Cohomological properties of the smooth globalization of a Harish-Chandra module

Ulrich Bunke^�and Martin Olbrich^y August 16, 1995

Contents

1 Introduction 1 2 Surjectivity on weighted spaces 4 3 De Rham complexes 11 4 The standard resolution 15 5 n-cohomology 18 6 S_∞E is Γ-acyclic 19 7 The cokernel of B : S_∞E_Y → S_∞E_Y 22 8 Γ-cohomology 25 9 Fuchsian groups of the first kind 26

1 Introduction

Let G be a connected semisimple Lie group with finite center. Let g be the Lie algebra of G and K be its maximal compact subgroup. By HC(g, K) we denote the category of Harish-Chandra modules of G.

�Humboldt-Universität zu Berlin, Institut für Reine Mathematik (SFB288), Ziegelstr. 13a, Berlin 10099. E-mail:ubunke@mathematik.hu-berlin.de yHumboldt-Universität zu Berlin, Institut für Reine Mathematik (SFB288), Ziegelstr. 13a, Berlin 10099. E-mail:olbrich@mathematik.hu-berlin.de

1

The Harish-Chandra module (π, V_{π,K}) ∈ HC(g, K) has natural globalizations (analytic, smooth, distribution, and hyperfunction vectors) V_{π,ω} ⊂ V_{π,∞} ⊂ V_{π,−∞} ⊂ V_{π,−ω} . Here V_{π,∗} is a complete locally convex vector space admitting a continuous G-action such that the underlying (g, K)-module is V_{π,K} .

Let Γ ⊂ G be a torsion-free discrete subgroup of finite covolume. Then a natural problem is to study the cohomology of Γ with coefficients in the different globalizations V_{π,∗}. The cohomology groups again become locally convex topological vector spaces. Our work in [3] led us to the following conjecture.

Conjecture 1.1 If Γ is cocompact, then for all p ≥ 0 there are isomorphisms

H^p(Γ, V_{π,ω}) = H^p(Γ, V_{π,∞}) (1) H^p(Γ, V_{π,−ω}) = H^p(Γ, V_{π,−∞}) (2) H^p(Γ, V_{π,∗})^∗ = H^{dim(G/K)−p}(Γ, V_{π̃,−∗}), ∗ = ω, ∞ (3) and all vector spaces are Hausdorff and finite-dimensional. If Γ has finite covolume, then H^∗(Γ, V_{π,−∞}) is finite-dimensional and Hausdorff.

In [3] we settled this conjecture in the rank-one case for ∗ = ω and cocompact Γ. In the present paper we prove the conjecture in the case rank_R(G) = 1 for ∗ = ∞ admitting noncocompact Γ of finite covolume (Section 8). As indicated in [3], the main result needed to extend the method of [3] to the case ∗ = ∞ was the surjectivity of the B := Ω − μ (μ ∈ C, Ω - Casimir of G) on the space of sections of moderate growth of homogeneous bundles over X := G/K. This is proved in Theorem 2.5 of the present paper.

We also obtain a more concrete description of the cohomology groups in terms of automorphic and cusp forms.

Let now G be of general rank and Γ be cocompact. Employing the recent result of Kashiwara-Schmid [13], Thm. 6.13, one can show (3) for ∗ = ω and dim H^∗(Γ, V_{π,±ω}) < ∞. Using Theorem 1.3 below for ∗ = ∞ it is possible to prove (1) and (2). We will explain this in a forthcoming paper. The case of non-cocompact Γ remains open for rank_R(G) > 1.

Our main motivation for considering the Γ-cohomology of globalizations of Harish- Chandra modules was to prove a conjecture of Patterson about the singularities of the Selberg zeta functions associated to Γ.

Let G be a semisimple Lie group of real rank one and and P = MAN be a minimal parabolic subgroup of G. Let a, n be the Lie-algebras of A, N. Let (σ, V_σ) ∈ M̂ be an irreducible representation of M and Γ ⊂ G be a discrete cocompact torsion-free subgroup. Then the Selberg zeta function Z_Γ(s, σ), s ∈ a^∗_C, is defined as the analytic continuation of the infinite product

Z_Γ(s, σ) = ∏ [g]∈CΓ,n_Γ(g)=1 ∞∏ k=0 det ( 1 − a^{−ρ−s}_g S^k(Ad(m_ga_g)^{−1}_n ) ⊗ σ(m_g) ) .

Here CΓ is the set of hyperbolic conjugacy classes in Γ, n_Γ(g) is the maximal number n ∈ N such that g = h^n for some h ∈ Γ and m_g ∈ M, a_g ∈ A^+ are such that g is conjugated in G to m_ga_g. S^k(Ad(m_ga_g)^{−1}_n ) stands for the k’th symmetric power of Ad(m_ga_g)^{−1} restricted to n and ρ ∈ a^∗ is defined by ρ(H) :=^1_2 tr(ad(H)_n). The infinite product converges for Re(s) > ρ. In this generality the Selberg zeta function was introduced by Fried [7]. He applied Ruelle’s techniques of hyperbolic dynamics and gave a meromorphic continuation of Z_Γ(s, σ).

The parameters (σ, λ) ∈ M̂ × a^∗_C also define a principal series representation of G on the Hilbert space H^{σ,λ} = {f : G → V_σ | f(gman) = a^{λ−ρ}σ(m)^{−1}f(g), ∀man ∈ MAN, f_{|K} ∈ L^2}, where G acts by the left regular representation. By H^{σ,λ}_{−∞} we denote the space of its distribution vectors.

S. Patterson [17] conjectured the relationship of the singularities of Selberg zeta functions with the cohomology of Γ with coefficients in the distribution vectors of principal series representations. In [3] we have shown an analog of Pattersons conjecture for the hyperfunction vectors of principal series representations. Pattersons original conjecture now follows from (2).

Theorem 1.2 The cohomology H^p(Γ, H^{σ,λ}_{−∞}) is finite dimensional for all p ≥ 0, χ(Γ, H^{σ,λ}_{−∞}) = ∞∑ p=0 (−1)^p dim H^p(Γ, H^{σ,λ}_{−∞}) = 0, (4) χ(Γ, Ĥ^{σ,λ}_{−∞}) = ∞∑ p=0 (−1)^p dim H^p(Γ, Ĥ^{σ,λ}_{−∞}) = 0, (5)

and the order of Z_Γ(s, σ) at s ∈ a^∗_C can be expressed in terms of the group cohomology of Γ with coefficients in H^{σ,λ}_{−∞} as follows :

ord_{s=λ≠0}Z_Γ(s, σ) = − ∞∑ p=0 (−1)^pp dim H^p(Γ, H^{σ,λ}_{−∞}), (6)

ord_{s=0}Z_Γ(s, σ) = − ∞∑ p=0 (−1)^pp dim H^p(Γ, Ĥ^{σ,0}_{−∞}), (7)

where Ĥ^{σ,λ}_{−∞} is a certain non-trivial extension of H^{σ,λ}_{−∞} with itself.

Our description of the cohomology for non-cocompact Γ of finite covolume implies that the analog of Pattersons conjecture is false in that case.

A very detailed analysis of the cohomology of Fuchsian groups of the first kind with coefficients in principal series representations is given in Section 9. We express the cohomology in terms of automorphic and cusp forms. For the non-irreducible principal series representations we find explicit formulas for the dimensions of the cohomology groups in terms of the topology of Y = Γ\X.

The methods of this paper can also be used to study the n-cohomology of globalizations of Harish-Chandra modules.

Let G be of general rank and P ⊂ G be a parabolic subgroup with Langlands decomposition P = M_P A_P N_P . Let n_P be the Lie algebra of N_P .

If (π, V_{π,K} ) ∈ HC(g, K), then by a theorem of Hecht-Schmid [9] the Lie algebra cohomology groups H^∗(n_P , V_{π,K}) have natural structures of modules in HC(m_P , K_P ), where K_P = K ∩ M_P and m_P is the Lie algebra of M_P . Moreover, all elements of H^∗(n_P , V_{π,K}) are finite under a_P , where a_P is the Lie algebra of A_P .

It is natural to ask whether globalization is compatible with n_P -cohomology. The standard n_P -cohomology complex induces a natural topology on H^p(n_P , V_{π,∗}) such that H^p(n_P , V_{π,∗}) becomes a continuous representation of M_P A_P . The natural theorem is

Theorem 1.3 There are topological isomorphisms of M_P A_P modules

H^p(n_P , V_{π,∗}) ∼= H^p(n_P , V_{π,K})_∗ , H^p(n_P , V_{π,−∗})^∗ ∼= H^{dim(nP )−p}(n_P , V_{π̃,K} )_∗ ⊗ Λ^{dim(nP )}n_P , ∀p ≥ 0

for ∗ = ∞, ω, where (π̃, V_{π̃,K} ) is the dual Harish-Chandra module.

For ∗ = ∞ this was proved by Casselman (unpublished). In the rank-one case there were previous partial results by Osborne [16]. In the present paper we give a proof in the rank-one case using different methods (Theorem 5.2).

In [3] we were able to prove this theorem in the case rank_R(G) = 1 for ∗ = ω. For G of general rank and ∗ = ω the theorem was announced by Bratten and Hecht-Taylor (compare [10]). It is now an easy consequence of the above-mentioned result [13], Thm. 6.13.

2 Surjectivity on weighted spaces

From now on let G be a connected semisimple Lie group with finite center of real rank one and K be its maximal compact subgroup. Let G ×_K V_γ = E be a G-homogeneous bundle over the rank-one symmetric space X = G/K. Let E = C^∞(X, E) be the space of smooth sections of E. We define the increasing sequence of subspaces S_RE, R ∈ R, by S_RE := {f ∈ E | p_{−R,L}(f) < ∞ ∀L ∈ U(g)}, where the seminorms p_{R,L} are defined by p_{R,L}(f) := sup_G e^{Rdist(gK,O)}|f(Lg)| , O ∈ X is the class [K] ∈ G/K considered as the base point of X, and we view f as a function on G with values in V_γ satisfying f(gk) = γ(k)^{−1}f(g), ∀k ∈ K. S_RE is a Fréchet space and for R^′ ≥ R we have a continuous inclusion S_RE → S_R′ E. Let S_RE^′ := (S_{−R}E)^∗ be the topological conjugate dual of S_{−R}E. Then for R ≥ R^′ there is a continuous projection S_R′ E^′ → S_RE^′. We also consider S_∞E^′ := lim_{−→} R S_RE^′ , S_∞E := {f ∈ E | ∀L ∈ U(g) ∃R ∈ R s.t. p_{R,L}(f) < ∞} . The space S_∞E is a limit of Fréchet spaces in the following way. Let I be the partially ordered set of all monotone functions u : N_0 → R, where u ≥ u^′, iff u(n) ≥ u^′(n), ∀n ∈ N. For any u ∈ I we define the Fréchet space S_uE := {f ∈ E | p_{−u(deg(L)),L}(f) < ∞ ∀L ∈ U(g)} , where deg(L) is the order of L as a differential operator on G. Then S_∞E = lim_{−→} u∈I S_uE . We equip S_∞E with the topology of the direct limit. The symbol S_∞E is an abuse of notation since S_∞E ≠ lim_{−→} R∈R S_RE . S_∞E is called the space of sections of E of moderate growth.

The space S_∞E^′ is the topological conjugate dual of ∩_RS_RE. Since C^∞_c (X, E) is dense in ∩_RS_RE, we have an inclusion S_∞E^′ → C^{−∞}(X, E).

Let Ω be the Casimir operator of G and for μ ∈ C let B := Ω−μ. Let C[B] be the ring of all polynomials in B. We consider the functor Fin_μ on the category of C[B]-modules defined by Fin_μ(V ) = {v ∈ V | ∃l ≥ 0 B^lv = 0} . This functor is left exact and its higher derived functors are denoted by Fin^i_μ(V ). Since the inductive limit is an exact functor on the category of C[B]-modules and Fin_μ(V ) ∼= lim_{−→} j Hom_{C[B]}(C[B]/(B)^j , V )

we have Fin^i_μ(V ) ∼= lim_{−→} j Ext^i_{C[B]}(C[B]/(B)^j , V ) . (8)

Since C[B] is a regular ring of dimension one we have Fin^i_μ(V ) = 0 for i ≥ 2. A C[B]- module V is called Fin_μ-acyclic, iff Fin^1_μ(V ) = 0. Theorem 2.1 S_∞E^′ is Fin_μ-acyclic. Proof. We consider the Schwartz space S_{−log}E := {f ∈ E | q_{L,k}(f) < ∞ ∀k ∈ N, L ∈ U(g)} , where q_{L,k}(f)^2 = ∫ G dist(gK, O)^k |f(Lg)|^2dg and its topological conjugate dual space S_{log}E^′ = (S_{−log}E)^∗ . Lemma 2.2 The inclusion S_{log}E^′ → S_∞E^′ induces a surjection

Fin^1_μ(S_{log}E^′) → Fin^1_μ(S_∞E^′) .

Proof. Let V be a C[B]-module. We can compute Ext^1_{C[B]}(C[B]/(B)^k , V ) using the Koszul complex

0 → Ext^0_{C[B]}(C[B]/(B)^k , V ) → V^{Bk}→ V → Ext^1_{C[B]}(C[B]/(B)^k , V ) → 0 .

In order to perform the direct limit in (8) note that the map

Ext^1_{C[B]}(C[B]/(B^k ), V ) → Ext^1_{C[B]}(C[B]/(B^{k+1}), V )

is induced by B : V → V .

Hence Lemma 2.2 follows from the next result.

Lemma 2.3 Let k ≥ 1. For any f ∈ S_∞E^′ there exists a g ∈ S_∞E^′ with f −B^kg ∈ S_{log}E^′.

In fact, Lemma 2.3 implies that any element f ∈ S_∞E^′ representing some class in Ext^1_{C[B]}(C[B]/(B)^k , S_∞E^′) can be replaced by f − B^k g ∈ S_{log}E^′ representing the same class in Ext^1_{C[B]}(C[B]/(B)^k , S_∞E^′).

Proof. It is enough to show that for f ∈ S_RE^′ there exists g ∈ S_RE^′ such that f − B^kg ∈ S_{R−1}E^′. In fact, it is sufficient that this holds for all weights R in a dense subset of R. Then the assertion of the lemma follows by a finite iteration.

We consider polar coordinates a^+ × K/M of X \ {O}. We identify the fibre of E over (a, kM) with the fibre over (a^′, kM) using the radial parallel transport.

There is a constant coefficient operator B^k_{rad} on a^+ such that B^k − B^k_{rad} = e^{−a}Q (we identify a^+ with R_+ such that the short root has length one) and Q has bounded coefficients up to infinity. Note that Q also contains differentiations along a^+ but with exponentially decreasing prefactors. There are an endomorphism F (kM) ∈ End(E_{(a,kM)}) and c ∈ C such that B_{rad} = − d^2 da^2 + c d da + F (kM) . We decompose the bundle E_{|X\O} = ∑ σ E(σ) according to the eigenvalues of F (kM) (which are independent of kM). There are x_σ, y_σ ∈ C such that B_{rad} = ∑ σ B_{rad}(σ) and B_{rad}(σ) = −(^d_{da} − x̄_σ)(^d_{da} − ȳ_σ). We exclude the weights R = Re(x_σ), Re(y_σ) for all σ from the following consideration.

Let S_RE_0 ⊂ S_RE be the subspace of all sections vanishing in a neighbourhood of the origin O ∈ X. Then S_RE_0 is a limit of Fréchet spaces. Let S_RE^′_0 be the topological conjugate dual of S_RE_0. Then S_RE^′ ⊂ S_RE^′_0. Choose a cut-off function χ ∈ C^∞(a^+) such that χ(a) = 0 for a < 1 and χ(a) = 1 for a > 2. Then the multiplication by χ defines a continuous operator S_RE^′_0 → S_RE^′.

Below we will construct a continuous solution operator H : S_RE_0 → S_RE_0 such that H(B^∗_{rad})^k − id : S_RE_0 → C^∞_c (X \ O, E) is continuous and supp(H(B^∗_{rad})^k − id)f ⊂ [1, 2] × K/M, ∀f ∈ S_RE_0. Here (B^∗_{rad})^k is the formal adjoint of B^k_{rad}. The adjoint H^∗ : S_RE^′_0 → S_RE^′_0 then has the property that B^k_{rad}H^∗ϕ − ϕ ∈ E^′ for ϕ ∈ S_RE^′_0. Here E^′ is the space of distributions with compact support. The composition χ ∘ H^∗_{|SRE}′ : S_RE^′ → S_RE^′ satisfies B^k_{rad}χ ∘ H^∗ϕ − ϕ ∈ E^′, ϕ ∈ S_RE^′. Hence B^kH^∗ϕ − ϕ = e^{−a}QH^∗ϕ (mod E^′). But e^{−a}QH^∗ϕ ∈ S_{R−1}E^′. This proves the lemma assuming that we have already constructed H. Note that B^∗_{rad}(σ)^k is a product of operators of first order^d_{da} + x_σ,^d_{da} + y_σ. It is enough to construct solution operators H_{xσ} , H_{yσ} : S_RE_0(σ) → S_RE_0(σ) such that supp(H_{xσ} (^d_{da} + x_σ)f − f) ⊂ [1, 2] × K/M, ∀f ∈ S_RE_0(σ), and similarly for H_{yσ} . Then H := (−1)^k ∑ σ H^k_{xσ} H^k_{yσ} has the required properties.

For R − Re(x_σ) > 0 we set (simplifying the notation by omitting the angular variable) (H_{xσ} f)(a) := −χ(a)e^{−xσa} ∫ ∞ a e^{xσ b}f(b)db . Since f ∈ S_RE_0(σ) we have for some C < ∞ and all b ∈ a^+ that |f(b)| ≤ Ce^{−Rb}. Hence the integral converges. If R − Re(x_σ) < 0, then we set (H_{xσ} f)(a) := χ(a)e^{−xσ a} ∫ a 0 e^{xσb}f(b)db . It is easy to check that supp(H_{xσ} (^d_{da} + x_σ)f − f) ⊂ [1, 2] × K/M. We must show that H_{xσ} : S_RE_0(σ) → S_RE_0(σ) and that H_{xσ} is continuous.

To define the topology of S_RE_0(σ) it is sufficient to consider the set of seminorms p̃_{R,L} with L = (L_1, L_2) ∈ U(a) × U(k). Set (Lf)(a, kM) = f(L_1a, L_2kM). Then

p̃_{R,L} := sup a∈a^+,k∈K e^{Ra}|(Lf)(a, kM)| . It is clear that LH_xf = H_xLf + W_Lf, where W_L : S_RE_0(σ) → C^∞_c (X \ O, E(σ)) is continuous. Thus in order to show that H_{xσ} is continuous it is enough to verify the estimate p̃_{R,1}(H_{xσ} f) ≤ Cp̃_{R,1}(f) . We employ that |f(a, kM)| ≤ p̃_{R,1}(f)e^{−Ra}. If R − Re(x_σ) > 0, then p̃_{R,1}(H_{xσ} f) = sup_{a∈a+,k∈K} e^{Ra}|(H_{xσ} f)(a, kM)| ≤ sup a∈a^+,k∈K e^{Ra}p̃_{R,1}(f)e^{−Re(xσ )a} ∫ ∞ a e^{(Re(xσ)−R)b}db ≤ Cp̃_{R,1}(f) .

If R − Re(x_σ) < 0, then p̃_{R,1}(H_{xσ} f) = sup_{a∈a+,k∈K} e^{Ra}|(H_{xσ} f)(a, kM)| ≤ sup a∈a^+,k∈K e^{Ra}p̃_{R,1}(f)e^{−Re(xσ )a} ∫ a 1 e^{(Re(xσ)−R)b}db ≤ Cp̃_{R,1}(f) . This finishes the construction of H and hence the proof of Lemma 2.2. 2

Lemma 2.4 S_{log}E^′ is Fin_μ-acyclic.

Proof. Using the generalization of the Helgason-Fourier transform to bundles (see [4], 1.4.3 , Branson-Olafsson-Schlichtkrull [2]) and a result of Arthur [1] we can identify the Schwartz space S_{−log}E with

[S(ıa^∗) ^⊗C^∞(K ×_M V_γ)]^W ⊕ ⊕^r_{i=1}V_{i,∞} .

Here V_{i,∞} are the spaces of smooth vectors of certain irreducible discrete series representations, S(ıa^∗) is the Schwartz space on ıa^∗ and W = Z_2 is the Weyl group. ^⊗ denotes the nuclear tensor product. The operation of W on S(ıa^∗) ^⊗C^∞(K ×_M V_γ ) is implemented by a family of unitary operators

A_λ : C^∞(K ×_M V_γ) → C^∞(K ×_M V_γ ), λ ∈ ıa^∗ ,

which are closely related to Knapp-Stein intertwining operators of principal series representations. The non-trivial element w ∈ W acts by (wf)(−λ, k) = (A_λf(λ, .))(k). Dually, we can identify S_{log}E^′ with

[S^′(ıa^∗) ^⊗C^{−∞}(K ×_M V_γ )]^W ⊕ ⊕^r_{i=1}V^′_{i,−∞} .

On the Fourier image the operator B acts as multiplication by the polynomial P (λ) := λ^2 + ρ^2 − γ(Ω_M ) − μ, λ ∈ ıa^∗, on the first summand and as a scalar on V^′_{i,−∞}.

It follows that Fin^1_μ(V^′_{i,−∞}) = 0. In order to see that

Fin^1_μ([S^′(ıa^∗) ^⊗C^{−∞}(K ×_M V_γ)]^W ) = 0

we show that the multiplication by P is surjective on [S^′(ıa^∗) ^⊗C^{−∞}(K ×_M V_γ)]^W . We consider the dual situation and show that the multiplication by P on [S(ıa^∗) ^⊗C^∞(K ×_M V_γ )]^W is injective and has a closed range. Injectivity is easy since P (λ) is non-invertible at most on a set of codimension 1 in ıa^∗ × K/M. Note that C^∞(K ×_M V_γ ) = ⊕_{σ∈M̂} ⊕^{[γ:σ]}_{h=1} C^∞(K ×_M V_σ) and P (λ) acts by the scalar polynomial P_σ(λ) = λ^2 + ρ^2 − σ(Ω_M ) − μ on each summand S^′(ıa^∗) ^⊗C^∞(K ×_M V_σ). Let Z_σ be the set of zeros of P_σ(λ). Let n_σ(λ) be the order of the zero of P_σ at λ ∈ Z_σ. Then the range of the multiplication by P_σ on S(ıa^∗) ^⊗C^∞(K ×_M V_σ) consists of all sections f ∈ S(ıa^∗) ^⊗C^∞(K ×_M V_σ) such that f(λ, kM) has a zero of order n_σ for all λ ∈ Z_σ and for all k ∈ K. This vanishing condition is a closed condition. The range of P on [S(ıa^∗) ^⊗C^∞(K ×_M V_γ)]^W consists of all f ∈ [S(ıa^∗) ^⊗C^∞(K ×_M V_γ )]^W such that f_σ(λ, kM) has a zero of order n_σ(λ) for all λ ∈ Z_σ, k ∈ K and σ. This condition is again closed.

This finishes the proof of Lemma 2.4 and hence of Theorem 2.1. 2

Theorem 2.5 The operator B : S_∞E → S_∞E is surjective. Proof. Let S_∞E^′(B) and C be defined by the following exact sequence: 0 → S_∞E^′(B) → S_∞E^{′ B}→ S_∞E^′ → C → 0 . (9) Lemma 2.6 C = 0.

Proof.We have BC = 0 and BS_∞E^′(B) = 0. Hence Fin^1_μ(S_∞E^′(B)) = 0, Fin_μ(S_∞E^′(B)) = S_∞E^′(B), Fin^1_μ(C) = 0, and Fin_μ(C) = C. Thus applying Fin_μ to the exact sequence of Fin_μ-acyclic spaces (9) we obtain the exact sequence 0 → S_∞E^′(B) → Fin_μ(S_∞E^′)^B→ Fin_μ(S_∞E^′) → C → 0 .

Let S_∞E^′(B^k ) := ker(B^k : S_∞E^′ → S_∞E^′). Then Fin_μ(S_∞E^′) = lim_{−→} k S_∞E^′(B^k )

and in order to show that C = 0 it is enough to show that lim_{−→} k coker(B : S_∞E^′(B^k ) → S_∞E^′(B^k)) = 0 . (10)

The space of K-finite vectors S_∞E^′(B^k)_K is an admissible (g, K)-module and S_∞E^′(B^k ) is its canonical distribution vector globalization ([20], Ch. 11). Since the globalization functor is exact (Wallach [20], Ch. 11, Casselman [5]) to show (10) is suffices to verify that lim_{−→} k coker(B : S_∞E^′(B^k)_K → S_∞E^′(B^k)_K ) = 0 . (11) Since the multiplication by B on (U(g) ⊗_{U(k)} V_{γ̃} )_K is injective we obtain by K-type wise algebraic dualization coker(B : Hom_{U(k)}(U(g), V_γ )_K → Hom_{U(k)}(U(g), V_γ )_K ) = 0 .

Thus Hom_{U(k)}(U(g), V_γ )_K is Fin_μ-acyclic. Applying Fin_μ to the exact sequence of Fin_μacyclic spaces

0 → Hom_{U(k)}(U(g), V_γ )_K (B) → Hom_{U(k)}(U(g), V_γ )_K^B→ Hom_{U(k)}(U(g), V_γ )_K → 0 we obtain the exact sequence

0 → Hom_{U(k)}(U(g), V_γ )_K (B) → Fin_μ(Hom_{U(k)}(U(g), V_γ )_K )^B→ Fin_μ(Hom_{U(k)}(U(g), V_γ )_K ) → 0 .

The exactness at the last place is equivalent to

lim_{−→} k coker(B : Hom_{U(k)}(U(g), V_γ )_K (B^k) → Hom_{U(k)}(U(g), V_γ )_K(B^k )) = 0 .

The claim (11) now follows from S_∞E^′(B^k )_K ∼= Hom_{U(k)}(U(g), V_γ )_K (B^k ) (compare [3], Lemma 3.5). 2 We have shown that B : S_∞E^′ → S_∞E^′ is surjective. The G-invariant Hermitian scalar product on E induces an inclusion S_∞E ⊂ S_∞E^′. Theorem 2.5 is now a consequence of the following regularity result.

Lemma 2.7 If f ∈ S_∞E^′, Bf ∈ S_∞E, then f ∈ S_∞E.

Proof. Let W̃ be a G-invariant fundamental solution of B, i.e., BW̃ = W̃ B = id on C^∞_c (X, E). Consider X × X with the diagonal G-action. Let χ ∈^GC^∞(X × X) be a G-invariant cut-off function defined by χ(x, y) = ρ(dist(x, y)), where ρ ∈ C^∞(R), ρ(r) ∈ [0, 1], ρ(r) = 1 for r < 1 and ρ = 0 for r > 2.

Multiplying the distributional kernel of W̃ by χ we obtain a G-invariant parametrix W of B. It has finite propagation (the support of W ϕ is contained in a 1-neighbourhood of the support of ϕ for all ϕ ∈ C^∞_c (X, E)) and is applicable to arbitrary distributions in C^{−∞}(X, E). Let f ∈ S_∞E^′ and Bf = F ∈ S_∞E. Then f = W F + Sf, where S is a G-invariant smoothing operator on E. We must show that W F, Sf ∈ S_∞E.

Let L ∈ U(g). Then (Sf)(Lg) = ⟨f, s(LgK, .)⟩ , where s is the integral kernel of S and s(LgK, .) ∈ C^∞_c (X, E). For any L_1 ∈ U(g) and R ∈ R there is a P ∈ R depending on L_1, L such that p_{R,L1} (s(LgK, .)) = sup_{h∈G} e^{Rdist(O,hK)}|s(LgK, L_1hK)| ≤ Ce^{(P +R)dist(O,gK)} , where C may depend on L, L_1, R, P but not on g. In fact, for all A, B ∈ U(g) we have sup_{g,h∈G} |s(gA, hB)| < ∞ since S is G-invariant. If f ∈ S_RE^′ for some R, then there is a finite set {L_1, . . . , L_r} ⊂ U(g) such that for all L ∈ U(g) there exists P ∈ R with p_{−(R+P ),L}(Sf) = sup_{g∈G} e^{−(R+P )dist(O,gK)}⟨f, s(LgK, .)⟩ ≤ C(f) sup g∈G,i=1,...,r e^{−(R+P )dist(O,gK)}p_{R,Li} (s(LgK, .)) < ∞ . This proves Sf ∈ S_∞E.

We now show that W F ∈ S_∞E. Let L ∈ U(g). We must show that for some R ∈ R p_{R,L}(W F ) = sup_{g∈G} e^{Rdist(O,gK)}|(W F )(LgK)| < ∞ . Let w(gK, hK) be the distributional kernel of W . The family gK → w(LgK, .) is a smooth family of distributions such that supp(w(LgK, .)) is contained in the unit ball in X with center at gK. Thus we can write (W F )(LgK) = ⟨w(LgK, .), F ⟩ . Since W is G-invariant there is a finite set {L_1, . . . , L_r} ⊂ U(g) such that we have |(W F )(LgK)| ≤ e^{P dist(O,gK)} sup h∈G,dist(hK,gK)≤1,i=1,...,r |F (hL_iK)| for some P ∈ R depending on L. Hence there is another finite set {L^′_1, . . . , L^′_r′ } ⊂ U(g) and an exponent Q ∈ R such that |(W F )(LgK)| ≤ e^{Qdist(O,gK)} sup h∈G,dist(hK,gK)≤1,i=1,...,r^′ |F (L^′_ihK)| ≤ e^{(Q−R)dist(O,gK)} sup_{i=1,...,r′} p_{R,L}′_i (F ) Hence p_{−(Q−R),L}(W F ) < ∞ if R is small enough.

We conclude that W F ∈ S_∞E. This finishes the proof of the Lemma and of Theorem 2.5. 2

3 De Rham complexes

In this section we prove the local acyclicity of the weighted de Rham complex on X twisted with the functions of moderate growth on G, the global acyclicity of the weighted de Rham complex on X twisted with the functions of moderate growth on Γ\G, and the n-acyclicity of S_∞E for a homogeneous vector bundle E → X. A complex is called acyclic if it is exact in all non-zero degrees.

Lemma 3.1 For any vector bundle E → X the space S_∞E is n-acyclic.

Proof. Fix a basis {X_i}^{dim(n)}_{i=1} of n. Let {X^i} be the basis of n^∗ dual to {X_i}. Let Xn ∈ T_nN, X ∈ n, n ∈ N, be the fundamental vector at n corresponding to −X.

Let I_p be the set of all multi-indices {1 ≤ i_1 < i_2 < . . . < i_p ≤ dim(n)}. For I ∈ I_p we define X^I n ∈ Λ^pT^∗_n N by X^I n(X_J n) = δ_{IJ} , ∀J ∈ I_p. Here X_J n = X_{j1} n ∧ . . . ∧ X_{jp} n. Now identify N × A^∼→ X, (n, a) → naK. We also employ the n-equivariant trivialization G ×_K V_γ = E^∼→ N × A × V_γ, [nak, v] → (n, a) × γ^{−1}(k)v. We identify C^∞(N, Λ^∗T^∗N ⊗ C^∞(A) ⊗ V_γ) with Λ^∗n^∗ ⊗ E such that ω ∈ C^∞(N, Λ^pT^∗N ⊗ C^∞(A) ⊗ V_γ) corresponds to (X_I , na) → ω(na)(X_I n), I ∈ I_p, n ∈ N, a ∈ A, ω(na)(X_I n) ∈ V_γ . Under this identification the n-cohomology complex of E becomes the de Rham complex of N twisted with C^∞(A) ⊗ V_γ .

Using the trivialization {X^I n}_{I∈Ip} of the p-form bundle we write ω(na) = ∑ I∈I_p ωI (na)X I n. The subspace Λ^pn ⊗ S_∞E is identified with

Λ^pn ⊗ S_∞E = {ω ∈ C^∞(N, Λ^pT^∗N ⊗ C^∞(A) ⊗ V_γ ) | ∀L_1 ∈ U(n), L_2 ∈ U(a) ∃R ∈ R s.t. sup na∈NA,I∈I_p e^{−Rdist(O,naK)}|ω_I (L_1n, L_2a)| < ∞} . We define the contraction Ψ_t, t ∈ [0, 1], of N by Ψ_t(n) := exp(t log(n)). Let T_t := d ds |s=0Ψt+s(n) ∈ TΨ^t(n)N. We set Htω := Ψ ∗ t (i_{Tt} ω) and H = ∫ 1 0 H_tdt. Then

H : C^∞(N, Λ^pT^∗N ⊗ C^∞(A) ⊗ V_γ) → C^∞(N, Λ^{p−1}T^∗N ⊗ C^∞(A) ⊗ V_γ)

is a zero homotopy of the de Rahm complex (C^∞(N, Λ^∗T^∗N ⊗ C^∞(A) ⊗ V_γ ), d). In order to prove the Lemma we have to show that this zero homotopy is compatible with the subspaces Λ^∗ ⊗ S_∞E. It is enough to show that

t → H_t ∈ Hom^{cont}_C (Λ^p ⊗ S_∞E, Λ^{p−1} ⊗ S_∞E)

is continuous. Here we equip Hom^{cont} with the strong topology (pointwise convergence). We call a function f on N a polynomial, if f(exp(n)) is a polynomial on n. Using the fact that N is nilpotent, one can easily show that

(H_tω)(n) = ∑ J∈I_{p−1},I∈I_p Φ_{I,J} (t, n)ω_I (Ψ_t(n))X^J n ,

where n → Φ_{I,J} (t, n) are polynomial functions on N (and in fact also polynomials in t). Let L_r be the set of tuples {i_1, . . . , i_{dim(n)}}, i_k ∈ N_0, with

∑dim(n)

k=1 i_k ≤ r. Let X(l) := X^{l1}_1 . . . X^{ldim(n)}_{dim(n)} ∈ U(n), l ∈ L_r. By X(l)n we denote the corresponding differential operator (X_1n)^{l1} . . . (X_{dim(n)}n)^{ldim(n)} . If L_1 ∈ U(n), deg(L_1) = r, L_2 ∈ U(a), then also

(H_tω)_J (L_1n, L_2a) = ∑ l∈L_r,I∈I_p Φ_{l,I,J} (t, n)ω_I (X(l)Ψ_t(n), L_2a) with polynomial functions Φ_{l,I,J} (t, n). We obtain the estimate sup J∈I_{p−1} |(H_tω)_J (L_1n, L_2a)| ≤ C(1 + | log(n)|)^P sup_{l∈Lr,I∈Ip} |ω_I (X(l)Ψ_t(n), L_2a)| , where P is sufficiently large. Note that e^{Qdist(O,naK)} ≥ c(1 + | log(n)|)^P for some Q, c > 0 and all na ∈ NA. We also have dist(O, naK) ≥ dist(O, Ψ_t(n)aK) for all t ∈ [0, 1]. Fix R ∈ R. Then for all ω with sup l∈L_r,na∈NA,I∈I_p e^{−Rdist(O,naK)}|ω_I (X(l)n, L_2a)| =: S(ω) < ∞ we have sup na∈NA,J∈I_{p−1} e^{−(R+Q)dist(O,naK)}|(H_tω)_J (L_1n, L_2a)| < CS(ω) with C < ∞ independent of ω. These estimates imply that if ω ∈ Λ^pn ⊗ S_uE, u ∈ I, then H_tω ∈ Λ^{p−1}n ⊗ S_{u+Q}E and depends continuously on t ∈ [0, 1]. This proves the required continuity of H_t. Thus H provides a zero homotopy of the n-cohomology complex for S_∞E, and the lemma is proved. 2

Fix an Iwasawa decomposition G = NAK and identify X ∼= NA. Using these coordinates we attach a boundary ∂X = N × {∞} to X obtaining X̄. Note that this boundary is different from the geodesic boundary. The motivation for this definition is that small neighbourhoods of x ∈ ∂X look like small neighbourhoods of points in the boundary of the Borel-Serre compactification of quotients Y = Γ\X of finite volume.

We want to twist the de Rham complex of X with the space of functions of moderate growth on G. Let π : X × G → X denote the projection onto the first factor. Let L^p := Λ^pT^∗X. We define S_∞L^p[G] := {ω ∈ C^∞(X × G, π^∗L^∗) | ∀L_1, L_2 ∈ U(g) ∃R, Q ∈ R s.t. sup_{g,h∈G} e^{−Rdist(O,gK)}e^{−Qdist(O,hK)}|ω(L_1g, L_2h)| < ∞} , where we consider ω as a function from G × G with values in Λ^pT^∗_OX.

There is a natural sheafification S_∞L^∗[G] on X̄ such that for an open set U ⊂ X̄ the vector space S_∞L^∗[G](U) consists of those forms ω ∈ C^∞(U × G, π^∗L^∗) which satisfy sup g∈U,h∈G |ω(L_1g, L_2h)|e^{−Rdist(O,gK)}e^{−Qdist(O,hK)} < ∞ for any L_1, L_2 ∈ U(g) and appropriate Q, R ∈ R which may depend on L_1, L_2. Let d be the differential of the de Rham complex acting trivially with respect to the second variable g ∈ G.

Lemma 3.2 The complex of sheaves (S_∞L^∗[G], d) is acyclic.

Proof. Let x ∈ X̄. Then we have to show that the complex of germs (S_∞L^∗[G]_x, d) is acyclic. If x ∈ X, then we employ the standard homotopy formula associated to the radial contraction of small balls in X with center at x. We leave to the reader to verify that the zero homotopy is compatible with the growth conditions with respect to second variable. We discuss a similar problem in the proof of Lemma 3.3.

It remains to consider x ∈ ∂X. Without loss of generality we can assume x = e×{∞}, where e ∈ N is the identity. Let U_i ⊂ n, i ∈ N, be a fundamental system of balls around 0. Then W_i := exp(U_i)(i, ∞] ⊂ NA is a fundamental system of neighbourhoods of x. Here we identified a ∼= R such that (i, ∞] = exp((i, ∞)) ∪ {∞}. Let da be the one-form dual to the fundamental vector field H^∗ on A corresponding to H ∈ a^+ with |H| = 1. We decompose forms ω in L^p as ω = ω_1 ⊕ da ∧ ω_2, where i_H∗ ω_j = 0, j = 1, 2, and i_H∗ is the insertion of H^∗. One can check that

S_∞L^p[G](W_i) = V^p(W_i) ⊕ da ∧ V^{p−1}(W_i) ,

where

V^p(W_i) := {ω ∈ C^∞(U_i × (i, ∞) × G, π^∗_1Λ^pT^∗U_i)| ∀L_1 ∈ U(n), L_2 ∈ U(a), L_3 ∈ U(g) ∃R, Q ∈ R s.t. sup a∈(i,∞),h∈G a^{−R}e^{−Qdist(O,hK)}|ω(L_1n, L_2a, L_3h)| < ∞} , and π_1 : U_i × (i, ∞) × G → U_i is the projection onto the first factor. The complex (S_∞L^∗[G](W_i), d) is the total complex of a double complex. The latter consists of two rows equal (V^∗(W_i), d), where d is the differential of the de Rham complex of U_i. The vertical differential of the double complex is the differentiation along the A-direction given by ±H. The balls U_i can be contracted radially. The associated zero homotopy of the de Rham complex of U_i extends to V^∗(W_i). Again we leave the verification to the reader (see also the proof of Lemma 3.1). Thus the rows (V^∗(W_i), d) of the double complex are acyclic. The zeroth horizontal cohomology is equal to^nV^0(W_i), the functions in V^0(W_i) that do not depend on n ∈ U_i. To finish the proof of the Lemma we must show that H :^nV^0(W_i) →^nV^0(W_i) is surjective. In fact the equation Hf = g, g ∈^nV^0(W_i), can explicitly be solved by integration such that f ∈^nV^0(W_i). Set f(n, a, h) = ∫ a i g(n, b, h)db . 2 Let π : X × Γ\G be the projection onto the first factor. We define S_∞L^p[Γ\G] := {ω ∈ C^∞(X × Γ\G, π^∗L^∗) | ∀L_1, L_2 ∈ U(g) ∃R, Q ∈ R s.t. sup_{g,h∈G} e^{−Rdist(O,gK)}e^{−QdistY (ΓO,ΓhK)}|ω(L_1g, L_2h)| < ∞} , where dist_Y (ΓO, ΓhK) is the distance of ΓhK from ΓO in Y := Γ\X. Lemma 3.3 The de Rham complex (S_∞L^∗[Γ\G], d) is acyclic.

Proof. As in the proof of Lemma 3.2 the de Rham complex (S_∞L^∗[Γ\G], d) is the total complex of a double complex consisting of two rows each equal to the n-cohomology complex (Λ^∗n ⊗ S_∞L^0[Γ\G], d). Let π_1 : N × A × Γ\G → N be the projection onto the first factor. We identify Λ^pn ⊗ S_∞L^0[Γ\G] with {ω ∈ C^∞(N × A × Γ\G, π^∗_1Λ^pT^∗N) | ∀L_1 ∈ U(n), L_2 ∈ U(a), L_3 ∈ U(g) ∃R, Q ∈ R s.t. sup na∈NA,g∈G,I∈I_p e^{−Rdist(O,naK)}e^{−QdistY (ΓO,ΓgK)}|ω_I (L_1n, L_2a, L_3g)| < ∞} .

We show that the complex (Λ^∗n ⊗ S_∞L^0[Γ\G], d) is acyclic. In the proof of Lemma 3.1 we constructed a zero homotopy H = ∫ 1 0 H_t, where (H_tω)(n, a, g) = Ψ^∗_t (i_{Tt} ω(Ψ_t(n), a, g)).

We claim that H : Λ^pn ⊗ S_∞L^0[Γ\G] → Λ^{p−1}n ⊗ S_∞L^0[Γ\G]. The same discussion as in the proof of Lemma 3.1 leads to the following estimate. Fix L_1 ∈ U(n), L_2 ∈ U(a), L_3 ∈ U(g). Let r := deg(L_1). For all ω with sup l∈L_r,na∈NA,g∈G,I∈I_p e^{−P distY (ΓO,ΓgK)}e^{−Rdist(O,naK)}|ω_I (X(l)n, L_2a, L_3g)| =: S(ω) < ∞ we have sup na∈NA,g∈G,J∈I_{p−1} e^{−P distY (ΓO,ΓgK)}e^{−(R+Q)dist(O,naK)}|(H_tω)_J (L_1n, L_2a, L_3g)| < CS(ω) with C < ∞ independent of ω. This easily implies the claim. Hence the rows of the double complex are acyclic and their zeroth cohomology is equal to V := {f ∈ C^∞(A × Γ\G) | ∀L_2 ∈ U(a), L_3 ∈ U(g) ∃R, Q ∈ R s.t. sup a∈A,g∈G e^{−R| log(a)|}e^{−QdistY (ΓO,ΓgK)}|f(L_2a, L_3g)| < ∞} . The vertical differential given by H : V → V is surjective. In fact, let f ∈ V and set F (a, g) := ∫ a 1 f(b, g)db . Then HF = f and F ∈ V . This proves the lemma. 2

4 The standard resolution

For the convenience of the reader we repeat here the construction of the standard resolution given in [3].

Let (π, V_{π,K} ) ∈ HC(g, K) be a Harish-Chandra module. Then V_{π,K} decomposes into a direct sum of joint generalized eigenspaces of Z(g). Since the summands can be treated separately, without loss of generality we can assume that there exist μ ∈ C and k ∈ N such that B := (Ω − μ)^k ∈ Ann(V_{π,K}), i.e., BV_{π,K} = 0.

Let W be a finite-dimensional K-stable subspace of the dual V_{π̃,K} of V_{π,K} in the category HC(g, K), which generates V_{π̃,K} as a U(g)-module. Let E_0 → X be the homogeneous vector bundle G×_K W̃ and E_0 be the space of its smooth sections. Using any globalization V_π of V_{π,K} (i.e. a representation of G such that V_π = V_{π,K}) we can define an embedding i : V_{π,K} → E_0 ∼= [C^∞(G) ⊗ W̃ ]^K that is characterized by ⟨i(v)(g), w⟩ := ⟨w, π(g^{−1})v⟩, v ∈ V_{π,K} , w ∈ W, g ∈ G.

In fact i maps into S_∞E_0 and the closure of i(V_{π,K} ) in S_∞E_0 is contained in S_∞E_0(B) and constitutes the distribution vector globalization V_{π,−∞} of V_{π,K} (Wallach [20], Ch. 11, Casselman [5]).

We will also consider the space V_{π,for} := V^∗_{π̃,K} of formal power series vectors of V_{π,K}. There is an exact functor from HC(g, K) to the category of (not necessarily K-finite) (g, K)-modules which sends V_{π,K} to V_{π,for}. Note that V_{π,for} = ∏ γ∈K̂ Vπ,K(γ). For homogeneous vector bundles E and F on X we denote by D(E, F ) the set of G-invariant differential operators D : E → F.

Proposition 4.1 There exist homogeneous vector bundles E_1, E_2, . . . on X and Ginvariant differential operators D_i ∈ D(E_i, E_{i+1}), i = 0, 1, . . ., such that the embedding i : V_{π,−ω} → E_0(B) can be extended to a (possibly infinite) exact sequence

0 → V_{π,−∞}^i→ S_∞E_0(B)^{D0}→ S_∞E_1(B)^{D1}→ S_∞E_2(B)^{D2}→ . . . . (12)

This sequence remains to be exact on the level of formal power series :

0 → V_{π,for}^i→ E^{for}_0 (B)^{D0}→ E^{for}_1 (B)^{D1}→ E^{for}_2 (B)^{D2}→ . . . . (13)

Proof. Let Z(E) be the image of Z(g) in D(E, E). For any vector bundle E → X the C[B]-module Z(E) is finitely generated ([3], Lemma 2.3).

Lemma 4.2 For any vector bundle E → X we have E(B)_K ∈ HC(g, K).

Proof. Let (γ, V_γ ) be the finite dimensional representation of K corresponding to E and (γ̃, V_{γ̃} ) be its dual. We consider the K-equivariant embedding i : V_{γ̃} → ~E(B)_K defined by i(ṽ)(f) := ⟨ṽ, f(e)⟩ , where we identify the fibre of E at e = [K] with V_γ. Let T := U(g)(i(V_{γ̃} )). For any t ∈ T the dimension of Z(g)t can be estimated by the dimension of a generating subspace of the C[B]-module Z(E). Thus T is a locally Z(g)-finite and finitely generated U(g)- module. By a theorem of Harish-Chandra ([19], 3.4.7), T ∈ HC(g, K). The canonical map E(B)_K → T̃ is injective by the analyticity of solutions of the equation Bf = 0. In fact, an element in the kernel of this map would have a vanishing Taylor series at e. We obtain that T → ~E(B)_K is surjective. Thus T = ~E(B)_K and E(B)_K ∈ HC(g, K) since the dual of a Harish-Chandra module is a Harish-Chandra module, too ([19], 4.3.2). 2

Lemma 4.3 Let V_{π,K} be a Harish-Chandra submodule of E(B)_K . Then there exist a homogeneous vector bundle F and an operator D ∈ D(E, F ) such that ker D ∩ E(B)_K = V_{π,K} . We also have ker D ∩ S_∞E(B) = V_{π,−∞}.

Proof. According to the proof of Lemma 4.2 there is a surjection U(g) ⊗_{U(k)} V_{γ̃} → ~E(B)_K .

Let W be a finite-dimensional K-stable generating subspace of the Harish-Chandra module V^⊥_{π,K} ⊂ ~E(B)_K . Then we choose a K-equivariant map α such that the following diagram W^α−→ U(g) ⊗_{U(k)} V_{γ̃} ↓ ↓ V^⊥_{π,K} −→ ~E(B)_K commutes. This is possible since U(g) ⊗_{U(k)} V_{γ̃} is K-semisimple.

We set F := G ×_K W̃ . The map α can be considered as an element of [U(g) ⊗_{U(k)} V_{γ̃} ⊗ W̃ ]^K ∼= [U(g) ⊗_{U(k)} Hom(V_γ , W̃ )]^K .

The latter space is canonically isomorphic to D(E, F ) via the right regular representation R of U(g) on C^∞(G) ⊗ V_γ . Thus α defines an element D ∈ D(E, F ). If α(w) = ∑ X_i ⊗ v_i, then ⟨w, Df⟩_F = ∑ ⟨v_i, R_{Xi} f⟩_E ∈ C^∞(G), w ∈ W, v_i ∈ V_{γ̃} , X_i ∈ U(g) . Let f ∈ E(B), X ∈ U(g) and w ∈ W . Then we have ⟨w, L_X Df(1)⟩_F = ⟨w, DL_X f⟩_F = ∑ ⟨v_i, R_{Xi} L_X f(1)⟩_E (14) = ⟨w, L_X f⟩_{E(B)} = ⟨L_Xop w, f⟩_{E(B)} , where X → X^{op} is the anti-automorphism of U(g) induced by the multiplication with −1 on g. By construction Df = 0 iff the left hand side of (14) vanishes for all X ∈ U(g) and w ∈ W , while f ∈ V_{π,−∞} iff the right hand side does. The lemma follows. 2

In order to construct the bundles E_i and operators D_i of Proposition 4.1 we iterate Lemma 4.3. D_i(E_i(B)_K ) is a Harish-Chandra submodule of E_{i+1}(B)_K . Therefore we find a bundle E_{i+2} and an operator D_{i+1} ∈ D(E_{i+1}, E_{i+2}) such that ker D_{i+1} ∩ E_{i+1}(B)_K = D_i(E_i(B)_K ). We obtain an exact sequence of Harish-Chandra modules

0 → V_{π,K}^i→ E_0(B)_K^{D0}→ E_1(B)_K^{D1}→ E_2(B)_K^{D2}→ . . . .

Applying the distribution vector globalization functor (which is exact) we end up with (12). Analogously, we want to obtain (13) by taking formal power series vectors. This is possible since for any homogeneous vector bundle E we have (E(B)_K )_{for} = E^{for}(B) ([3], Lemma 3.5).

The Proposition 4.1 provides a resolution of V_{π,−∞} by spaces S_∞E_i(B). We now employ a Koszul complex construction in order to get rid of the eigenspaces. We recall the following fact from [3].

5 N-COHOMOLOGY 18

Lemma 4.4 Let E, F be homogeneous vector bundles on X and A ∈ D(E, F ) such that AE(B) = 0. Then A = HB for some H ∈ D(E, F ).

Let V_{π,K}, E_i, D_i be constructed as in Proposition 4.1.

Proposition 4.5 There exist H_i ∈ D(E_i, E_{i+2}), i ≥ 0, making the following into an exact complex:

0 → V_{π,−∞} → S_∞E_0 ( D_0 B ) −→ S_∞E_1 ⊕ S_∞E_0

( D_1 H_0 −B D_0 ) −→ S_∞E_2 ⊕ S_∞E_1

( D_2 H_1 B D_1 ) −→ . . . . (15)

We shall call (15) a standard resolution of V_{π,−∞}.

Proof. In order to construct the operators H_i we apply Lemma 4.4 for A = D_{i+1}D_i. The exactness of (15) is easily reduced to the exactness of (12) and the surjectivity of B : S_∞E_i → S_∞E_i proved in Theorem 2.5. 2

5 n-cohomology

Let B = (Ω_G − λ)^l for some λ ∈ C, l ∈ N, where Ω_G is the Casimir operator of G, and S_∞E(B) = {f ∈ S_∞E | Bf = 0}. Lemma 5.1 We have H^p(n, S_∞E(B)) = 0, ∀p ≥ 1. Proof. By Theorem 2.5 and Lemma 3.1 0 → S_∞E(B) → S_∞E^B→ S_∞E → 0 is an n-acyclic resolution of S_∞E(B). Taking n-invariants we obtain the complex

0 →^nS_∞E(B) → S_∞C^∞(A) ⊗ V_γ^{nB}→ S_∞C^∞(A) ⊗ V_γ → 0 . (16)

Here^nB is the restriction of B to the subspace of n-invariant vectors. It is a second order translation invariant differential operator on A. The complex (16) is again exact and the Lemma follows. 2

Let (π, V_{π,K} ) ∈ HC(g, K). Recall that H^∗(n, V_{π,−∞}) carries a natural MA-module structure.

Theorem 5.2 The inclusion V_{π,−∞} → V_{π,for} induces an isomorphism H^p(n, V_{π,−∞})^∼−→ H^p(n, V_{π,for}) .

Moreover H^p(n, V_{π,−∞}) = H^p(n, V_{π,−ω}) = H^p(n, V_{π,for}) and all spaces are finite dimensional. The n-cohomology of V_{π,−∞} satisfies Poincaré duality H^p(n, V_{π,−∞})^∗ ∼= H^{dim(n)−p}(n, V_{π̃,∞}) ⊗ Λ^{dim n}n. (17) We also have H^p(n, V_{π,∞}) ∼= H^p(n, V_{π,K}). Proof. By ([3], Lemma 2.3 and Proposition 4.1), Lemma 3.1 and Proposition 4.1 the cohomology H^p(n, V_{π,∗}) for ∗ = −∞, for is isomorphic to the cohomology of the subcomplex of n-invariants of (12), (13), respectively. Hence the following lemma implies the first assertion of the theorem.

Lemma 5.3 For any homogeneous vector bundle E → X associated to V_γ we have nS_∞E(B) =^nE^{for}(B) .

Proof. The U(a)-module nE^{for}(B) ∼= ( ~E(B)_K /n( ~E(B)_K ))^∗ is finite dimensional (see [19], Ch.4). Therefore it splits into generalized weight spaces nE^{for}(B)_μ, μ ∈ a^∗_C. f ∈^nE^{for}(B)_μ, considered as a formal power series on a, satisfies the differential equation (H + μ(H))^kf = 0 ∀H ∈ a (18) for a certain k ∈ N. The solutions of (18) have the form P (H)e^{−μ(H)}, P ∈ S(a^∗) ⊗ V_γ . They extend to smooth n-invariant sections in^nS_∞E(B). 2 The proof of the remaining assertions of the theorem is parallel to the proofs of the corresponding facts in [3]. 2

6 S∞E is �-acyclic

Let Γ ⊂ G be a discrete, torsion-free subgroup of finite covolume. Let E → X be a G-homogeneous vector bundle and S_∞E the space of its sections of moderate growth. Theorem 6.1 S_∞E is Γ-acyclic, i.e., H^p(Γ, S_∞E) = 0 ∀p ≥ 1 .

Proof. We first consider the space of functions of moderate growth S_∞C^∞(G) on G defined by S_∞C^∞(G) := {f ∈ C^∞(G) | ∀L ∈ U(g) ∃R ∈ R s.t. sup_{g∈G} e^{−Rdist(gK,O)}|f(Lg)| < ∞} . As a topological vector space S_∞C^∞(G) is a limit of Fréchet spaces.

Proposition 6.2 S_∞C^∞(G) is Γ-acyclic.

Proof. H^∗(Γ, S_∞C^∞(G)) is the cohomology of the de Rham complex of Y = Γ\X twisted with the flat bundle associated to the Γ-module S_∞C^∞(G). In greater detail let L^∗ := Λ^∗T^∗X and C^∗ := C^∞(X, L^∗ ⊗ S_∞C^∞(G)). Moreover, let d : C^∗ → C^{∗+1} denote the differential of the de Rham complex. The complex (C^∗, d) is a complex of Γ-modules. If we view ω ∈ C^p as a function on G with values in L^p, then the action of γ ∈ Γ on ω is given by (γω)(g) = (L^∗_γ ω)(γ^{−1}g), where L^∗_γ is the pull back of forms associated to the diffeomorphism L_γ : X → X given by L_γ (x) := γ^{−1}x. The complex (C^∗, d) is exact (the contraction of X along radial rays induces a zero-homotopy of the de Rham complex) and it consists of Γ-acyclic modules ([3], Lemma 2.4). Hence H^∗(Γ, S_∞C^∞(G)) is the cohomology of the complex (^ΓC^∗, d).

Let S^∗ := S_∞L^∗[S_∞(G)] (see Section 3 for notation). Then (S^∗, d) → (C^∗, d) is a subcomplex.

Lemma 6.3 The inclusion (^ΓS^∗, d) → (^ΓC^∗, d) induces an isomorphism in cohomology.

Proof. The manifold Y has finitely many cusps each diffeomorphic to B_i × [0, ∞), where B_i is some compact nil-manifold. The Borel-Serre compactification of Y is obtained by attaching copies of the cusp bases B_i as a boundary at infinity obtaining a manifold with boundary Ȳ . There is a natural sheafification (^ΓS^∗, d) → (^ΓC^∗, d) of the inclusion (^ΓS^∗, d) → (^ΓC^∗, d) on Ȳ . To any finite open covering of Ȳ there is an associated partition of unity which is compatible with the sheafs^ΓS^∗. Thus^ΓS^∗ and^ΓC^∗ are acyclic with respect to the global section functor.

The complex of sheaves corresponding to (^ΓC^∗, d) is locally acyclic by the standard Poincaré Lemma. Moreover the inclusion of sheaves (^ΓS^∗, d) → (^ΓC^∗, d) induces an isomorphism of the zeroth cohomology sheaves. By Lemma 3.2 (^ΓS^∗, d) is locally acyclic. Thus the inclusion (^ΓS^∗, d) → (^ΓC^∗, d) is a quasi-isomorphism. Since the sheaves^ΓS^∗,^ΓC^∗ are acyclic with respect to the global section functor, the induced map of the complexes of global sections (^ΓS^∗, d) → (^ΓC^∗, d) is a quasi-isomorphism, too. 2

Lemma 6.4 H^p(^ΓS^., d) = 0, ∀p ≥ 1.

Proof. The map T : X × G → X × G given by (x, g) → (gx, g) intertwines the Γ-action on the second factor G with the diagonal Γ-action on the product X × G. We claim that T induces an isomorphism T^∗ : S_∞L^∗[S_∞(G)] → S_∞L^∗[S_∞(G)] intertwining the Γ-module structure given above with the Γ-module structure given by (γω)(g) = ω(γ^{−1}g) (again viewing ω as a function from G to L^∗). The inverse of T^∗ is induced by T^{−1} : X × G → X × G, T^{−1}(x, g) = (g^{−1}x, g). In fact, (T^∗ω)(g) = L^∗_g−1 ω(g) and

(T^∗γω)(g) = L^∗_g−1 L^∗_γ ω(γ^{−1}g)) = (T^∗ω)(γ^{−1}g) .

In order to prove the claim we must show that T^∗, (T^∗)^{−1} are compatible with the weighted spaces. It is at this point that we have to consider the weighted de Rham complex S^∗. Since T mixes the G- and the X directions it does not act on C^∗.

Let Δ : U(g) → U(g) ⊗ U(g) be the co-product induced by X → X ⊗ 1 + 1 ⊗ X, X ∈ g. Fix L_1, L ∈ U(g) and let (Δ ⊗ id)Δ(L) = ∑ α A_α ⊗ B_α ⊗ C_α. Let ω ∈ S^p. Then

(T^∗ω)(L_1h, Lg) = ∑ α ω(B_αgL_1h, C_αg) ∘ DL_g−1_A^{op}_α , where DL_g is the differential of L_g acting on T X.

Let r = deg(L_1) + deg(L). Assume that sup g,h∈G,l,l_1∈L_r, e^{−Rdist(O,gK)}e^{−Qdist(O,hK)}|ω(X(l)h, X(l_1 )g)| < ∞ for appropriate Q, R ∈ R. Here {X(l)}_{l∈Lr} is a basis of the differential operators on G of order ≤ r (similarly to the notation in the proof of Lemma 3.1). Note that dist(O, ghK) ≤ dist(O, hK) + dist(O, gK). Moreover we have |DL_g−1_A^{op}_α | ≤ Ce^{−P dist(O,gK)} ∀α, ∀g ∈ G and B_αgL_1h = ∑ l∈L_r eα,l(g)X(l)gh with |e_{α,l}(g)| ≤ Ce^{−P dist(O,gK)} ∀l ∈ L(r), ∀α, ∀g ∈ G for P ∈ R large enough. We conclude that sup_{g,h∈G} |(T^∗ω)(L_1h, Lg)|e^{−(R+Q+2P )dist(O,gK)}e^{−Qdist(O,hK)} < ∞ . Hence T^∗ω ∈ S^p. In a similar manner one can handle (T^∗)^{−1} thus proving the claim.

We see that H^∗(^ΓS^., d) is isomorphic to the cohomology of (S_∞L^∗[Γ\G], d). Lemma 6.4 now follows from Lemma 3.3. 2

We now finish the proof of Theorem 6.1. Note that S_∞C^∞(G) carries a right K-module structure which commutes with the left Γ-module structure. This induces a K-action on (^ΓC^∗, d). H^∗(Γ, S_∞E) is the cohomology of the complex ([^ΓC^∗ ⊗ V_γ ]^K, d).

Let [z] ∈ H^p(Γ, S_∞E), p ≥ 1, be represented by the K-invariant cycle z ∈ [^ΓC^p ⊗ V_γ]^K . Then by Lemma 6.2 we have z = db for some possibly non-invariant p − 1 cochain b ∈^ΓC^{p−1} ⊗ V_γ. Let b̄ the average of b with respect to K. Then also db̄ = z and hence 0 = [z] ∈ H^p(Γ, S_∞E). This proves Theorem 6.1 . 2

7 The cokernel of B : S_∞E_Y ! S_∞E_Y

In this section we relate the dimension of the cokernel of B := Ω − μ on S_∞E_Y :=^ΓS_∞E with the dimension of corresponding spaces of cusp forms. Since it is not a priori clear that the range of B is closed note that we consider the algebraic cokernel of B.

Let E_Y := Γ\E be the locally homogeneous bundle over Y . A section f ∈ C^∞(Y, E_Y ) =: E_Y can be viewed as a function on f : G → V_γ satisfying f(hgk) = γ^{−1}(k)f(g) for all h ∈ Γ, k ∈ K. The space S_∞E_Y has the alternative description S_∞E_Y = {f ∈ E_Y | ∀L ∈ U(g) ∃R ∈ R s.t. sup_{g∈G} e^{RdistY (ΓO,ΓgK)}|f(Lg)| < ∞} . A section f ∈ E_Y which is an eigenfunction of Ω and satisfies sup_{g∈G} e^{RdistY (ΓO,ΓgK)}|f(g)| < ∞ ∀R ∈ R is called a cusp form. Let V_μ be the space of cusp forms in ker(B). If V_μ ≠ {0}, then necessarily μ ∈ R, since Ω is symmetric.

The main result of the present section is the following theorem. Theorem 7.1 dim coker(B : S_∞E_Y → S_∞E_Y ) = dim V_μ .

The proof of the theorem occupies the remainder of the section. Lemma 7.2 dim coker(B : S_∞E_Y → S_∞E_Y ) ≥ dim V_μ .

Proof. We show that the projection of V_μ to coker(B : S_∞E_Y → S_∞E_Y ) is an inclusion. We can assume that V_μ ≠ 0 and hence μ ∈ R. Thus B is symmetric.

If f ∈ V_μ, then it vanishes rapidly and can be integrated against elements of S_∞E_Y . Thus let f ∈ V_μ and assume that [f] = 0 in coker(B : S_∞E_Y → S_∞E_Y ). Then f = Bh for some h ∈ S_∞E_Y . We have 0 = ∫ Y ⟨(Bf)(y) , h(y)⟩_{EY,y} dy = ∫ Y ⟨f(y) , (Bh)(y)⟩_{EY,y} dy = ‖f‖^2_L2_{(Y,EY )} . It follows f = 0. This proves Lemma 7.2. 2 We define an increasing sequence of Fréchet spaces S_RE_Y , R ∈ R, by S_RE_Y := {f ∈ E_Y | p_{Y ;−R,L}(f) < ∞ ∀L ∈ U(g)} , where the seminorms are defined by p_{Y ;R,L}(f) := sup_{g∈G} e^{Rdist(ΓO,ΓgK)}|f(gL)| .

Note that (in contrast to the definition of S_∞E) we employ the right action of U(g) to define p_{Y ;R,L}(f). In fact, to define S_RE_Y it is sufficient to consider the seminorms p_{Y ;R,Ω}k (f), k ∈ N_0. Let S_{−∞}E_Y = ⋂ R∈R S_RE_Y with the natural topology of the intersection and S_∞E^′_Y be the topological conjugate dual of S_{−∞}E_Y . The Hermitian scalar product of E_Y induces an inclusion S_∞E_Y → S_∞E^′_Y .

Lemma 7.3 The inclusion S_∞E_Y → S_∞E^′_Y induces an injection

coker(B : S_∞E_Y → S_∞E_Y ) → coker(B : S_∞E^′_Y → S_∞E^′_Y ) .

Proof. We reduce the proof to Lemma 2.7. Let π : X → Y be the projection. We define a continuous map π_∗ : S_{−∞}E → S_{−∞}E_Y . For f ∈ S_{−∞}E let (π_∗f)(Γg) := ∑ γ∈Γ f(γg). We show that the sum converges and π_∗ is continuous.

There is a Q ∈ R such that sup_{g∈G} ∑ γ∈Γ e^{Qdist(γgK,O)} =: D < ∞. For k ∈ N_0 we have

p_{Y ;R,Ω}k (π_∗f) = sup_{g∈G} e^{RdistY (ΓO,ΓgK)}| ∑ γ∈Γ f(γgΩ^kK)| ≤ sup_{g∈G} e^{RdistY (ΓO,ΓgK)} ∑ γ∈Γ |f(γΩ^kgK)| ≤ sup_{g∈G} e^{RdistY (ΓO,ΓgK)} ∑ γ∈Γ e^{(Q−R)dist(γgK,O)}p_{(R−Q),Ω}k (f) ≤ sup_{g∈G} p_{(R−Q),Ω}k (f) ∑ γ∈Γ e^{Qdist(γgK,O)} ≤ Dp_{(R−Q),Ω}k (f) . This estimate shows the continuity of π_∗. Let π^∗ : S_∞E^′_Y → S_∞E^′ be the adjoint of π_∗.

To prove the Lemma it suffices to show that if f ∈ S_∞E^′_Y with F = Bf ∈ S_∞E_Y , then f ∈ S_∞E_Y . Let W be the parametrix of B constructed in the proof of Lemma 2.7. Then we have π^∗f = W F + Sπ^∗f (viewing F ∈^ΓS_∞E). We have already shown that W F, Sπ^∗f ∈ S_∞E. Since W, S are G-equivariant we obtain π^∗f ∈^ΓS_∞E. This finishes the proof of the Lemma. 2

Lemma 7.4 The operator B^∗ : S_{−∞}E_Y → S_{−∞}E_Y has closed range.

Proof. Let {f_i} be a sequence in S_{−∞}E_Y such that B^∗f_i =: h_i → h ∈ S_{−∞}E_Y . We are to find f ∈ S_{−∞}E_Y with B^∗f = h. If V_μ ≠ 0, then V_μ = ker(B^∗ : S_{−∞}E_Y → S_{−∞}E_Y ), and we can project f_i to the L^2-orthogonal complement of V_μ. Thus we can assume that f_i ⊥ V_μ.

We can assume that for some R ∈ R the sequence p_{Y ;R,1}(f_i) is bounded. If not, we divide f_i by p_{Y ;R,1}(f_i) obtaining a sequence f̃_i with p_{Y ;R,1}(f̃_i) = 1 and B^∗f̃_i → 0. We show below that f̃_i has a subsequence converging to F ∈ S_{−∞}E_Y . Now B^∗F = 0 and F ⊥ V_μ. Hence F = 0 contradicting p_{Y ;R,1}(F ) = 1.

Since for all k ∈ N_0 the sequence p_{Y ;R,Ω}k (h_i) is bounded we conclude that p_{Y ;R,Ω}k (f_i) is bounded, too.

Consider a cusp c_l of Y associated to the minimal parabolic subgroup P = MAN ⊂ G. Then a neighbourhood U of infinity of this cusp can be identified with Γ ∩ N\N × [d_l, ∞), d_l ∈ A large. If F ∈ E_Y , then we define the constant term F_P ∈ C^∞(U, E_{Y |U} ) by

F_P (na) = 1 vol(Γ ∩ N\N) ∫ Γ∩N\N F (n^′na)dn^′ . Let χ ∈ C^∞(Y ) be a cut-off function being one on Γ ∩ N\N × [d_l + 1, ∞) and zero outside of U. Then F_{cl} = χF_P ∈ E_Y . If Y has the cusps c_l, l = 1, . . . , r, then we set F_c := ∑r l=1 F_{cl} .

We apply this construction to our sequence f_i obtaining a decomposition f_i = f_{i,c} +f_{i,r} with f_{i,r} := f_i −f_{i,c}. Since f_i is bounded in S_RE_Y , by a Lemma of Gelfand [6], Thm. 5, the sequence f_{i,r} is bounded in S_{−∞}E_Y . Since for R < R^′ the embedding S_RE_Y → S_R′ E_Y is compact, any bounded sequence in S_{−∞}E_Y has a converging subsequence. Thus by taking a subsequence we can assume that f_{i,r} converges in S_{−∞}E_Y .

For dist_Y (ΓO, y) ≥ max_l d_l + 1 we have (B^∗f)_c(y) = B^∗f_c(y). Consider again the cusp c_l and the coordinates Γ ∩ N\N × [d_l, ∞). There are commuting x, y ∈ End(V_γ ) such that

(B^∗F_{cl} )(n, a) = −(( d da + x)( d da + y)F_{cl} )(n, a) , a > d_l + 1. Assume that R < − max(‖x‖), ‖y‖). We set for F ∈ S_RE_Y (H_{cl} F )(n, a) := −χ(a)e^{−ya} ∫ ∞ a e^{(y−x)a1} ∫ ∞ a_1 e^{xb}F_{cl} (n, b)dbda_1 . Again, if Y has cusps c_l, l = 1, . . . , r, then we set H_c := ∑r l=1 H_{cl} . Then H_c : S_RE_Y → S_RE_Y is continuous, and supp(H_cB^∗F − F_c) ⊂ V , where V ⊂ Y is compact and independent of F . The proof of continuity is similar to the corresponding argument in the proof of Lemma 2.3. Notice that Ω^kH_c − H_cΩ^k = W is a continuous operator W : S_RE_Y → C^∞_c (Y, E_Y ) and suppW f ⊂ V^′, where V^′ ⊂ Y is compact and independent of f.

Thus F_i := H_cB^∗h_i −f_{i,c} is a bounded sequence in S_{−∞}E_Y . Hence F_i has a subsequence converging in S_{−∞}E_Y . Since H_cB^∗h_i converges in S_{−∞}E_Y by taking a subsequence we can assume that f_{i,c} converges in S_{−∞}E_Y , too. Let f be the limit of f_i = f_{i,c} + f_{i,r} for this subsequence. Then B^∗f = h. This finishes the proof of the lemma. 2

We now finish the proof of Theorem 7.1. By Lemma 7.4 we have

dim V_μ = dim ker(B^∗ : S_{−∞}E_Y → S_{−∞}E_Y ) = dim coker(B : S_∞E^′_Y → S_∞E^′_Y ) .

By Lemma 7.3 we have

dim coker(B : S_∞E_Y → S_∞E_Y ) ≤ dim V_μ .

Combining this with Lemma 7.2 we obtain the theorem. 2

8 Γ-COHOMOLOGY 25

8 �-cohomology

In this section we discuss properties of the Γ-cohomology of distribution vector globalizations of admissible representations of G.

Let (π, V_{π,K} ) ∈ HC(g, K) and Γ ⊂ G be a discrete torsion-free subgroup of finite covolume. Let B = (Ω − μ)^k such that BV_{π,K} = 0.

Proposition 8.1 We have dim H^p(Γ, V_{π,−∞}) < ∞, ∀p ≥ 0. Proof. Let

0 → V_{π,−∞} → S_∞E_0 ( D_0 B ) −→ S_∞E_1 ⊕ S_∞E_0

( D_1 H_0 −B D_0 ) −→ S_∞E_2 ⊕ S_∞E_1

( D_2 H_1 B D_1 ) −→ . . . (19)

be a standard resolution (see Proposition 4.5) of V_{π,−∞}. It is a Γ-acyclic resolution of V_{π,−∞} by Theorem 6.1. The cohomology of the subcomplex of Γ-invariant vectors is isomorphic to H^∗(Γ, V_{π,−∞}).

For any locally homogeneous vector bundle E_Y → Y we denote by E_Y (B)_{cusp} the space of cusp-forms in E_Y (B) and by S_∞E_Y (B) the kernel of B in S_∞E_Y . We consider the subcomplex of the complex of Γ-invariants of (19)

0 → S_∞E_{0,Y} (B) ( D_0 0 ) −→ S_∞E_{1,Y} (B) ⊕ E_{0,Y} (B)_{cusp} ( D_1 H_0

0 D_0 ) −→ S_∞E_{2,Y} (B) ⊕ E_{1,Y} (B)_{cusp} ( D_2 H_1

0 D_1 ) −→ . . . (20)

and claim that its cohomology is H^∗(Γ, V_{π,−∞}). In fact, let (f_i, f_{i−1}) ∈ S_∞E_{i,Y} ⊕ S_∞E_{i−1,Y} be a cochain in the complex of Γ-invariants of (19). By the results of Section 7 there is a unique decomposition f_{i−1} = f^{im}_{i−1}+f^{cusp}_{i−1} , where f^{im}_{i−1} ∈ BS_∞E_{i,Y} and f^{cusp}_{i−1} ∈ E_{i−1,Y} (B)_{cusp}. Notice that cokerB = coker(Ω − μ). Thus modulo a coboundary the cochain (f_i, f_{i−1}) is equivalent to (f̃_i, f^{cusp}_{i−1} ). If in addition (f_i, f_{i−1}) and hence (f̃_i, f^{cusp}_{i−1} ) is a cocycle, then Bf̃_i = 0, since D_{i−1} : E_{i−1,Y} (B)_{cusp} → E_{i,Y} (B)_{cusp} and the range of B : S_∞E_{i,Y} → S_∞E_{i,Y} is transverse to E_{i,Y} (B)_{cusp}. We conclude that the cohomology of (20) surjects onto H^∗(Γ, V_{π,−∞}).

Assume now that f_i = H_{i−2}g_{i−2} + D_{i−1}g_{i−1}, f_{i−1} = (−1)^{i−1}Bg_{i−1} + D_{i−2}g_{i−2}, and f_{i−1} ∈ E_{i−1,Y} (B)_{cusp}, g_{i−2} ∈ E_{i−2,Y} (B)_{cusp}. It follows that Bg_{i−1} = 0 and thus (g_{i−1}, g_{i−2}) is a i − 1-cochain of (20). This show that the cohomology of (20) maps injectively to H^∗(Γ, V_{π,−∞}) proving the claim.

The lemma now follows since (20) is a complex of finite-dimensional vector spaces (see e.g. [8], Thm.1). 2 If Γ is cocompact, then we can prove a Poincaré duality theorem as in [3], Proposition 5.2. It relates the Γ-cohomology of the distribution vector globalization of an admissible representation of G with the Γ-cohomology of the smooth globalization of its dual.

Proposition 8.2 Let Γ be cocompact. The Γ-cohomology of V_{π,±∞} satisfies Poincaré duality H^p(Γ, V_{π,−∞})^∗ ∼= H^{n−p}(Γ, V_{π̃,∞}), where n = dim(X).

Let V_{π,±ω} be the minimal and maximal globalizations of V_{π,K}, respectively. If Γ is cocompact, then E_Y (B)_{cusp} = E_Y (B) = S_∞E_Y (B). Combining [3], Proposition 5.1 with Proposition 8.1 we obtain

Corollary 8.3 Let Γ be cocompact. Then for (π, V_{π,K} ) ∈ HC(g, K) we have H^∗(Γ, V_{π,ω}) = H^∗(Γ, V_{π,∞}) H^∗(Γ, V_{π,−∞}) = H^∗(Γ, V_{π,−ω}) , where the identifications are induced by the natural inclusions of the globalizations.

If Γ has torsion, then there exists a cofinite torsion free normal subgroup Γ^′ ⊂ Γ. Employing the spectral sequence for the group cohomology associated to the extension

0 → Γ^′ → Γ → F → 0 ,

where F is some finite group, one easily obtains a generalization of the results of the present section to Γ. The spectral sequence degenerates at the second term since the higher cohomology of a finite group with coefficients in a vector spaces over C vanishes. It follows H^∗(Γ, V ) = H^∗(Γ^′, V )^F for any Γ-module V over C.

9 Fuchsian groups of the first kind

In this section we give a detailed discussion of the Γ-cohomology of a Fuchsian group of the first kind with coefficients in the distribution vector globalization of principal series representations. In this case we know explicit standard resolutions.

Let Γ ⊂ P SL(2, R) =: G be a discrete torsion-free subgroup of finite covolume. Such a Γ is called a Fuchsian group of the first kind and it acts freely on the hyperbolic plane X = H^2. The quotient Y = Γ\X is a complete Riemann surface of finite volume.

The group G acts on the circle S^1 which can be identified with the boundary ∂X of X using the Poincaré disc model. Let T → S^1 be the complexified tangent bundle of S^1. It is G-homogeneous and we can form complex powers T^λ → S^1, λ ∈ C. The number λ ∈ C parametrizes a principal series representation (π^λ, H^λ) of G on the Hilbert space L^2(S^1, T^{λ−1/2}). By H^λ_{−∞} we denote the space of its distribution vectors.

For λ ≠ −1/2, −3/2, −5/2, . . . combining a theorem of Helgason ([11], [12] Introduction Thm. 4.3) with the characterization of the distribution vector globalization (Wallach [20] Ch. 11, Casselman [5]) we see that the Poisson transform P_λ is an G-equivariant isomorphism P_λ : H^λ_{−∞}^∼→ S_∞E(B) , where B = Ω − 1/4 + λ^2 and E = X × C is the trivial bundle (in this special situation this fact was first obtained by Lewis [14]). Thus a standard resolution of the principal series representation H^λ_{−∞} for λ ≠ −1/2, −3/2, −5/2, . . . is simply 0 → H^λ_{−∞}^{Pλ}→ S_∞E^B→ S_∞E → 0 . The complex (20) reduces to

0 → S_∞E_Y (B)^0→ E_Y (B)_{cusp} → 0 . (21)

Proposition 9.1 For λ ≠ −1/2, −3/2, −5/2, . . . we have

H^0(Γ, H^λ_{−∞}) = S_∞E_Y (B) H^1(Γ, H^λ_{−∞}) = E_Y (B)_{cusp} H^2(Γ, H^λ_{−∞}) = 0.

Moreover, χ(Γ, H^λ_{−∞}) = dim H^0(Γ, H^λ_{−∞}) − dim H^1(Γ, H^λ_{−∞}) = r, where r is the number of cusps of Y . If H^1(Γ, H^λ_{−∞}) ≠ 0, then λ ∈ ıR ∪ (−1/2, 1/2).

Proof. The first part of the Proposition follows immediately from (21). E_Y (B)_{cusp} ⊂ ker_L2 (B : E_Y → E_Y ) and spec_L2 Δ_Y ⊂ [0, ∞) implies the last assertion. Let p : S_∞E_Y (B) → C^{2r} be the linear map taking the constant term. For any cusp the constant term has two components (the incoming and the outcoming). It is known that dim im(p) = r. In fact, the range of p is generated by the constant terms of regular Eisenstein series and their residues. The scattering matrix fixes the relation between the two components of the constant term. Since ker(p) = E_Y (B)_{cusp}, the assertion about the Euler characteristic follows. 2

Now we discuss the case λ = −k/2, k = 1, 3, 5 . . . taking the structure of H^{±k/2}_{−∞} as a G-module into account. We first exploit the exact sequence

0 → F_k → H^{k/2}_{−∞} → D^+_k ⊕ D^−_k → 0 , (22)

where F_k is the finite-dimensional representation of G of dimension k and D^±_k are the distribution vectors of holomorphic and anti-holomorphic discrete series representations. Let r denote the number of cusps of Y and g denote the genus. We have H^i(Γ, H^{k/2}_{−∞}) = 0, i ≥ 1, and dim H^0(Γ, H^{k/2}_{−∞}) = dim S_∞E_Y (B) = r by Proposition 9.1.

The long exact cohomology sequence associated to (22) gives

0 → H^0(Γ, F_k) → H^0(Γ, H^{k/2}_{−∞}) → H^0(Γ, D^+_k ⊕ D^−_k )^δ→ H^1(Γ, F_k) → 0 H^1(Γ, D^+_k ⊕ D^−_k ) = 0 .

An investigation of the long exact sequence associated to 0 → D^+_k ⊕ D^−_k → H^{−k/2}_{−∞} → F_k → 0 leads to

0 → H^0(Γ, D^+_k ⊕ D^−_k ) → H^0(Γ, H^{−k/2}_{−∞} ) → H^0(Γ, F_k) → 0 H^1(Γ, H^{−k/2}_{−∞} ) = H^1(Γ, F_k) .

Proposition 9.2 We have

dim H^0(Γ, D^+_k ⊕ D^−_k ) = r + dim H^1(Γ, F_k) − dim H^0(Γ, F_k) dim H^0(Γ, H^{−k/2}_{−∞} ) = r + dim H^1(Γ, F_k) dim H^1(Γ, H^{−k/2}_{−∞} ) = dim H^1(Γ, F_k) χ(Γ, H^{−k/2}_{−∞} ) = r Since r > 1 or g > 0 we have for k > 1

H^0(Γ, F_1) = 1 H^1(Γ, F_1) = 2g + r − 1 H^0(Γ, F_k) = 0 H^1(Γ, F_k) = k(2g + r − 2) .

It follows that

dim H^0(Γ, D^+_1 ⊕ D^−_1 ) = 2g + 2r − 2 dim H^0(Γ, D^+_k ⊕ D^−_k ) = k(2g − 2) + (k + 1)r dim H^0(Γ, H^{−1/2}_{−∞} ) = 2g + 2r − 1 dim H^1(Γ, H^{−1/2}_{−∞} ) = 2g + r − 1 dim H^0(Γ, H^{−k/2}_{−∞} ) = k(2g − 2) + (k + 1)r dim H^1(Γ, H^{−k/2}_{−∞} ) = k(2g + r − 2) .

The aim of the following discussion is to understand Proposition 9.2 in the framework of standard resolutions.

Let K be the canonical bundle of X (viewing X as a complex manifold) and K^i be its i’th power.

Lemma 9.3 A standard resolution of H^{−k/2}_{−∞} is given by 0 −→ H^{−k/2}_{−∞}^P−→ S_∞K^{(k+1)/2} ⊕ S_∞K^{−(k+1)/2} (¯ ∂^{(k+1)/2} ⊕ ∂^{(k+1)/2} Ω +^{k2−1}_4 ) −→ S_∞K^0 ⊕ S_∞K^{(k+1)/2} ⊕ S_∞K^{−(k+1)/2} −→ (−Ω−^{k2−1}_4 , ¯∂^{(k+1)/2}⊕∂^{(k+1)/2}) −→ S_∞K^0 −→ 0 .

Here ¯∂ : K^{(l+1)/2} → K^{(l−1)/2}, l > 0 odd, is the contraction of the anti-holomorphic part of the canonical connection with the Kähler form and similarly ∂ : K^{−(l+1)/2} → K^{−(l−1)/2} is the contraction of the holomorphic part of the canonical connection with the Kähler form. In abuse of notation we write ¯∂^{(k+1)/2}, ∂^{(k+1)/2} for the composition of the corresponding number of ¯∂’s, ∂’s, respectively.

Proof. Define B := Ω +^{k2−1}_4 . As G-modules the eigenspaces S_∞K^{±(k+1)/2}(B) have threestep composition series’ with composition factors D^±_k , F_k, D^∓_k (see [15]). The operators ¯∂(k+1)/2, ∂(k+1)/2, respectively, annihilate exactly the first composition factor. Above we have seen that S_∞K^0(B) = H^{k/2}_∞ with composition factors D^+_k ⊕ D^−_k , F_k. This discussion shows that the complex above resolves H^{−k/2}_∞ on a K-theoretic level. In order to show that the complex is in fact a resolution of the specific extension H^{−k/2}_∞ of the composition factors note that there is an injective Poisson transform P . 2 Now we take the Γ-invariant vectors in the standard resolution. The complex (20) reduces to 0 −→ S_∞K^{(k+1)/2}_Y (B) ⊕ S_∞K^{−(k+1)/2}_Y (B) (¯ ∂^{(k+1)/2} ⊕ ∂^{(k+1)/2} 0 ) −→ S_∞K^0_Y (B) ⊕ K^{(k+1)/2} Y (B)_{cusp} ⊕ K^{−(k+1)/2}_Y (B)_{cusp} −→ (0, ¯∂^{(k+1)/2}⊕∂^{(k+1)/2}) −→ K^0_Y (B)_{cusp} −→ 0 . In order to make further reductions we assume that Y is not compact (the case of compact Y is an easy exercise and left to the reader). Since for k > 1 the operator B on L^2(Y ) is strictly positive and K^0_Y (B)_{cusp} ⊂ ker_L2 (B : K^0_Y → K^0_Y )

for k > 1 we have K^0_Y (B)_{cusp} = 0. This is also true for k = 1 since then ker_L2 (B : K^0_Y → K^0_Y ) is generated by the constant function which is not a cusp form.

We claim that for k > 1

0 = ¯∂^{(k+1)/2} : S_∞K^{(k+1)/2}_Y (B) → S_∞K^0_Y (B) (23) 0 = ∂^{(k+1)/2} : S_∞K^{−(k+1)/2}_Y (B) → S_∞K^0_Y (B) . (24)

To prove (23) we argue that already

0 = ¯∂ : S_∞K^{(k+1)/2}_Y (B) → S_∞K^{(k−1)/2}_Y (B) .

In upper half-plane coordinates (x, y), y > 0, z = x + ıy, we trivialize K^{(k+1)/2} using the section (^{dz}_y )^{(k+1)/2}. Then the operator B has the form y^2Δ + ı(k + 1)^∂_{∂x} +^{k2−1}_4 . If ϕ ∈ S_∞K^{(k+1)/2}(B), then its constant term is a linear combination of y^{−k}dz^{(k+1)/2} and dz^{(k+1)/2}. It follows that ¯∂ϕ ∈ L^2. But ker_L2 (B) = 0 on K^{(k−1)/2}, k > 1. Equation (24) follows by complex conjugation.

The spaces

A_{k+1} := ker( ¯∂ : S_∞K^{(k+1)/2}_Y (B) → S_∞K^{(k−1)/2}_Y (B)) Ā_{k+1} := ker(∂ : S_∞K^{−(k+1)/2}_Y (B) → S_∞K^{−(k−1)/2}_Y (B))

are called the holomorphic and anti-holomorphic automorphic forms of weight k + 1. The subspaces

S_{k+1} := K^{(k+1)/2}_Y (B)_{cusp} ⊂ A_{k+1} S̄_{k+1} := K^{−(k+1)/2} Y (B)_{cusp} ⊂ Ā_{k+1} are the holomorphic and anti-holomorphic cusp-forms of weight k + 1. Since for k > 1 the space S_∞K^0_Y (B) is generated by Eisenstein series its dimension is equal to the number of cusps r. For k = 3, 5, . . . we have

dim H^0(Γ, H^{−k/2}_{−∞} ) = dim(A_{k+1} ⊕ Ā_{k+1}) dim H^1(Γ, H^{−k/2}_{−∞} ) = dim(S_{k+1} ⊕ S̄_{k+1}) + r .

Employing dim A_{k+1} = dim Ā_{k+1} = k(g − 1) + r(k + 1)/2 and dim S_{k+1} = dim S̄_{k+1} = k(g − 1) + r(k − 1)/2 (see [18], Thm. 2.23) we recover the result of Proposition 9.2.

We now consider the case k = 1. In this case both

¯∂ : S_∞K^1_Y (B) → S_∞K^0_Y (B) , (25)

∂ : S_∞K^{−1}_Y (B) → S_∞K^0_Y (B) (26)

have a one-dimensional range spanned by the constant function. Note the r-dimensional space S_∞K^0_Y (B) is generated by the regular Eisenstein series and the constant function. We obtain for k = 1

dim H^0(Γ, H^{−1/2}_{−∞} ) = dim(A_2 ⊕ Ā_2) + 1 dim H^1(Γ, H^{−1/2}_{−∞} ) = dim(S_2 ⊕ S̄_2) + r − 1 .

Using dim A_2 = dim Ā_2 = g − 1 + r, dim S_1 = dim S̄_2 = g (see [18], Thm. 2.23) we again recover the results of Proposition 9.2.

We finish this section with a discussion of the relation of the sequence (22) with the Eichler homomorphism E : S_{k+1} → H^1(Γ, F_k) (see e.g. [18]). We first recall its definition. If we restrict F_k to the maximal compact subgroup K = S^1 ⊂ G, then it decomposes as (F_k)_{|K} = ∑k m=1 C_{m−(k+1)/2}, where C_l is the representation of S^1 on C given by z → z^l.

Note that K^l = G ×_K C_{−l}. The map (gK, f) → [g, g^{−1}f], g ∈ G, f ∈ F_k defines an isomorphism G/K × F_k^∼→ G ×_K (F_k)_{|K} = ⊕^k_{m=1}K^{m−(k+1)/2} .

We denote the canonical G-equivariant embedding K^{±(k−1)/2} → X × F_k ∼= L^2 ⊗ F_k by j_±, where the second identification is given by the Hodge-∗-operator and L^l is the bundle of l-forms on X. Taking the tensor product with K^{±1} we obtain embeddings i_± : K^{±(k+1)/2} → L^1 ⊗ F_k. If f ∈ S_{k+1} = K^{(k+1)/2}(B)_{cusp}, then i_+(f) is a closed form and represents E(f).

The long exact cohomology sequence associated to (22) induces a boundary map

δ : H^0(Γ, D^+_k ⊕ D^−_k ) → H^1(Γ, F_k) .

Lemma 9.4 The map δ restricted to the cusp forms coincides with E.

Proof. In order to compute δ we need a Γ-acyclic resolution of (22) as a sequence. One possibility is the following: 0 0 ↑ ↑ 0 → S_∞L^2 ⊗ F_k^=→ S_∞L^2 ⊗ F_K → 0 d ↑ a ↑ ↑ 0 → S_∞L^1 ⊗ F_k → S_∞L^1 ⊗ F_K ⊕ S_∞K^{(k−1)/2} ⊕ S_∞K^{−(k−1)/2} → S_∞K^{(k−1)/2} ⊕ S_∞K^{−(k−1)/2} → 0 d ↑ b ↑ c ↑ 0 → S_∞L^0 ⊗ F_k → S_∞L^0 ⊗ F_K ⊕ S_∞K^{(k+1)/2} ⊕ S_∞K^{−(k+1)/2} → S_∞K^{(k+1)/2} ⊕ S_∞K^{−(k+1)/2} → 0 ↑ ↑ ↑ 0 → F_k → H^{k/2} → D^+_k ⊕ D^−_k → 0 ↑ ↑ ↑ 0 0 0 .

(27) Here the maps are given by

a := d − j_+ − j_−

b := d i_+ i_− 0 ¯∂ 0 0 0 ∂ c := ¯∂ ⊕ ∂ . The horizontal maps are the obvious embeddings and projections, respectively. We leave the verification of the commutativity of the diagram and the exactness of the middle column to the reader.

The boundary map δ is now obtained by the usual diagram chasing. Let [α] ∈ H^0(Γ, D^+_k ) be represented by a holomorphic Γ- invariant form α ∈^ΓS_∞K^{(k+1)/2}. Then δ[α] ∈ H^1(Γ, F_k) is represented by the closed form i_+(α) ∈ S_∞L^1 ⊗ F_k. Comparing this with the definition of the Eichler map E given above we finish the proof of the lemma. 2

References

[1] J. Arthur. A theorem on the Schwartz space of a reductive Lie group. Proc.

Nat.Acad.Sci. USA, 72(1975), 4718–4719.

[2] T. Branson, G. Olafsson, and H. Schlichtkrull. A bundle valued Radon transform, with applications to invariant wave equations. Quart. J. Math. Oxford, 45(1994), 429–461.

[3] U. Bunke and M. Olbrich. Γ-cohomology and the Selberg zeta function. Preprint SFB 288, Nr. 145, 1994.

[4] U. Bunke and M. Olbrich. Selberg Zeta and Theta Functions. Akademie Verlag, 1995. [5] W. Casselman. Canonical extensions of Harish-Chandra modules. Canadian J. Math., 41(1989), 385–438.

[6] J. Franke. Harmonic analysis in weighted L_2-spaces. preprint, 1995. [7] D. Fried. The zeta functions of Ruelle and Selberg I. Ann. scient. éc. norm. sup. 4^e Série, 19(1986), 491–517.

[8] Harish-Chandra. Automorphic Forms on Semisimple Lie Groups. Springer-Verlag, Lecture Notes in Math. 62, 1968.

[9] H. Hecht and W. Schmid. Characters, asymptotics, and n-homology of Harish- Chandra modules. Acta Math., 151(1983), 49–151.

[10] H. Hecht and J. L. Taylor. A comparison theorem for n-homology. Compositio Math., 86(1993), 189–207.

[11] S. Helgason. A duality for symmetric spaces with applications to group representations. Adv. Math, 5(1970), 1–154.

[12] S. Helgason. Groups and Geometric Analysis. Academic Press, Inc., 1984. [13] M. Kashiwara and W. Schmid. Quasi-equivariant D-modules, equivariant derived category, and representations of reductive Lie groups. In Lie Theory and Geometry. In Honor of Bertram Kostant, pages 457–488. Progr. in Math. 123, Birkhäuser Boston, 1994.

[14] J. B. Lewis. Eigenfunctions on symmetric spaces with distribution valued boundary forms. J. Funct. Anal., 29(1978), 287–307.

[15] M. Olbrich. Die Poisson-Transformation für homogene Vektorbündel. Dissertation, Humboldt-Universität zu Berlin, 1994.

[16] M. Osborne. Lefschetz Formulas on Nonelliptic Complexes. PhD thesis, Yale University, 1972.

[17] S. Patterson. Two conjectures on Kleinian groups. Talk at Warwick, March 1993. [18] G. Shimura. Introduction to the Arithmetic Theory of Automorphic Functions.

Princeton University Press, 1994.

[19] N. R. Wallach. Real Reductive Groups. Academic Press, 1988. [20] N. R. Wallach. Real Reductive Groups II. Academic Press, 1992.