PROJECTION QUASICRYSTALS II: VERSUS SUBSTITUTION TILINGS

Alan Forrest, John Hunton, Johannes Kellendonk

16th June, 1999

Abstract. This is the second paper in a short series devoted to the study and application of

topological invariants for projection (strip) method quasiperiodic tilings and patterns. In the first paper we study in detail a range of commutative and non-commutative spaces that can be associated to such patterns. In this paper we use these constructions to define and discuss topological invariants for projection patterns variously in terms of groupoid cohomology, C∗ K-theory, Čech cohomology and dynamical or group cohomology. We show that, up to order, all these invariants are essentially the same, hence providing convenient computational methods for the non-commutative invariants. We also show that these invariants give a useful obstruction to a pattern being a substitution system and we analyse the qualitative nature of these invariants with this property in mind.

Key words. Quasicrystal, projection method, tiling dynamical system, tiling groupoid, K-theory,

dynamical cohomology, substitution tiling.

§1 Introduction In [FHK1] we study in detail a range of commutative and non-commutative spaces that can be associated to projection (strip) method quasiperiodic tilings and patterns [KN], [dB], [KD]. We discuss the relationships between these various objects and their dependance on the initial projection data. In this paper we use these constructions and descriptions to define, discuss and apply topological invariants for such patterns.

Reserving detail and elaborations for later, recall that a projection point pattern T on E = R^d is the pattern of points given by the orthogonal projection of points in a strip (K × E) ∩ Z^N ⊂ R^N , where Z^N is the integer lattice in some higher dimensional Euclidean space R^N containing E, and K × E is the so-called acceptance strip, a fattening of E in R^N defined by some suitably chosen region K in the orthogonal complement E^⊥ of E in R^N . The pattern T thus depends on the dimension N, the positioning of E in R^N and the shape of the acceptance domain K. When this construction was first made [dB], [KD] the domain K was taken to be the projected image onto E^⊥ of the unit cube I^N in R^N and this choice gives rise to the so-called canonical patterns, but following [FHK1] we allow K to be any compact subset of E^⊥ which is the closure of its interior (so, with possibly even fractal boundary, a case of current physical interest [BKS]).

To such a pattern and data we associate in [FHK1] the pattern groupoid GT and its reduced C^∗ algebra C^∗(GT ); we also associate an R^d dynamical system with space 1

MT (the space of all translations on the pattern T completed with respect to a particular metric D) and a Z^d dynamical system with space a Cantor set X_T . Each of these gives rise to a way of attaching an invariant to the pattern T : respectively, we have the continuous groupoid cohomology H^∗(GT ; Z), the C^∗ K-theory K_∗(C^∗(GT )), the topological K-theory of the space MT , K^∗(MT ), closely related to Čech cohomology of MT , H^∗(MT ; Z), and the dynamical or group (co)homology of the Cantor system, H^∗(Z^d; C(X_T , Z)) or H_∗(Z^d; C(X_T , Z)), namely the (co)homology of the group Z^d with coefficients C(X_T , Z) the continuous integer valued functions on X_T .

The first main result of this paper is to demonstrate that all these invariants are isomorphic as groups. The non-commutative invariant, K_∗(C^∗(GT )), contains the richer structure of an ordered group (and which appears likely to contain information relevant to subsequent investigations), only some of which is recoverable from the other invariants, but on the other hand, the group (co)homology invariants admit greater ease of computation. We give as an example a complete computation of the cohomology invariants of a projection method pattern with N = d + 1 and an arbitrary acceptance domain K.

The second main result of the paper is to demonstrate that all these common invariants provide an obstruction to the property of self similarity of a pattern. We say that a pattern T is self similar if there is a constant λ > 1 such that when T is magnified by λ the original pattern can be derived from the magnified one, λT say, by replacing each element with an arrangement of points determined only by the local structure of λT . Such a pattern can in fact be defined and constructed as a so-called substitution system and the Penrose tilings are perhaps the best known examples of patterns that can be constructed as both projection patterns and also as substitution systems. The question naturally arises as to which projection method patterns are self-similar. We show that the Q rank of the rationalised invariants mentioned above provides a necessary condition on self similarity: if T is self similar and translationally finite, then the Q rank of, for example, H_∗(Z^d; C(X_T , Z)) ⊗ Q is finite. Recall that a tiling is translationally finite if it has only a finite number of translation classes of tile. Most examples of substitution tilings in the literature are translationally finite, but we note the exceptional example of the “Pin Wheel” tiling [GS] [Rd].

Much of the final part of this paper is devoted to giving a qualitative description of the cohomology of canonical projection patterns. The main result is Theorem 8.9 which gives a purely geometric criterion for infinite generation (or infinite rank) of (rationalised) pattern cohomology. As a corollary of this, we show that almost all canonical projection method patterns fail to be substitution systems and in fact for vast swathes of initial data all such patterns fail to be self similar.

Nevertheless, there are interesting examples of projection patterns which do exhibit finite rank rational cohomology. The third paper in this series, [FHK2], examines the computation of these invariants in greater detail, using tools and techniques from algebraic topology. We give methods there for the computation of these invariants in finer detail than merely deciding whether they are of finite or infinite rank and we show how to compute the integral invariants for specific, individual patterns. Those methods also shed further light on the qualitative behaviour of the cohomology of general projection patterns. Our series is complemented by an article [FHK3] in which some of the arguments have been simplified at the cost of generality and the description of projection tilings is given in terms of the dualization method. This article contains also a computation for the invariants in the case where N − d is smaller than or equal to 2.

The organisation of this paper is as follows. In §2 we review some of the notation and results used from [FHK1], and in §3 we introduce the notion of continuous similarity of topological groupoids. This is an important equivalence relation for us as continuously similar groupoids have the same groupoid cohomology, and we extend some of the results of [FHK1] showing that many of the groupoids constructed there from projection patterns are continuously similar. In §4 we define all our invariants and prove them to be additively equivalent. In §§5 and 6 we illustrate the computability of these invariants by considering projection patterns arising from data with d = N − 1. In §7 we establish the role our invariants play in discussing self similarity properties of patterns and prove that a pattern fails to be self similar if the rationaised homology is infinitely generated.

The remainder of the paper is devoted to the canonical case, showing that the invariants we construct are computable and effective discriminators of tiling properties in more general situations. In §8 we describe the topology of the groupoids above in a geometric way, setting up the notation and definitions sufficient to state the main theorem (8.9), giving sufficient conditions under which there are infinitely many independent generators in rationalised homology. From here until the end of §11, our aim is to prove Theorem 8.9. In §§9,10, we construct (in the indecomposible case independent generators in rationalised homology, explicitly represented as indicator functions of convex polytopes in Euclidean space. §11 completes the analysis for the decomposible cases. §12 gives some general classes of patterns where these conditions are satisfied, so combining with §7 to show failure of self-similarity in such cases.

Acknowledgements The collaboration of the first two authors was initiated by the William Gordon Seggie Brown Fellowship at The University of Edinburgh, Scotland, and is now supported by a Collaborative Travel Grant from the British Council and the Research Council of Norway with the generous assistance of The University of Leicester, England, and the EU Network “Non-commutative Geometry” at NTNU Trondheim, Norway. The collaboration of the first and third authors was supported by the Sonderforschungsbereich 288, “Differentialgeometrie und Quantenphysik” at TU Berlin, Germany, and by the EU Network and NTNU Trondheim. The first author is supported while at NTNU Trondheim, as a post-doctoral fellow of the EU Network and the third author is supported by the Sfb288 at TU Berlin. All three authors are most grateful for the financial help received from these various sources.

§2 Review of projection method tilings and patterns

In this section we review the notation and results from [FHK1] which we use in this paper. We begin by recalling the basic construction of the objects to be studied.

Suppose that E is a d dimensional subspace of R^N and E^⊥ its orthocomplement. Suppose that Z^N is placed in canonical position and write Δ = E^⊥ ∩ Z^N . Let ⟨Δ⟩ be the real subspace generated by Δ.

We write π for the orthonormal projection onto E and π^⊥ for the projection onto E^⊥. We write Q for the Euclidean closure E + Z^N .

Lemma 2.1 ([FHK1] §2) Suppose that F is a subspace of R^N complimentary to E and containing Δ. Then there is a real subspace V of F with Q ∩ F = V ⊕ ~Δ as groups, where ~Δ = Q ∩ ⟨Δ⟩; moreover, ~Δ contains Δ with finite index. •

Now let K be a compact subset of E^⊥ which is the closure if its interior in E^⊥. Thus the boundary of K in E^⊥ is compact and nowhere dense. We write Σ for K + E ⊂ R^N , the strip with acceptance domain K.

A point v ∈ R^N is said to be non-singular if the boundary, ∂Σ, of Σ does not intersect Z^N +v. We write NS for the set of non-singular points in R^N . These points are also called regular in the literature.

For each non-singular point v this data defines for us two associated patterns; the strip point pattern is the set of points ~P_v = Σ ∩ (Z^N + v) in Σ and the projection point pattern is the set of points P_v = π( ~P_v), a subset of E.

In the original construction, [dB], [KD], K = π^⊥([0, 1]^N ) and we call this the canonical acceptance domain. The canonical tiling, defined by [OKD] with this choice of acceptance domain, is formed by picking u ∈ NS and projecting onto E those d-dimensional faces lying entirely in Σ of the cubical decomposition of R^N whose vertices lie at the points of the lattice Z^N + u.

Rather than fix attention on just one pattern, we consider instead all its translated images about E. If E ∩ Z^N = 0 there are no translational symmetries of the pattern and all these images are distinct. However, completion of this set of translations with respect to the following metric encodes topologically properties of their long-range order and their quasiperiodic “symmetries”.

Given a locally compact subset, A, of R^k , write A[r] = (A∩B(r))∪∂B(r), where B(r) is the closed ball of radius r centre 0, and ∂B(r) its boundary. Let d_r be the Hausdorff metric defined among closed subsets of B(r) and define a metric on subsets of R^k by D(A, A^′) = inf{1/(r + 1) | d_r(A[r], A^′[r]) < 1/r}. We note that this is a metric on the space of all locally compact subsets of R^k , and that the resulting topology is compact.

The general construction is now to take a locally compact set A of R^k with a closed subgroup, H ⊂ R^k , acting by translations on R^k . Define M(A, H) to be the closure of the set {A + v : v ∈ H} with respect to the D metric. The space M(A, H) supports an action of H by homeomorphisms and we consider (M(A, H), H) as a dynamical system.

In [FHK1] we consider the two dynamical systems MP_u = M(P_u, E) and M ~P_u = M( ~P_u, E) with the natural E action by translation and prove that the second system is a finite isometric extension of the first M ~P_u^{π∗}−→ MP_u. We regard the two patterns ~P_u and P_u to be respectively the most elaborate pattern that can be produced from the projection data (short of imposing further decorations not directly connected to the geometry of the construction) and the least decorated pattern defined by the projection data.

Definition 2.2 Given projection data E, R^N , K and a point u ∈ NS , a projection method pattern T in E is a locally compact subset T ⊂ E whose associated space MT = M(T , E) fits into an E-equivariant factorisation M ~P_u −→ MT −→ MP_u of π_∗.

We also define the space ~Π_u as the completion of the set NS ∩ (Q + u) with respect to the metric, D(v, w) = ||v − w|| + D( ~P_v, ~P_w). There is a canonical contraction ~μ: ~Π_u −→ Q + u which is 1-1 when the image is a point in NS.

The variant metric with formula ||v − w|| + D(P_v, P_w) defines a possibly different completion of NS ∩ (Q + u), which we write Π_u in [FHK1]. However, in section 5 of that paper, we explain weak conditions under which the two spaces are identical, and give good reasons to assume this equivalence in general.

Definition 2.3 We shall say that the pattern T is standard if E ∩ Z^N = 0 and the two spaces ~Π_u and Π_u are identical. Recall that, for standard patterns, all the results of [FHK1] hold without complication.

The importance of the space ~Π_u lies in the way it can provide a useful model for MT . To a standard projection method pattern, T , there corresponds a discrete subgroup, H_T , of Q which contains the original lattice Z^N ⊂ R^N with finite index (and hence is itself free abelian of rank N). This group acts isometrically on ~Π_u and the action factors by ~μ to the canonical translation action of H_T on Q + u. One of the key results of [FHK1] is to establish (7.4) the E-equivariant equivalence MT ≡ ~Π_u/H_T for standard patterns.

It is convenient to split the group H_T in a way which respects the geometry. We can write H_T as the direct sum G_T ⊕ G_u where G_u ∼= Z^d, G_T ∼= Z^{N−d} and G_T contains Δ; thus the real vector space spanned by G_T has dimension N − d and is complimentary to E in R^N .

Given such a splitting we write F for this complimentary space spanned by G_T and π^′ for the skew projection (idempotent map) onto F parallel to E. We write K^′ for π^′(K).

Set F^o_u = NS ∩ (Q + u) ∩ F and let F_u be the D-closure of F^o_u in ~Π_u. Let K be the closure of NS ∩ (Q + u) ∩ K^′ in F_u. Then H_T acts freely on F by translation by π^′(r), r ∈ H_T , and this action restricts to F^o_u and completes to F_u naturally. We consider (F_u, H_T ) as a non-compact dynamical system. The topology on F_u is easily described.

Lemma 2.4, [FHK1] (9.4) The sets hK, h ∈ H_T , are compact open in F_u and generate a basis for the topology. •

Lemma 2.5, [FHK1] (9.2) For a standard pattern T the space ~Π_u is homeomorphic to F_u × E. Under this homeomorphism, the action of E on ~Π_u is trivial on the F_u component and is the natural translation on the factor E. The action of H_T on ~Π_u is the diagonal action of the projections of H_T in the directions F_u and E, i.e., if h ∈ H_T and (x, y) ∈ F_u × E then h(x, y) = (π^′(h)(x), π(h)(y)). •

Lemma 2.6, [FHK1] (10.10) The action by G_T on F_u has an open compact fundamental domain Y_T homeomorphic to the Cantor set X_T = F_u/G_T . This defines the Cantor dynamical system, (X_T , G_u) associated to the pattern T whose mapping torus, MT (X_T , G_u), is homeomorphic to MT . •

If W is a topological space we write C(W ; Z) for the group of all integer-valued continuous functions on W and CC(W ; Z) for the subgroup of compactly supported functions. If W has the action of a group G of homeomorphisms, then C(W ; Z) and CC(W ; Z) are both naturally Z[G] modules. For a standard pattern T we define CF_u as CC(F_u; Z) and CX_T as C(X_T ; Z) = CC(X_T ; Z). Then CF_u is a countable Z[H_T ] module and CX_T is a countable Z[G_u] module.

Now suppose G is a topological abelian group acting by homeomorphisms on W . The transformation groupoid, G(W, G), is the topological space W × G with multiplication (x, g)(y, h) = (x, g + h) defined whenever y = gx and undefined otherwise. The unit space G^o(W, G) is the subspace X × {0}. The range r(x, g) of (x, g) ∈ G is defined as gx and its source, s(x, g), is defined as x.

Thus we may define, G ~Π_T , GF_T , GX_T and GMT , the transformation groupoids for the dynamical systems, (~Π_u, E + H_T ), (F_u, H_T ), (X_T , G_u) and (MT , E) respectively.

Given a groupoid G with unit space G^o and a subset L of G^o, define the reduction of G to L as the subgroupoid_LG_L = {g ∈ G | r(g), s(g) ∈ L} of G, with unit space, L. If L is closed then_LG_L is a closed subgroupoid of G.

The pattern groupoid, GT may be defined as the reduction of GMT to the set Ω_T = {S ∈ MT : 0 ∈ π_∗(S)}. A variation of this can be defined for punctured tilings as in [K1]. Suppose that T is a projection method pattern which happens also to be a punctured tiling, then we define, Ω^∗_T = {S ∈ MT : 0 ∈ τ(S)} where τ(S) is the set of punctures for the tiling S. We write GT^∗ for the reduction of GMT to Ω^∗_T . This is the punctured tiling groupoid, and we have noted in [FHK1] instances where it is isomorphic to the corresponding pattern groupoid.

From a groupoid G we can define the C^∗ algebra C^∗(G) [Ren], and [FHK1] §11 showed that many of the algebras produced from the groupoids above are equivalent at the level of ordered K-theory. In the following we denote by C(W ) the C^∗ algebra of complex valued functions on a compact space W , and for a non-compact space U, C_o(U) denotes the C^∗ algebra of complex valued functions tending to zero at infinity.

Theorem 2.7, [FHK1] §11 Suppose that T is a standard projection method pattern. Then the following algebras are strong Morita equivalent [MRW] and their ordered Ktheory agrees (without attention to scale) C(X_T ) ⋊ G_u, C^∗(GT ), C(MT ) ⋊ E, C_o(Π_u) ⋊ (H_T + E), C_o(F_u) ⋊ H_T . If T is a translationally finite tiling, then C^∗(GT^∗) is also strong Morita equivalent to these algebras. •

§3 Continuous similarity of transformation groupoids

The aim of this section is to show that many of the groupoids we associate with a projection pattern are related by the important concept of continuous similarity. Further background facts about groupoids and their cohomology and the idea of similarity may be found in [Ren].

Definition 3.1 Two homomorphisms, ϕ, ψ: G −→ H between topological groupoids are continuously similar if there is a continuous function, Θ: G^o −→ H such that Θ(r(x))ϕ(x) = ψ(x)Θ(s(x)). Two topological groupoids are continuously similar if there exist homomorphisms ϕ: G −→ H, ψ: H −→ G such that Φ_G = ψϕ is continuously similar to id_G and Φ_H = ϕψ is continuously similar to id_H.

Our interest in this relation lies in the following fact which we exploit in §4; see [Ren] for the definition of continuous cohomology H^∗(G; Z) of a topological groupoid G.

Proposition 3.2 ([Ren], with necessary alterations for the continuous category) If G and H are continuously similar then H^∗(G; Z) = H^∗(H; Z). •

We are unaware of any necessary relations between reductions and continuous similarity in the most general case, but it turns out that the construction of continuous similarities follows closely the reduction arguments in the examples that interest us.

Lemma 3.3 Suppose that (X, H) is a free topological dynamical system (i.e., hx = x implies that h is the identity), with transformation groupoid G = G(X, H), and that L, L^′ are two closed subsets of G^o. Suppose there are continuous functions, γ: L −→ H, δ: L^′ −→ H which define continuous maps α: L −→ L^′ and β: L^′ −→ L by αx = γ(x)x and βx = δ(x)x. Then_LG_L and_L′ G_L′ are continuously similar.

Proof We construct the two homomorphisms, ϕ:_LG_L −→_L′ G_L′ and ψ:_L′ G_L′ −→_LG_L by putting ϕ(x, g) = (αx, γ(gx) + g − γ(x)) and ψ(y, h) = (βy, δ(hy) + g − δ(y)). A quick check confirms that these are homomorphisms, and they are both clearly continuous. Moreover, ϕψ(y, h) = (αβy, γ((δ(hy)+h−δ(y))β(y))+δ(hy)+h−δ(y)−γ(βy), a rather complicated expression which can be simplified if we note that γ((δ(hy) + h − δ(y))β(y)) = γ((δ(hy) + h)y) = γ(βhy), and define σ(y) to be the element of H such that σ(y)y = αβy. Then σ(y) = δ(y) + γ(βy), by definition, and so σ(hy) = γ(hβ(y)) + δ(hy) = γ((δ(hy) + h − δ(y))β(y)) + δ(hy). This gives ϕψ(y, h) = (αβy, σ(hy) + h − σ(y)). It is now easy to see that ϕψ is continuously similar to the identity on_L′ G_L′ using the transfer function, Θ : L^′ −→_L′ G_L′ given by Θ(y) = (αβy, −σ(y)), also clearly continuous.

Reciprocal expressions give the similarity between ψϕ and the identity on_LG_L. •

Remark 3.4 Note that if L^′ = G^o, then Lemma 3.4 can be reexpressed in the following form. If L is a closed subset of G^o for which there is a continuous map γ: G^o −→ H such that γ(x)x ∈ L for all x ∈ G^o, then_LG_L is continuously similar to G. (The condition on L implies that L intersects every H-orbit of (G^o, H), but the converse is not true.)

We apply this lemma and remark in two ways as we examine continuous similarities between the various groupoids of [FHK1].

Lemma 3.5 Suppose that T is a standard projection method pattern and write G for G ~Π_T . If L is a clopen subset of F_u then_LG_L is continuously similar to G.

Proof It suffices to find the function γ in the remark.

Pick an order ≻ on H_T in which every non-empty set has a minimal element. The set EL = {vy : v ∈ E, y ∈ L} is naturally homeomorphic to E × L by (2.5), and hence is clopen in ~Π_u. By the minimality of the E + H_T action on ~Π_u, [FHK1] (3.9), we have ∪_{h∈HT} hEL = ~Π_u, so that for each x ∈ ~Π_u, there is a ≻-minimal h ∈ H_T such that hx ∈ EL. Let γ_0(x) be this g, and note that by the freedom and isometric action of G and the clopenness of EL, this function x → γ_0(x) is continuous and maps ~Π_u to EL.

Now, given γ_0(x)x ∈ EL, there is a unique γ_1(x) ∈ E such that γ_1(x)γ_0(x)x ∈ L, and it is clear that x → γ_1(x) is continuous as a map ~Π_u −→ E. The desired map γ can now be taken as this composite. •

Lemma 3.6 Suppose that T is a translationally finite tiling for which we have chosen a puncturing and which is also a projection method pattern. Then GT and GT^∗ are continuously similar.

Proof we fit the present hypotheses into the case of Lemma 3.3. Let X = MT supporting the (free) action of E. Let L = Ω_T and L^′ = Ω^∗_T . We construct the maps γ and δ as follows.

Recall the metric D_o(A, B) = inf{1/(r+1) : A[r] = B[r]} and the argument of Lemma 11.14 [FHK1] which shows that D and D_o are equivalent on each of the sets Ω_T and Ω^∗_T . (Actually the argument refers only to the second space, but the fact that π_∗T is a Meyer pattern (see [La] and remark 11.13 [FHK1]) allows it to be applied directly to the first space as well.)

We may assume without loss of generality that, for each S ∈ MT , each point of π_∗(S) is in the interior of a tile of S (if not we shift all the tiles in T by a uniform short generic displacement and start again equivalently).

Suppose that S ∈ Ω_T . We know that 0 ∈ π_∗(S) and that by assumption there is a unique tile in S which contains the origin in its interior. This tile has a puncture at a point v say, and so S − v ∈ Ω^∗_T . So we have defined a map from Ω_T to E, γ: S → −v which is clearly continuous with respect to the D_o metric. Moreover the map, α: S → S − v has range Ω^∗_T .

Conversely, let r be chosen so that every ball in E of radius r contains at least one point of π_∗(T ) = P_u. Consider the sets π_∗(S) ∩ B(r), as S runs over Ω^∗_T and note that there are only finitely many possibilities, i.e. the set J = {π_∗(S) ∩ B(r) : S ∈ Ω^∗_T } is a finite collection of non-empty finite subsets of B(r). Furthermore, by the continuity of π_∗ on Ω^∗_T with respect to the D_o metric, for each C ∈ J, the set {S ∈ Ω^∗_T : π_∗(S) ∩ B(r) = C} is clopen.

We define a function, v, from sets to points which chooses, for each C ∈ J, an element v(C) ∈ C. Define δ(S) = −v(π_∗(S)∩B(r)); this map from patterns to points is continuous by construction. Also by construction, S + δ(S) ∈ Ω_T . •

Lemma 3.7, [FHK1](11.6), (11.8) Suppose that T is a standard projection method pattern. The groupoids GF_T and GX_T are each a reduction of G ~Π_T to the sets F_u and Y_T respectively and there is a clopen subset L of F_u such that the reduction of G ~Π_T to L is isomorphic to GT . •

To summarise,

Corollary 3.8 Suppose that T is a standard projection method pattern. Then GT , G ~Π_T , GF_T and GX_T are all continuously similar. If T is also a translationally finite tiling, then these are all continuously similar to the tiling groupoid, GT^∗, of [K1].

Proof Lemmas (3.5) and (3.7) show that GT , GF_T and GX_T are all continuously similar to G ~Π_T . The second part is a restatement of (3.6). •

§4 Pattern cohomology and K-theory

We are now in a position to define our topological invariants for projection method patterns and prove their additive equivalence.

Definition 4.1 For a standard projection method pattern T we define for each m ∈ Z the following groups.

(a) H^m(GT , Z), the continuous groupoid cohomology of the pattern groupoid GT ; (b) H^m(MT ), the Čech cohomology of the space MT ;

(c) H_{d−m}(G_u, CX_T ) and H^m(G_u; CX_T ), the group homology and cohomology of G_u with coefficients CX_T ;

(d) H_{d−m}(H_T ; CF_u) and H^m(H_T ; CF_u), the group homology and cohomology of H_T with coefficients CF_u;

(e) K_∗(C^∗(GT )), the C^∗ K-theory of C^∗(GT );

(f) K_∗(C(X_T ) ⋊ G_u), the C^∗ K-theory of the crossed product C(X_T ) ⋊ G_u; and, for translationally finite tilings, (g) the continuous groupoid cohomology H^m(GT^∗, Z).

Theorem 4.2 For a standard projection method pattern T and for each value of m, the invariants defined in (4.1)(a) to (d) are all equivalent as groups. If T is also translationally finite, then these are also equivalent to that defined in (4.1)(g).

The invariants defined in (4.1)(e) and (f) are each equivalent as Z/2 graded ordered groups. Finally, all these invariants are related via isomorphisms of groups such as

K_m(C(X_T ) ⋊ G_u) = ∞⨁ j=−∞ H^{m+d+2j} (G_u; CX_T ).

These invariants are, in all cases, torsion free, and those in parts (a) to (d) and (g) are non-zero only for integers m in the range 0 ⩽ m ⩽ d.

Proof It is immediate from the definition [Ren] that if W is a locally compact space on which a discrete abelian group G acts freely by homeomorphisms then the continuous groupoid cohomology H^∗(G(W, G); Z) is naturally isomorphic to the group cohomology H^∗(G, C(W ; Z)) with coefficients the continuous compactly supported integer-valued functions on W , with Z[G]-module structure dictated naturally by the G action on W . This proves the equality of (a) (and (g) where appropriate) with the cohomology versions of (c) and (d) from (3.8) and the fact that GF_T and GX_T are transformation groupoids.

By (10.10) [FHK1] MT is homeomorphic to the mapping torus X_T ×_{Gu} EG_u and as noted in [FH] the Čech cohomology H^∗(M(X_T , G_u)) is equivalent to the group cohomology H^∗(G_u, CX_T ) (this equivalence is standard and follows, for example, by induction on the rank of G_u with the induction step passing from Z^r to Z^{r+1} coming from the comparison of the Mayer-Vietoris decomposition of X_T ×_{Gu} EG_u along one coordinate with the long exact sequence in group cohomology coming from the extension Z^r → Z^{r+1} → Z). This proves the equivalence of (4.1)(b) with the cohomological invariant of (4.1)(c).

The equation of H^m(G_u, CX_T ) with H_{d−m}(G_u; CX_T ) is simply Poincaré duality for the group G_u ∼= Z^d.

By Lemma 2.5, a decomposition of CF_u as a Z[H_T ] = Z[G_u] ⊗ Z[G_T ] module is given by CX_T ⊗ Z[G_T ] where CX_T is a trivial Z[G_T ] module. Standard homological algebra now tells us that H_p(H_T ; CF_u) =H_p(G_u ⊕ G_T ; CX_T ⊗ Z[G_T ]) =H_p(G_u; CX_T ) establishing the equality of (4.1)(c) and (d) in homology. (A similar argument also works in cohomology.)

The equality of (4.1)(e) and (f) follows from the Morita equivalence of the underlying C^∗ algebras in (2.7) and the equality

K_m(C(X_T ) ⋊ G_u) = ∞⨁ j=−∞ H^{m+d+2j} (G_u; CX_T )

is one of the main results of [FH].

The torsion-freedom of these invariants also follows from the results of [FH], while the vanishing of the (co)homological invariants outside the range of dimensions stated is immediate from their identification with the (co)homology of the group G_u = Z^d. •

We make one further reduction of the complexity of the computation of these invariants. Recall first the construction of section 2, in particular the equation F ∩Q = V ⊕ ~Δ splitting

F into continuous and discrete directions, and in which the projection π^′(Z^N ) is dense. Recall also the map ~μ: Π_u −→ Q + u defined in (2.2 ff.) for each u ∈ NS.

Definition 4.3 The restriction of ~μ to F_u is written ν: F_u −→ F ∩(Q+u) = (F ∩Q)+π^′(u); this map is π^′(Z^N )-equivariant and |ν^{−1}(v)| = 1 precisely when v ∈ NS ∩ F ∩ (Q + u) (see Lemma 9.2 of [FHK1]).

Let Γ_T = {v ∈ H_T : π^′(v) ∈ V } and CV_u = {f ∈ CF_u : ν(supp(f)) ⊂ V + π^′(u)}, where supp refers to the support of the function. This is consistent with setting V_u = {x ∈ F_u : ν(x) ∈ V + π^′(u)} and taking CV_u as CC(V_u; Z). There is a natural decomposition CF_u = CV_u ⊗_Z Z[ ~Δ].

Lemma 4.4 As a subgroup of H_T = G_T ⊕ G_u, Γ_T satisfies Γ_T = (Γ_T ∩ G_T ) ⊕ G_u. Moreover, Γ_T is complemented in H_T by a group Γ_Δ, naturally isomorphic to ~Δ.

With this splitting, the action of Z[H_T ] = Z[Γ_T ] ⊗ Z[Γ_Δ] on CF_u = CV_u ⊗_Z Z[ ~Δ] is the obvious one, and hence there is an isomorphism of homology groups H_∗(H_T ; CF_u) ∼= H_∗(Γ_T ; CV_u).

Proof The decompositions and restrictions on G_T and G_u follow from the definition and the original construction of (10.1) in [FHK1]. The conclusion in homology it the same homological argument as used in the previous proof. •

We note that since H_T ⊃ Z^N and π^⊥(Z^N ) is dense in Q ∩ F , the group Γ_T acts minimally on V and hence on V_u.

Corollary 4.5 With the data above,

K_n(C^∗(GT )) = ∞⨁ j=−∞ H_{n+2j} (Γ_T ; CV_u). •

This is, in fact, the most computationally efficient route to these invariants and, with the exception of section 6, the one we shall use in the remainder of this paper and in [FHK2].

§5 Inverse limit acceptance domains

Our immediate goal is to illustrate the computation of the invariants introduced in §4 by examining projection method patterns on R^d arising as projection from R^{d+1} for more or less arbitrary acceptance domains K. To facilitate those computations we examine in this section a general technique which sometimes simplifies the computations of projection pattern cohomology when the acceptance domain is disconnected. We assume throughout that all the projection patterns are standard.

Suppose that K and K_i, i = 1, 2, . . . , are compact subsets of E^⊥ each of which is the closure of its interior, and suppose that IntK = ∪_iIntK_i is a disjoint union and that ∂K = ∪∂K_i. This occurs if the K_i are all disjoint, for example, but the setup can be a little more general. Let K^∗_i = ∪_{j⩽i} K_j, so that IntK^∗_i = ∪_{j⩽i} IntK_j is a disjoint union and ∂K^∗_i = ∪_{j⩽i} ∂K_j. We define NS^i = R^N \ (E + Z^N + ∂K^∗_i ) and Σ^i = K^∗_i + E. So for each u ∈ NS^i we have ~P^i_u = Z^N ∩ Σ^i and P^i_u = π( ~P^i_u). From these we construct ~Π^i_u, Π^i_u, MP^i_u and so on, as usual. In fact, in the following, we shall be interested only in the strip pattern ~P^i_u.

Provided u is non-singular for K, and hence is non-singular for all K^∗_i , we can take a space F complimentary to E in R^N and a corresponding group G_u which will play their usual roles for all sets of projection data (E, R^N , K^∗_i ) and (E, R^N , K). For each domain, K^∗_i , we construct the corresponding F^i_u etc. The following lemma follows easily from the definitions.

Lemma 5.1 Suppose j < i throughout the statement of this lemma. Then NS^i is a dense subset of NS^j and NS = ∩_iNS^i. Moreover, for u ∈ NS^i, we have a natural continuous E + Z^N equivariant surjection ~Π^i_u −→ ~Π^j_u, and a natural continuous E equivariant surjection M ~P^i_u −→ M ~P^j_u; this latter is described equivalently by the formula S → S ∩ Σ^j.

We also have an Z^N -equivariant map F^i_u −→ F^j_u , and a G_u-equivariant map X^i_u −→ X^j_u. All these maps respect the commutative diagrams of [FHK1] and they map many-to-one only when the image is in (the appropriate embedding of) NS^j \ NS^i. •

Theorem 5.2 With the notation and assumptions above, we have the following equivariant homeomorphisms.

(a) ~Π_u ∼= lim_← ~Π^i_u, E + Z^N equivariantly; (b) M ~P_u ∼= lim_← M ~P^i_u, E-equivariantly; (c) F_u ∼= lim_← F^i_u, Z^N -equivariantly; (d) X_u ∼= lim_← X^i_u, G_u-equivariantly.

Proof Once again the results are straightforward from the definitions. The map M ~P_u −→ M ~P^i_u is again equivalently written S → S ∩ Σ^i. •

The following is now a direct consequence of (4.2), (5.2)(b) and the behaviour of Čech cohomology on inverse limits.

Corollary 5.3 There is a natural equivalence H^∗(G ~P_u) = lim_→ H^∗(G ~P^i_u).

§6 Cohomology of the case d=N–1

In this section we determine the cohomology for standard projection method patterns when d = N − 1. It is the only case for which we have such a complete answer.

Here E is a codimension 1 subspace of R^N and so E ∩ Z^N = 0 implies that Δ = 0. So assuming E ∩ Z^N = 0, the pattern considered is automatically standard, [FHK1] (5.2). Moreover, MP_v = MP_u = M ~P_u for all u, v ∈ NS and so, given E and K, there is only one projection pattern torus MP to consider, no need to parametrise by u, and an equivalence between H_P and the original lattice Z^N [FHK1] (8.2). With this in mind, we shall avoid further explicit mention of any particular non-singular point u. Write e_1, ..., e_N for the usual unit vector basis of R^N , which are also the generators of Z^N . Choose the space F as that spanned by e_N , and so G_T = ⟨e_N ⟩ and G_u = ⟨e_1, e_2, ..., e_{N−1}⟩. Recall that we write K^′ = π^′(K) ⊂ F , where π^′ is the skew projection onto F parallel to E and that π^′ maps K homeomorphically to K^′, preserving the boundary, ∂K^′ = π^′(∂K) ∼= ∂K.

Now any compact subset of E^⊥ such as K which is the closure of its interior is a countable union of closed disjoint intervals; thus ∂K and hence ∂K^′ is countable. Pick A = {p_1, p_2, ...}, p_j ∈ ∂K^′, to be a set of representatives of π^′(Z^N ) orbits of ∂K^′, a countable and possibly finite set. Write k ∈ Z_+ ∪ ∞ for the cardinality of A.

Theorem 6.1 If T is a projection method pattern with d = N − 1 and E ∩ Z^N = 0, then

H^m(GT ) = H^m(T^N \ k points ) = Z(^{Nm}) for m ⩽ N − 2, Z^{N+k−1} for m = N − 1, 0 otherwise.

An infinite superscript denotes the countably infinite direct sum of copies of Z.

Proof We know that IntK^′ is the union of a countable number of open intervals, whose closures, K_i, are disjoint. We use the notation and results of §5, setting K^∗_i = ∪_{j⩽i} K_j as

the finite union of disjoint closed intervals, ∪_ij[s_je_N , r_je_N ] say. As MT = M ~P , by (5.3) it is enough to compute the direct limit lim_→ H^∗(M ~P^i).

We consider the process of completion giving rise to the space M ~P^i which we consider as ~Π^i (the completion of the non-singular points NS^i) modulo the action of Z^N . The limit points introduced in ~Π^i arise as the limit of patterns P^i_{xn} as x_n approaches a singular point, either from a positive e_N direction, or from a negative one. To be more precise, suppose that x_n = x + t_ne_N ∈ NS is a sequence converging to x ∈ R^N in the Euclidean topology. If (t_n) is an increasing sequence, then lim_{n→∞} ~P^i_{xn} exists in the D metric and is the point pattern (x + Z^N ) ∩ ( ∪_{j⩽i}(s_je_N , r_je_N ] + E). Likewise, if (t_n) is a decreasing sequence

then lim_{n→∞} ~P^i_{xn} is the point pattern (x + Z^N ) ∩ ( ∪_{j⩽i}[s_je_N , r_je_N ) + E). These two patterns are the same if and only if x ∈ NS^i. If x ∉ NS^i then these two patterns define the two D limit points in ~Π^i over x ∈ R^N . Thus the quotient M ~P^i −→ T^N is 1-1 precisely when mapping to the set NS^i/Z^N , and otherwise it is 2-1; we can picture the map intuitively as a process of “closing the gaps” made by cutting T^N along the finite set of hyperplanes (∂K^∗_i + E)/Z^N , c.f. [L].

We examine the space M ~P^i more detail. Given r > 0, consider the space M^i_r = {(S ∩ B(r)) ∪ ∂B(r) : S ∈ M ~P^i_u} endowed with the Hausdorff metric d_r among the set of all closed subsets of B(r), the closed ball in R^N with centre 0 and radius r. By construction M^i_r is compact and, for s ⩾ r and i ⩾ j, there are natural restriction maps M^i_s −→ M^j_r , whose inverse limit for fixed i = j is M ~P^i, and whose inverse limit over all i and r by (5.2) is M ~P . The map M^i_r −→ T^N given by ~P_v → v mod Z^N , v ∈ NS^i, factors the canonical quotient M ~P^i −→ T^N .

Define C^i_r as the set {v ∈ T^N : (v+Z^N )∩(∂Σ^i ∩IntB(r)) ≠ ∅}. As before, M^i_r −→ T^N is 2-1 precisely on those points mapped to C^i_r and otherwise is 1-1.

The intersection ∂Σ^i ∩ B(r) is, for all r large enough compared with the diameter of K^∗_i , equal to a finite union of codimension 1 discs, parallel to E, and of radius at least r − 1, and at most r. Each of these discs has centre π^⊥(a) for some a ∈ ∂K^∗_i . Consider this collection of discs modulo Z^N and select two, say with centres π^⊥(a) and π^⊥(b), where a, b ∈ ∂K^∗_i . Then, for r very large and a − b ∈ π^′(Z^N ), these discs will overlap modulo Z^N . Since there are a finite number of such pairs in ∂K^∗_i to consider, we have a universal r such that if a, b ∈ ∂K^∗_i and a − b ∈ π^′(Z^N ), then the disc with centre π^⊥(a) overlaps, modulo Z^N , the disc with centre π^⊥(b). If a−b ∉ π^′(Z^N ), then these discs will not overlap, modulo Z^N . Hence for r sufficiently large, ∂Σ^i ∩ B(r) mod Z^N has precisely |A_i| components.

For the same r, C^i_r mod Z^N is also a finite union of discs of radius at least r − 1 and at most r; likewise C^i_r has exactly |A_i| components, in direct correspondence with the elements of A_i.

The description above of the limiting points in ~Π^i as we approach C^i_r in a direction transverse to E, shows that M^i_r is homeomorphic to T^N with a small open neighbourhood of C^i_r removed. There is a natural homotopy equivalence with the space T^N \ C^i_r.

We can now examine what happens as we let first r and then i tend to infinity in this construction. For the above sufficiently large r, the map M^i_{r+1} −→ M^i_r is, up to homotopy, the injection from T^N \ C^i_{r+1} to T^N \ C^i_r, and this is simply, up to homotopy, the identity from T^N \ |A_i| points to itself. Hence H^∗(M^i_r) = H^∗(T^N \ |A_i| points) and H^∗(M^i_r) −→ H^∗(M_{r+1}) is the identity showing that H^∗(M ~P^i) is the cohomology of the torus with |A_i| punctures.

Finally, for each i and for r sufficiently large (depending on i) the map M^{i+1}_r −→ M^i_r is that induced by the inclusion of A_i in A_{i+1}, and this corresponds in the above description to the adding of a new puncture for each element of A_{i+1} \ A_i. In cohomology, the map

H^p(M^{i−1}_r ) −→ H^p(M^i_r) is thus the identity for p ≠ d, and in dimension d = N −1 gives rise to the direct system of groups and injections · · · −→ Z^{N−1+|Ai|} −→ Z^{N−1+|Ai+1|} −→ · · · which gives the required formula. •

We give an alternative proof of this theorem from a different perspective in [FHK2].

We note that the system (X^i_u, G_u) is in fact a Denjoy example [PSS] with Z^{N−1} action and dislocation along k separate orbits.

Corollary 6.2 Suppose that Γ is a dense countable subgroup of R finitely generated by r free generators. Suppose we Cantorize R by cutting and splitting along k Γ-orbits (as described e.g. in [PSS]) to form the locally Cantor space R^′ on which Γ acts continuously, freely and minimally. Consider the Γ-module C of compactly supported integer valued functions defined on R^′. Then H^∗(Γ, C) = H^∗(T^r \ k points; Z). •

§7 Homological conditions for self similarity

This section shows that the (co)homological invariants defined in §4 provide an obstruction to a pattern arising as a substitution system. This result will be used in subsequent sections to show that almost all canonical projection method tilings fail to be self similar.

We adopt the construction of substitution tilings in [AP] and shall consider only translationally finite tilings. Anderson and Putnam establish the following fact about translationally finite substitution tilings with recognizability.

Theorem 7.1 [AP] Suppose that T is a translationally finite tiling of R^d , stationary under some substitution procedure. Then MT is the inverse limit of a stationary sequence of spaces and maps Y^γ←− Y^γ←− · · · where Y is a finite CW complex and γ is a cellular map. •

Corollary 7.2 Suppose that T is a translationally finite tiling which is stationary under some substitution procedure. Then for each m, the rationalise Čech cohomology H^m(MT )⊗ Q has finite Q -dimension.

Proof From (7.1) H^m(MT ) = lim_→ H^m(Y ). So H^∗(MT ) ⊗ Q = lim_→ (H^∗(Y ) ⊗ Q ). Thus the Q dimension of H^∗(MT ) ⊗ Q is bounded by that of H^∗(Y ) ⊗ Q and this is finite since Y is a finite CW complex. •

The conclusion of (7.2) actually applies to much more general pattern constructions. Note that the only principle used is that the space MT of the tiling dynamical system is the inverse limit of a sequence of maps between uniformly finite CW complexes. We sketch a generalization whose details can be reconstructed by combining the ideas to be found in [Pr] and [Fo].

Translationally finite substitution tilings are analysed combinatorially by Priebe in her PhD Thesis [Pr] where the useful notion of derivative tiling, generalised from the 1- dimensional symbolic dynamical concept [Du], is developed. We do not pursue the details here except to note that the derivative of an almost periodic translationally finite tiling is almost periodic and translationally finite, and that the process of deriving can be iterated.

Suppose that T is an almost periodic translationally finite tiling. By means of repeated derivatives, and adapting the analysis of [Fo] for periodic lattices, we may build a Bratteli diagram, B, for T . Its set of vertices at level t is formally the set of translation classes of the tiles in the t^{th} derivative tiling, and the edges relating two consecutive levels, t and t+1 say, are determined by the way in which the tiles of the (t + 1)^{th} derivative tiling are built out of the tiles of the t^{th} derivative tiling. The diagram B defines a canonical dimension group, K_0(B). Adapting the argument of [Fo] we can define a surjection K_0(B) −→ H^d(MT ) and hence a surjection K_0(B) ⊗ Q −→ H^d(MT ) ⊗ Q .

In [Pr] it is shown that the repeated derivatives of a translationally finite aperiodic substitution tiling have a uniformly bounded number of translation classes of tiles. In particular, the number of vertices at each level of its Bratteli diagram B is bounded uniformly. Thus K_0(B) ⊗ Q is finite dimensional over Q , being a direct limit of uniformly finite dimensional Q vector spaces, and so we reprove (5.2) for the case p = d .

It is worth extracting the full power of this argument since it applies to a wider class than the substitution tilings.

Theorem 7.3 Suppose that T is a translationally finite tiling of R^d whose repeated derivatives have a uniformly bounded number of translation classes of tiles, then H^d(GT ) ⊗ Q is finite dimensional over Q . •

Thus, when we take a pattern, T , computeits rationalized homology H_0(Γ_T ; CV_u) ⊗ Q and find it is infinite dimensional (see for example section 12), we know we are treating a pattern or tiling which is outwith the class specified in Theorem 7.3, and a fortiori outside the class of substitution tilings.

§8 The canonical projection tiling

For the first time in our studies now, we narrow our attention to the classical projection method tilings of [OKD] [dB] etc. This section outlines the simplifications to be found in this case, and describes the main result of the remainder of this paper; a sufficient condition for infinitely generated rationalised H_0.

In the canonical case, we have data (K, E, u) where K = π^⊥([0, 1]^N ) and u ∈ NS. From section 8 in [FHK1] we see that, but for a few exceptional cases, we have H_T = Z^N , and if we elect either to exclude these exceptions (as most authors do) or to include them only in their most decorated form (MT = M ~P_u), we make H_T = Z^N a standing assumption.

With Theorem 9.4 [FHK1] we have a description of the topology of CF_u: it is generated by intersection and differences of the images of a certain compact open set K. With the canonical choice of K above, we now give a second geometrical description of the elements of CF_u and CV_u, following more closely the work of Le [L].

Definition 8.1 We adopt the notation, e^J = ⟨e_j : j ∈ J⟩, where J ⊂ {1, 2, ..., N} and {e_j } is the standard unit basis of R^N or Z^N . Let n be the dimension of F .

Let I = {J ⊂ {1, 2, ..., N} : dim π^′(e^J ) = n−1} and define I^∗ to be the set of elements of I minimal with respect to containment.

Define Z^N_{n−1} = ∪{e^J + v : |J| = n − 1, v ∈ Z^N }.

Lemma 8.2 i/ I^∗ is a sub-collection of the n − 1-element subsets of {1, 2..., N}. Also every subspace of F of the form π^′(e^J ), with |J| = n − 1, is contained in π^′(e^{J ′} ) for some J^′ ∈ I^∗.

ii/ With the canonical acceptance domain and F chosen transverse to E etc., R^N \ NS = π^{⊥−1}π^⊥(Z^N_{n−1}) and π^′(Z^N_{n−1}) = F \ NS.

Proof Part i/ is straightforward. For part ii/, with the data above, π^′(K) is a convex polytope in F , with interior, each of whose extreme points is of the form π^′(v) where v ∈ {0, 1}^N . By i/, each of the faces of π^′(K) is contained in some π^′(e^J + v) where v ∈ {0, 1}^N and J ∈ I^∗. Also by i/, we have π^′(Z^N_{n−1}) = π^′(∪{e^J + v : v ∈ Z^N , J ∈ I^∗}).

However, by definition, F \ NS is the union of the faces of those polytopes of the form π^′(K + v), v ∈ Z^N . Thus π^′(Z^N_{n−1}) = π^′(∪{e^J + v : v ∈ Z^N , J ∈ I^∗}) ⊃ F \ NS.

Conversely, it is easy to show that for each J ∈ I^∗, there is a face of π^′(K) which is contained in π^′(e^J + v) for some v ∈ Z^N . Then for each J ∈ I^∗ and each v ∈ Z^N , there is some shift of π^′(K), say π^′(K + w) for some w ∈ Z^N , one of whose faces, Φ say, contains the point π^′(v) as an extreme point, and Φ ⊂ π^′(e^J + v). However, by letting v run over Z^N with w accompanying, we cover each π^′(e^J + w) by shifts of Φ. So we find that ∪{Φ + π^′(w) : w ∈ Z^N } = ∪{π^′(e^J + w) : w ∈ Z^N }. Thus π^′(Z^N_{n−1}) = ∪{π^′(e^J + v) : v ∈ Z^N , J ∈ I^∗} ⊂ F \ NS and we are done. •

Definition 8.3 Recall the subspace V from (2.1) and write dim V = m. Let I^∗(V ) be the set {J ∈ I^∗ : dim(π^′(e^J ) ∩ V ) = m − 1}.

The following is straightforward from Definition 4.3 and Lemma 8.2 above.

Lemma 8.4 i/ I^∗(V ) = {J ∈ I^∗ : π^′(e^J ) ∩ V ≠ V }.

ii/ If u ∉ NS, then

(V + π^′(u)) \ NS = (V + π^′(u)) ∩ π^′(Z^N_{n−1}) = (V + π^′(u)) ∩ (∪{π^′(e^J + v) : v ∈ Z^N , J ∈ I^∗(V )}). •

With these notations in mind, we are well equipped to describe the topology of V_u.

Definition 8.5 Given u ∈ NS, define a set, Λ_u, of m − 1-dimensional affine subspaces of V whose elements are of the form (π^′(e^J + v) ∩ (V + π^′(u))) − π^′(u) where J ∈ I^∗(V ) and v ∈ Z^N . Such a space may be written more conveniently, π^′(e^J + v − u) ∩ V .

We say that a subset of V is a Λ_u-tope, if it is a compact polytope which is the closure of its interior and each of whose faces is a subset of some element of Λ_u.

We shall also say that a subset, B, of V_u is a Λ_u-tope if B is clopen and ν(B) − π^′(u) is a Λ_u-tope subset of V in the sense above (recall ν from (4.3) above).

Theorem 8.6 The set of Λ_u-topes is Γ invariant and the indicator functions of Λ_u-topes generate CV_u as a Z-module, Γ-equivariantly. The set of Λ_u-topes in V_u is thus precisely the collection of compact open subsets of V_u.

Proof By Theorem 9.3 of [FHK1] we know that CF_u is generated by indicator functions of the sets formed by finite intersection, union and difference of sets of the form K + π^′(v); this collection is written B_u. By definition 4.3, CV_u is generated by the indicator functions of sets, B^′_u = {B ∈ B_u : ν(B) ⊂ V + π^′(u)}. So if B ∈ B^′_u, then ν(B) is the closure of the corresponding intersection, union and difference of sets of the form (π^′([0, 1]^N ) + π^′(v)) ∩ (V + π^′(u)).

However, ν is a map which sends open sets to sets with interior (cf. Lemma 9.3 [FHK1]) and so ν(B), being clearly a polytope, is the closure of its interior. Moreover, each of the faces of ν(B) is, by the proof of Lemma 8.2, contained in some π^′(e^J ) + π^′(v). Thus we confirm the conditions needed for a Λ_u-tope.

The conclusion about the topology and the Γ_T equivariance of the construction are immediate. •

Remark 8.7 We compare this with the topology described in [L]. There each open halfspace defined by a hyperplane element of Λ_u is completed to define a clopen subset of a totally disconnected space. Using Theorem 8.6 above, it is straightforward to see that the two topologies agree since each open half-space in V is a union of the interiors of Λ_u-topes (in V ), and each Λ_u-tope in V_u is an intersection of clopen half-spaces.

Definition 8.8 Write P for the set of points in V which can found as the 0-dimensional intersection of m elements of Λ_u. Note that, under the assumptions on Λ_u, P is a countable set, invariant under shifts by Γ_T .

Say that P is finitely generated if P is the disjoint union of a finite number of Γ_T orbits, and is infinitely generated otherwise. Write Ω(P) for the collection of Γ orbits in P. The main theorem concerning canonical projection method tilings is the following.

Theorem 8.9 Given a canonical projection method tiling T and the constructions above, if P is infinitely generated, then H^d(GT ) is infinitely generated and H^d(GT )⊗Q is infinite dimensional.

We complete the proof of this theorem in Section 11, but the following algebraic observation provides a significant simplifying step.

Lemma 8.10 Suppose that G is a torsion-free Z module. For a Z-module H write H/2 for H ⊗ Z/2, its reduction modulo 2. Given a Z-module homomorphism ϕ: G −→ H/2, if Imϕ is infinite dimensional as a Z/2 subspace of H/2 then G is infinitely generated as a Z-module and G ⊗ Q is infinitely generated as a Q vector space.

Proof It is sufficient to prove the statement concerning G ⊗ Q . Suppose that ϕ(s_n) is a sequence of independent elements in Imϕ and suppose that there is some relation m∑ n=1 q_ns_n = 0

for q_n ∈ Q . Since G is torsion-free, we can assume the q_n are integers and have no common factor; in particular, they are not all even. Applying the map ϕ then gives a non-trivial relation among the ϕ(s_n), a direct contradiction, as required. •

§9 Constructing Λ-topes

In section 8, we described the basic compact open subsets of V_u as Λ_u-topes. In this section we abstract this idea conveniently. Here we develop some constructions based on a general collection of affine hyperplanes, Λ, of a vector space, W , with group action, Γ. Always, the example in mind is Λ = Λ_u, W = V and Γ = Γ_T . Indeed the first few definitions and constructions are only the slightest generalisation of those of section 8.

Definition 9.1 Suppose that W is a vector space of dimension m and that Γ is a finitely generated free abelian group acting minimally by translation on W . We write w → w + γ for the group action by γ ∈ Γ, and we may think of Γ as a dense subgroup of W without confusion.

Suppose that Λ is a countable collection of affine subspaces of W such that each H ∈ Λ has dimension m − 1, and such that, if H ∈ Λ and γ ∈ Γ, then H + γ ∈ Λ. We suppose that the number of Γ orbits in Λ is finite, and we write Ω(Λ) for the set of orbits.

If H ∈ Λ, then we define a unit normal vector, λ(H). We suppose that the set N (Λ) = {λ(H) : H ∈ Λ} is finite and that we have chosen the λ(H) consistently so that −λ(H) ∉ N (Λ). Finally, we suppose that N (Λ) generates W as a vector space.

Now we consider points formed by the intersection of elements of Λ.

Definition 9.2 Write P for the set of points in W which can found as the 0-dimensional intersection of m elements of Λ. Note that, under the assumptions on Λ, P is a countable set, invariant under shifts by Γ.

Say that P is finitely generated if P is the disjoint union of a finite number of Γ orbits and is infinitely generated otherwise. Write Ω(P) for the collection of Γ orbits in P.

We say that a subset, D, of W is a Λ-tope, if D is a compact polytope which is the closure of its interior and each of whose faces is a subset of some element of Λ.

In the space W^′ = W \ ∪{H : H ∈ Λ}, the collection of sets, A, of the form A ∩ W^′, where A is a Λ-tope, is an algebra.

We write CW for the ring of integer-valued functions generated by indicator functions of elements of A. This defines a canonical Γ-equivariant topological extension of W which we shall write W .

It is at this level of generality that we shall prove Theorem 8.9.

Definition 9.3 Suppose that D ⊂ W is a Λ-tope. A point p ∈ W is a vertex of D if p ∈ ∂D and we have H_1, ..., H_m ∈ Λ such that {p} = ∩H_i and for each i the component of H_i ∩ ∂D which contains p is a union of faces of D.

If we wish to specify the H_i in the definition above, then we say that v is a (H_1, ..., H_m)- vertex of D. Note that, given the orbit class of each H_i, this information defines H_i uniquely for each 1 ⩽ i ⩽ m.

It is clear that a vertex is an element of P. Conversely, each element of P is a vertex in some Λ-tope – this uses the fact that N (Λ) generate W and that each Γ-orbit in W is infinite in all directions in W .

Note also the fact that v may be a (H_1, ..., H_m)-vertex of D simultaneously for distinct choices of (H_1, ..., H_m).

We develop now an idea of decomposition of sets of vectors, to be used in the division of cases in sections 10 and 11.

Construction 9.4 Suppose that A is a finite set of non-zero, pair-wise non-parallel vectors in R^m and suppose A spans R^m . The example we have in mind is of N (Λ), the set of normals.

A decomposition of A is a partition A = A_1 ∪ A_2 such that V_1 ∩ V_2 = 0 where each V_j is the space spanned by A_j , j = 1, 2. A is indecomposible if no such decomposition is possible. It is not hard to show that every set A has a unique partition into indecomposible subsets.

Suppose that B ⊂ A is a basis for R^m . Then, by requiring B to an orthonormal basis, we define an inner product which we write as square brackets [., .]_B. Define a finite graph G(B; A) with vertices B and an edge from x to y whenever x ≠ y and there is a z ∈ A \ B such that [x, z]_B ≠ 0 and [y, z]_B ≠ 0.

Lemma 9.5 The following are equivalent.

i/ A is indecomposible;

ii/ for all bases B ⊂ A, G(B; A) is connected;

iii/ for some basis B ⊂ A, G(B; A) is connected. •

Remark 9.6 Note that if ϕ: R^m −→ R^m is a linear bijection, then A is indecomposible if and only if ϕ(A) is indecomposible.

Proposition 9.7 Suppose that dim W > 1, that 0 ∉ A ⊂ W spans W and that A has no parallel elements. Suppose that B ⊂ A is a basis for W and that G(B; A) is connected. Then there is a closed convex polytope, C, of W , with interior, such that i/ each b ∈ B is the normal of exactly one face in C; ii/ the normal of each face of C is an element of A;

iii/ there is a vertex v of C in the mutual intersection of the faces normal to some element of B;

iv/ and we can find a t_o > 0 so that the points v + ∑ a∈A\B taa are in the interior of

C for all 0 < t_a < t_o, a ∈ A \ B.

(All normals are taken with respect to the inner product [., .]_B.)

Proof We prove this by induction on |A|. If |A| ⩽ 2, then graph connectedness implies that |A| = |B| = 1 which is excluded by assumption on the dimension of W .

Consider the case |A| = 3; this implies that |B| = 2. Graph connectedness also implies that a has non-zero components in each B coordinate direction. Thus we can construct a triangle C in W with the required properties.

For larger values of |A|, graph connectedness again shows that we can find a ∈ A \ B. Consider the graph G(B; A \ a), a subgraph of G(B; A) with the same vertex set. Write G_1, ..., G_k for the connected components of G(B; A \ a); this defines a partition of the vertices B = B_1 ∪ B_2... ∪ B_k. Let W_j be the space spanned by B_j; then G_j = G(B_j; A_j) where A_j = (A \ a) ∩ W_j . Let π_j be the orthonormal projection of W onto W_j . Since the reinstatement of a reconnects the graph, we have π_j (a) ≠ 0 for all 1 ⩽ j ⩽ k.

If dim W_j ⩾ 2, then, since |π_j(A\a)\{0}| < |A|, induction shows that we can construct a closed convex set C_j in W_j , with interior and with properties i/ to iv/ above with respect to B_j and A_j . Let v_j be the vertex distinguished in property iii/.

On the other hand, if dim W_j = 1, then define C_j to be the closed interval with end points 0 and π_j (a)(≠ 0). Let v_j = 0.

Consider C^′ = { ∑ c_j : c_j ∈ C_j , 1 ⩽ j ⩽ k}, where we have decomposed W = ⊕W_j .

Then C^′ is a closed convex polytope with interior, and the point v = v_1 ⊕ · · · ⊕ v_k is a vertex of C^′ contained in the intersection of faces normal to elements of B. Moreover, every face of C^′ is normal to some element of A \ a. Property iv/ is also quickly confirmed.

It is possible though that property i/ does not hold for C^′; this is where we use the extra element a chosen at the beginning. Let H be the hyperplane orthogonal to a.

Suppose that F, F^′ are two faces of C^′ orthogonal to b ∈ B and with v ∈ F . By construction, F^′ has the form F + ∑ j∈J π_j (a) where J is a subset of those indices j for which dim W_j = 1. However, we know that π_j(a) ≠ 0 for each j ∈ J and also, by property iv/, that v_j + tπ_j (a) ∈ C_j \ v_j for all t > 0 sufficiently small and for all j. Therefore, for all t > 0 sufficiently small, ta + v + H separates v from F^′.

Since there are a finite number of combinations of faces and j to consider, we can choose t > 0 such that ta + v + H separates v from every face of C^′ orthonormal to some element of B which does not actually contain v. Let H^+ be the closed half space which contains v and which has boundary ta + v + H. Then C = C^′ ∩ H^+ is a set which obeys all the conditions required by the lemma. •

Theorem 9.8 Suppose that N (Λ) is indecomposible. Suppose that H_i, 1 ⩽ i ⩽ m is a collection of elements of Λ which intersect at a point {v} = ∩H_i. Then there is a convex Λ-tope, C, for which v is the unique (H_1, ..., H_m)-vertex in C.

Proof Let B^′ = {λ(H_i) : 1 ⩽ i ⩽ m}, a basis for W . Let ϕ : W −→ W be a vector space automorphism which sends B^′ to an orthonormal unit basis of W . For each λ ∈ N let a(λ) be the unit vector normal to ϕ(λ^⊥) such that [a(λ), ϕ(λ)] > 0. Let A = {a(λ) : λ ∈ N } and B = {a(λ) : λ ∈ B^′}. Note that, by construction, a(λ) = ϕ(λ) for each λ ∈ B. Therefore the inner product [., .]_B = 0 used to define the graph G(B; A) above is precisely the canonical inner product, ⟨., .⟩, in W .

By remark 9.6, A is indecomposable. Thus the graph G(B; A) is connected by 9.5, and so we may form by 9.7 a convex set, C_o, in W with the properties outlined in 9.7. The set C_1 = ϕ^{−1}(C_o) is then a closed convex polytope in W , with interior, and such that i/ each λ ∈ B^′ is the normal of exactly one face in C_1, ii/ the normal of each face of C_1 is an element of N , and iii/ there is a vertex, v_1, of C_1 in the mutual intersection of the faces normal to some element of B^′.

However, we know that the orbit of an element H of Λ is dense in W in the sense that for every hyperplane, H^′, of W , parallel to H, and every ϵ > 0, there is an H^{′′} ∈ [H] such that H^′ and H^{′′} are separated by a vector of length at most ϵ. Therefore we may adjust C_1 slightly without disturbing the combinatorial properties of its faces to form a Λ-tope with the same properties. The vertex v_1 is disturbed to the new vertex, v ∈ P, with the required properties. •

§10 Theorem 8.9: The indecomposible case

We pursue the abstract construction of section 9 a little further. Suppose that v is a (H_1, ..., H_m) vertex of D, a Λ-tope. A sufficiently small spherical neighbourhood of v, U say, is covered by 2^m conical regions, with interior, bounded by the hyperplanes H_i. By construction, D ∩ U is a (uniquely defined) union of some of these regions.

Definition 10.1 With the data above, we define j^′(v, (H_1, ..., H_m), D) equal to the number, mod 2, of the conical regions, found above, which unite to form D ∩ U. Note that this number is independent of the choice of U sufficiently small.

The following is clear by construction.

Lemma 10.2 Suppose that D and B are two Λ-topes with disjoint interior and that v ∈ P is a (H_1, ..., H_m)-vertex of D and of B, for some choice of hyperplanes H_i. Then either i/ v is not a (H_1, ..., H_m)-vertex of D ∪ B and 0 = j^′(v, (H_1, ..., H_m), D) + j^′(v, (H_1, ..., H_m), B) mod 2 or ii/ v is (H_1, ..., H_m)-vertex of D ∪ B and j^′(v, (H_1, ..., H_m), D ∪ B) = j^′(v, (H_1, ..., H_m), D) + j^′(v, (H_1, ..., H_m), B) mod 2 • We now define a map.

Definition 10.3 Consider the two index sets J_o = {(p, (H_1, ..., H_m)) ∈ P × Λ^m : {p} = ∩{H_i : 1 ⩽ i ⩽ m} } J = {([p], ([H_1], ..., [H_m])) ∈ Ω(P) × Ω(Λ)^m : (p, (H_1, ..., H_m)) ∈ J_o}

By construction, Γ acts naturally on J_o and J = J_o/Γ. Also J is infinite if and only if Ω(P) is infinite.

Consider the group ⊕_{Jo} (Z/2) as a Γ-module with Γ acting coordinate-wise. Therefore, H_0(Γ, ⊕_{Jo} (Z/2)) = ⊕_J (Z/2).

Given D, a Λ-tope, with a vertex v, define j_o(v, D) to be the element of ⊕_{Jo} (Z/2) which is zero everywhere except on the coordinates

{(v, (H_1, ..., H_m)) : v is a (H_1, ..., H_m)-vertex of D} (⊂ J_o)

where we dictate the value j^′(v, (H_1, ..., H_m), D).

Likewise, define j(v, D) ∈ ⊕_J (Z/2) as the element which is zero everywhere except on the coordinates {([v], ([H_1], ..., [H_m])) : v is a (H_1, ..., H_m)-vertex of D} where we dictate the value j^′(v, (H_1, ..., H_m), D).

Let ξ_o(D) = ∑ j_o(v, D) and ξ(D) = ∑ j(v, D) where each sum is over all vertices of D. Proposition 10.4 The map ξ defined in this way is Γ invariant and additive in A_Λ. Thus we define a map ξ_o : CW −→ ⊕_{Jo} (Z/2) which quotients through to ξ_∗ : H_0(Γ; CW ) −→ ⊕_J (Z/2).

Proof It is clear that ξ is Γ invariant since [v] = [v + γ] and j^′(v, (H_1, ..., H_m), D) = j^′(v + γ, (H_1 + γ, ..., H_m + γ), D + γ) by construction. We need to check now that this extends additively.

Suppose D is an Λ-tope and we can write D as the disjoint union of two Λ-topes, D_j , j = 1, 2. To show additivity of ξ it will suffice to show that in this case ξ_o(D) = ξ_o(D_1) + ξ_o(D_2). To do this we need only appeal to Lemma 10.2 above.

The quotienting through to homology is immediate. •

Corollary 10.5 Suppose that N (Λ) is indecomposible and P is infinitely generated, then H_0(Γ, CW ) ⊗ Q is infinite dimensional.

Proof If P is infinitely generated, then a cardinality argument finds classes [H_1], ..., [H_m] such that ∩H_i is a singleton, and such that the set P^′ = {v : ∩K_i = {v}, K_i ∈ [H_i]} has an infinite number of disjoint Γ orbits.

Select from P^′ an infinite sequence, {v_n}, transverse to the orbit structure, and for each v_n construct, by Theorem 9.8 and Definition 10.3 above, a Λ-tope, A_n, which has ξ(A_n) equal to 1 on the coordinate ([v_n], ([H_1], ..., [H_m])). Since only a finite number of coordinates are indicated in any particular element, ξ(A_n), we may assume, passing to a subsequence if necessary, that for n^′ < n, we have ξ(A_n′ ) equal to 0 on the coordinate ([v_n], ([H_1], ..., [H_m])). Therefore, these ξ(A_n) are independent by construction, and so the map ξ has infinitely generated image. We are done by 8.10. •

§11 The Proof of Theorem 8.9 completed

Once again we exploit the generalities of section 9.

Construction 11.1 Suppose that N (Λ) is decomposible and that N_1, N_2, ..., N_k are its components. Let W_j = (∪_{i≠j} N_i)^⊥ = ∩_{i≠j} N^⊥_i so that W = ⊕_j W_j . Let π_j be the skew projection onto W_j with kernel ⊕_{i≠j} W_i.

Lemma 11.2 For each j, the map π_j is open and sends W onto W_j , indeed π^{−1}_j (W_j ) = W . Therefore, we have W = ΠW_j and CW = ⊗_j CW_j .

The group Γ acts naturally on W_j via the isomorphism W/W^⊥_j ≡ W_j induced by the adjoint of π_j . In the product representation above, Γ acts by the diagonal action. •

The space W_j has an alternative construction analogous to that of W (9.2). There is a collection of cutting hyperplanes, Λ_j , so that the clopen sets in W_j are the Λ_j -topes. In fact, we have by construction, Λ_j = {H ∩ W_j : H ∈ Λ, λ(H) ∈ N_j } and N (Λ_j) = {λ ∈ N : λ ∈ W_j } = N_j , so only those elements of Λ whose normal is parallel to W_j influence the topology on W_j .

In particular, we gather the following facts.

Lemma 11.3 Given the construction above,

i/ N (Λ_j ) is indecomposable;

ii/ if H ∈ Λ_j , then there is a unique H^′ ∈ Λ (equal to π^{−1}_j (H)) such that H = H^′ ∩W_j , and λ(H^′) = λ(H); and

iii/ P_j , the point set defined using Λ_j , is equal to π_j(P). In the product in 11.2, Π_j P_j = P. •

We are now in a position to prove a more general form of Theorem 9.8. Recall the indexing sets, J and J_o from 10.3.

The following theorem improves the argument of 10.5 to the decomposible case. This involves taking independent constructions of suitable Λ-topes in section 9 and combining their properties with respect to a product of maps, ξ, constructed in section 10 for the indecomposible case. An additional subtlety has to be met if we have 1 dimensional parts to our decomposition.

Theorem 11.4 Given the data above, there is a map ξ_∗: H_0(Γ; CW ) −→ ⊕_J Z/2 such that for all v ∈ P, there are H_i ∈ Λ : 1 ⩽ i ⩽ m so that ([v], ([H_1], ..., [H_m])) ∈ J , and an element f_v ∈ H_0(Γ, CW ) such that ξ_∗(f_v) has value 1 at coordinate ([v], ([H_1], ..., [H_m])).

Proof We prove the conclusion with some superstructure.

Claim: There are maps, ξ_o and ξ_∗ so that the following diagram commutes. CW^{ξo}−→ ⊕_{Jo} Z/2 q q H_0(Γ; CW )^{ξ∗}−→ ⊕_J Z/2. Moreover, for each v ∈ P, there are H_i : 1 ⩽ i ⩽ m so that ([v], ([H_1], ..., [H_m])) ∈ J , and an element f_v ∈ CW such that ξ_∗q(f_v) has value 1 at coordinate ([v], ([H_1], ..., [H_m])).

The previous work establishes this claim in the indecomposable case with the sole exception of when |N | = 1, which we tidy up now.

If |N | = 1 then dim W = 1, and so, by section 7, H_0(Γ; CW ) = Z^{M+k−1} where M = rank(Γ) > 1 and k is the number of orbits in P. We see that J is in natural correspondence with Ω(P) in this case, and so k is also the cardinality of J .

Take, therefore, a surjection s: H_0(Γ; CW ) −→ ⊕_J Z/2. With the canonical map q: ⊕_{Jo} Z/2 −→ ⊕_J Z/2 construct the surjection s − q: H_0(Γ; CW ) ⊕ (⊕_{Jo} Z/2) −→ ⊕_J Z/2. Since CW ≡ Z^∞ (i.e. the infinite direct sum of Z), we have complete freedom to find a map ∗ which makes the following sequence exact at the middle term Z^∞ ≡ CW^{q⊕∗}−→ H_0(Γ; CW ) ⊕ (⊕_{Jo} Z/2)^{s−q}−→ ⊕_J Z/2. The exactness gives the commuting square property. By surjectivity, for each [v] ∈ Ω(P) we define f_v ∈ CW quite arbitrarily so that sq(f_v) has value 1 on the coordinate [v] ∈ J . This completes the indecomposable case.

Now suppose that N = ∪N_j is a partition into indecomposibles. Form the spaces W_j , of dimension m_j = dim W_j , etc. as above. Γ acts by translation by elements π_j (Γ) which may or may not be free. If we must consider only free actions, then we should consider rather the action of π_j(Γ), which is also represented by a free subaction by a complimented subgroup of Γ. Lemma 4.4 gives a natural equation between H_0(Γ, CW_j) and H_0(π_j (Γ), CW_j) therefore, so no complication arises if we stick with the Γ action.

Note also that rank(π_jΓ) > 1 (since π_jΓ is dense in W_j ) so, should m_j = 1, the argument for dim W = 1 above continues to apply.

Consider the index sets J_{jo} and J_j formed from P_j and Λ_j in W_j , as for P and Λ before. By (11.2) we can write each element of J_{jo} in the form (π_j (v), (π_j(H_1), ..., π_j(H_{mj} ))) for some v ∈ P and some uniquely determined collection, H_1, ..., H_{mj} , of elements of Λ whose intersection is an affine translate of the space π^{−1}_j (0) = ⊕_{i≠j} W_i. Therefore the map J_o −→ Π_j J_{jo} which sends (v, (H_1, ..., H_m)) to (π_j(v), (π_j(H_1), ..., π_j(H_m))^∗) in the jth coordinate (the star indicates that we drop any 0 entries from the list) is well-defined and, in fact, a bijection.

Consider the group Γ^′ = ∩{π^{−1}_j (π_j (Γ)) : 1 ⩽ j ⩽ k} which contains Γ automatically. By construction, we have J_o/Γ^′ = Π_j(J_{jo}/π_j (Γ)) = Π_jJ_j . Thus we have a sequence of maps Π_jJ_{jo} = J_o^q−→ J_o/Γ^{q′}−→ J_o/Γ^′ = Π_j J_j

which will be used in the sequel.

Having proved the claim in the indecomposable case, we may suppose, for each 1 ⩽ j ⩽ k, that we have commuting squares CW_j^{ξjo}−→ ⊕_{Jjo} Z/2 q^j q^j H_0(Γ; CW_j )^{ξj∗}−→ ⊕_{Jj} Z/2 and for each v ∈ P, we find elements f_{v,j} ∈ CW_j defined from π_j (v) ∈ P_j (Lemma 11.3), so that ξ_{j∗}q_j (f_{v,j}) has value 1 in the ([π_j (v)], [H_{1,j}], . . . , [H_{mj ,j} ])) coordinate.

The equation CW = ⊗_j CW_j allows us to build the map ⊗ξ_{jo}: CW −→ ⊗_j ⊕_{Jjo} Z/2 and the range is naturally equal to ⊕_{Jo} ⊗_j Z/2 = ⊕_{Jo} Z/2 using the equations between index sets noted before. The construction is clearly Γ equivariant and so we deduce a quotiented map: ξ_∗: H_0(Γ; CW ) −→ ⊕_J Z/2 which completes a square as required, with q: ⊕_{Jo} Z/2 −→ ⊕_J Z/2 defined from the corresponding map on the index sets, described above.

Likewise, the index map q^′ : J −→ Π_j J_j describes the quotient of ⊕_J Z/2 by the Γ^′ action, giving the map, for which we use the same letter, q^′ : ⊕_J Z/2 −→ ⊕_{Πj Jj} Z/2 = ⊗_j ⊕_{Jj} Z/2. The composition q^′q is therefore defined ⊗_j ⊕_{Jjo} Z/2 = ⊕_{Jo} Z/2^{q′q}−→ ⊗_j ⊕_{Jj} Z/2. Given v, the element f_v = ⊗_j f_{v,j} ∈ CW is, by assumption, mapped by ⊗_j q_j ξ_{j∗} : CW −→ ⊗_j ⊕_{Jj} Z/2 = ⊕_{Πj Jj} Z/2 to an element with value 1 at the Π_j ([π_j(v)], [H_{1,j}], ..., [H_{mj,j}]) coordinate. So therefore ⊗_j q_j ξ_{j∗} = q^′qξ_o. Keeping track of Γ-orbits in the index sets, we find qξ_o(f_v) with value 1 in the ([v], [H^′_1], ..., [H^′_m]) coordinate, with H^′_i chosen in Λ so that (π_j (H^′_1), ..., π_j(H^′_m))^∗ = (H_{1,j}, ..., H_{mj,j} ). So the decomposible case follows. •

Proof of Theorem 8.9 We now assume the construction above for W = V , Λ = Λ_u and Γ = Γ_T . The result follows exactly as for Corollary 10.5, using the more general result above. •

§12 Corollaries of Theorem 8.9

To apply Theorem 8.9 we must be able to count the orbits in P. This is a geometric exercise, and each case will have its own peculiarities. However, we present in this section two elementary general conditions which are sufficient to give infinite orbits in P.

Recall the general set-up from section 9, and the construction of P as points which are the proper intersection of m hyperplanes picked from Λ.

Definition 12.1 Suppose that H_1, ..., H_m is a set of hyperplanes chosen from Λ, intersecting in a single point. Let P^∗ be the collection of points in P which can be defined as the intersection of H^′_1, . . . , H^′_m with each H^′_i in the same Γ-orbit as H_i, 1 ⩽ i ⩽ m.

For each i ∈ {1, 2, . . . , m}, define π_i: W −→ ∩_{j≠i}H_j as the surjective idempotent with kernel H_i.

We can define a product structure to W via the isomorphism W^{⊕iπi}−→ ⊕_iH_i. Given i ∈ {1, 2, . . . , m}, let P_i = π_i(P^∗), and Γ_i = π_i(Γ).

Proposition 12.2 In the product description above, ⊕P_i = P^∗ and ⊕Γ_i ⊃ Γ. If ∑ i rankΓ_i > rankΓ, then the number of Γ orbits in P^∗ is infinite.

Proof Each Γ_i acts naturally on ∩_{j≠i}H_j by translation. By construction P^∗ is the free ⊕Γ_i orbit of a single point, namely the point at the intersection ∩H_i; from this the first equality follows immediately. The second containment is straightforward. Moreover, there is a 1-1 correspondence between the Γ orbits of P^∗ and the Γ cosets in ⊕Γ_i, from which the third statement is immediate. •

Corollary 12.3 Suppose that rankΓ < 2 dim W , then P is infinitely generated.

Proof Recall that Γ is a dense subgroup of W implying that rankΓ_i ⩾ 2 for each i. The inequality of Proposition 12.2 above gives the result therefore (recall that P^∗ ⊂ P by definition). •

Corollary 12.4 Suppose that T_u is the canonical projection method tiling in R^d , with data (E, u), and suppose that E ∩ Z^N = 0. If rankΔ + 2d < N then H_0(GT_u) ⊗ Q is infinite dimensional, and so T_u is not a substitution tiling.

Proof With the same correspondences as noted in the proof of Theorem 8.9 at the end of section 11, note that rankΓ_T = N − rankΔ and that m = dim V = N − d − rankΔ. Now use the last corollary. •

Examples 12.5 The examples of the Octagonal tiling (see eg. [Been] [Soc] [Be]), a substitution tiling with N = 4, Δ = 0 and d = 2, shows that the inequality of Corollary 12.4 should be strict. And the Penrose tiling (see eg. [Soc] [S]), a substitution tiling with N = 5, Δ ≡ Z and d = 2, shows that all components of the inequality are important.

We can pursue the construction above a little further, by considering higher dimensional intersections of transverse elements of Λ.

Definition 12.6 Suppose that H_1, . . . , H_m are elements of Λ with single point mutual intersection {p} = ∩H_j .

Write Γ(H_1, . . . , H_k) for the stabiliser in Γ of the intersection L = ∩_{1⩽j⩽k}H_j , i.e. the complemented subgroup, {γ ∈ Γ: L + γ = L}.

Let Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m) = {α ∈ R^N : {α + p} = L ∩ (L^′ + γ), γ ∈ Γ}, where L^′ = ∩_{k+1⩽j⩽m}H_j . We think of Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m) as the projection of Γ onto L collapsing in the L^′ direction.

The following is straightforward from the definitions.

Lemma 12.7With the notation above i/ Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m) is a group with Γ(H_1, . . . , H_k) as a subgroup. ii/ Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m) + p = P ∩ L.

iii/ If q ∈ P ∩ L, then (Γ + q) ∩ L = Γ(H_1, . . . , H_k) + q. •

This gives immediately an easy way to determine whether we have an infinite number of orbits in P.

Lemma 12.8 If, for some choice of H_1, . . . , H_m, the group Γ(H_1, . . . , H_k) has infinite index in Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m) (equivalently, if the rank of Γ(H_1, . . . , H_k) is strictly smaller than the rank of Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m)), then P contains an infinite number of Γ orbits.

Proof By Lemma 12.7 ii/ and iii/ the orbits in P which intersect L are enumerated precisely by the cosets of Γ(H_1, . . . , H_k) in Γ^′(H_1, . . . , H_k : H_{k+1}, . . . , H_m). This is infinite by assumption. •

Definition 12.9 Given a transverse collection, H = H_1, . . . , H_m, of elements of Λ and J ⊂ {1, 2, . . . , m}, write Γ(H, J) = Γ(H_j : j ∈ J) and Γ^′(H, J) = Γ^′(H_j : j ∈ J|H_j : j ∉ J).

The techniques proving the last two lemmas, give the following.

Lemma 12.10 For every choice of H = (H_1, . . . , H_m) as above and for every pair of sets, J_1, J_2 such that J_1 ∪ J_2 = {1, 2, ..., m}, Γ^′(H, J_1) + Γ^′(H, J_2) and Γ(H, J_1) + Γ(H, J_2) are both direct sums.

If P has a finite number of Γ orbits, then

Γ(H, J_1) + Γ(H, J_2) ⊂ Γ(H, J_1 ∩ J_2) ⊂ Γ^′(H, J_1 ∩ J_2) ⊂ Γ^′(H, J_1) + Γ^′(H, J_2)

is a sequence of subgroups all of mutual finite index. •

From which we deduce

Theorem 12.11 Suppose P has a finite number of Γ orbits and that H = (H_1, . . . , H_m) is a collection of transverse elements of Λ. Then for all J_1, J_2 ⊂ {1, 2, .., m} such that |J_2| = m − 1, we have rankΓ(H, J_1) = (m − |J_1|)rankΓ(H, J_2).

In particular, putting J_1 = ∅, we have rankΓ = m rankΓ(H, J_2).

Corollary 12.12 If T_u is a canonical projection method tiling with finite rationalised H_0, then there is an integer, g say, such that (g − 1)N^′ = gd, where N^′ = N − rankΔ.

Examples 12.13 For Penrose tilings, octagonal tilings and dodecagonal tilings (the undecorated versions described in [Soc]) we have always N^′ = 4 and d = 2, hence g = 2. From the above it is clear that g must be 2 in d = 2 if the rationalized homology is finitely generated. And indeed, all three tilings above are substitutional. It is not difficult to construct examples in which d = 4 and g = 3, for example.

It is clear also that in the generic placement of planes projections of Γ onto lines will have higher rank than intersections and so the Γ groups of 12.6 will be of strictly smaller rank than Γ^′. Thus, from 12.8 and 8.9, we deduce

Theorem 12.14 Suppose that T is a canonical projection method tiling and that E is in generic position, then H_0(GT ) ⊗ Q is infinite dimensional, and T is not a substitution. •

References [AP] J.E.Anderson, I.F.Putnam. Topological invariants for substitution tilings and their associated C*-algebras.

Ergodic Theory and Dynamical Systems 19 (1998) 509-537.

[BKS] M. Baake, R. Klitzing and M. Schlottmann, Fractally shaped acceptance domains of quasiperiodic square-

triangle tilings with dodecagonal symmetry, Physica A 191 (1992) 554-558.

[Been] F.P.M. Beenker. Algebraic theory of non-periodic tilings of the plane by two simple building blocks: a

square and a rhombus. Thesis, Techn. Univ. Eindhoven, TH-report 82-WSK-04, 1982.

[Be] J.Bellissard. K-theory for C*algebras in solid state physics. Lect. Notes Phys. 257. Statistical Mechanics

and Field Theory, Mathematical Aspects, 1986 99-256.

[dB] N.G.de Bruijn. Algebraic Theory of Penrose’s nonperiodic tilings of the plane. Kon.Nederl.Akad.Wetensch.

Proc. Ser.A 84 (Indagationes Math. 43) (1981) 38-66.

[Du] F.Durand. PhD Thesis, 1997, Marseille.

[Fo] A.H.Forrest. A Bratteli diagram for commuting homeomorphisms of the Cantor set. Preprint 15.97 NTNU

Trondheim.

[FH] A.H.Forrest, J.Hunton. Cohomology and K-theory of Commuting Homeomorphisms of the Cantor Set.

Ergodic Theory and Dynamical Systems 19 (1999) 611-625.

[FHK1] A.H.Forrest, J.Hunton, J.Kellendonk. Projection Quasicrystals I: toral rotations. Preprint 6.98 NTNU

Trondheim.

[FHK2] A.H.Forrest, J.Hunton, J.Kellendonk. Projection Quasicrystals III: cohomology. In preparation. [FHK3] A.H.Forrest, J.Hunton, J.Kellendonk. Cohomology of Canoncial Projection Tilings. Preprint.

[GS] B.Grünbaum, G.Shephard. Tilings and Patterns, San Francisco. W.Freeman, 1987. [KD] A.Katz, M.Duneau. Quasiperiodic patterns and icosahedral symmetry. Journal de Physique 47 (1986)

181-96.

[K1] J. Kellendonk. The local structure of Tilings and their Integer group of coinvariants. Commun. Math.

Phys. 187 (1997) 115-157.

[KN] P. Kramer and R. Neri. On Periodic and Non-periodic Space Fillings of E^m Obtained by Projection. Acta

Cryst. A 40 (1984) 580-7.

[La] J.C.Lagarias. Meyer’s concept of quasicrystal and quasiregular sets. Comm.Math.Phys. 179, 365-376. [L] T.T.Q.Le. Local Rules for Quasiperiodic Tilings. in The Mathematics of Long Range Aperiodic Order,

331-366. Klewer 1997.

[MRW] P.S.Muhly, J.N.Renault, D.P.Williams. Equivalence and isomorphism for groupoid C* algebras. J.Operator

Theory 17 (1987) 3-22.

[OKD] C.Oguey, A.Katz, M.Duneau. A geometrical approach to quasiperiodic tilings. Commun. Math. Phys.

118 (1988) 99-118.

[Pr] N.M.Priebe. Detecting Hierarchy in Tiling Dynamical Systems via Derived Voronoi Tessellations. PhD

Thesis, University of North Carolina at Chapel Hill, 1997.

[PSS] I.F.Putnam, K.Schmidt, C.Skau, C^∗-algebras associated with Denjoy homeomorphisms of the circle. J. of

Operator Theory 16 (1986) 99-126.

[Rd] C.Radin, M.Wolff. Space tilings and local isomorphisms. Geometricae Dedicata 42, 355-360. [Ren] J.Renault. A Groupoid Approach to C*algebras. Lecture Notes in Mathematics 793. Springer-Verlag 1980.

[S] M.Senechal. Quasicrystals and Geometry. CUP 1995.

[Soc] J.E.S.Socolar. Simple octagonal and dodecagonal quasicrystals. Phys.Rev. B, 39(15), 10519-10551.

[T] C. B. Thomas, Characteristic classes and the cohomology of finite groups, Cambridge studies in advanced

mathematics, Cambridge University Press, 1986.

Institutet Matematiske Fag, NTNU Lade, 7491-Trondheim, Norway e-mail: alanf@math.ntnu.no

The Department of Mathematics and Computer Science, The University of Leicester, University Road, Leicester, LE1 7RH, England e-mail: jrh7@leicester.ac.uk

Fachbereich Mathematik, Technische Universität Berlin, 10623 Berlin, Germany email: kellen@math.tu-berlin.de