On complex Bloch-spaces

of periodic Schrödinger operators

Martin U. Schmidt^1

Institut für Theoretische Physik Freie Universität Berlin Arnimallee 14 D-14195 Berlin e-mail: mschmidt@omega.physik.fu-berlin.de

Abstract The band structure of a periodic Schrödinger operator is the common spectrum of this operator and the commuting shift operators corresponding to the period vectors. The complex continuation of this common spectrum is called complex Bloch-variety. This variety may be considered as the spectrum of the Schrödinger operator on the torus, which is a holomorphic function from the complex manifold of quasi periodic boundary conditions on the torus into the operators of the Hilbert space of the torus. We construct a complex space, whose holomorphic functions are the eigenvalues of holomorphic operator valued functions, which commute with this function. The resulting space is called complex Bloch-space. We generalize a result of Knörrer and Trubowitz, that the infinite energy limit of the complex Bloch-variety of a two-dimensional periodic Schrödinger operator contains the complex Bloch-varieties of the averaged onedimensional potentials to arbitrary dimensions. In fact, a completion of the complex Bloch-space contains in the infinite energy limit all Bloch-spaces of the non-trivial averaged potentials. Finally we give a characterization of all complex Bloch-spaces, whose completions are compact complex spaces. The corresponding periodic Schrödinger operators are exactly the so-called algebraically integrable Schrödinger operators, which roughly speaking have a maximal number of commuting differential operators.

Contents

1 Introduction 1

2 The resolvent 2

3 The complex Bloch-space 6

4 An embedding into the projective Hilbert space 10

5 A completion of the complex Bloch-variety 17

6 The dual eigen bundle 24

7 Compact Bloch-spaces 27

1Supported by the DFG, SFB 288 “Differentialgeometrie und Quantenphysik”

1 Introduction

The Schrödinger operator with a periodic potential commutes with all shifts of the period lattice. All this operators may be diagonalized simultaneously. The Bloch-theory is concerned with the common spectrum of all these operators. The spectrum of the shifts is equal to the dual group Γ̂ of the period lattice Γ and the common spectrum of all this operators is a subspace of the product of this dual group with the real^2 numbers, which is called Blochvariety. The inverse spectral problem for periodic Schrödinger operators contains essentially two problems:

The isospectral problem: A parameterization of all periodic potentials is sought, whose Bloch-varieties are equal to the Bloch-variety of a fixed periodic potential (these sets are called isospectral sets).

The moduli problem: A parameterization of all possible Bloch-varieties is sought (this set is called moduli space).

In the one-dimensional case, both problems are well understood (see e.g. [No, MK-M, MK-T, Kr, N-M-P-Z, D-K-N, G-S]). The solution of the first part depends on establishing a one-to-one correspondence between the isospectral potentials and some holomorphic line bundles — or equivalently some divisors — on the complexification of the Bloch-variety. Roughly speaking, the isospectral sets are generically parameterized by some infinite-dimensional compact tori. The main tool of the second part is perturbation theory. The tangent space along the moduli space at any fixed Bloch-variety may be identified with the space of holomorphic 1-forms (see e.g. [Sch]). Thus, if we fix for any Bloch-variety a holomorphic 1-form on this spectral curve, we obtain a vector field on the moduli space. Finally, the parameterization of the moduli space is the result of an appropriate choice of such vector fields commuting with each other (see [G-S]).

In higher dimensions, the first problem is more or less solved. In fact for generic potentials, the isospectral sets are equal to the orbits under the action of the group of all space symmetries (see [E-R-T, G-K-T-1, G-K-T-2]). Nevertheless, we shall generalize the one-to-one correspondence between the isospectral potentials and some holomorphic line bundles on the complex Bloch-variety to the higher dimensional case to solve the non-generic case. This would imply an equality of the dimension of the isospectral sets and the n-th cohomology group of the structure sheaf of the complex Bloch-variety. In Section 7 this is shown for those complex Bloch-varieties, which may be completed to compact complex spaces (let us call them compact Bloch-spaces). The second problem seems to be much more difficult in dimensions n > 1. In fact in dimension n = 1, the moduli space contains a dense subset, which is the union of subspaces of the Teichmüller spaces of compact Riemann surfaces of genus g over all finite genera. In dimension n > 1, however, the compact Bloch-spaces are not dense (see [F-K-T]). But the deformation theory may be generalized to the higher dimensional case (see [S-V]). In Section 7 we will give a complete characterization of compact Bloch-spaces. This is of course only a first step in solving the moduli problem in dimension n > 1. Let us describe the tools and methods in some more detail. The complex continuation of the Bloch-variety is called complex Bloch-variety. This complex continuation may be con-

2This is only true if the potential is real.

sidered as the spectrum of an holomorphic function from the complexification of the dual group Γ̂ into the operators of the Hilbert space of the space torus L^2(R^n/Γ). In fact, the complexification of the dual group parameterizes the quasi-periodic boundary conditions of the Schrödinger operator on this Hilbert space. We want to call this function Schrödinger operator on the torus. The main focus of this article is a complex space, whose holomorphic functions are in one-to-one correspondence with holomorphic operator-valued functions, which commute with this Schrödinger operator on the torus. This complex Bloch-space forms a parameterization of the common spectrum, which is a slightly finer than the complex Bloch-variety.

In the one-dimensional case there exists a dense family of potentials, whose complex Bloch-spaces are compact Riemann surfaces with one point removed. This point is the only pole (of second order) of the energy function, which parameterizes the eigenvalue of the Schrödinger operator. These so called finite-gap potentials are characterized by the property that their spectra have finite numbers of connected components. McKean and Trubowitz [MK-T] succeed in generalizing the powerful tool of the theory of compact Riemann surfaces to general one-dimensional smooth periodic potentials. In [Sch] techniques have been developed, which allow for the addition of the point of infinite energy to the Riemann surface, even in the case of infinite gaps. In the two-dimensional case, Knörrer and Trubowitz have shown in [K-T] that the infinite energy limit of the complex Bloch-variety contains the Bloch-varieties of all one-dimensional potentials, which are obtained by averaging the two-dimensional potential in some directions of the period lattice. In this paper we apply some of the ideas developed in [Sch] to higher-dimensional periodic Schrödinger operators. In Section 5 we add the Blochvarieties of all potentials, which are obtained by averaging the n-dimensional potential over sub-lattices of the period lattice, to the complex Bloch-variety. The resulting space is a completion of the complex Bloch-variety.

Besides the complex Bloch-variety and the complex Bloch-space, we shall consider in Section 4 the subspace of the projective space of the Hilbert space, whose elements are the eigenvectors of the Schrödinger operator. This parameterization is even finer than the complex Bloch-space, because the eigenvalues of the Schrödinger operator are generically non-degenerated. In an appropriate setting, this space by itself contains the corresponding spaces for all non-trivial averaged potentials.

In Section 6 we consider the sheaf of sections of the dual eigen bundle. We show that it uniquely determines the potential and prove some properties, which for compact Bloch-spaces characterizes all sheaves of this form. In the last section, we give a complete characterization of compact Bloch-spaces. We shall propose a condition, which in the one-dimensional case is always fulfilled, but not in dimensions n > 1. Along the way, we shall see that for compact Bloch-spaces, the isospectral sets are again isomorphic to open subsets of a connected component of the Picard-group of a projective variety.

2 The resolvent

Let Γ be a lattice in R^n and q a periodic function on R^n/Γ. In dimensions less than four q may be any element of L^2(R^n/Γ). In general, q is assumed to be an element of the Banach space L^p(R^n/Γ) with p > n/2 and p ≥ 2. The Euclidean space R^n is endowed with a positive definite scalar product g(·, ·). This metric induces a flat Riemannian metric on the torus

R^n/Γ. Let us now introduce general boundary conditions for the Laplace-operator: Suppose

χ : γ → C is a one-dimensional representation of the lattice Γ, then Δ_χ is defined as the unique closure of the unbounded operator of L^2(R^n/Γ) with the domain of smooth continuous functions ψ, so that

ψ(x + γ) = χ(γ)ψ(x) for all x ∈ R^n and all γ ∈ Γ.

In order to diagonalize this operator, we extend our metric to a complex bilinear form on the complexification C^n of our Euclidean space and introduce the dual ore reciprocal lattice Γ^♯, which is a lattice in the dual space of our Euclidean space R^n:

Γ^♯ := {κ ∈ R^n|g(γ, κ) ∈ Zfor all γ ∈ Γ} .

The eigen functions of the Laplace-operator Δ_χ are given by

ψ_k(x) = exp(2π √ −1g(x, k)) with eigenvalue Δ_χψ_k = −4π^2g(k, k)ψ_k.

Here k is any element of C^n , such that χ(γ) = exp(2π √ −1g(γ, k)) for all γ ∈ Γ. It is obvious that such an element k exists, and that all of these elements differ by an element κ of the dual lattice Γ^♯. So let us identify the one-dimensional representations χ with the corresponding classes^3 [k] ∈ C^n /Γ^♯. The unitary representations then may be considered as elements of R^n/Γ^♯.

If χ is not unitary, then Δ_χ is not self-adjoint and the corresponding eigen functions are not orthogonal. But with respect to the following hermitian scalar product ⟨·, ·⟩_χ, the eigen functions are orthogonal: ⟨ψ, ϕ⟩_χ := ∫ Rn/Γ^{ψ(x)ϕ(x) exp(4πg(x, Im(k)))dnx.} Here k is again an element of C^n , such that χ(γ) = exp(2π √ −1g(k, γ) for all γ ∈ Γ. This scalar product depends only on the representation χ = [k] ∈ C^n /Γ^♯. For the trivial representation χ = 1, it is the standard scalar product of L^2(R^n/Γ). Moreover, any norm corresponding to one of these scalar products may be estimated by any other of this norms. Finally let us introduce the Sobolev-space L^2_4(R^n/Γ). This is the Hilbert space completion of C^∞(R^n/Γ) with respect to the hermitian scalar product ⟨ψ, ϕ⟩_4 := ∫ Rn/Γ^{ψ(x)(1 − Δ1)2ϕ(x)dnx.} Now we can state the main theorem of this section:

Theorem 2.1 Let p > n/2 and p ≥ 2. The map (q, χ, λ) → (λ1 + Δ_χ − q)^{−1} is a meromorphic map from L^p(R^n/Γ) × C^n /Γ^♯ × C into the set of compact operators on L^2(R^n/Γ). More precisely, for each fixed (q_0, χ_0) ∈ L^p(R^n/Γ)×C^n /Γ^♯ there exists a discrete subset S ⊂ C , such that the map λ → (λ1 + Δ_χ − q)^{−1} is holomorphic on C \ S. If λ_0 ∈ S be an arbitrary pole of this map, then there exists an open neighborhood W ⊂ L^p(R^n/Γ) × C^n /Γ^♯ of (q_0, χ_0) and a finite number of holomorphic maps v_1, . . . , v_l and anti-holomorphic maps w_1, . . . , w_l from W into L^2(R^n/Γ), and a neighborhood V ⊂ C of λ_0, so that the following conditions hold:

3We may choose as well a basis γ_1, . . ., γ_n of the lattice Γ^♯. Since all representations are uniquely determined by their values χ(γ_1), . . . , χ(γ_n), we may identify the space of the one-dimensional representations with (C^� )^n, and the unitary one-dimensional representations with U (1)^n.

(i) For all (q, χ) ∈ W , the operator P (q, χ) : ψ → ∑l i=1⟨w_i(q, χ), ψ⟩v_i(q, χ) is a projection, which commutes with −Δ_χ + q.

(ii) The map (q, χ, λ) → (1 − P (q, χ)) ∘ (λ1 + Δ_χ − q)^{−1} = (λ1 + Δ_χ − q)^{−1} ∘ (1 − P (q, χ)) is a holomorphic map from W × V into the set of the compact operators on L^2(R^n/Γ).

(iii) For all 1 ≤ i, j ≤ l, the functions (q, χ, λ) → ⟨w_j (q, χ), (λ1 + Δ_χ − q)^{−1}v_i(q, χ)⟩ are meromorphic functions on W × V .

For the proof we need the following lemma (compare [R-S-II, Theorem IX.28]).

Lemma 2.2 If p is the same as in Theorem 2.1, then there exists a positive number C > 0 such that for all ψ ∈ L^2_4(R^n/Γ), the following estimate holds: ‖ψ‖ 2p_{p−2} ≤ C‖(1 − Δ_1)ψ‖. Proof: Let ψ̂ denote the Fourier transform of ψ. Due to the Hausdorff-Young inequality (the proof is the same as in the case of functions on R^n [R-S-II, Theorem IX.8]), a constant C > 0 exists such that ‖ψ‖ 2p_{p−2} ≤ C ∑ κ∈Γ^♯ |ψ̂(κ)|^{2pp+2} p+2 2p . Due to Hölders inequality ([R-S-I, Theorem III.1]), we have ∑ κ∈Γ^♯ |ψ̂(κ)|^{2pp+2} ≤ ∑ κ∈Γ^♯ |1 + 4π^2g(κ, κ)|^{− 2pp+2 p+22} 2 p+2 ∑ κ∈Γ^♯ |(1 + 4π^2g(κ, κ))ψ̂(κ)|^{2pp+2 p+22} p p+2 . Due to the assumption p > n/2, the first factor is finite, and the second factor is proportional to ‖(1 − Δ_1)ψ‖^{2p/(p+2)}. This proves the lemma. 2 Proof of Theorem 2.1: First we claim that the multiplication by an element q of L^p(R^n/Γ) defines a bounded operator from L^2_4(R^n/Γ) into L^2(R^n/Γ). In fact, as a result of Hölders inequality ([R-S-I, Theorem III.1]), we are presented with the estimate ‖qψ‖ ≤ ‖q‖_p‖ψ‖ 2p_{p−2} . The previous lemma now proves the claim. Hence there exists a bounded map from L^p(R^n/Γ) into B(L^2_4(R^n/Γ), L^2(R^n/Γ)).

Now let us fix a wave vector k ∈ C^n and an eigenvalue λ, which does not belong to the spectrum of −Δ_{[k]}. We claim that q∘(λ1 +Δ_{[k]})^{−1} defines a bounded operator from L^2(R^n/Γ) into itself. Moreover, the norm of this operator may be estimated by ‖q ∘ (λ1 + Δ_{[k]})^{−1}‖ ≤ C([k], λ)‖q‖_p, with a constant C([k], λ) depending only on λ and the representation [k]. It suffices to show the claim for all q in a dense subset on L^p(R^n/Γ). Hence we may assume that the multiplication by q commutes with the multiplication by ψ_{−k}. The multiplication by the function ψ_k is a bounded operator M(k) of L^2(R^n/Γ). The inverse operator M(−k) multiplies by ψ_{−k} and is also bounded. Thus it is sufficient to estimate the norm of the operator

M(−k) ∘ q ∘ (λ1 + Δ_{[k]})^{−1} ∘ M(k) = q ∘ M(−k) ∘ (λ1 + Δ_{[k]})^{−1} ∘ M(k)

in terms of ‖q‖_p. By definition, 1 − Δ_1 is a unitary operator from L^2_4(R^n/Γ) into L^2(R^n/Γ). Hence the norm of the operator M(−k) ∘ (λ1 + Δ_{[k]})^{−1} ∘ M(k) from L^2(R^n/Γ) into L^2_4(R^n/Γ) is equal to the norm of the operator (1 − Δ_1) ∘ M(−k) ∘ (λ1 + Δ_{[k]})^{−1} ∘ M(k) from L^2(R^n/Γ) into itself. This norm is equal to the supremum over the absolute values of the eigenvalues: ‖ ‖ ‖(1 − Δ_1) ∘ M(−k) ∘ (λ1 + Δ_{[k]})^{−1} ∘ M(k) ‖ ‖ ‖ = sup_{κ∈Γ♯} | | | | | 1 + 4π^2g(κ, κ) λ − 4π^2g(k + κ, k + κ) | | | | | . Hence this operator is bounded and the second claim follows from the first claim. Moreover, this formula shows that for all representations χ_0 ∈ C^n /Γ^♯ and all ϵ > 0, there exists a complex number λ_1 and an open neighborhood U ⊂ C^n /Γ^♯ of χ_0, so that C(χ, λ_1) is bounded by ϵ for all χ ∈ U. Thus for all (q_0, χ_0) ∈ L^p(R^n/Γ) × C^n /Γ^♯, there exists a complex number λ_1 and an open neighborhood W ⊂ L^p(R^n/Γ) × C^n /Γ^♯ of (q_0, χ_0), so that the norm of the operator 1 − q ∘ (λ_1 + Δ_χ)^{−1} = (λ_11 + Δ_χ − q) ∘ (λ_1 + Δ_χ)^{−1}

is bounded and has a bounded inverse. Since the compact operators form a two-sided ideal (see e.g. [R-S-I, Theorem VI.12]), the operator

(λ_11 + Δ_χ − q)^{−1} = (λ_11 + Δ_χ)^{−1} ∘ ( (λ_11 + Δ_χ − q) ∘ (λ_11 + Δ_χ)^{−1} )_{−1}

is compact. Since the map χ → (λ_11 + Δ_χ)^{−1} is holomorphic, the map (q, χ) → (λ_11 + Δ_χ − q)^{−1} is a holomorphic map from W into the set of compact operators on L^2(R^n/Γ).

Thus, due to the Riesz-Schauder Theorem ([R-S-I, Theorem VI.15]) the spectrum of the operator (λ_11 + Δ_χ − q)^{−1} is discrete and the only limit point of the spectrum is zero. Now let S ⊂ C be the set S = { λ_1 − 1 λ | | | | λ is an eigenvalue of (λ_11 + Δ_{χ0} − q_0)^{−1} } . Then for all λ ∈ C \ S, the operator

(λ1 + Δ_{χ0} − q_0)^{−1} = 1 λ_1 − λ

(λ_11 + Δ_{χ0} − q_0)^{−1} ∘ 1 λ_1 − λ

− (λ_11 + Δ_{χ0} − q_0)^{−1} −1

is compact and depends holomorphically on λ.

Now let λ_0 ∈ S be a pole of this map and choose a positive number ϵ > 0, such that there exists no other pole in the disc {λ| |λ − λ_0| < 2ϵ}. Then for all (q, χ) ∈ L^p(R^n/Γ) × C^n /Γ^♯, such that ‖ ‖ ‖(λ_11 + Δ_χ − q)^{−1} − (λ_11 + Δ_{χ0} − q_0)^{−1} ‖ ‖ ‖ <

< sup {λ| |λ−λ_0|=ϵ}

‖ ‖ ‖ ‖ ‖ ‖ 1 λ_1 − λ

− (λ_11 + Δ_{χ0} − q_0)^{−1} −1 ‖ ‖ ‖ ‖ ‖ ‖

−1 , the operator (λ_11 +Δ_χ −q)^{−1} has no eigenvalue on the circle {1/(λ_1 −λ)| |λ−λ_0| = ϵ}. Thus there exists an open neighborhood W ⊂ L^p(R^n/Γ)×C^n /Γ^♯ of (q_0, χ_0) such that (λ1 +Δ_χ−q)^{−1} is compact for all (q, χ) ∈ W and all λ on the circle {λ| |λ − λ_0| = ϵ}. Now we define a map P from W into the set of compact operators on L^2(R^n/Γ) by P (q, χ) = − 1 2π √ −1 ∮ {λ| |λ−λ_0|=ϵ} (λ1 + Δ_χ − q)^{−1}dλ.

The combination of the results from [R-S-I, VI.5] and [R-S-IV, Appendix to XII.1] implies that for all (q, χ) ∈ W , P (q, χ) is a finite-dimensional projector, which commutes with −Δ_χ + q. And the eigenvalues of the restriction to the corresponding finite-dimensional subspace of L^2(R^n/Γ) are elements of the disc {λ| |λ − λ_0| < ϵ}. Now let ϕ_1, . . . , ϕ_l be a basis of the subspace corresponding to P (q_0, χ_0), and ψ_1, . . . , ψ_l a basis of the subspace corresponding to P^∗(q_0, χ_0). Then a neighborhood W ⊂ L^p(R^n/Γ) × C^n /Γ^♯ exists, such that for all (q, χ) ∈ W , the vectors P (q, χ)ϕ_1, . . . , P (q, χ)ϕ_l form a basis of the subspace corresponding to P (q, χ), and P^∗(q, χ)ψ_1, . . . , P^∗(q, χ)ψ_l form a basis of the subspace corresponding to P^∗(q, χ). Thus the matrix A(q, χ)_{ij} = ⟨P^∗(q, χ)ψ_j, (−Δ_χ + q)p(q, χ)ϕ_i⟩ is holomorphic in W and all eigenvalues of this matrix are elements of the disc {λ| |λ − λ_0| < ϵ}. In particular, the matrix-valued function (q, χ, λ) → (λ1 − A)^{−1} is meromorphic on

W × C . This completes the proof of the theorem. 2

In a grater portion of the investigation which follows, we will only consider potentials q, which are elements of the Banach space of all continuous functions on R^n/Γ.

Corollary 2.3 The restriction of the map (q, χ, λ) → (λ1 + Δ_χ − q)^{−1} described in Theorem 2.1 to C(R^n/Γ) × C^n /Γ^♯ × C is a meromorphic map into the compact operators on

C(R^n/Γ). Moreover, if λ be an eigenvalue of an operator −Δχ + q, with q ∈ C(R^n/Γ) and χ ∈ C^n /Γ^♯, then an eigenvalue λ0 of the operator −Δχ exists, such that |λ − λ0| ≤ ‖q‖.

Proof: The proof of the first statement is similar to the proof of Theorem 2.1. To prove the second statement, we make use of the Hilbert space L^2(R^n/Γ) with the scalar product ⟨·, ·⟩_χ. As a consequence, all eigen spaces of the operator −Δ_χ are orthogonal. Moreover, the norm of the operator, which multiplies by q, is equal to the supremum norm ‖q‖. If λ is an eigenvalue of the operator −Δ_χ + q, there exists an eigenvector ψ: (λ1 + Δ_χ)ψ = qψ. The norm of the resolvent satisfies the inequality ‖(λ + Δ_χ)^{−1}‖ ≥ 1/‖q‖. Since −Δ_χ is an operator with pure point spectrum, whose eigen spaces are orthogonal, this implies that there exists an eigenvalue λ_0 of −Δ_χ, such that 1/|λ − λ_0| ≥ 1/‖q‖. This proves the corollary. 2

3 The complex Bloch-space

For a given periodic potential q, the corresponding Schrödinger operator commutes with all shifts by the lattice vectors. Hence these shifts and the Schrödinger operator may be diagonalized simultaneously. The common spectrum of all these operators is called Blochvariety. In [R-S-IV, Theorem XIII.97] it is shown that the spectrum of a Schrödinger operator with periodic potential is the direct integral over the spectra of the operators −Δ_χ + q, where χ runs through all unitary one-dimensional representations of Γ. The Bloch-variety may be considered as the points (χ, λ) ∈ R^n/Γ^♯ × R, so that λ is an eigenvalue of −Δ_χ + q. In [K-T] the collection of all points (k, λ) ∈ C^n × C , so that λ is an eigenvalue of −Δ_{[k]} + q, is called complex Bloch-variety. Let us denote this variety by B_{variety}(q). The action of the dual lattice Γ^♯ on C^n given by κ.k = κ + k for all κ ∈ Γ^♯ and all k ∈ C^n , lifts to an action of the dual lattice Γ^♯ on this subspace B_{variety}(q) of C^n × C . The set of orbits of this action is equal to the subspace B_{variety}(q)/Γ^♯ of all elements (χ, λ) ∈ C^n /Γ^♯ × C , so that λ is an eigenvalue of the operator −Δ_χ + q. Let us call this variety, which is locally biholomorphic to B_{variety}(q), also complex Bloch-variety. It will be clear from the context, whether we should consider B_{variety}(q) or B_{variety}(q)/Γ^♯. Later we will introduce the complex Bloch-space as a slightly different complex space.

Proposition 3.1 The complex Bloch-variety B_{variety}(q)/Γ^♯ is an irreducible reduced analytic subset of C^n /Γ^♯ × C in the sense of [Gr-Re, Chapter IV. §1.1.]. The map (χ, λ) → χ defines an infinitely-sheeted, but locally finite-sheeted analytic covering map from B_{variety}(q)/Γ^♯ onto the analytic space C^n /Γ^♯, which is denoted by χ, and the map (χ, λ) → λ defines a morphism from B_{variety}(q)/Γ^♯ onto C , which is denoted by λ, respectively.

Proof: Due to Theorem 2.1, all points (χ_0, λ_0) ∈ B_{variety}(q)/Γ^♯ have an open neighborhood

U ⊂ C^n /Γ^♯ ×C , such that U ∩Bvariety(q)/Γ^♯ may be described by the zeros of the holomorphic

function (χ, λ) → det(λ1 − A(q, χ)), where A(q, χ) is the restriction of −Δ_χ + q to a finite-dimensional invariant subspace of L^2(R^n/Γ). We will prove in Corollary 5.4 that the complex manifold of all regular points of B_{variety}(q)/Γ^♯ is connected. Hence B_{variety}(q)/Γ^♯ is irreducible. By definition, the complex Bloch-variety is a Weierstraß-covering, and therefore a Cohen-Macaulay-space (see [G-P-R, Chapter II. §5.]). Since in Lemma 3.2 we shall prove that the complex Bloch-variety is generically reduced, we may apply [G-P-R, Chapter II. Corollary 5.10] and conclude that the complex Bloch-variety is reduced. 2 In the last section, we showed with the help of the resolvent that the map χ → −Δ_χ + q defines a closed-unbounded-operator-valued holomorphic function on C^n /Γ^♯. Now let O_q be the sheaf of bounded-operator-valued holomorphic functions on C^n /Γ^♯, which commute pointwise with −Δ_χ + q. Clearly this is a sheaf of algebras over C /Γ^♯, and each local section of this sheaf can be diagonalized simultaneously with the corresponding operators −Δ_χ + q. The complex Bloch-space is then defined as a topological space B_{complex space}(q)/Γ^♯ together with a structure sheaf O_{Bcomplex space(q)/Γ}♯, which is locally isomorphic to the eigenvalues of O_q. So let us now construct this complex Bloch-space in three steps:

1. The first step is the observation contained in Theorem 2.1 that for any eigenvalue λ_0 of the operator −Δ_{χ0} + q, there exists a neighborhood U ⊂ C^n /Γ^♯ of χ_0 and a finite number of holomorphic maps v_1, . . . , v_l from U into the Hilbert space L^2(R^n/Γ), so that for all χ ∈ U the span of v_1(χ), . . . , v_l(χ) is an invariant subspace of the operator −Δ_χ + q and contains all eigenvectors, whose eigenvalues are in a small neighborhood of λ_0. Moreover, the neighborhood U and the vectors v_1, . . . , v_l may be chosen in such a way that the span of v_1, . . . , v_l would be an invariant subspace of all sections of O_q over U. This shows that O_q may be locally considered as a sheaf of all holomorphic l × l-matrix-valued functions, which commute with one such function.

2. In the second step, we shall use the following

Lemma 3.2 In each neighborhood of any χ_0 ∈ C^n /Γ^♯, there exists an element χ such that all eigenvalues of −Δ_χ + q are different.

Proof: In the proof of Corollary 5.4, we will use the fact that there exists an open subset of B_{variety}(q)/Γ^♯, for whose elements (χ, λ) the multiplicity of the eigenvalue λ of −Δ_χ + q is equal to one. Thus due to Corollary 5.4, the set of all points (χ, λ) ∈ B_{variety}(q)/Γ^♯, whose multiplicity is equal to one, is a connected submanifold of the regular part of B_{variety}(q)/Γ^♯. The covering map χ : B_{variety}(q)/Γ^♯ → C^n /Γ^♯ has countable sheets. Hence in any open subset

of C^n /Γ^♯, there exists an element, with no branchpoint over this point. 2

This lemma implies that O_q is a sheaf of commutative algebras.

3. In the third step we construct the spectral complex space of a holomorphic function f from an open connected subset U ⊂ C^n into the l × l-matrices. We assume that all eigenvalues of f are different at some point of U. The discriminant of the characteristic polynomial of f is a holomorphic function. Hence all the eigenvalues of f are different for an open dense subset of U. Again we define O_f as the sheaf of all holomorphic l × l-matrix-valued functions, which commute with f. Due to our assumption that all eigenvalues of f are different at some point of U, this is a sheaf of commutative algebras over C . Again we define the spectral variety as

X_{variety}(f) := { (u, λ) ∈ U × C | det(λ1 − f(u)) = 0 } . For each point (u_0, λ_0) ∈ X_{variety}(f), a neighborhood V ⊂ U of u_0 and a holomorphic function (see e.g. [R-S-IV, Appendix to XII.1]) P : V → l × l-matrices, v → − 1 2π √ −1 ∮ {λ| |λ−λ_0|=ϵ} (λ1 − f(v))^{−1}dλ

exists, so that P is a projector in O_f over V and all eigenvalues of the restriction of f(u_0) to the subspace of C^l corresponding to P (u_0) are equal. This is equivalent to the statement that the polynomial det(λ1 −f(u_0)) has no other zeros than λ = λ_0 inside the disc {λ| |λ−λ_0| ≤ ϵ}, which may always be attained by diminishing ϵ.

Lemma 3.3 The subset of all points (u_0, λ_0) ∈ X_{variety}(f), in which the germ of the projector P (u_0) described above is not a minimal projector of the stalk of O_f at the point u_0, is closed.

Proof: Let p_{f (u)}(T ) = det(t1 − f(u)) be the characteristic polynomial of f(u). For all (u, λ) ∈ X_{variety}(f), the rational function p_{f (u)}(T )/(T − λ) may be considered as a polynomial with respect to T of degree l − 1. It is quite obvious that the subspace of the lemma is given by all irreducible components of dimension n − 1 of the subvariety of X_{variety}(f), which is defined by {

(u, λ) ∈ X_{variety}(f) | | | | | p_{f (u)}(f(u)) f(u) − λ1 = 0 } . 2 Since O_f is a sheaf of commutative algebras, each stalk has only a finite number of minimal projectors. Now let p_1, . . . , p_k be all minimal projectors of the stalk of O_f at some point u_0 ∈ U. The p_1, . . . , p_k extend to some sections of O_f over a neighborhood U_1 ⊂ U of u_0. Hence we may decompose the vector space C^l over U_1 into a direct sum of vector spaces and the function f into a direct sum of matrices f = f_1 ⊕ . . . ⊕ f_k. Due to the preceding lemma, there exists a neighborhood U_2 ⊂ U_1 ⊂ U of u_0, such that the corresponding subset of the spectral varieties X_{variety}(f_1), . . . , X_{variety}(f_k) of f_1, . . . , f_k over U_2 described in the lemma is empty. The spectral complex space of f in the neighborhood U_2 of u_0 is now defined as the disjoint union of the spectral varieties

X_{variety}(f_1) ∪ . . . ∪ X_{variety}(f_k).

The whole spectral complex space is then defined by gluing together the local spectral varieties in the natural way. We will denote in the sequel the elements of the spectral complex space X_{complex space}(f) by pairs (u, λ). Such a pair does not uniquely determine an element of the spectral complex space, but locally it does. Due to Proposition 3.1, the spectral complex space X_{complex space}(f) is an analytic covering (see e.g. [G-P-R, Chapter I. §12.]) of the spectral variety, which itself is an analytic covering of U. The composition of these analytic coverings is denoted by π : X_{complex space}(f) → U. As a set the spectral complex space X_{complex space}(f) may be identified with all minimal projectors of O_f in all stalks over U. So let us call the natural homomorphism from O_f into the direct image sheaf π_∗(O_{Xcomplex space(f )}) of the structure sheaf of the spectral complex space eigenvalue homomorphism.

Lemma 3.4 The eigenvalue homomorphism is an isomorphism of the sheaves

O_f ≃ π_∗(O_{Xcomplex space(f )}).

Proof: For each u_0 ∈ U, the sum over all minimal projections of the stalk of O_f at the point u_0 is equal to 1 . And the product of two different minimal projections is zero. This proves the claim for each stalk. 2 The projection P (f) onto the eigen space of f with eigenvalue λ can be written as a matrix, whose entries are rational functions in terms of the entries of f and the eigenvalue λ. Hence P (f) defines a meromorphic l × l-matrix-valued function on the spectral complex space.

Lemma 3.5 (i) The divisor of P (f) is equal to the inverse of the branching divisor of the natural analytic covering π : X_{complex space}(f) → U.

(ii) The sum over all sheets of the analytic covering π : X_{complex space}(f) → U of P (f) is equal to 1 .

Proof: Based on the assumption that all eigenvalues of f are different at some point of u, the trace of P (f) is equal to 1. But this implies that the set of singularities of P (f) is equal to the set of branchpoints of the covering map π : X_{complex space}(f) → U of P (f). This proves (i). The second statement is obvious at all points u_0 ∈ U, at which f has l different eigenvalues. Now continuity implies (ii). 2 Finally we want to remark that, in general, the branch locus of the covering map π :

X_{complex space}(f) → U of P (f) is contained in the branch locus of the covering map mentioned above X_{variety}(f) → U. This completes the third step.

The first step reduces the problem of the construction of the complex Bloch-space to the construction of the spectral complex space of a holomorphic matrix-valued function. In the second step the assumption of the third step is fulfilled. Finally in the third step we construct this spectral complex space. All of these steps together imply

Theorem 3.6 The complex Bloch-space is an infinitely-sheeted, locally finite-sheeted analytic covering of the complexification of the dual group of the lattice Γ:

χ : B_{complex space}(q)/Γ^♯ → C^n /Γ^♯.

In particular, each element γ ∈ Γ defines a holomorphic function

χ(γ) : B_{complex space}(q)/Γ^♯ → C^∗ .

Moreover, the eigenvalue λ of the operator −Δ_χ + q may also be considered as a holomorphic function of B_{complex space}(q)/Γ^♯. Finally, the projection P (q) on the eigen space of −Δ_χ+q with eigenvalue λ is a meromorphic function of the complex Bloch-space into the set of bounded operators of L^2(R^n/Γ), which satisfies the following conditions:

(i) The trace of P (q) and hence also the dimension of the eigen space is equal to 1.

(ii) P (q) ∘ (−Δ_χ + q) = (−Δ_χ + q) ∘ P (q) = λ · P (q).

(iii) The inverse of the divisor of P (q) is equal to the branching divisor of the analytic covering χ : B_{complex space}(q)/Γ^♯ → C^n /Γ^♯.

(iv) The sum over all sheets of the analytic covering χ : B_{complex space}(q)/Γ^♯ → C^n /Γ^♯ of P (q) converges in the strong operator topology to 1 . 2 4 An embedding into the projective Hilbert space

Due to Theorem 3.6, there exists an holomorphic map of the regular part of B_{complex space}(q) into the projective space of L^2(R^n/Γ):

regular part of B_{complex space}(q) → PL^2(R^n/Γ), (k, λ) → the image of P (k, λ).

In this section, we renormalize this map, such that it may be extended to the high energy limit, and then determine the closure of the image of this map. It will turn out that this map is an embedding, and we will give an explicit description of the closure of this image.

In the limit k → ∞, the character [k] and therefore also the eigen functions have an essential singularity. In order to remove this singularity we make the following ansatz for the eigen functions:

ψ = exp ( 2π √ −1g(x, k) ) ∑ κ∈Γ^♯ ψ̃(κ) exp ( 2π √ −1g(x, κ) ) .

For all k ∈ C^n the map ψ → (ψ̃(κ))_{κ∈Γ}♯ is an bounded operator from L^2(R^n/Γ) onto ℓ^2(Γ^♯) with bounded inverse. Hence the eigen space defines a holomorphic map from the regular part of B_{complex space}(q) into the projective space of ℓ^2(Γ^♯). The dual lattice acts on the projective space of the Hilbert space ℓ^2(Γ^♯) by translation: κ. ( ψ̃(κ^′) ) κ^′∈Γ^♯ = ( ψ̃(κ^′ − κ) ) κ^′∈Γ^♯ .

And the embedding of the regular part of B_{complex space}(q) into the projective space is invariant under the action of Γ^♯ on both spaces. In order to investigate this map we use the Fourier transform q̂ of q: q(x) = ∑ κ∈Γ^♯ q̂(κ) exp ( 2π √ −1g(x, κ) ) . The eigenvalue equation may be written as a set of equations labeled by κ ∈ Γ^♯: ( λ − 4π^2g(k, k) − 8π^2g(k, κ) ) ψ̃(κ) = 4π^2g(κ, κ)ψ̃(κ) + ∑ κ^′∈Γ^♯ q̂(κ − κ^′)ψ̃(κ^′). For all finite sequences κ_0, . . . , κ_m of pairwise different elements of Γ^♯ and some non-zero numbers c_0, . . . , c_m with the properties

c_0κ_0 + . . . + c_mκ_m = 0 and c_0 + . . . + c_m = 0,

we get an equation of the form

4π^2 ( m ∑ i=0 c_ig(κ_i, κ_i) ) ( m ∏ i=0 ψ̃(κ_i) ) + m∑ i=0 c_i ∏ j≠i ψ̃(κ_j ) ∑ κ∈Γ^♯ q̂(κ_i − κ)ψ̃(κ) = 0. Each element κ_i of the sequence may be written as κ_i = ∑ j≠i −cj/ci κj , with ∑ j≠i −cj/ci = 1. Hence all elements of the sequence belong to one affine subspace of dimension at most m − 1. If the dimension is less than m − 1, the two subsequences κ_0, . . . , κ_{m−1} and κ_1, . . . , κ_m satisfy the same conditions with some constants c^′_0, . . . , c^′_{m−1} and c^{′′}_1 , . . . , c^{′′}_m, respectively. Furthermore these constants may be chosen in such a way that c_0 = c^′_0, c_1 = c^′_1+c^{′′}_1 , . . . , c_{m−1} = c^′_{m−1} + c^{′′}_{m−1}, c_m = c^{′′}_m. The sum of the equation corresponding to the sequence κ_0, . . . , κ_{m−1} multiplied by ψ̃(κ_m) and the equation corresponding to the sequence κ_1, . . . , κ_m multiplied by ψ̃(κ_0) gives the equation corresponding to the whole sequence κ_0, . . . , κ_m. Hence all equations corresponding to sequences κ_0, . . . , κ_m, in which all κ are elements of a (m − 1)-dimensional affine subspace imply the equations corresponding to arbitrary sequences. Let us call m elements of a vector space affine independent, if they generate a (m − 1)-dimensional affine subspace. Moreover, if

all subsequences of κ_0, . . . , κ_m of length m are affine independent and generate the same m − 1-dimensional affine subspace,

(sequence condition)

then unique non-zero numbers c_0 = 1, c_1, . . . , c_m would be, so that

c_0κ_0 + . . . + c_mκ_m = 0 and c_0 + . . . + c_m = 0.

Now we define B(q) as the closed subspace of the projective space of ℓ^2(Γ^♯), defined by the equations

4π^2 ( m ∑ i=0 c_ig(κ_i, κ_i) ) ( m ∏ i=0 ψ̃(κ_i) ) + m∑ i=0 c_i ∏ j≠i ψ̃(κ_j ) ∑ κ∈Γ^♯ q̂(κ_i − κ)ψ̃(κ) = 0. for all sequences κ_0, . . . , κ_m in Γ^♯ obeying the sequence condition and the corresponding numbers c_0, . . . , c_m. Due to the sequence condition, the length of all these sequences is bounded by m + 1 ≤ n + 2. On the other hand, sequences of length 2, which obey the sequence condition, have to consist of two equal elements. The corresponding equation would be trivial. Hence we may assume 1 < m ≤ n + 1.

We equip B(q) with the quotient sheaf of the sheaf of holomorphic functions of the projective space of ℓ^2(Γ^♯) restricted to B(q) divided by the subsheaf of all holomorphic functions, which vanish on B(q).

Let K be a subset of R^n, such that Γ^♯ ∩ K is a lattice in K of the same dimension as K. The potential q_K(x) := ∑ κ∈K∩Γ^♯ exp(2π √ −1g(x, κ))q̂(κ) is constant on the orthogonal complement of K. In fact, it is the average of the potential q over the orthogonal complement of K. So let us consider q_K as a potential on K, which is periodic with respect to the dual lattice of Γ^♯ ∩ K. By definition, B(q_K) is a subspace of ℓ^2(Γ^♯ ∩ K). The intersection of any sequence κ_0, . . . , κ_m in Γ^♯, which obey the sequence condition, with K either contains less than m elements or the whole sequence. Hence the map B(q_K) → B(q), ( ψ̃_K(κ) ) κ∈Γ^♯∩K → ( ψ̃(κ) ) κ∈Γ^♯ , with

ψ̃(κ) = { ψ̃_K(κ) if κ ∈ K, 0 if κ ∉ K. defines an embedding of B(q_K) into B(q).

Let I_m be the set of all m-dimensional real subspaces K of the dual space of our Euclidean space R^n, so that the intersection of K with the dual lattice Γ^♯ is an m-dimensional lattice in K. This implies that the intersection of Γ with the orthogonal complement K^⊥ of K is an (n − m)-dimensional lattice in K^⊥. Hence the quotient lattice Γ_K := Γ/(Γ ∩ K^⊥) may be considered as an m-dimensional lattice in K, which is the dual lattice of the lattice K ∩ Γ^♯. Now let I denote the union I = I_0 ∪ I_1 ∪ . . . ∪ I_n. The complexification of an element K ∈ I is denoted by C K.

Not all of the potentials q_K, K ∈ I have to be different. It may happen that the whole potential is equal to an averaged potential q_K, with dim K < n. In this case there exists an unique K_{effective}, which is the intersection of all K, so that q = q_K. And the Schrödinger operator commutes with all differential operators corresponding to elements of the orthogonal complement K^⊥_{effective} of K_{effective}. Hence the complex Bloch-space is the product of the complex Bloch-space of q_{effective} = q_{Keffective} times the Bloch-space of the zero potential on K^⊥_{effective}/(K^⊥_{effective} ∩ Γ). Here the total energy is the sum of the two energies λ = λ_{Keffective} + λ_K⊥_{effective}.

Theorem 4.1 If dim K_{effective} is equal to n, this means that q is an effective n-dimensional potential, the subspace B_0(q) of B(q), containing all elements ( ψ̃(κ) ) κ∈Γ^♯ , so that there exists

n + 1 affine independent elements κ_0, . . . , κ_n of Γ^♯, with ψ̃(κ_0) ≠ 0, . . . , ψ̃(κ_n) ≠ 0, is a complex space. If in addition the potential q is continuous, there exists a morphism from this complex space onto the complex Bloch-space B_{complex space}(q), such that the restriction of this morphism to the preimage of the regular part of B_{complex space}(q) is the inverse of the natural embedding from the regular part of B_{complex space}(q) into the projective space of ℓ^2(Γ^♯). If n > dim K_{effective} > 0, B(q) is equal to the orbit of B(q_{effective}) in the projective space of ℓ^2(Γ^♯) under the action of Γ^♯.

Proof: Let ( ψ̃(κ) ) κ∈Γ^♯ be an element of B(q), such that there exists n + 1 affine independent

elements κ_0, . . . , κ_n of Γ^♯, with ψ̃(κ_0) ≠ 0, . . . , ψ̃(κ_n) ≠ 0, then the equation ( λ − 4π^2g(k, k) − 8π^2g(k, κ) ) ψ̃(κ) = 4π^2g(κ, κ)ψ̃(κ) + ∑ κ^′∈Γ^♯ q̂(κ − κ^′)ψ̃(κ^′), with κ = κ_0, . . . , κ_n uniquely determine the complex functions λ and k in terms of the components of ( ψ̃(κ) ) κ∈Γ^♯ . Now the defining equations of B(q) guarantees that this equation is

fulfilled for all κ ∈ Γ^♯. Hence (k, λ) defines a map from the subspace B_0(q) into B_{variety}(q)/Γ^♯. Moreover, we conclude from the definition of B_{complex space}(q) that (k, λ) defines a map into B_{complex space}(q). In the last section, we showed that locally the operator −Δ_{[k]} + q may be restricted to a finite-dimensional subspace of L^2(R^n/Γ), which depend holomorphically on k. Hence near all elements ( ψ̃(κ) ) κ∈Γ^♯ of B(q)0, all components of the eigen functions ( ψ̃(κ) ) κ∈Γ^♯ generate the holomorphic functions of a complex space, and there exists a morphism from this complex space into B_{complex space}(q). Next this morphism is shown to be onto, if the potential q is continuous. Let ( ψ̃(κ) ) κ∈Γ^♯ be an element of B(q) such that for all affine inde-

pendent lattice vectors κ_0, . . . , κ_n, there exists one κ_i with ψ̃(κ_i) = 0. Hence there exists a minimal affine subspace K of dimension m < n, which contains all κ with ψ̃(κ) ≠ 0. Since B(q) is invariant under the action of Γ^♯, we may assume that this affine subspace is a linear subspace. The element ( ψ̃(κ) ) κ∈Γ^♯ is in the image of an embedding B(qK) → B(q), and

there exists affine independent elements κ_0, . . . , κ_m of Γ^♯, so that ψ̃(κ_0) ≠ 0, . . . , ψ̃(κ_m) ≠ 0. Now we apply the construction above to the potential q_K and obtain a unique element (k_K , λ_K) ∈ B_{complex space}(q_K), such that

ψ_K = exp ( 2π √ −1g(x, k_K) ) ∑ κ∈Γ^♯∩K ψ̃(κ) exp ( 2π √ −1g(x, κ) )

defines an eigen function in L^2(K/(K ∩ Γ^♯)) of the Schrödinger operator with potential q_K and eigenvalue λ_K . Now we assume that there exists (k, λ) ∈ B_{complex space}(q), such that the function ψ = exp ( 2π √ −1g(x, k) ) ∑ κ∈Γ^♯ ψ̃(κ) exp ( 2π √ −1g(x, κ) )

defines an eigen function of −Δ_{[k]} + q with eigenvalue λ. The equation ( λ − 4π^2g(k, k) − 8π^2g(k, κ) ) ψ̃(κ) = 4π^2g(κ, κ)ψ̃(κ) + ∑ κ^′∈Γ^♯ q̂(κ − κ^′)ψ̃(κ^′), with κ ∉ K, show that ∑ κ^′∈Γ^♯ q̂(κ − κ^′)ψ̃(κ^′) = 0 for all κ ∉ K.

If dim K = 0, this would be a contradiction to dim K_{effective} = n. If dim K > 0, it would imply that the eigen function ψ_K(x) is equal to zero for all x ∈ K, so that there exists an element x^⊥ ∈ K^⊥ with q_K(x) ≠ q(x + x^⊥). Due to the assumption dim K_{effective} = n, for all elements x of an open subset of K, there exists some x^⊥ with with q_K(x) ≠ q(x + x^⊥). Hence the eigen function ψ_K(x) is zero for all elements x of an open subset of K. This is a contradiction to [R-S-IV, Theorem XIII.63]. We conclude that if dim K_{effective} = n, then all sequences ( ψ̃(κ) ) κ∈Γ^♯ in B(q), which corresponds to an eigenvector of −Δ[k] + q with eigenvalue λ ∈ C

and k ∈ C^n , contains l + 1 non-zero elements ψ̃(κ_0) ≠ 0, . . . , ψ̃(κ_n) ≠ 0, whose indices κ_0, . . . , κ_n are affine independent. This proves the claim. The restriction of the morphism constructed above to the preimage of the regular part of B_{complex space}(q) is by construction the inverse of the natural holomorphic map from the regular part of B_{complex space}(q) into the projective space of ℓ^2(Γ^♯), where (k, λ) is mapped onto the elements ( ψ̃(κ) ) κ∈Γ^♯ of B(q), so

that ψ = exp ( 2π √ −1g(x, k) ) ∑ κ∈Γ^♯ ψ̃(κ) exp ( 2π √ −1g(x, κ) )

defines an eigen function of −Δ_{[k]} + q with eigenvalue λ. In particular this map is an embedding.

Now let us assume that n > dim K_{effective} > 0. Moreover, let us assume for a moment an element ( ψ̃(κ) ) κ∈Γ^♯ of B(q) and affine independent elements κ0, . . . , κm, so that

(i) ψ̃(κ_0) ≠ 0, . . . , ψ̃(κ_m) ≠ 0,

(ii) the span K of κ_1 − κ_0, . . . , κ_m − κ_0 is not contained in K_{effective},

(iii) and ψ̃(κ + κ_0) ≠ 0 implies κ ∈ K.

We may apply the construction above and obtain an unique (k, λ_K ) ∈ B_{complex space}(q_K), such that

ψ_K = exp ( 2π √ −1g(x, k) ) ∑ κ∈Γ^♯∩K ψ̃(κ + κ_0) exp ( 2π √ −1g(x, κ) )

= exp ( 2π √ −1g(x, k − κ_0) ) ∑ κ∈Γ^♯ ψ̃(κ + κ_0) exp ( 2π √ −1g(x, κ) )

defines an eigen function in L^2(K/(K ∩Γ^♯) of the Schrödinger operator with potential q_K and eigenvalue λ_K . K is not contained in K_{effective}, and the potential q_K is equal to q_{K∩Keffective}. But for all eigen functions of such a potential there exists an affine proper subspace of K, which contains all κ with ψ̃(κ) ≠ 0. if κ. This contradicts (i) and proves the last statement of the theorem. 2 In the case dim K_{effective} = 0, the potential is constant and B(q) degenerates to the subspace { ( ψ̃(κ) ) κ∈Γ^♯ | | | | there exists κ_1, κ_2, so that ψ̃(κ) ≠ 0 ⇒ κ ∈ {κ_1, κ_2} } . But the image of the embedding of B_{complex space}(q) into the projective space is equal to the subspace { ( ψ̃(κ) ) κ∈Γ^♯ | | | | there exists κ_1, such that ψ̃(κ) ≠ 0 ⇒ κ = κ_1 } . So let us change in this case the definition of B(q) to the second subspace, which is the orbit of one point under the action of Γ^♯.

For a given potential q we may restrict the set of components I to the set

I_{effective} := I_{effective,0} ∪ . . . ∪ I_{effective,n} with I_{effective,0} = I_0 and

I_{effective,m} := {K ∈ I_m | there exists no proper subspace K^′ ∈ I_{m−1} with q_K = q_K′ .}

for all 0 < m ≤ n. The combination of the embeddings B(q_K) → B(q) and the preceding theorem shows that as a set B(q) may be identified with B(q) = ⋃ K∈Ieffective

Γ^♯.B_0(q_K).

We will prove in the next section that B_0(q) is dense in B(q). Moreover, all the maps

B_0(q_K) → B_{complex space}(q_K) → C K

together form the map B(q) → ⋃ K∈Ieffective

Γ^♯.B_0(q_K) → ⋃ K∈Ieffective C K. Let us now assume that I_{effective} is finite and that dim K_{effective} = n. Then I_{effective,1} contains at least n elements K_1, . . . , K_N . So let us choose generators κ_1, . . . , κ_N of the one-dimensional lattices K_1 ∩ Γ^♯, . . . , K_N ∩ Γ^♯, respectively. For all minimal subsets R ⊂ {1, . . . , N}, so that the vectors (κ_i)_{i∈R} are linear dependent, there exist a relation of the form ∑ i∈R n_{R,i}κ_i = 0 with n_{R,i} ∈ Z\ {0} for all i ∈ R.

The integers (n_{R,i})_{i∈R} may be chosen to be relatively prime. Now let X(I_{effective,1}) be the subvariety of all elements ((x_1, y_1), . . . , (x_N , y_N )) ∈ P^N,

which satisfies the following relations ∑ i∈R n_{R,i}x_i ∏ j∈R\{i} y_j = 0

for all minimal subsets R ⊂ {1, . . . , N}, so that the vectors (κ_i)_{i∈R} are linear dependent. For all subsets S ⊂ {1, . . . , N}, the condition y_i ≠ 0 for all i ∈ S implies that y_j ≠ 0 for all j, so that κ_j is an element of the R-linear hull of (κ_i)_{i∈S}. In fact, if such a y_j were zero the relations imply that also x_j were zero, which is impossible. Let S_K denote the set of all indices i, so that κ_i ∈ K. Now it is obvious that we may identify X(I_{effective,1}) as a set with the disjoint union of C K over all K ∈ I_{effective}:

X(I_{effective,1}) = ⋃ K∈Ieffective C K. In fact, for all elements ((x_1, y_1), . . . , (x_N , y_N )) ∈ X(I_{effective,1}), there exists a unique K ∈ I_{effective} such that y_i ≠ 0 for all i ∈ S_K and y_j = 0 for all j ∉ S_K, and a unique k ∈ C K such that g(k, κ_i) = x_i/y_i for all i ∈ S_K.

Lemma 4.2 The singular locus of the compact complex space X(I_{effective,1}) is contained in the union of all components C K with dim K ≤ n − 2. Moreover, X(I_{effective,1}) is a Cohen- Macaulay-space (see [G-P-R, Chapter II. §5.]) and therefore a normal complex space.

Proof: It is obvious that the singular locus of X(I_{effective,1}) is contained in the union of all components C K with dim K ≤ n − 1. Now let K be any element of I_{effective} of dimension n − 1. In a neighborhood of any point of the component C K we may fix y_i = 1 for all i ∈ S_K and x_j = 1 for all j ∉ S_K. For any pair j, j^′ ∉ S_K there exists a relation involving the vectors κ_j and κ_j′ . This yields to a relation of the form

n_jy_j′ + n_j′ y_j + y_jy_j′ · a polynomial of (x_i)_{i∈SK} = 0, with n_j, n_j′ ∈ Z\ {0}.

Hence for any index j ∉ S_K, the parameters (x_i)_{i∈SK} and y_j are local coordinates near a point of the component C K. This proves the first statement.

Now let k be an element of the complexification of a component K ∈ I_{effective}. Again we may fix y_i = 1 for all i ∈ S_K and x_j = 1 for all j ∉ S_K in a neighborhood of this point. Obviously there exists two finite subsets S_1 ⊂ S_K and S_2 ⊂ I_{effective,1} \ S_K, so that all κ_i, with i ∈ S_1 ∪ S_2, are linear independent and all κ_i, with i ∈ S_1, span K. Thus the sequence (x_i − x_i(k)), with i ∈ S_1, together with the sequence y_j, with j ∈ S_2 is a M-sequence of the local ring at k of length n. This proves the second statement. Due to [G-P-R, Chapter II. Corollary 5.10] the last statement is a consequence of the other statements. 2 Let us now treat the case, where I_{effective,1} is infinite. If J_1 ⊃ J_2 are two finite subsets of I_{effective,1} there exists a natural morphism of complex spaces X(J_1) ı X(J_2). Let X(I_{effective,1}) be the projective limit of all these complex spaces X(J ), where J runs through the finite subsets of I_{effective,1}. As a set X(I_{effective,1}) is equal to

X(I_{effective,1}) = ⋃ K∈Ieffective C K. And a basis of the topology is given by the inverse images of all open sets of the complex spaces X(J ) under the mappings X(I_{effective,1}) ı X(J ). The sections on these open sets uniquely determines the sheaf of holomorphic^4 functions. On these open sets the holomorphic functions are defined as the pullback of the holomorphic functions of the corresponding open sets of X(J ) under the mappings X(I_{effective,1}) ı X(J ). This makes X(I_{effective,1}) into a ringed space.

The proof of Theorem 4.1 shows that the map mentioned above gives a morphism of ringed spaces from B(q) onto X(I_{effective,1}). Let us now consider the quotient B(q)/Γ^♯. The action of the dual lattice Γ^♯ on C^n does lift to a continuous action on X(I_{effective,1}), but the quotient is not a Hausdorff-space. However, due to the following lemma, the quotient B(q)/Γ^♯ is a Hausdorff-space.

Lemma 4.3 For all non-zero elements ( ψ̃(κ) ) κ∈Γ^♯ ∈ ℓ 2(Γ^♯), an open neighborhood U of ( ψ̃(κ) ) κ∈Γ^♯ exists, whose shifted sets κ.U, with κ ∈ Γ

♯, do not intersect each other.

Proof: For each non-zero element ( ψ̃(κ) ) κ∈Γ^♯ ∈ ℓ 2(Γ^♯), there exists an ϵ > 0 and a δ > 0, so that a finite number of the absolute values |ψ̃(κ)| are equal to ϵ + δ and all other absolute values |ψ̃(κ)| are elements of the set [0, δ]. Hence for all κ ∈ Γ^♯ there exists a κ^′ ∈ Γ^♯ so that |ψ̃(κ^′ − κ) − ψ̃(κ^′)| ≥ ϵ. This shows that the open ball of radius ϵ/2 around ( ψ̃(κ) ) κ∈Γ^♯ gives

an open neighborhood with the desired properties. 2

4The space X(I_{effective,1}) is not a complex spaces. Nevertheless the sections of the structure sheaf are termed here holomorphic.

The lemma shows that the quotient of the projective space of ℓ^2(Γ^♯) under the action of Γ^♯ is a complex Hilbert manifold, which is locally homeomorphic to the projective space of ℓ^2(Γ^♯). Thus the quotient B(q)/Γ^♯ is a well defined ringed space, which is locally isomorphic to the ringed space B(q). As a set this space may be identified with the disjoint union

B(q)/Γ^♯ = ⋃ K∈Ieffective

B_0(q_K)/(K ∩ Γ^♯).

5 A completion of the complex Bloch-variety

In the last section, we saw that the complex Bloch-variety should contain in the infinite energy limit the complex Bloch-varieties of the averaged potentials q_K, with K ∈ I_{effective}. In this section, we will construct a completion of the complex Bloch-variety, which contains in the infinite energy the complex Bloch-varieties of all averaged potentials q_K, with K ∈ I. This has the advantage of providing stability under small perturbations of the potential.

If K_0 ⊂ K are two elements of I and χ_0 ∈ C K_0 /(C K_0 ∩ Γ^♯), χ ∈ C K/(C K ∩ Γ^♯) two representations of the lattices Γ_{K0} and Γ_K , respectively, then K^⊥_0 ∩ Γ_K is a lattice in K ∩ K^⊥_0 and Γ_{K0} is isomorphic to Γ_K/(K^⊥_0 ∩ Γ_K). Hence χ_0 may be considered as a one-dimensional representation of Γ_K, which is trivial on K^⊥_0 ∩ Γ_K , and χ may be restricted to a one-dimensional representation χ_{K0} of K^⊥_0 ∩ Γ_K .

For different K_0 ⊂ K the averaged potentials q_K and q_{K0} act on different Hilbert spaces L^2(K_0/Γ_{K0} ) and L^2(K/Γ_K ), respectively. The orthogonal projection K ı K_0 induces an embedding of the Hilbert spaces L^2(K_0/Γ_{K0} ) → L^2(K/Γ_K ). If this embedding is multiplied by the inverse of square root of the volume of K ∩ K^⊥_0 /(K^⊥_0 ∩ Γ_K ), we obtain an isometry

I(K_0, K) : L^2(K_0/Γ_{K0} ) → L^2(K/Γ_K ), with I^∗(K_0, K) ∘ I(K_0, K) = 1_L2_{(K0/ΓK0 )}.

If K_0 is the zero-subspace, we identify L^2(K_0/Γ_{K0} ) with the Hilbert space C , and I(K_0, K) is given by the natural isometry onto the constant elements of L^2(K/Γ_K ).

The pullback of the infinitely-sheeted analytic covering χ : B_{variety}(q)/Γ^♯ → C^n /Γ^♯ under the natural morphism of complex spaces C^n → C^n /Γ^♯ defines the infinitely sheeted analytic covering^5 k : B_{variety}(q) → C^n . They fit together to the following commutative diagram:

B_{variety}(q)

C^n

B_{variety}(q)/Γ^♯

C^n /Γ^♯

-

- ?^k ?^χ

In the last section, we constructed a candidate for the completion of C^n , the complex space X(I_1). We want the completion of the complex Bloch-variety B_{variety}(q) to be locally a finitely-sheeted analytic covering of X(I_1). But for this purpose, the topology of X(I_1) is not fine enough. Thus we define another topology on the set X(I_1). The corresponding ringed space will be denoted by X(I_1)_{fine}.

5B_{variety}(q) is the variety of all pairs (k, λ) ∈ C^n × C , so that λ is an eigenvalue of −Δ_{[k]} + q)

For all K_0 ⊂ K ∈ I × I, all open sets U ⊂ C K_0 and all ϵ > 0, let (K_0, K, U, ϵ) be the set

interior of { k = k_0 + k^⊥ ∈ C K | | | (k_0, k^⊥) ∈ U × (C K ∩ C K^⊥_0 )

and 4π^2|g(κ − 2k, κ)| > 1/ϵ for all κ ∈ Γ^♯ ∩ K \ (Γ^♯ ∩ K_0) } . For all K_0 ∈ I and all open subsets U ⊂ C K_0 we define a family of open sets (K_0, U, ϵ) of X(I_1)_{fine} indexed by ϵ > 0:

(K_0, U, ϵ) := ⋃ K∈I so that K_0⊂K (K_0, K, U, ϵ). Here the sets (K_0, K, U, ϵ) are considered as open subsets of the components C K of X(I_1)_{fine}. Now we take these subsets as a base of open sets of the topology of X(I_1)_{fine}. The restriction of any open subset of X(I_1)_{fine} to any component C K is open. The structure sheaf O_{X(I1)fine} of holomorphic^6 functions is defined as the sheaf of all functions, which obey the following conditions:

holomorphic (i) They are continuous.

holomorphic (ii) Their restrictions to any component CK, with K ∈ I, are holomorphic.

In what follows, we will use the following notation: For all elements of (K_0, U, ϵ) denoted by k, k denotes the corresponding value in C^n , where all components C K are identified with the corresponding subspace of C^n . Moreover, if k is an element of the component C K, k_0 will denote the orthogonal projection of k onto the subspace C K_0 and k^⊥ the element k^⊥ = k − k_0 ∈ (C K ∩ C K^⊥_0 ).

Lemma 5.1 If dim K = dim K_0 + 1 and k = k_0 + k^⊥ is an element of (K_0, K, U, ϵ) such that k^⊥ ≠ 0 is a real element of (K ∩ K^⊥_0 ), there exists a positive α > 0 and β > 0, which can be chosen to depend continuously on k_0 and k^⊥, so that (K_0, K, U, ϵ) contains the set { (k_0 + zk^⊥ ∈ C K | | | |Re(z)| < αIm^2(z) − β } . Moreover, for n = 1 the direct image sheaf of the structure sheaf of X(I_1)_{fine} under the natural homomorphism of ringed spaces X(I_1)_{fine} → X(I_1) is equal to the structure sheaf of X(I_1). Finally, for n ≤ 2 all global holomorphic functions of X(I_1)_{fine} are constant.

Proof: Let κ^⊥ ∈ (Γ^♯ ∩K) be an element, such that the corresponding element of (Γ^♯ ∩K)/(Γ^♯ ∩ K_0) ≃ Zis a primitive element. For all κ ∈ Γ^♯ ∩ K_0, the condition

4π^2|g(κ + nκ^⊥ − 2(k_0 + zk^⊥), κ + nκ^⊥)| > 1/ϵ

is then equivalent to the condition | | | | |z − g(κ + nκ^⊥ − 2k_0, κ + nκ^⊥) 2ng(k^⊥, κ^⊥) | | | | | > 1 8π^2ϵ|ng(k^⊥, κ^⊥)| . 6The spaces X(I_1)_{fine} are not complex spaces. Nevertheless holomorphic is again used to refer to the sections of the structure sheaf.

Now the expression g(κ + nκ^⊥, κ + nκ^⊥) − 2g(k_0, κ + nκ^⊥) is an element of a domain of the form { z ∈ C^| 2g(Im(k0), Im(k0)) (Re(z) + g(Re(k0), Re(k0))) ≥ (|Im(z)| − |g(Im(k0), Re(k0))|)^{2 }} .

This is a subset of the domain { z ∈ C^| 4g(Im(k0), Im(k0)) (Re(z) + g(Re(k0), Re(k0))) + 2|g(Im(k0), Re(k0))|^2 ≥ Im^2(z)^} .

Hence all elements of the domain { z ∈ C^| |Re(z)| < αIm^2(z) − β^} with a positive α > 0 and a positive β > 0 satisfies the condition above for all κ ∈ (Γ^♯ ∩ K_0) and n ∈ Z\ {0}. This implies the first statement of the lemma. Let us now proof the second statement of the lemma in the case of n = 1. In this case, Γ^♯ ≃ Z. So let us fix a primitive κ ∈ Γ^♯. Then for every local section f of the direct image sheaf of the structure sheaf of X(I_1)_{fine} under the natural morphism X(I_1)_{fine} → P the function z → f(zκ) is holomorphic on a domain of C and bounded on a domain { z | | | | | | | |z − n 2 | | | | > 1 8|n|π^2ϵg(κ, κ) for all n ∈ Z\ {0} } . Thus due to the Maximum principle (see e.g. [Ah, Chapter 4. Theorem 12.]), this function is holomorphic on the corresponding domain of P. This proves the second statement of the lemma and the third statement in the case of n = 1. Finally, we shall prove the third statement in the case of n = 2. Let κ_0 and κ_1 be two generators of Γ^♯ and let k_0 and k_1 be the two elements of C^2 , which are dual with respect to the metric g(·, ·), i.e. g(k_i, κ_j) = δ_{ij} for all 0 ≤ i, j ≤ 1. For any complex number α and every holomorphic function f of X(I_1)_{fine} the restriction to z → f(zk_0 + zαk_1) defines a holomorphic function of C , which is bounded on a domain { z | | | | | | | | | |z − g(n_0κ_0 + n_1κ_1, n_0κ_0 + n_1κ_1) 2(n_0 + αn_1) | | | | | > 1 8π^2ϵ|n_0 + αn_1| for all (n_0, n_1) ∈ Z× Z\ {(0, 0)} } . If the imaginary part of α is not zero, again the Maximum principle shows that the restricted f is holomorphic on P and therefore constant. Hence f is constant on an open subset of C^2 . This completes the proof of the lemma. 2 The completion of the complex Bloch-variety will be again a topological space B_{variety}(q) together with a structure sheaf O_{Bvariety(q)}. For all elements k of the component C K of X(I_1)_{fine}, there exists an open neighborhood U of k, whose shifted sets κ.U, with κ ∈ K ∩ Γ^♯, do not intersect each other. Hence the disjoint union

Γ^♯ ~×X(I_1)_{fine} := ⋃ K∈I Γ^♯ ×_{K∩Γ}♯ C K

fits together to a ringed space, which is locally isomorphic to X(I_1)_{fine}. Here Γ^♯ ×_{K∩Γ}♯ C K denotes the set of all equivalence classes of Γ^♯ × CK with respect to the equivalence relation (κ + κ^′, k) ∼ (κ, κ^′ + k) for all κ^′ ∈ K ∩ Γ^♯. The equivalence class of an element (κ, k) ∈ Γ^♯ ×

X(I_1)_{fine} is denoted by [κ, k]. Let B_{variety}(q) be the topological subspace of Γ^♯ ~×X(I_1)_{fine} × C of all elements ([κ, k], λ_{renormalized}), so that (k, λ_{renormalized} + 4π^2g(k + κ, k + κ)) is an element of B_{variety}(q_K), whenever k is an element of the component C K of X(I_1)_{fine}. Since B_{variety}(q_K) is invariant under the action of K ∩ Γ^♯, this condition is equivalent for all representatives (κ, k) of the equivalence class [κ, k]. In spite of Γ^♯ ~×X(I_1)_{fine} not being a Hausdorff space, the completion B_{variety}(q) is a Hausdorff space. The structure sheaf O_{Bvariety(q)} of holomorphic^7 functions is again defined as all functions, which obey the following conditions:

holomorphic (i) They are continuous.

holomorphic (ii) Their restrictions to any component CK, with K ∈ I, are holomorphic.

As a set B_{variety}(q) is equal to

B_{variety}(q) := ⋃ K∈I Γ^♯ ×_{K∩Γ}♯ B_{variety}(q_K).

We will see in the next proposition that locally, B_{variety}(q) is a finitely-sheeted analytic covering of Γ^♯ ~×X(I_1)_{fine}.

Proposition 5.2 For each q_0 ∈ C(R^n/Γ) and each ([κ_0, k_0], λ_0) ∈ Γ^♯ ×_{K0∩Γ}♯ B_{variety}(q_{0,K0}) ⊂ B_{variety}(q_0) there exists a neighborhood of the form W × (K_0, U, ϵ) ⊂ C(R^n/Γ) × X(I_1)_{fine} of (q_0, k_0) and a holomorphic map P from W × (K_0, U, ϵ) into the set of bounded operators of L^2(R^n/Γ), which has the following properties:

(i) For all elements (q, k) of the component W × (K_0, K, U, ϵ) of the neighborhood W × (K_0, U, ϵ), P (q, k) is a finite-dimensional projector, which commutes with^8

M(−k) ∘ I(K, R^n) ∘ (−Δ_{[k]} + q_K) ∘ I^∗(K, R^n) ∘ M(k).

(ii) The following map from W ×(K_0, K, U, ϵ) into the set of bounded operators of L^2(R^n/Γ): (q, k) → P (q, k)∘M(−k)∘I(K, R^n)∘(−Δ_{[k]}+q_K −4π^2g(k+κ_0, k+κ_0)1 )∘I^∗(K, R^n)∘M(k)∘P (q, k) forms together a holomorphic map from W ×(K_0, U, ϵ) into the set of bounded operators of L^2(R^n/Γ).

(iii) For all fixed q ∈ W , the collection of all ([κ_0, k], λ_{renormalized}) ∈ B_{variety}(q_0), so that (q, k) ∈ W × (K_0, U, ϵ) and λ = λ_{renormalized} + 4π^2g(k + κ_0, k + κ_0) is an eigenvalue, whose eigenvector belongs to the finite-dimensional invariant subspace of the projector P (q, k), is an open subset of B_{variety}(q_0), which is a finitely-sheeted analytic covering of {[κ_0, k]| k ∈ (K_0, U, ϵ)}. Moreover, if q = q_0, this subset contains the point ([κ_0, k_0], λ_0).

The following lemma is necessary to prove Proposition 5.2:

7The spaces B_{variety}(q) are not complex spaces. Nevertheless, holomorphic is again used to refer to the sections of the structure sheaf.

8Here M (k) denotes again the operator on L^2(R^n/Γ), which multiplies by the function ψ_k(x) = exp(2π √ −1g(x, k)).

Perturbation Lemma 5.3 Let V_A ⊕ V_B ⊕ V_C be a direct sum of three Banach spaces and

A 0 0 0 B 0 0 0 C and 0 0 D 0 0 E F G H two operators of this Banach space, so that the following conditions are fulfilled:

(i) The operator^9 B(V_A, V_B) → B(V_A, V_B), X → B ∘ X − X ∘ A is invertible and the inverse is bounded by δ.

(ii) The operator B(V_A, V_C) → B(V_A, V_C ), X → C ∘ X − X ∘ A is invertible and the inverse is bounded by ϵ ≤ δ.

(iii) The operators D, E, F, G, H are bounded by 1.

Then the perturbation ansatz

A 0 0 0 B 0 0 0 C + z 0 0 D 0 0 E F G H ∘ 1_{VA} X(z) Y (z) = 1_{VA} X(z) Y (z) ∘ A(z)

defines unique holomorphic operator-valued functions X(z) ∈ B(V_A, V_B), Y (z) ∈ B(V_A, V_C ) and A(z) ∈ B(V_A, V_A) on the domain

z | | | | | | |z| ≤ √ 16δ/ϵ − 7 − 1 8δ ∩ { z | | | | |z| ≤ 1 ϵ(1 + 2 √ 2 }

with X(0) = 0 = Y (0) and A(0) = A. Moreover, on this domain these operators are bounded by ‖X(z)‖ ≤ δ 1 − ϵ|z| − √ 1 − 2ϵ|z| − 7ϵ^2|z|^2 ϵ ‖Y (z)‖ ≤ 1 − ϵ|z| − √ 1 − 2ϵ|z| − 7ϵ^2|z|^2 2ϵ|z| ‖A(z) − A‖ ≤ 1 − ϵ|z| − √ 1 − 2ϵ|z| − 7ϵ^2|z|^2 2ϵ Proof: Let us expand the functions X(z), Y (z) and A(z) as power series: X(z) = ∑ i≥0 X_iz^i, Y (z) = ∑ i≥0 Y_iz^i and A(z) = A + ∑ i≥1 A_iz^i. Then the perturbation ansatz gives the following set of equations:

D ∘ Y_{i−1} = A_i for i ≥ 1,

9Here, as usual, B(V_A, V_B) denotes the Banach space of all bounded operators from V_A into V_B .

B ∘ X_i − X_i ∘ A = −E ∘ Y_{i−1} + i∑ j=1 X_{i−j} ∘ D ∘ Y_{j−1} for i ≥ 1, C ∘ Y_1 − Y_1 ∘ A = F and C ∘ Y_i − Y_i ∘ A = −G ∘ X_{i−1} − H ∘ Y_{i−1} + i∑ j=1 Y_{i−j} ∘ D ∘ Y_{j−1} for i ≥ 2. Together with the conditions X_0 = 0 = Y_0 and A_0 = A, this inductively determines all the coefficients of the power series. Next we define real-valued power series in order to estimate the norms of the power series above. Let x(t) = ∑ i≥0 x_it^i and y(t) = ∑ i≥0 y_it^i be defined by

x_i = δ y_{i−1} + i∑ j=1 x_{i−j} y_{j−1} for i ≥ 1,

y_1 = ϵ and y_i = ϵ x_{i−1} + y_{i−1} + i∑ j=1 y_{i−j}y_{j−1} for i ≥ 2,

and the conditions x_0 = 0 = y_0. Then the assumptions (i), (ii) and (iii) imply the estimates ‖X(z)‖ ≤ x(|z|), ‖Y (z)‖ ≤ y(|z|) and ‖A(z)‖ ≤ y(|z|)|z|. With these definitions, one gets two equations for the functions x(t) and y(t):

x(t) = δt(y(t) + x(t)y(t)) and y(t) = ϵt(x(t) + y(t) + y^2(t) + 1).

Both can be solved immediately:

x(t) = δty(t) 1 − δty(t) and y(t) = 1 − ϵt − √ 1 − 2ϵt − (3 + 4x(t))ϵ^2t^2 2ϵt . The sign in front of the square root is uniquely determined by the condition y(0) = 0. If we assume that y(t) satisfies the inequality 0 ≤ δty(t) ≤ 1/2, then x(t) must satisfy the inequality 0 ≤ x(t) ≤ 1. If we insert this into the second equation we obtain the inequality 1 − ϵt − √ 1 − 2ϵt − 3ϵ^2t^2 2ϵt ≤ y(t) ≤ 1 − ϵt − √ 1 − 2ϵt − 7ϵ^2t^2 2ϵt . Hence our assumption is fulfilled, if the inequality 1−ϵt− √ 1 − 2ϵt − 7ϵ^2t^2 ≤ ϵ/δ holds. This is true on the domain 0 ≤ t ≤ √ 16δ/ϵ − 7 − 1 8δ . Moreover, on the domain 0 ≤ t ≤ 1 ϵ(1 + 2 √ 2) all functions are real and positive. Finally the assumption δty(t) ≤ 1/2 implies the estimate x(t) ≤ 2δty(t). This completes the proof of the Perturbation Lemma. 2 Proof of Proposition 5.2: Let us fix a potential q_0 ∈ C(R^n/Γ), and a ([κ_0, k_0], λ_0) ∈ Γ^♯ ×_{K0∩Γ}♯ B_{variety}(q_{K0} ) ⊂ B_{variety}(q). Due to Theorem 2.1, there exists an open neighborhood W × U × V ⊂ C(R^n/Γ)×C K_0 ×C of (q_0, k_0, λ_0), such that for all q ∈ W , V (q) := B_{variety}(q_{K0} )∩U ×V ⊂

C K0 × C is a l-sheeted analytic covering of U. Moreover, we may assume that there exists a

positive δ > 0, such that for all (q, k) ∈ W ×U the difference of any eigenvalue of −Δ_{[k]} +q_{K0}, which belongs to V (q), minus any other eigenvalue, which does not belong to V (q), is greater than 1/δ. Now let us fix a K ⊃ K_0. We may consider the potential q_{K0} as a potential on K, which is constant on K ∩ K^⊥_0 . So the potential q_K is a sum of q_{K0} and the perturbation

q^⊥_K = ∑ κ∈(Γ^♯∩K)\(Γ^♯∩K_0)

exp(2π √ −1g(x, κ))q̂(κ).

For each fixed (q, k) ∈ W ×(K_0, K, U, ϵ), the Hilbert space L^2(K/Γ_K ) may be decomposed into a direct sum of topological vector spaces V_A ⊕V_B ⊕V_C : V_A is the image under I(K_0, K) of the finite-dimensional subspace of L^2(K_0/Γ_{K0} ), which corresponds to all eigenvalues λ of −Δ_{[k0]} + q_{K0} , with (k_0, λ) ∈ V (q). And V_B is the image under I(K_0, K) of the subspace of L^2(K_0/Γ_{K0} ), which corresponds to all other eigenvalues. Hence V_A⊕V_B is equal to the image of L^2(K_0/Γ_{K0} ) under I(K_0, K). Finally V_C is the orthogonal complement of this subspace. Now let M(k^⊥) denote the operator on L^2(K/Γ_K ), which multiplies by the function exp(2π √ −1g(x, k^⊥)). Then the operators M(−k^⊥) ∘ (−Δ_{[k]} + q_{K0} ) ∘ M(k^⊥) and M(−k^⊥) ∘ q^⊥_K ∘ M(k^⊥) = q^⊥_K are of the form A 0 0 0 B 0 0 0 C and 0 0 D 0 0 E F G H with respect to this decomposition, respectively. Hence we may apply the Perturbation Lemma. The eigenvalues of the operator A are equal to the sum of 4π^2g(k^⊥, k^⊥) and the eigenvalues of −Δ_{[k0]} + q_{K0} , which belong to V , and the eigenvalues of B are equal to the sum of 4π^2g(k^⊥, k^⊥) and the eigenvalues of −Δ_{[k0]} + q_{K0} , which do not belong to V . Finally, the eigenvalues of C are equal to the sum of 4π^2g(k^⊥ + κ, k^⊥ + κ) and the eigenvalues of −Δ_{[k0]} + q_{K0}, where κ runs through (Γ^♯ ∩ K) \ (Γ^♯ ∩ K_0). Hence the difference of an eigenvalue of A minus an eigenvalue of B is greater than 1/δ. And due to Corollary 2.3, the difference of an eigenvalue of A minus an eigenvalue of C is greater than 1/ϵ − 2‖q_{K0} ‖. Then similar arguments as in the proof of Theorem 2.1 show that for all eigenvalues λ of A, the restrictions of the resolvent (λ1 + Δ_{[k]} − q_{K0} )^{−1} to the subspaces V_B and V_C are bounded by C/δ and C/ϵ, respectively, with a constant depending only on the neighborhood V and on the norm of the potential ‖q_{K0}‖. Hence the inverse operators, described in (i) and (ii) are bounded by C/δ and C/ϵ, respectively. In spite of the unboundedness of the operators B and C, the essential parts of the assumptions (i) and (ii) are fulfilled. In order to verify condition (iii) we divide the perturbation q^⊥_K by ‖q^⊥_K‖. If ϵ is small enough the estimates of the Perturbation Lemma are valid for z = ‖q^⊥_K‖, i.e. the perturbed operator M(−k^⊥) ∘ (−Δ_{[k]} + q_K) ∘ M(k^⊥). This shows the statement of the proposition for all components C K with K ⊃ K_0. 2 It is quite obvious that the dual lattice Γ^♯ acts on B_{variety}(q) and that the quotient B_{variety}(q)/Γ^♯ is a ringed space, which is locally isomorphic to B_{variety}(q). Moreover, as a set, this space may be identified as

B_{variety}(q)/Γ^♯ = ⋃ K∈I B_{variety}(q_K)/(Γ^♯ ∩ K).

Corollary 5.4 The regular part of B_{variety}(q)/Γ^♯ is a connected n-dimensional complex manifold.

Proof: The completion B_{variety}(q)/Γ^♯ of the complex Bloch-variety always contains one point corresponding to the complex Bloch-variety of the zero-dimensional, completely averaged potential q_{{0}}. Due to the preceding proposition, there always exists a neighborhood of this point, which contains only regular points. Let us choose a sequence {0} = K_0 ⊂ K_1 ⊂ . . . ⊂ K_{n−1} ⊂ K_n = C^n of elements of I, so that dim K_i = i for all i = 0, . . . , n. And let k_1, . . . , k_n be real elements of K_1, K_2 ∩K^⊥_1 , . . . , K_n ∩K^⊥_{n−1} , which are not zero. Then due to Lemma 5.1, every neighborhood of the point mentioned above contains a set of the form

z_1k_1 + . . . + z_nk_n | | | | | | Im(z_i) > √ |Re(z_i)| + β_i α_i for all i = 1, . . . , n , where the α_i and β_i depend continuously on z_1, . . . z_{i−1} in a way described in Lemma 5.1. These sets are obviously connected, and every element of B_{variety}(q)/Γ^♯ may be connected by a path with this set. In fact, due to Corollary 2.3, for all (k, λ) ∈ B_{variety}(q), we may choose a κ ∈ Γ^♯, such that |λ − 4π^2g(k + κ, k + κ)| ≤ ‖q‖. If we enlarge the imaginary parts of the coordinates (z_1, . . . z_n) of any k = z_1k_1 +. . .+z_nk_n +κ in the order of their indices, then κ will become unique, and we will always reach this set. The regular part of B_{variety}(q)/Γ^♯ is dense and open. Therefore we may arrange these paths within the regular part of B_{variety}(q)/Γ^♯. This completes the proof. 2 With the help of the preceding proposition we may modify the sheaf O_q into the sheaf Õ_q on X(I_1)_{fine} of all L^2(R^n/Γ)-operator-valued holomorphic functions, which commute on the component C K of X(I_1)_{fine} with

M(−k) ∘ I(K, R^n) ∘ (−Δ_{[k]} + q_k) ∘ I^∗(K, R^n) ∘ M(k).

The modification of the complex Bloch-variety into the complex Bloch-space, described in Section 3 within three steps, carries over to a modification of the completion of the complex Bloch-variety into the completion of the complex Bloch-space B_{complex space}(q)/Γ^♯. In general, the completion of the complex Bloch-space as a set is not equal to the union of all complex Bloch-spaces B_{complex space}(q_K)/(Γ^♯∩K). In fact, the results of [F-K-T] show that singularities, which may be neglected for the one-dimensional averaged potentials, in general, cannot be neglected for the two-dimensional potentials.

6 The dual eigen bundle

Due to Theorem 3.6, the one-dimensional eigen space, which is equal to the image of the meromorphic projection P , defines a holomorphic line bundle on the regular part of the complex Bloch-space B_{complex space}(q)/Γ^♯. In this section, we will define a locally finite generated subsheaf E(q) of the sheaf of meromorphic functions on the completion of the complex Blochvariety, whose sections are isomorphic to the sections of the dual eigen bundle. We will see that the Bloch-variety together with this sheaf E(q) completely determines the potential q. This means that, in general, several potentials have the same Bloch-variety, but only one has, in addition, the same sheaf of sections of the dual eigen bundle.

Let us fix the potential q ∈ C(R^n/Γ) and let ψ(q) denote the unique meromorphic function from B_{variety}(q)/Γ^♯ into C(R^n), such that for all (χ, λ) ∈ B_{variety}(q)/Γ^♯,

eigen function (i) ψ(q)(χ, λ) is an eigen function of (−Δ_χ + q) with eigenvalue λ and eigen function (ii) the evaluation of ψ(q)(χ, λ) at x = 0 is equal to 1.

In order to investigate this function ψ(q) and the eigen sheaf it is convenient to consider the pullback of this function under the natural map B_{variety}(q) → B_{variety}(q)/Γ^♯, which is also denoted by ψ(q). Again we shall remove the essential singularities of this function in the limit k → ∞. For all κ ∈ Γ^♯, let ψ̃(q, κ) be defined by

ψ(q) = exp ( 2π √ −1g(x, k) ) ∑ κ∈Γ^♯ ψ̃(q, κ) exp ( 2π √ −1g(x, κ) ) . Here k denotes the analytic covering k : B_{variety}(q) → C^n .

In [Ku, Theorem 4.4.2] it has been proven that the complex Bloch-variety B_{variety}(q) is the zero-set of an entire function of finite order. A holomorphic function on B_{variety}(q) is referred to as being of finite order, if the absolute value may be estimated by the absolute value of an entire function of finite order on C^n × C .

Lemma 6.1 All the functions ψ̃(q, κ) may be written as the quotients of holomorphic functions of finite order. Moreover, the denominator may be chosen to be the same for all these functions.

Proof: Let us fix an element (k_0, λ_0) of the complex Bloch variety, such that the eigenvalue λ_0 of the Schrödinger operator −Δ_{[k0]} + q has multiplicity one, and let λ_1 be equal to λ_1 = −4π^2‖k_0‖^2 − ‖q‖ − 1. Here we use the norm ‖k_0‖^2 = g(Re(k_0), Re(k_0)) + g(Im(k_0), Im(k_0)) and the supremum norm on C(R^n/Γ). Due to the proof of Theorem 2.1, the norm of the resolvent ‖M(−k_0) ∘ (λ_11 + Δ_{[k0]})^{−1} ∘ M(k_0)‖ is bounded by 1/(‖q‖ + 1). Thus we may estimate the norm of the resolvent R(λ_1) = M(−k_0) ∘ (λ_11 + Δ_{[k0]} − q)^{−1} ∘ M(k_0) of the Schrödinger operator by the bound:

‖R(λ_1)‖ = ‖M(−k_0) ∘ (λ_11 + Δ_{[k0]} − q)^{−1} ∘ M(k_0)‖ ≤ (( 1 − ‖q‖ ‖q‖ + 1 ) (‖q‖ + 1) )_{−1} ≤ 1. Let S(λ_0) be the set of all eigenvalues of −Δ_{[k0]} + q in the disc |λ_0 − λ^′| ≤ 6‖q‖, with the exception of λ_0. The number of elements κ ∈ Γ^♯, so that |λ_0 − 4π^2g(k_0 + κ, k_0 + κ)| ≤ 7‖q‖, is bounded by ‖q‖(|λ_0| + 4π^2‖k_0‖^2 + 7‖q‖)^{(n−1)/2} times a constant depending on the lattice only, because 4π^2g(Re(k_0) + κ, Re(k_0) + κ) is bounded by |λ_0| + 4π^2‖k_0‖^2 + 7‖q‖. Due to Corollary 2.3, the order of S(λ_0) is also bounded by this estimate. Hence, in the limit |λ_0| + 4π^2‖k_0‖^2 → ∞ we may estimate the following polynomial of the resolvent: ‖ ‖ ‖ ‖ ‖ ‖ ∏ λ^′∈S(λ_0)

(λ_1 − λ_0) ( (λ_1 − λ^′)R(λ_1) − 1 ) ‖ ‖ ‖ ‖ ‖ ‖ ≤ |λ_1 − λ_0|^{#S(λ0)} ∏ λ^′∈S(λ_0)

(|λ_1 − λ^′| + 1) ≤

≤ (|λ_0| + 4π^2‖k_0‖^2 + 7‖q‖ + 1)^{2#S(λ0)} ≤ exp ( (|λ_0| + 4π^2‖k_0‖^2)^{n−1+ϵ} ) with an ϵ > 0. The part of this polynomial, which acts on the eigen spaces corresponding to all eigenvalues of S(λ_0) ∪ {λ_0} is equal to

M(−k_0) ∘ P (k_0, λ_0) ∘ M(k_0) ∏ λ^′∈S(λ_0)

(λ_0 − λ^′).

Now we shall prove that the norm of this operator may be estimated by three times the bound of the resolvent: ‖ ‖ ‖ ‖ ‖ M(−k_0) ∘ P (k_0, λ_0) ∘ M(k_0) ∏ λ^′∈S(λ_0)

(λ_0 − λ^′) ‖ ‖ ‖ ‖ ‖ ≤ 3 ‖ ‖ ‖ ‖ ‖ ∏ λ^′∈S(λ_0)

(λ_1 − λ_0) ( (λ_1 − λ^′)R(λ_1) − 1 ) ‖ ‖ ‖ ‖ ‖ .

Let us decompose the Hilbert space L^2(R^n/Γ) into the direct sum of all Fourier modes corresponding to κ ∈ Γ^♯, with |λ_0 − 4π^2g(k_0 + κ, k_0 + κ)| ≤ 3‖q‖, and the orthogonal complement of this subspace. The part corresponding to the first summand will be denoted by the index ‖ and the other part by the index ⊥. The eigenvalue equation shows that the decomposition of an eigenvector ψ of −Δ_{[k0]} + q with eigenvalue λ satisfies the following inequalities: ‖ψ_‖‖ ≥ 2‖ψ_⊥‖ if λ = λ_0 and 2‖ψ_‖‖ ≤ ‖ψ_⊥‖ if |λ_0 − λ| > 6‖q‖. The action of the polynomial above vanishes on all other eigenvectors. If ψ + ψ^′ is the sum of two eigenvectors with eigenvalues λ = λ_0 and λ^′ ∉ S(λ_0) ∪ {λ_0}, respectively, then we may estimate ‖ψ_‖‖ ≤ ‖(ψ + ψ^′)_‖‖ + ‖ψ^′_⊥‖ 2 ≤ ‖(ψ + ψ^′)_‖‖ +

‖(ψ + ψ^′)_⊥‖ 2 + ‖ψ_‖‖ 4 . We conclude that ‖ψ‖ is bounded by 3‖ψ + ψ^′‖, which proves the claim.

In [Ku, Theorem4.4.2] it has been proven that the Bloch-variety is the zero-set of an entire function of finite order on C^n × C . Hence there exists an entire function of finite order, whose zero-set contains the branching divisor of the analytic covering k : B_{variety}(q) → C^n . For fixed k = k_0, the quotient of this function divided by the polynomial ∏ λ^′∈S(λ_0)

(λ − λ^′) is

an entire function with respect to λ ∈ C , which for |λ| ≥ |λ_0| + 6‖q‖ + 1 is bounded by the absolute value of this entire function. This proves that the meromorphic projector-valued function (k, λ) → M(−k) ∘ P (k, λ) ∘ M(k) may be written as the quotient of holomorphic functions of finite order. This proves the lemma. 2 The sheaf of meromorphic functions on B_{variety}(q) and B_{variety}(q)/Γ^♯ is defined as the sheaf of all quotients of holomorphic functions, so that the restriction of the denominator to any component Γ^♯ ×_Γ♯_{∩K} B_{variety}(q_K) and B_{variety}(q_K)/(Γ^♯ ∩ K) is not identically zero^{10}, respectively. Let us remark that the global meromorphic functions build not a field. Due to Proposition 5.2, all the functions ψ̃(q, κ) extend to global meromorphic functions ψ(q, κ) on B_{variety}(q). Let E(q) denote the subsheaf of the meromorphic M functions on B_{variety}(q), which is generated by ( ψ̃(q, κ) ) κ∈Γ^♯ as a module of holomorphic functions. Since Bvariety(q)/Γ ♯ is as a ringed space locally isomorphic to B_{variety}(q), the sheaf E(q) also may be considered as a sheaf on B_{variety}(q)/Γ^♯. In the following theorem, we will make use of the subsheaf of the direct image sheaf k_∗(E(q)) under the infinitely-sheeted covering map k : B_{variety}(q) → X(I_1)_{fine}, which is locally the direct sum of the corresponding sheaves over all sheets of this infinitelysheeted analytic covering, and not the direct product, as the direct image sheaves. It will be denoted by k_⊕(E(q)).

10Probably it would be appropriate to consider more general meromorphic functions, which include, for example, the rational functions of λ and k. But in any case, we should pay attention to the possibility of holomorphic functions, which have zeros of infinite order at the exceptional points (compare [Sch, Section 3.]).

Lemma 6.2 The sheaf E(q) is a locally finite generated subsheaf of the sheaf of meromorphic functions on B_{variety}(q). Moreover, the map (f_κ)_{κ∈Γ}♯ → ∑ κ∈Γ^♯ fκψ̃(q, κ) from the sheaf of all

holomorphic ℓ^2(Γ^♯)-valued functions into the direct image sheaf k_∗(E(q)) is injective and the image of this map contains the sheaf k_⊕(E(q)).

Proof: The first statement follows from Proposition 5.2. Let F ∘ Õ_q ∘ F^{−1} be the sheaf on X(I_1)_{fine} of all ℓ^2(Γ^♯)-operator-valued holomorphic functions, which commute with

F ∘ M(−k) ∘ I(K, R^n) ∘ (−Δ_{[k]} + q_k) ∘ I^∗(K, R^n) ∘ M(k) ∘ F^{−1},

where F is the unitary Fourier transform from L^2(R^n/Γ) onto ℓ^2(Γ^♯). Here for all k ∈ X(I_1)_{fine}, k is the corresponding element of C^n , where all the components C K of X(I_1)_{fine} are identified with the subspaces C K ⊂ C^n . By definition, the image of the map (f_κ)_{κ∈Γ}♯ → ∑ κ∈Γ^♯ fκψ̃(q, κ) from the sheaf of all holomorphic ℓ

2(Γ^♯)-valued functions into the direct image sheaf k_∗(E(q)) is an F ∘ Õ_q ∘ F^{−1}-module. Thus, due to Lemma 3.4, this map is injective and the image is a module of the subsheaf k_⊕(O_{Bvariety(q)}) of the direct image sheaf

of the structure sheaf of B_{variety}(q). But the sections ψ̃(q, κ) generate the sheaf k_⊕(E(q)) as a k_⊕(O_{Bvariety(q)})-module. This proves the second claim. 2 In general, the sheaf E(q) is not locally free and therefore not isomorphic to the sheaf of sections of a line bundle. But the restriction of the natural line bundle of the projective space of ℓ^2(Γ^♯) to the subspace B(q) defines a line bundle on this subspace, which we want to call the eigen bundle. Moreover, the preceding theorem shows that the sheaf E(q) is a candidate for the direct image sheaf of the sheaf of sections of the dual eigen bundle under the natural map B(q) → B_{variety}(q) which, however, is not continuous.

Let Ŝ be the sheaf of sections of the induced Hilbert bundle

ℓ^2(Γ^♯) ×_Γ♯ B_{variety}(q).

These sections may be considered ℓ^2(Γ^♯)-valued functions (f(κ))_{κ∈Γ}♯ , which satisfy

f(κ)(κ^′.y) = f(κ − κ^′)(y) for all κ, κ^′ ∈ Γ^♯ and all y ∈ B_{variety}(q).

Roughly speaking, the sheaves of the form E(q) may be characterized by two properties: They are coherent sheaves of rang 1, and the tensor product with Ŝ is free. In the next section, we will see that this is a precise statement for compact Bloch-spaces.

7 Compact Bloch-spaces

In the one-dimensional case the complex Bloch-spaces of finite-gap potentials are compact Riemann surfaces with one point removed, which forms the only pole of the energy function λ. These potentials are well understood (see e.g. [No, MK-M, Kr, N-M-P-Z]). They are dense in all one-dimensional periodic potentials. This section is concerned with possible candidates for compact complex Bloch-spaces. In Section 4, we saw how the pole divisor of the meromorphic energy function λ contains twice the sum of all complex Bloch-varieties of the averaged potentials q_K with K ∈ I_{effective}. Therefore, the completion of the complex Bloch-space have the possibility of being a compact complex space, when I_{effective,1} is finite.

For the reason, let I_{effective,1} be a finite subset of I_1, such that the corresponding set I_{effective} contains the whole Euclidean space R^n. Let π : Y → X(I_{effective,1}) be an infinitely-sheeted, but locally finite-sheeted analytic covering, which obeys the following conditions:

compact Bloch-space (i) For each K ∈ I_{effective}, the subspace π^{−1} (C K) has one component Y_K . This complex space Y_K has a global holomorphic function λ_K , such that it is locally biholomorphic to the complex space defined by an equation of the form

λ^l_K + λ^{l−1}_K e_1 + . . . + e_l = 0,

where e_1, . . . , e_l are holomorphic functions on an open subset of C K.

compact Bloch-space (ii) For the zero-space K = {0}, the space Y_{{0}} is the one point complex space.

compact Bloch-space (iii) For each K ∈ I_{effective}, the action of the dual lattice Γ^♯ ∩ K

on C K lifts to an action on YK, which leaves λK invariant. In addition, the subspace

π^{−1} (C K) is equal to Γ^♯ ×_Γ♯_{∩K} Y_K . This complex space is defined as all equivalence classes of the product of the discrete complex space Γ^♯ with Y_K with respect to the equivalence relation (κ + κ^′, y) ∼ (κ, κ^′.y) for all κ^′ ∈ Γ^♯ ∩ K. Finally, the action of Γ^♯, which on all components Γ^♯ ×_Γ♯_{∩K} Y_K is given by the right action on the first factor, fit together to form a holomorphic action on Y .

compact Bloch-space (iv) For all κ ∈ Γ^♯, the union ⋃ K∈Ieffective

κ.Y_K is an open subset of

Y . Moreover the functions λ_{renormalized,κ} = λ_K − 4π^2g(k + κ, k + κ) fit together to form a holomorphic function on this open subset. Here k denotes for all k ∈ X(I_{effective,1}), the corresponding element of C^n , where all the components C K are considered as subsets

of C^n . In particular, Y is locally biholomorphic to the complex space defined by an

equation of the form

λ^l_{renormalized,κ} + λ^{l−1}_{renormalized,κ}e_1 + . . . + e_l = 0,

where e_1, . . . , e_l are holomorphic functions on an open subset of X(I_{effective,1}).

compact Bloch-space (v) There exists a coherent subsheaf E of the sheaf M_{Y/Γ}♯ of meromorphic functions of Y/Γ^♯, such that for all K ∈ I_{effective} the dimensions of the homology groups of the restriction of E to Y_K/(Γ^♯ ∩ K) are equal to

dim H^i ( Y_K/(Γ^♯ ∩ K), E|_{YK /(Γ}♯_{∩K)} ) = { 1 if i = 0 0 if i > 0.

The case K = {0} should be understood as the assumption that E is equal to O_{Y /Γ}♯ on a neighborhood of the unique point of Y_{{0}} ⊂ Y /Γ^♯.

The following are some of the consequences of these conditions:

1. Due to assumption (i) and (ii), λ_{{0}} is a complex number.

2. For each K ∈ I_{effective} and each point y ∈ Y_K, there exists an open neighborhood U ⊂ Y_K of y, whose shifted sets κ.U, with κ ∈ Γ^♯ ∩ K, do not intersect each other. Hence Y_K /(Γ^♯ ∩ K) is a complex space, which is locally biholomorphic to Y_K. Thus, all sheaves on Y_K/(Γ^♯ ∩ K) may be considered sheaves on Y_K .

3. For each point y of Y , there exists an open neighborhood U ⊂ Y , of which the shifted sets κ.U with κ ∈ Γ^♯ are disjoint for all. Hence Y/Γ^♯ is a complex space, which is locally biholomorphic to Y . All sheaves on Y /Γ^♯ may therefore be considered also as sheaves on Y .

4. As a set, the complex space Y/Γ^♯ may be identified with the disjoint union

Y/Γ^♯ = ⋃ K∈Ieffective Y_K /(Γ^♯ ∩ K).

5. For each I_{effective} ∋ K ≠ {0}, the closure Y_K of Y_K is an infinitely-sheeted, locally finite-sheeted analytic covering of X({K^′ ∈ I_{effective,1}| K^′ ⊂ K}), which also satisfies the conditions on compact Bloch-spaces (i) – (iv), where I_{effective} is replaced by {K^′ ∈ I_{effective}| K^′ ⊂ K} and Γ^♯ is replaced by Γ^♯ ∩ K.

6. For each K ∈ I_{effective}, the complex space Y_K/(Γ^♯ ∩ K) may be considered as a closed subspace of Y /Γ^♯.

Theorem 7.1 Let Y satisfy conditions (i)–(iv) on compact Bloch-spaces. Then the quotient Y /Γ^♯ is a projective variety and the condition (v) on compact Bloch-spaces is equivalent to the existence of N analytic functions q_1, . . . , q_N from R/Zinto C , so that Y is a completion of the complex Bloch-space of the potential q : R^n → C , x → λ{0} +^{N∑}_{i=1} qi (g(x, κi)) . Here again κ_1, . . . , κ_N are some generators of the one-dimensional lattices Γ^♯ ∩ K, with K ∈ I_{effective,1}.

Proof: Let Y obey conditions (i) – (iv) on compact Bloch-spaces, and let U be an open covering of Y /Γ^♯. This complex space is, as a set, equal to the disjoint union

Y /Γ^♯ = ⋃ K∈Ieffective Y_K/(Γ^♯ ∩ K).

Each component Y_K/(Γ^♯ ∩ K) is a locally finite-sheeted analytic covering of the complex space C K/(Γ^♯ ∩ K). More precisely, the number of sheets is equal to the order of Γ^♯ ∩ K. One element U_0 ∈ U contains the point Y_{{0}}. Now we isolate a one-dimensional K ∈ I_{effective,1}. If U is an open set of X({K}) containing the only point of the component {0}, then for all elements κ of the complement of a finite subset of Γ^♯ ∩ K, the shifted sets κ.U cover the complement X({K}) \ U of U. This implies that the intersection of the complement of U_0 and the component Y_K //(Γ^♯ ∩ K) is compact. Moreover, for all such K, there exists a finite subset U_K ⊂ U, such that {U_0} ∪ U_K covers the component Y_K/(Γ^♯ ∩ K). But when we isolate an arbitrary K ∈ I_{effective}. and an open set U of X({K^′ ∈ I_{effective,1}| K^′ ⊂ K}), which covers all components C K_0 of X({K^′ ∈ I_{effective,1}| K^′ ⊂ K}), with K_0 ( K, then again for all elements κ of the complement of a finite subset of Γ^♯ ∩ K, the shifted sets κ.U covers the complement X({K^′ ∈ I_{effective,1}| K^′ ⊂ K}) \ U of U. The inductive use of this argumentation shows that for all K ∈ I_{effective}, there exists a finite subset U_K ⊂ U, such that ⋃ K_0⊂K UK0

is a finite subcovering of the component Y_K/(Γ^♯ ∩ K). This proves that Y /Γ^♯ is compact. Next we shall present an invertible sheaf on Y /Γ^♯, which is positive in the sense of [G-P-R, Chapter V. §2.4.]. For any Weil-divisor D on X(I_{effective,1}) of the form D = ∑ K∈Ieffective_{,n−1} n_K · C K with n_K ≥ 1,

let π^∗(D) be the corresponding Weil-divisor on Y /Γ^♯:

π^∗(D) = ∑ K∈Ieffective_{,n−1} n_K · Y_K/(Γ^♯ ∩ K).

In general the complex space Y/Γ^♯ is not normal and Weil-divisors are not defined on Y/Γ^♯ (see [G-P-R, Chapter II. §5.4.] and [Ha, Chapter II. 6]), but the sheaves corresponding to these divisors are well defined. In fact they are locally equal to the pullback of the sheaves O_D on X(I_{effective,1}) under the morphism π. All divisors of this from π^∗(D), which correspond to invertible sheaves, are positive. In fact, since the complex spaces Y_K are Stein-spaces, the inductive application of [Gr-2, §3. Satz 4.] proves the claim. Since for any K_1 ∈ I_{effective,1} the Weil-divisor ∑ K∈Ieffective_{,n−1},K_1⊄K C K corresponds to an invertible sheaf, a lot of these divisors correspond to invertible sheaves. Finally, [Gr-2, §3. Satz 2.] (see also [G-P-R, Chapter V. Corollary 4.5.]) implies that Y /Γ^♯ is a projective variety.

Let us now assume that condition (v) is fulfilled. Let S denote the invertible sheaf of the complex space Y /Γ^♯ × C^n , whose sections may be represented as holomorphic functions f on

Y × C^n , so that f(κ.y, x) = exp ( −2π √ −1g(x, κ) ) f(y, x) for all κ ∈ Γ^♯, y ∈ Y and x ∈ C^n .

Due to the first claim, the projection Y_K/(Γ^♯ ∩ K) × C^n ı C^n onto the second factor is, for each K ∈ I_{effective}, a proper map and the sheaf S|_{YK /(Γ}♯_{∩K)×}Cn is flat with respect to this map. Moreover, the sheaf ( E|_{YK /(Γ}♯_{∩K)} × OCn ) ⊗ S|_{YK/(Γ}♯_{∩K)×}Cn is also flat with respect to this proper map. Hence we may apply here Grauerts Semi- Continuity Theorem [Gr-1] (compare [G-P-R, Chapter III. Theorem 4.7]). For all x ∈ C^n , let S(x) denote the sheaf S|_{Y /Γ}♯_{×{x}} on Y /Γ^♯. Thus there exists a subvariety C^n ⊃ S ∌ 0, such that for all x ∈ C^n \ S, the homology groups of the sheaf E|_{YK /(Γ}♯_{∩K)} ⊗ S(x)|_{YK/(Γ}♯_{∩K)} are equal to

dim H^i ( Y_K/(Γ^♯ ∩ K), E|_{YK /(Γ}♯_{∩K)} ⊗ S(x)|_{YK/(Γ}♯_{∩K)} ) = { 1 if i = 0 0 if i > 0.

Hence for all x ∈ C^n \ S and all K ∈ I_{effective}, there exists unique functions ψ_K on Γ^♯.Y_K, which satisfy the following conditions:

Bloch-function (i) The functions ψ_K are invariant under the action of Γ^♯.

Bloch-functions (ii) For K = {0}, the function ψ_{{0}} is equal to 1.

Bloch-function (iii) For all κ ∈ Γ^♯, the functions exp ( −2π √ −1g(x, k + κ) ) ψ_K together form a section of E ⊗ S(x) on the open sets ⋃ K∈Ieffective

κ.Y_K. Here the notation is the

same as in condition (iv) on compact Bloch-spaces.

These functions have three additional properties:

Bloch-function (iii)’ Since the functions exp ( −2π √ −1g(x, k + κ) ) ψ_K together form a section of E ⊗ S on the open set ⋃ K∈Ieffective

κ.Y_K × C^n \ S, the functions ψ_K depend

holomorphically on x.

Bloch-function (iv) Since for all K ∈ I_{effective}, the sheaf S(x)|_{YK/(Γ}♯_{∩K)} depends only on the orthogonal projection of x onto C K, the function ψ_K depends also only on the orthogonal projection of x onto C K.

Bloch-function (v) Since for all γ ∈ Γ and all x ∈ C^n \ S the sheaf S(x + γ) is equal to S(x), the function ψ_K corresponding to x + γ, for all K ∈ I_{effective}, is equal to exp ( 2π √ −1g(x, k) ) times the function ψ_K corresponding to x.

Next the function (Δ + λ_K) ψ_K is claimed, for all x ∈ C^n \S and all K ∈ I_{effective}, to be equal to ψ_K multiplied by a complex number q_K(x). In fact, it follows inductively from properties (iii)’ and (iv) and condition (iv) on compact Bloch-spaces that, for all K ∈ I_{effective}, the function exp ( −2π √ −1g(x, k + κ) ) (Δ + λ_K) ψ_K extends to a section of ( E|_{κ.YK} × OCn ) ⊗ S|_{κ.YK×}Cn on the set κ.Y_K × C^n \ S. In a neighborhood of the unique point of Y_{{0}}, we may expand the function exp ( −2π √ −1g(x, k) ) ψ_K = 1 + ∑ i∈S_K Q_i(x) g(k, κ_i) + higher order terms,

with some holomorphic functions Q_1, . . . , Q_N : C^n \ S → C . Due to property (iv), for all i = 1, . . . , N, the function Q_i depends only on g(x, κ_i). A simple calculation shows that for all K ∈ I_{effective} the potential q_K(x) is equal to

q_K(x) = λ_{{0}} + ∑ i∈S_K q_i (g(x, κ_i)) , where the functions q_1, . . . , q_N are equal to

q_i(g(x, κ_i)) = 4π √ −1 dQ_i(x) dg(x, κ_i) . The theory of one-dimensional finite-gap potentials shows that these functions q_1, . . . , q_N are meromorphic functions on C (see e.g. [N-M-P-Z]) and due to property (v), periodic with period 1. Hence there exists a shift, such that the shifted one-dimensional potentials are analytic functions on R/Z. This proves that condition (v) on compact Bloch-spaces implies the existence of a potential with the stated properties.

Now let us assume that there exists analytic functions q_1, . . . , q_N from R/Zinto C , so that for all K ∈ I_{effective}, the complex Bloch-space of the potential

q_K(x) = λ_{{0}} + ∑ i∈S_K q_i (g(x, κ_i)) is equal to Y_K . Hence the eigen function ( ψ̃(q, κ) ) κ∈Γ^♯ extends to a meromorphic ℓ

2(Γ^♯)-valued function of Y , which is equivariant under the action of Γ^♯ on Y and ℓ^2(Γ^♯). These functions generate a subsheaf E(q) of the sheaf M_Y of meromorphic functions on Y . Due to the equivariance of the function ( ψ̃(q, κ) ) κ∈Γ^♯, this sheaf is invariant under the action of Γ

♯ on Y .

Hence this sheaf may also be considered as a sheaf of Y /Γ^♯. Moreover, due to assumption (iv) on compact Bloch-spaces, this sheaf E(q) is a coherent subsheaf of M_{Y /Γ}♯ (compare [G-P-R, Chapter I. (7.8)]). Due to Lemma 6.2, the subsheaf π_⊕ (E(q)) of the direct image sheaf of the sheaf E(q) on Y is a subsheaf of the free sheaf of ℓ^2(Γ^♯)-valued holomorphic functions on X(I_{effective,1}). Hence we may expect that the cohomology groups H^i ( Y /Γ^♯, E(q) ) are isomorphic to the cohomology groups H^i (X(I_{effective,1}), O). This is proven in Lemma 7.2. The argumentation is the same for the restriction of the sheaf E(q) to any component Y_K/(Γ^♯ ∩K). 2 Lemma 7.2 If D is a Weil-divisor on X(I_{effective,1}) of the form D = ∑ K∈Ieffective_{,n−1} n_K · C K with n_K ≥ −1

and π^∗(D) the corresponding Weil-divisor^{11} on Y /Γ^♯

π^∗(D) = ∑ K∈Ieffective_{,n−1} n_K · Y_K/(Γ^♯ ∩ K), then the dimensions of the following cohomology groups are equal to:

dim H^i ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D)} ) = { dim H^i (X(I_{effective,1}), O_D) if i = 0 0 if i > 0.

Proof: We use an inductive argument with respect to the dimension n. For n = 0, there is nothing to prove. Next let us assume that the statement is correct in dimension less than n. Let K be an element of I_{effective,n−1} and D and D^′ = D + C K two divisors on X(I_{effective,1}) of the form mentioned above. The short exact sequence of sheaves

0 → E(q) ⊗ O_π∗_{(D)} → E(q) ⊗ O_π∗_{(D}′_) → E(q) ⊗ O_π∗_{(D)}/ ( E(q) ⊗ O_π∗_{(D}′_) ) → 0 induces a long exact sequence of the corresponding cohomology groups. The support of the sheaf E(q) ⊗ O_π∗_{(D)}/ ( E(q) ⊗ O_π∗_{(D}′_) ) is equal to the divisor π^∗(K) = Y_K/(Γ^♯ ∩ K) and on this subspace the sheaf is equal to a sheaf of the form mentioned in the lemma corresponding to the potential q_K. If some components Y_K are not biholomorphic to the complex Blochspace of the potential q_K, then the complex Bloch-space of q_K is a covering of Y_K, and the restriction of the sheaf E(q) to Y_K is isomorphic to the direct image of the sheaf E(q_K ) under the covering map of the complex Bloch-space of the potential q_K onto Y_K . Thus the cohomology groups of the sheaf E(q)|_{YK /(Γ}♯_{∩K)} on Y_K/(Γ^♯ ∩ K) are equal to the cohomology groups of the sheaf E(q_K ) on some completion of the complex Bloch-space of the potential

11In general the complex space Y /Γ^♯ is not normal and the Weil-divisors on Y /Γ^♯ are not defined (see [G-P-R, Chapter II. §5.4.] and [Ha, Chapter II. 6]), but the sheaves corresponding to these divisors are well defined. In fact they are locally equal to the pullback of the sheaves O_D on X(I_{effective,1}) under the morphism π.

q_K. Due to the assumption that the statement of the lemma is correct in dimension less than n, we may calculate the cohomology groups of the sheaf E(q) ⊗ O_π∗_{(D)}/ ( E(q) ⊗ O_π∗_{(D}′_) ) . They are equal to dim H^i ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D)}/ ( E(q) ⊗ O_π∗_{(D}′_) )) = = { dim H^i (X(I_{effective,1}), O_D′ ) − dim H^i (X(I_{effective,1}), O_D) if i = 0 0 if i > 0.

Each global section of O_D′ , which is not a global section of O_D is a polynomial with respect to the entries of k. The action of the corresponding differential operator on the Bloch-function ψ(q) at the point x = 0 defines a global section of E(q)⊗O_π∗_{(D}′_), which is not a global section of E(q) ⊗ O_π∗_{(D)}. Hence the the dimensions of the corresponding cohomology groups satisfy the following inequality:

dim H^0 ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D}′_) ) − dim H^0 ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D)} ) ≥ ≥ dim H^0 (X(I_{effective,1}), O_D′) − dim H^0 (X(I_{effective,1}), O_D) .

We conclude with the help of the long exact sequence of cohomology groups, that if for all i > 0, the dimensions of the cohomology groups H^i ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D}′_) ) are zero, then the same is true for H^i ( Y /Γ^♯, E(q) ⊗ O_π∗_{(D)} ) . Due to [Gr-2, §3. Hilfssatz 1.] (see also [G-P-R, Chapter V. Theorem 4.3.]), for some integer l and all i > 0, the dimensions of the cohomology groups H^i ( Y /Γ^♯, E(q) ⊗ O_π∗_{(l·D)} ) are zero, where O_π∗_{(D)} is a positive sheaf on Y /Γ^♯. This proves the statement of the lemma for all cohomology groups in dimensions i > 0. Moreover, the proof would be complete, if we can show that the cohomology group H^0 ( Y /Γ^♯, E(q) ⊗ O_π∗_{(−∞)} ) is zero, where ∞ is the following Weil-divisor on X(I_{effective,1}): ∞ = ∑ K∈Ieffective_{,n−1} C K. The complex Bloch-space of the transposed potential q^t(x) = q(−x) is the same as the complex Bloch-space of q. In fact, the projection P (q) onto the eigenspaces may be expressed as P (q) : L^2(R^n/Γ) → L^2(R^n/Γ), ϕ → ψ(q) ∫Rn/Γ ψ(q^t)(−x)ϕ(x)d^nx ∫Rn/Γ^{ψ(qt)(−x)ψ(q)(x)dnx,} where ψ(q) is the Bloch-function of the potential q and ψ(q^t) is the Bloch-function of the transposed potential. Due to Theorem 3.6 the sheaf of regular n-forms of B_{complex space}(q) in the sense of [Kun] are equal to E(q) ⊗ E(q^t) ⊗ k^∗(ωCn ), where ωCn is the sheaf of holomorphic n-forms on C^n . From Lemma 4.2 and [G-P-R, Chapter II. Lemma 5.30] we conclude that the dualizing sheaf (see [G-P-R, Chapter II. §5.3.]) ω_{X(Ieffective,1)} on X(I_{effective,1}) is equal to O_{−2·∞}. Thus the dualizing sheaf on Y /Γ^♯ is equal to E(q) ⊗ E(q^t) ⊗ O_π∗_{(−2·∞)}. Since Y /Γ^♯ is a Cohen-Macaulay-space, we may apply Serre-Duality (see e.g. [G-P-R, Chapter III. Theorem 4.15a]). This shows that the dimension of H^0 ( Y /Γ^♯, E(q) ⊗ O_π∗_{(−∞)} ) is equal to the dimension of H^n ( Y /Γ^♯, E(q^t) ⊗ O_π∗_{(−∞)} ) , which is equal to zero. 2 In the case of n = 1, the conditions (i) – (iv) on compact complex spaces imply condition (v). In this case Theorem 7.1 is well known (see e.g. [Kr]). The results of the papers [C-V, C-S-V] show that there exist non trivial examples of compact complex Bloch-spaces and complex spaces, which satisfies conditions (i) – (iv) on compact Bloch-spaces, but not condition (v). These examples are singular complex spaces, whose normalizations are biholomorphic to some completions of the complex Bloch-space of the zero potential. It could be possible that this theorem here may be used to classify all compact complex Bloch-spaces, whose normalizations are biholomorphic to a completion of the complex Bloch-space of the zero potential. In [S-V] this theorem is used to determine a compact complex Bloch-space of a two-dimensional potential, which is equal to the sum of three Weierstrass functions.

The final proof of this paper concerns a theorem, which essentially is known to the experts, but to our knowledge not published. First we have to introduce some terminology. A smooth potential q on the Euclidean space R^n is called integrable if there exists n commuting differential operators L_1 = −Δ + q, L_2, . . . , L_n, with constant algebraically independent highest symbols P_1(k) = 4π^2g(k, k), P_2(k), . . . , P_n(k). Moreover, a potential is called algebraically integrable if there exists n + 1 commuting differential operators L_1 = −Δ + q, L_2, . . . , L_{n+1}, with constant highest symbols P_1(k) = 4π^2g(k, k), P_2(k), . . . , P_{n+1}(k), so that all components k_1, . . . , k_n may be written as rational functions in terms of the highest symbols P_1(k) = 4π^2g(k, k), P_2(k), . . . , P_{n+1}(k) (compare with [C-V, C-S-V]).

Theorem 7.3 The following conditions on a periodic potential q ∈ C(R^n/Γ) are equivalent:

(i) B(q) is a complex space.

(ii) I_{effective,1} is finite and there exists a completion of the complex Bloch-space of q, which satisfies the conditions (i) – (iv) on compact Bloch-spaces.

(iii) The periodic potential q is smooth and algebraically integrable.

(iv) B(q)/Γ^♯ is a projective variety^{12}.

Moreover, all these equivalent statements imply that I_{effective} is a finite set, that q is an analytic potential and that there exists a morphism of the projective variety B(q)/Γ^♯ onto the compact complex Bloch-space Y /Γ^♯.

Proof: (i) ⇒ (ii): Let B(q) be a complex space. First let us prove that I_{effective,1} is a finite set. Due to Theorem 4.1, we may assume that dim K_{effective} is equal to n. Again due to Theorem 4.1, the union of all components Γ^♯.B(q_K) with dim K < n is equal to the polar set of the meromorphic energy function λ and therefore an analytic subset of B(q) (compare [G-P-R, Chapter I. §7.3.]). For any K ∈ I_{effective,n−1} let γ_K be a vector in Γ, which is perpendicular to K. Then the polar set of the meromorphic function g(k, γ_K ) is equal to Γ^♯.B(q_K). The following element of B(q) ( ψ̃(κ) ) κ∈Γ^♯ , with

ψ̃(κ) = { 1 if κ = 0, 0 if κ ≠ 0.

is contained in all components B(q_K) of the polar set of λ. Due to the Local Decomposition Lemma ([G-P-R, Chapter I. 4.10]), locally the number of irreducible components of the polar

12The weaker condition (iii)’ that B(q)/Γ^♯ is compact can be proven to imply statement (i) and therefore all other statements. Firstly, I_{effective,1} is proven to be finite. Secondly, one shows that the topology of X(I_{effective,1}) is the finest topology, such that the natural map B(q) → X(I_{effective,1}) is continuous. Finally, the Riemann Extension Theorem is used to show that the functions λ_{renormalized,κ} define a locally finitesheeted analytic covering of X(I_{effective,1}).

set of λ has to be finite. This shows that I_{effective,n−1} is finite and an inductive argument proves the first claim. For all K ∈ I_{effective}, the energy functions λ_K are holomorphic functions of B_0(q_K) and there exists a holomorphic map from B(q) onto X(I_{effective,1}). Let Y be the unique complex space, such that there exists a holomorphic map from B(q) onto Y and whose holomorphic functions are locally generated by the holomorphic functions of X(I_{effective,1}) and the functions λ_K . Due to Theorem 4.1, this complex space Y is a completion of the complex Bloch-space, which satisfies conditions (i) – (iv) on compact Bloch-spaces.

(ii) ⇒ (iii): Due to the theory of finite-gap potentials (see [No, Kr, N-M-P-Z, D-K-N]), for all K ∈ I_{effective,1} the one-dimensional potentials q_K are algebraically integrable and analytic. Thus the whole potential is analytic just as the eigen functions are analytic with respect to x ∈ R^n. In the proof of Theorem 7.1 actually we showed that the subspace YRn/Γ^♯ of the projective variety Y /Γ^♯ is an affine subvariety. Furthermore, due to Lemma 7.2, all meromorphic functions on Y /Γ^♯, which are holomorphic on this affine subvariety, acts on the Bloch-function like partial differential operators commuting with each other. This proves (iii).

(iii) ⇒ (iv): Let us first prove two lemmata:

Lemma 7.4 Let q be an algebraically integrable periodic potential. Then the eigenvalues λ_1 = λ, λ_2, . . . , λ_{n+1} satisfy some polynomial equation. Moreover, the complex Bloch-space B_{complex space}(q)/Γ^♯ is locally biholomorphic to a local component of the subvariety of C^{n+1} defined by this equation.

Proof: Let L_1, . . . , L_n be differential operators on R^n, with constant and algebraically independent highest symbols P_1(k), . . . , P_n(k). Let ψ(x) be a vector, whose entries are space-like partial differentials at a point x ∈ R^n of the eigen function ψ, so that all partial differentials of ψ at the point x may be written as a polynomial in terms of this collection of partial differentials, the eigenvalues λ_1, . . . , λ_n and the potentials and their derivatives of L_1, . . . , L_n at x. Since L_1, . . . , L_n are integrable, this vector may be chosen to be of finite length l. Hence there exists n l × l-matrices U_1(λ_1, . . . , λ_n, x), . . . , U_n(λ_1, . . . , λ_n, x), so that the compatibility equations of the partial differential equations ( ∂ ∂x_1 + U_1(λ_1, . . . , λ_n, x) ) ψ(x) = 0, . . . , ( ∂ ∂x_n + U_n(λ_1, . . . , λ_n, x) ) ψ(x) = 0

are equivalent to the commutativity of the operators L_1, . . . , L_n. Any other differential operator L_{n+1} acts on ψ as a matrix W (λ_1, . . . , λ_n, x), whose entries are again polynomials with respect to the eigenvalues and the potentials and their derivatives of L_1, . . . , L_n at x. If L_{n+1} commutes with the other differential operators L_1, . . . , L_n, we obtain the partial differential equations ∂W (λ_1, . . . , λ_n, x) ∂x_1 + [U_1(λ_1, . . . , λ_n, x), W (λ_1, . . . , λ_n, x)] = 0 . . ∂W (λ_1, . . . , λ_n, x) ∂x_n + [U_n(λ_1, . . . , λ_n, x), W (λ_1, . . . , λ_n, x)] = 0. This implies that the coefficients of the characteristic polynomial of W (λ_1, . . . , λ_n, x) does not depend on x. Hence it defines some polynomial equation and the first part of the lemma is proven. All the eigenvalues λ_1, . . . , λ_{n+1} are holomorphic functions on the complex Bloch-space. Hence we have a map from the complex Bloch-space into the subvariety of (λ_1, . . . , λ_{n+1}) ∈ C^{n+1} defined by this equation. Due to Corollary 5.4, this subvariety is connected. Moreover, due to the assumption of algebraically integrability and Proposition 5.2, the eigenvalues of W (λ_1, . . . , λ_n, x) are all different for some points near the limit λ_1 → ∞, . . . , λ_n → ∞. Thus all local sections of the sheaf O_q give rise to some local sections of the sheaf O_W (compare Section 3) and vice versa. Hence the complex Blochspace is biholomorphic to the spectral complex space of the holomorphic matrix function

C^n ∋ (λ1, . . . , λn) → W (λ1, . . . , λn, x). This proves the lemma. 2

Lemma 7.5 Let q be an algebraically integrable periodic potential. Then for all K ∈ I_{effective} the averaged potential q_K is algebraically integrable.

Proof: An inductive argument reduces the proof to the case dim K = n − 1. So let us fix a K ∈ I_{effective,n−1} and denote ∂_⊥ the partial differential operator along the vector field corresponding to a primitive lattice vector γ^⊥ in Γ ∩ K^⊥. Any differential operator L may be written as a polynomial in ∂_⊥, whose coefficients are smooth functions from K^⊥ into the differential operators on K. Due to Lemma 3.2, any differential operator L with constant highest symbol, which commutes with −Δ + q, is also periodic with respect to Γ. Hence these coefficients are smooth functions from K^⊥/(Γ ∩ K^⊥) into the differential operators on K. Let us parameterize K^⊥/(Γ ∩ K^⊥) by R/Z∋ x^⊥ → x^⊥γ ∈ K^⊥/(Γ ∩ K^⊥). For the corresponding two highest coefficients

L = ∂^l_⊥L_l(x^⊥) + ∂^{l−1}_⊥ L_{l−1}(x^⊥) + . . .

the commutativity implies two equations

−2g(γ^⊥, γ^⊥)L^′_l(x^⊥) = 0 and [ −Δ_K + q, L_l(x^⊥) ] − g(γ^⊥, γ^⊥)(L^{′′}_l (x^⊥) + 2L^′_{l−1}(x^⊥)) = 0.

The first equation shows that L_l does not depend on x^⊥, and the integral over one period of the second equation shows that L_l commutes with the Schrödinger operator of the averaged potential q_K. Moreover, if L̃ is a differential operator, which commutes with −Δ + q and L, the corresponding highest coefficient L̃~_l commutes with L_l. Now the lemma follows from the definition of algebraically integrable. 2 Let ψ̃(x) denote the vector of all partial differentials of the eigen function ψ at a point

x ∈ R^n up to maximal order of the partial differential operators L1, . . . , Ln+1. For any fixed x ∈ R^n these vector^~ψ(x) define a holomorphic map from B(q)/Γ^♯ into some projective space PL. The eigenvalues λ1, . . . , λn+1 of the operators L1, . . . , Ln+1 are meromorphic functions in

terms of the entries of ψ̃(x) and the potentials and their derivatives of L_1, . . . , l_{n+1} at x. Due to Lemma 7.4, the image of this map is a projective subvariety of P_L, and due to Lemma 7.5 this map is an holomorphic embedding. In fact, due to the equations ( ∂ ∂x_1 + U_1(λ_1, . . . , λ_n, x) ) ψ(x) = 0, . . . , ( ∂ ∂x_n + U_n(λ_1, . . . , λ_n, x) ) ψ(x) = 0, the eigen function ψ is uniquely determined by the corresponding partial differentials ψ(x), which has to be an eigenvector of the matrix W (λ_1, . . . , λ_n, x). This proves (iv).

(iv) ⇒ (i): Due to Lemma 4.3, (iv) implies that B(q) is a complex space. The last statement of the theorem follows from Theorem 7.1 and Theorem 4.1. 2

References

[Ah] L. V. Ahlfors: Complex analysis, third edition. McGraw-Hill, Inc., Singapore (1979).

[C-S-V] P. A. Chalykh, K. L. Styrkas, A. P. Veselov: Algebraic integrability for the Schrödinger equations, and groups generated by reflections. Theoret. and Math. Phys. 94, 182-197 (1993). Translated from Teoret. Mat. Fiz. 94, 253-275 (1993).

[C-V] P. A. Chalykh, A. P. Veselov: Commutative rings of partial differential operators and Lie algebras. Commun. Math. Phys. 126, 597-611 (1990).

[D-K-N] B. A. Dubrovin, I. M. Krichever, S. P. Novikov: Integrable systems I. In: V. I.

Arnold, S. P. Novikov (eds.) Dynamical Systems IV. Encyclopedia of Mathematical Sciences vol.4, pp. 173-280. Springer, Berlin, Heidelberg (1990).

[E-R-T] G. Eskin, J. Ralstone, E. Trubowitz: On isospectral periodic potentials in R^n, Comm.

Pure Apll. Math. 37, 647-676 (1984).

[F-K-T] J. Feldman, H. Knörrer, E. Trubowitz: There is no two dimensional analogue of Lame’s equation, Math.-Ann. 294 (2), 295-324 (1992).

[G-K-T-1] D. Gieseker, H. Knörrer, E. Trubowitz: An overview of the geometry of algebraic Fermi curves. Contemporary Math. 116, 19-46 (1991).

[G-K-T-2] D. Gieseker, H. Knörrer, E. Trubowitz: The geometry of algebraic Fermi curves.

Perspectives in Math. 14. Academic Press, Inc., Boston (1993).

[Gr-1] H. Grauert: Ein Theorem der analytischen Garbentheorie und die Modulräume komplexer Strukturen. Publ. Math., Inst. Hauter Etud. Sci.5, 5-64 (1960).

[Gr-2] H. Grauert: Über Modifikationen und exzeptionelle analytische Mengen. Math. Annalen 146, 331-368 (1962).

[G-P-R] H. Grauert, Th. Peternell, R. Remmert (Eds.): Several complex variables VII, Encyclopedia of Mathematical Sciences vol. 74. Springer, Berlin, Heidelberg (1994).

[Gr-Re] H. Grauert, R. Remmert: Coherent analytic sheaves. Grundlehren der mathematischen Wissenschaften 265. Springer, Berlin, Heidelberg (1984).

[G-S] P. Grinevich, M. U. Schmidt: Period preserving flows and the moduli space of periodic solutions of soliton equations, Physica D 87, 73-98 (1995).

[Ha] R. Hartshorne : Algebraic geometry. Springer, New York (1977).

[K-T] H. Knörrer, E. Trubowitz: A directional compactification of the complex Blochvariety, Comment. Math. Helvetici 65, 114-149 (1990).

[Kr] I. M. Krichever: Methods of algebraic geometry in the theory of non-linear equations.

Russian Math. Surveys 32 (6), 185-213 (1977).

[Ku] P. Kuchment: Flochet theory for partial differential equations. Operator Theory Advances and Applications 60. Birkhäuser, Basel 1993.

[Kun] E. Kunz: Holomorphe Differentialformen auf algebraischen Varietäten mit Singularitäten I. Manuscripta Math. 15, 91-108 (1975).

[MK-M] H. P. McKean, P. van Moerbeke: The spectrum of Hill’s equation. Invent. Math.

30, 217-274 (1975).

[MK-T] H. McKean, E. Trubowitz: Hill’s operator and hyperelliptic function theory in the presence of infinitely many branchpoints. Commun. Pure Appl. Math. 29, 143-226 (1976).

[No] S. P. Novikov: The periodic problem for the Korteweg-de Vries equation. Funct.

Anal. Appl., 8 (3), 236-246 (1974).

[N-M-P-Z] S. P. Novikov, S. V. Manakov, L. P. Pitaevskij, V. E. Zakharov: Theory of Solitons. Contemporary Soviet Mathematics, New York 1984.

[R-S-I] M. Reed, B. Simon B.: Methods of modern mathematical physics vol. I: Functional analysis. Academic Press, Inc., London (1980).

[R-S-II] M. Reed, B. Simon: Methods of modern mathematical physics vol. II: Fourier analysis, self-adjointness. Academic Press, Inc., London (1975).

[R-S-IV] M. Reed, B. Simon: Methods of modern mathematical physics vol. IV: Analysis of operators. Academic Press, Inc., London (1978).

[Sch] M. U. Schmidt: Integrable systems and Riemann surfaces of infinite genus. Sfb-288 preprint No. 102 (1994), to appear in Memoirs of the American Math. Soc..

[S-V] M. U. Schmidt, A. P. Veselov: A non-trivial compact Bloch-variety. In preparation. [Ti] E. C. Titchmarsh: The Theory of functions. Oxford University Press, London (1932).