On Conformally flat hypersurfaces, Curved flats and Cyclic systems

U. Hertrich-Jeromin^∗

August 11, 1995

Abstract

It will be shown that suitable ”Gauß maps“ associated to a conformally flat hypersurface in S^{n+1} (n ˘ 3) yield normal congruences of circles having a whole one parameter family of conformally flat orthogonal hypersurfaces. However such a ”cyclic system“ is not uniquely associated to a conformally flat hypersurface. The key idea is to show that these Gauß maps are ”curved flats“ in a pseudo Riemannian symmetric space. Additionally in this context some characterizations of three dimensional conformally flat hypersurfaces arise with a new flavour. Moreover, the curved flat approach allows us to handle conformally flat hypersurfaces in the context of integrable system theory.

A Riemannian manifold (M, g) is called conformally flat if around each point there exists a function u such that the conformally equivalent metric e^{2u}g is flat. For hypersurfaces in the sphere^1 S^{n+1} we may ask the following Question: How can we characterize hypersurfaces being conformally flat with respect to the induced metric by means of their extrinisic geometry?

In case of surfaces in the three sphere this question is completely answered by the well known theorem on the existence of isothermic coordinates for every twodimensional Riemannian manifold: every surface in the three sphere is conformally flat. For higher dimensional hypersurfaces this question was first posed by É. Cartan [4] who gave a complete answer in case n > 3 (see also [3]): a hypersurface of dimension n > 3 in the sphere is conformally flat if and only if it is a (branched) channel hypersurface, i.e. if it envelopes a (perhaps stationary) one parameter family of hyperspheres.

In case of three dimensional hypersurfaces these branched channel hypersurfaces are conformally flat as well — but there are ”more“ conformally flat hypersurfaces: for example stereographic projections of

cones over surfaces of constant Gauß curvature in S^3 ⊂ IR^4, cylinders over surfaces of constant Gauß curvature in IR^3 ⊂ IR^4 or rotational hypersurfaces over surfaces of constant Gauß curvature in H^3 considered as the Poincaré half space in IR^4 (the infinity plane of H^3 being the ”axis“ of rotation)

∗Supported by DFG grant He 2490/1-1 1As we will see in the next section 1 all spaces of constant curvature may be identified in (local) conformal geometry by means of stereographic projections.

yield conformally flat hypersurfaces in S^4 with three distinct principal curvatures^2. Nevertheless, contrary to the two dimensional case, there are also hypersurfaces which are not conformally flat: appropriate examples are tubes over the Veronese surface in S^4.

In his paper Cartan gave a quite curious characterization of the conformally flat hypersurfaces in S^4: a hypersurface with three distinct principal curvatures in S^4 is conformally flat if and only if the six umbilic distributions (the distributions of those (complex) planes where the second fundamental form is a multiple of the first fundamental form) are integrable. In my previous paper [9] I gave an extension of this theorem in showing that a three dimensional hypersurface in S^4 is conformally flat if and only if the ”conformal fundamental forms“ are integrable. Having three distinct principal curvatures, this gives the connection to ”Guichard’s nets“ in IR^3 and hence a possibility to ”look at“ such hypersurfaces — but the flavour of this condition is not less mystical.

Recently D. Ferus and F. Pedit [6] developed the concept of curved flats: these are curvature isotropic submanifolds of a (pseudo) Riemannian symmetric space, i.e. submanifolds on which the ambient space’s curvature tensor vanishes^3. Here this curvature tensor is considered as a 2 - form on the submanifold with values in the space of (1,1) - tensors of the symmetric space. The (generalized) Gauß maps of some classes of submanifolds turn out to be curved flats — and since curved flats can be handled in the context of completely integrable systems so do these classes of submanifolds. One example are the isothermic surfaces in three space [2] which we related to curved flats in

O1(5) O(3)×O1(2) . In a quite similar (but nevertheless different) way, a kind of Gauß map for the

conformally flat hypersurfaces will be shown to fit into this approach. Moreover regular curved flats (having nondegenerate induced metrics) come with special coordinates: for three dimensional conformally flat hypersurfaces this might yield a ”demystification“ of the two theorems cited above (see page 8).

A curved flat associated to a conformally flat hypersurface in S^{n+1} — which actually is not unique — gives a whole one parameter family^4 of conformally flat hypersurfaces orthogonal to an n - parameter family of circles. Thus such a curved flat yields a circle congruence with a one parameter family of orthogonal hypersurfaces, i.e. a cyclic system — the orthogonal hypersurfaces being all conformally flat. Here we are led to our research’s third topic.

We should remark, that according to the results of J. Moore [11], in general we cannot globally associate a curved flat to a conformally flat hypersurface. Consequently also the corresponding cyclic system — although it is a Möbius geometric construction in contrary to that of the associated curved flat — is generally not globally defined. Having this in mind we will — for reasons of simplicity of the notations — assume the function u making the metric of the hypersurface flat to be defined globally: so in truth we are examining globally conformally flat hypersurfaces. At some points we will come back to this problem.

In conformal geometry — and especially in the context of conformal flatness — it seems to be convenient to look at objects from various points of view. We will recall the corresponding models^5 in a sketchy introduction on

2Branched channel surfaces may be characterized as ”quasiumbilic“ hypersurfaces, consequently they have at most two distinct principal curvatures.

3Thus a curved flat may be considered as the envelope of a congruence of flats. 4This is not the one parameter family of curved flats: that one yields a one parameter family of one parameter families.

5A very good introduction to sphere geometry will be found in Blaschke’s famous book [1], an intro-

1 Möbius geometry

The spatial elements considered in the Möbius geometry of S^{n+1} are points and hyperspheres — hyperspheres are considered as intersections of S^{n+1} with affine hyperplanes of

IR^{n+2}: Möbius transformations are exactly those point transformations mapping (hyper -)

spheres into (hyper -) spheres. Embedding S^{n+1} as a quadric in projective space IRP^{n+2} we may identify a hypersphere in S^{n+1} and the pole S of its hyperplane. In this way the outer^6 space of S^{n+1} ⊂ IRP^{n+2} becomes the space of spheres in S^{n+1}. In an analogous way we may identify circles (or more generally m - spheres) and projective planes of dimension n − 1 (resp. n − m) not meeting S^{n+1}. In this model the group of Möbius transformations becomes the group of those projective transformations leaving the quadric S^{n+1} invariant — therefore Möbius geometry is nothing but ”projective geometry with absolute quadric^7“.

Now let’s turn to the coordinate space of our projective space IRP^{n+2}. Up to scaling there is exactly one scalar product ⟨., .⟩ (of Lorentz type) such that the quadric S^{n+1} is the space of light like lines — so we may think of this coordinate space as the Minkowski space IR^{n+3}_1 . According to the above discussions the space of m - spheres in S^{n+1} equals the Grassmanian^{O1(n+3)}

O(n+1−m)×O1(m+2) of spacelike (n + 1 − m) - planes in IR n+3_1 . In

case of hyperspheres (m = n) this is just the space of diametrical point pairs of the unit Lorentz sphere S^{n+2}_1 . Choosing representatives S, S̃ ∈ S^{n+2}_1 for two spheres having at least one common point, their angle of intersection is given by the scalar product^8: cos^2 “(S, S̃) = ⟨S, S̃⟩^2 . In particular the two spheres do touch if ⟨S̃, S⟩ = ±1 and they do intersect orthogonally^9 if ⟨S̃, S⟩ = 0 . This notion of orthogonal intersection generalizes to m - spheres: in this case the corresponding subspaces have to be orthogonal.

Now consider an immersion f : M^n → S^{n+1}. Choosing a representative in the light cone L^{n+2} (which we also denote by f) its induced metric g = ⟨df, df⟩ on M^n will be a Riemannian one^{10}. A conformal change g ; e^{2u}g of this metric (u : M^n → IR) may be realized by the passage f ; e^uf , i.e. by the passage to another light cone representative. A sphere S and the hypersurface f(M) will have first order contact at a point f(p) if^{11} ⟨f(p), S⟩ = 0 and ⟨d_pf, S⟩ = 0 : (1)

the first condition is just the incidence of S and f(p) while the second one encodes additional incidence of S and the points of f(M) in an infinitesimal neighbourhood to f(p) — thus the hypersurface is said to (be) envelope (of) a sphere congruence S : M^n → S^{n+2}_1

duction to the theory of cyclic systems in three space will be found in Coolidge’s book [5], a generalization to higher dimensions is given in the first part of our recent paper [10].

6The inner space of S^{n+1} ⊂ IRP^{n+2} may be characterized as the set of those points containing no real tangent to S^{n+1}; the outer space is its complement in IRP^{n+2} \ S^{n+1}.

7We may also think of the inner space of S^{n+1} as a Klein model of the hyperbolic (n + 2) - space. Hence Möbius geometry is the ”boundary geometry“ of hyperbolic geometry.

8Since a Möbius transformation in this linearized model is just a pseudo orthogonal transformation of the Minkowski space this intersection angle is clearly a conformal invariant.

9Projectively speaking: the poles representing these spheres lie in the polar hyperplanes one of each other._{10}

This is exactly the condition on f to yield a projective immersion.

11Remark that the condition (1) says that S is a unit normal vector to f(M ) ⊂ L^{n+2} at f(p). We will use this interpretation at some points.

if it touches each sphere S(p) at the point f(p). Performing a change S ; S + a · f (where a : M^n → IR) of a sphere congruence S enveloped by f results in another sphere congruence enveloped by f: obviously the conditions (1) are preserved by such a change of the sphere congruence. These remarks lead to the following Definition: A transformation (f, S) ; (e^uf, S + a f) will be called conformal deformation of the strip^{12} (f, S).

The idea of conformal deformation is very similar to that of stereographic projection: we know that given a fixed vector n_k ∈ IR^{n+3}_1 the quadrics M^{n+1}_k = {y ∈ L^{n+2}| ⟨y, n_k⟩ = −1} (2) are spaces of constant curvature^{13} k = −⟨n_k, n_k⟩ . In this model a stereographic projection is just the central projection from the lightcone’s origin of one quadric (2) onto another one. Hence a stereographic projection acts on a hypersurface f : M^n → M^{n+1}_k with unit normal field S : M^n → T M^{n+1}_k as a conformal deformation of the strip (f, S).

At this point, I think, we are prepared to start our investigations.

2 Conformally flat hypersurfaces

Let f : M^n → L^{n+2} represent an immersion into the sphere S^{n+1} and S : M^n → S^{n+2}_1 be a sphere congruence enveloped by f. We choose a framing

F = (S_1, . . . , S_n, S, f, f̂) : M^n → O_1(n + 3) with span{S_1, . . . , S_n}|_p = d_pf(T_pM^n) (3) for the strip^{14} (f, S) and calculate its connection form Φ = F^{−1}dF : T M → o_1(n + 3) : Φ = ( Ω η �η^⋆ ν ) where Ω = (−ω_{ij})_{ij} : T M → o(n), η = �ψ1 ω1 χ1 . . . . . . �ψn ωn χn : T M → M(n × 3) and ν = 0 0 ν

�ν 0 0

0 0 0

: T M → o_1(3).

(4)

12We may think of a strip (f, S) as a fixing of the metric of S^{n+1} in an infinitesimal neighbourhood of f(M ). Hence a conformal deformation may be considered as a conformal change of the ambient space’s metric ”along f“.

13The isometries of a space M^{n+1}_k are exactly those Möbius transformations leaving the vector n_k invariant (cf. [8]).

14The relative scaling of the lightlike vectors f and f̂ is assumed to be ⟨f̂ , f⟩ = 1 . Because of the condition span{S_1, . . . , S_n}|_p = d_pf(T_pM^n) we will refer to such a framing as a ”first order adapted framing for f“.

The Maurer Cartan equation^{15} dΦ +^1_2 [Φ ∧ Φ] = 0 yields the Codazzi equation 0 = dη + Ω ∧ η + η ∧ ν :

0 = dψ_i − Σω_{ij} ∧ ψ_j + ω_i ∧ ν , 0 = dω_i − Σω_{ij} ∧ ω_j , 0 = dχ_i − Σω_{ij} ∧ χ_j − ψ_i ∧ ν ; (5)

the Ricci equation dν = η^⋆ ∧ η :

0 = Σψ_j ∧ ω_j , 0 = Σχ_j ∧ ω_j , dν = Σχ_j ∧ ψ_j (6)

and the Gauß equation ϱ = η ∧ η^⋆ with the curvature form ϱ = dΩ + Ω ∧ Ω : ϱ_{ij} = −dω_{ij} + Σω_{ik} ∧ ω_{kj} = ψ_i ∧ ψ_j + ω_i ∧ χ_j + χ_i ∧ ω_j . (7) From the Ricci equations we learn that the second fundamental form^{16} II_S = Σω_j ψ_j is symmetric and hence the corresponding Weingarten tensor is diagonalizable. So we may assume ψ_i = a_iω_i : the functions a_i will be called the principal curvatures of f and we will refer to the framing F as a principal curvature framing^{17}.

Now let’s turn to conformally flat hypersurfaces in S^{n+1} — here we may assume the induced metric Σω^2_j of the light cone representative f to be flat^{18}. Consequently the curvature forms ϱ_{ij} in the Gauß equation (7) vanish. This fact enables us to calculate the second fundamental form of f with respect to the lightlike normal f̂: with the ansatz

ψ_i = a_iω_i and χ_i = Σb_{ik}ω_k (8)

— and assuming n ≥ 3 — the Gauß equations (7) become

0 = a_ia_j + b_{ii} + b_{jj} and 0 = b_{ij} for i ≠ j . (9)

Hence the immersion’s second fundamental form with respect to f̂ also becomes diagonal — and therefore the Ricci equations (6) give us the following

15As usual, for Lie algebra valued 1 - forms Φ and Ψ the symmetric product [Φ ∧ Ψ] is defined by

[Φ ∧ Ψ](v, w) = [Φ(v), Ψ(w)] − [Φ(w), Ψ(v)] .

For matrix valued 1 - forms we may also write

Φ ∧ Ψ = (Σφ_{ik} ∧ ψ_{kj})_{ij}

to obtain [Φ ∧ Ψ] = Φ ∧ Ψ + Ψ ∧ Φ in case the matrix space forms a Lie algebra.

16Here S is considered as a unit normal field to the immersion f : M^n → IR^{n+3}_1 . 17In points where the multiplicities of the principal curvatures are not locally constant, problems may occur: the fields of principal curvature directions may become singular. So we may additionally need a certain ”genericity assumption“.

18However, by this assumption, the light cone representative of the hypersurface is not uniquely determined at all: a conformal deformation (f, S) ; (e^uf, S) with a function u : M^n → IR satisfying 0 = d(e_iu) − Σ(e_j u)ω_{ij} − (e_iu)du +^1_2 (Σ(e_j u)^2)ω_i ((e_1, . . . , e_n) denoting the dual basis to (ω_1, . . ., ω_n)) (cf. [9, eq. 26]) might be performed. Since such a function u in general is not a constant (nevertheless each constant function fulfills these equations) the framing of the strip will change totally in this case: in particular the spheres S_i do change (cf. (16)).

Lemma (flatness of the normal bundle): If the induced metric ⟨df, df⟩ of a light cone representative f : M^n → IR^{n+3}_1 of a hypersurface in S^{n+1} is flat then its normal bundle is also flat.

This Lemma leads directly to an associated curved flat — but before adressing this topic we might see how Cartan proved his characterization of conformally flat hypersurfaces: the equations (9) enable us to express the forms χ_i in terms of the principal curvatures a_i of f:

χ_i = −^1_2 (a_ia_j + a_ia_k − a_ja_k) ω_i

for pairwise distinct indices i, j, k. In case the dimension of the hypersurface n = 3 these are three equations for the three forms χ_i but in case of higher dimension we get ”too many equations“. Hence in case of dimension n ≥ 4 we also derive relations for the principal curvatures: 0 = (a_i − a_j)(a_k − a_l)

for pairwise distinct indices i, j, k, l. Consequently n−1 principal curvatures have to coincide — this was Cartan’s original proof in [4] to show that a conformally flat hypersurface of S^{n+1} is a channel hypersurface.

Now let’s turn back to our lemma and see how it drives us to the theory of

3 Curved flats

To an immersion f : M^n → L^{n+2} we associate its Gauß map c_f : p → d_pf(T_pM) ⊂ IR^{n+3}_1 . In case f induces a Riemannian metric (positive definite) on M^n, the Gauß map will take values in the Grassmannian of spacelike n - planes in IR^{n+3}_1 :

c_f : M^n →

O_1(n + 3) O(n) × O_1(3)

. (10)

Endowed with the Killing metric, this Grassmannian becomes a 3n - dimensional pseudo Riemannian symmetric space of signature (2n, n). A framing c_k (a lift into the isometry group O_1(n + 3)) will be given by our above framing (3) — the normal field (sphere congruence) S not yet being specified. According to the symmetric decomposition^{19}

o_1(n + 3) = k ⊕ p , k = o(n) × o_1(3) ,

of the Lie algebra o_1(n + 3) the connection form of our framing splits into a k - part and a p - part:

Φ = Φ_k + Φ_p with

Φ_k = ( Ω 0 0 ν ) : T M → k , Φ_p = ( 0 η �η^⋆ 0 ) : T M → p . (11)

Note that the p - part Φ_p of the connection form describes the differential dc_f of c_f .

From the Lemma 2 in the previous section we know that if the immersion f induces a flat metric on M^n then the induced connection on the normal bundle is also flat. Hence

19A ”symmetric decomposition“ has to satisfy the relations [k, k] ⊂ k, [k, p] ⊂ p and [p, p] ⊂ k.

the 2 - forms on both sides of the Gauß and Ricci equations (7,6) has to vanish. In a quite elegant way this may be written

0 = [Φ_p ∧ Φ_p] , (12)

or 0 = dΦ_k +^1_2 [Φ_k ∧ Φ_k] respectively — but this is exactly the condition on c_f to be a curved flat^{20} [6, Lemma 1]. Summarizing we obtain the following

Theorem: The light cone representative f : M^n → L^{n+2} of a hypersurface in S^{n+1} induces a flat metric on M^n if and only if its Gauß map c_f : M^n →^{O1(n+3)}_{O(n)×O1(3)} is a curved flat.

Corollary: To every conformally flat hypersurface in S^{n+1} we may associate a curved flat in the Grassmannian^{O1(n+3)}_{O(n)×O1(3)} of spacelike n - planes in IR^{n+3}_1 — however this curved flat is not unique^{21}.

The Killing metric on^{O1(n+3)}_{O(n)×O1(3)} is just a multiple of the trace form [7] — and hence the metric induced by the Gauß map c_f is a multiple of

tr Φ^2_p = −2 ∑n j=1(ψ^2_j + χ_j · ω_j + ω_j · χ_j) .

Denoting, as above, the principal curvatures of f (with respect to S) by a_i we see that this metric highly degenerates for channel hypersurfaces: with a_2 = . . . = a_n we get tr Φ^2_p = −2(a_1 − a_2)^2ω^2_1 . In case of a three dimensional hypersurface in S^4 this metric is given by tr Φ^2_p = 2Σγ^2_j where γ_1 = √ a_3 − a_1 √ a_1 − a_2 · ω_1 , γ_2 = √ a_1 − a_2 √ a_2 − a_3 · ω_2 , γ_3 = √ a_2 − a_3 √ a_3 − a_1 · ω_3

(13)

denote the conformal fundamental forms^{22} of the hypersurface [9]. So we see that in the case of a three dimensional hypersurface in S^4 with three distinct principal curvatures, the metric induced by c_f is nondegenerate. In this case c_f happens to be a regular curved flat. Moreover the conformal fundamental forms γ_i of a conformally flat hypersurface are closely related to the roots of the abelian form Φ_p, i.e. the eigenvalue forms of ad(Φ_p) : T M → End(o_1(6)). We perform a Gauge transformation (together with a transform to an orthonormal basis of^/C^6) — Ad( ( I 0 0 H ) )Φ_p = i ( 0 diag(γ_1, γ_2, γ_3)

�diag(γ1, γ2, γ3) 0 ) where

H = √ a^2_1 + 2b_1 0 0 0 √ a^2 + 2b_2 0 0 0 √ a^2_3 + 2b_3

−1 �a1 1 b1 �a2 1 b2 �a3 1 b3

(14)

20The pullback of the symmetric space’s curvature tensor R considered as a 2 - form on M is given by R(dc_f , dc_f ) = −^1_2 [[Φ_p ∧ Φ_p], .] . Since o_1(n + 3) is semisimple, 0 = R(dc_f , dc_f ) : p → p is equivalent to (12).

21Cf. footnote 18 on page 5.

22The forms γ_i are conformal invariants, i.e. invariant under conformal deformations of the strip (f, S). Consequently the metric induced by c_f is also conformally invariant! Note that one of the forms γ_i is real while the two others take values in iIR.

— to find γ_i ± γ_j and −γ_i ± γ_j (i < j) as the roots of Φ_p.

Now integration of the (closed) forms γ_i yield those canonical principal curvature^{23} coordinates which always come with regular curved flats [6]; on the other hand this yields just the canonical Guichard net existing on every conformally flat hypersurface [9]. This fact puts my characterization of conformally flat hypersurfaces into a wider context. But Cartan’s characterization of conformally flat hypersurfaces in S^4 with three distinct principal curvatures also arises in a new flavour: Cartan’s ”umbilical distributions“ are exactly the ”root distributions“ γ_i ± γ_j = 0 of Φ_p. Thus, perhaps these two theorems (cited on page 2) characterizing conformally flat hypersurfaces seem a bit less ”mystical“ in the context of regular curved flats^{24}.

In this preceeding section we saw how we can associate a curved flat to a conformally flat hypersurface. It seems natural to be question whether we can recover a conformally flat hypersurface from a given curved flat. This is the theme of the following section:

4 Cyclic systems

By means of the Gauß map of a light cone representative of a hypersurface in S^{n+1} we associated to each point of the hypersurface a spacelike n - plane of the Minkowski space

IR^{n+3}_1 . Recalling our introduction, we realize that in this way we associate to each point

a circle intersecting the hypersurface orthogonally at this point — that’s why the Gauß map was denoted by ”c_f “. Actually these circles depend on the choice of the light cone representative: Performing a conformal deformation (f, S) ; (e^uf, S) the circles will change since the spheres S_i change^{25}: S_i ; S_i + (e_iu) · f .

If moreover we choose a flat light cone representative for a conformally flat hypersurface in S^{n+1}, this circle congruence will be a cyclic system: From our Lemma on page 6 we saw that the bundle given by p → c^⊥_f is flat with respect to the induced connection and hence the circle congruence allows a one parameter family of orthogonal hypersurfaces [10, part I] (see also [5]). Now we may choose S to be a parallel normal field to f, i.e. d_pS(T_pM) ⊂ span{S_1, . . . , S_n}|_p for all p ∈ M — this fixes S up to a conformal deformation (f, S) ; (f, S + a f) where a is a constant. In the context of Möbius geometry this means that f̂ will be the second envelope of the sphere congruence S. Moreover the Ricci equations (6) show that the curvature lines on the two envelopes^{26} do correspond: the sphere congruence is Ribaucour. Now the one parameter family of orthogonal hypersurfaces may be parametrized^{27} by t → f_t := t S + f −^1_2 t^2 f̂ . Since the tangential frame (S_1, . . . , S_n) is the same for all these orthogonal hypersurfaces — for t

23These coordinates also arise from the integration of a Lax system yielding a conformally flat hypersurface if the initial loop is choosen in an appropriate way (cf. [8]).

24However the theory of curved flats gives us only one half of each theorem for free: starting just with the integrability of the conformal fundamental forms γ_i (or of the umbilical distributions γ_i ± γ_j = 0 ) a priori there is no curved flat to be associated with the hypersurface in S^4.

25All congruences of circles orthogonal to the hypersurface might be obtained by performing transformations S_i ; S_i + u_i · f where u_i are n independent functions on M^n.

26This is in the generic case of pairwise distinct principal curvatures on both envelopes. Nevertheless the sphere congruence S : M^n → S^{n+2}_1 will be called ”Ribaucour“ if its normal bundle is flat — also in less generic cases (for example in ”the worst case“ where one envelope collapses to a single point).

27Remark that there are numerous possibilities to parametrize this one parameter family — for example the most general ”arc length parametrization“ is given by^1_{g0} (g S + f −^1_2 g^2 f̂ ) where g : IR → IR denotes an arbitrary function.

small enough these hypersurfaces will be nondegenerate too — also the curvature forms do not change: we get the following

Theorem: To a conformally flat hypersurface in S^{n+1} there exists a normal congruence of circles having a whole one parameter family of conformally flat hypersurfaces^{28} intersecting the circles of the congruence orthogonally. This cyclic system is not uniquely associated to the hypersurface.

In case of a channel hypersurface this theorem is not too surprising: for example, thinking of a channel hypersurface in Euclidean ambient space IR^{n+1} all the parallel hypersurfaces will also be channel hypersurfaces and hence they will be conformally flat. Indeed, this construction would be too special in Möbius geometry to expect its occurance in all cases of curved flats. So let’s analyze the situation carefully: in the case of a channel hypersurface (assuming a_2 = . . . = a_n) the Codazzi equations (5) for the normal field S yield 0 = da_2 ∧ ω_k − (a_1 − a_2) ω_1 ∧ ω_{1k} , for k = 2, . . . , n , and therefore the constancy of the principal curvature a_2 on the (n − 1) - spheres ω_1 = 0 foliating our channel hypersurface^{29} is obtained:

0 = da_2 ∧ ω_1 . (15)

Now we conclude that the vectors^{30}

p_0 = a_2 S +^1_2 a^2 f − f̂ and S_0 =^1_2 a^2 f + f̂

are also constant along these (n − 1) - spheres. So all the circles orthogonally intersecting the channel surface in a fixed (n − 1) - sphere ω_1 = 0 will contain the point p_0 which, moreover, lies on the sphere S + a_2f of the one parameter congruence enveloped by the channel hypersurface^{31}: 0 = ⟨S + a_2f, p_0⟩ . If the sphere S does not belong to the enveloped one parameter congruence, i.e. if a_2 ≠ 0 , the vector S_0 will give us a sphere since ⟨S_0, S_0⟩ = a^2 . Then we have ⟨p_0, S_0⟩ = 0 and^{⟨S0,S+a2f ⟩2}_{⟨S0,S0⟩} = 1 which implies that the two spheres S_0 and S + a_2f have first order contact in the point p_0. Consequently all the circles orthogonally intersecting our channel hypersurface in a fixed (n − 1) - sphere belong to the parabolic circle bundle orthogonal to the parabolic pencil of spheres spanned by S_0 and the principal curvature sphere S +a_2f. Reflecting the foliating (n − 1) - sphere on the hypersurface f at the sphere S_0 yields the corresponding (n − 1) - sphere on the second envelope^{32} f̂ of S: f − 2^{⟨f,S0⟩}_{⟨S0,S0⟩} S0 = −^2_a2 f̂ .

If the principal curvature a_2 is constant over the entire hypersurface — not only on the foliating (n − 1) - spheres ω_1 = 0 — then we have dp_0 = 0 — instead of dp_0 ∧ ω_1 = 0 . So we may interprete p_0 as the point at infinity of a Euclidean ambient

28Moreover it is easy to see that these conformally flat hypersurfaces are in general not conformally equivalent: using the above parametrization for the family of orthogonal hypersurfaces their metrics are given by ⟨df_t, df_t⟩ = Σ(1 − ta_i −^1_2 t^2b_{ii})^2ω^2_i — so, if they were conformally equivalent we should have (1 − ta_i −^1_2 t^2b_{ii})^2 = (1 − ta_j −^1_2 t^2b_{jj})^2 for all i, j = 1, . . ., n ; comparing coefficients we see that conformal equivalence implies a_i = a_j .

29Here, for simplicity, we assume that we have a ”real“ channel hypersurface, i.e. a_1 ≠ a_2. 30Remark that S_0 changes when S ; S + a f , while p_0 does not.

31From the Codazzi equations (5) and (15) we deduce d[(a_1 − a_2)ω_1] = 0 which gives us a natural parameter for the one parameter congruence enveloped by our channel hypersurface.

32This second envelope may become singular if a_1 = 0 ; otherwise it is a regular channel hypersurface.

space M^{n+1}_0 . Consequently our curved flat c_f yields a normal line congruence in M^{n+1}_0 the family of orthogonal hypersurfaces being parallel flat hypersurfaces: the enveloped one parameter family S + a_2f consists of planes — spheres containing p_0. This is exactly the case where the family of orthogonal hypersurfaces of c_f becomes a family of parallel hypersurfaces in Euclidean space.

At this point we are actually able to construct an example showing that a cyclic system associated to a conformally flat hypersurface in S^{n+1} hardly depends on the choice of a corresponding flat light cone immersion (cf. footnote 18 on page 5): let’s consider the cylinder f : M^n → IR^{n+1} ∼= M^{n+1}_0 over a planar curve together with its tangent hyperplane congruence S : M^n → S^{n+2}_1 . In this situation we may choose a parallel principal curvature framing F : M^n → O_1(n + 3) for the strip (f, S), i.e. the metric fundamental forms integrate to coordinate functions and consequently the corresponding connection form takes a very simple form:

F^{−1}dF =

0 0 . . . 0 −a_1dx_1 dx_1 0

0 0 . . . 0 0 dx_2 0 . . . . . . . . . . . . 0 0 . . . 0 0 dx_n 0

a_1dx_1 0 . . . 0 0 0 0

0 0 . . . 0 0 0 0 −dx_1 −dx_2 . . . −dx_n 0 0 0 where a_1 = a_1(x_1) denotes the curvature of the planar curve. According to the above discussions, the corresponding cyclic system is a normal line congruence in IR^{n+1}. Now let’s perform a conformal deformation

(f, S) ; (^1_{‖x‖2} f, S +^a_{‖x‖2} f) where da = 2a_1x_1dx_1 . (16)

It is not too hard to see that d(^{∂u}_{∂xi} ) −^{∂u}_{∂xi} du +^1_2 Σ(^{∂u}_{∂xj} )^2 · dxi = 0 which implies the induced metric of^1_{‖x‖2} f be flat (cf. [8]). Further, we have

d(S +^a_{‖x‖2} f) = −a_1‖x‖^2 ·^∂_{∂x1} (^1_{‖x‖2} f)dx_1 + a · d(^1_{‖x‖2} f)

which shows that S +^a_{‖x‖2} f is a parallel unit normal field to f̃ =^1_{‖x‖2} f : M^n → L^{n+2} and that the principal curvatures are given by ã_1 = a_1‖x‖^2 − a and ã_i = −a where i = 2, . . . , n . Obviously ã_2 ≠ const and consequently the cyclic system c~_f corresponding to the flat light cone immersion f̃ is not a normal line congruence in some Euclidean space. Hence we also see that we can only locally associate our cyclic systems to a given conformally flat hypersurface — on domains where the induced metric is ”globally conformally flat“ (cf. [11]).

From the preceding discussions we see that a curved flat c : M^n →^{O1(n+3)}_{O(n)×O1(3)} in the space of spacelike n - planes in Minkowski space IR^{n+3}_1 — now the curved flat is not assumed to be the Gauß map of an immersion — may be interpreted as a cyclic system having a family of conformally flat orthogonal hypersurfaces: in fact every parallel lightlike section f_t : M^n → L^{n+2} of the vector bundle c^⊥ which induces a nondegenerate metric on

M^n yields a flat immersion of M^n into the light cone and consequently a conformally flat immersion into S^{n+1}. Assuming the curved flat to be immersed assures that generically^{33} every lightlike section of c^⊥ will induce a nondegenerate metric. Summarizing we formulate the following

Theorem: Every immersed curved flat in the space of spacelike n - planes in Minkowski space IR^{n+3}_1 gives us a cyclic system in S^{n+1} with a one parameter family of conformally flat orthogonal hypersurfaces.

Acknowledgements: Finally I would like to thank the members of the Forschungsinstitut für Mathematik at ETH - Zürich for their hospitality and the fine working conditions. Especially I’d like to thank Prof. Dr. Konrad Voss for many valuable discussions.

References

[1] W. Blaschke: Vorlesungen über Differentialgeometrie; Springer, Berlin (1929)

[2] F. Burstall, U. Hertrich - Jeromin, F. Pedit, U. Pinkall: Curved Flats and Isothermic surfaces; Preprint 132, SFB 288 (1994)

[3] M. do Carmo, M. Dajczer, F. Mercuri: Compact conformally flat hypersurfaces;

Trans. Amer. Math. Soc. 288 (1985) 189 - 203

[4] É. Cartan: La déformation des hypersurfaces dans l’éspace conforme réell à n ≥ 5 dimensions; Bull. Soc. Math. France 45 (1917) 57 - 121

[5] J. Coolidge: A Treatise on the Circle and the Sphere; Oxford UP, Oxford (1916)

[6] D. Ferus, F. Pedit: Curved Flats in Symmetric Spaces; Manuscript (1995)

[7] S. Helgason: Differential Geometry, Lie Groups and Symmetric Spaces; Academic Press, NY (1978)

[8] U. Hertrich - Jeromin: Über konform flache Hyperflächen in vierdimensionalen Raumformen; PhD thesis, TU Berlin (1994)

[9] U. Hertrich - Jeromin: On conformally flat hypersurfaces and Guichard’s nets; Beitr.

Alg. Geom. 35 (1994) 315 - 331

[10] U. Hertrich - Jeromin, E. Tjaden, M. Zürcher: On Guichard’s nets and Cyclic systems; Manuscript (1995)

[11] J.D. Moore: On Conformal Immersions of Space Forms; Global Differential Geometry and Global Analysis (ed. D. Ferus et al.), LNM 838, Springer, NY (1980)

33Taking any lift F : M^n → O_1(n + 3) of the curved flat c with vanishing o_1(3) - part of Φ_k the section F v : M^n → L^{n+2} will (locally) induce a Riemannian metric on M^n for almost all isotropic initial vectors v ∈ L^{n+2}, F |_{p0}v ∈ c(p_0)^⊥ — note that L^{n+2} ∩ F^{−1}c^⊥|_{p0} ∼= L^2 ⊂ IR^3_1.