One-Dimensional Disordered Systems and Scattering Theory

V. Kostrykin Lehrstuhl für Lasertechnik, Rheinisch - Westfälische Technische Hochschule Aachen, Steinbachstraße 15, D-52074 Aachen, Germany

R. Schrader Institut für Theoretische Physik, Freie Universität Berlin, Arnimallee 14, D-14195 Berlin, Germany Methods from scattering theory are applied to one dimensional disordered systems. This approach (i) gives a relation between the scattering phase shift and the integrated density of states, (ii) provides a very natural connection with random matrix theory and allows to study the special energies, where the transmission probability does not vanish in the infinite length limit.

PACS Numbers: 03.80.+r, 71.55.Jv, 71.20.-b, 73.23.-b, 72.10.Fk

One-dimensional disordered quantum systems in one-particle approximation play an important role in a number of different physical contexts. Examples include mesoscopic conductors like quantum, atomic and molecular wires [1]. Applications of scattering theory to these systems have a long history and are now of renewed interest due to advances in technology that allow the construction of devices at nanometric scales. Already in the late fifties it was recognized that the electric dc conductivity in such quasi-one-dimensional structures is directly related to scattering probabilities [2]. From the viewpoint of the Kubo formula this relation is discussed in Refs. [3,4]. For systems of finite size the connection between the density of states (DOS) and the scattering phase is considered in [5]. Also scattering theory naturally arises in the study of the localization of the electromagnetic waves in dielectric multilayers [6].

In this letter we report on some rigorous results when applying scattering theory to the one-dimensional Schrödinger equation −ψ^{′′} +V_{lm}(x)ψ = Eψ with a potential V_{lm}(x) = ∑_m j=−l αj f(x−j) in the limit of large number of scatterers n = l +m+1 →

∞. In particular we address the question how the Lyapunov exponent (LE) and DOS can be reconstructed in terms of the Smatrices of the single-site Hamiltonians H_α = H_0+αf. This approach exhibits a very natural connection with the random matrix theory. A part of the results presented here will appear in more complete form with proofs elsewhere [7]. For other applications of scattering theory to Schrödinger operators with periodic and random potentials we refer to [8,9] and [10], respectively.

The single-site potential f ≥ 0 is supposed to be a piecewise continuous bounded function on the interval [−1/2, 1/2], and α_j is a sequence of uniformly bounded reals (random or as a special case deterministic), |α_j | ≤ α. In the random case α_j is a metrically transitive sequence of i.i.d. (independent, identically distributed) variables having a common distribution (measure) ν, which has support in a finite interval [α_−, α_+]. Let H^{(lm)} = H_0 + V_{lm} be the Hamiltonian involving n sites and let H_j = H_0 + α_j f(· − j) be the single-site Hamiltonian. By S^{(lm)}(E) and S_j (E) we denote the corresponding S-matrices,

S^{(lm)}(E) = T^{(lm)}(E) R^{(lm)}(E) L^{(lm)}(E) T^{(lm)}(E) , S_j (E) = T^j (E) R^j (E) L_j (E) T_j (E) , (1)

with T being the transmission amplitudes and R and L the right and left reflection amplitudes respectively. We also consider the matrices

Λ^{(lm)}(E) = 1^{T (lm) (E)} −^{R(lm) (E)} T^{(lm)} (E) L^{(lm)}(E) T^{(lm)} (E) 1 T^{(lm)} (E)^∗

, Λ_j (E) = 1^{Tj (E)} − R_j (E) T_j (E) L_j (E) T_j (E) 1 T_j (E)^∗ .

From the unitarity of the scattering matrix it follows that the matrices Λ^{(lm)}(E) and Λ_j (E) are unimodular.

The scattering phase δ^{(lm)}(E) for H^{(lm)} is related to its S-matrix by δ^{(lm)}(E) = ln det S^{(lm)}(E)/2i and T^{(lm)}(E) = |T^{(lm)}(E)|e^{iδ(lm) (E)}. Both the scattering phase and the distribution of the bound states can be described in terms of the Lifshitz- Krein spectral shift function (SSF) [11] ξ^{(lm)}(E). In fact, ξ^{(lm)}(E) = −πδ^{(lm)}(E) for E > 0 and equals minus the number of bound states below E < 0. This is the well-known Birman-Krein theorem [11]. It is the general version of the well-known result of Beth and Uhlenbeck [12], which relates scattering data to the second virial coefficient.

It is natural to expect that ξ^{(lm)}(E)/n is a self-averaging quantity. Indeed we show [7] that ~ξ^{(lm)}_± (E) = ξ^{(lm)}(E) ± 1 is sub/super-additive with respect to the interval length (−l, m), and therefore by the Akcoglu-Krengel ergodic theorem [13] lim l,m→∞ ξ^{(lm)}(E)/n =: ξ(E) (2)

exists almost surely and is non-random. We call this limit the spectral shift density (SSD). For all E > 0 it satisfies the inequality ⟨ξ_α(E)⟩ − 1/2 ≤ ξ(E) ≤ ⟨ξ_α(E)⟩ + 1/2. Here ⟨ξ_α(E)⟩ denotes the site average lim_{n→∞} ∑_{j=m} j=−l ξαj (E)/n with ξαj (E) being the SSF for H_{αj} . Similar inequalities holds for E ≤ 0 with 1 instead of 1/2. Moreover, ξ(E) ≥ 0 (≤ 0) if all α_j ’s are positive (negative). Also ξ(E) = N_0(E)−N(E), the difference of the integrated densities of states for the free and the interacting cases. Recalling that dδ^{(n)}(E)/dE is the time-delay during the scattering process [14], we can interpret −ξ(E)/π as the integrated time-delay density, such that −ξ^′(E)/π is the time-delay per unit length.

A result similar to (2) is known [4,16] to hold for the transmission coefficient, lim l,m→∞ ln |T^{(lm)}(E)|/n = −γ(E), (3) which is minus the LE, i.e. the inverse localization length, at energy E > 0. It satisfies the inequality γ(E) ≤ −⟨ln |T_α(E)|⟩ + ln 2, where ⟨ln |T_α(E)|⟩ = lim_{l,m→∞} ∑_{j=m} j=−l ln |Tαj |/n. In particular, the positiveness of the Lyapunov exponent implies the

absence of an absolutely continuous spectrum [17]. Perturbation of the periodic potential by a finite number of impurities does not change γ(E) and ξ(E). The LE is positive within the gaps of the spectrum and equals zero within the bands. For E being the impurity level in a gap of the continuous spectrum γ(E) is the inverse localization length of the impurity wave functions |ψ(x)| ∼ Ce^{−γ(E)|x|} (for a special case this was proven in [15]).

Since for positive energies γ_0(E) = 0 (the LE for the free Hamiltonian H_0), we can combine (2) and (3) in the form lim l,m→∞ ln T^{(lm)}(E)/n = −γ(E) − iπξ(E) = w(E) − w_0(E), where w(E) = −γ(E) + iπN(E) and w_0(E) = −γ_0 + iπN_0(E). Actually w(E) and w_0(E) can be analytically continued into the complex energy half-plane such that e.g. w_0(E) = − lim_{ϵ→0} √ −E + iϵ. In the periodic case w(z) is related to the quasimomentum k(z) = −iw(z).

Now we employ the Aktosun factorization formula [18], which states

Λ^{(lm)}(E) = m∏ j=−l Λ_j (E), (4)

where the product is understood in the ordered sense, i.e. Λ_{−l} . . . Λ_m. From (2) and (3) it follows that γ(E) ± iπξ(E) = lim_{l,m→∞} ln(e_±, Λ^{(lm)}(E)e_±)/n almost surely with e_+ = (1, 0)^T , e_− = (0, 1)^T and (·, ·) being the inner product in C^2 . In analogy to (1) we denote by T_α(E), R_α(E), and L_α(E) the elements of the scattering matrix at energy E > 0 for H_α. With

U_E = e^{−i} √ E 0 0 e^{i√E} , Λ_α(E) = 1^{Tα(E)} − R_α(E) T_α (E) L_α(E) T_α(E) 1 T_α(E)^∗

it follows from the Aktosun factorization formula (4) that

Λ^{(lm)}(E) = m∏ j=−l U^j_E Λ_{αj} (E)U^{−j}_E = U^{−l−1/2}_E · m∏ j=−l U^{1/2}_E Λ_{αj} (E)U^{1/2}_E · U^{−m−1/2}_E . (5)

Since U_E e_± = exp{±i √ E}e_± one obtains that the r.h.s. of (5) equals

e^{±i√En} e_±, m∏ j=−l ~Λ_{αj} (E)e_± , ~Λ_α(E) = U^{1/2}_E Λ_α(E)U^{1/2}_E = e i √ E T_α(E) − R_α(E) T_α(E) L_α(E) T_α(E) e^{−i} √ E T_α (E)^∗ .

From ξ(E) = N_0(E) − N(E) = √ E/π − N(E) it follows that

γ(E) ∓ iπN(E) = lim_{n→∞} 1 n ln e_±, m∏ j=−l ~Λ_{αj} (E)e_± . (6)

The phase of the logarithm is unambigously fixed by the recurrence inequalities |ξ^{(l,m+1)} −ξ^{(lm)} −ξ_{αm+1} | ≤ 1/2 and |ξ^{(l+1,m)} − ξ^{(lm)} −ξ_{αl+1} | ≤ 1/2. If the α_j ’s form a sequence of random i.i.d. variables, for every E > 0 the sequence ~Λ_{αj} (E) is a sequence of random i.i.d. unimodular matrices.

Eq. (6) establishes a connection between the spectral theory of one-dimensional disordered systems on the one hand and scattering theory and the theory of random matrices on the other hand. We outline some of its applications. In the periodic case α_j = α Hill’s discriminant [19] is related to the scattering characteristics of H_α [8] by Δ_α(E) = 2 cos( √ E −πξ_α(E))/|T_α(E)|. From (6) it follows that

γ(E) = log [_1 2 ( |Δ_α(E)| + √ Δ_α(E)^2 − 4 )] , |Δ_α(E)| > 2 0, |Δ_α(E)| ≤ 2 and cos(πN(E)) = Δ_α(E)/2 − cosh γ(E). The approximate LE and the SSD according to (6) for n = 7, 15 and single-site δ-potentials (finite Kronig-Penney model) are presented in Fig. 1. It shows that the infinite limit is already well approximated by the finite system with only few sites. In particular the appearance of the band structure is already clearly visible.

In the random case γ(E) > 0 almost everywhere since the absolutely continuous spectrum is empty [17]. Employing the random matrix theory we completely characterize the set S of those energies, where the LE vanishes. If the distribution ν of α_j ’s has an absolutely continuous component, S is the union of S_0 and S_±, where S_0 is the set of those E’s for which R_α(E) = 0 for all α. The sets S_± are subsets of {(πk)^2, k ∈ N} for which the functions

F^{(±)}_E (α) = ( −i sin( √ E − πξ_α(E)) ± √ cos^2( √ E − πξ_α) − |T_α(E)|^2 ) /R_α(E)e^{iπξα (E)} do not depend on α [7]. The case when ν is a discrete measure can be considered similarly. In particular, when f is the square barrier of unit length and height, and α_j ’s take only two values 0 and β with probability 1/2, one gets that S consists of those E > 0 which can be represented either as (πk)^2 or as β + (πk)^2 with an integer k (Fig. 2). We numerate them in increasing order and denote them by E_j and ^E_j respectively. For these values of the energy E the transmission probability |T^{(lm)}(E)|^2 does not vanish as l, m → ∞ for all possible configurations α_j in contrast to the Azbel resonances [20]. We found that |T^{(lm)}( ^E_j )|^2 = 1 for all l, m and j, whereas |T^{(lm)}(E_j )|^2 are not self-averaging quantities and strongly fluctuate with the variation of the number of sites n remaining, however, sufficiently far from zero (Fig. 3). The existence of energies with non-vanishing transmittivity can lead to a significant enhancement of the conductivity in real quasi-one-dimensional disordered systems. Earlier the “reflectionless” energies were found for the tight-binding model with off-diagonal disorder [21]. It is worth to emphasize that in the general case (i.e. for arbitrary f and ν) γ(E) = 0 for some E does not imply directly that T^{(l,m)}(E) remains nonzero for all l and m. For example, γ(E) = 0 if T^{(l,m)}(E) tends to zero slower then exponentially with n → ∞.

The authors are indebted to J.M. Combes and V. Enss for valuable comments. One of the authors (RS) was supported in part by Sfb 288 “Differentialgeometrie und Quantenphysik”.

[1] M. Scheffler and R. Zimmermann (Eds.), The Physics of Semiconductors, Vol. 2, Singapore, World Scientific, 1996; C. Joachim and S.

Roth (Eds.), Atomic and Molecular Wires, Dordrecht, Kluwer, 1997.

[2] R. Landauer, IBM J. Res. Dev. 1, 223 (1957); Philos. Magaz. 21, 863 (1970); Z. Phys. B 68, 217 (1987); M. Büttiker, Phys. Rev. Lett.

57, 1761 (1986).

[3] D.S. Fisher and P.A. Lee, Phys. Rev. B 23, 6851 (1981); J.U. Nöckel, A.D. Stone, and H.U. Baranger, ibid 48, 17569 (1993); I. Safi, ibid 55, R7331 (1997); X.-G. Zhang and W.H. Butler, ibid 55, 10308 (1997).

[4] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur, Introduction to the Theory of Disordered Systems, Wiley, New York, 1988. [5] J. Friedel, Nuovo Cimento Suppl. 7, 287 (1968); J.S. Faulkner, J. Phys. C 10, 4661 (1977); Y. Avishai and Y.B. Band, Phys. Rev. B 32, 2674 (1985); E. Akkermans et al., Phys. Rev. Lett. 66, 76 (1991); A. Comtet, A. Moroz, and S. Ouvry, Phys. Rev. Lett. 74, 828 (1995); V. Gasparian, T. Christen, and M. Büttiker, Phys. Rev. A 54, 4022 (1996); T. Kottos and U. Smilansky, Phys. Rev. Lett. 79, 4794 (1997).

[6] W. Gellermann et al., Phys. Rev. Lett. 72, 633 (1994).

[7] V. Kostrykin and R. Schrader, Scattering theory approach to random Schrödinger operators in one dimension, Rev. Math. Phys. (to appear).

[8] J.B. Keller, J. Math. Phys. 25, 2903 (1984).

[9] C. Rorres, SIAM J. Appl. Math. 27, 303 (1974); B.S. Pavlov and N.V. Smirnov, J. Sov. Math. 31, 3388 (1985); P. Kurasov and B.S.

Pavlov, in M. Fannes, C. Maes, and A. Verbeure (Eds.) On Three Levels, New York, Plenum, 1994. [10] W. Kirsch, S. Kotani, and B. Simon, Ann. Inst. Henri Poincar, Phys. theor. 42, 383 (1985). [11] M.Sh. Birman and D.R. Yafaev, St. Petersburg Math. J. 4, 833 (1993). [12] G.E. Uhlenbeck and E. Beth, Physica 3, 729 (1936).

[13] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Boston, Birkhäuser, 1990. [14] E. Wigner, Phys. Rev. 98, 145 (1955); W. Thirring, Lehrbuch der mathematischen Physik, Vol. 3, Wien, Springer, 1979; H. Narnhofer, Phys. Rev. D 22, 2387 (1980).

[15] A. Figotin and V. Gorentsveig, Phys. Rev. B 58, 180 (1998).

[16] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur, Sov. Phys. JETP 56 1370 (1982); A.V. Marchenko and L.A. Pastur, Theor. Math. Phys.

68, 929 (1986).

[17] K. Ishii, Progr. Theor. Phys. Suppl. 53, 77 (1973); L. Pastur, Commun. Math. Phys. 75, 179 (1980); S. Kotani, in K. Ito (Ed.) Stochastic

Analysis, Amsterdam, North Holland, 1984.

[18] T. Aktosun, J. Math. Phys. 33, 3865 (1992). Earlier this formula in the form of the so called star product has appeared in R. Redheffer, J. Mathematics and Physics 41, 1 (1962). A generalization of the star product is presented in V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires, preprint.

[19] W. Magnus and S. Winkler, Hill’s Equation, New York, Interscience, 1966. [20] Ya. M. Azbel, Phys. Rev. B 28, 4106 (1983); Solid State Commun. 45, 527 (1983).

[21] J.C. Flores, J. Phys.: Condens. Matter 1, 8471 (1989); D.H. Dunlap, H.-L. Wu, and P.W. Phillips, Phys. Rev. Lett. 65, 88 (1990); A.

Bovier, J. Phys. A 25, 1021 (1992); J.C. Flores and M. Hilke, 26, L1255 (1993); S.N. Evangelou and E.N. Economou, J. Phys. A 26, 2803 (1993); M. Hilke, J. Phys. A 30, L367 (1997).

List of Figures

Fig. 1: The Lyapunov exponent and the spectral shift density (inset) for the deterministic Kronig-Penney model with α = 1 (thick solid lines). The dotted and thin solid lines represent − ln |T^{(lm)}(E)|/n and ξ^{(lm)}(E)/n for n = 7 and for n = 15 respectively.

Fig. 2: The Lyapunov exponent and the spectral shift function (inset) for the binary random model with β = −60 and f being the unit step potential. The arrows mark the points where γ(E) vanishes.

Fig. 3: Fluctuations of the transmission probability |T^{(lm)}(E_2)|^2 vs number of sites n for the binary random modell as in Fig. 2.