Quantum Discrete sine-Gordon Model at Roots of 1: Integrable Quantum System on the Integrable Classical Background

V. Bazhanov, A. Bobenko and N. Reshetikhin

Mathematics & Theoretical Physics IAS, Australian National University Canberra, ACT 2601, Australia

Fachbereich Mathematik Technische Universität Berlin 10623 Berlin, Germany

Department of Mathematics University of California Berkeley, California 94720

Dedicated to L. D. Faddeev on his 60th birthday

Abstract. The quantum discrete sine-Gordon model at roots of 1 is studied. It is shown that this model provides an example of an integrable quantum system in an integrable classical background. In particular, the spectrum of quantum integrals of motions in this model depends only on the values of integrals of motion of a background classical system.

1. Introduction.

The sine-Gordon equation is a nonlinear differential equation for a scalar function ϕ of two variables:

−∂^2_t ϕ + ∂^2_xϕ = 4 sin ϕ . (1.1)

The Cauchy problem for this equation with initial data ϕ(x, t)|_{t=0} = ϕ(x), ∂_tϕ(x, t)|_{t=0} = π(x) can be regarded as an infinite-dimensional Hamiltonian mechanical system. The functions (π(x), ϕ(x)) are “natural canonical coordinate functions” on the phase space of this system with Poisson brackets: {π(x), ϕ(y)} = δ(x − y) . (1.2) The Hamiltonian which generates evolution (1.1) on the phase space with the Poisson structure (1.2) is H = ∫_{+∞} −∞ (^1_2 π(x)^2 +^1_2 (∂_xϕ(x))^2 + 4(1 − cos ϕ(x)))dx (1.3)

where we assume the convergence of the integral.

The Hamiltonian system (1.2), (1.3) is integrable. See [FT] for more complete description of the sine-Gordon system.

The quantization of this model has been done in several steps. For a quasiclassical analysis, which includes the quantization of solitons in equation (1.1), see [FK]. A phenomenological scattering theory with a factorized S-matrix has been constructed in [ZZ]. The Bethe-ansatz solution has been found in [T] for the equivalent Thirring model and in [FST] for the quantum sine-Gordon directly.

Since the sine-Gordon model has ultraviolet divergences, which are characteristic of quantum field-theoretical models, it is important to have a regularized counterpart of it. Ideally this should be a quantum field-theoretical model in discrete space-time.

The first integrable version of the sine-Gordon model with a discrete space variable was found in [IK]. In recent works [FV],[FV1],[BKP], the results of [IK] have been extended farther and a local equation in discrete space-time, which approximates (1.1) together with its quantum discrete counterpart, has been found. The quantum sine-Gordon model depends on two parameters, K ∈ R and q, |q| = 1.

Here is a brief description of the quantum sine-Gordon model:

(i) The algebra of observables is a certain completion A_N (q)^′ of the algebra A_N (q), q ∈

C^∗ , generated by invertible elements Qn, n = 0, . . . , 2N − 1, with the determining

relations Q_{2n} Q_{2n−1} = q^2Q_{2n−1} Q_{2n}

Q_{2n} Q_{2n+1} = q^2Q_{2n+1} Q_{2n}

(1.4)

Here we assume that subindices are taken modulo 2N. (ii) Let r(K^2; U), be a solution of the difference equation

r(K^2; Uq^2) = F (Uq^2)^{−1}r(K^2; U), (1.5) where F (Q) =

K^2 + q^{−1}Q 1 + K^2q^{−1}Q

(1.6)

Assume that the following products are defined in the completion of A_N (q)^′

ζ(U) = N∏ n=1 r(K^2; Q^{−εn}_{2n} ) , U = N−1∏ n=0 r(K^2; Q^{εn}_{2n+1}), (1.7)

Here ε_n = 1 if n = 0(mod 2), ε_n = −1, if n = 1(mod 2). Some examples of solutions r(K^2, x) will be described in section 4.

The evolution automorphism τ : A_N (q)^′ → A_N (q)^′ is defined as τ (a) = (ζ(U)U)^{−1}aζ(U)U. (1.8) For the details see section 4.

(iii) It is easy to deduce from the definition of τ and r_n(K^2; U) that elements Q_{2n,2t} = τ^t(Q_{2n}), Q_{2n+1,2t+1} = τ^t(Q_{2n+1}) satisfy the following nonlinear discrete-time evolution equations: Q_{n,t+2}Q_{n,t} = F (Q_{n+1,t+1})F (Q_{n−1,t+1}) . (1.9) Notice again that here, the elements Q_{n,t} are defined only for n + t = 0(mod 2).

(iv) The algebra (1.4) has two Casimir operators

C_1 = N−1∏ n=0 Q^{εn}_{2n+1} , C_2 = N∏ n=1 Q^{εn}_{2n} . (1.10)

where ε_n are the same as in (1.7).The evolution automorphism τ has N − 1 independent nontrivial integrals P_1, . . . , P_{N−1} with the generating function (5.19).

In this work we will investigate the structure of the quantum discrete model when q is a root of 1. We will show that the model in this case combines both classical and quantum properties. The structure of the model in this case is similar to the structure of quantum groups at roots of 1 [DC,K],[DC,P],[R]. This last fact is not surprising since it is known that the sine-Gordon model is related to quantum ^sl_2.

This paper will follow a “quantum methodology”. First we will describe a quantum model for generic q. Then a classical model and the models at q^n = 1 will appear as special limits of the quantum models for generic q.

In the second section we will clarify what we mean by quantum systems with discrete time, and the corresponding notion of integrability. The third section contains an exposition of the construction of discrete time Lax-integrable systems based upon inhomogeneous spin chains, a method dating back to the works [FR][FV]-[FV2]. In sections 4 and 5, we describe the quantum discrete sine-Gordon model. The main ideas and constructions of this section have their origin in [FV]-[FV2]. We found it necessary to include this exposition since in the work [FV], the equations of motion are given only in the light-cone form, not in terms of the algebra of observables A_N (q), but in terms of the bigger algebra A^{⊗2N}_q . Also, because the derivation of the discrete quantum sine-Gordon equation (1.9) given in [BKP] is rather brief. Section 6 contains an analysis of the classical limit. The behavior of the discrete sine-Gordon model at roots of 1 is studied in section 7. In the conclusion we discuss possible applications of the model at roots of 1.

We would like to thank R.J. Baxter, A. Connes, L.D. Faddeev, U. Pinkall, T. Miwa, R. Seiler, V.O. Tarasov, and A. Volkov for stimulating discussions and remarks. One of us (N.R.) would like to thank the Department of Theoretical Physics at the Australian National University in Canberra and the Technische Universität Berlin for their hospitality. The work of N.R. was partially supported by NSF grant DMS-9296120 and by grant from A. Sloan Foundation.

2. Quantum systems with discrete time.

First let us make it clear what we mean by quantum discrete-time evolution equations. Let A be a complex algebra and I be a set. Consider an element a_I = {a_i}_{i∈I} ∈ A^{×I} (2.1) and a map P : A^{×I} −→ A^{×I} . (2.2) Consider an automorphism ϕ : A → A. We say that the element a_I satisfies the (nonlinear) discrete-time evolution equation P with respect to the evolution ϕ if

ϕ(a_i) = P_i(a_I ) . (2.3)

The sequence (a_I )_t = ϕ^t(a_I ) , t = 0, 1, 2, . . . (2.4)

is called a trajectory of ϕ with the initial condition at t = 0.

Equation (2.3) implies that (a_i)_{t+1} = P_i((a_I )_t) . (2.5)

We will say that the evolution ϕ is Hamiltonian if there exists an invertible element U ∈ A such that ϕ(a) = U^{−1}aU . (2.6)

The element U is called the evolution operator. In many examples, U belongs to certain completions of A. In realistic physical models, the algebra A is given together with a

C -antilinear anti-involution ∗ :

(λa)^∗ = λa^∗ , (ab)^∗ = b^∗a^∗ . (2.7)

In this case it is usually assumed that U^∗ = U^{−1}, that there exists an involution σ : I → I with a^∗_i = a_{σ(i)} and that this condition is compatible with (2.3).

By the analogy with the classical case, we will say that the element F ∈ A is an integral of the map ϕ if

ϕ(F ) = F (2.8)

Intuitively we can say that the quantum evolution is integrable if it has enough integrals. We will not attempt to give a precise notion of quantum integrability here.

3. Quantum integrable systems and the Yang-Baxter equation.

In this section we will describe a method for generating integrable discrete-time models from solutions of the Yang-Baxter equations. This construction goes back to works [FR],[FV]. It is part of a more general scheme [R1], which provides a quantization of the approach to integrable classical systems based on Lie-Poisson groups. First let us specify the following data:

i) A vector space V and the function R(z) on C with values in V ⊗ V ii) We assume that R(z) is a solution to the Yang-Baxter equation

R_{12}(y)R_{13}(y + z)R_{23}(z) = R_{23}(z)R_{13}(y + z)R_{12}(y) (3.1)

which is invertible for all z ∈ C , except for a finite number of points. iii) An algebra A and the element L(z) ∈ End(V ) ⊗ A, z ∈ C , such that

R_{12}(y)L_1(y + z)L_2(z) = L_2(z)L_1(y + z)R_{12}(y) (3.2)

iv) An element R(z) ∈ A ⊗ A, z ∈ C (or of an appropriate completion of A ⊗ A) such that R(y)(L(y + z) ˙⊗L(z)) = (L(z) ˙⊗L(y + z))R(y) . (3.3) Here ˙⊗ denotes the multiplication (End(V )⊗A)^{⊗2} → End(V )⊗A⊗A which is the identity operation on A ⊗ A and the usual multiplication in End(V ) (see [FRT],[TTF]).

Note that we do not require the Yang-Baxter equation for R(x).

Consider the algebra A_N = A^{⊗2N} for some integer N > 0 and the following elements of End(V ) ⊗ A_N :

L^{(+)}_{2n−1}(z) = (id ⊗ ϕ_{2n−1})(L(z + κ)) , (3.4)

L^{(−)}_{2n} (z) = (id ⊗ ϕ_{2n})(L(z − κ)) . (3.5)

Here κ ∈ C and ϕ_n(a) = 1 ⊗ · · · ⊗ a_{n̂} ⊗ · · · ⊗ 1 . (3.6) Consider also an element U = N−1∏ n=0 R_{2n+1,2n}(2κ), (3.7) where R_{2n+1,2n}(2κ) = (ϕ_{2n+1} ⊗ ϕ_{2n})(R(2κ)) (3.8) and assume that R(2κ) is invertible.

Define the automorphism of the cyclic shift ζ : A_N → A_N : ζ(a_n) = a_{n+1}, (3.9) where n is taken modulo 2N and a_n is given by (3.6).

Define the following automorphisms:

τ_±(a) = U^{−1}ζ^{±1}(a)U. (3.10) Proposition 3.1. The following relations hold: τ_+τ_− = τ_−τ_+, (3.11) τ_+τ^{−1}_− = ζ^2. (3.12) These relations follow immediately from the definition of τ_±.

Proposition 3.2. The elements L^{(±)}_{n,t} (z) ∈ A_N , t ≥ 0, are determined, using the following recursive procedure L^{(±)}_{n+1,t+1}(z) = τ_+(L^{(±)}_{n,t} (z)) (3.13) L^{(±)}_{n−1,t+1}(z) = τ_−(L^{(±)}_{n,t} (z)) (3.14) with the initial condition L^{(±)}_{n,0} (z) ≡ L^{(±)}_n (z).

Important remark 1. We will regard the variable t as discrete time. At the point t = 0 the elements L^{(−)}n are defined only for even n and the elements L^{(+)}n are defined only for odd n. Therefore:

L^{(−)}_{n,t} is defined when n + t = 0 mod (2) L^{(+)}_{n,t} is defined when n + t = 1 mod (2)

(3.15)

Important remark 2. For the action of τ^t_±, t ∈ Z_+, we have: τ^t_±(a) = U^{(±)−1}_t ζ^{±t}(a)U^{(±)}_t (3.16) where U^{(±)}_t = ζ^{±t∓1}(U) . . . ζ^{±1}(U)U . (3.17) This gives the following explicit expressions for L^±_{n,t}(z) in terms of L_n(z) = (id ⊗ ϕ_n)(L(z)) . (3.18) For even t we have: L^{(−)}_{2n,t}(z) = U^{(+)} �1 t L_{2n}(z − κ)^{−1}U^{(+)}_t , (3.19) L^{(+)}_{2n−1,t}(z) = U^{(+)} �1 t L_{2n−1}(z + κ)U^{(+)}_t . (3.20) For odd t we have: L^{(−)}_{2n−1,t}(z) = U^{(+)} �1 t L_{2n−1}(z − κ)^{−1}U^{(+)}_t . (3.21) L^{(+)}_{2n,t}(z) = U^{(+)} �1 t L_{2n}(z + κ)U^{(+)}_t . (3.22)

Theorem 3.2. The elements L^{(±)}_{n,t} satisfy the following quadratic equations: L^{(−)}_{n,t+1}(z)L^{(+)}_{n,t} (z) = L^{(+)}_{n−1,t+1}(z)L^{(−)}_{n−1,t}(z). (3.23) Proof. We must to prove the relation τ_+(L^{(−)}_{2n,t}(z))L^{(+)}_{2n+1,t}(z) = τ_−(L^{(+)}_{2n+1,t}(z))L^{(−)}_{2n,t}(z) . (3.24) From the definition of L^{(±)}_{n,t} , it is enough to check it at t = 0. In this case, the identity (3.24) is equivalent to

U^{−1}L_{2n+1}(z − κ)^{−1}UL_{2n+1}(z + κ) = U^{−1}L_{2n}(z + κ)U · L_{2n}(z − κ)^{−1}, (3.25) or to the identity:

L_{2n+1}(z − κ)^{−1}R_{2n+1,2n}(2κ)L_{2n+1}(z + κ) = L_{2n}(z + κ)R_{2n+1,2n}(2κ)L_{2n}(z − κ)^{−1} (3.26) which is the same as

R_{2n+1,2n}(2κ)L_{2n+1}(z + κ)L_{2n}(z − κ) = L_{2n+1}(z − κ)L_{2n}(z + κ)R_{2n+1,2n}(2κ) . (3.27) This identity is the part of our data . � The automorphisms τ_± and relations (3.23) determine the evolution τ = τ_+τ_− (3.28) of the algebra A_N and the nonlinear evolution equations for matrix elements of L^±_n (z). Notice that this evolution is Hamiltonian with the evolution operator ζ(U)U: τ (a) = (ζ(U) · U)^{−1} · a · (ζ(U) · U) . (3.29) This evolution is integrable in the sense of the definition in §2. The quantum Lax operator can be easily constructed from L^{(±)}_{n,t} (z).

The system (3.23) can be regarded as the compatibility condition for the following recursive system in A_N :

ψ^{t+1}_{n+1}(z) = L^{(+)}_{n,t} (z)ψ^t_n(z) , (3.30)

ψ^{t+1}_{n−1}(z) = L^{(−)}_{n−1,t}(z)ψ^t_n(z) . (3.31) If we iterate this system twice in the n-direction we obtain a difference equation: ψ^t_{n+2}(z) = (L^{(−)}_{n+1,t}(z))^{−1}L^{(+)}_{n,t} (z)ψ^t_n(z)

= L^{(+)}_{n+1,t−1}(z)(L^{(−)}_{n,t−1}(z)^{−1})ψ^t_n(z) .

(3.32)

Iterating the system (3.30),(3.31) twice in the t-direction we get ψ^{t+2}_n = L^{(+)}_{n−1,t+1} L^{(−)}_{n−1,t}ψ^t_n

= L^{(−)}_{n,t+1} L^{(+)}_{n,t} ψ^t_n

(3.33)

For even t and n, introduce the matrices L^t_n = (L^{(−)}_{n+1,t})^{−1} L^{(+)}_{n,t} = L^{(+)}_{n+1,t−1} (L^{(−)}_{n,t−1})^{−1} M^t_n = L^{(−)}_{n,t+1} L^{(+)}_{n,t} = L^{(+)}_{n−1,t+1} L^{(−)}_{n−1,t}

(3.34)

Proposition 3.3. The matrices (3.34) satisfy the following relation: L^{t+2}_n = M^t_{n+2} L^t_n(M^t_n)^{−1} (3.35) The proof is an elementary consequence of relations (3.23). The relation (3.35) is called quantum Lax equation for the evolution (3.29).

Consider the monodromy matrix of (3.32) at t = 0 on the interval 1 ≤ n ≤ 2N: T (z) = L_{2N} (z − κ)L_{2N−1}(z + κ)L_{2N−2}(z − κ) . . . L_1(z + κ) . (3.39) The trace of this matrix over the space V is called the transfer matrix: t_V (z) = (tr_V ⊗ id)(T (z)) . (3.40) It is an element of A_N . We will keep the subindex V and use it in case we have transfer matrices corresponding to different auxiliary vector spaces V .

The relations (3.2) generates the commutativity of the family (3.34) [t_V (z), t_V (z^′)] = 0 (3.41) for any z, z^′ ∈ C . The relations (3.3) imply τ (t_V (z)) = t_V (z) . (3.42) Therefore, t_V (z) is a generating function for commuting quantum integrals of motions for the evolution (3.29).

4. Quantum complex sine-Gordon equation.

Now consider an example of the procedure described in the previous section which provides a quantum version of the discrete complex sine-Gordon model

Let A_q be an algebra generated by invertible elements u and v: uv = qvu (4.1) where q ∈ C^∗ .

Define the elements R(z) ∈ End(C^{2⊗2} ), L(z) ∈ End(C^2 ) ⊗ A as R(z) = (xq − x^{−1}q^{−1})(e_{11} ⊗ e_{22} + e_{22} ⊗ e_{11}) + (x − x^{−1})(e_{11} ⊗ e_{22} + e_{22} ⊗ e_{11}) + (q − q^{−1})(e_{12} ⊗ e_{21} + e_{21} ⊗ e_{12}) ,

(4.2)

L(z) = ( u −x^{−1}v^{−1} x^{−1}v u^{−1} ) (4.3) Here x = e^z. From this point, until the end of this section, we will assume that |q| < 1.

These elements satisfy the relations (3.1),(3.2) [IK]. This fact has a simple meaning in terms of the quantum universal enveloping algebra U_q(^b_+), where ^b_+ is a Borel subalgebra in ^sl_2. The matrices (4.2),(4.3) determine a “minimal” representation of U_q(^sl_2) (when q^n = 1 it is closely related to a minimal cyclic representation of U_q(^sl_2) [DJMM]).

Consider the following matrices with coefficients in ^A^{⊗2}_q :

L_i(x) = ( u_i −x^{−1}v^{−1}_i x^{−1}v_i u_i ) (4.4)

where u_i = ϕ_i(u), v_i = ϕ_i(v), i = 1, 2 and ϕ_i are as in (3.6). Let r(x; U) be a function and ^A⊗2_q be a completion of A⊗2_q where the element r(x; v−1_1 v_2u−1_1 u−1_2 ) is defined.

Proposition 4.1. [V] The element r(x, v^{−1}_1 v_2u^{−1}_1 u^{−1}_2 ) satisfies the following relation:

r(x, v^{−1}_1 v_2u^{−1}_1 u^{−1}_2 )L_1(xy)L_2(y) = L_1(y)L_2(xy)r(x, v^{−1}_1 v_2u^{−1}_1 u^{−1}_2 ) , (4.5)

if and only if the function r(x, U) satisfies the equation (1.5).

Proof. After some simple algebra, one can reduce (4.5) to the following three relations:

r(x, U)u_1 u_2 = u_1u_2r(x, U), (4.6)

r(x, U)v^{−1}_1 v_2 = v^{−1}_1 v_2r(x, U), (4.7) r(x, U)(xV + qV · U) = (V + qxV · U)r(x, U) . (4.8) Here we denote:

V = u_1v^{−1}_2 , U = v^{−1}_1 v_2u^{−1}_1 u^{−1}_2 .

Clearly relation (4.8) holds for these elements. The equality (4.8) is equivalent to the difference equation r(x, q^2U) = ( 1 + qxU x + qU ) r(x, U) . (4.9) Let us describe completions ^A^{⊗2}_q which will be used in sections 6 and 7. Denote by q_0 a primitive root of 1 of odd degree l. Assume q = q_0e^h where h is a formal variable. Denote by ^A^{⊗2}_q the algebra generated by U^{±1}, u^{±1}_1 , u^{±1}_2 , v^{±1}_1 , v^{±1}_2 with the same determining relations between u^{±1}_i , v^{±1}_i as in A ⊗ 2 and one extra:

v^{−1}_1 v_2u^{−1}_1 u^{−1}_2 = U . (4.10)

As a linear space ^A_q consists of Laurent polynomials in u_i, v_i and power series in h and U^l − 1.

Consider the element

r(x; U) = exp ( − P^2 4h ) (−xU^{−1}q; q^2)^{−1}_∞ (−xUq; q^2)^{−1}_∞ , (4.11) in the space ^A^{⊗2}_q [[h^{−1}]]. Here U^l = exp(lP ) and x is a nonzero complex number and

(x; q)_∞ = ∞∏ n=0 (1 − zq^n)

The function (4.11) provides a solution to (4.9).

Let ^A^{⊗3}_q be the algebra generated by U^{±1}, V^{±1},u^{±1}_i ,v^{±1}_i ,i = 1, 2, 3, with the extra relations:

U = v^{−1}_2 v_1u^{−1}_2 u^{−1}_1

V = v^{−1}_3 v_2u^{−1}_3 u^{−1}_2 UV = q^2V U (4.12)

As the vector space ^A^{⊗3}q consists of power series over h, U^l − 1 and V^l − 1, and Laurent polynomials in u^{±1}_i , v^{±1}_i .

Define the element r(x, V ) similarly to (4.11). Then, in ^A^{⊗3}q we have the following identity: r(x; U)r(xy; V )r(y; U) = r(y; V )r(xy; U)r(x; V ) (4.13) For the proof see [BR](similar statements can be found in [K][V]). We will not use the relation (4.13) in this paper but, in [BR] we show that it provides the star-triangular relation for the chiral Potts model.

The remarkable fact about the expression (4.11) is that though it does not lie in ^A^{⊗3}q the similarity transformation by r(x, U) and by r(x, V ) provide automorphisms of this algebra.

Now K = exp κ and choose

R(z) = r(e^z , v^{−1}u^{−1} ⊗ vu^{−1}) , (4.14)

where r(x, U) is a solution to (1.5) and the right side is considered in an appropriate completion of A^{⊗2}_q .

Now let us construct the dynamics of the discrete sine-Gordon model on the algebra A^{⊗2N}_q . Define the evolution operator (3.7) using the R-matrix (4.14):

U = N−1∏ n=0 r(K^2, v^{−1}_{2n+1}u^{−1}_{2n+1}v_{2n}u^{−1}_{2n} ) (4.15)

where K = exp κ. Then formulas (3.10),(3.29) provide automorphisms τ, τ_± of appropriate completion of A^{⊗2N}_q (defined similar to the completions described above).

Define the trajectories of u^{±1}_n , v^{±1}_n inductively as follows:

a_{n±1,t+1} = τ_±(a_{n,t}) (4.16)

where a := u^{±1}, v^{±1}.

Proposition 4.2. The elements u^{±1}_{n,t}, v^{±1}_{n,t} satisfy the following relations:

t-even: u_{2n−1,t} u_{2n−2,t} = u_{2n−1,t+1} u_{2n−2,t+1} v^{−1}_{2n−1,t} v_{2n−2,t} = v^{−1}_{2n−1,t+1} v_{2n−2,t+1} Ku_{2n−1,t} v^{−1}_{2n−2,t} + K^{−1}v_{2n−1,t} u^{−1}_{2n−2,t} = K^{−1}u_{2n−1,t+1} v^{−1}_{2n−2,t+1} + Kv^{−1}_{2n−1,t+1} u^{−1}_{2n−2,t+1} (4.17)

t-odd: u_{2n,t} u_{2n−1,t} = u_{2n,t+1} u_{2n−1,t+1} v^{−1}_{2n,t} v_{2n−1,t} = v^{−1}_{2n,t+1} v_{2n−1,t+1} Ku_{2n,t} v^{−1}_{2n−1,t} + K^{−1}v^{−1}_{2n,t} u^{−1}_{2n−1,t} = K^{−1}u_{2n,t+1} v^{−1}_{2n−1,t+1} + Kv^{−1}_{2n,t+1} u^{−1}_{2n−1,t+1} . (4.18)

Proof. These relations follow immediately from equations (3.22) if we identify L^∓_{n,t}(x) as follows: L^+_{n,t}(x) = ( u_{n,t} , −K^{−1}x^{−1}v^{−1}_{n,t} −K^{−1}x^{−1}u^{−1}_{n,t} , u^{−1}_{n,t} ) (4.19)

L^−_{n,t}(x) = ( u_{n,t} , −Kx^{−1}v^{−1}_{n,t} −Kx^{−1}u^{−1}_{n,t} , u^{−1}_{n,t} )_{−1} (4.20)

where x = e^z.

The physically interesting case corresponds to |q| = 1 and K ∈ R. The algebra A_q in this case is regarded as the algebra with the antilinear antiinvolution ∗ acting as:

u^∗_i = u^{−1}_i , v^∗_i = v^{−1}_i (4.21)

It is easy to check that in this case the coefficients of the generating function (3.40) are ∗-invariant integrals of motion. We will consider in detail such cases when q is a root of 1. For the case when |q| = 1 but when it is not a root of 1 see [F].

5. Equations of motion and integrals of motion for the quantum sine-Gordon equation.

In this section we will introduce the subalgebra of “sine-Gordon variables” in the algebra A_q^{⊗2N} , and will show that the evolution τ , with U given by (4.15), determines an integrable quantum system for this subalgebra.

For even t, define the following elements: U_{2n,t} = v^{−1}_{2n,t} v_{2n−1,t} u^{−1}_{2n,t} u^{−1}_{2n−1,t} = v^{−1}_{2n,t−1} v_{2n−1,t−1} u^{−1}_{2n,t−1} u^{−1}_{2n−1,t−1} = τ^t(U_{2n}) , U_{2n−1,t} = v^{−1}_{2n−1,t} v_{2n−2,t} u^{−1}_{2n−1,t} u^{−1}_{2n−2,t} = v^{−1}_{2n−1,t+1} v_{2n−2,t+1} u^{−1}_{2n−1,t+1} u^{−1}_{2n−2,t+1} = τ^t(U_{2n−1}) .

(5.1)

Here the second lines in the equalities follow from equations of motion (4.17),(4.18).

Elements U_n = U_{n,0} obey the following relations

U_{2n}U_{2n−1} = q^2U_{2n−1}U_{2n} U_{2n}U_{2n+1} = q^{−2}U_{2n+1}U_{2n}.

(5.2)

and generate the subalgebra of A_q^{⊗2N} which we denote A_N (q). This algebra has a center generated by the elements

C_1 = N−1∏ n=0 U_{2n+1} , C_2 = N∏ n=1 U_{2n} . (5.3)

Clearly the sequence of elements U_{n,t}, t = 0, 1, 2, . . . is the trajectory of U_n with respect to the evolution τ :

U_{n,t} = τ^t(U_n) . (5.4) Theorem 5.1. Elements U_{n,t} satisfy the following nonlinear evolution equations

U_{2n,t+2} =

K^2 + q^{−1}U_{2n+1,t} 1 + K^2q^{−1}U_{2n+1,t} · 1 + K^2q · U_{2n−1,t} K^2 + q · U_{2n−1,t} U_{2n,t} (5.5)

U_{2n+1,t−2} = U_{2n+1,t} 1 + K^2qU_{2n+2,t} K^2 + qU_{2n+2,t} · K^2 + q^{−1}U_{2n,t} 1 + K^2q^{−1}U_{2n,t}

(5.6)

Theorem 5.2. The trace t_1(x) of the quantum monodromy matrix (3.39), with L^{(±)}(z) given by (4.19) and (4.20), depends only on the elements U^{±1}_n , n = 1, . . . , N, and therefore belongs to the subalgebra A_N (q) in A^{⊗2N}_q . The element t_1(x) is the polynomial of degree 2N. Its coefficients determine N nontrivial integrals of the evolution τ .

Let us first prove Theorem 5.1. One can do this in two natural ways. The first, “the Hamiltonian” approach, is to use the definition of the evolution τ and compute the equations of motion directly from this definition. The second, the “Lagrangian” approach, is to use the definition of U_{n,t} in terms of u^{±1}_{n,t}, v^{±1}_{n,t}. Here we present both approaches.

1. “Hamiltonian” proof of Theorem 5.1: Let us use the definition of the auto-

morphisms τ_± and the difference equation for r(x; U). We obtain the following expressions for the action of τ_± on U_n:

τ_+(U_{2n}) = U_{2n+1} τ_−(U_{2n}) = U_{2n−1} τ_+(U_{2n−1}) = F (U_{2n+1})U_{2n}F (U_{2n−1})^{−1} τ_−(U_{2n+1}) = τ_+(U_{2n−1}) ,

(5.7)

where F (U) is the same as in (1.6). From this we have for τ = τ_+τ_− = τ_−τ_+ :

τ (U_{2n}) = F (U_{2n+1})U_{2n} F (U_{2n−1})^{−1} τ (U_{2n+1}) = F (τ (U_{2n+2}))U_{2n+1} F (τ (U_{2n}))^{−1}

(5.8) which implies (5.5),(5.6).

2. “Lagrangian” proof of Theorem 5.1: Let us factorize the L-operator (4.3) as

follows: L = ( u −x^{−1}v^{−1} x^{−1}v u^{−1} ) = ( 1 0 0 u^{−1}v ) uM_1 ( 1 0 0 u^{−1}v^{−1} ) (5.9)

where M_α = ( 1 −αx^{−1} αx^{−1}q 1 ) (5.10)

Then, for the product of two L-operators we have: L_{2n−1,t}(xK)L_{2n,t}(xK^{−1}) = ( 1 0 0 (u^{−1}v)_{2n−1,t} ) u_{2n−1,t}M_{1/K} ( 1 0 0 U_{2n−1,t} ) u_{2n−2,t}M_K ( 1 0 0 (u^{−1}v^{−1})_{2n−2,t} ) . (5.11)

The Lax equation (3.23) implies the compatibility condition

L^+_{2n+1,t}L^−_{2n,t}L^+_{2n−1,t}L^−_{2n−2,t} = L^−_{2n+1,t+1}L^+_{2n,t+1}L^−_{2n−1,t+1}L^+_{2n−2,t+1} . (5.12)

Now, if we use the factorization (5.9) and the definition of U_{n,t}, this relation can be rewritten in terms of L^±_{n,t}(z) defined in (4.19),(4.20), as ( 1 0 0 (u^{−1}v)_{2n+1,t} ) u_{2n+1,t}M_{1/K} ( 1 0 0 U_{2n+1,t} ) u_{2n,t} M_K ( 1 0 0 U_{2n,t} ) u_{2n−1,t}M_{1/K} ( 1 0 0 U_{2n−1,t} ) u_{2n−2,t} M_K ( 1 0 0 (u^{−1}v^{−1})_{2n−2,t} ) = ( 1 0 0 (u^{−1}v)_{2n+1,t+1} ) u_{2n+1,t+1} M_K ( 1 0 0 U_{2n+1,t} ) u_{2n,t+1}M_{1/K} ( 1 0 0 U_{2n,t+2} ) u_{2n−1,t+1} M_K ( 1 0 0 U_{2n−1,t} ) u_{2n−2,t+1}M_{1/K} ( 1 0 0 (u^{−1}v^{−1})_{2n−2,t+1} ) .

(5.13)

Moving all u_{n,t}, u_{n,t+1} to the left and cancelling by the factor

(u_{2n+1}u_{2n}u_{2n−1}u_{2n−2})_{t+1} = (u_{2n+1}u_{2n}u_{2n−1}u_{2n−2})_t

one gets ( 1 0 0 (u^{−1}v)_{2n+1,t} ) M_{1/K} ( 1 0 0 q^{−1}U_{2n+1,t} ) M_K ( 1 0 0 q^{−1}U_{2n,t} )

M_{1/K} ( 1 0 0 q^{−1}U_{2n−1,t} ) M_K ( 1 0 0 (u^{−1}v^{−1})_{2n−2,t} ) = = ( 1 0 0 (u^{−1}v)_{2n+1,t+1} ) M_K ( 1 0 0 q^{−1}U_{2n+1,t} ) M_{1/K} ( 1 0 0 q^{−1}U_{2n,t+2} )

M_K ( 1 0 0 q^{−1}U_{2n−1,t} ) M_{1/K} ( 1 0 0 (u^{−1}v^{−1})_{2n−2,t+1} ) (5.14)

The element 11 of this equality depends on only U’s and yields

(K^2 + q^{−1}U_{2n+1,t})U_{2n,t}(1 + K^2q^{−1}U_{2n−1,t}) = (1 + K^2q^{−1}U_{2n+1,t})U_{2n,t+2}(K^2 + q^{−1}U_{2n−1,t}) .

(5.15)

In a similar way as for even t in (5.12) we can obtain the following equation for odd t:

(K^2 + q^{−1}U_{2n+2,t})U_{2n+1,t−2}(1 + K^2q^{−1}U_{2n,t}) = = (1 + K^2q^{−1}U_{2n+2,t})U_{2n+1,t}(1 + K^2q^{−1}U_{2n,t}) .

(5.15^′)

Now let us prove Theorem 5.2. Direct calculation, similar to the one used in the proof of the previous proposition, yields

T (x) = u_{2N} . . . u_1 ( 1 0 0 q^{−1}(u^{−1}v)_{2N} ) F (x; U_2, . . . , U_{2N} ) ( 1 0 0 q(v^{−1}u^{−1})_1 ) , (5.16)

where

F (x; U_2, . . . U_{2N} ) = M_K ( 1 0 0 q^{−1}U_{2N} ) M_{1/K} ( 1 0 0 q^{−1}U_{2N−1} ) . . . . . . M_K ( 1 0 0 q^{−1}U_2 ) M_{1/K} . (5.17)

Denote the elements of the matrix F (x; U_1, . . . , U_{2N−1}) by

F (x; U) = ( A(x; U) B(x; U) C(x; U) D(x; U) ) . (5.18)

One gets for the trace of the matrix (over C^2 )

t_1(x) = u_{2N−1} . . . u_0{A(x; U_2, . . . , U_{2N} )

+ (u^{−1}v)_{2N} D(x; U_2, . . . , U_{2N} )(v^{−1}u^{−1})_1} = u_{2N−1} . . . u_0{A(x; U_2, . . . , U_{2N} ) + D(x; U_2, . . . , U_{2N−1}, q^2U_{2N} )x; U_1}

(5.19)

The product u_{2N} , . . . , u_1 can also be expressed in terms of U_1, . . . , U_{2N} (in an appropriate extension of A_{qN} (q) by √ C_1 and √ C_2)

u_{2N} . . . u_1 = √ U^{−1}_{2N} U^{−1}_{2N−1} . . . U^{−1}_1 q^{1−N} , (5.20)

which completes the proof.

It is easy to see from the structure of L(x) that t_1(x) is a polynomial of degree 2N in x^{−2}. It is also a simple computation which shows that when x → ∞,

t_1(x) = u_{2N} . . . u_1 + u^{−1}_{2N} . . . u^{−1}_1 + O(x^{−2}) = (C_1C^{−1}_2 )^{12} q^{1−N} + (C_2C^{−1}_1 )^{12} q^{N−1} + O(x^{−2})

Here, C_1 and C_2 are defined in (1.10). All other coefficients do not lie in the center of A_N (q) and therefore provide nontrivial integrals of the evolution τ . Although we do not prove it here, it is quite reasonable to assume that they are algebraically independent.

The arguments of §3 show that the discrete quantum sine-Gordon equation (4.38) describes an integrable quantum system with a generating function t_1(x) for commuting quantum integrals.

Denote by T^{(1)}(z) the quantum monodromy matrix (3.39) for the quantum sine-Gordon model described in §4. It is known that T^{(1)}(z) corresponds to the irreducible 2-dimensional U_q(sl_2)-module. Using the fusion procedure for the elements L(z) [KSR], one can obtain quantum monodromy matrices corresponding to any finite-dimensional U_q(sl_2)-modules. Denote by T^{(ℓ)}(z), (ℓ = 1, 2, . . . ) the corresponding (ℓ + 1)-dimensional representation. For an explicit description of the fusion procedure which gives T^{(ℓ)}(z) via certain algebraic operation on T^{(1)}(z), see [KR]. The element T^{(ℓ)}(z) ∈ End(C^{ℓ+1}) ⊗ A_N has the following form:

T^{(ℓ)}(z) = L^{(ℓ)}_{2N} (zK^{−1})L^{(ℓ)}_{2N−1}(zK) . . . L^{(ℓ)}_2 (zK^{−1})L^{(ℓ)}_1 (zK), (5.21)

where L^{(ℓ)}_n (z) are obtained by an appropriate fusion of several copies of L(z) [KR].

Introduce the elements t_ℓ(z) = tr(T^{(ℓ)}(z)), (5.22)

where the trace is taken over C^{ℓ+1} , so that t_ℓ(z) ∈ A_N . Represent the element T^{(1)}(z) as a 2 × 2 matrix with elements from A_N :

T^{(1)}(z) = ( A(z) B(z) C(z) D(z) ) . (5.22^′)

Proposition 5.3. [KR] Elements t_ℓ(z) satisfy the following relations:

[t_ℓ(z), t_ℓ0 (w)] = 0 , (5.23)

for any ℓ, ℓ^′ = 1, 2, . . . , z, w ∈ C and the recursive relations

t_1(z)t_ℓ(zq) = t_{ℓ+1}(z) + d(z) · t_{ℓ−1}(zq^2) (5.24)

t_ℓ(z)t_1(zq^ℓ) = t_{ℓ+1}(z) + d(zq^{ℓ+1})t_{ℓ−1}(z) (5.24^′)

where d(z) = A(zq)D(z) − B(zq)C(z) is a quantum determinant of T^{(1)}(z).

For the proof of this proposition see [KR].

Remark 5.4 Let A be the algebra generated by the elements A(z), B(z), C(z), D(z). Topologically A can be regarded in several ways: elements in the complex plane parameterize the generators of A, or A, B, C, D are generating functions like f(z) = ∑ n≥0 f_nz^n (or in some other appropriate sense) with relations

R(z)T_1(zw)T_2(w) = T_2(w)T_1(zw)R(z) . (5.25)

Proposition 5.3 holds in this, more general, situation.

Remark 5.5 For the monodromy matrix of the quantum sine Gordon equation, the quantum determinant can be computed explicitly

d(z) = (1 + z^{−1}q^{−1}K^2)^N (1 + z^{−1}q^{−1}K^{−2})^N . (5.26)

The solution to the recursion (5.24) can be written explicitly as:

t_ℓ(z) = det t_1(z) 1 0 . . . 0 0 d(z) t_1(zq) 1 . . . 0 0 0 d(zq) t_1(zq^2) . . . 0 0 . . . . . . .. . . . . . 0 0 0 . . . t_1(zq^{ℓ−2}) 1 0 0 0 . . . d_(zq^{ℓ−2}) t_1(zq^{ℓ−1})

. (5.27)

or, in terms of generating functions,

(1 − Xt_1(z) + X^2d(z))^{−1} = ∑ ℓ≥0 X^ℓt_ℓ(z), (5.28)

where t_1(z)X = Xt_1(zq) , d(z)X = Xd(zq) . (5.29)

The coefficients of the polynomial t_1(z) are integrals of motion of the evolution (3.28). The coefficients of the polynomials t_ℓ(z), ℓ > 1, do not generate new integrals because of (5.27).

Now define the discrete sine-Gordon variables Q_{n,t}, which are defined only for n + t = 0 (mod 2):

Q_{n,t} = U_{n,t} , n + t = 0 (mod 4) , t − even U^{−1}_{n,t} , n + t = 2 (mod 4) , t − even U_{n,t−1} , n + t = 2 (mod 4) , t − odd U^{−1}_{n,t−1} , n + t = 0 (mod 4) , t − odd

(5.30)

We also assume that Q_{2n} := Q_{2n,0}, Q_{2n+1} := Q_{2n+1,1}.

There are several reasons to call these elements sine-Gordon variables. In the continuum limit they approach exp(iϕ(x)), where ϕ(x) is a continuous Sine-Gordon variable (see the next section). Another reason is that in the classical limit Q_{n,t} has a natural interpretation in terms of angles between edges of discrete K-surfaces (see the conclusion and [BP] for details).

If we associate the elements Q_{n,t} with the unshaded faces of a two-dimensional square lattice (see Fig. 1) the evolution equations for Q_{n,t} can be written as

Q_u = F (Q_ℓ)F (Q_r )Q^{−1}_d , (5.31)

where u, ℓ, r, d are the up, left, right and down shaded faces surrounding any shaded face.

6. The classical discrete sine-Gordon system.

In the previous section we described a quantum complex sine-Gordon system as a quantum mechanical system with a finitely generated algebra of observables. From the point of view of quantum field theory it is a finite quantum mechanical system.

The quasiclassical limit of the system (5.13), (5.14) corresponds to the limit q → 1. The classical system which we recover in this limit has the phase space M_{2N} ≃ T^{×2N}, where

T is the (complex) torus. In natural coordinates in M2N , the Poisson bracket between

coordinate functions will have the following form:

{Q_{2n}, Q_{2n±1}} = 2Q_{2n}Q_{2n±1} (6.1)

All other brackets {Q_n, Q_m} vanish. The equations of motion (5.13) will become Q_{n,t+2}Q_{n,t} = F_{cℓ}(Q_{n+1,t+1})F_{cℓ}(Q_{n−1,t+1}), (6.2) F_{cl}(x) = K^2 + x 1 + K^2x

. (6.3)

They can be regarded as a symplectomorphism ϕ : M_{2N} → M_{2N} given by the formula

τ_{cl}(Q_n) = F_{cl}(Q_{n+1})F_{cl}(Q_{n−1})Q^{−1}_n (6.4)

in natural coordinates in M_{2N} .

Taking the limit q → 1 of the generating function for quantum evolution we obtain the generating function for the symplectomorphism τ_{cl}:

τ_{cl}(a) = exp(H) ∘ a = ∑ n≥0 1 n! {H{. . . {H, a}}}, (6.5)

with H = H(H_+, H_−). (6.6)

Here H(a, b) is a Campbell-Hausdorff function for the multiplication in A_N (e^h) : a ∗ b = a · b + h 2 {a, b} + O(h^2), (6.7)

H(a, b) = h log(exp( a h ) ∗ exp( b h )) mod h, (6.8) and H_− =^1_2 N∑ n=1 (Li_2(−Q_{2n}K^2) + Li_2(−Q^{−1}_{2n} K^2) +^1_2 log^2(Q_{2n})) , (6.9)

H_+ =^1_2 N∑ n=1 (Li_2(−Q_{2n−1}K^2) + Li_2(−Q^{−1}_{2n−1}K^2) +^1_2 log^2(Q_{2n−1})) . (6.10)

Here Li_2(z) is the Euler dilogarithm

Li_2(z) = − ∫_z 0 log(1 − x) x dx .

Here we assume that the limit h → 0 is taken in the completion of A_N (e^h) by power series in K^2 and (Q_n − 1). In this completion, the evolution operator (1.7) is given by the product of the elements (4.11).

As for the quantum case, transfer matrix t_1(z) generates classical integrals of motion. Let us demonstrate how one can recover the continuum sine-Gordon system from the system (6.2),(6.3) in the limit K → 0.

Assume that K → 0, N → ∞ as N =^L_K for some fixed value of L, and

Q_n = Q(nK), (6.11)

where Q(x) is some smooth periodic function on the interval [0, L]. Then if t =^σ_K there exists a limit Q_{n,t} → Q(x, σ) , K → 0, (6.12) and the limiting function is the solution of the classical sine-Gordon equation

∂_σ((∂_σ Q)Q^{−1}) − ∂_x((∂_xQ)Q^{−1}) = 2(Q^{−1} − Q) . (6.13)

Indeed we can rewrite the system (6.2),(6.3) as

Q_{n,t+2}Q_{n,t}Q^{−1}_{n−1,t+1}Q^{−1}_{n+1,t+1} = 1 + K^2Q^{−1}_{n−1,t+1} 1 + K^2Q_{n−1,t+1} · 1 + K^2Q^{−1}_{n+1,t+1} 1 + K^2Q_{n+1,t+1}

. (6.14)

Taking the limit K → 0 with the assumption (6.11) we get (6.13). In the coordinates Q = e^{iϕ}, the equation (6.13) looks more familiar:

∂^2_σϕ − ∂^2_xϕ = −4 sin ϕ (6.15)

7. Quantum discrete sine-Gordon system at roots of 1.

Consider the discrete sine-Gordon system in the limit q → q_0 where q^ℓ_0 = 1. We assume also that ℓ is odd and q_0 is a primitive root of degree ℓ.

It is easy to establish the following properties of the algebra A_N (q_0):

• The center Z(A_N (q_0)) of the algebra A_N (q_0) is generated by the elements Q^ℓ_n. • The following brackets determine Poisson algebra structure on Z(A_N (q_0)) and the Poisson action of the center by derivations on A_N (q_0):

{a, b} = lim_{τ→0} a ∗ b − b ∗ a τ (7.1)

Here ∗ is the multiplication in A_N (e^τ q_0) and at least one of a or b belongs to Z(A_N (e^τ q_0)). We also assume an identification of the vector spaces A_N (q) for all q (for example by choosing some normal ordering).

It is easy to compute the Poisson brackets (7.1) between the generators Q^ℓ_n of Z(A_N (q_0)) and their action on Q_n: {Q^ℓ_n, Q^ℓ_m} = { 4ℓ^2Q^ℓ_nQ^ℓ_m , |n − m| = 1 0 , otherwise

(7.2)

{Q^ℓ_n, Q_m} = { 2ℓQ^ℓ_nQ_m , |n − m| = 1 0 , otherwise

(7.3)

Now let us consider the equations of motion for Q^ℓ_{n,t}.

Theorem 7.1. The evolution equations (5.13),(5.13^′ ) provide the following equations for Q^ℓ_{n,t}: Q^ℓ_{n,t+2}Q^ℓ_{n,t} = K^{2ℓ} + Q^ℓ_{n+1,t+1} 1 + K^{2ℓ}Q^ℓ_{n+1,t+1} · K^{2ℓ} + Q^ℓ_{n−1,t+1} 1 + K^{2ℓ}Q^ℓ_{n−1,t+1} . (7.4)

Proof. From the commutation relations (5.2) we conclude that F (U_{n−1,t})G(U_{n+1,t})U^{−1}_{n,t} = U^{−1}_{n,t} F (q^{±2}U_{n−1,t})G(q^{±2}U_{n+1,t}) (7.5) for any rational functions F (x) and G(x). Here we have pluses or minuses in the r.h.s. depending on the parity of n.

Write equation (5.13) as Q_{n,t+2} = F (Q_{n−1,t})F (Q_{n+1,t})Q^{−1}_{n,t}. where F (x) =

K^2 + q^{−1}x q + K^2q^{−1}x

. (7.6)

Then, if we will use the definition of Q-elements and the relation (7.5) we will have: Q^ℓ_{n,t+2} = F_ℓ(Q_{n−1,t})F_ℓ(Q_{n+1,t})Q^{−ℓ}_{n,t}, (7.7) where F_ℓ(x) = F (x)F (xq^{−2}) . . . F (xq^{−2(ℓ−1)}) . If q_0 is a root of 1 of degree ℓ with odd ℓ we have

F_ℓ(x) =

K^{2ℓ} + x^ℓ 1 + K^{2ℓ}x^ℓ

. (7.8)

Therefore, if we introduce new variables {Q^ℓ_{n,t}} they will satisfy the classical equations of motion for the discrete sine-Gordon model. Thus, the dynamics of the quantum sine- Gordon model at roots of 1 has the following structure:

• It determines the classical dynamics on Z(A_N (q_0)) with the equations of motion (7.4).

• The algebra A_N (q_0) is finite-dimensional over its center and therefore we can regard the quantum dynamics (5.13), as “finite-dimensional quantum fluctuations” over the classical trajectory of Q^ℓ_n.

Let us consider evolution automorphism for quantum dynamics at roots of 1. First, let us determine the asymptotics of r(x, z) from (4.5) when q → q_0.

The solution r(x, z) to the equation (1.5) which is regular at x = 0 has the following asymptotics when q = q_0e^τ and τ → 0:

r(x, z) ≃ const·exp ( − 1 2ℓ^2τ L(x^ℓ, z^ℓ) )( 1 + z^{−ℓ}x^ℓ 1 + z^ℓx^ℓ

)^1�^ℓ_{2ℓ ℓ−1}∏ n=0 ( 1 + xz^{−1}q^{−2n−1}_0

1 + xzq^{2n+1}_0 )−^n_ℓ (1+O(τ )),

(7.9) where L(x^ℓ, z^ℓ) = Li_2(−z^ℓx^ℓ) + Li_2(−z^{−ℓ}x^ℓ) +^1_2 log^2(z^ℓ). (7.10)

Taking the limit q → q_0 in the evolution automorphism τ , with R(2κ) determined by (4.14), we obtain the following expression for the action of τ in the completion of A_N (q_0) by the power series in K^2 and Q_n − 1:

τ (a) = U^{−1}τ_{cl}(a)U , (7.11)

where U = τ_{cl}(U_+)U_−, (7.12)

τ_{cl}(a) = exp ( H^{cl}_+ ℓ^2 ) ∘ exp ( H^{cl}_− ℓ^2 ) ∘ a, (7.13)

U_− = N∏ n=1 ℓ−1∏ m=0 ( 1 + K^2Q^{−1}_{2n} q^{−2m−1}_0 1 + K^2Q_{2n}q^{2m+1}_0 )−^m_ℓ , (7.15)

U_+ = N∏ n=1 ℓ−1∏ m=0 ( 1 + K^2Q^{−1}_{2n−1}q^{−2m−1}_0 1 + K^2Q_{2n−1}q^{2m+1}_0 )_− m_ℓ . (7.16)

Here, exp(a) ∘ b is the Poisson action (6.6) of exp(a) on b. Functions H^{cl}_± are determined by equations (6.10) (6.11): H^{cl}_±(Q) = H_±(Q^ℓ).

Notice that in the center of A_N (q_0) the map τ_{cl} acts as a classical evolution automorphism

τ_{cl}(a) = ∑ n≥0 (_1 ℓ2 )_n n! {H^{cl} . . . {H^{cl}, a} . . . }, (7.17) where H^{cl} = H(H^{cl}_+, H^{cl}_−), and H(a, b) is the Campbell-Hausdorff function (6.8).

Now consider integrals of motion for the evolution (7.11).

In §5 we described transfer matrices corresponding to (ℓ+1)-dimensional representations of U_q(sl_2) for the quantum discrete model (5.6) with ℓ = 0, 1, 2, . . . . It is known (see for example [L]) that the structure of U_q(sl_2)-modules is completely different when q is a root of 1. This is why in this case the transfer matrices corresponding to higher irreducible representations of U_q(sl_2) have a different “fusion algebra” from (5.23). Let t_m(z) be the transfer matrix (see §5) corresponding to (m + 1)-dimensional irreducible representation of U_{q0} (sl_2) with q_0 as above.

Let t^{cl}_1 (z; K; U_n) be the classical limit (q → 1) of the quantum transfer matrix (5.19). Consider the elements A^{(ℓ)}(z) = A(z) . . . A(zq^{ℓ−1}_0 ), (7.18)

D^{(ℓ)}(z) = D(z) . . . D(zq^{ℓ−1}_0 ), (7.19)

where A(z), D(z) are elements of the quantum monodromy matrix (5.22^′).

Theorem 7.2. 1. The transfer matrices t_m(z) form a commutative family (n, m ≤ ℓ − 1)

[t_m(z), t_n(z^′)] = 0. (7.20)

2. If 1 ≤ n ≤ ℓ − 1, the transfer matrix t_m(z) can be computed via (5.26). 3. The elements A^{(ℓ)}(z), D^{(ℓ)}(z) are related to t^{cl}_1 (z) as:

A^{(ℓ)}(z) + D^{(ℓ)}(z) = t^{cl}_1 (z^ℓ; K^ℓ; U^ℓ_n) ≡ t^{(ℓ)}(z). (7.21)

4. The following identity holds:

1 + t^{cl}_1 (z) + d^{cl}(z) = det t_1(z) 1 0 . . . 0 0 d(z) t_1(zq_0) 1 . . . 0 0 0 d(zq_0) t_1(zq^2_0 ) . . . 0 0 . . . . . . . . . . . . . 0 0 0 . . . t_1(zq^{ℓ−2}_0 ) 1 0 0 0 . . . d_(zq^{ℓ−2}_0 ) t_1(zq^{ℓ−1}_0 )

(7.22)

where d^{(ℓ)}(z) = ∏_{ℓ−1} j=0 d(zq^j_0) = (1 + z^{−ℓ}K^{2ℓ})^N (1 + z^{−ℓ}K^{−2ℓ})^N .

The proof of this theorem essentially follows from works [BS,BBP]. It is very technical and we will omit it here.

8. Conclusion.

In this paper we have studied the discrete quantum sine-Gordon model at roots of 1. From the physical point of view the main feature of this model is that it may be regarded as an integrable quantum field theoretic model (as N → ∞) with classical background.

The discrete sine-Gordon model has an interesting geometrical application which we briefly present here, for details of which we refer the reader to [BP]. The sine-Gordon equation ϕ_{ξη} = sin ϕ

was first derived in the 19th century in the context of differential geometry to describe surfaces with a constant negative curvature (K-surfaces). These surfaces allow a Chebyshev net parameterization F (η, ξ)

F : R^2 → R^3 ,

which is an asymptotic line parameterization with ‖F_ξ‖ = ‖F_η‖ = constant. The function ϕ(ξ, η) describes the angles between the asymptotic lines.

This geometric picture can be discretized in a natural and elegant way. A discrete K-surface is a map F : Z^2 → R^3 with the properties

(1) any four edges emanating from a common vertex F_{n,m} are coplanar. (2) all the edges have a constant length.

In fact, this discretization has already been suggested in the 1950’s [W]. Starting with this geometric definition one can derive an equation for the angles between the edges of neighboring vertices (see [BP]), i.e. an equation with the same geometric meaning as the one of the sine-Gordon equations in the smooth case. It is so therefor not surprising that this equation turned out to be the discrete sine-Gordon equation (6.2),(6.3), where Q_{n,m} = exp(iϕ_{n,m}) and ϕ_{n,m} is the angle between the edges at vertex F_{n,m}.

It would be interesting to find a natural geometric interpretation of the quantum sine- Gordon system, i.e. to define quantum discrete K-surfaces.

The system can also be regarded as an example of a dynamical system in the vector bundle. Indeed, the algebra A_N (q_0) can be regarded as a (nontrivial) vector bundle over an N-dimensional complex torus with an ℓ^2-dimensional fiber. It is known as a quantum torus [C]. The evolution operator (7.11) is an endomorphism of this bundle which projects to the classical symplectomorphism (7.13 ) on the base. It would be interesting to investigate this dynamical system in more detail, for example, to compute its non commutative entropy [C].

Another interesting physical application of our results is that the evolution operator (7.12) can be regarded as the transfer matrix for the chiral Potts model [BR]. The chiral Potts model, whose discovery was originated in [VG,R],[H,K,DN],[AY,M,P,T,Y] and finalized in [B,P,AY], has already been found in the center of various interesting results [BS], [BB],[DJMM]. First, the Boltzmann weights of the model require high-genus algebraic functions for their parameterization [B]. The second (related) feature of the model is there is no a “difference property”, and therefore one cannot directly apply various methods used for other two-dimensional solvable models. In addition, the chiral Potts model has a three dimensional interpretation and can be considered as a particular two-layer case of the three-dimensional solvable lattice model of [BB]. All these suggest that the integrability of the chiral Potts model of statistical mechanics has a nature different from other known models. We hope that a new interpretation of this model [BR] as a quantum discrete sine-Gordon model in a constant classical background would lead to the further progress in this area. In particular this interpretation opens the possibility of studying even more interesting models like the chiral-Potts-type system in other classical backgrounds (e.g.

in a periodic background which might not in general be rational relative to the original lattice).

We did not attempt here to describe the spectrum of the transfer matrix t_1(x) at q = q_0, although the equation (7.21), regarded as a functional equation for the eigenvalues of t_1(z), describes possible eigenvalues as points on the corresponding algebraic curve. We hope that it is possible to describe the spectrum even more explicitly, particularly in the limit N → ∞. This problem is especially important because of its relation to Chiral Potts and Hoffshtater [Wi,Z],[FKa],[Ku] models.

References

[B] Bazhanov, V.: “Inversion and symmetry relations for a 3-dimensional solvable model,” Int. Journ. of Mod. Phys.B 7 (1993), 3501-3515.

[BB] Bazhanov, V. and Baxter, R.: “Star-Triangle Relation for a Three-Dimensional Model,”J. of Stat. Phys. 71 (1993), 839-864; “New solvable lattice models in 3 dimensions,” J. Stat. Phys. 69 (1992), 453.

[BR] Bazhanov, V. and Reshetikhin, N.: “Chiral Potts model as the discrete sine-Gordon model at roots of 1,” in preparation.

[BS] Bazhanov, V. and Stroganov, Yu.: “Chiral Potts model as a descendent of the 6-vertex model,” J. Stat. Phys. 59 (1990), 799–817.

[BKP] Bobenko, A., Kutz, N. and Pinkall, U.: “The discrete quantum pendulum,” Physics Letters A 177, (1993), 399–404.

[BP] Bobenko, A. and Pinkall, U.: “Discrete surfaces with constant negative Gaussian curvature and the Hirota equation,” preprint SFB 288, Berlin (1994).

[C] Connes, A.:“Non commutative geometry” [DC,K] DeConcini, C. and Kac, V.: “Representations of quantum groups at roots of 1,” in Progress in Mathematics 92, (Birkhauser, 1990), 471–506.

[DC,P] DeConcini, C. and Procesi, C.: “Quantum groups”, preprint, 1993. [DJMM] Date ,E., Jimbo, M., Miki ,K.,Miwa, T.:“Generalized chiral Potts model and minimal cyclic representation of U_q(gl(n)) preprint RIMS-715, 1990.

[F] Faddeev,L. “Current-like variables in massive and massless integrable models”, Lectures given at “Enrico Fermi” international school of physics, Varenna, Italy, June, 1994.

[FKa] Faddeev,L. and Kashaev,R.:“Generalized Bethe ansatz equations for Hofstadter problem”,preprint HU-TFT-93-63 [FK] Faddeev, L. and Korepin, V.: “Quantum theory of solitons,” Physics Reports 42 (19780 1-78.

[FR] Faddeev, L. and Reshetikhin, N., “Integrability of the principal Chiral field model in 1+1 dimension,” Ann. Phys. 167 (1986), 227–256.

[FRT] Faddeev, L., Reshetikhin, N. and Takhtajan, L.: “Quantization of Lie groups and Lie algebras,” Algebra & Analysis 1 (1989), 147.

[FST] Faddeev, L., Sklyanin, E. and Takhtajan, L.: “ Quantum inverse scattering method”, Theor. Math. Phys. 40 (1979), 194.

[FT] Faddeev, L. A. and Takhtajan, L. A.: Hamiltonian Methods in the Theory of Solitons, Springer-Verlag, 1987.

[FV] Faddeev, L. and Volkov, A.: “Quantum inverse scattering method on a space-time lattice,” Theor. & Math. Phys. 92 (1992), 207–214.

[FV1] Faddeev, L. and Volkov, A.: “Hirota equation as an example of an integrable symplectic map,” Lett. Math. Phys., in press [FV2] Faddeev, L. and Volkov, A.: “Abelian current algebra and the Virasoro algebra on the lattice,”Pysics Letters B, (1993).

[H,K,DN] Howes, S., Kadanoff, L. P. and den Nijs, M.: “Quantum model for commensurateincommensurate transitions,” Nucl. Phys. B215 [FS7] (1983), 169.

[IK] Izergin, A. G. and Korepin, V. E., “Lattice versions of quantum field theory models in two dimensions” Nucl. Phys B205 (1982), 401.

[K] Kirillov, A.: “Dilogarithm identities,” preprint UTMS 94–56, University of Tokyo (1994).

[KR] Kirillov, A. and Reshetikhin, N.: “Exact solution of the integrable XXZ Heisenberg model with arbitrary spin; I and II,” J. Phys. A 20 (1987), 1565.

[KSR] Kulish, P., Sklyanin, E. and Reshetikhin, N.: “Yang-Baxter equation and representation theory, I,” Letts. Math. Phys. 5 (1981), 393–403.

[Ku] Kutz, N.: “On the spectrum of the quantum pendulum,” Phys. Lett. A187 (1994), 365–372.

[L] Lusztig, G.: Introduction to Quantum Groups, (Progress in Mathematics, vol.

110), Birkhauser, 1993.

[R] Reshetikhin, N.: “Braided quantum groups at roots of 1,” preprint, 1994, Berkeley. [R1] Reshetikhin, N.: “Integrable systems with discrete time”, Lectures given at “Enrico Fermi” international school of physics, Varenna, 1994.

[TTF] Tarasov V.O., Takhtajan L.A. and Faddeev L.D.: “Local Hamiltonians for Integrable Quantum models on a Lattice”, Teor. Mat. Phys. 57(1983),n3, 163-181.

[V] Volkov A. Phys. Lett. A167(1992),345.

[VG,R] von Gehlen, G. and Rittenberg, V.: “Z_n-symmetric quantum chain with an infinite set of conserved charges and Z_n zero modes,” Nucl. Phys B257 [FS14] (1985), 351.

[Wi,Z] Wiegman, P. and Zabrodin, A.: “Bethe-ansatz approach to Hofstadter problem”, preprint LPTENS-93/34 [W] Wunderlich, W.: “Zur Differentialgeometrie der Flächen konstanter negativer Krümmung,” Sitzungsber. Ak. Wiss. 160 (1951), 39–77.

[ZZ] Zamolodchikov, A. and Zamolodchikov, Al.: “Two dimensional factorizable S-matrices as exact solutions of some quantum field theories”, Nucl. Phys. B241 (1984), 333.