Frqmxjdwh Kdup rqlf P dsvdqg P lqlp doVxuidfhv

Nrqudg Srowklhu^W

Devwudfw

Z h frqvlghu glvfuhwh kdup rqlf p dsv wkdw duh frqirup lqj ru qrq0frqirup lqj slhfhz lvh olqhdu p dsv/ dqg ghulyh d elmhfwlrq ehwz hhq wkh p lqlp l}huv ri wkh wz r fruuhvs rqglqj Glulfkohwsureohp v1 Sdluv ri kdup rqlf p dsv z lwk d frqirup lqj dqg d qrq0frqirup lqj frp s rqhqwvroyh wkh glvfuhwh Fdxfk| 0Ulhp dqq ht xdwlrqv/ dqg kdyh ydqlvklqj glvfuhwh frqirup dohqhuj | 1

Dv dq dssolfdwlrq/ wkh uhvxowv ri wklv z run surylgh d wkrurxj k xqghuvwdqglqj ri wkh frqmxj dwlrq doj rulwkp v ri Slqndoo2Srowklhu dqg Rehunqdss2Srowklhu xvhg lq wkh frp sxwdwlrq ri glvfuhwh p lqlp dodqg frqvwdqwp hdq fxuydwxuh vxuidfhv1

4 Lqwur gxfwlr q

Glvfuhwh kdup rqlf p dsvkdyh ehhq z hoovwxglhg dvd edvlf p rghosureohp lq �qlwh hohp hqw wkhru| / z klohwkhgh�qlwlrq ri wkhfrqmxj dwhri d glvfuhwhkdup rqlf p ds z dvqrwfrp sohwho| vhwwohg1 Lq wklv sdshu z h duh lqwhuhvwhg lq sdluv ri glvfuhwh kdup rqlf p dsv rq d Ulhp dqq vxuidfh P z klfk duh erwk p lqlp l}huv ri wkh Glulfkohwhqhuj | H+x, @ 4 5 ⊎ P ⇕⊓ x⇕^5 gı> dqg duh frqmxj dwh/ l1h1 vroxwlrqv ri wkh Fdxfk| Ulhp dqq ht xdwlrqv gy @±gx/ Z hqrwhwkdwj hqhulfdoo| vxfk sdluvqhlwkhuh{lvwlq wkhvsdfhri slhfhz lvholqhdufrqirup lqj Odj udqj h�qlwhhohp hqwvV^/_k / qrulq wkh vsdfhri slhfhz lvh olqhduqrq0frqirup lqj Furx}hl{0 Udylduwhohp hqwvV^±_k 1Hdfk vsdfhdorqhlvwrr ulj lg wr frqwdlq d frqmxj dwhiruhdfk kdup rqlf ixqfwlrq1

Lq wkh suhvhqwsdshuz h frp sxwh wkh frqmxj dwh ri glvfuhwh kdup rqlf p dsve| vlp xowd0 qhrxvo| frqvlghulqj kdup rqlf p dsv lq V_k dqg V^±_k iurp P wr U1 Wkh p dlq uhvxowghulyhg lq vhfwlrq 8 lv

Wkhr uhp 4 OhwW_k eh d wuldqjxodwlrq ri d grp dlq rq d Ulhp dqq vxuidfh P lq U^q 1

41 Ohwx ▽ V_k eh d p lqlp l}hu ri wkh Glulfkohwhqhuj| lq V_k 1 Wkhq lwv frqmxjdwh p ds x^± lv lq V^±_k dqg lv glvfuhwh kdup rqlf1

51 Ohwy ▽ V^±_k eh d p lqlp l}hu ri wkh Glulfkohwhqhuj| lq V^±_k 1 Wkhq lwv frqmxjdwh p ds y^± lv lq V_k dqg lv glvfuhwh kdup rqlf1

61 Ohwx ▽ V_k / uhvshfwlyho| V^±_k eh glvfuhwh kdup rqlf lq V_k / uhvshfwlyho| V^±_k 1 Wkhq x^{±±} @∗ x1 WWhfkqlvfkh Xqlyhuvlw�wEhuolq/ s rowklhuCp dwk1wx0ehuolq1gh

Rxu lqwhuhvwlq kdup rqlf p dsv durvh iurp wkh vwxg| ri qxp hulfdodoj rulwkp v wr frp 0 sxwh wkh frqmxj dwh ri p lqlp dodqg frqvwdqwp hdq fxuydwxuh vxuidfhv lq hxfolghdq wkuhh0 vsdfh/ dqg wkhuhe| rewdlqlqj xqvwdeohvroxwlrqvri wkhfruuhvsrqglqj yduldwlrqdosureohp v1

Lq wkh doj rulwkp v ^<‘ dqg ^; ‘/ wkh frqmxj dwh ri d p lqlp dovxuidfh lv rewdlqhg yld wkh frq0 mxj dwh ri d glvfuhwh kdup rqlf p ds1 Frqmxj dwh kdup rqlf p dsv z huh gh�qhg rq wkh gxdo j udsk ri wkh hgj h j udsk ri wkh rulj lqdop lqlp dovxuidfh1 Dowkrxj k wkhvh p hwkrgv z huh vxffhvvixodqg doorz hg wkh qxp hulfdofrp sxwdwlrq ri d qxp ehu ri frp solfdwhg p lqlp do vxuidfhv iru wkh �uvwwlp h/ wkh| surylghg qr ixuwkhu klqwv rq wkh kdup rqlflw| surshuwlhv ri wkh frqmxj dwh kdup rqlf p dsv1 Wkh uhvxowv ri wkh suhvhqwsdshu surylgh d wkrurxj k xqghuvwdqglqj ri wkh j hrp hwulf frqmxj dwlrq doj rulwkp v xvhg lq Slqndoo dqg Srowklhu^<‘ dqg lq Rehunqdss dqg Srowklhu^; ‘ e| uhodwlqj wkh j hrp hwulf glvfuhwl}dwlrq whfkqlt xhv wr wkh frqwh{wri �qlwh hohp hqwp hwkrgv/ dqg wkh frqyhuj hqfh ri wkh frqmxj dwlrq ri p lqlp do vxuidfhv1

Frqyhuj hqfh ri frqirup lqj kdup rqlf p dsv kdv ehhq vkrz q e| Wvxfkl| d ^43‘1 Dv d p ruh j hqhudouhvxowiru vxuidfhv/ G}lxn dqg Kxwfklqvrq ^8‘ rewdlqhg rswlp dofrqyhuj hqfh uhvxowvlq wkhK_4 qrup iruwkh�qlwhhohp hqwsurfhgxuh ri wkhGlulfkohwsureohp ri vxuidfhv z lwk suhvfulehg p hdq fxuydwxuh kdyh ehhq rewdlqhg e| 1 Frp sduh P oohu/ Vwuxz h/ dqg

�yhu�n^: ‘ iru kdup rqlf p dsv rq sodqdu odwwlfhv xvlqj wkh �yh0srlqwOdsodfldq1

Lq d vht xhowr rxu suhvhqwsdshu z h z loodsso| wkh gxdolw| ehwz hhq glvfuhwh kdup rqlf p dsvdqg wkhlufrqmxj dwhvwr gh�qh glvfuhwh frqirup dop dsv1 Z h z looh{whqg d frqirup do hqhuj | sursrvhg e| Kxwfklqvrq ^9‘wr wkhglvfuhwhvsdfhvV^k ⋄ V_±^k dqg vkrz wkdwwkhglvfuhwh krorp rusklf p dsv kdyh }hur frqirup dohqhuj | / d surshuw| j hqhulfdoo| qrwdydlodeoh iru frqirup lqj slhfhz lvh olqhdu p dsv1

Wklv sdshu vwduwv z lwk d uhylhz ri wkh Glulfkohwsureohp ri kdup rqlf p dsv lq vhfwlrq

5/ iroorz hg z lwk lwv glvfuhwl}dwlrq xvlqj frqirup lqj Odj udqj h hohp hqwv lq vhfwlrq 61 Lq vhfwlrq 7 z h glvfuhwl}h wkh vdp h Glulfkohwsureohp xvlqj wkh qrq0frqirup lqj Furx}hl{0

Udylduwhohp hqwv/ dqg ghulyh d srlqwz lvh h{suhvvlrq ri wkh glvfuhwh p lqlp dolw| frqglwlrq1

Vhfwlrq 8 frqwdlqv wkh p dlq uhvxowv ri wkh sdshu/ qdp ho| / lghqwli| lqj vroxwlrqv lq erwk

�qlwh hohp hqwvsdfhvdv sdluvri glvfuhwh frqmxj dwh kdup rqlf p dsv1 Dq dssolfdwlrq ri wkh uhvxowv lv j lyhq lq vhfwlrq 9 wr wkh frqmxj dwlrq ri glvfuhwh p lqlp dovxuidfh1

WkhdxwkruwkdqnvJ hug G}lxn irud glvfxvvlrq rq wkhuhodwlrq ri wkhfrqmxj dwhp lqlp do vxuidfh p hwkrg ^<‘ dqg qrq0frqirup lqj hohp hqwv1

5 Uhylhz r i wkh GlulfkohwSur eohp

Z hvwduwz lwk d vkruwuhylhz ri wkhGlulfkohwsureohp ri kdup rqlf p dsv1I ruvlp solflw| / ohw fl ≫ U_5 eh d vlp so| frqqhfwhg/ frqyh{/ sro| khgudoo| erxqghg grp dlq/ dqg ohwK_4+fl, eh wkh Vrerohy vsdfh ri z hdno| gl�huhqwldeoh ixqfwlrqv1 Wkh z hdn ghulydwlyh y ri d ixqfwlrq x ▽ K_4+fl, lv gh�qhg dv wkh vroxwlrq ri ⊎ fl yω gı @∗ ⊎ fl xCω gı ∅ ω ▽ F_△^3 +fl,> dqg lv ghqrwhg e| Cx =@y1 O^5+fl, frqvlvwv ri doovt xduh lqwhj udeoh ixqfwlrqv x ht xlsshg z lwk wkh vfdodu surgxfwdqg qrup

+x>y,^3 =@ ⊎ fl x+ı,y+ı,gı dqg \x\^3 =@ √ +x>x,^31

Rq K_4+fl, z h kdyh wkh vfdodu surgxfwdqg qrup

+x>y,^p =@ ⋃ ⇕δ ⇕⪰ p +C_δ x>C_δ y,^3 dqg \x\^p =@

\C_δ x\^31

OhwY =@ ⟩ x ▽ K^4+fl, \ x_{⇕Cfl} @j | eh wkh d! qh yhfwru vsdfh ri dgp lvvleoh ixqfwlrqv dqg Y_3 =@ ⟩ x ▽ K^4+fl, \ x_{⇕Cfl} @3 | wkh vsdfh ri srvvleoh yduldwlrqv z lwk frp sdfwvxssruw1 Wkh Glulfkohwsureohp ri wkh Odsodfh ht xdwlrq lq fl iru x ▽ Y

x @ 3 lq fl +4, x_{⇕Cfl} @ j rq Cfl

lv wkh Hxohu0Odj udqj h ht xdwlrq ri wkh fruuhvsrqglqj yduldwlrqdosureohp ri p lqlp l}lqj wkh Glulfkohwhqhuj |

H_G +x, @ 4 5 ⊎ fl ⇕⊓ x⇕^5 ↔ p lq ∅ x ▽ Y/ +5, Wkh ixqfwlrqdo H_G wdnhv rq lwv p lqlp xp lq Y dwx li dqg rqo| li wkh elolqhdu irup d =Y ⋄ Y ↔ U j lyhq e| d+x>y, =@ ⊎ fl ⊓ x⊓ ygı ixo�oov d+x>y, @3 ∅ y ▽ Y_3/ +6, Wkh p lqlp l}hu lv xqlt xh vlqfh

H_G +x . y, @H_G +x, . 4 5 d+y>y, A H_G +x, ∅ y ▽ Y_3∐⟩3| / Ghfflqlwlr q 4 Wkh vroxwlrq x ▽ K^4+fl, ri wkh yduldwlrqdosureohp +5, ru/ htxlydohqwo| / ri wkh elolqhdu htxdwlrq +6, lv fdoohg d z hdn vroxwlrq ri wkh Odsodfh htxdwlrq +4,1

I ru d glvfxvvlrq ri wkh vroxwlrqv ri +4, dqg wkhlu qxp hulfv vhh h1j 1 ^6‘^5‘1 E| uhfdoolqj wz r qxp hulfdop hwkrgvedvhg rq frqirup lqj dqg qrq0frqirup lqj slhfhz lvholqhduhohp hqwv lq wkh iroorz lqj wz r vhfwlrqv/ z h uhodwh wkhp z lwk wkh j hrp hwulf doj rulwkp vlq ^<‘ dqg ^; ‘1 Wkhj hrp hwulf srlqwri ylhz doorz vwr lqwhusuhwerwk vroxwlrqvdvsdluvri frqmxj dwhglvfuhwh kdup rqlf p dsv1

6 F r qir up lqj I lqlwh Hohp hqwv

Z h dssur{lp dwh Y e| d �qlwh glp hqvlrqdod! qh vxevsdfh V_k ≫ Y z khuh k ghqrwhv d glvfuhwl}dwlrq frqvwdqw1 I ru vlp solflw| / z h dvvxp h fl ≫ U^5 lv d vlp so| frqqhfwhg/ frqyh{/ sro| j rqdoo| erxqghg grp dlq glylghg lqwr wuldqj ohv1 Wkh uhvxowv lq vhfwlrq 8 duh ydolg iru p ruh j hqhudogrp dlqvz lwk d uhj xoduUlhp dqqldq p hwulf1 I xuwkhu/ z h uhvwulfwwr Glulfkohw erxqgdu| frqglwlrqviruvlp solflw| / vhh^<‘irud glvfxvvlrq ri Qhxp dqq erxqgdu| sureohp v lq wklv frqwh{w1

Ghfflqlwlr q 5 D vxeglylvlrq 9_k @ ⟩W_4>//>W_p | ri fl lqwr wuldqjohv W_l lv d frqirup lqj wuldqj xodwlrq li wkh iroorzlqj surshuwlhv krog=

41 fl @ ⋀_p l@4 W_l 51 I ru l ∃@m/ W_l ∨ W_m lv hp sw| / ru lwlv d frp p rq yhuwh{/ ru d frp p rq hgjh ri erwk wuldqjohv1

I xuwkhup ruh/ zh dvvxp h hdfk wuldqjoh lq 9_k kdv gldp hwhu dwp rvw5k1

Ghfflqlwlr q 6 I ru d wuldqjxodwlrq 9^k ri fl/ zh ghfflqh wkh vsdfh V^k ri frqirup lqj �qlwh hohp hqwv=

V^k = @ ⟩ y =fl ↔ U \ y ▽ F_3+fl, dqg y lv olqhdu rq hdfk wuldqjoh ri fl | V^{k>3} = @ ⟩ y =fl ↔ U \ y ▽ V^k dqg y^{⇕Cfl} @3 | V^{k>3} lv d �qlwh glp hqvlrqdovxevsdfh ri Y @K_4+fl, vsdqqhg e| wkh Odj udqj h edvlv ixqfwlrqv ⟩⇀^4>//>⇀^q | fruuhvsrqglqj wr wkh vhwri lqwhulru yhuwlfhv ⟩ı^4>///>ı^q | ri 9^k / wkdw lv ⇀^l =fl ↔ U/ ⇀^l ▽ V^{k>3} ⇀^l+ı^m, @η^{lm} ∅ l>m▽ ⟩ 4>//>q| ⇀^l lv olqhdu rq hdfk wuldqj oh +7, z khuh ⟩ ı^4>///>ı^q | lv wkh vhwri lqwhulru yhuwlfhv ri 9^k 1 Wkhq hdfk ixqfwlrq x^k ▽ V^k kdv d uhsuhvhqwdwlrq x^k +ı, @x^3+ı, . q⋃ m@4 x^m⇀^m+ı, z khuh x^m@x^k +ı^m,/ dqg x^3 ▽ V^k lvdq duelwudu| ixqfwlrq vdwlvi| lqj wkh Glulfkohwerxqgdu| frqglwlrq1 Z h xvh �x^k @+x^4>///>x^q , wr ghqrwh wkh xqlt xh yhfwru uhsuhvhqwdwlrq ri x^k 1

Vlqfh V^k lv d �qlwh glp hqvlrqdovxevsdfh ri Y/ wkh p lqlp l}dwlrq sureohp +5, iru wkh

Glulfkohwhqhuj | kdv d xqlt xh vroxwlrq x^k lq V^k vroylqj wkh v| vwhp ri ht xdwlrqv g gx^m H^G +x^k , @ g gx^m ⋃ W^l ▽ -^k ⊎ W^l ⇕⊓ x^k ⇕_5 @3 ∅ m▽ ⟩ 4>//>q| / Ghfflqlwlr q 7 Wkh xqltxh vroxwlrq x^k lq V^k ri Glulfkohwsureohp +5, lq V^k lv fdoohg d glvfuhwh kdup rqlf p ds1

614 Ds s ur{lp dwlr q

Wkh iroorz lqj vwdwhp hqwv ehorqj wr wkh edvlf whfkqlt xhv lq wkh dssur{lp dwlrq wkhru| ri

�qlwh hohp hqwv dqg iru ghwdlov z h uhihu wkh uhdghu wr ^5‘^6‘1 Ohwx eh wkh z hdn vroxwlrq ri wkh yduldwlrqdosureohp +5, lq Y/ dqg x^k wkh vroxwlrq lq V^k ≫ Y1 Vlqfh fl lv erxqghg lw iroorz v iurp wkh Srlqfdu�0I ulhgulfk lqht xdolw| wkdwwkh elolqhdu irup d lv Y^30hoolswlf/ l1h1 wkhuh h{lvwv frqvwdqwv 3 ⋆ δ ⪰ F vxfk wkdw d+x>x, @δ \x\_5^4 dqg ⇕d+x>y,⇕⪰ F \x\^4 \y\^4 / Wkhuhiruh/ wkh ohp p d ri F�d j lyhv wkh hvwlp dwh \x ∗ x^k \^p ⪰ F δ lqi^{yk ▽ Vk} \x ∗ y^k \^p / +8, z khuh wkh dssur{lp dwlrq t xdolw| ri wkh glvfuhwh vroxwlrq x^k ri +5, lv hvwlp dwhg e| wkh p lqlp l}huv ri wkh glvwdqfh ri x wr V^k 1 Lwlv d vwdqgdug whfkqlt xh wr hvwlp dwh wkh lq�p xp ri wkh glvwdqfh x wr V^k z lwk wkh glvwdqfh ri wkh lqwhusrodwlqj ixqfwlrq L^k x ri x rq 9^k 1

Ohw9^k eh d t xdvl0xqlirup wuldqj xodwlrq/ l1h1 wkhuh h{lvwv d srvlwlyh frqvwdqwxqlirup o| erxqglqj wkh t xrwlhqwri wkh gldp hwhu ri wkh flfxp fulehg flufoh ryhu wkh gldp hwhu ri wkh lqvfulehg flufoh ri doowuldqj ohv lq 9^k 1

Wkhr uhp 5 +Ds s ur{lp dwlr q Wkhr uhp , Ohw9^k eh d txdvl0xqlirup wuldqjxodwlrq ri fl/ dqg x wkh zhdn vroxwlrq ri +5,1 Wkhq iru wkh lqwhusrodwlrq L^k zlwk slhfhzlvh olqhdu sro| qrp ldov wkhuh h{lvwv d frqvwdqwf @f+fl>x, vxfk wkdw

\x ∗ L^k x\^{p >k} ⪰ fk_{5∗ p} ⇕x⇕^{5>fl} ∅ x ▽ K_5+fl, dqg 3 ⪰ p ⪰ 5 +9,

Frp elqlqj wkh hvwlp dwhv ri ht xdwlrqv +8, dqg +9,/ wkh slhfhz lvh olqhdu vroxwlrq x_k ▽ V_k lv hvwlp dwhg e| \x ∗ x_k \_p ⪰ fk^{5∗ p} ⇕x⇕_{5>fl} rq hdfk glvfuhwl}dwlrq 9_k ri fl1 Wkhuhiruh/ dvk ↔ 3 rqh kdvt xdgudwlf frqyhuj hqfh ri x_k wr x lq wkh O_5 qrup 1

615 Glvfuhwh Kdup r qlf P ds v

Wkhuh h{lvwv d j hrp hwulf ghvfulswlrq ri wkh p lqlp dolw| frqglwlrq ri wkh Glulfkohwhqhuj | +5, dv d edodqflqj frqglwlrq ri z hlj kwhg hgj hv z klfk z dv dq hvvhqwldolqj uhglhqwlq wkh doj rulwkp ^<‘1 Qrz z h xvh wkh h{solflwuhsuhvhqwdwlrq ri wkh edvlv ixqfwlrqv wr ghulyh wkh vdp h irup xodv yld wkh �qlwh hohp hqwdssurdfk1

OhwW@⟩Y_4>Y_5>Y_6| eh d wuldqj oh z lwk rulhqwhg hgj hv⟩f_4>f_5>f_6|/ dqg ⇀_{Yl} =W↔ U eh wkh Odj udqj h edvlv ixqfwlrq dwyhuwh{ Y_l z lwk ⇀_{Yl} +Y_m, @η_{lm}1 Wkhq lwv j udglhqwlv ⊓ ⇀_{Yl} +ı, @ 4 5duhdW

Mf_l> +: ,

z khuh Mghqrwhv urwdwlrq e|^τ_5 rulhqwhg vxfk wkdwMf_l srlqwv lqwr wkh wuldqj oh1 Wkh edvlv ixqfwlrqv kdyh p xwxdovfdodu surgxfwv ‖ ⊓ ⇀_{Yl ∗ 4} >⊓ ⇀_{Yl . 4} / @ ∗ frwδ_l 5duhdW

+; , ‖ M⊓ ⇀_{Yl} >⊓ ⇀_{Yl . 4} / @ 4 5duhdW

⇕⊓ ⇀_{Yl} ⇕^5 @ frwδ_{l∗ 4} . frwδ_{l. 4}

5duhdW 1 Qrwh/ wkdwht xdwlrq : lp solhv ⊓ ⇀_l @∗ ⊓ ⇀_{l∗ 4} ∗ ⊓ ⇀_{l. 4}1 Ohwx_k ▽ V_k / wkhq rq d vlqj oh wuldqj oh Wwkh j udglhqwri x_{k⇕W} =W∗↔ U lv rewdlqhg iurp x_{k⇕W}+ı, @ ⋃ x_l⇀_l+ı,

⊓ x_{k⇕W} @ 4 5duhdW 6⋃ m@4 x_mMf_m/ +<, Wkhr uhp 6 Ohwfl eh d grp dlq zlwk wuldqjxodwlrq 9_k / dqg V_k wkh vhwri frqwlqxrxv dqg slhfhzlvh olqhdu ixqfwlrqv rq 9_k 1 Wkhq wkh glvfuhwh Glulfkohwhqhuj| ri dq| ixqfwlrq x_k ▽ V_k lv jlyhq e|

H_G +x_k , @ 4 7 ⋃ hgj hv +ı_l >ı_m,

+frwδ_{lm}. frwϵ_{lm}, ⇕x+ı_l, ∗ x+ı_m,⇕^5 / +43,

I xuwkhu/ wkh xqltxh p lqlp l}hu ri wkh Glulfkohwixqfwlrqdo+5, vroyhv g gx_l H_G +x_k , @ 4 5 ⋃ hgj hv +ı_l >ı_{l m}, dwı_l

+frwδ_{llm} . frwϵ_{llm},+x+ı_l, ∗ x+ı_{lm},, @3 +44,

dwhdfk lqwhulru yhuwh{ ı_l ri 9_k 1 Wkh ffluvwvxp p dwlrq uxqv ryhu doohgjhv ri wkh wuldqjx0 odwlrq/ dqg wkh vhfrqg vxp p dwlrq ryhu doohgjhv hp dqdwlqj iurp ı_l1 Wkh dqjohv δ_{llm} dqg ϵ_{llm} duh yhuwh{ dqjohv o| lqj rssrvlwh wr wkh hgjh +ı_l>ı_{lm}, lq wkh wzr wuldqjohv dgmdfhqwwr +ı_l>ı_{lm},1

S ur r i1 Xvlqj wkh h{solflwuhsuhvhqwdwlrq +: , ri wkh edvlv ixqfwlrqv dqg xvlqj ⊓ ⇀^l @

∗ ⊓ ⇀^{l∗ 4} ∗ ⊓ ⇀^{l. 4}/ z h rewdlq wkh Glulfkohwhqhuj | ri x^{k⇕W}=

H^G +x^{k⇕W}, @ 4 5 ⊎ W ∗ 6⋃ m@4 ⇕x^{m. 4} ∗ x^{m∗ 4}⇕_5 ‖⊓ ⇀^{m∗ 4}>⊓ ⇀^{m. 4}↕ @ 4 7 6⋃ m@4 frwδ^m⇕x^{m. 4} ∗ x^{m∗ 4}⇕_5 /

Vxp p dwlrq ryhudoowuldqj ohvri 9 dqg frp elqlqj wkh wz r whup vfruuhvsrqglqj wr wkh vdp h hgj h ohdgv wr ht xdwlrq +43,1

Dwhdfk lqwhulru yhuwh{ ı^l ri 9^k / wkh j udglhqwri H^G z lwk uhvshfwwr yduldwlrqv ri x^l @x^k +ı^l, lq wkh lp dj h ri x^k lv rewdlqhg e| sduwldogl�huhqwldwlrq dqg hdvlo| ghulyhg iurp g gx^l H^G +x^k , @ ⊎ fl ‖⊓ x^k >⊓ ⇀^l↕ / +45, Wkh h{solflwuhsuhvhqwdwlrqv duh hvvhqwldoiru wkh uhvxowv lq vhfwlrq +8,1

H{dp s oh 4 Rq d uhfwdqjxoduuhjxodujulg lq U_5 zklfk lvwuldqjxodwhg e| vxeglylglqj dorqj hlwkhu gldjrqdori hdfk uhfwdqjoh/ wkh lqwhusrodwlqj ixqfwlrqv ri

Uh℘>Uh℘_5>Uh℘_6> dqg Lp ℘_7 duh glvfuhwh kdup rqlf p dsv/ dqg vr duh wkh lqwhusrodqwv ri vrp h rwkhu sro| qrp ldov1 Rq wklvuhjxodujulg/ wkh zhljkwri hdfk gldjrqdolv}hur dqg/ wkhuhiruh/ rqo| wkh glvfuhwh ydoxhv ri wkh fflyh0vwdu frqwulexwh wr wkh Glulfkohwjudglhqw1

7 Qr q0F r qir up lqj I lqlwh Hohp hqwv

Z h qrz uhylhz wkh glvfuhwl}dwlrq ri wkh Glulfkohwsureohp +5, lq wkh vsdfh ri qrq0 frqirup lqj �qlwh hohp hqwv/ dqg uhihu wr ^6‘^5‘ iru d ghwdlohg glvfxvvlrq1

Ghfflqlwlr q 8 I ru d wuldqjxodwlrq 9^k ri fl/ z h ghfflqh wkh vsdfh ri qrq0frqirup lqj �qlwh hohp hqwv e|

V_±^k = @ ⟩ y =fl ↔ U \ \ y_{⇕W} lv olqhdu iru hdfk W▽ 9_k / dqg y lv frqwlqxrxv dwwkh p lgsrlqwv ri doowuldqjoh hgjhv /

V_±^{k>3} = @⟩ y ▽ V_±^k ⇕y @3 dwwkh p lgsrlqwv ri dooerxqgdu| hgjhv|

Wkh vsdfh V_±^k lvqr orqj hud �qlwh glp hqvlrqdovxevsdfh ri Y @K_4+fl, dvlq wkh fdvh ri frqirup lqj hohp hqwv/ exwV_±^k lvd vxshuvhwri V^k 1 Ohw⟩ȷ^l| ghqrwh wkh vhwri hgj h p lgsrlqwv ri 9^k / wkhq wkh edvlv ixqfwlrqv ϑ^l ▽ V_±^{k>3} ri qrq0frqirup lqj hohp hqwv duh olqhdu rq hdfk wuldqj oh/ ϑ^l =fl ↔ U>ϑ^l ▽ V_±^{k>3} ϑ^l+ȷ^m, @η^{lm} ∅ l>m▽ ⟩4>//>q| ϑ^l lv olqhdu rq hdfk wuldqj oh1 +46,

Wkh vxssruwri d ixqfwlrq ϑ^l frqvlvwv ri wkh +dwp rvwwz r, wuldqj ohv dgmdfhqwwr wkh hgj h h^l/ dqg ϑ^l lv xvxdoo| qrwfrqwlqxrxv rq fl1 Hdfk ixqfwlrq y ▽ V_±^k kdv d uhsuhvhqwdwlrq y^k +ı, @y^3+ı, . ⋃ hgj hv h^l y^lϑ^l+ı, z khuh y^l @y^k +ȷ^l, lvwkh ydoxh ri y^k dwwkh hgj h p lgsrlqwȷ^l ri h^l/ dqg y^3 ▽ V_±^k dq duelwudu| ixqfwlrq vdwlvi| lqj wkh erxqgdu| frqglwlrqv1

714 Ds s ur{lp dwlr q

Wkh vsdfh V^±_k lv qrwd vxevhwri K^4+fl,>vr wkh t xdgudwlf irup d lv qrwgluhfwo| gh�qhg1 Rqh h{whqgv lwwr d j ulg ghshqghqwelolqhdu irup d_k wr eh xvhg lq wkh gh�qlwlrq ri wkh Glulfkohwhqhuj | lq V^±_k = d_k +x>y, =@ ⋃ W▽ -_k ⊎ W ⊓ x⊓ y iru x/y ▽ K^4+fl, ⊘ V^±_k

dqg qrup \y\^5_{p >k} =@ ⋃ W▽ -_k \y\^5_{p >W} @d_k +y>y, iru y ▽ K^4+fl, ⊘ V^±_k /

Qrwh wkdwiru ixqfwlrqv x ▽ K^p +fl, erwk qrup v dj uhh=\x\_{p >k} @\x\_p 1

Lq wkh iroorz lqj Dqvdw} iruwkh Glulfkohwsureohp / rqh rewdlqvdq dgglwlrqdoerxqgdu| whup wkdwglg qrwdsshdu lq wkh frqirup lqj vlwxdwlrq= ⊎ -_k xϑ @∗ ⋃ W▽ -_k ⊎ W ⊓ x⊓ ϑgv. ⋃ W▽ -_k ⊎ CW C_ρxϑgv iru ϑ ▽ V^±_{k>3}1 +47, Lq wkh gh�qlwlrq ri wkh Glulfkohwhqhuj | / z h h{foxgh wkh erxqgdu| whup vlqfh e| ht xdwlrq +4; ,/ lwydqlvkhv iru glvfuhwh kdup rqlf p dsv1

Ghfflqlwlr q 9 I ru x_k ▽ V^±_k zh ghfflqh lwv Glulfkohwhqhuj | e|

H_G +x_k , @ 4 5 ⋃ W▽ -_k ⊎ W ⇕⊓ x_k ⇕^5 1

Frp sduhg wr wkh dssur{lp dwlrq ri d z hdn vroxwlrq x ▽ Y lq V_k / wkhuh rffxuv lq V^±_k d ixuwkhu huuru/ wkh frqvlvwhqf| huuru/ lq dgglwlrq wr wkh dssur{lp dwlrq huuru1 Wkh iroorz lqj glvfxvvlrq xvhv wkh dssur{lp dwlrq uhvxowv j lyhq lq ^4‘1 Ohwδ dqg F eh wkh hoolswlflw| frqvwdqwv ri d z lwk uhvshfwwr V^±_k / wkhq wkh vhfrqg ohp p d ri Vwudqj j lyhv wkh hvwlp dwh ri Vwudqj =

Ohp p d 7 +Vwudqj 5, Ohwx eh wkh z hdn vroxwlrq ri htxdwlrq +5, lq Y @K^4+fl, dqg x_k wkh glvfuhwh vroxwlrq lq V^±_k 1 Wkhq wkhuh h{lvwvd qxp ehuf lqghshqghqwri wkh glvfuhwl}dwlrq k vxfk wkdw \x ∗ x_k \_{p >k} ⪰ f ⟩ lqi_{xk ▽ V±k} \x ∗ x_k \_{p >k} . vxs_{z k ▽ Vk} ⇕d_k +x>z_k ,⇕ \z_k \_{p >k} / 1 Wkh �uvwwhup lvwkh dssur{lp dwlrq huuruwkdwdsshduvlq F�d*vohp p d/ dqg wkh vhfrqg whup lvwkh frqvlvwhqf| huururi V^±_k 1Rqh hvwlp dwhvwkh whup vrq wkh ulj kw0kdqg vlgh ri wkh ohp p d dqg rewdlqv ^6‘=

Wkhr uhp 8 Ohwfl ehd frqyh{ grp dlq rukdyhvp rrwk erxqgdu| 1 Wkhq wkhqrq0frqirup lqj glvfuhwh kdup rqlf p dsv y_k ▽ V^±_k dssur{lp dwh d zhdn vroxwlrq x ▽ K^4+fl, z lwk wkh iroorz0 lqj frqyhujhqfh \x ∗ y_k \_{3>k} . k \x ∗ y_k \_{4>k} ⪰ fk^5 ⇕x⇕_5 1

:

715 Glvfuhwh Qr q0F r qir up lqj Kdup r qlf P ds v

Xvlqj wkh lghqwlwlhv lq dq Hxfolghdq wuldqj oh Wz lwk yhuwlfhv ⟩Y^4>Y^5>Y^6| dqg rulhqwhg hgj hv⟩f^4>f^5>f^6|/ f^4 . f^5 . f^6 @3/ z h rewdlq rq Wwkh iroorz lqj uhsuhvhqwdwlrq ri wkh edvlv ixqfwlrqv ϑ^l ▽ V_±^k fruuhvsrqglqj wr hgj h f^l = ⊓ ϑ^l @∗ 5⊓ ⇀^{Yl} @ ∗ 4 duhd

Mf^l / +48, z khuh ⇀^{Yl} ▽ V^k lv wkh frqirup lqj edvlv ixqfwlrq fruuhvsrqglqj wr wkh wuldqj oh yhuwh{ Y^l rssrvlwh wr wkh hgj h f^l/ dqg Mlv wkh urwdwlrq ri dq hgj h e|_τ^5 vxfk wkdwMf srlqwv iurp hgj h f lq wkh gluhfwlrq ri Y1

I lj xuh 4=D qrq0frqirup lqj p ds lv j lyhq e| lwv ydoxhv rq hgj h p lgsrlqwv1

Wkhr uhp 9 Ohwy ▽ V_±^k eh d qrq0frqirup lqj ixqfwlrq rq d wuldqjxodwlrq 9^k ri fl1 Wkhq wkh Glulfkohwhqhuj| ri y^k kdv wkh h{solflwuhsuhvhqwdwlrq

H^G +y, @ ⋃ doo hgj hv f^l

frwδ^l \ y^{l∗ 5} ∗ y^{l∗ 4} \^5 . frwϵ^l ⇕y^{l4} ∗ y^{l5} ⇕_5 / +49, z khuh ⟩ l^{∗ 5}>l^{∗ 4}>l^4>l^5>| ghqrwh vxelqglfhvri dgmdfhqwhgjh p lgsrlqwvdvvkrzq lq ffljxuh 4/ dqg y^l ghqrwh wkh ydoxh y+p^l,1 Wkh dqjohv duh p hdvxuhg lq fl1

Wkh xqltxh p lqlp l}hu ri wkh Glulfkohwixqfwlrqdorq 9^k vroyhv wkh v| vwhp ri htxdwlrqv g gy^l H^G +y, @5 ] frwδ^{l∗ 5} +y^l ∗ y^{l∗ 4} , . frwδ^{l∗ 4} +y^l ∗ y^{l∗ 5} ,

. frwδ^{l4} +y^l ∗ y^{l5} , . frwδ^{l5} +y^l ∗ y^{l4} , ⌊ @3/ +4: , dwhdfk hgjh p lgsrlqwp^l1

S ur r i1 Vlqfh ⊓ ϑ^l @ ∗ 5⊓ ⇀^l/ wkh uhsuhvhqwdwlrq ri wkh Glulfkohwhqhuj | lv d gluhfw frqvht xhqfh ri wkh h{solflwuhsuhvhqwdwlrq iru frqirup lqj hohp hqwv +43,1 Rq d vlqj oh wuldqj oh W>

H^G +y^{⇕W}, @ 4 5 ⊎ W ∗ 6⋃ m@4 ⇕y^{m. 4} ∗ y^{m∗ 4}⇕_5 ‖⊓ ϑ^{m∗ 4}>⊓ ϑ^{m. 4}↕ @ 6⋃ m@4 frwδ^m⇕y^{m. 4} ∗ y^{m∗ 4}⇕_5 /

Wkhvxssruwri d frp srqhqwri wkhj udglhqwri wkhGlulfkohwhqhuj | frqvlvwvri wkrvhwz r wuldqj ohvdgmdfhqwwr wkhhgj hfruuhvsrqglqj wr wklvyduldeoh1Ht xdwlrq +4: , iroorz vgluhfwo| iurp wkh uhsuhvhqwdwlrq rq d vlqj oh wuldqj oh Wz lwk hgj hv ⟩ f^4>f^5>f^6| dqg f^4 . f^5 . f^6 @3 g gy^l H^G +y^{⇕W}, @ ⊎ W ‖ ⊓ y^{⇕W}>⊓ ϑ^l / @ 4 duhd+W, 6⋃ m@4 y^m‖f^m>f^l↕ @ 5frwδ^{l∗ 4}+y^l ∗ y^{l. 4}, . 5frwδ^{l. 4}+y^l ∗ y^{l∗ 4},1 ;

Ohp p d : OhwWeh d wuldqjoh z lwk rulhqwhg hgjhv ⟩ f^4>f^5>f^6|/ f^4 . f^5 . f^6 @31 D sdlu ri olqhdu ixqfwlrqvx dqg x_± uhodwhg e| htxdwlrq +53,/ kdv ydoxhv dwhgjh p lgsrlqwv uhodwhg e| ] x_±^6 ∗ x_±^4 x_±^6 ∗ x_±^5 ⌊ @ ] frwδ^6+x^5 ∗ x^4, . frwδ^4+x^5 ∗ x^6, frwδ^6+x^5 ∗ x^4, . frwδ^5+x^6 ∗ x^4, ⌊ +54,

S ur r i1 Wkh uhsuhvhqwdwlrq +48, ri ⊓ ϑ^l frqyhuwv ht xdwlrq +53, wr 6⋃ l@4 x_±^l Mf^l @ 6⋃ l@4 x^lf^l/ Xvlqj ∗ f^6 @f^4 . f^5/ z h h{suhvvwkh ohiwvlgh ri wkh deryh ht xdwlrq dvd yhfwrulq wkh vsdq ri ⟩Mf^4>Mf^5| +x_±^6 ∗ x_±^4, Mf^4 . +x_±^6 ∗ x_±^5, Mf^5 @ 6⋃ l@4 x^lf^l/ Li wkh wuldqj oh Wlv qrqghj hqhudwh/ wkhq wkh p dwul{ +Mf^4>Mf^5, kdv udqn 5/ dqg vfdodu p xowlsolfdwlrq z lwk f^4 dqg f^5 | lhogv ] x_±^6 ∗ x_±^4 x_±^6 ∗ x_±^5 ⌊ @ 5 duhd+W, 6⋃ l@4 x^l ] ‖f^5>f^l↕ ∗ ‖f^4>f^l↕ ⌊ > z klfk hdvlo| wudqvirup v wr ht xdwlrq +54,1

Qrz z h frqvlghu d glvfuhwh kdup rqlf p ds x ▽ V^k dqg suryh orfdo h{dfwqhvv ri lwv glvfuhwh frqmxj dwh gl�huhqwldo1

S ur s r vlwlr q ; Ohw9^k eh d wuldqjxodwlrq dqg x ▽ V^k zlwk x =9^k ∗↔ U dq hgjh frqwlqx0 rxv glvfuhwh kdup rqlf ixqfwlrq1 Wkhq wkh glvfuhwh Fdxfk| 0Ulhp dqq htxdwlrqv +4<, kdyh d joredoo| ghfflqhg vroxwlrq x_± =9^k ∗↔ U z lwk x_± ▽ V_±^k 1 Wzr vroxwlrqv x_±^4 dqg x_±^5 glffihu e| dq dgglwlyh lqwhjudwlrq frqvwdqw1

S ur r i1 Z h gh�qh wkh glvfuhwh gl�huhqwldogx_± ri x_± vxfk wkdwrq hdfk wuldqj oh W gx_±^{⇕W} =@±gx^{⇕W}1 Vlqfh x^{⇕W} lv d olqhdu p ds/ wkh frqmxj dwh gl�huhqwldogx_±^{⇕W} lv z hoogh�qhg dqg wkhuh h{lvwv d xqlt xh vp rrwk vroxwlrq x_±^{⇕W} ri wkh vp rrwk Fdxfk| 0Ulhp dqq ht xdwlrqv rq W>xs wr dq dgglwlyh frqvwdqw1 E| Ohp p d : / x_±^{⇕W} lv h{solflwo| j lyhq lq whup v ri x^{⇕W} dqg W1

Li x ▽ V^k lv d glvfuhwh kdup rqlf p ds wkhq lwwxuqv rxwwkdwgx_± lv forvhg dorqj forvhg sdwkv rq fl wkdwfurvv hgj hv rqo| dwwkhlu p lgsrlqwv1 Vlqfh gx_± lv forvhg lqvlgh hdfk wuldqj oh/ lwlvvx! flhqwwr suryh forvhgqhvvirud sdwk ζ lq wkh yhuwh{ vwduri d yhuwh{ s ▽ fl vxfk wkdwζ^{⇕W} olqhduo| frqqhfwv wkh p lgsrlqwv ri wkh wz r hgj hv ri Wkdylqj s lq frp p rq/ vhh I lj xuh 51 Ohw⟩ h^3>//>h^{p ∗ 4}| eh wkh vht xhqfh ri hgj h p lgsrlqwv ghwhup lqlqj ζ1 Wkh hgj hv g^m=@h^{m. 4} ∗ h^m ri ζ duh sdudoohowr f^m z lwk f^m @5g^m1 Z h xvh ht xdwlrq +54, lq hdfk wuldqj oh wr ghulyh ⊎ ζ gx_± @ p⋃ m@4 ⊎ ζ^{⇕Wm} ±gx^{⇕Wm} @ p⋃ m@4 ⋆ M⊓ x^{⇕Wm}>g^mA

@ ∗ 4 5 p⋃ m@4 ⋆ ⊓ x^{⇕Wm}>Mf^mA@3>

I lj xuh 5=Gxdohgj h j udsk ζ durxqg d yhuwh{1

vlqfh x lv kdup rqlf lq V_k >vhh ht xdwlrq +45,1 Wkhuhiruh/ gx^± lv forvhg dorqj wkh gxdo hgj h j udsk wkurxj k wkh hgj h p lgsrlqwv ri 9/ dqg x^± ▽ V^±_k lv j oredoo| gh�qhg rq vlp so| frqqhfwhg uhj lrqv ri fl1

I ru d kdup rqlf p ds x ▽ V_k >wkh iroorz lqj sursrvlwlrq suryhv kdup rqlflw| ri wkh frqmxj dwh p ds x^± ▽ V^±_k 1

S ur s r vlwlr q < Ohwx ▽ V_k eh d glvfuhwh kdup rqlf p ds rq d wuldqjxodwlrq 9_k dqg ohw x^± ▽ V^±_k eh d vroxwlrq ri wkh glvfuhwh Fdxfk| 0Ulhp dqq htxdwlrqv+4<, jlyhq e| Sursrvlwlrq ; 1 Wkhq x^± kdv wkh vdp h Glulfkohwhqhuj| dv x>dqg x^± lv glvfuhwh kdup rqlf lq V^±_k 1

S ur r i1 Ohwx^± eh wkh vroxwlrq ri wkh glvfuhwh Fdxfk| 0Ulhp dqq ht xdwlrqv +4<, iru d glvfuhwh kdup rqlf p ds x ▽ V_k 1 Wkhq z h vkrz wkdwx^± lv d fulwlfdo srlqwri wkh qrq0 frqirup lqj Glulfkohwhqhuj | lq V^±_k e| uhz ulwlqj wkh Glulfkohwj udglhqw+4: , ri x^± lq whup v ri ydoxhv ri x1

Rq d vlqj oh wuldqj oh W@⟩f_4>f_5>f_6| z lwk hgj h p lgsrlqwv p_l rq f_l>z h qrwh wkdw ‖ M⊓ x_{⇕W}>⊓ ϑ_l / @ 5 duhd+W,

+x+p_{l∗ 4}, ∗ x+p_{l. 4},, ∅ l ▽ ⟩ 4>5>6| > +55,

z klfk iroorz v gluhfwo| iurp ⊓ x @

⋃_6 m@4 x+p_m,⊓ ϑ_m dqg

‖M⊓ ϑ_m>⊓ ϑ_l↕ @ 3 m@l 5 duhd+W, m@l ∗ 4 ∗ 5 duhd+W, m@l . 4 /

OhwW_4 ∧ W_5 ghqrwh wkh wz r wuldqj ohv irup lqj wkh vxssruwri ϑ_l dv vkrz q lq �j xuh 61 Xvlqj ht xdwlrq +55, z h rewdlq g gx^±_l H_G +x^±, @ ⊎ W_4 ∧ W_5 ‖⊓ x^±>⊓ ϑ_l↕ @ 5+x+p_{l∗ 5} , ∗ x+p_{l∗ 4} ,, . 5+x+p_{l4} , ∗ x+p_{l5} ,,/

Vlqfh x lv olqhdu z h fdq uhz ulwh wkh gl�huhqfhv dwhgj h p lgsrlqwv dv gl�huhqfhv ri x dw yhuwlfhv rq wkh frp p rq hgj h ri W_4 dqg W_5/ dqg rewdlq g gx^±_l H_G +x^±, @x+Y_{m∗ 4} , ∗ x+Y_{m∗ 5} , . x+Y_{m5} , ∗ x+Y_{m4} ,1 +56,

Wklvht xdwlrq uhodwhvwkh hqhuj | j udglhqwri x^± wr wkh ixqfwlrq ydoxhvdwyhuwlfhvri x1 Z h hp skdvl}h wkh idfwwkdwwkh ghulydwlrq ri wkh ht xdwlrq grhv qrwxvh hgj h frqwlqxlw| ri x/ z klfk z loodoorz xv wr xvh 56 lq wkh surri ri Wkhruhp 431 Wkh ulj kwkdqg vlgh ri +56,

I lj xuh 6=Qrwdwlrq ri hgj h p lgsrlqwv lq sdlu ri wuldqj ohv1 ydqlvkhv li dqg rqo| li x^{⇕hl lq W4} @x^{⇕hl lq W5} . frqvwdqw1 Wkhuhiruh/ wkh kdup rqlflw| ri x_± iroorz v iurp / dqg lv ht xdo wr/ wkh hgj h frqwlqxlw| ri x ▽ V^k 1 Wkh iroorz lqj p dlq wkhruhp vwdwhv wkh frp sohwh uhodwlrqvkls ehwz hhq kdup rqlf p dsv lq V^k dqg V_±^k / dqg lqfoxghv wkh suhylrxv sursrvlwlrqv dv vshfldofdvhv1

Wkhr uhp 43 Ohw9^k eh d wuldqjxodwlrq ri d Ulhp dqq vxuidfh P 1

41 Ohwx ▽ V^k eh d p lqlp l}hu ri wkh Glulfkohwhqhuj| lq V^k 1 Wkhq lwv frqmxjdwh p ds x_± lv lq V_±^k dqg lv glvfuhwh kdup rqlf1

51 Ohwy ▽ V_±^k eh d p lqlp l}hu ri wkh Glulfkohwhqhuj| lq V_±^k 1 Wkhq lwv frqmxjdwh p ds x lv lq V^k dqg glvfuhwh kdup rqlf1

61 Ohwx ▽ V^k >uhvshfwlyho| V_±^k / eh glvfuhwh kdup rqlf lq V^k >uhvshfwlyho| 1 V_±^k 1 Wkhq x_{±±} @∗ x1 S ur r i1 41 Wkh �uvwvwdwhp hqwz dv suryhg lq sursrvlwlrqv ; dqg <1

51 Ohwy ▽ V_±^k j lyhq e| y @ ⋃ y^lϑ^l eh glvfuhwh kdup rqlf1 Dorqj wkh olqhv ri wkh surri iruwkh fruuhvsrqglqj Sursrvlwlrq ; frqfhuqlqj V^k >z h gh�qh y_±^{⇕W} +xs wr dq dgglwlyh lqwhj udwlrq frqvwdqw, dv wkh z hoo0gh�qhg lqwhj udori gy_±^{⇕W} =@±gy^{⇕W} ∅ W▽ 9^k / z klfk xqlt xho| h{lvwv vlqfh y^{⇕W} lv olqhdu1 Xvlqj wkh vdp h duj xp hqwv dv lq wkh surri ri

Sursrvlwlrq < dqg ⊓ y_± @M⊓ y>z h ghulyh dq ht xdwlrq iru y wkdwlv lghqwlfdowr ht xdwlrq

+56, iru x = g gy^l H^G +y, @y_±+Y^{m∗ 4} , ∗ y_±+Y^{m∗ 5} , . y_±+Y^{m5} , ∗ y_±+Y^{m4} ,/ z khuh Y^{mn} duh yhuwlfhv dv ghqrwhg lq I lj xuh 61 Vlqfh y lv kdup rqlf/ z h fdq fkrrvh wkh lqwhj udwlrq frqvwdqwv ri y_± vxfk wkdwy_± ehfrp hv hgj h frqwlqxrxv dqg olhv lq V^k 1

Wkh kdup rqlflw| surshuw| ri y_± iroorz v iurp wkh forvhgqhvv ri y1 Ohwy_± @ ⋃ y_±^l ⇀^l ▽ V^k >dqg wkhq vsolwwlqj ⊓ ϑ^l @∗ ⊓ ϑ^{lm} ∗ ⊓ ϑ^{lm. 4} lq hdfk wuldqj oh/ z h rewdlq g gy_±^l H^G +y_±, @ ⊎ -^k \ ⊓ y_±> g gy_±^l ⊓ y_± ( @ ⊎ vwdu+s^l , ‖M⊓ y>⊓ ⇀^l↕

@ ⋃ m ⊎ W_{l m} \ M⊓ y>∗ 4 5 +⊓ ϑ_{lm} . ⊓ ϑ_{lm. 4} (

@ ⋃ m ⊎ W_{l m} 4 duhdW_{lm} ++y_{lm. 4} ∗ y_{lm∗ 4} , . +y_{lm∗ 4} ∗ y_{lm},, @ ⋃ m y_{lm. 4} ∗ y_{lm} @3

vlqfh y ▽ V^±_k lv forvhg rq wkh sdwk durxqg hdfk yhuwh{ s_l1 Wkhuhiruh y^± lv fulwlfdoiru wkh Glulfkohwhqhuj | lq V_k 1

61 Wkh wklug vwdwhp hqwlvd gluhfwfrqvht xhqfh ri wz lfh dsso| lqj wkh ± rshudwruwz lfh/ z klfk urwdwhv wkh j udglhqwlq hdfk wuldqj oh e| τ lq wkh sodqh ri wkh j udglhqw1

F r ur oodu| 44 Wkh frqmxjdwlrq lv d elmhfwlrq ehwzhhq glvfuhwh kdup rqlf p dsv lq V_k dqg V^±_k / zkhuh hdfk sdlu +x>y, ixoffloov wkh glvfuhwh Fdxfk| Ulhp dqq htxdwlrqv1 I xuwkhu/ erwk p dsv kdyh wkh vdp h Glulfkohwhqhuj| 1

S ur r i1 Wkh surri ri Wkhruhp 43 dqg wkh suhylrxv sursrvlwlrqv vkrz wkdw/ iru d sdlu +x>y, ri kdup rqlf frqmxj dwh ixqfwlrqvx ▽ V_k dqg y ▽ V^±_k / wkh kdup rqlflw| frqglwlrq ri x lv ht xdowr wkh forvhgqhvv frqglwlrq ri y/ dqg wkh forvhgqhvv frqglwlrq ri x lv ht xdowr wkh kdup rqlflw| frqglwlrq ri y1

Wkh ht xdolw| ri wkh Glulfkohwhqhuj lhviroorz vgluhfwo| iurp wkh Fdxfk| 0Ulhp dqq ht xd0 wlrqv1

9 Ds s olfdwlr q wr P lqlp doVxuidfhv

Z h dsso| wkh uhvxowv ri wkh suhylrxv vhfwlrqv wr wkh frp sxwdwlrq ri wkh frqmxj dwh ri d p lqlp dovxuidfh1 Vlqfh wkhvh uhvxowvduh fruroodulhv ri wkh suhylrxvvhfwlrqvdssolhg wr wkh frqmxj dwlrq p hwkrg lq ^<‘ z h uhihu wr wkh rulj lqdoz run iru ghwdlov rq wkh p lqlp l}dwlrq doj rulwkp 1

OhwI =P ↔ U^6 eh d p lqlp do lp p huvlrq ri d Ulhp dqq vxuidfh P lqwr U^6 z lwk qrup doyhfwru�hog Q =P ↔ V^5 dqg gl�huhqwldogI 1 Wkhq wkh frqmxj dwh p lqlp dovxuidfh I^± =P ↔ U^6 z lwk qrup do�hog Q^± =P ↔ V^5 lv gh�qhg dv vroxwlrq ri wkh v| vwhp

gI^± @ ±gI +57, Q^± @ Q

z khuh ± lv wkh Krgj h vwdu rshudwlrq z lwk uhvshfwwr wkh lqgxfhg p hwulf rq P 1 I urp wkh v| vwhp ri gl�huhqwldoht xdwlrqv lwlv reylrxv wkdwd p lqlp dovxuidfh dqg lwv frqmxj dwh duh lvrp hwulf dqg kdyh sdudoohoqrup doyhfwruv dwfruuhvsrqglqj srlqwv lq wkh vp rrwk fdvh1 Fxuuhqwo| / rqo| wkh p hwkrg ri Slqndoodqg Srowklhu ^<‘ vhhp v wr doorz wkh frqmxj dwlrq ri d qxp hulfdoo| frp sxwhg glvfuhwh p lqlp dovxuidfh z lwk uhdvrqdeoh uhvxowv1 Wkh p dlq gl! fxowlhv duh wr surylgh dffxudwh F^4 gdwd iurp qxp hulfdoo| rewdlqhg p lqlp dovxuidfhv uht xluhg iru wkh v| vwhp 571 Lq ^<‘ wkh glvfuhwh frqmxj dwlrq doj rulwkp lv edvhg wkh frqfhsw ri glvfuhwh kdup rqlf p dsv/ exwwkh p hwkrg glg qrwxqyhlowkh yduldwlrqdosurshuwlhv ri wkh frqmxj dwh vxuidfh1 Lq wkh iroorz lqj z h �uvwvkrz wkh duhd p lqlp dolw| ri wkh frqmxj dwh glvfuhwh p lqlp dovxuidfh/ dqg vhfrqg/ ghvfuleh d sudfwlfdodoj rulwkp e| uhirup xodwlqj wkh frqmxj dwlrq p hwkrg ri ^<‘ lq whup vri wkh frqmxj dwlrq ri kdup rqlf p dsvxvlqj frqirup lqj dqg qrq0frqirup lqj ixqfwlrqv ghulyhg lq wkh suhvhqwsdshu1

I ruvlp solflw| / frqvlghud Sodwhdx sureohp z lwk Glulfkohwfrqglwlrqv=irud j lyhq forvhg erxqgdu| fxuyh Λ ≫ U^6 �qg d vlp so| frqqhfwhg p lqlp dovxuidfh P ≫ U^6 z lwk CP @Λ1

F r ur oodu| 45 OhwP eh d frqirup lqj +uhvshfwlyho| qrq0frqirup lqj, wuldqjxodwlrq zlwk ydqlvklqj judglhqwri wkh glvfuhwh duhd ixqfwlrqdodwdoolqwhulru yhuwlfhv1 Lwv frqmxjdwh vxuidfh P_± lv frqvwuxfwhg e| urwdwlqj doowuldqjohv e| τ∂5 lq wkh rulhqwhg wuldqjoh sodqhv/ dqg e| dvvhp eolqj sdluv ri dgmdfhqwwuldqjohv dwwkh p lgsrlqwri wkhlu frp p rq hgjh1

P_± lv d fulwlfdosrlqwri wkh duhd ixqfwlrqdolq wkh vsdfh ri qrq0frqirup lqj +uhvshf0 wlyho| frqirup lqj, wuldqjxodwlrqv zlwk ffl{hg Glulfkohwerxqgdu| / dqg P_± lv xqltxh xs wr wudqvodwlrq1

S ur r i1 Vlqfh P lv duhd p lqlp do/ wkh lghqwlw| p ds lg =P ↔ P lv d frqirup do/ glvfuhwh kdup rqlf p ds z lwk duhd+lg+P ,, @H^G +lg =P ↔ P ,/

Dsso| lqj wkh frqmxj dwlrq doj rulwkp ri wkh suhylrxv vhfwlrqv wr wkh kdup rqlf frruglqdwh ixqfwlrqvri lg j lyhvd frqmxj dwh p ds lg_± =P ↔ P_± z klfk lvglvfuhwh kdup rqlf1Vlqfh lg_± lv urwdwlrq e| τ∂5 lq hdfk wuldqj oh/ lwlv lvrp hwulf rq hdfk wuldqj oh dqg frqirup do1 Wkhuh0 iruh/ P_± lv d fulwlfdosrlqwri wkh glvfuhwh duhd ixqfwlrqdolq wkh fodvv ri qrq0frqirup lqj

+uhvshfwlyho| frqirup lqj , wuldqj xodwlrqv1

Lq sudfwlfdodssolfdwlrqvwkhdvvxp swlrq ri wkhsuhylrxvfruroodu| / l1h1kdylqj d glvfuhwh p lqlp dovxuidfh wr vwduwz lwk/ lv kdugo| vdwlv�hg1 Riwhq/ p lqlp dovxuidfhv duh frp sxwhg e| vroylqj d yduldwlrqdosureohp z khuh wkh qxp hulfdop hwkrg vwrsv ehiruh uhdfklqj wkh devroxwh }hur ri wkh j udglhqw1 Wkh p hwkrg ri ^<‘ doorz v wr flufxp yhqwwklv gl! fxow| e| dsso| lqj wkh frqmxj dwlrq wr kdup rqlf p dsv lqvwhdg ri p lqlp dovxuidfhv1 Kdup rqlf p dsv duht xdgudwlf sureohp vz klfk fdq ehfrp sxwhg h{dfwo| frp sduhg wr wkhqrq0olqhdusurfhvv ri duhd p lqlp l}dwlrq1

Z h dssur{lp dwh d p lqlp dovxuidfh P yld d vht xhqfh ri kdup rqlf p dsv rq vxuidfhv1

Z h uhfdoowkh lwhudwlrq surfhvv lqwurgxfhg lq G}lxn ^7‘ iru p lqlp dovxuidfhv lq U_6/ dqg h{whqghg e| Rehunqdss dqg Srowklhu ^; ‘ wr V_6=

Doj r ulwkp 46 Wr frp sxwh wkh frqmxjdwh P_±^k ri wkh Sodwhdx sureohp P^k zlwk Glulfkohw erxqgdu| frqglwlrq Λ=

41 OhwP^3 eh d wuldqj xodwhg lqlwldovxuidfh z lwk erxqgdu| CP^3 @Λ1

51 OhwP^l eh d vxuidfh z lwk erxqgdu| Λ/ wkhq frp sxwh wkh vxuidfh P^{l. 4} dv p lqlp l}hu ri wkh Glulfkohwhqhuj | 4 5 ⊎ P^l ⇕⊓ +I^l =P^l ↔ P^{l. 4},⇕_5 @ p lq^{P >CP @Λ} 4 5 ⊎ P^l ⇕⊓ +I =P^l ↔ P ,⇕_5 /

Wklvxqlt xho| gh�qhvd Odsodfh0Ehowudp l kdup rqlf ixqfwlrq I^l z krvhlp dj hI^l+P^l, @

P^{l. 4} lv wkh qh{wvxuidfh1

61 Vhwl ↔ l . 4/ dqg frqwlqxh z lwk vwhs 5 xqwlowkh duhd j udglhqwri P^l lv uhdvrqdeoh vp doo1

71 Frp sxwh wkh kdup rqlf frqmxj dwh I_±^l ri I^l =P^l ↔ P^{l. 4}1

81 VhwP^k =@P^{l. 4} dvqxp hulfdodssur{lp dwlrq ri wkh Sodwhdx vroxwlrq/ dqg vhwP_±^k =@

I_±^l +P^l, dv dssur{lp dwlrq ri wkh frqmxj dwh p lqlp dovxuidfh1

Wklv doj rulwkp j hqhudwhv d vht xhqfh ri glvfuhwh vxuidfhv ⟩P_l| dqg yhfwru0ydoxhg kdu0 p rqlf p dsv ⟩ I_l =P_l ↔ P_{l. 4}| z klfk frqyhuj hv wr d p lqlp dovxuidfh li qr ghj hqhudwlrq rffxuv1 Lq rughuwr h{whqg wkh frqmxj dwlrq whfkqlt xh ri wkh suhylrxvvhfwlrqv wr wkh frp 0 sxwdwlrq ri wkh frqmxj dwh ri d p lqlp dovxuidfh z h doorz wkh vxuidfhv P_l wr eh hlwkhu doo frqirup lqj ru dooqrq0frqirup lqj wuldqj xodwlrqv1 Lq wklv fdvh wkh frruglqdwh ixqfwlrqv ri hdfk I_l duh glvfuhwh kdup rqlf ixqfwlrqv hlwkhu lq V_k ru V^±_k / dqg wkh lp dj h I^±_l +P_l, ri wkh frqmxj dwh kdup rqlf ri I_l lv d j rrg dssur{lp dwlrq ri wkh frqmxj dwh p lqlp dovxu0 idfh1 Wkh wz r dssur{lp dwlrqvP_k dqg P^±_k duh hlwkhud frqirup lqj dqg d qrq0frqirup lqj wuldqj xodwlrq/ ru ylfh0yhuvd1

Uhihuhqfhv

^4‘ G1Eudhvv1 I lqlwh Hohp hqwh1 Vsulqj hu Yhuodj / 4<: : 1

^5‘ V1F1Euhqqhudqg O1U1Vfrww1Wkh P dwkhp dwlfdoWkhru| ri I lqlwh Hohp hqwP hwkrgv1 Vsulqj hu Yhuodj / 4<<71

^6‘ S1Flduohw1 Wkh I lqlwh Hohp hqwP hwkrg iru Hoolswlf Sureohp v1 Qruwk0Kroodqg/ 4<: ; 1

^7‘ J 1G}lxn1 Dq doj rulwkp iru hyroxwlrqdu| vxuidfhv1 Qxp hu1P dwk1/ 8; =936�944/ 4<<41

^8‘ J 1 G}lxn dqg M1 H1 Kxwfklqvrq1 I lqlwh hohp hqwdssur{lp dwlrqv dqg wkh glulfkohw sureohp iru vxuidfhv ri suhvfulehg p hdq fxuydwxuh1 Lq K10F1Khj h dqg N1Srowklhu/ hglwruv/ P dwkhp dwlfdoYlvxdol}dwlrq/ sdj hv : 6�; : 1Vsulqj hu0Yhuodj / Khlghoehuj / 4<<; 1

^9‘ M1H1Kxwfklqvrq1 Frp sxwlqj frqirup dop dsv dqg p lqlp dovxuidfhv1 Surf1Fhqwu1 P dwk1Dqdo1/ Fdqehuud/ 59=473�494/ 4<<41

^: ‘ V1P oohu/ P 1Vwuxz h/ dqg Y1Vyhudn1 Kdup rqlf p dsv rq sodqdu odwwlfhv1 Whfkqlfdo Uhsruw4: / P SLOhls}lj / 4<<: 1

^; ‘ E1Rehunqdss dqg N1Srowklhu1 Dq doj rulwkp iru glvfuhwh frqvwdqwp hdq fxuydwxuh vxuidfhv1 Lq K10F1 Khj h dqg N1 Srowklhu/ hglwruv/ Ylvxdol}dwlrq dqg P dwkhp dwlfv/ sdj hv 474�4941Vsulqj hu Yhuodj / Khlghoehuj / 4<<: 1

^<‘ X1Slqndoodqg N1Srowklhu1Frp sxwlqj glvfuhwhp lqlp dovxuidfhvdqg wkhlufrqmxj dwhv1 H{shulp 1P dwk1/ 5+4,=48�69/ 4<<61

^43‘ W1Wvxfkl| d1 Glvfuhwh vroxwlrqv ri wkh Sodwhdx sureohp dqg lwv frqyhuj hqfh1 P dwk1 ri Frp s1/ 7<=48: �498/ 4<; : 1

: I lj xuh Ds s hqgl{

: 14 Kdup r qlf dqg Kr or p r us klf P ds v r q d Vt xduh J ulg

Frqirup lqj kdup rqlf p ds x ▽ V^k lqwhusrodwlqj Uh℘_5 Frqmxj dwh kdup rqlf x_± ▽ V_±^k lv d qrq0frqirup lqj p ds

Krorp rusklf sdlu +x>x_±, +427 gudz lqj , frp sduhg z lwk h{dfwvroxwlrq +j ulg, x_± glvsod| hg p lggoh 427 ri hdfk wuldqj oh1

: 15 Ds s olfdwlr q wr P lqlp doVxuidfhv

Frqirup lqj fdwhqrlg Qrq0frqirup lqj Frqmxj dwh

Qrq0frqirup lqj gxdori Kholfrlg Frqirup lqj Kholfrlg

4: