Discrete affine spheres^1

Alexander I. Bobenko^2

Fachbereich Mathematik, Technische Universität Berlin, 10623 Berlin, Germany^3 Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003, USA and Wolfgang K. Schief

School of Mathematics, The University of New South Wales, Sydney, NSW 2052, Australia

Abstract

Integrable discrete versions of affine spheres are constructed. It is shown that the underlying discrete Gauß-Codazzi equations reduce to an integrable discrete Tzitzeica system. A Bäcklund transformation generating discrete affine spheres is obtained in a purely algebraic manner and an interpretation of the Gauß equations for discrete affine spheres in terms of loop groups is recorded.

1 Introduction

Some sixty years before its rediscovery in a solitonic context, the partial differential equation (ln h)_{xy} = h − h^{−2} (1.1)

was set down by Tzitzeica in a geometric context [22]. Tzitzeica’s classical papers are believed to have initiated a new area in mathematics, namely affine differential geometry. Since then, the Tzitzeica equation (1.1) has been the subject of extensive studies in terms of both mathematics and physics [5, 6, 8, 9, 10, 12, 20]. However, only recently a discrete integrable analogue of the Tzitzeica equation has been proposed in [17]. As a result, the natural question arises as to whether the discrete Tzitzeica equation may be interpreted in a simple manner in terms of discrete surfaces. Such a link between discrete integrable systems and particular classes of discrete surfaces has been well-established. Examples in Euclidean geometry comprise discrete pseudospherical surfaces (K-surfaces) and discrete surfaces of constant mean curvature (H-surfaces) [2, 3, 13, 15].

1to be published in ”Discrete Integrable Geometry and Physics”, eds: A. Bobenko, R. Seiler, Oxford University Press

2Partially supported by the SFB 288 and by grant DMS93-12087 3Permanent address

Discrete isothermic surfaces representing Möbius geometries are also known [4]. Thus, in some instances, discrete integrable systems suggest natural geometric properties. In fact, the theory of integrable systems may provide us with methods of investigating such discrete geometries.

The present paper extends the above-mentioned approach to affine differential geometry^4. We present a natural geometric discretisation of affine spheres with indefinite Blaschke metric and show that the corresponding discrete Gauß- Codazzi equations reduce to the integrable discrete Tzitzeica system/equation set down in [17]. A connection with the Bäcklund transformation for classical affine spheres is recorded. Thus, the Tzitzeica transformation applied to classical affine spheres generates generalised discrete affine spheres. The Tzitzeica transformation is used to construct a Bäcklund transformation for (generalised) discrete affine spheres in a purely algebraic manner.

2 Classical affine spheres

In this section, we present the well-known description of affine spheres with indefinite Blaschke metric (for more details see, e.g., [1, 21, 23]. Here, affine differential geometry is treated in its classical setup, that is as the geometry which investigates properties of surfaces in IR^3 invariant under (equi)affine transformations x → Ax + a, A ∈ SL(3, IR), a ∈ IR^3. (2.1) Let F : M → IR^3 be an immersion. It is easily verified that equiaffine transformations are conformal with respect to the second fundamental form. This implies that asymptotic line parametrisations and the class of immersions with negative Gaussian curvature (K < 0) are affine invariant. Thus, let us consider an oriented immersion

r : M → IR^3 (x, y) → r(x, y) (2.2)

given in terms of asymptotic coordinates (x, y), i.e. rank(dr) = 2, r_{xx}, r_{yy} ∈ dr(TM). (2.3) By virtue of the orientation preserving transformation (x, y) → (y, −x), one may assume without loss of generality that |r_x, r_y, r_{xy}| > 0 (2.4) on M, where |·, ·, ·| denotes the standard determinant in IR^3.

4At this point we would like to mention a recently found nice affine-geometrical interpretation [14] of the KdV equation

Definition. The indefinite metric √ |r_x, r_y, r_{xy}| dxdy (2.5) is equiaffine invariant. It is called the Blaschke metric of the immersion.

The Blaschke metric is conformally equivalent to the second fundamental form of the immersion. It is non-degenerate in the case K < 0 considered here.

Definition. A transversal vector field ξ on an oriented surface r(M) is called affine normal if it satisfies • dξ ∈ dr(TM) • |dr(·), dr(·), ξ| is the volume form for the Blaschke metric, i.e., in our case, |r_x, r_y, ξ| = √ |r_x, r_y, r_{xy}|. (2.6) Definition. A non-degenerate surface in IR^3 is called an affine sphere if all affine normal directions meet at a point. If this point is not infinite it may be chosen as the origin of IR^3 so that

ξ = Hr, H : M → IR. (2.7)

H is called the affine mean curvature.

One can prove that in the case of a non-degenerate Blaschke metric the affine mean curvature of the affine sphere must be constant. In the following, it is asssumed that H ≠ 0. Consequently, H may be normalized to H = ±1 on use of a scaling transformation of the ambient space IR^3. Furthermore, modulo a change of the orientation of the surface corresponding to y → −y, one may always set H = 1. (2.8) Hence, on introducing the function h = |r_x, r_y, ξ| (2.9) and the cubic differentials adx^3, bdy^3, where a = |r_x, r_{xx}, ξ|, b = −|r_y, r_{yy}, ξ|, (2.10) one obtaines

|r_x, r_y, r_{xy}| = h^2 (2.11)

and the following linear system for the immersion r (Gauß equations): r_{xx} = h^xh r_x + ahr_y r_{xy} = hr r_{yy} = h^yh r_y + bh r_x. (2.12)

In analogy with the Euclidean case, one may show [21] that {hdxdy, adx^3, bdy^3} constitutes a complete equiaffine invariant system for indefinite surfaces in IR^3 which determines a surface up to equiaffine transformations.

Now, the compatibility conditions for (2.12) yield

(ln h)_{xy} = h − abh^{−2}, a_y = 0, b_x = 0. (2.13)

The above system is invariant with respect to the transformation

a → Λa, b → Λ^{−1}b (2.14)

with arbitrary Λ ∈ lC. This fact gives rise to the following

Theorem. Every indefinite affine sphere posseses a one-parameter family of deformations preserving the Blaschke metric and the differential abdx^3dy^3. This deformation is described by the transformation (2.14). The system r_x r_y r x = h_xh^{−1} Λah^{−1} 0 0 0 h 1 0 0 r_x r_y r r_x r_y r y = 0 0 h Λ^{−1}bh^{−1} h_yh^{−1} 0 0 1 0 r_x r_y r (2.15)

determines the corresponding family of immersions.

In the terminology of modern soliton theory, the linear system (2.15) is nothing but the Lax representation for the system (2.13). In fact, for a ≠ 0 and b ≠ 0, one may re-parametrise the asymptotic coordinates according to x → x̃(x), y → ỹ(y) (2.16) in such a way that a = 1, b = ϵ = ±1 and the orientation is preserved. Thus, we obtain (ln h)_{xy} = h − ϵh^{−2}. (2.17) Finally, the parameter ϵ may be absorbed if one allows negative valued solutions h. Indeed, if h(x, y) is a solution to the integrable Tzitzeica equation [22]

(ln h)_{xy} = h − h^{−2} (2.18)

and r(x, y) is the corresponding immersion, then h̃(x, y) = ϵh(x, ϵy) is a solution

to (2.17) with associated immersion r̃(x, y) = r(x, ϵy).

3 Discrete affine spheres

Here, we define discrete analogues of affine spheres (discrete Tzitzeica surfaces) in a purely geometric manner. These constitute particular ‘discrete surfaces’ which are maps

r : Z^2 → IR^3, (n_1, n_2) → r(n_1, n_2). (3.1)

In the sequel, we suppress the arguments of functions of n_1 and n_2 and denote increments of the discrete variables by subscripts, for example,

r = r(n_1, n_2), r_1 = r(n_1 + 1, n_2), r_2 = r(n_1, n_2 + 1), r_{11} = r(n_1 + 2, n_2) r_{12} = r(n_1 + 1, n_2 + 1) r_{22} = r(n_1, n_2 + 2)

. (3.2)

Moreover, decrements are indicated by overbars, that is

r¯_1 = r(n_1 − 1, n_2), r¯_2 = r(n_1, n_2 − 1) (3.3)

and the following notation of difference operators is adopted:

Δ_ir = r_i − r, Δ_{12}r = r_{12} − r_1 − r_2 + r. (3.4)

Definition (Discrete affine spheres). A two-dimensional lattice (net) in three-dimensional Euclidean space

r : Z^2 → IR^3 (3.5)

is called a discrete affine sphere if it has the following properties:

(a) Any point r(n_1, n_2) and its neighbours r¯_1, r_1, r¯_2, r_2 lie on a plane.

w

w w w � � � w � � � � rHHH

HHHH

r¯_1 r_2

r_1

r¯_2

(b) All affine normals ξ whose directions are defined by

ξ ∼ Δ_{12}r

meet at a point O.

g w

w w w

g � �

� � � � � AA AA AA A � � � g � � �^{r12 + r}2 � � PPPP

PPPP � � � � �*

r_1 r r_2

r_{12} ξ

O

r_1 + r_2 2

Remark. The properties (a) and (b) define two well-known types of nets. In fact, the definition of discrete affine spheres may be formulated as

(a) r is a discrete asymptotic net (b) r is a discrete Lorentz-harmonic net.

Discrete asymptotic nets (discrete A-surfaces) were first introduced by Sauer in the 1930s in connection with models for asymptotic lines on smooth surfaces (see [16] and references therein). Their significance is seen as follows. Since the points r, r¯_1, r_1, r¯_2, r_2 lie on a plane, one may associated with the point r a unit normal N being orthogonal to this plane and whence

Δ_1N · Δ_1r = 0, Δ_2N · Δ_2r = 0, (3.6)

where N_1 and N_2 denote the unit normals corresponding to r_1 and r_2 respectively. It is evident that these relations constitute a natural discretisation of the classical definition of asymptotic coordinates. On the other hand, the property (b) in the definition of discrete affine spheres implies that

r_{12} + r || r_1 + r_2 (3.7)

if one chooses O to be the origin of IR^3. Consequently, there exists a function ρ such that Δ_{12}r = ρ(r_{12} + r_1 + r_2 + r) (3.8) which is the usual definition of discrete Lorentz-harmonic nets.^5

In analytical terms, condition (a) translates into

|r_1 − r, r_2 − r, r − r¯_1| = 0, |r_1 − r, r_2 − r, r − r¯_2| = 0 (3.9)

so that the position vector of the discrete surfaces considered here obeys the discrete ‘Gauß equations’

r_{11} − r_1 = α(r_1 − r) + β(r_{12} − r_1) r_{12} + r = H(r_1 + r_2) r_{22} − r_2 = γ(r_2 − r) + δ(r_{12} − r_2)

(3.10)

5See for example [2], where this property of the Gauß map is discussed

where α, β, γ, δ and H are as yet unspecified functions of n_i. However, the compatibility conditions of the above yield α = H_1 − 1 H_1(H − 1) , γ = H_2 − 1 H_2(H − 1) β_2(H_2 − 1)H = β(H − 1)H_1, δ_1(H_1 − 1)H = δ(H − 1)H_2

H_{12} = H(H − 1) H^2(H_1 + H_2 − H_1H_2) − H + βδH_1H_2(H − 1)^2 . (3.11)

Hence, on setting A = β(H − 1), B = δ(H − 1) (3.12) we obtain:

Theorem (The discrete Tzitzeica system). Discrete affine spheres are governed by the discrete Gauß equations

r_{11} − r_1 = H^1 − 1

H_1(H − 1)

(r_1 − r) + AH − 1 (r_{12} − r_1)

r_{12} + r = H(r_1 + r_2)

r_{22} − r_2 = H^2 − 1

H_2(H − 1)

(r_2 − r) + BH − 1 (r_{12} − r_2).

(3.13)

They are compatible modulo

A_2 =

H_1 H A, B_1 =

H_2 H B H_{12} = H(H − 1) H^2(H_1 + H_2 − H_1H_2) − H + ABH_1H_2

(3.14)

which is termed the discrete Tzitzeica system.

The justification of the term ‘discrete Tzitzeica system’ is seen as follows. If one regards a discrete function f : Z^2 → IR as an approximation of a smooth function f̃ : IR^2 → IR, that is

f(n_1, n_2) = f̃(x, y) | | |_{(x,y)=(ϵ1n1,ϵ2n2)} (3.15)

for small ϵ_i, then, on dropping the tilde, the Taylor expansions

f_1 = f + ϵ_1f_x + O(ϵ^2_1), f_2 = f + ϵ_2f_y + O(ϵ^2) (3.16)

apply. Now, the form of the discrete Gauß equations (3.13) suggests the natural expansion H = 1 +^1_2 ϵ_1ϵ_2h, A =^1_2 ϵ^3_1a, B =^1_2 ϵ^3_2b (3.17) so that the discrete Tzitzeica system reduces to

(ln h)_{xy} = h − abh^{−2}, a = a(x), b = b(y) (3.18)

in the limit ϵ_i → 0. Similarly, the discrete Gauß equations (3.13) become the continuous ones (2.12) in this limit.

Remark. In view of the above continuum limit, the relations

|r, Δ_1r, Δ_2r| = c H − 1H , |Δ_1r, Δ_2r, Δ_{12}r| = 2c (H − 1)^2H |r, Δ_1r, Δ_{11}r| = cA, |r, Δ_2r, Δ_{22}r| = −cB (3.19)

may be regarded as the discrete analogues of the formulae (2.9)-(2.11) derived in Section 2. Here, c is a constant of integration.

The linear equations (3.14)_{1,2} for A and B imply the existence of a potential τ defined according to

τ_{11} = c̃ τ^2_1 τA ⇒ A = c̃ τ^2_1 ττ_{11} τ_{12} = τ_1τ_2 τH ⇒ H = τ_1τ_2 ττ_{12} τ_{22} = ĉ τ^2_2 τB ⇒ B = ĉ τ^2_2 ττ_{22}

(3.20)

where c̃ and ĉ are arbitrary constants. This inserted into the nonlinear equation (3.14)_3 for H results in the discrete Tzitzeica equation | | | | | τ τ_1 τ_{11} τ_2 τ_{12} τ_{112} τ_{22} τ_{122} τ_{1122}

| | | | | + c̃ĉτ^3_{12} = 0. (3.21)

It is noted that the Tzitzeica equation

(ln h)_{xy} = h − h^{−2} (3.22)

may be brought into the form | | | | | τ τ_x τ_{xx} τ_y τ_{xy} τ_{xxy} τ_{yy} τ_{xyy} τ_{xxyy}

| | | | | +^14 τ^3 = 0 (3.23)

in terms of a τ-function defined via

h = −2(ln τ)_{xy}. (3.24)

This underlines the analogy between the classical continuous case and the discrete formalism presented here.

In conclusion, it is observed that the discrete Tzitzeica system is invariant under A → ΛA, B → Λ^{−1}B where Λ is an arbitrary constant. Thus, we have the following

Theorem. Every solution of the discrete Tzitzeica system (3.14) corresponds to a one-parameter family of discrete affine spheres governed by

r_{11} − r_1 = H^1 − 1

H_1(H − 1)

(r_1 − r) + Λ AH − 1 (r_{12} − r_1)

r_{12} + r = H(r_1 + r_2)

r_{22} − r_2 = H^2 − 1

H_2(H − 1)

(r_2 − r) + 1Λ BH − 1 (r_{12} − r_2).

(3.25)

4 Discrete surfaces generated by the Tzitzeica transformation

In the previous section, discrete analogues of the properties of affine spheres led to a definition of discrete affine spheres. One of the basic ingredients in this construction were discrete asymptotic nets. On the other hand, it is known that discrete asymptotic nets may be generated by means of Bäcklund transformations applied to surfaces if the ‘tangency condition’ is satisfied, that is the line segment which connects corresponding points on neighbouring surfaces Σ and Σ_1 is tangential to both surfaces and the Bianchi diagram associated with the Bäcklund transformation commutes. For instance, it has been shown that the classical Bäcklund transformation applied to pseudospherical surfaces generates the discrete K-surfaces [24]. Thus, in this case, the direct discretisation method (similar to that applied in Section 3) and the Bäcklund transformation yield the same discrete surfaces. This section is devoted to the natural question as to whether such a remarkable result also holds in the case of affine spheres.

As pointed out in Section 2, the Gauß equations for affine spheres read

r_{xx} = h^xh r_x + Λh r_y r_{xy} = hr r_{yy} = h^yh r_y + Λ^{−1}h r_x

(4.1)

where h is a solution of the Tzitzeica equation. The following variant of the classical Moutard transformation may be used to construct an infinite number of affine spheres [22].

Theorem (The Tzitzeica transformation). The Gauß equations (4.1) and the Tzitzeica equation are invariant under

r → r_1 = r − 2(Λ − Λ_1)h ( Λ ϕ^1_x ϕ^1 r^y

− Λ_1 ϕ^1_y ϕ^1 r^x )

h → h_1 = h − 2(ln ϕ^1)_{xy}

(4.2)

where ϕ^1 is a scalar solution of the Gauß equations with parameter Λ_1.

Since r_x and r_y are tangential to the surface Σ = {r = r(x, y)}, it is clear that the line segment Δr = r_1 − r is tangential to Σ. In addition, it is readily verified that Δr is also tangential to the new surface Σ_1 = {r_1 = r_1(x, y)}. Hence, the Tzitzeica transformation obeys the tangency condition

Δr || Σ, Δr || Σ_1. (4.3)

Now, in order to iterate the Tzitzeica transformation one needs a scalar solution of the transformed Gauß equations. This solution is obtained by inserting another scalar solution ϕ^2 of the Gauß equations (4.1) with parameter Λ_2 ≠ Λ_1 into the transformation formula (4.2)_1. Thus, by construction, the quantity

ϕ^2_1 = ϕ^2 − 2 (Λ_2 − Λ_1)h ( Λ_2 ϕ^1_x ϕ^1 ϕ^2_y − Λ_1 ϕ^1_y ϕ^1 ϕ^2_x ) (4.4)

satisfies the Gauß equations associated with Σ_1. On the other hand, ϕ^2 may be used to construct a surface Σ_2 from Σ given by

r_2 = r − 2(Λ − Λ_2)h ( Λ ϕ^2_x ϕ^2 r^y

− Λ_2 ϕ^2_y ϕ^2 r^x ) (4.5)

with associated scalar solution

ϕ^1_2 = ϕ^1 − 2 (Λ_1 − Λ_2)h ( Λ_1 ϕ^2_x ϕ^2 ϕ^1_y − Λ_2 ϕ^2_y ϕ^2 ϕ^1_x ) . (4.6)

Hence, application of the Tzitzeica transformation to Σ_1 and Σ_2 produces two surfaces Σ_{12} and Σ_{21} whose position vectors read

r_{12} = r_1 − 2(Λ − Λ_2)h_1 ( Λ ϕ^2_{1x} ϕ^2_1 r^{1y}

− Λ_2 ϕ^2_{1y} ϕ^2_1 r^{1x} )

r_{21} = r_2 − 2(Λ − Λ_1)h_2 ( Λ ϕ^1_{2x} ϕ^1_2 r^{2y}

− Λ_1 ϕ^1_{2y} ϕ^1_2 r^{2x} ) . (4.7)

It turns out that these two surfaces coincide, that is

r_{12} = r_{21} (4.8)

which implies closure of the corresponding Bianchi diagram [11].

The fact that the Bianchi diagram associated with the Tzitzeica transformation commutes is paramount to the analysis in the remainder of this paper. Indeed, for fixed parameters x and y, iteration of the Tzitzeica transformation generates a two-dimensional lattice in IR^3 which we label by

r(n_1, n_2) = r(x, y; n_1, n_2) (4.9)

so that the Tzitzeica transforms r_1, r_2 and r_{12} = r_{21} correspond to increments of n_1 and n_2 in the sense of Section 3. This together with the tangency condition (4.3) gives rise to the following

Theorem. The Tzitzeica transformation generates a two-parameter (x,y) family of discrete asymptotic nets. The unit normals of these nets coincide with those of the corresponding affine spheres.

In order to obtain further properties of these discrete asymptotic nets, it is observed that on use of the expressions for r_1 and r_2 one may remove the tangent vectors in the expression for r_{12} in favour of r_1, r_2 and r, leading to

r_{11} − r_1 = α(r_1 − r) + β(r_{12} − r_1) r_{12} + c_0r = Ĥ(c_1r_1 + c_2r_2) r_{22} − r_2 = γ(r_2 − r) + δ(r_{12} − r_2),

(4.10)

where

Ĥ = Λ^2 + Λ^1 Λ_2 − Λ_1 [ 1 − 2 (Λ_2 − Λ_1)hϕ^1ϕ^2

(Λ_2ϕ^1_xϕ^2_y − Λ_1ϕ^1_yϕ^2_x) ]_{−1} (4.11)

and the coefficients c_i are given by

c_0 = c_1c_2, c_1 = −

Λ + Λ_2 Λ − Λ_2

, c_2 =

Λ + Λ_1 Λ − Λ_1

. (4.12)

The linear triad (4.10) may be regarded as discrete Gauß equations for the asymptotic nets generated by the Tzitzeica transformation. In fact, the compatibility conditions of this triad result in the parametrisation

α = c_2 σ_1 Ĥ_1σ , γ = c^1 σ_2 Ĥ_2σ Â = σβ − 1 + c^2, B̂ = σδ − 1 + c^2_1

σ = 1 + c_0 − (c_1 + c_2)Ĥ

(4.13)

and the nonlinear system

Â_2 =

Ĥ_1 Ĥ Â, B̂_1 =

Ĥ_2 Ĥ B̂, Ĥ_{12} = F (Ĥ, Ĥ_1, Ĥ_2, Â, B̂) (4.14) where F is a known function of the indicated arguments. Now, introduction of the scaling

Â = (c^2 − 1)A, B̂ = (c^2_1 − 1)B, Ĥ = 1 + c^0 c_1 + c_2

H (4.15)

leads to:

Theorem (Generalised discrete affine spheres). The Tzitzeica transformation generates generalised discrete affine spheres which are defined by the discrete Gauß equations

r_{11} − r_1 = c_{11} H^1 − 1

H_1(H − 1)

(r_1 − r) + c_{12} A − 1H − 1(r_{12} − r_1)

r_{12} + c_0r = c_{00}H(c_1r_1 + c_2r_2)

r_{22} − r_2 = c_{22} H^2 − 1

H_2(H − 1)

(r_2 − r) + c_{21} B − 1H − 1(r_{12} − r_2)

(4.16)

where

c_{11} =

Λ + Λ_1 Λ − Λ_1

Λ_2 − Λ_1 Λ_1 + Λ_2

, c_{12} = 2

Λ − Λ_2 Λ − Λ_1

Λ_1 Λ_1 + Λ_2 , c_{22} =

Λ + Λ_2 Λ − Λ_2

Λ_1 − Λ_2 Λ_1 + Λ_2

, c_{21} = 2

Λ − Λ_1 Λ − Λ_2

Λ_2 Λ_1 + Λ_2 , c_{00} =

Λ_2 + Λ_1 Λ_2 − Λ_1

. (4.17)

Every solution of the generalised Tzitzeica system

A_2 =

H_1 H A, B_1 =

H_2 H B (Λ_1 − Λ_2)^2(H_{12} − 1)(H − 1)H

(4.18)

+ H_{12}[4Λ_1Λ_2(H_1A − H)(H_2B − H) − (Λ_1 + Λ_2)^2(H_1 − 1)(H_2 − 1)H^2] = 0 corresponds to a one-parameter family of generalised discrete affine spheres represented by the parameter Λ. Discrete affine spheres are obtained in the well-defined limit Λ_1 → ∞, Λ_2 → 0 with the substitutions A → −AΛ_1/2 and B → −B/(2Λ_2).

Remark. The asymptotic nets generated by the Tzitzeica transformation depend on the parameters Λ_1 and Λ_2. In principle, these parameters may be functions of n_1 and n_2 respectively. In this case, the linear triad (4.10)-(4.12) is still valid even though the compatibility conditions are more complicated. It turns out, however, that in a natural continuum limit, the dependence of Λ_i on n_i corresponds to the usual ambiguity in the definition of asymptotic parameters on generalised affine spheres. A generalised affine sphere is defined by the requirement that the logarithm of the affine distance between the surface and a fixed point in IR^3 be a harmonic function. This will be discussed in a forthcoming paper [18].

In conclusion, we point out that, once again, the parametrisation A = τ^2_1 ττ_{11} , H = τ_1τ_2 ττ_{12} , B = τ^2_2 ττ_{22} (4.19)

yields a single discrete equation, viz | | | | | τ τ_1 τ_{11} τ_2 τ_{12} τ_{112} τ_{22} τ_{122} τ_{1122}

| | | | | = 4 Λ_1Λ_2 (Λ_1 − Λ_2)^2 | | | | | τ_1 τ_{11} τ_{12} τ_2 τ_{12} τ_{22} τ_{12} τ_{112} τ_{122}

| | | | | . (4.20)

This generalised discrete Tzitzeica equation has been recently identified as a symmetry reduction of a four-dimensional discrete equation which, in a natural continuum limit, may be regarded as another form of Plebański’s heavenly equation governing self-dual Einstein spaces [17, 19].

5 The Bäcklund transformation

It is evident that the Tzitzeica transformation provides an invariance of the Gauß equations for both classical affine spheres and generalised discrete affine spheres. This is due to the fact that the Bianchi diagram associated with the Tzitzeica transformation commutes. Thus, if we apply another Tzitzeica transformation to our Bäcklund lattice of affine spheres r(n_1, n_2), we obtain a second lattice [r(n_1, n_2)]^′ of affine spheres. The closed Bianchi diagram now guarantees that these affine spheres are again Bäcklund transforms of each other. This may be symbolized by [r(n_1, n_2)]^′ = r^′(n_1, n_2). The explicit construction of r^′ is given below.

Let r_1 and r_2 be the Tzitzeica transforms of r as given by (4.2)_1 and (4.5)

and ψ be another solution of the Gauß equations (4.1) with parameter μ. Then, the Tzitzeica transformation generated by ψ reads r → r^′ = r − 2(Λ − μ)h ( Λ ψ_x ψ r_y − μ ψ^yψ r_x ) (5.21)

and the action of the first two Tzitzeica transformations on ψ is given by

ψ_1 = ψ − 2 (μ − Λ_1)h ( μ ϕ^1_x ϕ^1 r^y

− Λ_1 ϕ^1_x ϕ^1 r^x )

ψ_2 = ψ − 2 (μ − Λ_2)h ( μ ϕ^2_x ϕ^2 r^y

− Λ_2 ϕ^2_x ϕ^2 r^x ) . (5.22)

These relations and the expressions for r_1 and r_2 may be used to eliminate derivatives of r and ψ in (5.21). One obtains

r^′ = r − H (Λ − μ)(H − 1)

∗ (5.23) ∗ [ (Λ − Λ_1)

Λ_2 − μ Λ_2 − Λ_1

Δ_2ψ ψ Δ_1r − (Λ − Λ_2)

Λ_1 − μ Λ_2 − Λ_1

Δ_1ψ ψ Δ_2r ]

on use of the formulae (4.11) and (4.15)_3 for H. Moreover, it is directly verified that this transformation formula is not only valid for generalised discrete affine spheres generated by the Tzitzeica transformation but also in the generic case.

Theorem. The Gauß equations for generalised discrete affine spheres and the generalised discrete Tzitzeica system are invariant under

r → r^′ = Sψ , A → A^′ = ψ^{21}ψψ_{11} A

H → H^′ = ψ_1ψ_2 ψψ_{12} H, B → B^′ = ψ^2 ψψ_{22} B (5.24)

where S = ψr − H (Λ − μ)(H − 1)

(κ_1Δ_2ψΔ_1r − κ_2Δ_1ψΔ_2r)

κ_1 = (Λ − Λ_1)

Λ_2 − μ Λ_2 − Λ_1

, κ_2 = (Λ − Λ_2)

Λ_1 − μ Λ_2 − Λ_1

(5.25)

and ψ is a scalar solution of the Gauß equations (4.16) with parameter μ. The new τ-function is given by τ^′ = ψτ (5.26) without loss of generality.

As pointed out earlier, the Gauß equations (3.25) for discrete affine spheres are obtained from those for generalised discrete affine spheres in the limit Λ_1 → ∞, Λ_2 → 0. Thus, on application of this limiting procedure one obtaines a discrete analogue of the Tzitzeica transformation.

Theorem (The discrete Tzitzeica transformation). The Gauß equations associated with discrete affine spheres and the discrete Tzitzeica system are invariant under

r → r^′ = Sψ , A → A^′ = ψ^{21}ψψ_{11} A

H → H^′ = ψ_1ψ_2 ψψ_{12} H, B → B^′ = ψ^2 ψψ_{22} B (5.27)

where

S = Λ − μΛ + μ [ ψr − H (Λ − μ)(H − 1)

(ΛΔ_1ψΔ_2r − μΔ_2ψΔ_1r) ] (5.28) and ψ is a scalar solution of the Gauß equations (3.25) with parameter μ. The skew-symmetric bilinear quantity S is normalised in such a way that it obeys the identities Δ_1S = ψr_1 − ψ_1r, Δ_2S = ψ_2r − ψr_2. (5.29)

These relations constitute the counterparts of those associated with the classical Tzitzeica transformation.

6 Loop group description

Affine spheres allow a description in terms of loop groups. Here, it is shown that a natural discretisation of this description leads to the same definition of discrete affine spheres. Although being more complicated than the geometric method presented in the previous sections, the loop group approach turns out to be useful in cases which are not amenable to a simple geometric discretisation method.^6 Whether the loop group discretisation method may be applied to convex affine spheres is under current investigation. Technically, the latter case should be more difficult than the case of indefinite Blaschke metric.

The frame equations for the family of immersions (2.15) are gauge equivalent to the matrix system R_x = UR, R_y = V R (6.1)

where

R = 1 λ 0 0 0^λ_h 0 0 0 1 r_x r_y r , U = hx h λa(x) 0 0 −^{hx}_h λ λ 0 0 , V = 0 0^h_λ b(y) h2λ 0 0 0^h_λ 0

(6.2)

and Λ = λ^3. The structure of the above linear system allows a natural algebraic interpretation.^7 Thus, introduce the loop group

G[λ] = {ϕ : IR_∗ → SL(3, IR) : Qϕ(qλ)Q^{−1} = ϕ(λ), T [ϕ(−λ)^{−1}]^T T = ϕ(λ)} (6.3)

where T = 0 1 0 1 0 0 0 0 1 , Q = q 0 0 0 q^2 0 0 0 1 , q = e^{2πi/3}. (6.4)

6Discrete K-surfaces (surfaces of constant negative Gaußian curvature parametrised in terms of asymptotic coordinates) are easier to describe both geometrically and analytically than discrete H-surfaces (surfaces of constant mean curvature which are linked to surfaces of constant positive Gaussian curvature parametrised in terms of curvature coordinates) even though the technique is the same in both cases [3].

7The reductions (6.3) of the zero curvature representation for the Tzitzeica equation were first introduced in [12].

The first reduction in (6.3) should be understood in terms of the Laurent series ϕ(λ) = ∑ k∈Z ϕ^kλ^k ∈ G[λ] with coefficients of the form

ϕ_{3n} =

∗ 0 0 0 ∗ 0 0 0 ∗

, ϕ_{3n+1} =

0 ∗ 0 0 0 ∗ ∗ 0 0

, ϕ_{3n+2} =

0 0 ∗ ∗ 0 0 0 ∗ 0

. (6.5)

The Lie algebra of this group is g[λ] = {ξ : R_∗ → sl(3, R) : Qξ(qλ)Q^{−1} = ξ(λ), −T ξ(−λ)^T T = ξ(λ)} (6.6)

with the same Laurent series formulation.

The following natural subgroups of G[λ] are essential for the construction of discrete affine spheres:

G^0 = G^+[λ] ∩ G^−[λ] = { α 0 0 0 α^{−1} 0 0 0 1 , α ∈ IR}

G^+[λ] = {ϕ ∈ G[λ] : ϕ(λ) = ∑ k≥0 ϕ_kλ^k } G^−[λ] = {ϕ ∈ G[λ] : ϕ(λ) = ∑ k≤0 ϕ_kλ^k }.

(6.7)

The corresponding subalgebras of g[λ] are

g^0 = {

A 0 0 0 −A 0 0 0 0 , A ∈ IR}

g^+[λ] = {ξ ∈ g[λ] : ξ(λ) = ∑ k≥0 ξ_kλ^k} g^−[λ] = {ξ ∈ g[λ] : ξ(λ) = ∑ k≤0 ξ_kλ^k}.

(6.8)

It is seen that U, V ∈ g[λ] which implies that R(x, y) ∈ G[λ] for all (x, y) ∈ IR^2 if the same holds for some point (x_0, y_0) ∈ IR^2. Conversely, the matrices U, V in (6.2) turn out to be the simplest matrices in the corresponding subalgebras U ∈ g^+[λ], V ∈ g^−[λ], U, V ∉ g^0. Theorem (Loop group description of classical affine spheres). Let ϕ : U → G[λ] be a smooth map on a domain U ⊂ IR^2 satisfying

ϕ_xϕ^{−1} = λA + B, ϕ_yϕ^{−1} = 1 λ C + D, (6.9) where A, B, C, D : U → sl(3, IR) with A_{2,3} ≠ 0, C_{1,3} ≠ 0 and (x, y) are standard coordinates in IR^2. Then, the G^0-gauge equivalent matrix

R = σϕ, σ = A_{2,3} 0 0 0 A^{−1}_{2,3} 0 0 0 1

(6.10)

satisfies (6.1) with a_y = b_x = 0 and h = C_{1,3}A_{2,3}.

This statement follows directly from λA+B,^1_λ C+D ∈ g[λ] and the compatibility conditions for the system (6.9).

A natural integrable discretisation of the system (6.1) is obtained as follows. With each point (n_1, n_2) on a Z^2-lattice one associates Φ(n_1, n_2) ∈ G[λ]. The matrices Φ(n_1, n_2) corresponding to two neighbouring vertices are related by

Φ_1 = UΦ, Φ_2 = VΦ, (6.11)

where the usual notation has been used, that is Φ = Φ(n_1, n_2), Φ_1 = Φ(n_1+1, n_2) and Φ_2 = Φ(n_1, n_2 + 1). The matrices U = U(n_1, n_2), V = V(n_1, n_2) ∈ G[λ] are associated with the edges connecting neighbouring lattice points and satisfy the compatibility condition V_1U = U_2V. (6.12)

Now, the Gauß equations (3.25) of the discrete affine spheres may be transformed into the matrix system

R_1 = UR, R_2 = VR (6.13)

by means of the gauge transformation

R = √ 2 1 λ 0 0 0 λ^H_{2(H−1)} 0 0 0 1

Δ_1r Δ_2r r , (6.14)

where Λ = λ^3 and

U = H1−1 H1(H−1) + Aλ 3 2λA 2λ^2A λ^{2 (H−1)H1} 2(H1−1) H1(H−1) (H1−1) λ H1(H−1) (H1−1) λ 0 1

V = H^2_{λ2}^{(H−1)2}_H^2_λ (H − 1) 1 2λ B^{HH2} (H−1)(H2−1) 1 H +^1_{λ3} B^{H2(H−1)} H(H2−1) 1 λ2 B^{H2}_{H2−1} 0^2_λ^{H−1}_H 1 .

(6.15)

Conversely, the matrices (6.15) turn out to be the simplest matrices obeying U ∈ G^+[λ], V ∈ G^−[λ], U, V ∉ G^0.

Lemma. The general form of cubic elements of G[λ] is {A = 3∑ k=0 A_kλ^k ∈ G[λ]} = G^I_{(3)} ∪ G^{II}_{(3)}

{B = 3∑ k=0 B_kλ^{−k} ∈ G[λ]} = G^I_{(−3)} ∪ G^{II}_{(−3)} G^J_{(3)} = {A^J : a, b, c ∈ IR}, G^J_{(−3)} = {B^J : d, f, g ∈ IR}, J = I, II,

(6.16)

where

A^I = 1 a +^1_2 λ^3b^2c λc λ^2bc 1 2 λ^2ab^2 a λab λb 0 1

B^I = 1 f +^1_{2λ3} dg^{2 1}_{2λ2} fg^{2 1}_λ g 1 λ d f 0 1 λ2 dg^1_λ fg 1

(6.17)

and their inverse

A^{II} = a −λc 0 1 2 λ^2ab^{2 1}_a −^1_2 λ^3b^2c −λb −λab λ^2bc 1

B^{II} = f^1_{2λ2} fg^2 −^1_λ fg −^1_λ d^1_f −^1_{2λ3} dg^{2 1}_{λ2} dg 0 −^1_λ g 1 .

(6.18)

Remark. The linear and quadratic cases, which correspond to b = g = 0 and c = d = 0 respectively in the formulae above, are trivial. In these cases, the dependence on λ may be gauged away and one obtains equations in G^0.

Consider a map Φ : Z^2 → G[λ] with cubic Φ_1Φ^{−1} and Φ_2Φ^{−1}. We call it superdiscrete if the image of the map Φ_1Φ^{−1} : Z^2 → G[λ] does not lie completely in G^I_{(3)} or completely in G^{II}_{(3)}, i.e. matrices of both forms A^I , A^{II} appear in Φ(n_1 + 1, n_2)Φ(n_1, n_2)^{−1} for some n_1, n_2, or the image of the map Φ_2Φ^{−1} : Z^2 → G[λ] does not lie completely in G^I_{(−3)} or completely in G^{II}_{(−3)}.

Since A^I = (A^{II} )^{−1}, B^I = (B^{II} )^{−1} it is clear that in the non-superdiscrete case it is sufficient to consider, for example, Φ_1Φ^{−1} : Z^2 → G^I_{(3)}, Φ_2Φ^{−1} : Z^2 → G^{II}_{(−3)}.

All other three cases may be obtained by the change of variables n_1 → −n_1 or n_2 → −n_2 or (n_1, n_2) → −(n_1, n_2).

Theorem (Loop group description of discrete affine spheres). Let Φ : Z^2 → G[λ] be a non-superdiscrete map with

Φ_1Φ^{−1} = 3∑ k=0 A_kλ^k, Φ_2Φ^{−1} = 3∑ k=0 B_kλ^{−k} (6.19)

and A_3 ≢ 0, B_3 ≢ 0. Then, up to a change of the orientation of the axes represented by n_1 → −n_1 or n_2 → −n_2 or both,^8 the system (6.19) is gauge equivalent to (6.13)-(6.15).

In order to prove the theorem, choose the directions of n_1 and n_2 in such a way that Φ_1Φ^{−1} = A^I and Φ_2Φ^{−1} = B^{II} . The transformation

R = σΦ, σ = b 0 0 0 b^{−1} 0 0 0 1

, (6.20)

where b is the coefficient in A^I , gives rise to the admissible normalisation b = 1. The analysis of the compatibility conditions then provides us with the identifications f = H, g = −2 H − 1 H , a = (H − 1)H_1 (H_1 − 1)

. (6.21)

Finally, introduction of A = c 2 , B = −2d (H − 1)(H_2 − 1) HH_2 (6.22)

produces (6.13)-(6.15).

Remark. One of the possible descriptions of Bäcklund (Darboux) transformations is the so called ‘dressing up’ procedure [7]. In this approach, the transformation of the surface (or the frame of the surface) Ψ is described by

Ψ → Ψ^′ = QΨ, (6.23)

where Ψ and Q lie in some loop group G. Commutativity of two dressing transformations represented by Q_2Q_1Ψ = Q̃_1Q̃_2Ψ implies the compatibility condition Q_2Q_1 = Q̃_1Q̃_2 (6.24)

in G which may be interpreted as an equation of a discretised surface.

Let us denote by IR_∗G[λ] the loop group defined in the same way as G[λ] but with the target space IR_∗SL(3, IR) instead of SL(3, IR). In this context,

81 ! ¯1 or 2 ! ¯2 or both in our short notation

the Tzitzeica transformation (4.2) was described in [7] by a cubic polynomial Q = ∑_3

k=0 Q_kλ^k ∈ IR_∗G[λ], where the leading term Q_3 is non-degenerate, i.e. det Q_3 ≠ 0. Consequently, the compatibility condition (6.24) implies the definition (4.16)-(4.18) of generalised discrete affine spheres.

7 Particular discrete affine spheres

Here, we briefly sketch how the discrete Tzitzeica transformation (5.27)-(5.28) may be used to construct explicitly a particular class of discrete affine spheres. To this end, it is observed that

H = const, A = const, B = const (7.1)

constitutes a solution of the discrete Tzitzeica system (3.14) if and only if the constraint (H + 1)(H − 1)^3 = ABH^2 (7.2)

is satisfied. In this case, the discrete Gauß equations (3.13) reduce to a system of linear equations with constant coefficients and hence it is sufficient to seek particular scalar solutions of the form

ϕ = a^{n1} b^{n2} (7.3)

where the constants a and b obey the algebraic system

(a + b)H = ab + 1

a(a + 1)A = (a − H)(a − 1)(a − H^{−1})

b(b + 1)B = (b − H)(b − 1)(b − H^{−1}).

(7.4)

It is readily shown that the constraint (7.2) is a consequence of (7.4). Thus, for fixed A, B and H, the cubic polynomial (7.4)_2 possesses at least one real root α with corresponding real root β of (7.4)_3 given by (7.4)_1. We may use these roots to parametrise A, B and H according to H = αβ + 1 α + β , A = β(α + 1)(α − 1)^3 α(α + β)(αβ + 1) , B = α(β + 1)(β − 1)^3 β(α + β)(αβ + 1)

(7.5)

so that the constraint (7.2) is identically satisfied. The remaining roots are then obtained by solving quadratic equations. In this way, we obtain three linearly independent scalar solutions of the discrete Gauß equations (3.13) from which we can construct the position vector r of the seed discrete affine sphere.

In order to apply the discrete Tzitzeica transformation, one needs a scalar solution of the deformed discrete Gauß equations (3.25) with parameter μ. It turns out (as in the continuous case) that the choice μ = iσ with real σ yields interesting discrete surfaces. Thus, the ansatz

ψ = p^{n1} q^{n2} (7.6) produces the algebraic system (p + q)H = pq + 1 iσp(p + 1)A = (p − H)(p − 1)(p − H^{−1}) −iσq(q + 1)B = (q − H)(q − 1)(q − H^{−1}). (7.7)

It is observed that if (p, q) is a solution of the above system then (1/p̄, 1/q̄) is another solution, where the overbar denotes complex conjugation. Hence, there are three pairs of roots p_{(1)}, p_{(2)} = 1/p̄_{(1)}, p_{(3)} = 1/p̄_{(3)} q_{(1)}, q_{(2)} = 1/q̄_{(1)}, q_{(3)} = 1/q̄_{(3)}

(7.8)

related by (7.7)_1. This implies, that the linear combination ψ = νp^{n1}_{(1)}q^{n2}_{(1)} + (ν̄p̄^{n1}_{(1)}q̄^{n2}_{(1)})^{−1}, ν = const (7.9) is admissible as a solution of (3.25) or, equivalently, ψ = cosh(γ) exp(iδ) γ = c_1n_1 + c_2n_2 + c_3, δ = c_4n_1 + c_5n_2 + c_6,

(7.10)

where the real constants c_i may be read off (7.9). A new real solution of the discrete Tzitzeica system is therefore given by

H^′ = cosh(γ + c_1) cosh(γ + c_2) cosh(γ) cosh(γ + c_1 + c_2) H A^′ = cosh(γ + c_1)^2 cosh(γ) cosh(γ + 2c_1) A B^′ = cosh(γ + c_2)^2 cosh(γ) cosh(γ + 2c_2) B (7.11)

and the corresponding discrete affine sphere may be obtained by means of the transformation formula (5.27)_1 in a purely algebraic manner. By virtue of the representation H^′ − H = − sinh(c_1) sinh(c_2) cosh(γ) cosh(γ + c_1 + c_2)

H (7.12)

it is seen that H^′ constitutes a simple discretisation of the usual sech^2-shaped one-soliton solution.

The procedure sketched above is now illustrated by way of the simplest example α = β > 1, σ = 1. (7.13) In this case, the roots of the system (7.4) turn out to be a : α, a_± = α(α + 1) ± i(α − 1) √ α(α^2 + α + 1) α(α^2 + 1) b : α, b_± = a_∓. (7.14)

Thus, decomposition of either a_+ or a_− into

a_± = τe^{iΞ} (7.15)

leads to three linearly independent real solutions of the discrete Gauß equations associated with the constant solution (7.5) given by

x = τ^{n1+n2} cos[Ξ(n_1 − n_2)] y = τ^{n1+n2} sin[Ξ(n_1 − n_2)] z = α^{n1+n2} ,

(7.16)

where τ = α^{−1/2}, cos(Ξ) = α^{1/2} α + 1 α^2 + 1

. (7.17)

Consequently, the position vector of the corresponding discrete affine sphere reads r = D x y z , (7.18)

where D is an arbitrary but non-singular constant matrix.

The roots of the algebraic equations (7.7)_{σ=1} reduce to

p_± = α + 1 + i(α − 1) 4α [ α + 1 ± (α − 1) √ α^2 + 4α + 1 α^2 + 1 ] , p_{(3)} = 1 − iα α − i , q_± = p̄_±, q_{(3)} = p̄_{(3)}.

(7.19)

Hence, on using the parametrisation

p_± = exp(κ + iχ), (7.20)

where cosh(κ) = α + 1 2^{3/2}α √ α^2 + 1

cos(χ) = α + 1 √ 2 √ α^2 + 1

, sin(χ) = α − 1 √ 2 √ α^2 + 1 , (7.21)

we may choose ψ = cosh[κ(n_1 + n_2)] exp[iχ(n_1 − n_2)] (7.22) as a particular scalar solution of the deformed discrete Gauß equations with parameter μ = i. Finally, insertion of the seed position vector (7.18) and ψ into the discrete Tzitzeica transformation (5.27)_{Λ=1} produces the following three particular solutions of the discrete Gauß equations:

x^′ = τ^{n1+n2} α − 1 [ −1 + √ 2 α √ α^2 + 1 cosh[κ(n_1 + n_2 + 1)] cosh[κ(n_1 + n_2)] ] cos[Ξ(n_1 − n_2)]

y^′ = τ^{n1+n2} α − 1 [ −1 + √ 2 α √ α^2 + 1 cosh[κ(n_1 + n_2 + 1)] cosh[κ(n_1 + n_2)] ] sin[Ξ(n_1 − n_2)]

z^′ = α^{n1+n2} α − 1 [ α(α + 1) − √ 2 √ α^2 + 1 cosh[κ(n_1 + n_2 + 1)] cosh[κ(n_1 + n_2)] ] .

(7.23)

Thus, the position vector of the new discrete affine sphere takes the form

r^′ = D^′ x^′ y^′ z^′ , det D^′ ≠ 0. (7.24)

The discrete affine spheres represented by r and r^′ may be regarded as ‘discrete surfaces of revolution’ if D = D^′ = 1l and Ξ = π N , N ∈ Z. (7.25)

More precisely, if this condition is satisfied then the discrete surfaces possess a Z_N rotational symmetry. Furthermore, if we apply the translational symmetry

n_1 → n_1 +^1_2 Σ, n_2 → n_2 +^1_2 Σ, Σ = const (7.26)

to the formulae (7.23), we may choose Σ in such a way that there exists an n ∈ Z for which

tanh[κ(n + Σ)] = ϵ √ α^2 + 1 √ α^2 + 4α + 1

, ϵ = ±1. (7.27)

It is readily shown that this choice leads to ( x^′ y^′ )| | |_{n1+n2=n} = 0 or Δ^iz^′|n1+n2=n = 0, i = 1, 2, (7.28)

depending on the sign in (7.27), that is if ϵ = −sgn(κ) or ϵ = sgn(κ) respectively. In geometric terms, the former case corresponds to a local degeneration of the discrete surface to a vertex while the latter implies the existence of a closed planar coordinate polygon.

Seed discrete affine spheres (r) together with their Tzitzeica transforms (r^′) are displayed below for various values of N. The first surface on the right-hand side (N = 4) contains a square coordinate polygon parallel to the (x, y)-plane. The second surface on the right-hand side (N = 6) possesses a vertex. The elementary quadrilaterals which belong to both the upper part and the lower part

Figure 1: Discrete affine spheres for N = 4, 6, 20 of the surface are degenerate. In the remaining case (N = 20), the choice of Σ becomes insignificant since κ is sufficiently small. It is noted that for large N the discrete affine spheres resemble their continuous counterparts as depicted in [20]. Indeed, it turns out that the latter are obtained in the limit N → ∞.

Acknowledgement. A.B. would like to thank U. Eitner and U. Simon for helpful discussions.

References

[1] W. Blaschke, Vorlesungen über Differentialgeometrie II (Springer, Berlin, 1923).

[2] A. Bobenko and U. Pinkall, Discrete surfaces with constant negative Gaussian curvature and the Hirota equation, to appear in J. Diff. Geom. (1996).

[3] A. Bobenko and U. Pinkall, Discretization of surfaces and integrable systems, in this volume.

[4] A. Bobenko and U. Pinkall, Discrete isothermic surfaces, J. R. Angew.

Math. 475 (1996) 187-208.

[5] R.K. Dodd and R.K. Bullough, Polynomial conserved densities for the sine- Gordon equations, Proc. R. Soc. London A 352 (1977) 481-503.

[6] B. Gaffet, A class of 1-d gas flows solvable by the inverse scattering transform, Physica D 26 (1987) 123-139.

[7] A.R. Its, Liouville theorem and inverse scattering problem, Zapiski Nauchn.

Semin. LOMI 133 (1984), 113-125; [Engl. transl.] J. Sov. Math. 31 (1985) 3330-3338.

[8] A.V. Jiber and A.B. Shabat, A Klein-Gordon equation with nontrivial group, Dokl. Akad. Nauk. SSSR 247 (1979) 1103-1105.

[9] H. Jonas, Sopra una classe di trasformazioni asintotiche, applicabili in particolare alle superficie la cui curvatura è proporzionale alla quarta potenza della distanza del piano tangente da un punto fisso, Ann. Mat. Pura Appl. Ser. III 30 (1921) 223-255.

[10] H. Jonas, Die Differentialgleichung der Affinsphären in einer neuen Gestalt, Math. Nachr. 10 (1953) 331-352.

[11] G.L. Lamb, Jr, Bäcklund transformations at the turn of the century, in Bäcklund Transformations, Lecture Notes in Mathematics 515, ed. R.M. Miura (Springer, Heidelberg, 1976) 69-79.

[12] A.V. Mikhailov, The reduction problem and the inverse scattering method, Physica D 3 (1981) 73-117.

[13] F. Pedit and H. Wu, Discretizing constant curvature surfaces via loop group factorizations: the discrete sine- and sinh-Gordon equations, J. Geom. Phys. 17 (1995) 245-260.

[14] U. Pinkall, Hamiltonian flows on the space of star-shaped curves, Results in Mathematics 27 (1995) 328-332.

[15] R. Sauer, Parallelogrammgitter als Modelle pseudosphärischer Flächen, Math. Z. 52 (1950) 611-622.

[16] R. Sauer, Differenzengeometrie (Springer Verlag, Berlin-New York, 1970).

[17] W.K. Schief, Self-dual Einstein spaces and a discrete Tzitzeica equation. A permutability theorem link, to appear in Proc. Symmetries and Integrability of Difference Equations II, ed. P. Clarkson and F. Nijhoff (Cambridge University Press, Cambridge, 1997).

[18] W.K. Schief, A novel discription of hyperbolic surfaces. Integrability and discretisation, in preparation (1997).

[19] W.K. Schief, Self-dual Einstein spaces via a permutability theorem for the Tzitzeica equation, Phys. Lett. A 223 (1996) 55-62.

[20] W.K. Schief and C. Rogers, The affinsphären equation. Moutard and Bäcklund transformations, Inverse Problems 10 (1994) 711-731.

[21] U. Simon and C.P. Wang, Local theory of affine 2-spheres, in Proc. Symposia Pure Math. 54 (1993) 585-598.

[22] G. Tzitzeica, Sur une nouvelle classe des surfaces, C. R. Acad. Sci. Paris 150 (1910) 955-956.

[23] C.P. Wang, Affine differential geometry and soliton equations, Preprint TU Berlin (1996).

[24] W. Wunderlich, Zur Differenzengeometrie der Flächen konstanter negativer Krümmung, Österreich. Akad. Wiss. Math.-Nat. Kl. S.-B. II, 160 (1951) 39-77.