Phase Space Tunneling for Operators with Symbols in a Gevrey Class^�

Klaus Jung

Technische Universität Berlin, Fachbereich Mathematik, Sekr. MA 7-1, Straße des 17. Juni 136, D-10623 Berlin, Germany

Abstract

Phase space tunneling and exponential decay of eigenfunctions in phase space are well known for operators with symbols which are analytic in some neighbourhood of the real axis. This can be used to prove an adiabatic theorem of exponential order if one assumes the Hamiltonian to depend analytically on time [8]. However to study compactly supported switching processes one has to weaken the analyticity assumptions. Here we examine non-analytic symbols with Gevrey class regularity and show that we get an exponential decay of the corresponding eigenfunctions with respect to ~^{1/a} as ~ ! 0, where a ¿ 1. The loss of regularity causes a slower decay in ~. The analysis is done using the methods of A. Martinez and its generalization by S. Nakamura. An upper bound for the rate of decay is given.

1 Introduction

This paper adapts the techniques of exponential weighted phase space estimates as studied in [7], [8] and [10] to a case where there is no analyticity, but regularity in the sense of Gevrey classes. Such a case is of interest, if one regards for example its application to the adiabatic theorem in quantum

�This paper is a rewritten part of the authors dissertation [5] under the supervision of Prof. R. Seiler, TU-Berlin

mechanics, which is understood in [8] as a phase space tunneling phenomena. From this point of view the consideration of non-analytic symbols is directly connected to the study of non-analytic switching processes in adiabatic theory, (which in particular allows to consider compactly supported switching functions).

Let T : L^2(R^n ) → L^2(R^{2n} ) be the Bargmann transform, defined by T u(x, ξ) = (2μ)^{n/4}(2π♥)^{−3n/4}e^{ixξ/(2}~^) ∫ e^{i(x−y)ξ/}~^{−μ(x−y)2 /(2}~^)u(y) dy . (1.1) T u can be understood as a representation of the wave function u in phase space (see [1]). Let P = p(x, ♥D_x) be a pseudo differential operator with symbol p and ψ ∈ C^∞(R^{2n} , R) be a weight function, which is bounded with all its derivatives. If the symbol p is analytic in a strip S_ω = {| Im x| < ω_1, | Im ξ| < ω_2} and sup |∂_xψ| < ω_1, sup |∂_ξψ| < ω_2, the main estimate in the theory of phase space tunneling ([7], [8], [10]) is given by ⟨e^{ψ/}~T u, e^{ψ/}~T P u⟩ = ⟨e^{ψ/}~T u, p(x − ∂_μψ, ξ + iμ∂_μψ)e^{ψ/}~T u⟩ +O(♥)‖e^{ψ/}~T u‖^2 , (1.2)

where ∂_μ := μ^{−1}∂_x + i∂_ξ. Consider an eigenfunction u with P u = 0. It can be shown that (1.2) implies a decay of T u in phase space: For any compact K ⊂ {p(x, ξ) ≠ 0} one has ‖T u‖_L2_{(K)} = O(e^{−δ/}~) (1.3)

as ♥ → 0, where δ = δ(K) > 0 can be related explicitly to the geometry of K and p.

In this paper we follow closely the techniques of [10] and concentrate mainly on the difficulties which arise when the symbol p is only C^∞: What replaces the analytic continuation of p to the strip S_ω in (1.2) and what replaces the bounds of ∂_xψ and ∂_ξψ? How to deal with a non-vanishing ∂_zp? What is the substitute of (1.3)?

The explicit calculus of the next sections is sometimes a little bit technical, but the main idea is as follows: Let p ∈ C^∞(R). If ‖∂^αp‖ = O(b^{|α|}α!), p is analytic in the strip S_{1/b} = {| Im z| < 1/b}. Replacing this condition by ‖∂^αp‖ = O(b^{|α|}α!^a) with a > 1 we loose analyticity (p is called of Gevrey class a). Nevertheless b rests an important quantity for measuring how ”good” one can extend p to the complex domain. In a similar way to [9] we will define such an almost analytic extension to a strip S_ω by a a, b and ω dependent cutting of a formal Taylor series of p. The cutting point is chosen to minimize ∂_zp in S_ω. This produces an additional error term (exponentially small with respect to ω^{1/(a−1)} as ω → 0) which has to be controlled. By choosing ω ♥-dependent in an appropriate way, we end up with an estimate in the sense of (1.2) where we have to replace e^{ψ/}~ by e^{ψ/}~^{1/a} and explicitly give a and b dependent bounds for ∂_xψ resp. ∂_ξψ.

The plan of the paper is as follows: Section 2 introduces Gevrey class functions and their extensions to the complex domain. Some properties are shown and an estimate of their ∂_z-derivative is made. In section 3 the key estimate in the sense of (1.2) is formulated and proven. Section 4 contains a Gevrey class version of the estimate (1.3) on the decay of eigenfunctions in the classically forbidden region of the phase space.

2 Functions of Gevrey class type

For our purpose it is suitable to define Gevrey classes in a slightly different way than normally done in literature. We will see the reason for doing so in a moment, but let us first recall some basic facts:

The smoothness of a C^∞ function can be controlled by the growth of its derivatives. The Gevrey classes interpolate between the pure C^∞ case and the analytic case. We will define them for functions in C^∞(R^n , R) and will use the usual multi index notation. In addition we set for α, β ∈ N^n and c ∈ R 1 := (1, . . . , 1) ∈ N^n , α^c := α^c_1 · . . . · α^c_n , α^β := α^{β1}_1 · . . . · α^{βn}_n , 0^0 := 1 , α ≤ β :⇔ α_i ≤ β_i for all i = 1, . . . , n . From Stirling’s formula k! = (k/e)^k √ 2πk (1 + O(1/k)) we deduce for α ∈ N^n α! ≤ const α^α e^{|α|} (α + 1 )^{1/2} . (2.1)

Definition 2.1 Let a ∈ [1, ∞) and b > 0. We denote by Γ^{a,b}(R^n , R) the set of functions f ∈ C^∞(R^n , R) satisfying for some c_0 > 0

‖∂^αf‖_∞ ≤ c_0(α + 1 )^{c0} b^{|α|}α!^a (2.2)

for all α ∈ N^n . Γ^{a,b} is called Gevrey class of index (a, b), Γ^a = ⋃ b>0 Γ^{a,b} is called Gevrey class of index a.

Remarks:

• Definitions of Gevrey classes may be found in literature using (|α|!)^a, |α|^{a|α|} or Γ(a|α|+1) instead of α!^a. If one only regards Gevrey classes of index a all these definitions coincide. This is a consequence of Stirling’s formula and |α|! ≤ n^{|α|}α!. See [12].

• Definition 2.1 is a refinement of the classical definition found in literature (see e.g. [2], [3], [4], [6], [11]). We are using a second index b for classification, and we are adding a term (α + 1 )^{c0} . This term makes Γ^{a,b} an algebra, stable under differentiation (see Proposition 2.1 below). The classical definition gives an algebra which is only stable with respect to the parameter a but not with respect to b. Absorbing (α+1 )^{c0} by enlarging the constant b shows that our refined definition coincides with the classical one if one only considers classes of single index a. The refinement is necessary since we want to control the parameter b in our estimates.

Proposition 2.1 Γ^{a,b}(R^n , R) is an algebra, stable under differentiation and translation.

Proof: We only show f ∈ Γ^{a,b} ⇒ ∂^βf ∈ Γ^{a,b} (β ∈ N^n ) , f, g ∈ Γ^{a,b} ⇒ f · g ∈ Γ^{a,b} . It suffices to prove the proposition for β = (1, 0, . . . , 0). So we can estimate

‖∂^{α+β}f‖_∞ ≤ c_0(α + β + 1 )^{c0} b^{|α|+|β|}(α + β)!^a ≤ c_0b2^{c0} (α + 1 )^{c0+a}b^{|α|}α!^a and ‖∂^αfg‖_∞ ≤ c_0c̃_0 ∑ β≤α α! β!(α − β)! (β + 1 )^{c0} (α − β + 1 )^{c̃0} b^{|β|}b^{|α−β|}β!^a(α − β)!^a

≤ c_0c̃_0(α + 1 )^{c0+c̃0} b^{|α|}α!^a ∑ β≤α ( α! β!(α − β)! )_{1−a} .

Since^{αj !}

β_j !(α_j −β_j )! ≥ 1 and 1 − a < 0 we get

‖∂^αfg‖_∞ ≤ c_0c̃_0(α + 1 )^{c0+c̃0+1}b^{|α|}α!^a . �

In the analytic case a = 1 a function f ∈ Γ^{1,b}(R^n , R) can be extended analytically to the strip S_ω := {z ∈ C^n | | Im z_j| < ω for all j} with ω ≤ 1/b. In the same spirit as in [9] we will define an almost analytic extension for all a ∈ [1, ∞) in such a way that ∂_zf is minimized.

Definition 2.2 Let a ∈ [1, ∞), b, ω > 0 and f ∈ Γ^{a,b}(R^n , R). Then for z = t + is ∈ S_ω we define the almost analytic extension (F^{a,b,ω}f)(t + is) := ∑ |α|≤N_{a,b,ω} i^{|α|}s^α α! ∂^αf(t) (2.3)

with N_{a,b,ω} := [ (bω)^{−1/(a−1)} ] (2.4)

for a > 1 and N_{1,b,ω} := ∞, where [ · ] denotes the integer part and s^α = s^{α1}_1 · . . . · s^{αn}_n . Remark: For a = 1 the series (2.3) converges for z ∈ S_{1/b} and gives the usual analytic extension.

The following proposition gives an estimate for all derivatives of an antiholomorphic derivative of the almost analytic extension F^{a,b,ω}. The proof shows in which sense the cutoff (2.4) was chosen optimal.

Proposition 2.2 Let a ∈ (1, ∞), b > 0 and f ∈ Γ^{a,b}(R^n , R). Let furthermore α, β ∈ N^n . Then there exists constants C_0, C_1 > 0, such that for all j ∈ {1, . . . , n} and ω > 0 sufficiently small sup_{z∈Sω} |∂^α_t ∂^β_s ∂_{zj} F^{a,b,ω}f(z)| ≤ C_0ω^{−C1} exp(− B ω^{1/(a−1)} ) (2.5)

with z = t + is and B = (a − 1)b^{−1/(a−1)}. Hence, for any δ > 0 sup_{z∈Sω} |∂^α_t ∂^β_s ∂_{zj} F^{a,b,ω}f(z)| = O(exp(− B − δ ω^{1/(a−1)} )) (2.6)

as ω → 0.

Proof: Within this proof N_{a,b,ω} will be simply denoted by N. First we treat the case α = β = 0. Inserting 2∂_{zj} = ∂_{tj} + i∂_{sj} in (2.3) we see that only terms of order N do not cancel. We get 2∂_{zj} F^{a,b,ω}f(t + is) = ∑ |α|=N i^{|α|}s^α α! (∂_j∂^αf(t)) , (2.7)

where ∂_j ≡ ∂_{tj} denotes the j-th partial derivative with respect to t_j. Using t + is ∈ S_ω and the definition of Γ^{a,b} we can estimate | s^α α! (∂_j∂^αf(t))| ≤ c_0b 2^{c0} (α + 1 )^{c0+a}(bω)^{|α|}α!^{a−1} .

With (2.1) and |α| = N, α_j ≤ N, α^α ≤ (|α|1 )^α = |α|^{|α|} this implies | s^α α! (∂_j∂^αf(t))| ≤ const (N + 1)^{n(c0+a+1/2)}(be^{1−a}ω)^N N^{(a−1)N} . (2.8)

Let c := be^{1−a}ω. We will now estimate c^N N^{(a−1)N} =: exp(g(N)). The minimum of g(x) = x(ln c + (a − 1) ln x) is given by

x_0 = e^{−1}c^{−1/(a−1)} = (bω)^{−1/(a−1)} ,

g(x_0) = − a − 1 (bω)^{1/(a−1)} = − B ω^{1/(a−1)} .

Since we have chosen N = [x_0] and because of N ∼ ω^{−1/(a−1)} for ω → 0 we can find constants C̃_0 > 0 and C̃_1 > 0 such that (2.8) implies for |α| = N and z = t + is ∈ S_ω | s^α α! (∂_j∂^αf(t))| ≤ C̃_0ω^{−C̃1} exp(− B ω^{1/(a−1)} ) . Finally using (2.7) and #{α ∈ N^n | |α| = N} ≤ (N + 1)^n and again N ∼ ω^{−1/(a−1)} we get the result (2.5) for α = β = 0. For ω sufficiently small we can absorb negative powers of ω by making the constant B smaller. This implies (2.6).

The case α, β ≠ 0 is proven in a similar way: Let F^{a,b,ω}f be denoted by f̃. From (2.7) it follows ∂^α_t ∂_{zj} f̃ = ∂_{zj} (~∂^αf) . Using the stability of Γ^{a,b} under differentiation we obtain the same estimate (2.8) for ∂^α_t ∂_{zj} f̃ instead of ∂_{zj} f̃. So we are left to estimate only derivatives with respect to s. For ω → 0 we get sup_{z∈Sω} |∂^β_s ∂_{zj} f̃(z)| = sup_{z∈Sω} | ∑ |α|=N i^{|α|}(∂^β_s s^α) α! (∂_{tj} ∂^αf(t))| = O(ω^{−|β|}) sup_{z∈Sω} |∂_{zj} f̃(z)| = O(ω^{−|β|} exp(− B − δ ω^{1/(a−1)} )) = O(exp(− B − δ̃ ω^{1/(a−1)} )) . �

Remark: We want to point out, that for a → 1 Proposition 2.2 reduces to ∂_{zj}f̃(z) = 0 for z ∈ S_ω, ω < 1/b. In fact, fixing ω < 1/b we get

ln ã − (1/ã) ln(bω) → +∞ (ã → 0+) .

Using the definition of B it follows

lim_{a→1+} exp(− B ω^{1/(a−1)} ) = lim_{ã→0+} exp(− ã (bω)^{1/ã} ) = 0 .

In [9] almost analytic extensions are constructed by a ”smooth” cut of the formal power series. This implies that the extension to a strip S_ω is smooth with respect to the width ω of the strip. So the extension of f tends to f if ω → 0. In our case (see Definition 2.2) we are cutting the series at a point N_{a,b,ω} which is the integer part of (bω)^{−1/(a−1)}. So it does not depend smoothly on ω. The fixed cutting point has the advantage to simplify many calculations, but we have to pay the price that for fixed ω > 0

sup_{t∈} R |F^{a,b,ω}f(t + is) − f(t)| → 0 (s → 0) (2.9) is not true. Nevertheless the extension F^{a,b,ω} is well behaved in the sense Proposition 2.3 below. To obtain a result of the form of (2.9) a more refined version of an almost analytic extension is needed. Details can be found in [5]. It uses a smooth cutoff of the power series where the point of cutoff depends on s.

Proposition 2.3 Let a ∈ (1, ∞), b > 0 and f ∈ Γ^{a,b}(R^n , R). Then for all δ > 0 there exists an ω_0 > 0 such that for all ω < ω_0 |F^{a,b,ω}f(t + is) − f(t)| < δ (t + is ∈ S_ω) . Proof: Within this proof N_{a,b,ω} will be simply denoted by N. Equation (2.4) implies N → ∞ if ω → 0, so we have only to show that d := F^{a,b,ω}f(t + is) − f(t) = ∑ 0<|α|≤N i^{|α|}s^α α! ∂^αf(t)

becomes small for large N. Using Definition 2.2, |s_j| ≤ ω, bω ≤ N^{−a+1} and Stirlings formula we get |d| ≤ ∑ 0<|α|≤N c_0(α + 1 )^{c0} N^{−|α|(a−1)}α!^{a−1}

≤ const ∑ 0<|α|≤N (α + 1 )^{c0+1/2}(Ne)^{−|α|(a−1)}α^{(a−1)α}

≤ const ∑ 0<|α|≤N (|α| + n)^{n(c0+1/2)} ( |α| Ne )_{(a−1)|α|}

≤ const N∑ k=1 (k + n)^{n(c0+3/2)} ( k Ne )_{(a−1)k} . (2.10)

For the last step we used #{α ∈ N^n | |α| = k} ≤ (k + 1)^n. Let us choose c > 1 and k_0 ∈ N (depending on a and n) such that ce^{−a+1} < 1 and (k + n)^{n(c0+3/2)} < c^k (k ≥ k_0) .

Splitting the sum of (2.10) into parts 1 ≤ k < k_0 and k_0 ≤ k ≤ N we see that the first part tends to zero if N → ∞ and the second part can be estimated by_N ∑ k=k_0 c^k ( k Ne )_{(a−1)k} ≤ ∞∑ k=0 (ce^{−a+1})^k < ∞ On the other hand each term of the second sum tends to zero for N → ∞, so the sum itself tends to zero. �

3 Exponential weighted microlocal estimates

3.1 Symbol classes

The following definition will fix symbol classes, quantization and classes of pseudo differential operators which we use in this paper.

Definition 3.1 For m ∈ N a function p ∈ C^∞(R^n_x × R^n_ξ , R) is called a symbol p ∈ S^m if for all α ∈ N^{2n} there exists constants c_α > 0 such that for all x, ξ ∈ R^{2n} and ♥ > 0 |∂^α_{x,ξ}p(♥; x, ξ)| ≤ c_α♥^m . The Weyl quantization of p ∈ S^m is given by

Op^W(p)u(x) := 1 (2π♥)^n ∫ R^{2n} e^{i(x−y)/}~p(♥;^{x+y}_2 , ξ)u(y) dy dξ (3.1)

for all u ∈ L^2(R^n ).

Remark: A priori the integral in (3.1) does not make sense for u ∈ L^2(R^n ). It is defined in the sense of an oscillating integral for u ∈ C^∞_0 (R^n ), and Op^W(p) can afterwards be extended to L^2(R^n ).

Sometimes we need generalized symbols p(♥; x, y, ξ) leading to pseudo differential operators

Op(p)u(x) := 1 (2π♥)^n ∫ R^{2n} e^{i(x−y)/}~p(♥; x, y, ξ)u(y) dy dξ . (3.2) We keep the notation S^m for this kind of symbols which means that in Definition 3.1 the space variable x ∈ R^n has to be replaced by (x, y) ∈ R^{2n} . The following (well known) proposition shows how to calculate a Weyl symbol associated to a generalized symbol.

Proposition 3.1 Let p ∈ S^m. Then there exists a symbol q ∈ S^m such that

Op(p)u = Op^W(q)u (u ∈ L^2(R^n ))

and for all N ∈ N q(♥; x, ξ) = ∑ |α|≤N−1 ♥|α| i^{|α|}α! ∂^α_y ∂^α_η p(♥; x +^y_2 , x −^y_2 , ξ − η) | |_{y=η=0} + r_N (_♥; x, ξ)

with r_N ∈ S^{m+N} .

3.2 Estimates for pseudo differential operators with symbol in a Gevrey class

The following proposition is the main technical tool to prove a non-analytic version of the key estimate (1.2). It contains all the parts which are related to our Gevrey class assumptions. The statement can be summarized as follows:

A pseudo differential operator with exponential weighted symbol e^{g(x,y)/}~^{1/a} p, can be rewritten (modulo O(♥^∞)) as an operator with bounded symbol q. The essential assumption is the boundedness of the first derivatives of g, where the bounds depend on the chosen Gevrey class of p. The leading order of q (w.r.t. ♥) is explicitly given in terms of p and g, all other terms can be calculated with help of Proposition 3.1.

Proposition 3.2 Let a ∈ (1, ∞), b > 0 and P = Op(p) be a pseudo differential operator with symbol p ∈ S^m satisfying ∂^α_x ∂^β_y p(x, y, ·) ∈ Γ^{a,b}(R^n_ξ , R) for all α, β ∈ N^n and x, y ∈ R^n . Let furthermore Γ_0 > 0 and g ∈ C^∞(R^{2n}_{x,y} ) be a weight function satisfying

1. all derivatives of g are bounded, 2. g(x, x) = 0 (x ∈ R^n ), 3. |∂_xg(x, y)| < κ, |∂_yg(x, y)| < κ (x, y ∈ R^n ) with κ := b^{−1/a} (_{a−1} Γ_0 )_{1−1/a} , 4. |g(x, y)| ≤ ( √ n)^{−1/a}κ Γ_0 (1 +^1_a ln^{|x−y|}_{Γ0} ) (|x − y| ≥ Γ_0), then there exists a symbol q ∈ S^m (the Weyl-symbol related to b of equation (3.12)) such that ‖Op(e^{g(x,y)/}~^{1/a} p) − Op^W(q)‖_{B(L}2_(Rn_{))} = O(♥^∞) . (3.3) Furthermore q(♥; x, ξ) − F^{a,b,ω}p(♥, x, x, ξ + i♥^{1−1/a}g̃(x)) ∈ S^{m+1} , (3.4) where F^{a,b,ω}p is the almost analytic extension of p (see Definition 2.2) with respect to the variable ξ, defined in a strip S_ω with ω = ♥^{1−1/a}κ and g̃(x) =^1_2 (∂_1g(x, x) − ∂_2g(x, x)) .

Proof: Let u ∈ C^∞_0 (R^n ) and choose δ > 0 in such a way that (a − 1)^{1−1/a}Γ^{1/a}_0 < a(Γ_0 − δ)^{1/a} . (3.5) This is always possible since for all a > 1 we can show by an elementary calculation that (a − 1)^{1−1/a} < a.

Let χ ∈ C^∞_0 (R^n ) be a cutoff function with supp χ ⊂ {|s| < Γ_0}, 0 ≤ χ ≤ 1 and χ(s) = 1 for |s| < Γ_0 − δ.

Γ_0 � δ Γ_0 χ

sj

We split the oscillating integral Op(e^{g(x,y)/}~^{1/a} p)u = (2π♥)^{−n} ∫ R^{2n} e^{i(x−y)ξ/}~^{+g(x,y)/}~^{1/a} p(♥; x, y, ξ)u(y) dy dξ

into two parts by inserting (1 − χ)(x − y) and χ(x − y) respectively. These parts will be denoted by A_1u and A_2u. Examination of A_1:

The critical points of the oscillating phase are given by x = y = 0. Using (1 − χ)(x − y) we integrate only over non-critical points. So we can use the operator L := −i♥ x − y |x − y|^2 ∂_ξ for partial integration. For all N ∈ N we have (1 − L^N )e^{i(x−y)ξ/}~ = 0 . Partial integration leads to A_1u = = (2π♥)^{−n} ∫ R^{2n} e^{i(x−y)ξ/}~^{+g(x,y)/}~^{1/a} (1 − χ)(x − y)(L^t)^N p(♥; x, y, ξ)u(y) dy dξ

=: (2π♥)^{−n} ∫ R^{2n} e^{i(x−y)ξ/}~q_N (♥; x, y, ξ)u(y) dy dξ

with L^t = −L. In the next step we will make a suitable choice of N = N(♥) such that the symbol q_N satisfies |∂^α_{x,y,ξ}q_N (♥; x, y, ξ)| ≤ c_α♥^l (3.6) for all l ∈ N and a finite number of derivatives α ∈ N^{3n} , |α| < M. Using the theorem of Calderon-Vaillancourt this implies ‖A_1‖_{B(L}2_(Rn_{))} = O(♥^∞) . (3.7) For the proof of (3.6) we use the fact that the derivatives of q_N with respect to x, y and ξ act on

1. (1 − χ)(x − y), 2. e^{g(x,y)/}~^{1/a} and 3. (L^t)^N p(♥; x, y, ξ).

By assumption, all the derivatives of χ and g are bounded so that the first term can be estimated by a constant and the second term by const ♥^{−M/a}e^{g(x,y)/}~^{1/a} . To estimate the third term we first commute the x, y and ξ derivatives with (L^t)^N . By the assumptions on p and the stability of the Gevrey classes, we get f(x, y, ·) := ∂^α_{x,y,ξ}p(♥; x, y, ·) ∈ Γ^{a,b}(R^n_ξ ) . Therefore we can estimate the derivatives of f (all of Nth order) in |(L^t)^N f| ≤^♥ N |x − y|^{2N} n∑ j_1,... ,j_N =1 |x_{j1} − y_{j1} | · . . . · |x_{jN} − y_{jN} | |∂_{ξj1} · · · ∂_{ξjN} f| by c_0(β + 1 )^{c0} b^{|β|}β!^a ≤ c_0(N + 1)^{nc0} b^N N!^a . (3.8) Writing d_j := x_j − y_j we get |d|^{−N} n∑ j_1,... ,j_N =1 |d_{j1} | · · · |d_{jN} | =

= (_n ∑ j_1,... ,j_N =1 d^2_{j1} · · · d^2_{jN} )_{−1/2 n} ∑ j_1,... ,j_N =1 |d_{j1} | · · · |d_{jN} | ≤ ( #{j ∈ N {0}^N | 1 ≤ j_k ≤ n} )_{1/2} = n^{N/2} . (3.9) (3.8), (3.9) and Stirlings formula imply |(L^t)^N f| ≤^♥ N |x − y|^N c_0(N + 1)^{nc0} ( √ nb)^N N!^a ≤ c_0(N + 1)^{nc0+1/2 ♥} N |x − y|^N ( √ nbe^{−a})^N N^{aN} =: c_0(N + 1)^{nc0+1/2}

( Γ_0 − δ |x − y| )_N exp(h(N)) with h(N) = N ln ( √nb_♥N a (Γ_0 − δ)e^a ) . The minimum of h is given by

N_0 =

(Γ_0 − δ √ nb♥ )_{1/a} , h(N_0) = −a

(Γ_0 − δ √ nb♥ )_{1/a} . Choosing N = [N_0] and using N ∼ ♥^{−1/a} as ♥ → 0 we can estimate for small ♥: |(L^t)^N f| ≤ const ♥^{−const} exp ( − ( a + ln |x − y| Γ_0 − δ )(Γ_0 − δ √ nb♥ )_{1/a} ) . Summarizing the estimates for the three terms in consideration we get

|∂^αq_N | ≤ const ♥^{−const} (1 − χ)(x − y) ×

× exp ( ( g(x, y) − ( a + ln |x − y| Γ_0 − δ )(Γ_0 − δ √ nb )_{1/a}) ♥−1/a ) (3.10)

For Γ_0 − δ ≤ |x − y| ≤ Γ_0 the assumptions 2 and 3 imply |g(x, y)| = |g(x, y) − g(x, x)| ≤ sup_t |∂_tg(x, t)| |x − y| < κΓ_0 = (a − 1)^{1−1/a}(Γ_0/b)^{1/a} .

Using (3.5) we get |g(x, y)| < a (Γ_0 − δ b )_{1/a} ≤ ( a + ln |x − y| Γ_0 − δ )(Γ_0 − δ √ nb )_{1/a} . Considering points |x − y| ≥ Γ_0 we can use assumption 4 and again estimate (3.5). This leads to |g(x, y)| ≤ ( √ n)^{−1/a}κ Γ_0 ( 1 + 1 a ln |x − y| Γ_0 )

< (Γ_0 − δ √ nb )_{1/a}( a + ln |x − y| Γ_0 − δ ) .

So there exists an ε > 0 such that the exponential term in (3.10) can be replaced by e^{−ε/}~^{1/a} . This term decays faster in ♥ as any power of ♥ does, so we get estimate (3.6) which implies (3.7).

Examination of A_2: We write

A_2u = (2π♥)^{−n} ∫ R^{2n} χ(x − y)e^{i(x−y)(ξ−i}~^{1−1/ad(x,y))/}~p(♥; x, y, ξ)u(y) dy dξ

with

d(x, y) := 1 2 1∫ 0 ( ∂_1g(y + t(x − y), y) − ∂_2g(x, x + t(y − x)) ) dt .

Using g(x, x) = 0 this implies (x − y) · d(x, y) = g(x, y) . For fixed x and y we make the following change of path of integration: ξ → ξ + i♥^{1−1/a}d(x, y) =: ξ + iω̃(x, y) .

ξj iω̃j +1 �1 S~!_j

Let I_{ω̃} := [0, ω̃_1] × . . . × [0, ω̃_n] and S_{ω̃} := R^n_t × I_{ω̃} ⊂ C^n . By assumption 3 we have |d(x, y)| ≤^1_2 (sup |∂_xg| + sup |∂_yg|) < κ or |ω̃| < ♥^{1−1/a}κ = ω . Let p̃ := F^{a,b,ω}p be the extension of p to the strip ξ ∈ S_ω ⊃ S_{|ω̃|}. A_2 has to be understood as an oscillating integral. This implies that the parts Re ξ → ±∞, Im ξ ∈ I_{ω̃} of a contour integral over ∂S_{ω̃j} vanish. On the other hand such a contour integral can be replaced by an integral over S_{ω̃j} where p̃ has to be replaced by its anti-holomorphic derivative ∂_{ξj} p̃. Successively shifting ξ_1 → ξ_1 + iω̃_1 up to ξ_n → ξ_n + iω̃_n we obtain:

A_2u = (2π♥)^{−n} ∫ R^{2n} e^{i(x−y)ξ/}~χ(x − y)p̃(♥; x, y, ξ + iω̃)u(y) dy dξ

+ (2π♥)^{−n} ∫ R^n_y ∫ R^n_ξ

ω̃_1∫

0 e^{i(x−y)(ξ+i(s1,0,... ,0)−iω̃)/}~χ(x − y) × × ∂_{ξ1}p̃(♥; x, y, ξ + i(s_1, 0, . . . , 0))u(y) ds_1 dy dξ

+ (2π♥)^{−n} ∫ R^n_y ∫ R^n_ξ

ω̃_2∫

0 e^{i(x−y)(ξ+i(ω̃1,s2,0,... ,0)−iω̃)/}~χ(x − y) × × ∂_{ξ2}p̃(♥; x, y, ξ + i(ω̃_1, s_2, 0, . . . , 0))u(y) ds_2 dy dξ + . . . + + (2π♥)^{−n} ∫ R^n_y ∫ R^n_ξ ω̃n∫ 0 e^{i(x−y)(ξ+i(ω̃1,... ,ω̃n−1,sn)−iω̃)/}~χ(x − y) × × ∂_{ξn}p̃(♥; x, y, ξ + i(ω̃_1, . . . , ω̃_{n−1}, s_n))u(y) ds_n dy dξ =: A_{20}u + A_{21}u + . . . + A_{2n}u .

With s^{(j)} := (ω̃_1, . . . .ω̃_{j−1}, s_j, 0, . . . , 0) we can interpret A_{2j} as a pseudo differential operator with symbol a_j(♥; x, y, ξ) = ω̃_j∫

0 e^{(x−y)(ω̃−s(j))/}~χ(x − y)∂_{ξj} p̃(♥; x, y, ξ + is^{(j)}) ds_j for j = 1, . . . , n. In the same manner as already done for A_1 we will now estimate the derivatives of these symbols up to a finite order M. Application of the theorem of Calderon-Vaillancourt afterwards gives n∑ j=1 ‖A_{2j}‖_{B(L}2_(Rn_{))} = O(♥^∞) .

First we notice that ω̃_j depends on x and y. So the boundaries of the integrals defining our symbols are functions of x and y. In view of

F (x) = ∫_{g(x)} 0 f(x, s) ds ⇒ F^′(x) = ∫_{g(x)} 0 ∂_xf(x, s) ds + f(x, g(x))g^′(x) , we notice that derivatives of a_j with respect to x, y and ξ can be written as derivatives of their integrands, some of them evaluated at ω̃_j(x, y), sometimes multiplied by derivatives of ω̃_j and integrated over some s_j. To estimate the derivatives of a_j we use the facts that

• all derivatives of χ and ω̃ = ♥^{1−1/a}d are bounded, • by definition of the extension F^{a,b,ω} we have ∂^α_ξ (F^{a,b,ω}p(♥; x, y, ξ + is^{(j)})) = F^{a,b,ω}(∂^α_ξ p)(♥; x, y, ξ + is^{(j)})) . and the same for ∂^α_x und ∂^α_y . In view of the stability of the Gevrey classes we can use Proposition 2.2 to estimate the anti-holomorphic derivatives of ∂^αp̃.

• |ω̃ − s^{(j)}| ≤ |ω̃| for all s_j ∈ [0, ω̃_j]. Since χ(x − y) = 0 if |x − y| ≥ Γ_0 this implies χ(x − y)e^{(x−y)(ω̃−s(j))/}~ ≤ χ(x − y)e^{|x−y| |ω̃−s(j)|/}~ ≤ e^{Γ0|ω̃|/}~ . • derivatives of the exponential terms produce at most M negative powers of ♥.

So we get for all |α| ≤ M and ♥ sufficiently small: |∂^α_{x,y,ξ}a_j| ≤ const ♥^{−M} e^{Γ0|ω̃|/}~ω^{−const} exp ( − B ω^{1/(a−1)} )

≤ const ♥^{−const} exp ( Γ_0|ω̃|/♥ − (a − 1)^{1−1/a} (Γ_0 b♥ )_{1/a}) . (3.11)

For (3.11) we used ω̃_j = O(♥^{1−1/a}), ω = ♥^{1−1/a}κ, the definition of κ and the definition of B from Proposition 2.2.

On the other hand, we have Γ_0|ω̃|/♥ < Γ_0♥^{−1/a}κ = (a − 1)^{1−1/a} (Γ_0 b♥ )_{1/a} .

Therefore (as we did for A_1) the exponent of (3.11) can be estimated by a negative constant −ε, and this exponential decay also absorbs negative powers of ♥. Finally we get |∂^α_{x,y,ξ}a_j| ≤ const ♥^l for all l ∈ N and thus n∑ j=1 ‖A_{2j}‖_{B(L}2_(Rn_{))} = O(♥^∞) .

Examination of A_{20}:

We rewrite A_{20} as a pseudo differential operator

A_{20}u = (2π♥)^{−n} ∫ e^{i(x−y)ξ/}~b(♥; x, y, ξ)u(y) dy dξ with symbol b(♥; x, y, ξ) = χ(x − y) F^{a,b,ω}p(♥; x, y, ξ + i♥^{1−1/a}d(x, y)) . (3.12) By the assumptions on p we have b ∈ S^m (the derivatives of d are bounded). Let q ∈ S^m be the associated Weyl-symbol for b, i.e. A_{20}u = Op^W(q)u (see Proposition 3.1). Then the leading order of q is given by b(♥; x, x, ξ) = F^{a,b,ω}p(♥; x, x, ξ + i♥^{1−1/a}d(x, x)) with d(x, x) = 1 2 (∂_1g(x, x) − ∂_2g(x, x)) . This corresponds with (3.4).

Putting together all the terms, we finally obtain

Op(e^{g(x,y)/}~^{1/a} p)u = Op^W(q)u + (A_1 + n∑ j=1 A_{2j})u

with ‖A_1 + ∑_n j=1 A_{2j}‖_{B(L}2_(Rn_{))} = O(♥^∞). This finishes the proof of Proposition 3.2. � Remark: Proposition 3.2 can be slightly generalized: If the weight function g actually only depends on m < n components of the variables x and y respectively, √ n in assumption 4 can be replaced by √ m. The proof has to be modified by using a cutoff function χ which only depends on these m components. Furthermore the integration by parts has to be done using an operator L containing only derivatives w.r.t. to these m components. This is sufficient since g(x, y) is constant with respect to the other n − m variables such that the corresponding components of ∂_xg and ∂_yg do not cause an exponential increase which otherwise has to be compensated.

3.3 Microlocal Estimates

This section contains the main result of this paper. It is the Gevrey class version of the key estimate (1.2) in phase space tunneling. It can be understood as an Agmon estimate in phase space. Section 4 contains an application obtaining exponential decay (in ♥^{1/a}) for eigenfunctions of pseudo differential operators inside the classically forbidden region.

Theorem 3.1 Let a ∈ (1, ∞), b > 0 and P = Op^W(p) be a pseudo differential operator with symbol p ∈ S^m ∩ Γ^{a,b}(R^{2n} ). Let furthermore Γ_0 > 0 and g ∈ C^∞(R^{2n} ) be a weight function satisfying

• all derivatives of g are bounded,

• sup (x,ξ)∈R^{2n} |∂g(x, ξ)| < ( √ 2n)^{−1/a}κ with κ = b^{−1/a} (_{a−1} Γ_0 )_{1−1/a} , • supp ∂g ⊂ {(x, ξ) ∈ R^{2n} | |(x, ξ)| ≤ Γ_0/2}, then there exist q ∈ S^m and R_N ∈ B(L^2(R^n )) (for all N ∈ N ) such that for all u ∈ S(R^n ) and ♥ sufficiently small ⟨e^{g/}~^{1/a} T u, e^{g/}~^{1/a} T P u⟩ = ⟨e^{g/}~^{1/a} T u, (q(♥; x, ξ) + R_N )e^{g/}~^{1/a} T u⟩ (3.13) with ‖R_N ‖ = O(♥^N ), q(♥; x, ξ) − F^{a,b,ω}p(♥; x − ♥^{1−1/a}g̃_μ(x, ξ), ξ + i♥^{1−1/a}μg̃_μ(x, ξ)) ∈ S^{m+1} (3.14)

and ω = ♥^{1−1/a}κ. F^{a,b,ω}p is the almost analytic extension to the strip S_ω given by Definition 2.2 in dimension 2n and g̃_μ is given by

g̃_μ := μ^{−1}∂_xg + i∂_ξg .

Remarks

• (3.13) and (3.14) imply (for m = 0) ⟨e^{g/}~^{1/a} T u, e^{g/}~^{1/a} T P u⟩ = ⟨e^{g/}~^{1/a} T u, F^{a,b,ω}p(♥; x − ♥^{1−1/a}g̃_μ, ξ + i♥^{1−1/a}μg̃_μ)e^{g/}~^{1/a} T u⟩ +O(♥)‖e^{g/}~^{1/a} T u‖^2 , which should be compared to formula (1.2) of the analytic case.

• Notice that by the assumptions on the bounds of ∂g we have | Im(♥^{1−1/a}g̃_μ)| < ω and | Im(i♥^{1−1/a}g̃_μ)| < ω so that the expression (3.14) is well defined.

The proof of Theorem 3.1 follows closely the outline of the corresponding proof found in [10] for the analytic case. It can be divided into three steps which will be formulated in the next three lemmata. Only the second step uses regularity conditions on the symbol p and has to be redone for the case of Gevrey classes. For this step we use the results of section 3.2. For the proof of the other two steps we refer to [10]. Using the notation D_x := −i∂_x we can formulate:

Lemma 3.3 Let p ∈ S^m and P = Op^W(p), then T P = P̃ T (3.15) with P̃ = Op^W(p̃) = p̃(♥; x, ξ, ♥D_x, ♥D_ξ) and p̃(♥; x, ξ, x^∗, ξ^∗) = p(♥; x/2 − ξ^∗, ξ/2 + x^∗) ∈ S^m . (3.16) Remark: Note that the operator P̃ located to the left of T , acts on L^2(R^{2n}_{x,ξ} ). So the symbol p̃ is a function of phase space variables (x, ξ, x^∗, ξ^∗) ∈ R^{2n} ×R^{2n} where the star denotes the corresponding dual variables.

Proof: Equation (3.15) follows from an explicit calculation as done in [10]. � Lemma 3.4 Let a ∈ (1, ∞), b > 0, p̃ ∈ S^m and P̃ = Op^W(p̃) with ∂^α_x p̃(x, ·) ∈ Γ^{a,b}(R^n_ξ ) for all α ∈ N^n und x ∈ R^n . Let furthermore Γ_0 > 0 and g ∈ C^∞(R^n_x ) be a weight function satisfying

• all derivatives of g are bounded, • sup_{x∈} R^n |∂g(x)| < ( √ n)^{−1/a}κ with κ as defined in Theorem 3.1, • supp ∂g ⊂ {x ∈ R^n | |x| ≤ Γ_0/2}, then there exist q̃ ∈ S^m, Q̃ := Op^W(q̃) and R_N ∈ B(L^2(R^n )) (for all N ∈ N ) such that for all ♥ sufficiently small e^{g/}~^{1/a}P̃ e^{−g/}~^{1/a} = Q̃ + R_N where ‖R_N ‖ = O(♥^N ) and q̃(♥; x, ξ) − F^{a,b,ω}p̃(♥; x, ξ + i♥^{1−1/a}∂g(x)) ∈ S^{m+2} (3.17) with ω = ♥^{1−1/a}κ. Proof: We use e^{g/}~^{1/a}P̃ e^{−g/}~^{1/a} = Op(e^{(g(x)−g(y))/}~^{1/a}p̃) and apply Proposition 3.2 with weight function g̃(x, y) := g(x) − g(y) and symbol p(x, y, ξ) := p̃(^{x+y}_2 , ξ). The assumptions on g assure that g̃ fulfills the assumptions of Proposition 3.2. To verify assumption 4 we can estimate |g̃(x, y)| ≤ max_{|x|≤Γ0/2} |y|≤Γ0/2 |g(x) − g(y)| ≤ max_{|t|≤Γ0/2} |∂g(t)|Γ_0 < ( √ n)^{−1/a}κΓ_0 .

Proposition 3.2 then implies ‖e^{g/}~^{1/a}P̃ e^{−g/}~^{1/a} − Op^W(q̃)‖_{B(L}2_(Rn_{))} = O(♥^∞) .

with q̃(♥; x, ξ) − F^{a,b,ω}p̃(♥, x, ξ + i♥^{1−1/a}∂g̃(x))) ∈ S^{m+1} . (3.18) To show that the difference (3.18) is in S^{m+2} ⊂ S^{m+1} first notice that q̃ is given by the Weyl symbol that corresponds to b(♥, x, y, ξ) of equation (3.12). Since here p(x, y, ξ) = p̃(^{x+y}_2 , ξ) it follows that b(x, y, ξ) is symmetrically w.r.t. to an exchange of x and y. Thus the term of order ♥^{m+1} vanishes according to Proposition 3.1. �

Lemma 3.5 Let q̃ ∈ S^m and Q̃ = Op^W(q̃) = q̃(♥; x, ξ, ♥D_x, ♥D_ξ). Let furthermore g ∈ C^∞(R^{2n}_{x,ξ} ) be a weight function with bounded derivatives, then there exist q = q(♥; x, ξ) ∈ S^m and R_N ∈ B(L^2(R^n )) (for all N ∈ N ) such that ⟨e^{g/}~^{1/a} T u, Q̃e^{g/}~^{1/a} T u⟩ = ⟨e^{g/}~^{1/a} T u, (q(♥; x, ξ) + R_N )e^{g/}~^{1/a} T u⟩ (3.19) with

q(♥; x, ξ) − (3.20) − q̃(♥; x, ξ, ξ/2 − μ♥^{1−1/a}∂_ξg(x, ξ), −x/2 + μ^{−1}♥^{1−1/a}∂_xg(x, ξ)) ∈ S^{m+1} and ‖R_N ‖ = O(♥^N ).

Remark: In (3.19) q acts as multiplication operator: Located to the left of T it acts on phase space R^{2n} × R^{2n} with (x, ξ) being position variables. Proof: The proof can be adopted from [10]. There the lemma is formulated using a weight e^{ψ/}~. Analyticity of q is not used. Just setting ψ = ♥^{1−1/a}g we can follow step by step the arguments in [10]. Since a > 1 all derivatives of ψ are uniformly bounded for ♥ < 1. �

Proof of Theorem 3.1:

To estimate ⟨e^{g/}~^{1/a} T u, e^{g/}~^{1/a} T P u⟩ we first use Lemma 3.3 to commute P with T : T P = P̃ T . Then we apply Lemma 3.4 in dimension 2n with variables x̃ = (x, ξ) and ξ̃ = (x∗, ξ∗). The assumptions on p and g(x, ξ) of Theorem 3.1 assure that p̃ and g(x̃) fulfill the assumptions of Lemma 3.4:

• For g this is trivially seen.

• Since p̃(♥; x̃, ·) is obtained by shifting the arguments of p(♥; ·, ·) by x̃_1/2 resp. x̃_2/2 and p ∈ Γ^{a,b}(R^{2n} ) by assumption of Theorem 3.1, we get, using the stability of Γ^{a,b} under differentiation and translation, ∂^α_{x̃} p̃(♥; x̃, ·) ∈ Γ^{a,b}(R^{2n}_{ξ̃} ) .

Finally we apply Lemma 3.5: We rewrite Q̃ obtained from Lemma 3.4 acting on e^{g/}~^{1/a} T as a multiplication operator q plus an error term R_N . This leads to equation (3.13).

The error terms from Lemma 3.4 and 3.5 sum up to R_N from Theorem 3.1. Combining equations (3.16), (3.17) and (3.20) we end up with equation (3.14). �

A statement similar to (3.13) of Theorem 3.1 can be formulated for the norm ‖e^{g/}~^{1/a} T P u‖. We shall use this result in the next section. Theorem 3.1’ Under the same assumptions as in Theorem 3.1 there exists q ∈ S^m such that (3.13) can be replaced by ‖e^{g/}~^{1/a} T P u‖ = ‖q(♥; x, ξ)e^{g/}~^{1/a} T u‖ + O(♥^{m+1/2})‖e^{g/}~^{1/a} T u‖ (3.21) with q(♥; x, ξ) = F^{a,b,ω}p(♥; x − ♥^{1−1/a}g̃_μ(x, ξ), ξ + i♥^{1−1/a}μg̃_μ(x, ξ)) . (3.22) Proof: Let T_g := e^{g/}~^{1/a} T . We use Lemma 3.3 and Lemma 3.4 to obtain for arbitrary large N: ‖T_gP u‖ = ‖e^{g/}~^{1/a}P̃ T u‖ = ‖(Q̃ + R_N )T_gu‖ = ‖Q̃T_gu‖ + O(♥^N )‖T_gu‖ . So it is sufficient to estimate ‖Q̃T_gu‖^2 = ⟨Q̃T_gu, Q̃T_gu⟩ = ⟨T_gu, Q̃^∗Q̃T_gu⟩ . According to the symbolic calculus we have Q̃^∗Q̃ ∈ S^{2m} and Q̃^∗Q̃ = Op^W(¯q̃)Op^W(q̃) = Op^W(¯q̃q̃) + R_{2m+1} with R_{2m+1} ∈ S^{2m+1}. Now we apply Lemma 3.5 to Op^W(¯q̃q̃). Only considering the leading order terms w.r.t. ♥ and using (3.16), (3.17), (3.20) we obtain: ⟨T_gu, Q̃^∗Q̃T_gu⟩ = ⟨T_gu, ((q̄q)(♥; x, ξ) + R̃_{2m+1})T_gu⟩ = ‖q(♥; x, ξ)T_gu‖^2 + O(♥^{2m+1})‖T_gu‖^2 with ‖R̃_{2m+1}‖ = O(♥^{2m+1}) and q as given in (3.22). �

4 Application

From Theorem 3.1 one gets an exponential decay of the eigenfunctions of a pseudo differential operator in the classically forbidden region. In the case of Gevrey classes this exponential decay is w.r.t. ♥^{1/a}.

Definition 4.1 Let a ∈ [1, ∞). For u ∈ L^2(R^n ) the micro support MS_Γa (u) is the subset of phase space defined by

(x_0, ξ_0) ∉ MS_Γa (u) iff there exist δ > 0 and a neighbourhood U of (x_0, ξ_0) such that T u(x, ξ) = O(e^{−δ/}~^{1/a} ) uniformly in (x, ξ) ∈ U .

Remark: This definition is adopted to the case of Gevrey classes by adding the index Γ^a. a = 1 gives the usual analytic case.

Definition 4.2 Let p ∈ S^0 be a symbol of the form p(♥; x, ξ) = m∑ k=0 ♥kp_k(x, ξ)

then the characteristic of P = Op^W(p) is defined by

Char (P ) := {(x, ξ) ∈ R^{2n} | p_0(x, ξ) = 0} .

Theorem 4.1 Let a ∈ (1, ∞), b > 0, p ∈ S^0 ∩ Γ^{a,b}(R^{2n} ), P = Op^W(p) and u ∈ L^2(R^n ) be an eigenfunction of P with zero eigenvalue:

P u = 0

then MS_Γa (u) ⊂ Char (P ) .

Remark: Theorem 4.1 is the generalization of estimate (1.3) mentioned in the introduction to the case of Gevrey classes. Physical interpretation:

Consider for example a Schrödinger operator P = −♥^2Δ+V (x). Its symbol is the corresponding Hamilton function p(x, ξ) = p_0(x, ξ) = ξ^2+V (x). Theorem 4.1 tells us that the zero energy eigenfunctions are located in phase space at

{ξ^2 + V (x) = 0}. This is exactly where the classical trajectories are located. Outside this area T u decays exponentially w.r.t. ♥^{1/a}.

Proof of Theorem 4.1: Let (x_0, ξ_0) ∉ Char (P ), i.e. p_0(x_0, ξ_0) ≠ 0. From continuity if follows that there exist a neighbourhood U of (x_0, ξ_0) and a constant c > 0 such that |p_0¯_U | ≥ 2c .

Let p̃_0 := F^{a,b,ω}p_0 be the almost analytic extension of p_0 with ω = ♥^{1−1/a}κ as in Theorem 3.1. We now apply Proposition 2.3. It follows that for sufficiently small ♥ we can estimate

|p̃_0¯~_U | ≥ c (4.1)

with Ũ = {(x, ξ) ∈ S_ω | Re(x, ξ) ∈ U}. We are now going to define a suitable weight function g. It will be constant in the a neighbourhood of (x_0, ξ_0) and will have sufficiently small derivatives:

Let U_1 ⊂ U_2 ⊂ U. For sufficiently small δ > 0 we can find a function g ∈ C^∞_0 (R^{2n} ) with supp g ⊂ U_2,

g¯U_1 = δ (4.2) and |g̃_μ| = |μ^{−1}∂_xg + i∂_ξg| < κ.

δ

U_1

U_2 U g

(x_0, ξ_0)

From ω = ♥^{1−1/a}κ it follows that ⟨x − ♥^{1−1/a}g̃_μ(x, ξ), ξ + i♥^{1−1/a}μg̃_μ(x, ξ)⟩ ∈ Ũ (4.3) for all (x, ξ) ∈ U_2 and small ♥. Now we apply Theorem 3.1’ with m = 0. Using P u = 0 we get 0 = ‖p̃_0(x−♥^{1−1/a}g̃_μ(x, ξ), ξ+i♥^{1−1/a}μg̃_μ(x, ξ))e^{g/}~^{1/a} T u‖+O( √_♥ )‖e^{g/}~^{1/a} T u‖ . This implies ‖p̃_0(x−♥^{1−1/a}g̃_μ(x, ξ), ξ+i♥^{1−1/a}μg̃_μ(x, ξ))e^{g/}~^{1/a} T u‖_L2_{(U2)} = O( √_♥ )‖e^{g/}~^{1/a} T u‖ and, using (4.1) and (4.3),

‖e^{g/}~^{1/a} T u‖_L2_{(U2)} = O( √_♥ )‖e^{g/}~^{1/a} T u‖ . Let^cU_2 be the complement of U_2. Via bootstrap we obtain for small ♥:

‖e^{g/}~^{1/a} T u‖_L2_{(U2)} = O( √_♥ )‖e^{g/}~^{1/a} T u‖_L2_(c_{U2)} .

Finally using g¯c_{U2} = 0 and U_1 ⊂ U_2 we get

‖e^{g/}~^{1/a} T u‖_L2_{(U1)} = O( √_♥ )‖T u‖ and, with help of (4.2),

‖T u‖_L2_{(U1)} = O(e^{−δ/}~^{1/a} ) .

Thus (x_0, ξ_0) ∉ MS_Γa and Theorem 4.1 is proven. �

Conclusion

A key estimate in the theory of phase space tunneling is proven for the case of a pseudo differential operator with a symbol in some Gevrey class, being hence not necessarily analytic. Explicit bounds are given for an exponential decay with respect to ♥^{1/a}, where a > 1 depends on the smoothness of the symbol.

Acknowledgment

It is a pleasure to thank André Martinez for many helpful discussions and his hospitality during my visit at the Département de Mathématiques, Université Paris-Nord where the principal part of this work was done. I would also like to thank Ruedi Seiler and Markus Klein for many stimulating discussions and their help to improve a lot of details later on at the Technical University Berlin.

References

[1] G. B. Folland: Harmonic Analysis in Phase Space; Princeton University Press, Princeton, 1989

[2] M. Gevrey: Sur la Nature Analytique des Solutions des Équations aux Dérivées Partielles; Annales École norm. sup., 35 (1918), 129–189

[3] L. Hörmander: The Analysis of Linear Partial Differential Operators II;

Springer, Berlin, Heidelberg, 1983

[4] K. Itô (Hrsg.): Encyclopedic Dictionary of Mathematics, Second Edition by the Mathematical Society of Japan, Volume I–II; MIT Press, Cambridge, London, 1993

[5] K. Jung: Adiabatik und Semiklassik bei Regularität vom Gevrey-Typ;

Dissertation at Technical University Berlin, Berlin 1997, D 83

[6] J. Leray, Y. Ohya: Systèmes Linéaires, Hyperboliques Non-Stricts; Colloque C.B.M., Louvain (1964); reprint in Battelle Rencontres on Hyperbolic Equations and Waves, Seattle, Wis., (1968)

[7] A. Martinez: Estimates on Complex Interactions in Phase Space; Math.

Nachr. 167 (1994), 203–254

[8] A. Martinez: Precise Exponential Estimates in Adiabatic Theory; J.

Math. Phys. 35 (8) (1994), 3889–3915

[9] A. Melin, J. Sjöstrand: Fourier Integral Operators with Complex-valued Phase Functions; Lect. Notes Math. 459 (1975), 120-223

[10] S. Nakamura: On Martinez’ Method of Phase Space Tunneling; Rev.

Math. Phys. 7, No. 3, 431-441 (1995)

[11] G. Nenciu: Linear Adiabatic Theory: Exponential Estimates; Commun.

Math. Phys. 152 (1993), 479–496

[12] L. Rodino: Linear partial differential operators in Gevrey spaces; World Scientific, Singapore, London, Hong Kong, 1993