Integrable deformations of affine surfaces via Nizhnik–Veselov–Novikov equation

B.G. Konopelchenko^� and U. Pinkall^�

∗ Dipartimento di Fisica dell’Universitá di Lecce e Sezione INFN, 73100 Lecce, Italy ∗∗ Fachbereich Mathematik, TU Berlin, Str. des 17 Juni,136, D-10623, Berlin, Germany

Abstract

It is shown that deformations of affine conormal according to the Nizhnik– Veselov–Novikov equation generate, via the Lelieuvre’s formula, integrable deformations of affine surfaces. The total affine mean curvature is preserved by these deformations. It is shown that a stationary point of these deformations for centroaffine surfaces is given by the proper affine sphere.

1 Introduction

Theory of deformations of surfaces was an important part of the classical differential geometry (see e.g. [1,2]). Different types of deformations have been studied. New results in this field have been discussed, for instance, in [3,4].

Recently a new class of integrable deformations of surfaces has been proposed in [5]. It is based on the “construction” of surfaces via the linear equations with two independent variables and then on the generation of their deformations via the corresponding 2+1-dimensional integrable (soliton) equations. Generalized Weierstrass formulae and corresponding deformations via the modified Veselov–Novikov equation was one of the particular cases of this general scheme, considered in [5]. Several subsequent interesting results have been obtained in [6–10]. It occurs that the modified Veselov–Novikov deformations represent themself the subclass of integrable deformations of generic deformations of conformal immersions [10]. Other particular example discussed in [5] has been given by the Lelieuvre’s formulae and corresponding deformations via the Nizhnik–Veselov– Novikov (NVN) equation.

In the present paper we show that these Lelieuvre–NVN deformations provide us integrable deformations of affine surfaces, the NVN wave-functions being the components of the affine conormal. They are characterized by an infinite set of preserved functionals. The total affine mean curvature is the simplest of them. Formulae for deformations of coordinates of affine surfaces are derived. It is shown that normal components of deformations are proportional to cubic forms of a surface. For ruled surfaces the particular deformations have zero normal components and, hence, they are reduced to a reparametrization of a surface.

Surfaces which correspond to stationary point of NVN deformations are described. For centro-affine surfaces it is given by proper affine sphere. Deformations of a special class of affine surfaces are generated by the Korteweg-de Vries equation. Correspondingly particular class of affine spheres is provided by stationary solutions of the Korteweg-de Vries equation.

The paper is organized as follows. The Lelieuvre’s formula is presented in section 2. The Nizhnik–Veselov–Novikov (NVN) equation is described in section 3. Deformations of affine surfaces via the NVN equations are formulated in section 4. Normal and tangent parts of such deformations are considered in section 5. In section 6 it is shown that stationary points of the NVN deformations are given by affine spheres. Particular class of deformations via the Korteweg-de Vries equation is discussed in section 7.

2 Lelieuvre’s formulae

Let f: M → A_3 be an affine surface in A_3. Assume that the affine Blasche metric G in indefinite. Then in asymptotic coordinate system (x, y) one has G = 2F dxdy and Δf =^2_F f_{xy} where Δ is the Laplacian and f_{xy} ≡^{∂2f}_{∂x∂y} (see e.g. [11]). For the positive-define affine metric in the complex coordinates z = x + iy ({x, y} is an isothermal coordinate system) one has G = 2F dzdz̄, Δf =^2_F f_{zz̄}. So in both cases we have G = 2F dξdη, , Δf = 2 F f_{ξη} (1)

where ξ, η are asymptotic coordinates in the indefinite case and ξ = z, η = z̄ in the positive-define case. The corresponding cubic forms of a surface are Adξ^3, Bdη^3 and the Pick invariant is J =^{AB}_{F 3} where A and B are some functions. Let ˚ be a standard affine conormal defined by the conditions

⟨˚ · N⟩ = 1 , (2)

⟨df · ˚⟩ = 0 (3) where N is an affine normal and ⟨·⟩ is a standard bilinear form.

For the Blasche metric of the type (1) ˚ obeys the equations [11]

⟨f_{ξξ} · ˚⟩ = ⟨f_{ηη} · ˚⟩ = 0 (4) and ˚_{ξη} + F H˚ = 0 (5)

where H is an affine mean curvature. The corresponding Gauss–Codazzi equations are of the form f_{ξξ} = F_ξ F f_ξ + A F f_η , f_{ξη} = F N , (6)

f_{ηη} = B F f_ξ + F_η F f_η plus two equations for N.

Lelieuvre’s formula for indefinite metric in asymptotic coordinates is (see e.g. [11])

f(x) = x∫ Γ (˚ ∧ ˚_x0 dx^′ − ˚ ∧ ˚_y0 dy^′) (7)

while in the positive-define metric case it is

f(x) = x∫ Γ (˚ ∧ ˚_y0 dx^′ − ˚ ∧ ˚_x0 dy^′) (8)

where {x, y} is the isothermal coordinate system.

Using the variables ξ, η introduced above, we can rewrite the formulae (7) and (8) as a single formula: f(ξ, η) = σ (ξ,η)∫

Γ (˚ ∧ ˚_ξ0 dξ^′ − ˚ ∧ ˚_η0 dη^′) (9)

where σ = 1 for indefinite metric and σ = √ −1 for positive-define metric.

Note also that (see [11])

F = σ⟨˚ · (˚_ξ ∧ ˚_η)⟩ = σdet|˚, ˚_ξ, ˚_η| .

3 Nizhnik–Veselov–Novikov equation

The general Nizhnik–Veselov–Novikov (NVN) equation has the form

p_t = αp_{ξξξ} + βp_{ηηη} + 3α(w_{ξξ}p)_ξ + 3β(w_{ηη}p)_η, (10) w_{ξη} = p . This equation has been derived in [12] at the case of real-valued ξ, η and arbitrary constants α, β and in [13] at the case ξ = z, η = z̄, α = β = 1. The NVN equation (10) is equivalent to the compatibility condition for the linear system [12, 13]

ψ_{ξη} + pψ = 0 , (11) ψ_t = αψ_{ξξξ} + βψ_{ηηη} + 3αw_{ξξ}ψ_ξ + 3βw_{ηη}ψ_η .

The NVN equation (10) is integrable by the inverse spectral transform (IST) method, and has all properties typical for soliton equations (see e.g. [14,15]). Wide classes of explicit solutions of the NVN equation have been constructed (see e.g. [16,17,18]). Equation (10) has an infinite set of integrals of motion C_n. The simplest of them is C_1 = ∫ ∫ p (ξ, η) dξdη . (12) The NVN equation (10) is, obviously, the superposition of the simplier equations p_{t1} = p_{ξξξ} + 3(w_{ξξ}p)_ξ , (13) w_{ξη} = p and p_{t2} = p_{ηηη} + 3(w_{ηη}p)_η , (14) w_{ξη} = p . Equation (13) is equivalent to the compatibility condition of the system ψ_{ξη} + pψ = 0 , (15) ψ_{t1} = ψ_{ξξξ} + 3w_{ξξ}ψ_ξ while equation (14) is associated with the system ψ_{ξη} + pψ = 0 , (16) ψ_{t2} = ψ_{ηηη} + 3w_{ηη}ψ_η .

Equation (13) and (14) are compatible. Equation (10) is, obviously, the superposition p_t = αp_t + βp_t. In the case η = ξ̄ and real-valued p one has only equation (10) with α = β. There is an infinite hierarchy of integrable equations associated with the NVN equation. They are equivalent to the compatibility conditions for the systems ψ_{ξη} + pψ = 0 , (17)

ψ_{t1n} = 2η∏ k=1 (∂_ξ + u_k) ψ_ξ or ψ_{ξη} + pψ = 0 , (18) ψ_{t2n} = 2η∏ k=1 (∂_η + v_k) ψ_η where u_k, v_k are functions and n is an arbitrary integer.

The whole NVN hierarchy of equations has the same properties as the NVN equation. For instance, integrals of motion C_n (in particular, C_1 (12)) are integrals of motion for the whole hierarchy.

Note also that the NVN equation (10) can be represented in the form [18] (α = β)

(e^φ)_t = (∂_ξe^φ∂^{−1}_η e^{−2φ}∂_ξ + ∂_ηe^φ∂^{−1}_ξ e^{−2φ}∂_η)(e^{2φ}φ_{ξη} + e^{3φ}) (19)

where p = e^φ. Thus, solutions of the Tzitzeica equation e^{2φ}φ_{ξη} + e^{3φ} = const provide solutions of the stationary NVN equation.

4 NVN deformations of affine surfaces

In the paper [5] one of the authors has suggested to use the NVN equation (10) to build a class of integrable deformations of surfaces in R^3 constructed by the Lelieuvre’s formula.

We will show here that the NVN equation is more relevant for the theory of deformations in affine geometry.

Thus, we start with the Lelieuvre’s formula (9). The conormal ˚ obeys the equation

˚_{ξη} + p ˚ = 0 (20)

where p = F H.

We assume that all quantities in (20) and, consequently, the coordinates f depend on the deformation parameter t. We consider deformations for which there is a function w such that

˚_{t1} = ˚_{ξξξ} + 3w_{ξξ}˚_ξ (21)

or, alternatively,

˚_{t2} = ˚_{ηηη} + 3w_{ηη}˚_η . (22)

Deformations (21), (22) are compatible with equation (20) if

p_{t1} = p_{ξξξ} + 3(w_{ξξ} p)_ξ , (22) w_{ξη} = p and p_{t2} = p_{ηηη} + 3(w_{ηη} p)_η , (24) w_{ξη} = p . Equations (23) and (24) are representable in the local form

w_{t1η} = w_{ηξξξ} + 3w_{ξξ} w_{ξη} , (25)

w_{t2ξ} = w_{ξηηη} + 3w_{ηη} w_{ξη} . (26)

Using the relations f_ξ = σ ˚ ∧ ˚_ξ , f_η = −σ ˚ ∧ ˚_η (27) and equations (21) and (22), one can show that

σ (˚ ∧ ˚_ξ)_{t1} = f_{ξξξξ} + 3(w_{ξξ} f_ξ)_ξ − 3σ (˚_ξ ∧ ˚_{ξξ})_ξ , (28) σ (˚ ∧ ˚_η)_{t1} = −f_{ηξξξ} − 3(w_{ξξ} f_ξ)_η − 3(p f_ξ)_ξ + 6p_ξ f_ξ , (29) σ (˚ ∧ ˚_ξ)_{t2} = f_{ξηηη} + 3(w_{ηη} f_η)_ξ + 3(p f_η)_η − 6p_η f_η , (30) σ (˚ ∧ ˚_η)_{t2} = −f_{ηηηη} − 3(w_{ηη} f_η)_η − 3σ (˚_η ∧ ˚_{ηη})_η . (31)

Then with the use of the relations (28)–(31) one gets ∂ f ∂t_1 = f_{ξξξ} + 3w_{ξξ} f_ξ + (ξη)∫

Γ {−3σ (˚_ξ ∧ ˚_{ξξ})_ξ dξ + [3(p f_ξ)_ξ − 6p_ξf_ξ] dη} , (32)

∂ f ∂t_2 = f_{ηηη} + 3w_{ηη} f_η + (ξη)∫

Γ {[(3p f_η)_η − 6p_η f_η]dξ + 3σ(˚_η ∧ ˚_{ηη})_η dη} . (33) Further, since

−3σ(˚_ξ ∧ ˚_{ξξ})_η = 3σp ˚ ∧ ˚_{ξξ} − 3σp_ξ ˚ ∧ ˚_ξ = 3p f_{ξξ} − 3p_ξ f_ξ (34) and 3σ(˚_η ∧ ˚_{ηη})_ξ = −3σp ˚ ∧ ˚_{ηη} + 3σp_η ˚ ∧ ˚_η = 3p f_{ηη} − 3p f_η

one, finally, obtains the following evolution equations for f compatible with (27) and the evolution of ˚: ∂f ∂t_1 = f_{ξξξ} + 3w_{ξξ} f_ξ − 3σ ˚_ξ ∧ ˚_{ξξ} , (35) ∂f ∂t_2 = f_{ηηη} + 3w_{ηη} f_η + 3σ˚_η ∧ ˚_{ηη} . (36) Note that, although ˚ defines f up to a translational constant the formulae (35),(36) provide canonical way to deform f along with an evolving ˚. Using the identities (34), i.e.

σ (˚_ξ ∧ ˚_{ξξ})_η = −w_{ξη} f_{ξξ} + w_{ξξη} f_ξ , (37) σ(˚_η ∧ ˚_{ηη})_ξ = w_{ξη} f_{ηη} − w_{ξηη} f_η ,

we can rewrite deformation (35)–(36) in the form which envolves only coordinates: f_{t1η} = f_{ξξξη} + 3w_{ξξ} f_{ξη} + 3w_{ξη} f_{ξξ} , (38)

f_{t2ξ} = f_{ηηηξ} + 3w_{ηη} f_{ηξ} + 3w_{ξη} f_{ηη} . (39)

Recall that w obeys equation (25) or (26).

The formulae (35), (36) or (38), (39) define deformations of surfaces. One can straightforwardly check that these deformations preserve the conditions (4) and (5). So they convert asymptotic lines into asymptotic lines.

The NVN deformations (38), (39), (25), (26) preserve an infinite set of functionals. The simplest of them is the total affine mean curvature C = ∫ pdξdη = ∫ HF dξdη. Note that,due to the relation HF + JF = −(lnF )_{ηξ}, this functional is equal ( up to sign and total Gaussian curvature ) to the total Pick invariant: C = − ∫ JF dξdη + K_{tot}. Thus, we have THEOREM. The NVN deformations (38), (37), (25), (26) provide us integrable deformations of affine surfaces which preserve infinite set of functional, the simplest of which is the total affine mean curvature.

Previously found explicit solutions of the NVN equation (see e.g [12,13,15–17]) allow us to find an infinite family of deformations given by explicit formulae.

The whole NVN hierarchy of equations gives rise to the infinite hierarchy of deformations of affine surfaces.

Note that the Nizhnik equation provides us deformations of surfaces with indefinite metric while the Veselov-Novikov equation is relevant for the case of positive -defined metric.

5 Normal and tangent deformations

Let us represent the deformations considered above as the superposition of normal and tangential parts: ∂ f ∂t_i = μ_iN + a_i f_ξ + b_i f_η (i = 1, 2) . (40)

Since ⟨˚ · N⟩ = 1, ⟨˚ · f_ξ⟩ = ⟨˚ · f_η⟩ = 0, one gets from (40) that

μ_1 = ⟨f_{ξξξ} · ˚⟩ − 3σ⟨˚ · (˚_ξ ∧ ˚_{ξξ})⟩ = (41) = −2σ⟨˚ · (˚_ξ ∧ ˚_{ξξ})⟩ = −2σdet|˚, ˚_ξ, ˚_{ξξ}| and μ_2 = ⟨f_{ηηη} · ˚⟩ + 3σ⟨˚ · (˚_η ∧ ˚_{ηη})⟩ = (42) = 2σ⟨˚ · (˚_η ∧ ˚_{ηη})⟩ = 2σdet|˚, ˚_η, ˚_{ηη}| .

To calculate the functions a_i, b_i we, first, differentiate equations (40) with respect to ξ and η, then take the scalar product of equations obtained with ˚ and use equations (2)-(6) and expresions (41),(42). As a result we get

(a_1 + 3w_{ξξ})det|˚, ˚_ξ, ˚_η| = det|˚, ˚_η, ˚_{ξξξ}| − 2det|˚_ξ, ˚_η, ˚_{ξξ}|, , (43) b_1det|˚, ˚_ξ, ˚_η| = det|˚, ˚_ξ, ˚_{ξξξ}| , a_2det|˚, ˚_ξ, ˚_η| = −det|˚, ˚_η, ˚_{ηηη} | , (b_2 + 3w_{ηη})det|˚, ˚_ξ, ˚_η| = −det|˚, ˚_ξ, ˚_{ηηη}| − 2det|˚_ξ, ˚_η, ˚_{ηη}| .

Now we present the NVN deformations in one more form using the Gauss–Codazzi equations. Taking into account (6), one gets ∂ f ∂t_1 = AN + ( F_{ξξ} F + 3w_{ξξ} ) f_ξ + A_ξ F f_η − 3σ˚_ξ ∧ ˚_{ξξ} , (44) ∂ f ∂t_2 = BN + B_η F f_ξ + ( F_{ηη} F + 3w_{ηη} ) f_η + 3σ ˚_η ∧ ˚_{ηη} . (45)

Formulae (44) and (45) first imply that

μ_1 = ⟨ ∂f ∂t_1 · ˚⟩ = A − 3σ⟨˚ · (˚_ξ ∧ ˚_{ξξ})⟩ , (46)

μ_2 = ⟨ ∂f ∂t_2 · ˚⟩ = B + 3σ⟨˚ · (˚_η ∧ ˚_{ηη})⟩ .

Comparing with (41) and (42), one gets

A = σ⟨˚ · (˚_ξ ∧ ˚_{ξξ})⟩ = σdet |˚, ˚_ξ, ˚_{ξξ}| , (47) B = −σ⟨˚ · (˚_η ∧ ˚_{ηη})⟩ = −σdet |˚, ˚_η, ˚_{ηη}| . So μ_1 = −2A, μ_2 = −2B .

Thus, the NVN deformations have a very particular feature, namely, their normal components are proportional to cubic forms of a surface. The deformations constructed have two simple and rather obvious properties. First, the affine minimal surfaces (H = 0 and ,hence, p = 0) remain minimal under these deformations. Second, for surfaces with zero Pick invariant J (A or B are equal to zero), i.e. for ruled surfaces in the case of indefinite metric one of the deformations (40) has zero normal component and , hence, it is reduced to a reparametrization of the surface. In particular, for quadrics ( A = B = 0) the NVN deformations of both types have only tangential components. So, quadrics are, in fact, invariant under the NVN deformations.

6 Affine sphere as stationary point of the NVN deformations

Here we will describe affine surfaces which are associated with stationary point of the NVN deformations. Let us consider the deformations given by (21), (23), (25), (35), (44). A stationary point is defined by the conditions w_{t1} = 0, ˚_{t1} = ω˚ (48) where ω is a constant. So w and ˚ obey the equations w_{ξξξη} + 3w_{ξξ} w_{ξη} = 0 , (49)

ω · ˚ = ˚_{ξξξ} + 3w_{ξξ} ˚_ξ . (50)

In this stationary case f_{t1} = 2ω f (51) and σ ˚_ξ ∧ ˚_{ξξ} = −ω f (52)

where we put constant of integration equal to zero.

Due to (51) and (52) equation (44) takes the form ω f + AN + ( F_{ξξ} F + 3w_{ξξ} ) f_ξ + A_ξ F f_η = 0 . (53) Thus, the stationary point of the NVN deformation (44) is characterized by the conditions

f = AN + ( F_{ξξ} F + 3w_{ξξ} ) f_ξ + A_ξ F f_η , (54) (F H)_{ξξ} + 3w_{ξξ} F H = 0 , (55) w_{ξη} = F H (56) where A is given by (47) and we put ω = −1. Equations (55), (56) imply ( p_{ξξ} p ) η + 3p_ξ = 0 (57) for p = F H. In terms of φ = ln p equation (57) looks like as φ_{ξξη} + 2φ_ξ φ_{ξη} + 3e^φφ_ξ = 0 or, equivalently, φ_{ξη} = α(η) e^{−2φ} − e^φ (58) where α(η) is an arbitrary function.

Thus, for the stationary point of NVN deformation (44) the product p = HF obeys the Tzitzeica equation (58).

For centro-affine surfaces (⟨f · f_ξ⟩ = ⟨f · f_η⟩ = 0) condition (34) implies

f = AN , A_ξ = 0, F_{ξξ} + 3w_{ξξ} F = 0 . (59)

Without lost of generality one can put A = 1. So f=N, that is H = 1 (see e.g. [11]). Equation (59) is reduced to (55) and we have the Tzitzeica equation (58) for the metric coefficient F = e^φ. So in this case the stationary point is given by proper affine sphere.

Stationary point of the NVN deformation (22), (24), (26), (36), (45) is defined by the equations

w_{ξηηη} + 3w_{ηη} w_{ξη} = 0 , (60)

ω ˚ = ˚_{ηηη} + 3w_{ηη} ˚_η = 0 . (61)

In this case the corresponding equations are, obviously given by equations (54)–(59) with the substitution ξ ↔ η, A ↔ B. So for p = F H one again has equation (58) and in the centro-affine case the stationary point is given by the proper affine sphere.

Similar results take place also for general deformations ˚_t = α ˚_t + β˚_t. Due to (19) the proper affine sphere is the stationary point of general NVN deformations.

7 Special subclass of surfaces

Let us consider a subclass of surfaces with indefinite metric for which F H = p ( ξ+η 2 ) = p(x). In this case ˚ = ˚(x)exp [ λ ( ξ−η 2 )] . Equation (5) is reduced to

˚_{xx} + p(x)˚ = λ^2˚ (62)

and the Lelieuvre’s formula takes the form

f (x, y) = f_0 + 1 λ e^{2λy} ˚ ∧ ˚_x (63)

where y =^{ξ−η}_2 .

For this type of surface equations (13) and (14) are reduced to the famous Korteweg-de Vries (KdV) equation p_t = p_{xxx} + 6pp_x (64) and deformation (35) takes the form ∂f ∂t = f_{xxx} + 3p f_x − 3 λ e^{2λy} ˚_x ∧ ˚_{xx} . (65)

The KdV equation and, consequently, the KdV deformations (65) preserve an infinite set of functionals C_n = ∫ dx P_{2n+1}(x) (66) where the densities P_n are defined via the recurrent relations (see e.g. [14,15]).

P_{m+1} = P_{mx} + m−1∑ k=1 P_k P_{m−k} , m = 1, 2, 3 ... , (67) P_1 = −P = F H .

The whole infinite KdV hierarchy generate an infinite family of integrable deformations which preserve the infinite set of functionals (66), (67). Stationary solutions of the KdV equation provide, via Lelieuvre’s formula, a class of affine spheres. This and other problems will be considered in a separate paper.

Acknowledgment. The authors are thankful to A. Bobenko, E. Ferapontov and U. Simon for useful discussions. One of the authors (BK) is grateful to Fachbereich Math. and SFB 288, TU Berlin for a warm hospitality.

References

[1] L. Bianchi, Lezioni di Geometria differentiale, 2nd ed. (Piza, Spoerri, 1902). [2] L.P. Eisenhart, A Treatise on the differential geometry of curves and surfaces (Dover, New York, 1909).

[3] S.-T. Yau (Ed.), Seminar on differential geometry (Princeton Univ., Princeton, 1982). [4] S.S. Chern, in: Differential geometry and complex analysis (Eds., I. Chavel, H.M.

Farkas), Springer, Berlin, 1985.

[5] B.G. Konopelchenko, Induced surfaces and their integrable dynamics, Stud. Appl.

Math., 96, 9–51 (1996); preprint Taipei, 1993.

[6] B.G. Konopelchenko and I.A. Taimanov, Generalized Weierstrass formulae, Soliton equations and Willmore surfaces, preprint N187/1995, Bochum University (1995).

[7] R. Carroll and B.G. Konopelchenko, Generalized Weierstrass–Enneper inducing, conformal immersions and gravity, Intern. Journal Mod. Phys., 11, 1183–1216 (1996).

[8] I.A. Taimanov, Modified Veselov–Novikov equation and differential geometry of surfaces, Trans. Amer. Math. Soc., Ser.2, v.179, 133-151 (1997).

[9] P.G. Grinevich and M.U. Schmidt, Conformal invariant functionals of immersions of tori into R^3, Journal of Geometry and Physics ( to be published).

[10] U. Pinkall and J. Richter, Conformal maps from a Riemannian surface into the space of Quaternions, preprint TU-Berlin, April 1997.

[11] K. Nomizu and T. Sasaki, Affine differential geometry, (Cambridge Press, Cambridge, 1994).

[12] L.P. Nizhnik, Integration of multidimensional nonlinear equations by the method of inverse problem,DAN SSSR, 254, 332-335 (1980).

[13] A.P. Veselov and S.P. Novikov, Finite-gap two-dimensional potential Schrödinger operators. Explicit formulae and evolution equations, DAN SSSR, 279, 20-24 (1984).

[14] M.J. Ablowitz and P.A. Clarkson, Solitons, nonlinear evolution equations and inverse scattering, (Cambridge Univ. Press, Cambridge, 1991).

[15] B.G. Konopelchenko, Introduction to multidimensional integrable equations, (Plenum Press, New York, 1992).

[16] S.P. Novikov and A.P. Veselov, Two-dimensional potential Schrödinger operators:

Inverse scattering transform and non-linear equation, Physica D, 18, 267-279 (1986). [17] L.P. Nizhnik, Inverse scattering problems for hyperbolic equations (Naukova Dumka, Kiev, 1991).

[18] B.G. Konopelchenko and C. Rogers, On generalized Loewner systems: novel integrable equations in 2+1 dimensions, J. Math. Phys., 34, 214–242 (1993).