On continuous Hochschild homology and cohomology groups

Markus J. Pflaum^�

19th November 1997

Abstract Using the method of continuous projective resolutions established by Alain Connes we calculate the continuous Hochschild homology and cohomology groups of the Fréchet algebra of smooth functions on a manifold M. The (co)homology groups are allowed to take values in the Fréchet space E of smooth sections of a vector bundle E over M and in the strong dual E^∗. Moreover we show that in the cohomological case the differential and continuous Hochschild cohomologies are naturally isomorphic.

1 Introduction

Let M be a manifold and E → M a smooth vector bundle. Denote by A the algebra of smooth functions on M, by E the Fréchet space of smooth sections of E, and by E^∗ its strong dual. Since A with its natural Fréchet topology and the spaces E and E^∗ are all (nuclear) locally convex complete vector spaces we can write down the (co)chain complexes 0 ←− E^{(∗)} ←− A ^⊗E^{(∗)} ←− A ^⊗A ^⊗E^{(∗)} ←− ... , (1) and 0 −→ Hom_A ( A, E^{(∗)} ) −→ Hom_A ( A ^⊗A, E^{(∗)} ) −→ Hom_A ( A ^⊗A ^⊗A, E^{(∗)} ) −→ ... , (2) where ^⊗ means the completed projective tensor product (cf. [7]), and Hom_A the continuous A-linear homomorphisms. The complexes (1) and (2) give rise to the continuous Hochschild (co)homology groups_cH_∗(A, E),_cH_∗(A, E^∗),_cH^∗(A, E) and_cH^∗(A, E) all of which will be calculated in this letter. Their relevance lies among other in deformation theory, where in particular the second Hochschild cohomology group_cH^2(A, A) provides important information about the topological deformation theory of A (see for example [1, 6, 3]).

Besides the continuous Hochschild cohomology one can consider the cohomology coming from differential cochains, i.e. cochains C ∈ Hom ( A^{^⊗}, E^{(∗)} ) which are given by differential operators in each argument. We denote these differential Hochschild cohomology groups by_dH ( A, E^{(∗)} ) . Recall that there is a canonical morphism_dH ( A, E^{(∗)} ) → �Humboldt Universität zu Berlin, Mathematisches Institut, Unter den Linden 6, 10099 Berlin, email: pflaum@mathematik.hu-berlin.de 1 cH ( A, E^{(∗)} ) , as every differential operator is continuous with respect to the Fréchet topology of A. We will show that the canonical map_dH ( A, E^{(∗)} ) →_cH ( A, E^{(∗)} ) is an isomorphism indeed.

The motivation for this note comes from the work of Georges Pinczon [6] and Simone Gutt [3], who have initiated the comparison of differential and continuous Hochschild cohomologies and the study of its implications for the deformation theory of algebras of smooth functions on a manifold. In [6] G. Pinczon showed that the differential and continuous Hochschild cohomologies of the algebra of smooth functions on Rn are naturally equivalent and isomorphic to the space of smooth totally antisymmetric multivector fields. In the paper [3] S. Gutt proved by using an argument of Omori, Maeda and Yoshioka [5] that for any smooth manifold M and A = C^∞(M) the second cohomology groups_dH^2(A, A) and_cH^2(A, A) are naturally isomorphic. In this work we generalize the results of G. Pinczon and S. Gutt to all Hochschild cohomology groups of arbitrary manifolds.

Another motivation for our paper comes from the well-known and by now classical Hochschild-Kostant-Sternberg Theorem [4]. Though it was expected to be true also in a topological context for algebras of smooth functions on a manifold, to our knowledge a full proof and exact statement of this fact seems not to have been given in the literature. We fill this gap in our letter as well.

2 Continuous projective resolutions

In his celebrated article Noncommutative Differential Geometry [2] Alain Connes discussed the continuous Hochschild cohomology of topological algebras and showed that it can be calculated by a continuous projective resolution of the topological algebra under consideration. Using the methods established in [2] we will succeed in comparing the continuous and differential Hochschild cohomologies of algebras of smooth functions. But before dulging into this let us recall some definitions and results from [2] which are relevant for the sequel.

Let B be a complete locally convex topological algebra. A topological module over B then is a locally convex vector space M which has the structure of a B-module such that B × M ∋ (b, ξ) → bξ ∈ M is continuous. The module M is called topologically projective if it is a direct summand of a topological module of the form M^′ = B ^⊗W , where W is a complete locally convex vector space.

By a continuous projective resolution we mean an exact sequence of projective B-modules and B-linear continuous maps 0 ←− M^ε←− R_0^{δ1}←− R_1^{δ2}←− R_2 ←− ... (3) admitting a C -linear continuous homotopy

s_i : R_i → R_{i+1}, δ_{i+1}s_i + s_{i−1}δ_i = id, ∀i ∈ N^∗ . (4)

Let A be a complete locally convex topological algebra and B = A ^⊗_πA^∘, where A^∘ is the topological algebra opposite to A. Then the sequence A^{Δ∗}←− B^{δ1}←− B ^⊗A^{δ2}←− ...^{δn}←− B ^⊗A ^⊗... ^⊗A k−times δ_n+1 ←− ... (5) with δ_k((1 ⊗ 1) ⊗ a_1 ⊗ ... ⊗ a_k) = (a_1 ⊗ 1) ⊗ (a_2 ⊗ ... ⊗ a_k)+

+ k−1∑ j=1 (−1)^j(1 ⊗ 1) ⊗ (a_1 ⊗ ... ⊗ a_j a_{j+1} ⊗ ... ⊗ a_k) + (−1)^k(1 ⊗ a_k) ⊗ (a_1 ⊗ ... ⊗ a_{k−1}) (6) comprises a continuous projective resolution of the topological B-module A. We will call it the standard resolution of A with components R_{st,k} = B ^⊗A ^⊗... ^⊗A.

The following proposition is a slight generalization of a result of Connes ([2], Lemma 43.).

Proposition 2.1 Let (R_k, δ_k) be a continuous projective resolution of the B-module A, and M a topological A-module. Then the continuous Hochschild (co)homology_cH_k(A, M) (resp._cH^k(A, M)) of A with values in the topological module M coincides with the homology of the chain complex 0 ←− R_0 ^⊗M^{δ1∗}←− R_1 ^⊗M^{δ2∗}←− R_2 ^⊗M ←− ... , (7) respectively the cohomology of the cochain complex

Hom_B(R_0, M)^{δ∗1}−→ Hom_B(R_1, M)^{δ∗2}−→ Hom_B(R_2, M) −→ ... . (8)

Let us assume that the manifold M has a nowhere vanishing vector field Y : M → T M, and that one has chosen an affine connection for M with exponential function exp. Then one can find a smooth function χ : M × M → [0, 1] such that χ is identical to 1 on a neighborhood of the diagonal of M ×M and exp^{−1}_b (a) is well-defined for all (a, b) ∈ supp χ. Now consider the pull-back bundles E_k = pr_2(Λ^kT^∗_C M), where Λ^kT^∗_C M is the exterior product of the complexified cotangent bundle of M and pr_2 : M × M → M the projection on the second coordinate. As E^∗_1 is the pull-back of the complexified tangent bundle T_C M via pr_2 the vector field

X(a, b) = χ(a, b) exp^{−1}_b (a) + i (1 − χ(a, b)) Y (b) (9)

comprises a section of E^∗_1 which does not vanish outside the diagonal of M × M.

Proposition 2.2 (Connes [2], p. 127ff) Let M be a smooth manifold with a nowhere vanishing vector field Y : M → T M, and define the bundles E_k and the section X like above. Then the sequence C^∞(M)^{Δ∗}←− C^∞(M × M)^{iX}←− C^∞(M × M, E_1)^{iX}←− ...^{iX}←− C^∞(M × M, E_n) ←− 0 (10) comprises a continuous projective resolution for the module C^∞(M) over C^∞(M × M). We call it the Connes resolution and denote its components by R_{Co,k} = C^∞(M × M, E_k). A chain map from R_{Co} to the standard resolution R_{st} of C^∞ (M) over the identity map id_C ∞_{(M)} is given by F ω(a, b, x_1, ..., x_k) =< X(x_1, b) ∧ ... ∧ X(x_k, b), ω(a, b) > ∀a, b, x_i ∈ M and ω ∈ R_{Co,k}. (11)

3 Properties of continuous Hochschild (co)homology

Theorem 3.1 Let M be a smooth manifold and M a topological module over C^∞(M). Then the antisymmetrization

α : R_{st} → R_{st}, (a ⊗ a^′) ⊗ a_1 ⊗ ... ⊗ a_k → (a ⊗ a^′) ⊗ 1 k! ∑ σ∈S_k a_{σ(1)} ⊗ ... ⊗ a_{σ(k)} (12)

induces identity morphisms

α_∗ = α_{M ∗} :_cH_∗(C^∞(M), M) →_cH_∗(C^∞(M), M) (13) α^∗ = α_M^∗ :_cH^∗(C^∞(M), M) →_cH^∗(C^∞(M)M) (14)

in Hochschild (co)homology, or in other words any Hochschild (co)cycle is (co)homologous to its antisymmetrization.

Proof: First let us assume that M is an open subset in some R^n . Then in particular M possesses a nowhere vanishing smooth vector field Y : M → T M. Thus, by Proposition 2.2 the chain map F : R_{Co} → R_{st} defined by Eq. (11) induces isomorphisms F_∗ : H_∗(R_{Co} ^⊗_C∞_{(M}2_)M) → H_∗(R_{st} ^⊗_C∞_{(M}2_)M) and F^∗ : H^∗ ( Hom_C∞_{(M}2_)(R_{st}, M) ) → H^∗ ( Hom_C∞_{(M}2_)(R_{Co}, M) ) . But by definition of F and α the relation α ∘ F = F is true, so α_∗F_∗ = F_∗ and F^∗α^∗ = F^∗ holds. Hence the maps α_∗ and α^∗ have to be identity morphisms.

Now, if M is an arbitrary manifold, there exists an embedding i : M → R^N of M in some Euclidean space R^N . Choose a tubular neighborhood V of M in R^N , and let p : V → M be the canonical projection. Denote the standard resolutions of C^∞(M) and C^∞(V ) by R^M_{st} resp. R^V_{st}. Finally let M^V be the topological C^∞(V^2)-module C^∞(V^2) ^⊗_C∞_{(M}2_)M. Then we have natural embeddings

ι_k : R^M_{st,k} ^⊗_C∞_{(M}2_)M → R^V_{st,k} ^⊗_C∞_{(V} 2_)M^V , (1 ⊗ 1) ⊗ a_1 ⊗ ... ⊗ a_k ⊗ m → (1 ⊗ 1) ⊗ a_1p ⊗ ... ⊗ a_kp ⊗ (1 ⊗ m), (15)

ι^k : Hom_C∞_{(M}2_) ( R^M_{st,k}, M ) → Hom_C∞_{(V} 2_) ( R^V_{st,k}, M^V ) , δ → 1 ⊗ (δ ∘ i^∗), (16)

together with their respective left inverses or in other words splitting maps

κ_k : R^V_{st,k} ^⊗_C∞_{(V} 2_)M^V → R^M_{st,k} ^⊗_C∞_{(M}2_)M, (1 ⊗ 1) ⊗ a_1 ⊗ ... ⊗ a_k ⊗ (1 ⊗ m) → (1 ⊗ 1) ⊗ a_1i ⊗ ... ⊗ a_ki ⊗ m, (17)

κ^k : Hom_C∞_{(V} 2_) ( R^V_{st,k}, M^V ) → Hom_C∞_{(M}2_) ( R^M_{st,k}, M ) , δ → (i^∗ ⊗ id_M) ∘ δ ∘ p^∗. (18)

By naturality of these functions we receive commutative diagrams

R^M_{st,k} ^⊗_C∞_{(M}2_)M^{ιk}−−−→ R^V_{st,k} ^⊗_C∞_{(V} 2_)M^{V κk}−−−→ R^M_{st,k} ^⊗_C∞_{(M}2_)M α_{M ∗} α_{V ∗} α_{M ∗} R^M_{st,k} ^⊗_C∞_{(M}2_)M^{ιk}−−−→ R^V_{st,k} ^⊗_C∞_{(V} 2_)M^{V κk}−−−→ R^M_{st,k} ^⊗_C∞_{(M}2_)M

(19) and Hom_C∞_{(M}2_) ( R^M_{st,k}, M )_ιk −−−→ Hom_C∞_{(V} 2_) ( R^V_{st,k}, M^V )_κk −−−→ Hom_C∞_{(M}2_) ( R^M_{st,k}, M ) α_M^∗ αV^∗ αM^∗ Hom_C∞_{(M}2_) ( R^M_{st,k}, M )_ιk −−−→ Hom_C∞_{(V} 2_) ( R^V_{st,k}, M^V )_κk −−−→ Hom_C∞_{(M}2_) ( R^M_{st,k}, M ) . (20)

Hence, as α_{V ∗} and α_V^∗ induce identity morphisms on the (co)homological level, the same holds true for α_{M ∗} and α_M^∗ as well. This proves the claim. 2

An essential ingrediant for calculating the Hochschild (co)homology groups of C^∞(M) in E and E^∗ will be the natural morphisms

π : R_{st,k} → Ω^k_C M, (1 ⊗ 1) ⊗ f_1 ⊗ ... ⊗ f_k → df_1 ∧ ... ∧ df_k (21) ρ : Λ^kT_C M → Hom_C∞_{(M}2_) (R_{st,k}, C^∞(M)) , V_1 ∧ .. ∧ V_k → ( (1 ⊗ 1) ⊗ f_1 ⊗ ... ⊗ f_k →^1_{k!} ∑ σ∈S_k (−1) k V_{σ(1)}f_1 ⊗ ...V_{σ(k)}f_k ) ,(22)

as they will provide the natural representation of the Hochschild (co)homology classes we are looking for. The other essential ingrediant is given by the following lemma, which is easily proved by using the fact that C^∞(M) ^⊗_C∞_{(M}2_)R_{Co,k} ∼= Ω^k_C M.

Lemma 3.2 In case the manifold M has a nowhere vanishing vector field Y : M → T M the following maps are all well-defined and isomorphisms:

R_{Co,k} ^⊗_C∞_{(M}2_)E ∋ ω ⊗ e^{τE}→ ω|_Δ ⊗ e ∈ Γ^∞(Λ^kT^∗_C M ⊗ E), (23)

R_{Co,k} ^⊗_C∞_{(M}2_)E^∗ ∋ ω ⊗ λ^{τE∗}→ ω|_Δ ⊗ λ ∈ Ω^k_C M ^⊗_C∞_{(M)}E^∗, (24) Hom_C∞_{(M}2_)(R_{Co,k}, E) ∋ t^{ηE}→ T ∈ Γ^∞(Λ^kT_C M ⊗ E), with < ω, T >= t(ω^′) for ω ∈ Ω^k_C M and Δ^∗ω^′ = ω,

(25)

Hom_C∞_{(M}2_)(R_{Co,k}, E^∗) ∋ t^{ηE∗}→ T ∈ ( Γ^∞(Λ^kT^∗_C (M) ⊗ E )_∗ , with < T, ω ⊗ e >= t(ω^′)(e) for ω ∈ Ω^k_C M, e ∈ E and Δ^∗ω^′ = ω.

(26)

Assume now for a moment that M is open in some R^N . Then we can consider the following sequences:

Γ^∞(Λ^kT^∗_C M ⊗ E) → R_{st,k} ^⊗_C∞_{(M}2_)E^{F∗}→ R_{Co,k} ^⊗_C∞_{(M}2_)E^{α∗}→

α∗→ R_{Co,k} ^⊗_C∞_{(M}2_)E^{π∗}→ Γ^∞(Λ^kT^∗_C M ⊗ E),

(27)

Γ^∞(Λ^kT_C M ⊗ E)^{ρ∗}→ Hom_C∞_{(M}2_)(R_{st,k}, E)^{α∗}→ Hom_C∞_{(M}2_)(R_{st,k}, E)^{F ∗}→

F^∗→ Hom C^∞(M2)(RCo,k, E) → Γ ∞(Λ^kT_C M ⊗ E)

(28)

and analogous ones for E^∗. In each of these sequences the composition of all its morphisms is equal to the identity map. Let us show this for (28); the proof for the other sequences is similar. Let V = V_1 ∧ ... ∧ V_k ∈ Γ^∞(Λ^kT_C M) and e ∈ E = Γ^∞(E). Then (9) and (11) entail for ω ∈ Ω^k_C M and ω^′ ∈ R_{Co,k} with Δ^∗ω^′ = ω the relation

F^∗α^∗ρ_∗(e ⊗ V ) (ω^′) = e ⊗ ρ(V ) (F ω^′) = e⊗ < ω, V >, (29)

hence by (25) in Lemma 3.2 the section e⊗V is mapped to e⊗V under the composition of all morphisms in (28). Now, as α^∗, F^∗ and ρ induce isomorphisms in cohomology, ρ ⊗ id_E has to be an isomorphism in cohomology as well. Moreover, as the image of ρ⊗id_E consists only of differential cocycles, the differential and continuous Hochschild cohomologies of A with values in E have to coincide. Obviously similar properties hold for the other type of Hochschild (co)homologies as well, so we receive the following theorem in case M is an open subset of R^N .

Theorem 3.3 Let M be a smooth manifold and E → M a smooth vector bundle over M. Denote by A the Fréchet algebra of smooth functions on M, by E the Fréchet space of smooth sections of E, and by E^∗ its strong dual. Then the continuous Hochschild (co)homology groups of A in E and E^∗ are given by the following natural sequences of isomorphisms:

Γ^∞(Λ^kT_C M ⊗ E) →_dH^k(A, E) →_cH^k(A, E), (30) ( Γ^∞(Λ^kT^∗_C M ⊗ E) )_∗ →_dH^k(A, E^∗) →_cH^k(A, E^∗), (31) cH_k(A, E) → Γ^∞(Λ^kT^∗_C M ⊗ E) (32) cH_k(A, E^∗) → Ω^k_C M ^⊗_C∞_{(M)}E^∗. (33)

In particular_cH_k(A, A) ∼= Ω^k_C M and_cH^k(A, A) ∼= Γ^∞(Λ^kT^∗_C M) which gives a topological version of the Hochschild-Kostant-Sternberg Theorem.

Remark 3.4 Alain Connes used the method of continuous projective resolutions to prove_cH^k(A, A^∗) ∼= ( Ω^k_C M )_∗ for any compact manifold M. According to the theorem this relation holds for noncompact manifolds as well.

Proof: It remains to show the claim for an arbitrary manifold M. So embed M in some Euclidean space R^N and choose a tubular neighborhood V of M in R^N . The canonical injection i : M → V and projection p : V → M give rise to the pullback bundle E^V = p^∗E and the relation E = i^∗E^V . Note that E^V = C^∞(V ) ^⊗_C∞_{(M)}E ∼= Γ^∞(E^V ). Now i and p induce a commutative diagram of the form

Γ^∞(Λ^kT_C M ⊗ E) −−−→ Γ^∞(Λ^kT_C V ⊗ E^V ) −−−→ Γ^∞(Λ^kT_C M ⊗ E)

dH^k(C^∞(M), E) −−−→_dH^k(C^∞(V ), E^V ) −−−→_dH^k(C^∞(M), E)

cH_k(C^∞(M), E) −−−→_cH_k(C^∞(V ), E^V ) −−−→_cH_k(C^∞(M), E),

(34)

where all the horicontal compositions comprise identity morphisms. Hence, as the middle vertical arrows in (34) are isomorphisms, the other vertical arrows have to be isomorphisms as well. This proves the claim for the sequence (30). Check that one can write down diagrams analogous to (34) for the sequences (31) to (33). Arguing similarly like for (30) the theorem finally follows. 2

References

[1] P. Bonneau, M. Flato, M. Gerstenhaber, and G. Pinczon, The hidden group structure of quantum groups, Comm. Math. Phys. 161 (1994), 125–156.

[2] Alain Connes, Noncommutative differential geometry, Inst. Hautes Études Sci. Publ.

Math. 62 (1985), 257–360.

[3] Simone Gutt, On some second Hochschild cohomology spaces for algebras of functions on a manifold, Lett. Math. Phys. (1997), 157–162.

[4] G. Hochschild, B. Kostant, and A. Rosenberg, Differential forms on regular affine algebras, Trans. Am. Math. Soc. 102 (1962), 383–408.

[5] H. Omori, Y. Maeda, and A. Yoshioka, Deformation quantizations of Poisson algebras, Contemp. Math. 179 (1994), 213–240.

[6] Georges Pinczon, On the equivalence between continuous and differential deformation theories, Lett. Math. Phys. (1997), 143–156.

[7] Trèves, Topological Vector Spaces, Distributions and Kernels, Academic Press Inc., New York, 1967.