i, . . . , x^′_f } such that x^′_i ≤ x_i and x_f ≤ x^′_f and for a graph A ∈ A_I (and extended by linearity to all of A_I ) we let

ι_I′_{,I} (A) = ´` ıȷ A x^′_i xf x_i x^′_f . . . . . . . . . . . . (3.31)

i.e. ι_I′_{,I} (A) is A with x_i − x^′_i vertical lines with colour 1/2 added to the left and x^′_f − x_f vertical lines with colour 1/2 added to the right. If we denote the corresponding maps on the observable algebras by the same letter, then in particular the maps ι_I′_{,I} are isometric, when the algebras A_I are viewed as C^∗-algebras (see e.g. [7], prop. II.4). With this construction we have that A_{I1} and A_{I2} commute whenever I_1 and I_2 are disjoint in the sense that ι_I′_{,I1} (A_{I1} ) and ι_I′_{,I2} (A_{I2} ) are commuting subalgebras of A_I′ for any I^′ ⊃ I_1 ∪ I_2. For graphs A_1 ∈ A_{I1} and A_2 ∈ A_{I2} this is written pictorially as (I_1 to the left of I_2)

. . .ff� � A_1

. . . ff� �

A_2 . . . = . . .ff� � A_1 . . . ff� �

A_2

. . . (3.32)

For later purposes we will rewrite the construction (3.31) in another way. Write I^′ = I^′_ℓ ∪ I ∪ I^′_r with I^′_ℓ = {x^′_i, . . . , x_i − 1}, I^′_r = {x_f + 1, . . . , x^′_f }. Then we write (3.31) as

ι_I′_{,I} (A) = 1_I′_ℓ ◯ A ◯ 1_I′_r (3.33)

and more generally we introduce a multiplication ◯ : A_{I1} × A_{I2} → A_{I1 ∪I2} , with I_1 and I_2 forming neighboring intervals, on graphs A_i ∈ A_{Ii} (i = 1, 2) and extending bilinearly as

A_1 ◯ A_2 = ´` ıȷ

A_1 . . . . . .´ ` ıȷ^{A2}_{. . .}^{. . . . (3.34)}

This operation ” ◯ ” replaces the tensor product of operators and is compatible with the corresponding operation on the vector spaces V_I . In fact by the Wigner-Eckhart theorem we have ⟨a^′_1 ◯ a^′_2|A_1 ◯ A_2|a_1 ◯ a_2⟩ = δ_a′_{x1f ,ax1f} ⟨a^′_1|A_1|a_1⟩⟨a^′_2|A_2|a_2⟩ (3.35)

for |a_i⟩, |a^′_i⟩ ∈ V_{Ii} (i = 1, 2), generalizing eq. (3.12). Obviously the product ◯ is associative, compatible with the ∗-operation and

(A_1B_1) ◯ (A_2B_2) = (A_1 ◯ A_2)(B_1 ◯ B_2) (3.36)

holds for A_1, B_1 ∈ A_{I1} and A_2, B_2 ∈ A_{I2} .

We also note there is a trace tr_I on A_I, given on graphs by

tr_I : ´` ıȷ A . . . . . . → tr_I (A) = 1 w^{2|I|}_{1/2} ´` ıȷ A `ȷ ´ı & % ’ $ . . . . . . = 1 w^{2|I|}_{1/2} ´` ıȷ Àȷ ´ı & % ’ $ . . . . . . (3.37) with tr_I (1_I ) = 1. Note that the second relation in eq. (3.37) follows from the homotopy invariance of the partition functions of such coloured graphs on S^2. More explicitly

tr_I (A) = 1 w^2w^{2|I|}_{1/2} ∑ a w^2_{axi−1} w^2_{axf} ⟨a|A|a⟩ , A ∈ A_I. (3.38)

This trace is faithful, i.e. the quadratic form defined by the trace via (A, B) =tr_I (AB) (A, B ∈ A_I ) is non degenerate. This follows easily from eq. (3.23) and the fact that

tr_I (e^{I,r}_b′_{,b}) = w^2_{bxf} w^{2|I|}_{1/2} δ_b′_b . (3.39)

Note that by eq. (2.6) and the fusion rules w^2_{axi−1} w^2_{axf} /w^{2|I|}_{1/2} > 0. Therefore we have that tr_I (A) ≥ 0 for A ≥ 0 with strict inequality if A ≠ 0 since tr_I (·) is faithful.

Note that we have compatibility of these local traces in the form

tr_I′ (ι_I′_{,I} (A)) = tr_I (A) (3.40)

for all A ∈ A_I and I ⊆ I^′.

Motivated by the concept of superselection sectors in algebraic quantum field theory we turn to a construction of certain local endomorphisms. They will be denoted by ρ_x (x ∈ Z) and will be maps from A_I into A~_I with Ĩ = I ∪ {x_f + 1}. The construction of ρ_x goes as follows. If x ∉ I we set ρ_x(A) = A ◯ 1_{{xf +1}} = ι~_{I,I} (A). If x ∈ I we define ρ_x on graphs A ∈ A_I (and extend by linearity to all of A_I ) by

ρ_x œæ ß̧_A^{xi xf}_{. . .}^{. . .}_= œæ ß̧_A^{xi x xf + 1} fi # ” fl_{. . . . . .}. . . . . ._= œ æ ß̧^{Axi x xf + 1}ffl ! ffi_{. . . . . .}. . . . . ._{. (3.41)} Note that if x = x_f + 1 then ρ_x(A) = A ◯ 1_{{x}} . Obviously the first relation in (2.11) implies

ρ_x(1_I ) = 1~_I and ρ_x(AB) = ρ_x(A)ρ_x(B). (3.42)

Also one has ρ_x(A^∗) = ρ_x(A)^∗ (3.43) such that ρ_x is a ∗-homomorphism. The map ρ_x has a left inverse ϕ_x : A~_I → A_I given by a partial trace in the form

ϕ_x œæ ß̧_B^{xi xf + 1}_{. . .}^{. . .}_{= 1w21/2} œæ ß̧_B^{xi x xf} � # ” �_{. . . . . .}. . . . . ._{(3.44)} on graphs B ∈ A~_I . Indeed, it follows directly from eqs. (2.2) and (2.11) that ϕ_x(ρ_x(A)) = A for all A ∈ A_I . Since ϕ_x is a left inverse or ρ_x the operator E_x = ρ_x ∘ ϕ_x : A~_I → A~_I defines a conditional expectation on each A~_I with range ρ_x(A_I). More precisely on graphs A ∈ A~_I E_x(A) takes the form

E_x œæ ß̧_A^{xi xf + 1}_{. . .}^{. . .}_{= 1w21/2} œæ ß̧_A^{xi x xf + 1} ¸� # ” ’ & �ß . . . . . .

. . . . . .

(3.45)

and it fulfills for A, C ∈ ρ_x(A_I ) and B ∈ A~_I

E_x(ABC) = AE_x(B)C . (3.46)

E_x is compatible with the trace tr~_I in the sense that

tr~_I (E_x(A)) = tr~_I (A) (3.47)

holds for all A ∈ A~_I .

Again by the braiding relations (2.11) for any graph A ∈ A_I and x ∈ I we also have

ρ_x(A) = (r^Ĩ_{x,[x+1,xf ]})^{−1} ι~_{I,I} (A) r^Ĩ_{x,[x+1,xf ]} = (r^Ĩ_{x,[x+1,xf ]})^{−1} (A ◯ 1_{{xf +1}}) r^Ĩ_{x,[x+1,xf ]} (3.48)

with r^Ĩ_{x,[x+1,xf ]} = { r^Ĩ_xr^Ĩ_{x+1} · · · r^Ĩ_{xf} if x_i ≤ x < x_f 1~_I if x = x_f + 1

(3.49)

such that r^Ĩ_{x,[x+1,xf ]} ∈ B_{|I|} ⊂ A~_I is unitary for x ∈ I.

Theorem 3.11 For all I with |I| ≥ r − 2 and all x ∈ Zthe Jones index of the inclusion ρ_x(A_I ) ⊂ A~_I of finite dimensional C^∗-algebras satisfies [ A~_I : ρ_x(A_I ) ] = [ A~_I : ι~_{I,I} (A_I) ] = w^4_{1/2} = d^2_q(^1_2 ). (3.50)

Also tr~_I is a Markov trace for this inclusion.

Proof: The first equality follows from the general theory of the Jones index for multimatrix algebras, since by (3.48) and (3.49) ρ_x(A_I ) and A_I ◯ 1_{{xf +1}} are related by an inner automorphism in A~_I. We present two proofs of the second equality.

a) We determine the inclusion matrix and consider the projectors (3.25)

p^I_j = ∑ b bxf =j e^I_r(b, b)

which are either zero or minimal central idempotents of A_I such that the A_{I,j} = p^I_j A_I are either zero or full matrix algebras for all j ∈ I. If |I| ≥ r − 2 then for all j ∈ I they are nonvanishing exactly when 2j + |I| is even. This follows easily from the fusion rules. Furthermore by eq. (2.12)

e^{I,r}_b′_b ◯ 1_{{xf +1}} = x_f∏ x=x_i+1 w_b′_x w_{bx} . . .

. . . b b^′

= x_f∏ x=x_i+1 w_b′_x w_{bx} ∑ b̃x f +1 N^{1/2}_{bxf b̃xf +1} w^2_{b̃xf} . . .

. . . b̃ b̃^′

= ∑ b̃x f +1 N^{1/2}_{bxf b̃xf +1} e^{Ĩ,r}_{b̃,b̃}′ (3.51)

with b̃ = (b_{xi+1}, . . . , b_{xf−1} , b_{xf} , b̃_{xf +1}) b̃^′ = (b^′_{xi+1}, . . . , b^′_{xf−1} , b^′_{xf} , b̃_{xf +1}). Since the minimal central idempotents of A_I ◯ 1_{{xf +1}} are the q^Ĩ_j = p^I_j ◯ 1_{{xf +1}}, (with j as above) relation (3.51) shows that the inclusion matrix λ for the pair A_I ◯ 1_{{xf +1}} ⊂ A~_I is given by (j, j̃ ∈ I, 2j + |I| even and 2j̃ + |I| odd)

λ~_{jj} = N^{12}_{j̃j} . (3.52)

In fact both algebras q^Ĩ_j p^Ĩ_{j̃} (A_I ◯ 1_{{xf +1}})q^Ĩ_j p^Ĩ_{j̃} and q^Ĩ_j p^Ĩ_{j̃} A~_I q^Ĩ_j p^Ĩ_{j̃} are equal and spanned by the elements e^{Ĩ,r}_{b̃}′_{b̃} with b_{xf} = j = b^′_{xf} and b̃_{xf +1} = j̃ = b̃^′_{xf +1} when N^{12}_{j̃,j} = 1. By rearranging the indices such that the integer indices come first and the halfinteger indices next when |I| is odd (and vice versa if |I| is even), we have N^12 = ( 0 λ λ^t 0 ) . Now the index of the inclusion equals ‖λ‖^2 = ‖λ^t‖^2 = ‖N^12 ‖^2 (see [7], prop. 1.2.4) and the claim follows since

‖N^12 ‖ = |w^21_2 |. In fact in e.g. [9] it was shown that |w^2_a| is the largest eigenvalue with eigenvector {(−1)^{2c}w^2_c }_{c∈I} for the fusion matrix N^a (compare eq. (2.10)).

b) For the second proof we introduce a quasi basis (see e.g. [19]). We recall that in the context of C^∗-algebras a quasibasis serves to introduce the notion of an index. In the context of type II_1 von Neumann algebras the analogue is the so called Pimsner-Popa basis [20] (see e.g. [7]). Therefore this proof will become important in Section 7 where we perform the thermodynamic limit I → Z. First we construct a quasi basis for the map E_x : A~_I → A~_I when x = x_f + 1 (and |I| ≥ r − 2). We define

v^Ĩ_{xf +1}(b^′_{xf} , b) = w_{1/2}w_b′_{xf} e^{Ĩ,r}_b′_b (3.53)

with a suitable but fixed b^′ satisfying the fusion rule ∏x_f x=x_i+1 N 1/2 b^′_xb^′_{x+1} = 1. Then for any

b satisfying a similar fusion rule and any b_{xf +1} = b^′_{xf +1} with |Ĩ| + 2b_{xf} even we have v^Ĩ_{xf +1}(b^′_{xf} , b) ≠ 0. Now for any graph A ∈ A~_I the following equality holds ∑ b^′_{xf} ,b (−1)^{|I|}(v^Ĩ_{xf +1}(b^′_{xf} , b))^∗ E_x ( v^Ĩ_{xf +1}(b^′_{xf} , b) A ) = A (3.54)

which follows from the graphical representation of its left hand side using eqs. (3.23) and (3.45) and the fact that w_{1/2}w_b′_{xf} equals its complex conjugate times (−1)^{|I|}

∑ b,b^′_{xf} w^2_b′ w^2_b w^2_b′_{xf}

. . .fflffi fifl A ffl fi fl ffi ffifl fi fl fflfi. . .^{. . .}ˇ ˘ ˇ ˘ x_i xf x_f +1 b b^′ b^′ b

= ∑ b,b^′_{xf} w^2_b w^2_b′_{xf}

. . .fflffi fifl A ffl fi fl ffi ffifl fi fl fflfi^{. . .} ˘ ˇ fi ffl ffi fl x_i xf x_f +1 b b_{xf +1} b^′_{xf} b_{xf +1} b

= ∑ b w^2_b . . . fflffi fifl_A^{. . .} ˇ ˘ x_i xf x_f +1 b b .

(3.55) The relations (2.10) and (2.12) imply the first equality and the second one after summation over b^′_{xf} (see also (3.24)). Finally, we may sum over all b by using again (2.12) to obtain eq. (3.54) for all graphs A in A~_I and hence by linearity for all A ∈ A~_I . Thus the v^Ĩ_{xf +1}(b^′_{xf} , b) and their adjoints (modulo a sign) form a quasibasis. On the other hand an easy calculation using again eqs. (2.10)and (3.24) shows that ∑ b^′_{xf} ,b (−1)^{|I|}(v^Ĩ_{xf +1}(b^′_{xf} , b))^∗v^Ĩ_{xf +1}(b^′_{xf} , b) = w^4_{1/2} 1~_I . (3.56)

To cover the general case x_i < x ≤ x_f we set (see eq. (3.49))

v^Ĩ_x(b^′_{xf} , b) = (r^Ĩ_{x,[x+1,xf]})^{−1} v^Ĩ_{xf +1}(b^′_{xf} , b) r^Ĩ_{x,[x+1,xf ]} (3.57)

Then again these elements and their adjoints (modulo a sign) form a quasibasis with a relation analogous to eq. (3.56). It remains to prove that tr~_I is a Markov trace w.r.t. this inclusion. Let A~_{I,x} be the algebra obtained from the fundamental construction, i.e. the algebra of endomorphisms of A~_I, viewed as a right ρ_x(A_I ) module. Then A~_{I,x} is spanned linearly by elements of the form A_1E_xA_2 where A_1 and A_2 are graphs in A~_I , which we may give the graphical representation in the form (see (3.45))

A_1E_xA_2(A_3) = A_1E_x(A_2A_3) = ... ... ... ...ff� ø Æ ıȷff� �_{A2A3}... ...^{... ...}ff�ff� �^{A1... ...}_{. (3.58)} Jones’ fundamental construction and the Markov trace may be demonstrated in the context of this section very nicely. For simplicity we take again x = x_f + 1 and write A_I = N, A~_I = M, A~_{I,x} = A~_I = L, i.e. N, M and L are algebras of observables on lattices of |I|, |I| + 1 and |I| + 2 sites, respectively. Then N ⊂ M ⊂ L yields Jones’ fundamental construction, i.e. the first step of a Jones tower. The construction L ∼= End^r_N (M) ∼= M ⊗_N M considered as a right N-module may be depicted as

L(MN) = L(M)N =

. . .fflffi fifl N . . .fflffi fifl M . . . � � ˇ ˘ fflffi_L. . ._{−→} . . .fflffi fifl N . . .fflffi fifl M . . . � fflffi fifl_L. . ._{(3.59)}

The conditional expectation E = E_x is expressed by the Jones projector e = 1 d . . . � ∈ L, (d = w2_{1/2}) (3.60)

for A ∈ M by

E(A)e = eE(A) = eAe = 1 d^2 . . . � fflffi fifl_A^{. . .} �_{. (3.61)}

The trace tr_I defined by eq. (3.37) for any I gives the traces tr^N , tr^M and tr^L on N, M and L, respectively. This yields a Markov trace of modulus [M : N] = d^2 for the inclusion N ⊂ M, since for A ∈ M

tr^L(A) = tr^M (A) d^2tr^L(eA) = tr^M (A).

(3.62)

The first equation follows from eq. (3.40) the second one is obvious from

d^2tr^L(eA) = d^2d^{−|I|−2}d^{−1} ffifl

Œ Æ^{. . .} �¯˘ fflffi fifl_Afflfi ’$_{. . .} �˚ˇ_{= d−|I|−1} ffiflŒ Æ. . . ffiflfflffi fifl^A fflfiØ ø. . . fflfi_{= trM (A) (3.63)}

For the quasi basis v_n = v^Ĩ_{xf +1}(b^′_{xf} , b) of eq. (3.53) the relations (3.54) and (3.56) ∑ n u_nev_n = 1^L and ∑ n u_nv_n = d^21^M with u_n = (−1)^{|I|}v^∗_n may be depicted as

∑ n 1 d . . .fflffi fifl v_n . . . � fflffi fifl_{un}. . ._{= . . . = 1L , ∑n} . . .fflffi fifl v_n . . .fflffi fifl u_n . . . = . . . = d^21^M . (3.64)

We may even continue Jones’ construction one step further N ⊂ M ⊂ L ⊂ K and introduce the Jones projector e^′ for the inclusion M ⊂ L. The Temperly-Lieb algebra property is easily seen from

ee^′e =^{...} � =^{...} � = e , e^′ee^′ =^{...} � =^{...} � = e^′ (3.65)

Remark 3.12 If |I| < r − 2 the inclusion matrix is again given by N^{12}_{j̃j}. Now however (in addition to the above restrictions on j and j̃) j ∈ I is restricted by 0 ≤ 2j ≤ 2|I| and j̃ by 0 ≤ 2j̃ ≤ Min (2|I| + 2, r − 2) whenever |I| > 1. If |I| = 1, then as an additional restriction the value j = 0 is excluded, such that j can only take the value 1/2. Thus for small |I| the index is not w^4_{1/2}. In particular for |I| = 1 the index is 2.

4 The local field algebra

In this section we will construct local field algebras. For this purpose we will extend and thus generalize the concept of local observables as discussed in the previous section. We will be guided by the concept of superselection sectors in algebraic quantum field theory. Indeed, the idea is to introduce structures at infinity. In the present context of the onedimensional lattice Zwe will choose the left infinity −∞, the construction for +∞ being analogous. Moreover, in the next section we will introduce structures at both infinities simultaneously.

Note that if V_I (k) and V_I (k^−, k^+) denotes the linear space spanned by all |a⟩ with fixed a_{xi−1} = k and a_{xi−1} = k^− , a_{xf} = k^+, respectively such that

V_I = ⨁ k∈I V_I (k) = ⨁ k^−,k^+∈I V_I (k^−, k^+) (4.1)

then the endomorphism associated to a graph A by eq. (3.18) leaves each V_I (k) and V_I (k^−, k^+) invariant. We denote these element of End(V_I (k)) and End(V_I (k^−, k^+)) by A(k) and A(k^−, k^+)), respectively, and depict them as

A(k) = œæ ß̧ A . . .

. . . k , A(k^−, k^+) = œæ ß̧A . . .

. . . k^− k^+ (4.2)

with k, k^− and k^+ fixed. Here the rule (3.18) has to be used for defining matrix elements of the corresponding graphs. In particular we have A = ∑ k A(k) = ∑ k^−,k^+ A(k^−, k^+) (4.3)

with A(k)A(k^′) = 0 for k ≠ k^′ and A(k^−, k^+)A(k^{−′}, k^{+′}) = 0 for (k^−, k^+) ≠ (k^{−′}, k^{+′}).

Example 4.1 The projectors onto the spaces V_I (k) and V_I (k^−, k^+) are depicted by

1_I (k) = . . .

k , 1_I (k^−, k^+) = . . .k^− k^+ . (4.4)

By definition these endomorphims A(k) and A(k^−, k^+) fulfil A(k)|a⟩ = 0 if k ≠ a_{xi−1} and A(k^−, k^+)|a⟩ = 0 if (k^−, k^+) ≠ (a_{xi−1}, a_{xf} ), respectively. Moreover the algebras A_I (k) and A_I (k^−, k^+) defined as the linear hulls of all these endomorphisms yield ∗-representations π_I (k) and π_I(k^−, k^+) of A_I (or B_I). For later convenience we also introduce the algebra

Â_I = ⨁ k A_I (k) = ⨁ k π_I(k)(A_I ) . (4.5)

Note that 1_I (k) are the unit operators in A_I(k) and that 1_I = ∑ k 1_I (k).

If we combine this decomposition with that of A_I given by (3.26) we obtain the minimal projectors

p^I_j (k) = 1_I (k)p^I_j = ∑ b bxf =j

x_f∏ x=x_i+1 w^2_{bx} . . . . . . b b j k . (4.6)

Lemma 4.2 The decomposition of the vector space V_I

V_I = ⨁ k,j V_{I,j}(k) , where V_{I,j}(k) = p^I_j (k)V_I = p^I_j V_I (k) (4.7)

is invariant and irreducible under the action of the observable algebra Â_I. The corresponding decomposition of the algebra is Â_I = ⨁ k,j A_{I,j}(k) , where A_{I,j}(k) = p^I_j (k)A_I = p^I_j A_I (k). (4.8)

The algebras A_{I,j}(k) are ∗-subalgebra of Â_I , all of whose elements leave each V_{I,j} (k) (k, j ∈ I) invariant. (In fact they are zero on V_{I,j}′ (k^′) with (k, j) ≠ (k^′, j^′).) Moreover, the A_{I,j}(k) yield ∗-representations of the braid group algebra B_I and also of the local algebra of observables A_I . (By a similar construction as above the algebras A_{I,j}(k^−, k^+) = 1_I (k^−, k^+)p^I_j A_I can be obtained using the projectors 1_I (k^−, k^+).)

Since we view each A_{I,j}(k) as a subalgebra of End(V_{I,j} (k)), we indeed have an interpretation of A_{I,j}(k) as a representation of A_I in the “sector” where the charge at minus infinity is k and the charge on the lattice I is j. These structures reflect some of the basic ideas of the theory of superselection sectors in algebraic quantum field theory [11]. However, the situation in the path space formulation here is somewhat different from that in the tensor formulation which is usually used in this context. The quantum number j corresponds to the superselection charge, whereas the quantum number k is the analogue of the “magnetic” quantum number which counts the multiplicities. In the following we investigate this structure in detail and introduce fields which change these quantum numbers.

Let now ψ(k_r, k_s) be a planar graph with 2|I| + 2 external legs, half of them pointing upwards and downwards respectively. All external legs are supposed to carry the colour 1/2 except the two left ones, whose colours will be denoted by k_s and k_r respectively. k_s will be called the source colour of ψ(k_r, k_s) and k_r the range colour:

ψ(k_r, k_s) = √ w_{kr} w_{ks} œæ ß̧ ψ . . .

. . .

x_i xf x_i xf

k_s k_r (4.9)

To each such graph ψ(k_r, k_s) we first associate a linear map from V_{I,ks} into V_{I,kr} also denoted by ψ(k_r, k_s), whose matrix elements w.r.t. to the basis |a⟩ are given by

⟨a^′|ψ(k_r, k_s)|a⟩ = w_aw_a′ √ w_{kr} w_{ks} ’& $% ψ . . .

. . .

a_{xi−1} a_{xi} . . . a_{xf −1} a^{xf} a^′_{xi−1} a^{′x}i . . . a^{′x}f^{−1} a′_{xf}

k_s k_r ’ & $ %^{(4.10)}

where k_r = a^′_{xi−1}, k_s = a_{xi−1}, a_{xf} = a^′_{xf} and w_a = ∏x_{f −1} x=x_i wax . We extend ψ(kr, ks) to

a linear map from V_I into V_I , again denoted by ψ(k_r, k_s), by setting ψ(k_r, k_s) equal to zero on all V_I (k) with k ≠ k_s. Let F_I denote the linear hull in End(V_I ) of all linear transformations obtained in this way.

Lemma 4.3 The field algebra F_I is a C^∗-algebra.

Proof: Consider two graphs ψ^1(k^1_r , k^1_s ) and ψ^2(k^2_r , k^2_s ) with sources and ranges k^1_s , k^1_r and k^2_s , k^2_r respectively. It suffices to consider the case k^2_r = k^1_s since otherwise ψ^1(k^1_r , k^1_s )ψ^2(k^2_r , k^2_s ) = 0. In analogy to the discussion in section 3 it follows easily from the Wigner-Eckart theorem that we have the correspondence

ψ^1(k^1_r , k^1_s ) ψ^2(k^2_r , k^2_s ) = δ_k1_{sk}2_r √ w_k1_r w_k2_s w_k1_s œ

æ ß̧^{ψ2}_{. . .}^{. . .}_k2_s^{k1s} œæ ß̧_{ψ1}^{. . .}k^1r_{(4.11)}

such that indeed F_I is an algebra. Analogously the ∗-operation is given on graphs as in section 3 by mirroring along a horizontal axis with the same rules at 4-vertices as in (3.29). In particular the source and range of ( ψ(k_r, k_s) )_∗ are k_r and k_s respectively, concluding the proof of the lemma.

Example 4.4 Graphs in F_I of the form

ψ_j(k_r, k_s) = √ w_{kr} w_{ks} œæ ß̧ ψ . . .

. . . j k_s k_r (4.12) will be called field operators. Note that ψ_j(k_r, k_s) vanishes unless j is an integer. Using (2.13), it is easy to see that the linear hull of such operators is F_I . In particular for x ∈ I we set

ψ_j(k_r, k_s)(x) = √ w_{kr} w_{ks} . . . x . . . j k_s k_r (4.13)

We will discuss the commutation relations for these operators in the next section.

The map tr_I : F_I → C

tr_I : œæ ß̧ ψ . . .

. . .

k_s k_r → (−1)^{2ks} δ_{krks} β^{1/2}(w_{1/2})^{2|I|} œæ ß̧ ψ . . .

. . . ffi fl ffl fi æ ß œ¸ ´ ` ı ȷ^{ks (4.14)}

with β^{1/2} = ∑ k d_q(k) = ∑ k |w^2_k| defines a trace, which again is easily seen to be faithful and which extends the trace on A. Cyclicity is easy to see from (4.11) and the fact that (−1)^{2ks} = (−1)^{2kr} holds by the fusion rules. Also for any ψ ∈ F_I one has

tr_I (ψ) = 1 β^{1/2}w^{2|I|}_{1/2} ∑ a (−1)^{2axi−1} w^2_{axf} ⟨a|ψ|a⟩ . (4.15)

Note that again by the fusion rules (−1)^{2ax}i^{−1} w^2_{axf} w^{−2|I|}_{1/2} > 0. In particular tr_I is positive on positive elements ψ ∈ F_I since the trace is nondegenerate. Also (see (4.4))

tr_I (1_I (k)) = d_q(k) β^{1/2} . (4.16)

Now the linear map E_I : F_I → A_I ⊂ F_I defined on graphs in F_I by

E_I : œæ ß̧ ψ . . .

. . .

k_s k_r → (−1)^{2ks} δ_{krks} β^{1/2} ∑ k œæ ß̧_{ψ. . .}. . .´ ` ı ȷ^{ksk (4.17)}

and extended by linearity to all of F_I is obviously a conditional expectation with range A_I . Also E_I is compatible with the trace in the sense that tr_I (E_I (ψ)) =tr_I(ψ).

Theorem 4.5 Let |I| ≥ r − 2. Then the Jones index of the inclusion Â_I ⊂ F_I is given by [F_I : Â_I ] = ∑ j ′ w^4_j = ∑ j ′ d^2_q(j) = 1 2 w^2 , (4.18) where w^2 was defined in (2.14) and ∑_′ denotes the restriction that |I| + 2j has to be even.

The Jones index of the inclusion A_I ⊂ F_I is given by

[F_I : A_I ] = ( ∑ k (−1)^{2k}w^2_k

)_2 = ( ∑ k d_q(k) )_2

= β. (4.19)

Note that w^2_j is (up to (−1)^{2j}) the q-version of the dimension of the irreducible representation of SL_q(2, C ) labelled by a such that w^2 is the q-analogue of the order of a finite group. Hence apart from the factor 1/2 relation (4.18) is what one would expect.

Indeed the observable algebra is the quantum symmetry invariant subalgebra of the field algebra (see the discussion in section 6). The analogue in mathematics is well known to be provided by Galois theory. Note that the factor 1/2 reflects the fact that the fields defined by eq. (4.9) do not connect integer and half-integer representations. For an extended field algebra containing also such fields (which map between lattices of different size) the factor 1/2 in eq. (4.18) is absent.

Proof: To prove (4.18) we proceed as follows. The minimal central idempotents of F_I are obviously of the form

P^I_l = w^2_l ∑ k,b x_f −2∏ x=x_i−1 w^2_{bx} b . . .

. . . b l k k (4.20)

indexed by l ∈ I. Here b = (b_{xi−1}, . . . , b_{xf} ). Since |I| ≥ r−2, these P^I_l are all nonvanishing.

The minimal central idempotents of Â_I are of the form

q^I_{kj} = w^2_j ∑ b x_f −2∏ x=x_i w^2_{bx b} . . .

. . . b k j = w^2_j ∑ l,b w^2_l x_f −2∏ x=x_i w^2_{bx b} . . .

. . . b j j l k k (4.21)

indexed by k and j. These q^I_{kj} are nonzero exactly when 2j + |I| is even. Therefore the algebras P^I_l q^I_{kj}F_I P^I_l q^I_{kj} and P^I_l q^I_{kj}Â_I P^I_l q^I_{kj} are both equal and spanned by the elements

b j . . .

. . . b^′ j l k k . (4.22)

Thus the inclusion matrix λ is again given in terms of the fusion matrix in the form

λ_{l,(kj)} = N^j_{lk} and (λλ^t)_{l,l}′ = ∑ j∈I ′ (N^j N^j)_{l,l}′ (4.23) where ∑_′ refers to the above restriction on j. Now the theorem follows from e.g. Corollary 4.4 in [9]. Since the largest eigenvalue of the matrix N^jN^j is w^4_j and since the matrices N^j N^j for different j all commute, the norm ||λλ^t|| is equal to ∑_′ j w^4_j . Now it is easy to see (c.f. e.g. [9]) that ∑_′ j w^4_j = 1/2 ∑ j w^4_j and hence the claim (4.18) follows from (2.14).

To prove (4.19) we construct a quasibasis as follows. Fix an interval I with |I| ≥ r −2. We set v_I (b, l, k, j) = β^{1/4}w_b′ w_bw_lw^2_{j b} . . .

. . . b^′ j l k_s k_r

. (4.24)

Here b = (b_{xi−1}, . . . , b_{xf} ), k = (k_r, k_s), l and j may vary. Also, for given b, k, l and j satisfying the usual fusion rules, b^′ = (b^′_{xi} , . . . , b^′_{xf} ) is a fixed path chosen such that the corresponding fusion rules are satisfied making v_I (b, l, k, j) ≠ 0. Then for any graph ψ(k) ∈ F_I with source k_s and range k_r using (4.17) and the fact that by the fusion rules and eq. (2.6) the factor in eq. (4.24) equals its conjugate complex times (−1)^{2l+2kr} = (−1)^{2j} we have ∑ b,l,k^′,j (−1)^{2j}v^∗_I (b, l, k^′, j) E_I ( v_I(b, l, k^′, j) ψ(k) ) = ψ(k) (4.25)

which can be seen from the graphical representation

∑ b,l,j,k^′,k N_1δ_{krk}′_s δ_{ksk}′_r δ_k′_{rk}

. . .fflffi fifl ψ

. . .

. . .

fi ffl ffi flff � � �_{xi xf} b b^′ b^′ b

k ks kr k^′_s k^′_r k^′_r k^′_s

l l

j j

= ∑ b,l,j N_2

. . .fflffi fifl ψ

. . .

fi ffl ffi flfiflff � � �_{xi xf} b b

ks ks kr ks ks kr

l l j = ∑ b,l N_3

. . .fflffi fifl ψ

. . .

x_i xf b b

ks kr kr l .

(4.26) Here the normalization factors are N_1 = w^2_b′ w^4_j w^2_l w^2_b , N_2 = w^2_j w^2_l w^2_b and N_3 = w^2_l w^2_b . Hence by the completeness relation eq. (4.25) holds for all graphs ψ(k) ∈ F_I and therefore by linearity for all ψ(k) ∈ F_I. Thus the v_I(b, l, k^′, j) and their adjoints (modulo a sign) form a quasibasis for the conditional expectation E_I : F_I → Â_I . The corresponding index follows from the calculation ∑ b,l,k,j (−1)^{2j}v^∗_I (b, l, k, j) v_I (b, l, k, j) = β 1_I (4.27) which again can be seen from the graphical representation

β^{1/2} ∑ b,l,j,k (−1)^{2kr} w^2_b′ w^4_j w^2_l w^2_b . . .

. . .

. . .

b b^′ b^′ b

ks kr kr ks

l l

j j = β^{1/2} ∑ kr (−1)^{2kr} w^2_{kr} ∑ b,l,ks w^2_l w^2_b . . . . . . b b ks ks l = β 1_I .

(4.28) Here the last equality follows from the completeness relation (2.12) and arguments used in the proof of Theorem 3.11.

Remark 4.6 By the first proof we have also established the relation

[F_I : π_{I,k}(A_I ) = A_I (k)] = w^4_k. (4.29)

It is easy to check that tr_I is not a Markov trace w.r.t. the inclusion Â_I ⊂ F_I.

Remark 4.7 The fields ψ_j(k_r, k_s) ∈ F_I introduced above are similar but not to be confused with the fields usually called projected fields, vertex fields or exchange fields. The later are of the form

p^I_{jr} ψ_jp^I_{js} = ∑ b^′b w^2_b′ w^2_b ´` ıȷ ψ

. . . . . . . . . . . .

j

js jr

b b b^′ b^′

(4.30)

where j_s and j_r denote the total spin (charge) of the states in the corresponding Hilbert spaces. Our fields ψ_j(k_r, k_s) are analogues of tensor fields ψ_j(m) (m = magnetic quantum number associated to the spin j) in the sense that in the path space picture k_r and k_s replace m.

⟨a^′|ψ_j(k_r, k_s)|a⟩ = ´` ıȷψ . . . . . .’ & $ % a a j ks kr versus ⟨m^′|ψ_j(m)|m⟩ = ´` ıȷψ . . . . . . j

mx_i mx_f m^′_{xi} m^′_{xf} m (4.31)

with the graphical representation in the tensor picture for ψ_j(m). The spins (charges)k_s and k_r at −∞ are not necessarily equal to the j_s and j_r of eq. (4.30) since there is also a charge at +∞.

5 Generalized fields

As announced in the previous section, we will work in the context of sectors defined by colours at −∞ and +∞.

Analogously to section 4, let V_I (k^−, k^+) ⊆ V_I , k^−, k^+ ∈ I (see eq. (4.1)) be the linear space spanned by all symbols |a⟩ with a = (k^− = a_{ai−1}, . . . , a_{xf} = k^+) such that the fusion rules N^{1/2}_{axax+1} = 1 (x_i − 1 ≤ x < x_f ) hold. Again the case I = ϕ is allowed. By construction V_I is the direct sum of all V_I (k^−, k^+)

V_I = ⨁ k^+,k^−∈I V_I (k^−, k^+). (5.1)

Let now M be a planar graph with 2|I| + 4 external legs, half of them pointing upwards and half of them pointing downwards. The four corner legs have the colours k^−_s , k^+_s , k^−_r , k^+_r respectively, all other 2|I| legs having colour 1/2:

M(k^−_r , k^−_s ; k^+_r , k^+_s ) = √w_k−_r w_k−_s w_k+_r w_k+_s œæ ß̧ M . . .

. . .

k^−_s k^−_r

k^+_s k^+_r

. (5.2)

To such a graph we associate a linear map from V_I (k^−_s , k^+_s ) into V_I (k^−_r , k^+_r ) whose matrix elements w.r.t. to the basis |a⟩ is given by

⟨a^′|M(k^−_r , k^−_s ; k^+_r , k^+_s )|a⟩ = w_aw_a′ √w_k−_r w_k−_s w_k+_r w_k+_s ’& $% M . . .

. . .

a_{xi−1} a_{xi} . . . a_{xf −1} ax_f a^′_{xi−1} a^′_{xi} . . . a^′_{xf −1} a′_{xf}

k^−_s k^−_r

k^+_s k^+_r ’ & $ %^{, (5.3)}

where k^−_r = a^′_{xi−1}, k^−_s = a_{xi−1}, k^+_r = a^′_{xf} , k^+_s = a_{xf} . We extend this to a linear map from V_I into itself by setting it to zero on each V_I (k^−, k^+) with (k^−, k^+) ≠ (k^−_s , k^+_s ). The linear hull of all such linear transformations form a ∗-algebra, denoted by F̃_I and contained in EndV_I .

With these generalizations of the discussion in section 4, we are now prepared to introduce new concepts. These concepts are path space formulations of what is called the concept of auxiliary spaces by the St.Petersburg school used in the context of the quantum inverse problem [14]. This will put us into a position to associate algebraic objects called generalized fields to planar graphs which also have several horizontal lines, i.e. which are of the form

X = ’ & $ %^X. . .^{. . .. . (5.4)}

For these objects we will extend the notion of the path tensor product ◯ . Having given an algebraic meaning to such objects, we will be able to discuss the concept of quantum group symmetry and to construct concrete models like the RSOS model in the path space picture.

To motivate our procedure we start with coloured graphs of the form

X_j′_{,j} = œæ ß̧ X . . .

. . . j^′ j (5.5)

having two horizontal lines, one with colour j^′ pointing to the left and one with colour j pointing to the right. Again in addition there are |I| lines with colours 1/2 pointing upward and downward respectively.

By definition the object (5.5) associates to each quadruple (k^−, k^+) = (k^−_r , k^−_s , k^+_r , k^+_s ) the element in F̃_I given by the graph

X_j′_j(k^−, k^+) = √w_k−_r w_k−_s w_k+_r w_k+_s œæ ß̧X . . .

. . . j^′ j k^−_s k^−_r

k^+_s k^+_r

. (5.6)

We now generalize to graphs with |I| vertical lines with colours 1/2 pointing upward and downward respectively. In addition there are m horizontal lines pointing to the left with colours j^′ = (j^′_1, . . . , j^′_m) and n horizontal lines pointing to the right with colours j = (j_1, . . . , j_n)

X_j′_j = ’ & $ %^X_{. . .} . . .

j^′_m . . j^′_1

j_n . . j_1

. (5.7)

The case I = ϕ is allowed. To each such graph and to each m + n + 2-tuple (k^′, k)

k^′ = (k^′_0 = k^−_r , k^′_1, . . . , k^′_m = k^−_s ) k = (k_0 = k^+_r , k_1, . . . , k_n = k^+_s ) we associate the element in F̃_I given by

X_j′_j(k^′, k) = w̃_k′w̃_k ’ & $ %^X_{. . .} . . .

j^′_m . . j^′_1

j_n . . j_1

k^′ k (5.8)

where we have introduced the normalization factors

w̃_k′ = √w_k′_0 w_k′_m m−1∏ i=1 w_k′_i , w̃_k = √ w_{k0} w_{kn} n−1∏ i=1 w_{ki} (5.9)

(for n = 0 : w̃_k = 1 see eqs. (4.2).) Here k^′ gives the colours on the left vertical line, read from top to bottom. The convention for k is similar.

Example 5.1 a) m = n, I = ∅

ϵ^n_j =^{j1} . . jn (5.10)

which is the “horizontal” unit braid. As a matrix element with respect to V_∅ we have (for k^′ and k fulfilling the fusion rules) ⟨a^′|ϵ^n_j (k^′, k)|a⟩ = δ_k′_kδ_a′_{k0} δ_{akn} (5.11) (see also eq. (3.6)).

b) m = n = 1, I arbitrary

L^−_j = j . . . . . . . (5.12)

L^+_j is defined similarly with the horizontal line overcrossing all vertical lines. For I = {1} as matrix elements we have

⟨a^′|L^±_j (k^′, k)|a⟩ = δ_a′_{0k}′_0 δ_{a0k}′_1 δ_a′_{1k0} δ_{a1k1} √w_k′_0 w_k′_1 w_{k0} w_{k1} ( q_k′_0 q_{k1} q_k′_1 q_{k0} )_± | | | j k^′_0 k^′_1 1/2 k_1 k_0 | | | . (5.13)

c) m = n = 2, I = ∅

R_{j1 j2} =

�

  �

@
  @

j_2 j_1 , R^∗_{j1 j2} = (R_{j2 j1} )^∗ =

@@
  @@
�

  �

j_2 j_1 (5.14)

As a matrix element with respect to V_∅ we have (for k^′ and k fulfilling the fusion rules)

⟨a^′|R_{j1j2} (k^′, k)|a⟩ = δ_a′_k′_0 δ_{ak}′_2 δ_a′_{k0} δ_{ak2} w_k′_1 w_{k1} q_a′ q_a′ q_k′_1 q_{k1} | | | | j_1 a k_1 j_2 a^′ k^′_1 | | | | . (5.15)

The linear structure on F̃_I allows us to view such X given by eq. (5.7) (for fixed m, n and I) as elements of a linear space G^{mn}_I which is spanned by these X’s. Again by the Wigner-Eckhart theorem it is easy to see that G^{mn}_I is finite dimensional. Now G^{mn}_I may be viewed as a linear subspace of G^{m′n′}_I whenever m ≤ m^′, n ≤ n^′. Indeed, by the rule (2.15) to any X ∈ G^{mn}_I we may add m^′ − m and n^′ − n additional horizontal lines with colour 0 to the left and to the right respectively by hooking them somewhere up to X (through a 3-vertex) without changing the associated elements of F̃_I . Therefore it makes sense to introduce the filtered linear space

G_I = ⋃ m,n G^{mn}_I (5.16)

This linear space is actually an algebra with a product • which is compatible with the filtration in the sense that

• : G^{m1n1}_I ⊗ G^{m2n2}_I → G^{m1+m2 n1 +n2}

I . (5.17)

Indeed for graphs X_1 ∈ G^{m1n1}_I and X_2 ∈ G^{m2n2}_I of the form (5.7) the product is given as

X_1•X_2 = Ø Œ ø Æ^{X2}. . .^{. . .. .} Ø Œ ø Æ^{X1. . .. .} .

(5.18)

The symbol • means both a “path tensor” product w.r.t. to the horizontal (auxiliary) space and a matrix product w.r.t. to the vertical space V_I . As a relation in F̃_I (see eq. (5.8)) we have

(X_1•X_2)(k^′_1•k^′_2, k_1•k_2) = X_1(k^′_1, k_1)X_2(k^′_2, k_2) (5.19)

where k_1•k_2 = (k_{10}, . . . , k_{1n1} = k_{20}, . . . , k_{2n2} ). By construction G^{m=0n=0}_I may be identified with the observable algebra A_I (compare eq. (4.3)). Also G_I is a ∗-algebra respecting the filtering in the sense that G^{mn}_I^∗ = G^{mn}_I . Indeed this ∗-operation is the obvious extension of the ∗-operations considered in the previous sections, such that as a relation in F̃_I

(X(k^′, k))^∗ = X^∗(k^{′∗}, k^∗) (5.20) where X^∗ is the graph X reflected w.r.t. a horizontal line and k^∗ is the path k in reserved order.

Example 5.2 With the choice I = ∅ in we may write Example 5.1 as ϵ^n_j = ϵ^1_{j1} • · · · •ϵ^1_{jn} (5.21) Let now I_1 and I_2 be two neighbouring intervals. We extend the map ◯ of section 3 to a bilinear map from G_{I1} × G_{I2} into G_{I1∪I2} as follows. Let X_i ∈ G^{mini}_{Ii} with horizontal colours (j^′_i, j_i) (i = 1, 2). If n_1 = m_2 and j_1 = j^′_2 we set

X_1 ⊙ X_2 = ØŒøÆ

X_1 . . .

. . . . . Ø Œ ø Æ^{X2}. . .^{. . . . (5.22)}

and zero otherwise. The symbol “⊙” means both a path tensor product “ ◯ ” as in eq. (3.34) w.r.t. the spaces V_{I1} and V_{I2} and a matrix product “·” w.r.t. the horizontal (auxiliary) space. It follows directly that (X_1 ⊙ X_2)^∗ = X^∗_1 ⊙ X^∗_2 and (X_1•X^′_1) ⊙ (X_2•X^′_2) = (X_1 ⊙ X_2)•(X^′_1 ⊙ X^′_2) (5.23) with X_i ∈ G^{mini}_{Ii} , X^′_i ∈ G^{m′in′i}_{Ii} provided n_1 = m_2, n^′_1 = m^′_2. Again by the Wigner-Eckhart theorem, as a relation in F̃_{I1∪I2} and with the conventions used in (3.35) we have in terms of matrix elements

⟨a^′_1 ◯ a^′_2|(X_1 ⊙ X_2)(k^′, k)|a_1 ◯ a_2⟩ = ∑ k^{′′} ⟨a^′_1|X_1(k^′, k^{′′})|a_1⟩⟨a^′_2|X_2(k^{′′}, k)|a_2⟩. (5.24) We will write this in a suggestive way as (X_1 ⊙ X_2)(k^′, k) = ∑ k^{′′} X_1(k^′, k^{′′}) ◯ X_2(k^{′′}, k) (5.25)

Example 5.3 a) Using Examples 5.1 a) and c) we can write R_{ij} · R^∗_{ji} = ϵ^1_i •ϵ^1_j = ϵ^2_{ij}. (5.26) Note that ∑ j ϵ^n_j is the unit operator in G^{nn}_∅ w.r.t. the horizontal multiplication “·”.

b) The commutation relations of the local fields ψ_j(x) ∈ G^{10}_I defined by eq. (4.13) read ψ_i(x)•ψ_j(y) = R_{ij} · (ψ_j(y)•ψ_i(x)) for x > y (5.27) or graphically

. . . y

. . .

. . . x . . . j i = . . . y . . .

. . .

x . . .

ȷȷ

  ȷȷ

Q
  Q_j

i (5.28)

or in terms of matrix elements of the fields ψ(k)(x) ∈ F_I and the ”R-matrix” R_{ij}(k^′, k) ∈ F̃_∅ ⟨a^′|ψ_i(k^′_0k^′_1)(x) ψ_j(k^′_1k^′_2)(y)|a⟩ = ∑ k R_{ij}(k^′, k)⟨a^′|ψ_j(k_0k_1)(y) ψ_i(k_1k_2)(x)|a⟩ (5.29)

where k^′ = (k^′_0 = k_0, k^′_1, k^′_2 = k_2). and k = (k_0 = a^′_x′_{i−1}, k_1, k_2 = a_{xi−1}) The sum is over k_1 and the R-matrix is

R_{ij} (k^′, k) = w̃_k′_1w̃_{k1} i j k^′_0 k^′_1 k^′_2 ȷ

 ȷȷ

   ȷȷ

QQ
   QQ

k_0 k_1 k_2 ’ & $ %^{= wk′1 wk1 qk0 qk2qk′1 qk1 | k′1 j k2k1 i k0 | . (5.30)} For x < y the R-matrix R is replaced by R^∗.

c) The commutation relations of the L^±_j of Example 5.1 b) read R_{ij} · (L^±_j •L^±_i ) = (L^±_i •L^±_j ) · R_{ij} . (5.31)

6 Quantum symmetry in the path space formulation

In this section we will exhibit the notion of quantum group symmetry U(R) ∼= U_q(sl(2, C )) in the present path version context on the lattice I. The corresponding tensor version has been given by Faddeev, Reshetikhin and Takhtajan [21] (see also [22]). Definition 6.1 The set U^p_I (R) is a ∗-subalgebra of F̃_I with unit 1_I . It has the generators L^±_j (k^′, k) ∈ F̃_I

L^−_j (k^′, k) = w̃_k′w̃_k . . . . . . j k^′_0

k^′_1 k_0

k_1 ,

L^+_j (k^′, k) = w̃_k′w̃_k . . . . . . j k^′_0

k^′_1 k_0

k_1 .

(6.1)

where k^′ = (k^′_0, k^′_1), k = (k_0, k_1), k^{(′)}_{0,1} ∈ I, N^{1/2}_k′_{0 k}′_1 ≠ 0, N^{1/2}_{k0 k1} ≠ 0. For all colours j of the horizontal lines they correspond to the elements L^±_j ∈ G^{11}_I (see (5.10)).

Example 6.2

u = c_01_I + c_1L^−_j (k^′, k) + c_2(L^−_{j1} •L^+_{j2} )(l^′, l) ∈ U^p_I (R) (6.2)

with c_n ∈ C and l = (l_0, l_1, l_2).

The generators L^±_j satisfy the Yang-Baxter equations (cf. eq. (5.14))

R_{ij} · (L^±_j •L^±_i ) = (L^±_i •L^±_j ) · R_{ij} , R_{ij} · (L^+_j •L^−_i ) = (L^−_i •L^+_j ) · R_{ij} (6.3)

or in terms of graphs

. . . = . . . =

i j

ıııı

P P^i

j

ıııı

P P

. . . . . .

i j

ıııı

P P^i

j

ıııı

P P

, . . . i j

ıııı

P P_{= . . . i}^jıııı

            P P

which may also serve as defining relations for the generators of U^p_I (R). As usual we sometimes write these relations also as R_{12}L^±_2 L^±_1 = L^±_1 L^±_2 R_{12} and R_{12}L^+_2 L^−_1 = L^−_1 L^+_2 R_{12}.

The algebra U^p_I (R) has to be considered as the path version of the algebra of linear functionals on the algebra A(R) of q-functions on the quantum group SL_q(2, C ) (see [21] for the tensor version of this construction). The algebra U^p_I (R) is a “path” Hopf algebra with the following structure:

• The algebra product m : U^p_I (R) × U^p_I (R) → U^p_I (R) is given by the product in F̃_I (see eq. (5.19)) m(L^±_i (k^′, k), L^±_j (l^′, l)) = (L^±_i •L^±_j )(k^′•l^′, k•l) (6.4)

which vanishes for k^′_1 ≠ l^′_0 or k_1 ≠ l_0. Graphically as a relation in G_I this means

L^−_i •L^−_j = . . .

. . . j i . (6.5)

• The coproduct is a map Δ : U^p_I (R) → U^p_{I1} (R) ◯ U^p_{I2} (R) ⊆ U^p_{I1 ∪I2} (R) with two neighboring intervals I_1 and I_2 (I_1 < I_2) and I_1 ∪ I_2 an interval of length |I_1| + |I_2|. The coproduct for the generating elements is

Δ1 = 1 ◯ 1 and Δ(L^±_j (k^′, k)) = (L^±_j ⊙ L^±_j )(k^′, k) = ∑ l L^±_j (k^′, l) ◯ L^±_j (l, k) . (6.6)

As a map of G_I → G_{I1 ∪I2} the second relation reads ΔL^±_j = L^±_j ⊙ L^±_j , and graphically we have Δ(1) = 1 ◯ 1 = 1 ⇔ Δ ( . . . ) = . . . . . . , (6.7) Δ(L^−_j ) = L^−_j ⊙ L^−_j ⇔ Δ ( . . . . . . j ) =^j . . . . . . . . . . . . , (6.8) and correspondingly for L^+_j .

• The counit is a linear map ϵ : U^p_I (R) → C . It is given for the generating elements by ϵ(1) = 1 and ϵ(L^±_j (k^′, k)) = δ_k′_kN^j_{k0 k1} (6.9) or graphically as a map of G_I → G_∅ e.g. ϵ(L^−_j ) = ϵ ( . . . . . . j ) =^j = ϵ^1_j . (6.10) The counit fulfills by eqs. (6.6) and (6.9)

(ϵ ◯ id)(Δ(L^±(k^′, k)) = (id ◯ ϵ)(Δ(L^±(k^′, k)) = Δ(L^±(k^′, k)). (6.11)

• The antipode is an antilinear map S : U^p_I (R) → U^p_I (R), it is given for the generating elements by S(1) = 1 and S(L^±_j (k^′, k)) = w_k′_1 w_{k0} w_k′_0 w_{k1}

L^±_j (k^∗, k^{′∗}) (6.12)

where k^∗ is the inverted path as in eq. (5.20). We depict this graphically as a map of G_I → G_I S(L^−_j ) =^j . . .

. . .fflffi fifl , S(L^+_j ) =^j . . .

. . .fflffi fifl

. (6.13)

The usual relation for the antipode m(S ⊗ id)Δ = 1 ⊗ ϵ in the tensor picture now becomes a relation in G_I in the path space version of the form S(L^±_j ) · L^±_j = 1×q ϵ(L^±_j ) = 1×q ϵ^1_j (6.14) or graphically

. . . . . . jfflffi fifl^{. . .}_= . . ._jffifi_{(6.15)}

where the symbol ×q denotes another “path tensor product”, whose meaning is obvious from its matrix elements ⟨a^′|1×q ϵ^1_j (k^′, k)|a⟩ = w_a′ w_aw̃_k′w̃_k w_{k1} w_{k0} . . . a a^′ k^′ k j�fi fflffi øÆ_{= δa′aδk′kδa′xf k′1 δaxf k1 . (6.16)} Thus 1×q ϵ^1_j is again not the usual tensor product 1 ⊗ ϵ^1_j because of the condition a_{xf} = k_1. Note that in eqs. (6.14) and (6.15) on the right hand side a ”double” product appears, with respect to both the vertical and the horizontal spaces: · : G^{11}_I × G^{11}_I → G^{11}_I . It is defined for graphs X_j′_j′′ and Y_j′′_j ∈ G^{11}_I , in terms of fields in F̃_I (X_j′_j′′ · Y_j′′_j)(k^′, k) = ∑ k^{′′} X_j′_j′′ (k^′, k^{′′})Y_j′′_j(k^{′′}, k), (6.17) and extended bilinearly. As opposed to eqs. (5.22) and (5.25) there is no “path tensor” product w.r.t. V_I on the r.h.s. but only an operator product w.r.t. V_I . Of course, if the horizontal colours of X and Y do not match appropriately, the product vanishes. The equations (6.14) and (6.16) suggest to write the matrices of the antipodes of the generator as inverse matrices

S(L^±_j ) = (L^±_j )^{−1} . (6.18)

The usual relation in the tensor picture for the antipode m(id ⊗ m)(id ⊗ S ⊗ id)(Δ ⊗ id)Δ = 1 now becomes a relation in G_I in the path picture L^±_j · S(L^±_j ) · L^±_j = L^±_j (6.19) or graphically jfflffi fifl^{. . .. . .}_{. . .. . . =} j . . .. . ._{(6.20)} The path Hopf algebra U^p_I (R) is also quasi triangular. The fundamental R-matrix R_{12} : V_{I1} ◯ V_{I2} → V_I′_2 ◯ V_I′_1 (|I^′_{1,2}| = |I_{1,2}|, I^′_2 < I^′_1, |I^′_2 ∪ I^′_1| = |I_1| + |I_2|) braiding the spaces V_{I1} and V_{I2} fulfills R_{12}Δ_{12} = Δ_{21}R_{12} (6.21) or in terms of graphs for L^−_j’ ´_{. . . . . .}^{. . . . . .} %� j I_1 I_2 = ’ff_{. . . . . .}^{. . . . . .} %ȷ j I_1 I_2

. (6.22)

The Casimir elements in U^p_I (R) are given by

C_j = tr_h(S(L^−_j ) · L^+_j ) = 1 w^2_j . . . j fflffi fifl_{(j ∈ I) (6.23)}

where the horizontal trace tr_h is defined by

tr_h(S(L^−_j ) · L^+_j ) = 1 w^2_j ∑ k w^2_{k0} w^2_{k1}

(S(L^−_j ) · L^+_j )(k, k) (6.24)

The commutation relations [L^±_i , C_j] = 0 are obvious, e.g.

[L^−_i , C_j] = . . . j ifflffi fifl_− . . .^j_ifflffi fifl_{= 0. (6.25)}

Similarly, it follows that all observables in A_I commute with the Casimir operators. Note that (for finite I) the Casimirs are also observables,i.e. in A_I .

Next we discuss properties of special elements in U^p_I (R), which will be used for transformations of states and fields.

Definition 6.3 The q-symmetry algebra L_I is a ∗-subalgebra of U^p_I (R). It is generated by the elements

L_j = S(L^−_j ) · L^+_j =_jff� . . . � (j ∈ I). (6.26)

where the product of the two factors is the double product of eq. (6.17) w.r.t. both the vertical and the horizontal space.

For simplicity we list the properties of the L_j ’s in terms of relations in G_I, G_{I1∪I2} and G_∅.

• The algebra product is given by

m(L_i, L_j) = L_i•L_j . (6.27)

Note that for L_j’s the double product of eq. (6.17) makes sense

L_i · L_j = δ_{ij} . . . . . . j� �

�_{. (6.28)}

• The coproduct is Δ(L_j) = Δ(S(L^−_j ) · L^+_j ) = Δ(S(L^−_j )) · Δ(L^+_j ) or graphically

Δ(L_j) = . . . . . . j� �_{. (6.29)}

Note that, as opposed to relation (6.8) Δ(L_j) is not equal to L_j ⊙ L_j . In order to express this relation in terms of L_j only one has to use the fundamental R-matrix R_{12} : V_{I1} ◯ V_{I2} → V_I′_2 ◯ V_I′_1 braiding the spaces V_{I1} and V_{I2} (see also eq. (6.21))

Δ(L) = R^{−1}_{21} L_1R_{12}L_2 (6.30)

(The tensor version of this structure is some times denoted by “braided tensor algebra” [23].)

• The counit is given as a map of G_I → G_∅ by ϵ(L_j) = ϵ^1_j (see also Example 5.1a).

• Analogously to eq. (6.18) we introduce the inverse of L_j as

L^{−1}_j = S(L^+_j ) · L^−_j =

jff�_{. . .} �_{. (6.31)}

Note that as opposed to relation (6.18) L^{−1}_j is not the antipode S(L_j) = S(S(L^−_j ) · L^+_j ) = (S(L^+_j )^{tr} · S^2(L^−_j )^{tr})^{tr}, where X^{tr} means the transposed matrix: X^{tr}(k^′, k) = X(k, k^′). • Finally, note that the Casimir operators of U^p_I (R) defined above may be written as C_j =tr_h(L_j ).

In the second part of this section we investigate the transformation properties of states and field operators under the action of the quantum symmetry algebra L_I . First we discuss the transformation properties of states in V_I under the symmetry transformations. The state space is the span of all states |ϕ_j; k^′, k⟩ obtained from graphs with |I| legs of colour 1/2 pointing upward and one leg of colour j pointing downward ´` ıȷ_ϕ. . ._{j → |ϕj; k′, k⟩ =} ´` ıȷ_ϕ. . ._{jk}′_k & %^{(6.32)}

with matrix elements w.r.t. the basis {|a⟩}

⟨a|ϕ_j; k^′, k⟩ = w_a ´` ıȷ ϕ . . . j k^′ k a’ & $ %^{. (6.33)}

Especially, the states |ϕ_j(b); k^′, k⟩ with

ϕ_j(b) = . . . j b́^{(6.34)}

span the space V_I , since they are related to the states |a⟩ by a unitary transformation (a product of Fierz transformations (2.13)).

Analogously to Section 5, where we introduced generalized fields X ∈ G_I (see eqs. (5.4)- (5.8)) as maps X : (k^′, k) → X(k^′, k) ∈ F̃_I we introduce generalized states |ϕ⟩ which define a linear space W^1_I and which are given as maps |ϕ⟩ : (k^′, k) → |ϕ; k^′, k⟩ ∈ V_I (6.35) given by eq. (6.32).

For a state |ϕ_j; k^′, k⟩ and a generalized state |ϕ_j⟩ given by eq. (6.32) we call the colour j ∈ I the q-spin of the state. This notation makes sense. Indeed, the generalized states |ϕ_j⟩ are eigenstates of the Casimir elements C_i C_i|ϕ_j⟩ = |ϕ_j⟩ ((2i + 1)(2j + 1))_q (2i + 1)_q(2j + 1)_q

. (6.36)

This equation follows as a relation in W^1_I from fflffi fifl_ϕ. . ._j^{. . .i} fflffi fifl_= fflffi fifl_ϕ. . . j i � � =^{Sij}_{S0j} fflffi fifl_ϕ^{. . .}_j (6.37)

where S_{ij} = (−1)^{2i+2j} w^{−1} sin^π_r (2i + 1)(2j + 1)/ sin^π_r is the Verlinde matrix (see e.g. [9]). We have the relation (compare eq. (3.25))

p^I_j = S_{0j} ∑ i S_{ji}w^2_i C_i. (6.38)

Indeed the right hand side projects onto the states with q-spin equal to j, because S_{ij} is an orthogonal matrix. The states |ϕ_j; k^′, k⟩ yield the decomposition of the state space (4.7) V_I = ⨁ k^′,j,k V_{I,j}(k^′, k) with V_{I,j}(k^′, k) = p^I_j V_I (k^′, k) (see also eqs. (4.1) and (4.21)).

Analogously to Section 5, we also introduce the vector spaces W^l_I (for l = 0, 1, . . .) as the span of maps |ϕ_j⟩ : k → |ϕ_j; k⟩ ∈ V_I associated to graphs with |I| legs of colour 1/2 pointing upward and l lines of colours j = (j_1, . . . , j_l) pointing downward ´` ıȷ_ϕ. . ._{j1 jl... : k = (k0, . . . , kl) → |ϕj; k⟩ = wk} ´` ıȷ_ϕ. . .k0 kl_{j1 jlk...} & %^{∈ VI . (6.39)}

We set W_I = ⋃ l W^l_I as a filtered vector space. The generalized fields act as operators on this space: G^{mn}_I × W^l_I → W^{m+l+n}_I defined graphically by œ æ ¸ ß^{X. . .}´ ` ıȷ^{ϕ. . .. .}...^≡ œ æ ¸ ß^{X. . .}´ ` ıȷ^{ϕ. . .} �.´ �. ı ... . (6.40)

Definition 6.4 The transformation law for generalized states in W_I under the q-sym-metry algebra L_I is given by

|ϕ⟩ → L_i|ϕ⟩ or ff� �ϕ . . . → ff� �_ϕ. . .^{. . .}iff� �_{(6.41)}

for all L_i. This means that the q-transformation law for states in V_I is given by |ϕ; l⟩ → L_i(k^′, k)|ϕ; l⟩ (6.42) Definition 6.5 A generalized state |ϕ⟩ ∈ W_I is q-invariant, if it is an eigenvector for all elements L_i, more precisely, if L_i|ϕ⟩ = |ϕ⟩×q ϵ^1_i (6.43)

with the notation of eq. (6.15). In terms of matrix elements of a state in V_I this means that ⟨a|L_i(k^′, k)|ϕ; l⟩ = ⟨a|ϕ; l⟩δ_k′_kδ_{axf k0} N^i_k′_{0 k0} . (6.44) Theorem 6.6 A state in V_I (or a generalized state |ϕ⟩ ∈ W_I ) is invariant, if and only if its q-spin is zero.

Proof: Let |ϕ⟩ be equal to |ϕ_{j=0}⟩ of relation (6.32), then L_i|ϕ_0⟩ = |ϕ_0⟩×q ϵ^1_i , which is of the form fflffi fifl_ϕ. . .^{. . .i} fflffi fifl_=

fflffi fifl_ϕ. . .^i

fiffi_{. (6.45)}

Conversely, let |ϕ_j⟩ be invariant. Using tr_hϵ^1_i = 1 we obtain

C_i|ϕ_j⟩ = tr_h(L_i)|ϕ_j⟩ = tr_h(|ϕ_j⟩×q ϵ^1_i ) = |ϕ_j⟩

which implies combined with eq. (6.36) that the q-spin j is zero.

The transformation law of fields in F_I under the action of L^±_i ∈ U^p_I (R) follows from the following commutation rule

L^±_i •ψ_j = λ^± · (ψ_j•L^±_i ). (6.46)

Thus for the field of Example 4.4 λ is equal to the R-matrix, e.g.

L^−_i •ψ_j = R_{ij} · (ψ_j•L^−_i ) : . . . . . .

. . . ´` ıȷ_{ψj}^i_{= . . .. . .}^{. . .}´` ıȷψ_{jȷȷȷȷ}i_{Q Q (6.47)}

or in terms of matrix elements

∑ a^{′′} w_a′′ a^′ . . . . . . a^{′′} . . . . . . ψ́` ıȷ^i_j

´` ıȷ ’ & $ % k^′_2 k^′_1 k^′_1 k^′_0

k_1 k_1 k_0

a

= ∑ a^{′′}k^{′′} w_a′′w̃_k′′ a^′

. . . . . . a^{′′}

. . . . . . ψ́` ıȷ

@
  @

j í̀ ıȷ ’ & $ % k^{′′}_1 k^{′′}_0

k^{′′}_2 k^{′′}_1 k_0

k_2 k_1

�

  �

Ø Œ ø Æ k^′_2 k^′_1 k^′_0

k^{′′}_2 k^{′′}_1 k^{′′}_0

a

. (6.48)

Definition 6.7 The q-transformation law for fields in F_I under the q-symmetry algebra L_I is given by

ψ_j → ψ^{Li}_j = L_iψ_j · L^{−1}_i : ff� �ψ. . . . . . j → ff� �_ψ. . .^{. . .}i_{. . .. . .j} �ff � ff� �_{(6.49)}

for all L_i ∈ L_I . A field is invariant if ψ^{Li} = ψ×q ϵ^1_i (6.50) for all L_i.

Theorem 6.8 a) The fixedpoint algebra F^{LI}_I of all fields invariant under the q-sym-metry is equal to the algebra of observables Â_I.

b) The L_I -average of a transformed field ψ^{Li} is an observable: 1 w^2 ∑ i w^4_i tr_h(ψ^{Li}_j ) = δ_{j0}ψ_j. (6.51)

c) Any field may be decomposed into its irreducible components by ψ = ∑ j ψ_j where ψ_j = ∑ i w^2_i S_{0j}S_{ji} tr_h(ψ^{Li} ). (6.52)

d) The “volume” of the orbit ψ^{LI}_j is the q-dimension (2j + 1)_q: ∑ ik (−1)^{2k}w^4_kS_{ki}w^2_i tr_h(ψ^{Li}_j ) = (2j + 1)_q ψ_j. (6.53) Proof: Using eqs. (2.11), (2.17) and (6.47) we find tr_h(ψ^{Li}_j ) = tr_h(R_{ji} · R_{ij}) · ψ_j = w^{−2}_i S_{ij}/S_{0j} ψ_j (6.54) where again S_{ij} = (−1)^{2i+2j}(sin^π_r (2i + 1)(2j + 1))/(w sin^π_r ) is the Verlinde matrix (see e.g. [9]). Part a) of the theorem follows since S_{ij} = S_{i0} ⇔ j = 0 ⇔ ψ_i ∈ A_I. The parts b), c) and d) of the theorem follow from the orthogonality of S_{ij} and S_{i0} = w^2_i /w. The graphical interpretation of eq. (6.54) is ff� �_ψ. . .^{. . .}i_{. . .. . .j} �ff � ff� ı ȷ^=

ff� �_{ψ. . .}. . .�ff�^i_{j =} S_{ijSj0} ff� �_{ψ. . .}. . ._{j . (6.55)}

7 The thermodynamic limit

Let A be the C^∗-algebra defined as the norm closed inductive limit of the family A_I w.r.t. the inclusions ι_I′_{,I} (I ⊂ I^′) (see eq. (3.31)). By construction viewing the A_I as C^∗-algebras, one also has isometric injective ∗-homomorphisms ι_I : A_I → A with ι_I′ ◯ ι_I′_{,I} = ι_I (I ⊆ I^′) and ⋃ I ι_I (A_I ) is dense in A. Furthermore the compatible (see eq. (3.38)) traces tr_I on A_I extend by continuity to a faithful trace tr on A such that tr_I (A) =tr(ι_I (A)) for all A ∈ A_I . For simplicity, in the following we will sometimes identify A ∈ A_I with its image A = ι_I (A) ∈ A.

Let A the von Neumann algebra obtained as the weak closure of A with respect to the representation obtained from the trace tr by the GNS construction. This means that the resulting states |A⟩ with A ∈ ⋃ I A_I form a dense set in the vacuum sector of the Hilbert space and the matrix element of an operator B ∈ ⋃ I A_I is

⟨A|B|C⟩ = tr(A^∗BC) = ` ȷ�

´ ı� . . .� � C . . .� � B . . .� � A^∗ . . . (A, B, C ∈ A_I ). (7.1)

Lemma 7.1 The other superselection sectors are obtained by application of field operators (see below). The weak limits of the minimal idempotents of the A_I are proportional to the unit operator, more precisely with p̄^I_j = 1/2(p^I_j + p^{I∪{xf +1}}_j )

w- lim_{I→}Z̄p^I_j = d^2_j w^2

1 ∈ A (j ∈ I), w^2 = ∑ j d^2_j . (7.2)

Proof: Let C^{I′}_i ∈ A_I′ be the central elements of A_I′ (see eq. (6.20)). Then with A, B ∈ A_I for I ⊂ I^′

⟨A|C^{I′}_i |B⟩ = 1 w^{2|I′|}_{1/2} w^2_i ŒÆffifl

Øøfflfi_.

Œ Æffifl

’$fflfi

. . .fflffi fifl A^∗B . . . i� �_= (_{(2(2i + 1))q2q(2i + 1)q} )_{|I}′_{|−|I|⟨A|CIi |B⟩. (7.3)} The claim follows since ((2(2i + 1))_q)/(2_q(2i + 1)_q))^N ≈ δ_{i,0} + (−1)^N δ_{i,r/2−1} for N → ∞ and p̄^{I′}_j = S_{0j} ∑ i S_{ji}w^2_i C̄^I_j → S^2_{0j}1 with C̄^I_j defined as p̄^I_j .

Also ρ_x extends to an isometric injective ∗-homomorphism from A into A, also denoted by ρ_x and ϕ_x extends to a left inverse of ρ_x on A, also denoted by ϕ_x. Finally the conditional expectation E_x on each A~_I extends to a conditional expectation on A with range ρ_x(A).

In analogy to the definition of A let ρ_x(A) be the weak closure of ρ_x(A) w.r.t. the representation obtained from the trace tr by the GNS construction.

Theorem 7.2 The index [A : ρ_x(A)] of the inclusion ρ_x(A) ⊂ A of C^∗-algebras equals w^2_{1/2} as does the index of the inclusion ρ_x(A) ⊂ A of type II_1 von Neumann algebras, both of which are factors. tr is the unique tracial state on both ρ_x(A) and A.

Proof: We now fix I with |I| ≥ r − 2 and with x ∈ I and set (see proof of Theorem 3.11) v_x(b^′_{xf} , b) = ι~_I ( v^Ĩ_x(b^′_{xf} , b) ) ∈ A . (7.4)

These v_x(b^′_{xf} , b) and their adjoints (modulo a sign) form a quasibasis in A for the conditional expectation E_x = ρ_xϕ_x satisfying ∑ b^′_{xf} ,b (−1)^{2b′xf +1} (v_x(b^′_{xf} , b))^∗v_x(b^′_{xf} , b) = w^4_{1/2}1 (7.5)

concluding the proof of the first part of the theorem. In fact for any I^′ ⊇ I it is easy to see that the elements v^{Ĩ′}_x (b^′_{xf} , b) = ι~_I′_,~_I(v^Ĩ_x(b^′_{xf} , b)) ∈ A~_I′ and their adjoints (modulo a sign) form a quasibasis for the conditional expectation E_x = ρ_x ∘ ϕ_x : A~_I′ → A~_I′ satisfying a relation similar to (3.56). The claim now follows from the continuity of E_x and the fact that by construction the set ⋃ I^′ ιI^′ (AI^′ ) is dense in A.

We turn now to the proof of the second part. By the graphical definitions it follows directly that the maps ρ_x and ι_I′_{,I} are compatible in the sense that ρ_x(ι_I′_{,I} (A)) = ι~_I′_,~_I ρ_x(A)) for all I ⊆ I^′ and all A ∈ A_I. In particular ι~_I′_,~_I maps ρ_x(A_I ) into ρ_x(A_I′ ). We claim that A~_I^{ιĨ′,Ĩ}−→ A~_I′ ∪ ∪ ρ_x(A_I )^{ιĨ′,Ĩ}−→ ρ_x(A_I′ ) (7.6)

is a commuting square in the sense of Popa [24] (see also e.g. [7]). In fact for all I ⊆ I^′ the map ϕ_{I,I}′ : A_I′ → A_I on graphs A ∈ A_I′

ϕ_{I,}~_I : fflffi fifl A . . . . . . . . . . . . . . . . . . → 1 (w^2_{1/2})^{|I′|−|I|} fflffi fifl Affifl. . .” !. . . ffifl. . .” ! fflfi. . .# . . . fflfi. . .# _{(7.7)}

is a left inverse of ι_I′_{,I} . More generally ϕ_{I,I}′ (ι_I′_{,I} (A)Bι_I′_{,I} (A^′)) = Aϕ_{I,I}′(B)A^′ holds for all A, A^′ ∈ A_I and all B ∈ A_I′ , Also tr_I (ϕ_{I,I}′ (A)) = tr_I′ (A) for all A ∈ A_I′ . Therefore E_I′_{,I} = ι_I′_{,I} ∘ ϕ_{I,I}′ : A_I′ → A_I′ is a conditional expectation with range ι_I′_{,I} (A_I ) compatible with the trace in the sense that tr_I′ (E_I′_{,I} (A)) =tr_I′ (A) holds for all A ∈ A_I′ and for all I ⊆ I^′. Also the restriction of E~_I′_,~_I to ρ_x(A_I′) is the conditional expectation for the inclusion ι~_I′_,~_I : ρ_x(A_I ) → ρ_x(A_I′ ) whenever x ∈ I. Again this follows easily from the graphical definition of ρ_x, proving the claim. Now Theorem 7.2 follows from Theorem 3.11. and a well known result by Wenzl [25] (see also [7]).

In fact, what remains to be shown is that the inclusion matrices for the inclusions ι_I′_{,I} : A_I → A_I′ and ι~_I′_,~_I : ρ_x(A_I) → ρ_x(A_I′ ) are primitive (see e.g. [7], p. 12) whenever |I| ≥ r − 2 and |I^′| − |I| ≥ r − 2. This will in particular prove that A and ρ_x(A) both are factors. Now it is easy to see that p^{I′}_j′ ι_I′_{,I} (p^I_j A_I p^I_j )p^{I′}_j′ and p^{I′}_j′ ι_I′_{,I} (p^I_j )A_Iι_I′_{,I}(p^I_j )p^{I′}_j′ are equal and nonvanishing for any j, j^′ wit 2j + |I| and2j^′ + |I^′| even (compare the discussion leading to eq. (3.52)). Hence all entries of the inclusion matrix are equal to one, thus establishing the primitivity in the first case. The second inclusion is treated similarly.

The canonical injective ∗-homomorphisms ι_I′_{,I} may be extended to F_I , F̃_I and G_I. The map ι_I′_{,I} : F_I → F_I′ (I ⊂ I^′), which restrict to maps from A_I into A_I′ , are defined on graphs (and extended linearly) as follows:

ι_I′_{,I} : œæ ß̧ ψ . . .

. . .

k_s k_r → œæ ß̧_{ψ. . .}^{. . .}_{. . .}^{. . .}_{. . .}^{. . .}fifl ´`_{ks}^{kr} (7.8)

Here x^′_f − x_f vertical lines with colour 1/2 have been added on the right and x_i − x^′_i lines, again with colour 1/2, on the left. We have local commutativity of the local field and observable algebras in the sense that ι_{I,I1} (ψ) and ι_{I,I2} (A) commute in F_I (I ⊇ I_1 ∪ I_2) for all ψ ∈ F_{I1} , A ∈ A_{I2} whenever I_1 ∩ I_2 = ∅. Obviously we have compatibility with the trace (see eq. (4.14)) tr_I′ ( ι_I′_{,I}(ψ) ) = tr_I (ψ) (7.9)

for all ψ ∈ F_I and with the conditional expectation E_I (see (4.17)) with range A_I

ι_I′_{,I} ∘ E_I = E_I′ ∘ ι_I′_{,I} (I ⊆ I^′). (7.10)

Analogously we have a canonical injective ∗-homomorphisms ι_I′_{,I} : F̃_I → F̃_I′ . Finally these maps induce injective ∗-homomorphisms from G_I into G_I′ respecting the filtering, also denoted by the same symbol. They are given on graphs X ∈ G^{mn}_I as (compare (7.8))

ι_I′_{,I} : ’& $% X . . .

. . .

j^′_m . . j^′_1

j_n . . j_1 → ’ & $ %^X_{. . .} . . .

. . .

. . .

. . .

. . .

j^′_m . . j^′_1

j_n . . j_1 (7.11)

with x_i − x^′_i vertical lines added to the left and x^′_f − x_f lines added to the right, each with colour 1/2.

Let F, Â(⊂ F) and A(k) be the inductive C^∗-algebra limits of the families F_I, Â_I and A_I (k) with respect to the inclusion maps ι_I′_{,I} respectively. By construction we have injective isometric ∗-homomorphisms ι_I : F_I → F satisfying ι_I′ ∘ ι_I′_{,I} = ι_I (I ⊆ I^′) and mapping Â_I into Â such that ⋃ I ι_I (F_I ) and ⋃ I ι_I (Â_I ) are dense in F and Â respectively.

In particular since ι_I′_{,I} (1_I (k)) = 1_I′ (k), the elements 1(k) = ι_I (1_I (k)) are well defined and satisfy 1(k)1(k^′) = δ_{kk}′ 1(k), 1^∗(k) = 1(k) and ∑ 1(k) = 1. The element 1(k) is the unit in A(k) and in the center of Â. Analogously ⋃ I ι_I (A_I (k)) is dense in A(k), A(k)A(k^′) = 0 (k ≠ k^′) and Â = ⨁ k A(k). By the compatibility property (7.9), the family of traces tr_I defines a faithful trace tr on F. Again via a GNS construction this trace gives rise to a representation of F. Let F, Â and A(k) be the weak closures of F, Â and A(k), respectively in this representation. In particular all A(k) commute and Â = ⨁_k A(k). Also tr extends to a tracial state on F. Now F_I^{ιI′,I}−→ F_I′ ∪ ∪ Â_I^{ιI′,I}−→ Â_{I′} (7.12)

is a commuting square in the sense of Popa. Indeed, the linear map ϕ_{I,I}′ : F_I′ → F_I (I^′ ⊇ I) given for graphs ψ ∈ F_I′ by (compare (7.7))

ϕ_{I,I}′ : fflffi fifl ψ . . . . . . . . . . . . . . . . . . k_r

k_s → 1 (w^2_{1/2})^{|I′|−|I|} fflffi fifl ψ� �. . .¯ ˘. . . ffifl. . .” ! ff �. . .˚ ˇ. . . fflfi. . .# k_r

k_s (7.13)

is a left inverse for ι_I′_{,I} and more generally ϕ_{I,I}′ (ι_I′_{,I} (ψ_1) ψ ι_I′_{,I} (ψ_2)) = ψ_1 ϕ_{I,I}′ (ψ) ψ_2 holds for all ψ_1, ψ_2 ∈ F_I, ψ ∈ F_I′ . The resulting conditional expectation E_I′_{,I} = ι_I′_{,I} ∘ ϕ_{I,I}′ : F_I′ → F_I′ with range ι_I′_{,I} (F_I ) is again compatible with the trace in the sense that tr_I′ (E_I′_{,I} (ψ)) =tr_I′ (ψ) holds for all ψ ∈ F_I′ . When restricted to A_I′ , ϕ_{I,I}′ is the left inverse for the bottom inclusion in (7.12). Again by arguments similar to those given in the proof of Theorem 4.5 this leads to

Theorem 7.3 The index of the inclusion A ⊂ F of C^∗-algebras is given by

[F : A] = ( ∑ k d_q(k) )_2

= β. (7.14)

β is also the Jones index for the inclusion A ⊂ F. A and F are type II_1 factors and tr is the unique tracial state on F. A is not irreducible in F and Â is not a factor. Proof: To prove the first part we introduce the quantities v(b, l, k, j) = ι_I (v_I (b, l, k, j)) ∈ F. (7.15) where I is an arbitrary fixed interval with |I| > r − 2. Then these elements and their adjoints (modulo a sign) form a quasibasis w.r.t. the conditional expectation E : F → Â given as the inductive limit of the E_I . Indeed, it is easy to see that the elements v_I′ (b, l, k, j) = ι_I′_{,I}(v_I (b, l, k, j)) (with v(b, l, k, j) = ι_I′ (v_I′ (b, l, k, j))) and their adjoints (modulo a sign) form a quasibasis in F_I′ w.r.t. the conditional expectation E_I′ : F_I′ → A_I′ for any I^′ ⊇ I. The claim then follows from the continuity of E and the fact that by construction ⋃ I^′ ιI^′ (FI^′ ) and ⋃ I^′ ιI^′ (AI^′ ) are dense in F and A respectively. Finally, the

v(b, l, k, j) satisfy a relation similar to (4.28), thus concluding the first part of the theorem. Since the conditional expectation E extends to a conditional expectation for the inclusion A ⊂ F of von Neumann algebras the above quasi basis turns into a Pimsner-Popa basis thus proving that β is also the index of the inclusion A ⊂ F.

To see that F is a factor and that tr is the unique tracial state we proceed as in the proof of the preceeding theorem. The algebras P^{I′}_l′ ι_I′_{,I} (P^I_l F_I P^I_l )p^{I′}_l′ and P^{I′}_l′ ι_I′_{,I} (P^I_l )F_I ι_I′_{,I} (P^I_l )p^{I′}_l′ are equal and nonvanishing for all l, l^′ ∈ I and I ⊆ I^′ provided |I| ≥ r − 2 and |I^′| − |I| ≥ r − 2. Thus all the entries of the inclusion matrix for the inclusion ι_I′_{,I} (F_I) ⊂ F_I′ are equal to one. By similar arguments A is also a factor. To see that Â is not a factor, note that the elements 1(k) are also nontrivial central elements of Â. Also since these 1(k) commute with A and hence with A, A is not irreducible in F.

Remark 7.4 Let L^2(F) be the Hilbert space obtained from the GNS construction. It contains L^2(A) in a natural way, where L^2(A) is the corresponding GNS Hilbert space for A. Let |Ω⟩ ∈ L^2(A) be the state corresponding to the unit element. Consider |Ω_k⟩ = 1(k)|Ω⟩, which is nonzero since ⟨Ω_k|Ω_k⟩ = tr(1(k)) = d_q(k)/β^{1/2} see eq. (4.16). These vectors are pairwise orthogonal and |Ω⟩ = ∑ k |Ω_k⟩. Let L^2(A(k)) be the closure of A(k)|Ω⟩, which is also the closure of A|Ω_k⟩. In fact L^2(A(k)) is obtained from the GNS construction w.r.t. A(k) using tr_k(·) = tr(· 1(k))/tr(1(k)). Then each L^2(A(k)) is invariant under A and we have the decomposition

L^2(Â) = ⨁ k∈I L^2(A(k)) which is analogous to multiplicities w.r.t. magnetic quantum numbers in the tensor picture.

Finally we discuss the q-symmetry algebra in the thermodynamic limit I → Z. As above let F̃ be the C^∗-algebra limit of the families F̃_I and ι_I : F̃_I → F̃ the injective isometric ∗-homomorphisms satisfying ι_I′ ∘ ι_I′_{,I} = ι_I (I ⊆ I^′) such that ⋃ I ι_I (F̃_I ) is dense in F̃. Also we have ι_I (L) ∈ F̃ for L ∈ L_I .

Lemma 7.5 The q-transformation ψ → ψ^L for ψ ∈ F as an extension of relation (6.49) is well defined.

Proof: First note that the definition of the q-transformation of fields (6.49) is compatible with the maps ι_I′_{,I} since by the definition of ι_I′_{,I} for ψ ∈ F_{I1} and L ∈ L_{I2} ⊂ F̃_{I2} the map ι_{I4 ,I1} (ψ) → ι_{I4 ,I3} ((ι_{I2 ,I1} (ψ))^{ιI}3^{,I}2^{(L)}) is independent of I_3 for I_1 ⊂ I_2 ⊂ I_3 ⊂ I_4. Therefore by ι_{I1} (ψ) → ι_{I1} (ψ^L) it yields a well defined map ψ → ψ^L ∈ F̃ for a dense set of ψ’s in F. However, note that ψ^L cannot be written as Lψ · L^{−1} by an L ∈ F̃ as for finite lattices in relation (6.49).

Analogously to eq. (6.28) we may define L^l_I as generated by the L^l_i = L^−_i · S(L^+_i ) (as a left version of L_I obtained by mirroring along a vertical line). For a field operator in ψ_k ∈ F_I of spin k we have

⟨Ω|L^l_iψ_kp^I_j |Ω⟩ ∝ S^k_{ij} = ´` ıȷıȷ́`

´ ı_{ki j (7.16)}

where the S^k_{ij} are generating elements of matrix representations of the mapping class groups of arbitrary genus, which have been discussed in [26] (see also [27]).

Note that the algebra of fields F is generated by elements of the form ψ = AL^l for A ∈ A and L^l ∈ L^l_I for any interval I. The transformation A^{Ll1}_2 = L^l_1A_2 · L^l_1^{−1} is in general nontrivial if the interval I is contained in but smaller than the support of A.

We conclude with the following remark. Usually the internal group symmetry and the external space-time symmetry form a tensor product. Due to the nontrivial R-matrix the situation is different for the q-symmetry. Nevertheless, we have the following cluster property. If the fields ψ^{(i)}_{ji} are localized in I^{(i)} for 1 ≤ i ≤ n such that pairwise I^{(i)} ∩ I^{(i′)} = ∅, then the vacuum expectation value of a product of fields factorizes

⟨Ω| n∏ i=1 ψ^{(i)}_{ji} |Ω⟩ ∝ & % & %Œ Æ�^{. . . . . .}

� �_ψ(n)_{. . .}. . .^.^.

� �_ψ(1)_{. . .}. . . . . . . . .’ $

’ $#� � �_{. j1} jn ∝ n∏ i=1 δ_{ji0}⟨Ω|ψ^{(i)}_{ji} |Ω⟩. (7.17)

The seemingly unphysical feature, that factorization takes place for all nonoverlapping supports of the fields, is due to the fact that the state given by the trace is an infinite temperature state. For other states like ground states of a dynamical system given by a local Hamiltonian we expect the usual cluster property.

8 Applications and Outlook

In this section we will show how to describe models of statistical mechanics in our path space picture by providing explicit Hamiltonians. In particular we will show how the RSOS model of Baxter [2] fits into this picture.

It is convenient to slightly extend the above concepts and to introduce fields in F_I′_{,I} ⊂ Hom(V_I , V_I′ ) which map elements of V_I into V_I′ for I ≠ I^′. We also introduce the corresponding linear space G_I′_I , such that G_I = G_{II} . For example for I = {x_i, . . . , x_f } and I^′ = {x^′_i = x_i + 1, . . . , x_f }

ψ(x) = x^′_i

x_i �_{x xf}^{xf}_{. . .}^{. . .}_{. . .}^{. . .} and ψ∗(x) =^{xi}_{x′i} �^x_{xf}^{xf}_{. . .}^{. . .}_{. . .}^{. . .} . (8.1) Note that the local endomorphism of eq. (3.41) and its left inverse (3.44) may be written in terms of these fields ρ_x(A) = σ · (ψ^∗(x)•A•ψ(x)) (8.2) ϕ_x(A) = σ · (ψ(x)•A•ψ^∗(x)) where σ = � ∈ G_∅^{02} or ⟨a^′|σ(k)|a⟩ = w_a′ w_aw̃_kδ_a′_aδ_{ak0} δ_{ak2} N^{1/2}_{ak} = w_{k1} /w_aδ_a′_aδ_{ak0} δ_{ak2} N^{1/2}_{ak} .

The fields ψ and ψ^∗ fulfil “Cuntz-algebra” like relations: σ · (ψ^∗•ψ) = 1 and ψ•ψ^∗ = σ̄ · 1 (8.3) where σ̄ = �∈ G_∅^{20}.

The RSOS-Hamiltonian (for the gap-less case) acting in V_I is H = J(σ•σ) · ( x^{f −1}∑ x=x_i ψ^∗(x)•ψ^∗(x + 1)•ψ(x + 1)•ψ(x) ) (8.4)

and can be written as a sum of Temperly-Lieb projectors

H = J ∑ x �_{. . .}^{. . .} ı$ȷ%. . ._x = J ∑_x . . . �. . ._x (8.5)

The Hamiltonian is obviously quantum group invariant [H, U^p_I (R)] = 0. An example of a symmetry breaking contribution to the Hamiltonian is provided by the local field ψ_j(k)(x) of eq. (4.13) for j ≠ 0 or by ϕ(k)(x) = (ψ^∗(x)•ψ(x))(k) in the form H_1 = ∑ x J_1(k, x)ψ_j(k)(x) or H_2 = ∑ x J_2(k, x)ϕ(k)(x) (8.6)

where J_i(k, x) is an external (classical) field. Spontaneous symmetry breaking would be present if the ground state |0⟩ satisfies ⟨0|ψ_j (k)(x)|0⟩ ≠ 0 or ⟨0|ϕ(k)(x)|0⟩ ≠ 0. (8.7) Such a ground state |0⟩ and also that of the Hamiltonian (8.4) which can be obtained by the Bethe ansatz are usually very different from the ground state |Ω⟩ discussed in Section 7 given by the trace. The latter one is typically an infinite temperature state. It would be interesting to repeat the GNS construction and the discussion of Section 7 for physically more interesting ground states.

Some further points which we intend to investigate elsewhere are: • For RSOS-like models order parameters, phase structure and the spontaneous symmetry breaking mentioned above.

• Techniques developed in [28] may be used to transfer the results of this paper to the case of periodic boundary conditions, i.e. to the lattice on a circle.

• In addition to the thermodynamic limit discussed in Section 7 the continuum limit may be analysed using “cabling” techniques.

• Techniques of topological quantum field theory developed in [9] may also be used to apply the ideas and results of this paper to lattices in two space dimensions. Thereby one might obtain a formulation of the q-symmetry for quantum field theories describing particles with braid group statistics in 2+1-dimensions.

A Appendix

This appendix contains the proof of second part theorem 3.1 and will be carried out in several steps. It is a path space formulation of the fact that all representations may be obtained by tensoring the fundamental representation.

Step 1. We first claim that any graph A ∈ A^0_I is a sum of graphs in A^0_I with no 4-vertices. Indeed, we may successively eliminate all 4-vertices by (2.12) and (2.15) � � @@ @@^{ji = ∑}_k^{w2k qk}qiqj_i j k j i (A.1)

With this identity the proof is complete.

Step 2. We claim that each A ∈ A_I can be written as a sum of graphs with no 4-vertices

and with lines whose colours are = 1/2. We proceed by induction on the largest colour

and consider the local case � @@ � @@ j i m l k (A.2)

with k ≥ max(i, j, l, m). Without loss of generality, by (2.13) we may assume i ≠ 0, j ≠

0, l ≠ 0, m ≠ 0). Using (2.12) and (2.18) we have � HH � HH j i m l p q k−^1_2 1 2 = k∑ k^′=k−1 w^2_k′ �

HHHH �

HHHH j i p k−^1_2 1 2 k^′ k−^1_2 1 2 m l q

= k∑ k^′=k−1 w^2_k′ | | | | i j k^′ 1 2 k −^1_2 p | | | | | | | | l m k^′ 1 2 k −^1_2 q | | | | � @@ � @@ j i m l k^′ (A.3)

This gives � @@ � @@ j i m l k = 1 w^2_k | | | | i j k 1 2 k −^1_2 p | | | | −1 | | | | l m k 1 2 k −^1_2 q | | | | −1 � HH � HH j i m l p q k−^1_2 1 2 −w^2_{k−1} | | | | i j k − 1 1 2 k −^1_2 p | | | | | | | | l m k − 1 1 2 k −^1_2 q | | | | � @@ � @@ j i m l k−1 (A.4)

for any p, q for which | | | | p k −^1_2^1_2 k j i | | | | and | | | | q k −^1_2^1_2 k m l | | | | are nonvanishing. Now we use that fact that the 6j symbols are nonvanishing whenever

all the relevant fusion rules are satisfied. We claim this is the case for the choice p =

max(i, j) −^1_2 , q = max(l, m) −^1_2 . It suffices to consider the case i ≤ j and l ≤ m such

that p = j −^1_2 , q = m −^1_2 . By assumption N^i_{jk} = N^l_{mk} = 1. It is easy to show that

i ≤ j ≤ k ≥ 1 and N^i_{jk} = 1 implies N^i_{pk−} 1_2 = 1 and N^j_p 1_2 = 1 with p = j −^1_2 . The other two

fusion rules involving^1_2 , k −^1_2 , q, l and m are verified similarly. By (A.4) we have (locally)

decreased the maximal colour and since by this procedure no 4-vertices are generated the

claim is complete.

Step 3. Let A ∈ A_I by any graph with no 4-vertices and with lines whose colours are all

1/2. By the fusion rule it therefore cannot contain any 3-vertices. A is formed of |I| lines

starting and ending at the top or the bottom and closed loops which are disconnected from the rest of the graph. Using eqs. (2.2) and (2.11) the loops can be replaced by numbers. We claim that A may be written as a linear combination of graphs with all |I| lines starting at the bottom and ending at the top. This will also conclude the proof of Theorem 3.1. To prove this claim we proceed by induction on k(A), where k(A) ≤ |I| is the number of lines starting and ending at the bottom (equal to the number of lines starting and ending at the top). For k(A) = 0 there is nothing to prove. Now let k(A) > 0. Pick a line L_b starting and ending at the bottom and L_t a line starting and ending at the top. By iterative application of (2.8), we may place a part of L_b close to a part of L_t depicted as fflfiffifl L_b L_t (A.5)

We now use the skein relation (for lines with colour 1/2) in the form

fflfiffifl= q �_@@� �@^@ � − q2 (A.6)

and insert it into (A.5).

Example A.1 (|I| = 3, k(A) = 1):

øŒfflfiffifl = �_�fflfiffifl = q �_��@@� �^{@@} � − q2 �_{� .} (A.7)

In the general case we have written A as a linear combination of two elements A_1 and A_2 in A_I with k(A_1) = k(A_2) = k(A) − 1. This concludes the proof of the theorem, since the procedure again does not generate closed loops.

Remark A.2 After step 2 we have written any graph as a linear combination of graphs A with no 4-vertices and with lines whose colours are all 1/2. Such graphs may be written in terms of generalized Temperly-Lieb operators. Let c_{2n} be the graph

c_{2n} = Ø ø� . . . . . . (A.8) consisting of n lines with colour 1/2. Then the linear hull of expressions of the form A = ( (c^∗_{m1} ◯ 1_{m2} ) ◯ · · · ◯ (c^∗_{mM−1} ◯ 1_{mM} ) ) 1_K ( (c_{n1} ◯ 1_{n2} ) ◯ · · · ◯ (c_{nN−1} ◯ 1_{nN} ) ) (A.9) span A_I where ∑ m_i = ∑ n_i = |I| and K = ∑ i=even mi = ∑ i=even ni. As an example we

have ´ ı

� �ı̀^{= (c∗}2^{◯ 1}1^{◯ c∗}2^{◯ 1}1^{)1}2^{(c}4^{◯ 1}2^{) . (A.10)}

Acknowledgment: The authors have profited from discussions with V.F.R. Jones, F. Nill, B. Schroer and H.W. Wiesbrock.

References

[1] Bratteli, O., Robinson, D.W., Operator algebras and quantum statistical mechanics II, Equilibrium state models in quantum statistical mechanics, New York: Springer, 1981.

[2] Baxter, R.J., Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain. II. Equivalence to a generalized ice-type lattice model, Ann. Phys. 76 25-47 (1973);

Andrews, G.H., Baxter, R.J., Forrester, P.J., Eight-vertex SOS-model and generalized Rodgers-Ramanujan-type identities, J. Stat. Phys. 35, 193-266 (1984).

[3] Sklyanin, E., Takhtajan, L.A., Faddeev, L.D., Quantum inverse problem method I, Theor. Math. Phys. 40, 688-706 (1997);

Drinfeld, V.G., Hopf algebras and the quantum Yang-Baxter equation, Sov. Math. Doklady 32, 254-258 (1985); Quantumgroups, Proc. ICM-86 (Berkeley), Vol. 1, New York: Academic Press 1986, pp. 789-820;

Jimbo, M., A q-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10, 63-69 (1986); A q-analogue of U(gl(N + 1)), Hecke algebra, and the Yang-Baxter equation, Lett. Math. Phys. 11, 247-252 (1986);

Woronowicz, S.L., Compact matrix pseudogroups, Commun. Math. Phys. 111, 163- 665 (1987).

[4] Pasquier, V, Operator content of the ADE lattice models, J. Phys. A: Math Gen.

20, 5707-5717 (1987); Etiology of IRF Model, Commun. Math. Phys. 118, 355-364 (1988).

[5] Ocneanu, A., Lectures of Santa Cruz (1986) and Warwick (1987).

[6] Sunders, V.S., A model for AF algebras and representation of the Jones projections, J. Operator Theory, 18 289-301 (1987).

[7] Goodman, F.M., de la Harpe, P., Jones, V.F.R., Coxeter graphs and Towers of algebras, Springer, New York, Berlin, Heidelberg, 1989.

[8] Lusztig, Modular representations and quantum groups, Contemp. Math. 82, 59-77 (1989);

Reshetikhin, N., Smirnov, Hidden quantum group symmetry and integrable perturbation of conformal field theories, Commun. Math. Phys. 131, 157 (1990); Pasquier, V., Saleur, H., Common structures between finite systems and conformal field theories through quantum groups, Nucl. Phys. B330, 523-556 (1990); Reshetikhin, N., Turaev, V.G., Invariants of 3-manifolds via link polynomials and quantum groups, Invent. Math. 103, 547-597 (1991);

[9] Karowski, M., Schrader, R., A combinatorial approach to topological quantum field theories and invariants of graphs, Commun. Math. Phys. 151, 355-402 (1993).

[10] Turaev, V.G., Viro, O.Y., State sum of 3-manifolds and quantum 6j-symbols Topology 31, 865-902 (1992).

[11] Doplicher, S., Haag, R., Roberts, J., Fields, observables and gauge transformations I, II, Commun. Mat. Phys. 13, 1-23 (1969); 15, 173-200 (1969); Local observables and particle statistics I, II, Commun. Mat. Phys. 23, 199-230 (19711); 35, 49-85 (1974).

[12] Haag, R., Local quantum physics, Berlin, Heidelberg, New York: Springer 1992.

[13] Mack, G., Shomerus, V., a) Quasi Hopf quantum symmetry in quantum theory, Nucl. Phys. B370 185-230 (1992), b) Quantum symmetry in quantum theory, in New symmetry principles in quantum field theory, J. Fröhlich et al., eds., Proceedings Cargese Summer School, 1991.

[14] Takhtajan, L.A., Faddeev, L.D.,The quantum method of the inverse problem and the Heisenberg XYZ model, Russian Math. Surveys 34:5 11-68 (1979).

[15] Spanier, E.H., Algebraic topology, New York: Mac Graw Hill, 1966.

[16] Kirillov, A.N., Reshetikhin, N.Yu., Representations of the algebra U_q(sl(2)), qorthogonal polynomials and invariants of links, in: Kohno, T. (ed.), New developments in the theory of knots. Advanced series in Math. Phys. Vol. 11, Singapore: World Scientific, 1989.

[17] Bratteli, O., Robinson, D.W., Operator algebras and quantum statistical mechanics I, C*- and W*-algebras, Symmetry groups, Decomposition of states, New York: Springer, 1979.

[18] Jüttner, G., Der Bethe-Ansatz des quantengruppeninvarianten Heisenberg-Modells, Dissertation FU-Berlin (1994) (unpublished).

[19] Watatani, Y., Index for C^∗-subalgebras, Am. Math. Soc. 83, Number 424 (1990).

[20] Pimsner, M., Popa, S., Entropy and index of subfactors, Ann. Sci. École Norm. Sup.

(Paris) Ser. 4, 19, 57-106 (1986).

[21] Faddeev, L.D., Reshetikhin, N.Yu., Takhtajan, L.A., Quantization of Lie groups and Lie algebra, Algebra and Analysis (in Russian), 1.1, 118-206 (1989).

[22] Ding, J., Frenkel, I.B., Isomorphism of two realizations of quantum affine algebra U_q “

(gl(n)), Commun. Mat. Phys. 156, 277-300 (1993).

[23] Madjid, S., Beyond supersymmetry and quantum symmetry (an introduction to braided-groups and braided-matrices), Proc. 5th Nankai Workshop, Tianjin, China, June, 1992, ed. M.L. Ge, World Sci., p 1-52.

[24] Popa, S., Maximal injective subalgebras in factors associated with free groups, Adv.

in Math. 50, 27-48 (1983).

[25] Wenzl, H., Hecke algebras of type A and subfactors, Inventiones Math. 92, 349-383 (1988).

[26] Karowski, M., Schrader, R., Vogt, E., Numerical calculation of invariants of hyperbolic 3-manifolds obtained from the 8-knot, in preparation.

[27] Schroer, B., Reminiscences about many pitfalls and some successes of QFT within the last three decades, to appear in Rev. Math. Phys. 7 (1995).

[28] Karowski, M., Zapletal, A., Quantum-group-invariant integrable n-state vertex models with periodic boundary conditions, Nucl. Phys. B419, 567-588 (1994).