Long time behavior of one-dimensional stochastic dynamics

Michael Eckhoff^1, Markus Klein^2

Abstract: In this paper the authors analyze the long time behavior of certain Markov chains, namely jump processes of second order jump range, as the system size is growing. The motivation has its origin in statistical mechanics, where the time evolution of the magnetization in a Glauber dynamic of a mean field type spin system is considered. As a standard example might serve the Curie-Weiß model. The process considered can also be regarded as the space and time discrete analog of a one-dimensional randomly perturbed dynamical system. In leading order as the system size grows the authors derive in terms of the rate function of the reversible distribution transition probabilities and transition times describing metastability in this model. These quantities are characterized by second order difference equations for which the Green’s function has a particular simple structure. This approach leads to the classical problem of the asymptotic behavior of sums of Laplace type.

Keywords: Markov chains, Metastability, Reversibility, Curie-Weiß model, Mean field dynamic, Random perturbation of dynamical systems, Second order difference equation, Green’s function, Laplace’s method.

AMS Subject Classification: 82C44, 60K35

1Institut für Mathematik, Universität Potsdam, Am Neuen Palais 10, D-14469 Potsdam, Germany. e-mail: eckhoff@rz.uni-potsdam.de 2Institut für Mathematik, Universität Potsdam, Am Neuen Palais 10, D-14469 Potsdam, Germany.

e-mail: mklein@math.uni-potsdam.de

14/march/2000; 16:28 1

2 Section 0

Table of contents 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2. Representations of transition times and transition probabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3. Transition times and transition probabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 4. Appendix: Asymptotic behavior of sums of Laplace type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1. Introduction

This paper is devoted to the study of the long time behavior of one dimensional mean field dynamics as the system size grows. More precisely, we consider a finite state, irreducible jump process, discrete and homogeneous in time, on the state space [L, R] ∩ (Z/N) with reflecting boundary conditions. Moreover, we restrict the jump range to second order, i.e. every state except the boundary states, which have only one, has precisely two neighbors. We shall derive in terms of the free energy, namely the rate function of the reversible distribution, in leading order transition probabilities and several transition times between local minima including times of so called admissible transitions introduced in [BEGK].

Our main motivation stems from metastable features in Glauber dynamics of mean field type spin systems with only a single order parameter and where spins are allowed to take two values. For an expatiated exposition of the equilibrium situation consult e.g. [BG1]. Rather concerning the microscopic dynamics on the huge state space of spin configurations one should consider the induced mean field dynamic of the single order parameter, also called the magnetization. For different reasons the situation is (of course) special compared to the case, where several order parameters are included. One important difference is that in the latter case the induced dynamic is in general not markovian. Furthermore, the resulting state space for a single macroscopic observable is one-dimensional. Let us mention that there are special cases in higher dimensions in which the mean field dynamic is markovian, too, namely the Random Field Curie-Weiss model being two dimensional (see e.g. [MP], [BEGK]). Another speciality here even in one dimension is that mean field dynamics of two-valued spins have second order jump range. Regarding spin systems with spins that might assume more than two values the jump range of the induced dynamic increases according to the cardinality of the state space for a single spin. The explicit approach developed in this text is inapplicable for those situations and we will consider this case in a future publication with different methods. The interested reader will find the higher-dimensional context in [BGK]. Surprisingly, there are only very few articles in the literature studying this kind of problem. The most popular example of models described above might be the Curie-Weiss model (see e.g. [E] as a standard reference for the equilibrium situation) and we refer the reader to [CGOV], where metastability is studied in this model. According to the fact that this model is under certain choices of the exterior parameters a two-well problem, in the sense that in the thermodynamic limit the free energy possesses only two local minima, it does not reflect the multiple well situation discussed in this paper.

Passing formally to continuous space and time variables one obtains a randomly perturbed dynamical system on [L, R] with reflecting barriers at {L, R} whose generator looks like −εd^2/dx^2 + F^′_0d/dx and where ε ↓ 0. Those systems are intensively studied especially in the higher-dimensional context. A standard reference of this topic is [FW]. In particular in [Ku] this connection is studied. Hence, although the state space for fixed N is finite, one should rather think of a randomly perturbed dynamical system with conservative drift than of reversible Markov chains with rare transition probabilities and finite state space independent of N occurring also in the Freidlin-Wentzell theory which are used to analyze the long time behavior of the system. A small selection of papers concerning about this class of chains is given by [CC], [GT], [OS1], [OS2].

The main advantage we are gaining from the fact that the jump range is of second order is that an explicit approach by construction of the Green’s function is available. Consequently, one can consider quite weak conditions on the asymptotic character of the free energy. In addition, every irreducible jump process with jump range of second order possesses a reversible measure. There are of course alternative methods, which apply to non-reversible higher order jump processes. Large deviation theory could be used as well as WKB methods. But the former approach (see e.g. [BG2]) typically leads to errors living on a sub-exponential scale, while the latter one requires more regularity of the free energy. There is a large amount of papers employing WKB methods and even though a more detailed discussion of the literature in this context will follow as a likely incomplete list of references could serve [DM], [H], [vK], [KMST], [MR], [CoCo], [SP], [ST], [Wi]. Although we will develop the WKB method in a future publication for infinite order recurrence relations, to our point of view it is worthwhile pointing out before all the advantages of the special case considered here. To our knowledge there is no rigorous treatment of the problem to the degree of generality and accuracy achieved in here. An detailed survey on this topic is given in [vK], while for example in [MKST] they consider in a formal way expansions of WKB type. Rigorous results but in rather special situations are obtained in [H] for example. Standard references concerning the continuous case are given by [Wa] and [Ol].

We now continue with the introduction of the model. Fix L < R. For each N ≥ 1 consider the state space^3 Γ = Γ(N) = Z/N ∩ [L, R]. (1.1) I.1 Let (p_{xy}) = (p_{xy}(N))_{x,y∈Γ} be a transition matrix of an irreducible time discrete jump process on Γ with reflecting barriers at min Γ and max Γ; i.e. fix probabilities p_x = p_x(N) and q_y = q_y(N), 0 < p_x, q_y < 1 for x, x + 1/N, y, y − 1/N ∈ Γ and set

p_{xy} = p_x for y = x + 1/N, q_x for y = x − 1/N, 0 for |x − y| > 1/N (x, y ∈ Γ). (1.2) I.2

Denote by Q = Q(N) the reversible distribution of the chain defined on the algebra {I | I⊂Γ} of subsets of the state space, i.e. detailed balance holds Q{x}pxy = Q{y}pyx (x, y ∈ Γ). (1.3) I.4 Note that of course Q is the invariant distribution of the chain. Since the jump range is of second order, it is easy to compute Q(N, {x}) = [∑ l∈Γ ∏ l≤j<max Γ q_{j+1/N} p_j ]_{−1} ∏ x≤j<max Γ q_{j+1/N} p_j (1.4) I.4a We hope that the products are self-explanatory. Define the free energy function F (N, ·) to be F (N, x) = −(1/N) log(Q(N, {x})) (x ∈ Γ). (1.5) I.3 Throughout the text we stipulate that estimates abbreviated by Landau-symbols are always understood to be uniform in the argument as well as in the large parameter.

In the ’interior’ of the state space we demand the following conditions on the transition matrix (p_{xy}) and the free energy F (N, ·):

Hypothesis 1.1: F (N, ·) ∈ C[L, R] for all N ≥ 1. There are constants μ ∈ N\{0, 1}, 0 < ν ≤ 1, δ > 0, a sequence C_N and functions^4 F_0 ∈ C^{μ+1}(L, R) ∩ C[L, R], F_1(N, ·) ∈ C[L, R] such that locally in (L, R) as N → ∞ F (N, x) = F_0(x) + N^{ν/μ−1}F_1(N, x) + C_N + O ( N^{−(1+δ)} ) . (1.6) I.8 3In order to simplify the notations we mostly suppress the dependence of the large parameter N. We will keep this dependence, where we think it is helpful.

4It is sufficient to require that F0 ∈ C0^{,δ} (L, R) and that at each local maximum or minimum x0 there is μ = μ(x0) ∈

N\{0, 1} such that locally around x0 F0 ∈ C^μ and obeys F0(x) − F0(x0) ∼ f0(x0)(x − x0)^μ. Of course, ν = ν(x0)

may also depend on the critical point, but F1(N, ·) has at least to be locally Hölder-continuous. Furthermore, another obvious generalization is relaxing the conditions to the case μ ∈ (1, ∞).

At each critical point L < x_0 < R of the leading order F_0 we have

F_0(x) − F_0(x_0) ∼

F^{(μ)}_0 (x_0) μ! (x − x_0)^μ (x → x_0). (1.7) I.9 F_0|Γ is assumed to be generic in the sense that values of different arguments (x, y, z) of the function F_0(y) + F_0(z) − F_0(x) defined on local maxima y, z ∈ Γ and local minima x ∈ Γ of F_0|Γ differ at least by an amount^5 δ.

There is a number σ > 0 and a function F_{1,1}(N, ·) on (L, R) which is locally bounded in (L, R) uniformly in N such that locally in x, y ∈ (L, R)

F_1(N, y) = F_1(N, x) + F_{1,1}(N, x)(y − x)^ν + O(|y − x|^{ν+σ} ). (1.8) I.10 In a neighborhood of each critical point x_0 of F_0 the jump probabilities are γ-Hölder-continuous uniformly in N, i.e. there are γ, b > 0 independent of N such that |p_x − p_y|, |q_x − q_y| = O (|x − y|^γ ) (|x − x_0|, |y − y_0| ≤ b). (1.9) I.23 The jump probabilities are strictly positive in a neighborhood of the critical points of F_0^6, more precisely, there is c > 0 independent of N such that min dist(x,±1)≥(1−δ) dist(C_{F0} ,±1) p_x, q_x ≥ c, (1.10) I.24 where C_{F0} denotes the set of critical points of F_0 on (L, R).

Furthermore we assume that the transition matrix (p_{xy}) and the free energy F (N, ·) obey the following ’boundary behavior’:

Hypothesis 1.2: The free energy F (N, ·) is non-decreasing in direction to the boundary, more precisely ±F (N, ·) is non-decreasing on the set of points x ∈ [L, R] such that dist(x, {L, R}) ≤ ρ for suitable ρ > 0 independent of N.

The jump probabilities converge not faster than sub-exponential to zero, i.e. there is δ < 1 satisfying min x∈Γ\ max Γ,y∈Γ\ min Γ p_x, q_y ≥ e^{−N δ} (1.11) I.25 Let P and E be the law, respectively, the expectation of the Markov chain given by the transition

matrix (p_{xy}). Let X_t, t ∈ N, be the position of the chain at time t. For x ∈ Γ and I⊂Γ let τ^x_I be the time after^7 zero of the first visit of I while the walk starts in x

τ^x_I = min{t > 0 | X_t ∈ I, X_0 = x}. (1.12) I.5 We abbreviate τ^x_y = τ^x_{{y}} for the transition time from x to y. For convenience it is stipulated τ^x_∅ ≡ ∞. Let us mention that the general theory of irreducible death and birth chains tells us that (in fact every power of) the stopping time τ^x_I has finite mean^8.

5There is no problem in considering the generic case, but the reader will notice that the generalizations are quite obvious so as not to burden clarity to much we renounce this point.

6Let us stress once more that we do not aim at the most general conditions. For example it would be enough to require that the probabilities are locally bounded below by an amount that converges at most polynomially fast to zero.

7This notation is chosen for convenience as we will see in chapter 3.

8More precisely, due to the Perron-Frobenius theorem on the largest eigenvalue of positive matrices the distribution function P[τ^x_y > t] converges exponentially fast to zero as t tends to infinity.

The structure of the article consists of two chapters and an appendix. In chapter two we construct the Green’s function of the operator (δ_{xy} − p_{xy})_{xy}, where δ_{xy} denotes Kronecker’s delta, with respect to generic boundary conditions and we compute this function in cases we are interested in, namely for Dirichlet and Neumann-Dirichlet conditions. Transition times and transition probabilities solve due to the Markov property certain inhomogeneous boundary-value-problems for (δ_{xy} −p_{xy}). Combining their representation with detailed balance they are expressed as sums of Laplace type. Their asymptotic behavior is discussed in detail in the appendix. The main reason for writing this appendix is that for the asymptotic behavior of very fast transition times we need uniform control in the domain of summation for sums of Laplace type. In chapter three we exploit the analysis of chapter two and the appendix. The quantities characterizing metastability in this model are derived in precise leading order sharpening the results written in [BEGK].

2. Representations of transition times and transition probabilities

Due to the Markov property transition times and transition probabilities in time-discrete jump processes viewed as functions of their starting point solve certain boundary value problems. Their explicit solution leads to representations of these quantities which are analytically tractable as N tends to infinity. This chapter is devoted to these well-known representations (see e.g. [vK]). We remark here that as we will see below it is crucial to be in the stochastic context of jump processes for the explicit approach we are following.

Let (p_{xy}) denote the transition probabilities of the Markov chain defined in (1.2). Fix a, b ∈ Γ, a < b and set İ = {x ∈ Γ | a < x < b}, I = {x ∈ Γ | a ≤ x ≤ b}, etc. Define L_I : R^I → R^İ to be the operator L_I u(x) = u(x) − ∑ y∈I p_{xy}u(y) (x ∈ İ). (2.1) B.1 Let α = (α_1, α_2), β = (β_1, β_2) ∈ R^2 be vectors such that α_1, β_1 ≠ 0. For f ∈ R^İ and g ∈ R^{{a,b}} we want to consider the equation L_I u(x) = f(x) (x ∈ İ), (2.2) B.2 with respect to the boundary conditions Bu = g, (2.3) B.3 where Bu(a) = α_1u(a) + α_2u(a + 1/N) and Bu(b) = β_2u(b − 1/N) + β_1u(b) for u ∈ R^I . Clearly, the solution of (2.2) and (2.3) can be written as the sum of a solution solving the homogenous equation L_I u = 0 and the boundary condition Bu = g and of a solution solving the inhomogeneous equation L_I u = f with respect to homogenous boundary values Bu = 0. We shall proceed with constructing the Green’s function of the latter problem due to homogenous boundary values, namely, we shall construct the kernel of the inverse (L^B_I )^{−1}, if it exists, of the operator

L^B_I = L| ker B → R^İ , where ker B = {u ∈ R^I |Bu = 0}. (2.4) B.4 The procedure is parallel to the continuous situation. Since later on we will use a fundamental, i.e. linearly independent set of solutions of the homogenous equation L_I u = 0 for the construction, as a side effect we already know how to solve the homogenous equation with respect to inhomogeneous boundary values. The structure of solutions of the homogenous equation (2.2) is well understood when writing it as a first order system. More precisely, associating to a solution u(x) of the homogenous equation the vector ⃗u(x) = (u(x), u(x + 1/N))^t for x ∈ I\b this vector is given by ⃗u(x) = A_x . . . A_{a+1/N} ⃗u(a) or equivalently by ⃗u(x) = B_{x+1/N} . . . B_{b−1/N} ⃗u(b − 1/N). Here we have defined

A_x = ( 0 1 −^{qx}_{px} 1 +^{qx}_{px} ) , B_x = (A_x)^{−1} = ( 1 +^{px}_{qx} −^{px}_{qx} 1 0 ) (x ∈ Γ\{min Γ, max Γ}). (2.5) B.7 For convenience let us introduce x_< = min(x, y) and x_> = max(x, y) for two numbers x, y ∈ R. We then have

Lemma 2.1: Assume that α, β ∈ R^2 in (2.3) are chosen in a way that there exists a fundamental pair of solutions (w_1, w_2) satisfying Bw_1(a) = 0, Bw_2(b) = 0. Then, the Green’s function G^B_I (y, x) of the operator L^B_I is given by G^B_I (y, x) = w_1(x_<)w_2(x_>) p_yW (y) (x ∈ I, y ∈ İ), (2.6) B.5 where W denotes the Wronski determinant with respect to the pair (w_1, w_2), i.e. with the notation introduced before (2.5) W (x) = det( ⃗w_2(x), ⃗w_1(x)) (x ∈ I\b). (2.7) B.6

Proof: Note that the Wronskian solves the equation W (x) = det A_xW (x − 1/N) for x ∈ I\a and W (x − 1/N) = det B_xW (x) for x ∈ I\b, where A_x and B_x are defined in (2.5). Hence, since (w_1, w_2) are linearly independent, the Wronski determinant has no zero and G = G^B_I is welldefined. That G satisfies the following conditions is straightforward:

(i) For fixed y ∈ İ as a function of x ∈ I G(y, x) solves the homogenous equation L_I G(y, ·)(x) = 0 for x ∈ İ\y. (ii) G(y, ·) = 0 satisfies the homogenous boundary conditions BG(y, ·) = 0 for each y ∈ İ. (iii) We have the following jump condition for first differences p_y(G(y, y +1/N)−G(y, y))+q_y(G(y, y − 1/N) − G(y, y)) = −1 for y ∈ İ. Obviously, (i), (ii), (iii) imply that for f ∈ R^İ the function u(x) = ∑ y∈İ f(y)G(y, x) (x ∈ I) (2.8) B.6a

solves L^B_I u = f. Dimension counting shows that L^B_I is invertible and G is the kernel of its inverse. ♦

The reason for regarding death and birth chains only is that it is quite easy to compute explicit solutions of the homogenous equation L_I u = 0, while in higher order recurrences this is not the case and one has to introduce other methods. The helpful fact in here is that 1 is a common eigenvalue with common eigenvector (1, 1)^t for all matrices A_x, B_x defined in (2.5). Hence, of course u(x) ≡constant are solutions of the homogenous equation L_I u = 0. Furthermore, starting with the vector ⃗u(a) = (0, 1)^t at the point a we compute for x ∈ İ

(A_x . . . A_{a+1/N} ⃗u(a))_1 = 1 + q_{a+1/N} p_{a+1/N} + . . . + q_{a+1/N} p_{a+1/N} . . . q_{x−1/N} p_{x−1/N} . (2.9) B.8 Starting with ⃗u(b − 1/N) = (1, 0)^t at b we obtain (B_{x+1/N} . . . B_{b−1/N} ⃗u(b − 1/N))_1 = 1 + p_{b−1/N} q_{b−1/N} + . . . + p_{b−1/N} q_{b−1/N} . . . p_{x+1/N} q_{x+1/N} . (2.10) B.9 Here (v)_i denotes the i-th component of a vector v ∈ R^2 with respect to the standard basis and we use the convention that empty products are interpreted as one. As we shall see later on we are only interested in Dirichlet and mixed Dirichlet Neumann conditions. Let us remark here that in terms of the process a point carrying a Neumann condition indicates a reflecting barrier, while a Dirichlet condition stands for an absorbing barrier. In the following the superscript D indicates Dirichlet conditions at a and b, i.e α = β = (1, 0), while the superscript ND stands for Neumann condition at a and Dirichlet condition at b, i.e. α = (1, −1) and β = (1, 0). As it is documented in (2.9) and (2.10) the functions w^D_I (·; c), c = a, b, defined in (2.11) form a fundamental set for the operator L_I satisfying the conditions of Lemma 2.1 with respect to Dirichlet boundary conditions.

w^D_I (x; c) = [ ∑ a<l≤b ∏ a<k<l q_k p_k ]_{−1} ∑ a<l≤x ∏ a<k<l q_k p_k for c = a [ ∑ a≤l<b ∏ l<k<b p_k q_k ]_{−1} ∑ x≤l<b ∏ l<k<b p_k q_k for c = b (x ∈ I). (2.11) B.10

Here we stipulate that sums over the empty set are understood to be zero and products to be one. Furthermore, we observe that the functions w^{ND}_I (x; a) ≡ 1 and w^{ND}_I (x; b) ≡ w^D_I (x; b)/(ND)w^D_I (a; b) may serve as a fundamental set of solutions for constructing the Green’s function due to Dirichlet condition at b and Neumann condition at a. Note that (ND)w^D_I (a; b) = w^D_I (a; b)−w^D_I (a+1/N; b) ≠ 0. The transition probability P[τ^x_b < τ^x_a ] when starting in x ∈ (a, b) to reach b before a solves as a function of x the homogenous problem (2.2) with Dirichlet boundary values g(b) = 1 at b and g(a) = 0 at a. This follows immediately from (2.12) in the following Lemma in the case y = b, K = ∂{x} ∪ x, J = a summing over t ∈ N. Here the boundary of a set is the set of communicating points in the complement. From the strong Markov-property we obtain the fundamental (see also [BEGK])

Lemma 2.2: Let x, y ∈ Γ be arbitrary points and J, K arbitrary subsets of Γ. Then for every t ∈ N we have

P[τ^x_y = t, τ^x_y ≤ τ^x_J ] = P[τ^x_y = t, τ^x_y ≤ τ^x_{J∪K} ] + ∑ 0<s<t ∑ z∈K\(J∪y) P[τ^x_z = s, τ^x_z = τ^x_{K∪J∪y}]P[τ^z_y = t − s, τ^z_y ≤ τ^z_J ]^{(2.12)} B.24

Proof: (2.12) follows by construction writing out the definitions. ♦

Similarly, the expected time E[τ^x_b ] to reach b from x solves problem (2.2) with inhomogeneity f(x) = 1 for x ∈ (min Γ, b), Dirichlet boundary value g(b) = 0 at b and Neumann boundary value g(min Γ) = 1/p_{min Γ} at min Γ. Furthermore, the expected time E[τ^x_b , τ^x_b < τ^x_a ] = E[τ^x_b 1I_{{τ} x_{b <τ} x_{a }}] to reach b before a from x is the solution of (2.1) with inhomogeneity f(x) = P[τ^x_b < τ^x_a ] for x ∈ (a, b) and Dirichlet boundary values g(a) = g(b) = 0 at a and b. Thus we may apply Lemma 2.1 to obtain the representations:

Corollary 2.3: Fix a, b, b_1, b_2 ∈ Γ such that a < b and b_1 < a < b_2. We have

P[τ^a_b < τ^a_a ] = ( ∑ a<x≤b q^{−1}_x e^{N(F (N,x)−F (N,a))} )_{−1} , (2.13) B.12 E[τ^a_b |τ^a_b < τ^a_a ] = ∑ a<l≤j≤r<b(qlpr) −1e^{N(F (N,l)−F (N,j)+F (N,r))} ∑ a<l≤b q −1 l e^{NF (N,l)} , (2.14) B.13 E[τ^a_a , τ^a_a < τ^a_{b1 ∪b2} ] = e^{NF (N,a)} ( ∑_{a<j≤l,r<b2} (p_lp_r)_{−1}e_{N(−F (N,j)+F (N,l)+F (N,r))} (∑ a≤l<b_2 q −1 l e^{NF (N,l)} )_2

+ ∑ b_1 <l,r≤j<a(qlqr) −1e^{N(F (N,l)+F (N,r)−F (N,j))} (∑ b_1 <l≤a p −1 l e^{NF (N,l)} )_2 ) , (2.15) B.23

E[τ^a_b ] =^∑_{a≤l<b} min Γ<k≤l p^{−1}_l e^{N(F (N,l)−F (N,k))} (2.16) B.14

Proof: The considerations preceding the Corollary show that the functions on both sides of the following equation solve the same Dirichlet problem. Hence, we have

P [τ^x_b < τ^x_a ] = w^D_I (x; a) (x ∈ İ), (2.17) B.15 where we have set I = [a, b]. Invoking the Markov property for the step form a to a + 1/N (2.17) gives

P[τ^a_b < τ^a_a ] = paw^D_I (a + 1/N; a). (2.18) B.16

Combining (2.11) with the following elementary consequence of the detailed balance condition (1.3) and the definition (1.12) j∏ k=i p_k q_k = p_j e^{−NF (N,j/N)} q_ie^{−NF (N,i/N)} (i, j ∈ Γ, i ≤ j), (2.19) B.17 we are led to

w^D_I (x; c) = [ ∑ a<l≤b q −1 l e^{NF (N,l)} ]_{−1} ∑ a<l≤x q −1 l e^{NF (N,l)} for c = a [ ∑ a≤l<b p −1 l e^{NF (N,l)} ]_{−1} ∑ x≤l<b p −1 l e^{NF (N,l)} for c = b (x ∈ I). (2.20) B.18

Hence combination of (2.18) with (2.20) and using (1.3) again proves (2.13). The proof of (2.14) is similar. Set I = [a, b]. The representation of the solution of the boundary value problem solved by I ∋ x → 1I_İ (x)E[τ^x_b , τ^x_b < τ^x_a ] via the corresponding Green’s function in combination with (2.17) and the Markov property for one step give

E[τ^a_b , τ^a_b < τ^a_a ] = pa^∑_{a<j<b} w^D_I (j; a)G^D_I (j, a + 1/N). (2.21) B.19 Combining (2.21) with (2.6) for Dirichlet conditions and (2.17) yields E[τ^a_b |τ^a_b < τ^a_a ] =^∑_{a<j<b}^{wDI (j; b)wDI (j; a)} p_j W^D_I (j)

, (2.22) B.20 where W^B_I denotes the Wronski determinant with respect to the pair (w^B_I (·; a), w^B_I (·; b)) defined in (2.7) for B = D, ND. The equations solved by the Wronskian written in the beginning of the proof of Lemma 2.1 imply

W^B_I (x) = W^B_I (a) ∏ a<k≤x q_k p_k = W^B_I (b − 1/N) ∏ x<k<b p_k q_k (x ∈ İ), (2.23) B.11 which in view of (2.19) and (1.3) equals W^B_I (x) = W^B_I (a)(p_a/p_x)e^{N(F (N,x)−F (N,a))} = W^B_I (b − 1/N)(q_b/p_x)e^{N(F (N,x)−F (N,b))} (x ∈ İ). (2.24) B.11a Combining the latter equality in (2.24) with the equation W^D_I (b − 1/N) = w^D_I (b − 1/N; b), inserting the result into (2.22) and invoking (2.20) it is straightforward to arrive at (2.14). In order to prove (2.15) the Markov property for a single step implies

E[τ^a_a , τ^a_a < τ^a_{b1 ∪b2} ] = paE[τ^{a+1/N}_a , τ^{a+1/N}_a < τ^{a+1/N}_{b2} ] + qaE[τ^{a−1/N}_a , τ^{a−1/N}_a < τ^{a−1/N}_{b1} ]. (2.25) B.22a Replacing b by b_2 the same arguments leading to (2.22) show E[τ^{a+1/N}_a , τ^{a+1/N}_a < τ^{a+1/N}_{b2} ] =^∑_{a<j<b} 2 w^D_I (j; b_2)^2w^D_I (a + 1/N; a)

p_j W^D_I (j)

. (2.26) B.22 As before combining the first equality in (2.24) with the equation W^D_I (a) = w^D_I (a + 1/N; a), inserting the result into (2.26) and invoking (2.20) yields the first term in the sum on the right-hand side of

(2.15). Repeating the procedure for the second term in the sum on the right-hand side of (2.25) proves (2.15).

Again, application of (2.6) to the solution of the boundary value problem solved by I ∋ x → 1I_İ (x)E[τ^x_b ], where I = [min Γ, b], leads for a ∈ İ to the representation

E[τ^a_b ] =^∑ k∈İ G^{ND}_I (k, a) + (1/p_{min Γ})w^{ND}_I (a; b)

= ∑ a≤k<b w^{ND}_I (a, min Γ)w^{ND}_I (k, b) p_kW^{ND}_I (k) + ∑ min Γ≤k<a w^{ND}_I (k, min Γ)w^{ND}_I (a, b) p_kW^{ND}_I (k) . (2.27) B.21

Recall that we have chosen w^{ND}_I (·; b) = w^D_I (·; b)/(ND)w^D_I (min Γ; b) and w^{ND}_I (·; min Γ) = 1. In particular, we have W^{ND}_I (min Γ) = 1, which was used in the second equality on the right-hand side of (2.27). Combining the latter equality in (2.24) with W^{ND}_I (b − 1/N) = w^{ND}_I (b − 1/N; b) and inserting (2.20) once more we obtain (2.16) from (2.27). ♦

3. Transition probabilities and transition times

In this chapter several probabilities and expected times associated to a transition from one local minimum to another are investigated in leading order. The asymptotic formulas are determined by the structure of the free energy F (N, ·) and we have to introduce some notation concerning the energy landscape of the leading part F_0. The notation is made in a way that it easily ranges in those in [BEGK]. Naturally the notation appears sometimes to be slightly long winded. But still, we think it is worthwhile for the reader, who is interested in the higher dimensional problem. Let M = M(N) be the set of local minima of F_0 on Γ, i.e.

M = {x ∈ Γ | x is a local minimum of F_0|Γ}. (3.1) M.1 With slight abuse of notation we refer to points in M as to local minima of F_0. Actually, using any other point in a vicinity of order N^{−1/μ−δ}, δ > 0, of a local minimum x of F_0 will not alter the asymptotics presented in this chapter.

With respect to the process let V (z) for z ∈ Γ be the (maximal) irreducible component of level set {x̃ ∈ Γ | F_0(x̃) ≤ F_0(z)} containing z. A point z is called a saddle if and only if the set V (z)\z is decomposed into two irreducible valleys V^±(z) with the convention that min F_0(V^−(z)) ≤ min F_0(V^+(z)). Of course, being in the generic situation the definition is equivalent in saying that z is a local maximum of F_0|Γ. Let E = E(N) denote the set of saddles. The choice of the letter E has its origin in the d-dimensional context, where so called essential saddles E with signature d − 2 are distinguished from others, while for d = 1 every saddle is essential. For I⊂M\x we define z(x, I) ∈ E to be the unique saddle with minimal energy such that the event of visiting I before x without exceeding the energy F_0(z(x, I)) is not absurd, i.e. with L_z = {(F_0|Γ) > F_0(z)} set

z(x, I) = arg min z∈E:P[τ^x_I <τ^x_{Lz} ]>0 F_0(z). (3.2) M.2 Genericness of F_0|Γ guarantees that z(x, I) is well defined. Let us remark here that the concepts are given in a way that they can naturally be extended to the non-generic case replacing points by sets. We abbreviate z(x, y) = z(x, {y}) and stipulate z(x, I) = x if x ∈ I.

In order to extract precise asymptotic formulae for the quantities in question via the representation presented in chapter 2 using detailed balance one is reduced to evaluate several sums of Laplace type. In the following Lemma we summarize their common structure and consider the obtained formula in the so called Gaussian case. Let us remark here that the results of Lemma 3.1 do not require the control of Laplace sums uniform in the domain of summation which we have paid a great deal of attention to in the appendix. As a rule the asymptotic features of transition probabilities and those transition times, during which the particle might visit other wells, are of local nature. This is meant in the sense that the limiting properties of the transition matrix and of the free energy at suitable minima and saddles, which of course depend on the global character of the energy landscape, already determine the leading behavior. They can all be treated by means of Lemma 3.1. There is one exception, where the sum of Laplace type has to be controlled uniform in the argument, namely the transition time of the transition from one minimum to another under the condition that the particle does not visit any other minimum on its way. The asymptotic of this time is characterized only by the whole structure of the transition matrix and the free energy on the state space between both minima. By f(N, x) ≍ 1 we abbreviate the property of the existence of constants C > c > 0 independent of N such that c ≤ f(N, x) ≤ C for all x and we say that the order of magnitude of the function f is one. We write f ≍ g if and only if the order of magnitude of f/g is one. Furthermore, we make the general assumption that every sequence of minima and every sequence of regions are chosen in a way that they converge to a limiting object modulo additional errors of order O(1/N). For example for the sequence of regions Δ = Δ_N chosen in the next Lemma it is implicitly assumed that there is a suitable region D⊂R^k independent of N sufficing Δ_N = D + O(1/N).

Lemma 3.1: Assume that Hypothesis 1.1 and 1.2 hold. Fix k = 1, 2, 3, a subset Δ⊂Γ^k and locally uniform γ-Hölder-continuous functions g_i(N, ·) satisfying g_i(N, x) ≍ 1 locally uniform in x ∈ (L, R) and |g_i(N, x)| ≍ e^{−N δ} on [L, R] for suitable δ < 1. Consider the sum S(N, Δ) = ∑ x∈Δ g_1(N, x_1) . . . g_k(N, x_k )e^N (_{−F (N,xk)+}∑_{k−1} i=1 F (N,x_i) ) . (3.3) M.6a

Define x^∗ = (x^∗_1, . . . , x^∗_k) ∈ E^{k−1} × M by

x^∗ = arg max_{x∈Δ} −F (N, x_k) + k−1∑ i=1 F (N, x_i). (3.4) M.6 Assume in addition that x^∗ is well in the ’interior’ of the region Δ, i.e. dist(x^∗, Γ\Δ) ≥ c > 0 for suitable c > 0 independent of N. Then, there is ε > 0 such that S(N, Δ) = ( 1 + O ( N^{−ε} )) g_1(N, x^∗_1) . . . g_k(N, x^∗_k )Σ(N, x^∗_1) . . . Σ(N, x^∗_k) N^{k−k/μ}e^{−N} (_{F (N,x∗k)−}∑_{k−1} i=1 F (N,x^∗_i ) ) , (3.5) M.7 where for each critical point w ∈ E ∪ M we have defined Σ(N, w) = 2(μ!/|F^{(μ)}_0 (w)|)^{1/μ} Fi(ν/μ, 1/μ; ±μ^{−ν}F_{1,1}(N, w)(μ!/|F^{(μ)}_0 (w)|)^{ν/μ} ), (3.6) M.3 where the sign is negative in the case that w is a local minimum and positive if w is a saddle. Here Fi denotes Faxen’s integral defined as Fi(α, β, s) = ∫_∞ 0 e^{w+swα} w^{β−1}dw. It follows for every critical point w that Σ(N, w) ≍ 1 as N tends to infinity .

Furthermore, assume that the asymptotic development F (N, ·) = F_0 +N^{−1/2}F_1 +N^{−1}F_2 +O(N^{−3/2})+ C_N holds locally uniform on (L, R), where F_0 ∈ C^2(L, R), F_1, F_2 ∈ C^{1,1}(L, R). Suppose that the functions g_i(N, ·) are locally uniformly Lipschitz-continuous. It follows that we may choose ε = 1/2 in (3.5), while Σ(N, w) = ( 1 + O ( N^{−1/2} )) 4|F^{′′}_0 (w)|^{−1/2}e^{±(1/4)F ′1 (w)2/|F ′′0 (w)|} ∫_∞ ∓(1/2)F^′_1 (w)/|F^{′′}_0 (w)|^{1/2} e^{u2 /2}du (3.7) M.4 with the same convention for the sign as in (3.6). In particular in the Gaussian case ,namely if F_1(·) ≡constant, we have Σ(N, w) = ( 1 + O ( N^{−1/2} )) 2^{3/2}(π/|F^{′′}_0 (w)|)^{1/2}.

Proof: Since F_{1,1}(N, w) is bounded, obviously the order of magnitude of the sequence S(N, w) is one.

By means of the following equation (3.8) in combination with the continuity result obtained in (4.35) the cases summarized in (3.7) follow directly from the definitions using the variable u = (2w)^{1/2} and from evaluation of a standard Gauss integral. Under the stronger assumptions on the free energy it holds that μ^{−ν} F_{1,1}(N, w)(μ!/|F^{(μ)}_0 (w)|)^{ν/μ} = 2^{−1/2}F^′_1(w)/|F^{′′}_0 (w)| + O(N^{−1/2}) (3.8) M.4a In order to prove (3.5) we remark that due to genericness of F_0|Γ x^∗ is well defined. Fix √ kc > 0 smaller than the distance of x^∗ to the region Γ\Δ. Invoking the lower bounds on the amplitudes g_i, the quadratic behavior of F_0 at lim x^∗_i ∈ C_{F0} , i = 1, . . . , k, written in (1.7), uniform H´’older continuity of the subleading term F_1(N, ·) from the form of the free energy of F (N, ·) given in (1.6) one easily concludes that for suitable δ > 0 S(N, Δ) = ( 1 + O ( e^{−Nδ} )) ∑ |x−x^∗_k |≤c g_k(N, x)e^{−NF (N,x)} k−1∏ i=1 ∑ |x−x^∗_i |≤c g_i(N, x)e^{NF (N,x)}. (3.9) M.8

Splitting the sum to the index i on the right-hand side of (3.9) at x^∗_i (4.39) applies to all 2k sums yielding (3.5) and the refined statement under the stronger condition concerning the amplitudes and the free energy. ♦

We now proceed in combining the results of chapter two and the previous Lemma. The first Proposition tells us that the rate of a transition probability is given by the energy difference between the saddle associated with the transition and the starting minimum. Moreover, the polynomial order of the amplitude in the large parameter is determined by the diffusive character connected with the degree of degeneracy of F_0 at the saddle, while the constant in the amplitude is given by the curvature of F_0 and the subleading part of the free energy at the saddle.

Proposition 3.2: Assume that Hypothesis 1.1 and 1.2 are satisfied. Let a, b ∈ M be different. Let z = z(a, b) ∈ E be the saddle between a and b defined in (3.2). Then there is ε > 0 such that the probability of reaching b before a when starting in a behaves like P[τ^a_b < τ^a_a ] =^(1 + O^(N^{−ε))} (qzpz)^{1/2}Σ(N, z)^{−1}N^{1/μ−1}e^{−N(F (N,z)−F (N,a))}, (3.10) M.9 where Σ(N, z) is defined in (3.6). In particular, in the Gaussian case we obtain

P[τ^a_b < τ^a_a ] =^(1 + O^(N^{−1/2))} 2^{3/2}(qzpz)^{1/2}(|F^{′′}_0 (z)|/π)^{1/2}N^{−1/2}e^{−N(F (N,z)−F (N,a))}. (3.11) M.10

Proof: Without loss we may assume that a < b. Applying Lemma 3.1 to the sum on the right-hand side of (2.13) proves (3.10), where we have used that the assumptions ensure q_w ≡ p_w modulo factors of required order. (3.11) follows from the refinement of (3.5) written in Lemma 3.1. ♦

Given a local minimum x ∈ M and a set I⊂M denote by C_x(I)⊂M\I the set of local minima in the irreducible component of Γ\(I ∪ x) that contains x. In higher-dimensional lattices usually C_x(I) coincides with the set M\I. Again we abbreviate C_x(y) = C_x({y}). As a Corollary using the renewal structure of the process we obtain

Corollary 3.3: Fix three different minima a, b_1, b_2 ∈ M such that a lies between b_1 and b_2, i.e. C_a(b_1 ∪ b_2) ≠ ∅. Let z_1 = z(a, b_1) and z_2 = z(a, b_2) be the saddles between a and b_1, b_2 respectively defined in (3.2). Suppose the saddle energy of the transition from a to b_1 is higher than that of the transition from a to b_2, i.e. F_0(z_1) > F_0(z_2). Under the assumptions of the previous Lemma it follows the existence of ε > 0 such that

P[τ^a_{b1} < τ^a_{b2} ] =^(1 + O^(N^{−ε))} ( q_{z1} p_{z1} q_{z2} p_{z2} )_{1/2} Σ(N, z_2) Σ(N, z_1) e^{−N(F (N,z1)−F (N,z2))}, (3.12) M.12 where Σ(N, z_1) and Σ(N, z_2) are defined in (3.6). In particular, in the Gaussian case we obtain

P[τ^a_{b1} < τ^a_{b2} ] =^(1 + O^(N^{−1/2))} ( q_{z1} p_{z1} q_{z2} p_{z2}

)_{1/2} ( |F^{′′}_0 (z_2)| |F^{′′}_0 (z_2)| )_{1/2} e^{−N(F (N,z1)−F (N,z2))}, (3.13) M.13

Proof: Dividing the paths contributing to the probability on the left-hand side of (3.12) wether they return to a before visiting b_1 from (2.12) we obtain

P[τ^a_{b1} < τ^a_{b2} ] = P[τ^a_{b1} < τ^a_{{b2 ,a}}] + P[τ^a_a < τ^a_{{b2 ,b1}}]P[τ^a_{b1} < τ^a_{b2} ]. (3.14) M.14 Equivalently we may write

P[τ^a_{b1} < τ^a_{b2} ] = P[τ^a_{b1} < τ^a_{{b2 ,a}}] P[τ^a_{{b2,b1}} < τ^a_a ]^{. (3.15)} M.15 Being one dimensional from (3.10) and (3.15) it follows (3.12), while (3.11) shows (3.13). ♦

We now turn to the various expected times of a transition. The exponential rate in terms of the free energy of these times is always determined by a common mechanism, which can be interpreted nicely (see also [BEGK]). For, fix a local minimum x ∈ M and a subset I⊂M\x. We define the effective depth as the depth of the valley V = V^±(z(x, I)) containing x, i.e.

d_0(x, I) = F_0(z(x, I)) − min F_0(M ∩ V ). (3.16) M.16 Let (c)_+ = (1/2)(|c| + c) denote the positive part of a number in c ∈ R. For local minima x, y ∈ M and a subset I⊂M\x we denote by m(x, y, I)⊂M the set of effective minima of the transition from x to y under the condition of avoiding I, i.e. m(x, y, I) = arg max_{x′∈Cx(I∪y)} − (F_0(z(x, x^′)) − F_0(z(x, I ∪ y)))_+ − (F_0(z(x^′, y)) − F_0(z(x^′, I)))_+ + (F_0(z(x, y)) − F_0(z(x, I)))_+ + d_0(x^′, I ∪ y).

(3.17) M.17

Let us abbreviate m(x, y) = m(x, y, ∅). Later on we shall see that under our assumptions concerning genericness of F_0 the set of effective minima consists of a single point called the effective minimum. The maximized function on the left-hand side of (3.17) should be read in the following way. Starting the process in x the particle might visit the local minimum x^′ on its way to y. The exponential rate of the probability of visiting x^′ before y under the condition of avoiding I is given by the sum of the first three terms of the sum on the right-hand side of (3.17). Now, once the particle has met x^′ it stays in the valley associated with it and the saddle z(x^′, I ∪ y) for a long time. The exponential rate of this survival time in the valley is given by the effective depth d_0(x^′, I ∪ y). For convenience let us introduce the effective time T (x, y, I) to be (1/N) log(T (x, y, I)) = ∑ m∈m(x,y,I) − (F (N, z(x, m)) − F (N, z(x, I ∪ y)))_+ − (F (N, z(m, y)) − F (N, z(m, I)))_+ + (F (N, z(x, y)) − F (N, z(x, I)))_+ + d(m, I ∪ y), (3.18) M.17a

where d(m, I ∪ y) = F (N, z(m, I ∪ y)) − F (N, m) for all m ∈ m(x, y, I). As before we abbreviate T (x, y) = T (x, y, ∅) and T (x, y, z) = T (x, y, {z}). We mention here that this definition does not match with those given in [BEGK] concerning t_I (x, y). We will frequently use the rule that due to genericness of F_0 we have F_0(z(u, v)) < F_0(z(v, w)) ⇐⇒ z(u, w) = z(v, w) (u, v, w ∈ M, u ≠ v) (3.19) M.18

In the case y = x we may write in view of (3.19) again for N sufficiently large (1/N) log(T (x, x, I)) = ∑ m∈m(x,x,I) − (F (N, z(x, m)) − F (N, x)) − (F (N, z(m, x)) − F (N, z(m, I)))_+ + d(m, I ∪ x). (3.20) M.19a We shall first treat the unconditioned mean time E[τ^a_b ] for a transition from a ∈ M to b ∈ M\a.

Proposition 3.4: Assume that Hypothesis 1.1 and 1.2 are satisfied. Let a, b ∈ M. It follows that the set of effective minima m(a, b) of the transition from a to b consists of a single point and we write m = m(a, b) in slight abuse of notation. Let T (a, b) be the effective time of the transition defined after (3.18). Let z = z(b, a ∪ m) be the saddle between b and {a, m} defined in (3.2). Then there exists ε > 0 such that E[τ^a_b ] =^(1 + O^(N^{−ε))} (qzpz)^{−1/2}Σ(N, z)Σ(N, m)N^{2−2/μ}T (a, b). (3.21) M.20 Here the terms Σ(N, z) and Σ(N, m) involved in the amplitude are defined in (3.6). In particular, in the Gaussian case we obtain

E[τ^a_b ] =^(1 + O^(N^{−?))} 4π(qzpz )^{−1/2}(|F^{′′}_0 (z)F^{′′}_0 (m)|)^{1/2}NT (a, b). (3.22) M.21

Proof: Invoking (3.19) it is easily shown that

−(F_0(z(a, x^′)) − F_0(z(a, b)))_+ + d(x^′, b) = F_0(z(b, a ∪ x^′)) − F_0(x^′) (x^′ ∈ C_a(b)) (3.23) M.23 Hence, it follows that the set of effective minima satisfies

m(a, b) = arg max_{x′∈Ca(b)} F_0(z(b, a ∪ x^′) − F_0(x^′) (3.24) M.23a Due to genericness of F_0 m(a, b) = m is singleton. Without loss it may be assumed that a < b. The proof now follows the line of that of (3.10). Combination of (2.16), (3.5) and (3.24) yields (3.21) except the difference that p_z has to be replaced by (p_zq_z )^{1/2}. This remaining difference can be handled in the same manner as in the proof of (3.10). (3.22) follows easily from the refinement of (3.5) written in Lemma 3.1. ♦

Fix two minima a, b ∈ M. The asymptotic nature of the time E[τ^a_b |τ^a_b < τ^a_a ] differs whether there is or is not a local minimum, which the particle can visit on its way form a to b without returning. While in the former case the leading, exponential order is determined by an effective minimum, the corresponding saddle and the curvature of F_0 at this critical points, in the latter case the time behaves polynomially and the whole behavior of the free energy between a and b accounts to the asymptotics. This is the content of the following Proposition. Let us stress again that only the proof of (3.27) requires the whole strength of the appendix, wherein sums of Laplace type are controlled uniformly in their domain of summation. For convenience let us define Φ(s, t) = e^t ∫_∞ z e^{−w+s(w1/μ−t1/μ)}w^{1/μ−1}dw. The main properties of this function are written in (4.28) and (4.29). Let Ψ(t) = te^t(e^t − 1). For two different minima a, b ∈ M and a the associated saddle z = z(a, b) ∈ E let φ(x) = min_{w∈lim{a,z,b}} φ_w(x) for x between a and b, where φ_w(x)^μ(x) = |F_0(x) − F_0(w)|. These function are investigated in Lemma 4.2 in the appendix.

Proposition 3.5: Assume Hypothesis 1.1 and 1.2 hold. Fix two different minima a, b ∈ M such that there is a local minimum between a and b. It follows that the set of effective minima m(a, b, a) of the transition from a to b under the condition of no return is singleton and we write m = m(a, b, a) in slight abuse of notation. Let T (a, b, a) be the effective time defined in (3.18). Let z = z(m, a ∪ b) ∈ E be the saddle between y and {a, m} defined in (3.2). Then, there exists ε > 0 such that E[τ^a_b |τ^a_b < τ^a_a ] =^(1 + O^(N^{−ε))} (pzqz )^{−1/2} Σ(N, z)Σ(N, m)N^{2−2/μ}T (a, b, a). (3.25) M.24 Here Σ(N, z) and Σ(N, m) are defined in (3.6). In particular, in the Gaussian case we obtain

E[τ^a_b |τ^a_b < τ^a_a ] =^(1 + O^(N^{−1/2))} 4π(qzpz)^{−1/2}(|F^{′′}_0 (z)F^{′′}_0 (m)|)^{1/2}NT (a, b, a). (3.26) M.25 Suppose there is no local minimum between a and b. Assume in addition that F_{1,1}(N, ·) is uniformly Hölder-continuous. Then, there is ε > 0 such that

E[τ^a_b |τ^a_b < τ^a_a ] =^(1 + O^(N^{−ε))} N^{2−1/μ}

∫_{lim b}

lim a

Ψ(|F^′_0(x)|) p_xμφ^′(x) Φ (F_{1,1}(N, x)/φ^′(x)^ν , Nφ(x)^μ) dx, (3.27) M.26 where φ, Ψ(u) and Φ are defined preceding the Proposition and where the jump probability p_x is regarded as a uniformly Hölder-continuous function by linear interpolation. Consequently, the order of magnitude of the transition time is N^{2−1/μ}.

Proof of (3.25) and (3.26): Since under the condition of visiting b from a the particle visits all minima in C_a(a ∪ b) surely, we have

−(F_0(z(a, x^′)) − F_0(z(a, b)))_+ = 0 (x^′ ∈ C_a(a ∪ b)), (3.28) M.29 which can be proved using (3.19). This leads directly to m(a, b, a) = arg max_{x′ ∈Ca(a∪b)} d(x^′, a ∪ b), (3.29) M.30 showing in particular that m(a, b, a) = m is singleton by genericness of F_0. The procedure is analogous to the proof of (3.21). Assume a < b. Combination of (2.14) with (3.5), (3.29) with (3.4) and invoking p_w ≡ q_w at points w ∈ E ∪ M modulo factors of required order gives (3.26) as asserted. Again, the proof of (3.27) is an immediate consequence of the refinement of (3.5) in the Gaussian case. ♦

Proof of (3.27): Let the sum S(N) in the nominator on the right-hand side of (2.14) be decomposed into S(N) = S_1(N) + S_2(N), where z = z(a, b) and

S_1(N) = ∑ a<l≤j≤r<b j>z (q_lp_r)^{−1}e^{N(F (N,l)−F (N,j)+F (N,r))},

S_2(N) = ∑ a<l≤j≤r<b j≤z (q_lp_r)^{−1}e^{N(F (N,l)−F (N,j)+F (N,r))} (3.30) M.31

In order to evaluate S_1(N) asymptotically define g̃(N, ·) by g̃(N, l/N) = N^{1/μ−2} ∑ max(z+1/N,l)≤j≤r<b p^{−1}_r e^{N(F (N,r/N)−F (N,j/N))} (l ∈ [a, b]). (3.31) M.32 We recall that the sum is understood to be taken over points in Γ only. Since F_0 is monotonically decreasing on [z + 1/N, b], the subleading part F_1 is uniformly Hölder-continuous to the parameter ν and since the order of magnitude of the jump probabilities is one, we have the a priori bound cN^{1/μ−1} < g̃(N, l) < CN^{1/μ} for l ∈ [a, b]. Invoking in addition that F_0 attains its maximum on (a, b) at z for fixed small 0 < c < b − z and suitable δ > 0 it follows that

S_1(N) = ( 1 + O ( e^{−Nδ} )) N^{2−1/μ} ∑ |l−z|<c (g̃(N, l)/q_l)e^{NF (N,l)}. (3.32) M.33 We now split the sum in (3.31) at j = z + c. For, fix c < c̃ < b − z and define the continuous functions h_1(N, ·), h_2(N, ·) and g(N, ·) by h_1(N, j) = N^{1/μ−2}p_j e^{−NF (N,j)} ∑ j≤r<z+c̃ (1/p_r)e^{NF (N,r)} (j ∈ (z, z + c]), h_2(N, r) = N^{1/μ−2}(1/p_r)e^{NF (N,r)} ∑ z+c<j≤r p_j e^{−NF (N,j)} (r ∈ (z + c, b]), g(N, l) = ∑ (z+1/N)∨l≤j≤z+c h_1(N, j) + ∑ z+c<r<b h_2(N, r) (l ∈ (z − c, z + c)). (3.33) M.34

The difference between g and g̃ is that we have to replace z + c̃ by b. But on [z, z + c] the function obtained by inserting b instead of z + c̃ in the definition of h_1(N, ·) differs only by an factor, which is exponentially close to one. Hence, it follows g/g̃ = 1 + O(e^{−Nδ} for suitable δ > 0 on (z − c, z + c). Thus combination with (3.32) and (3.31) yields

S_1(N) = ( 1 + O ( e^{−Nδ} )) N^{2−1/μ} ∑ |l−z|<c g(N, l/N)q^{−1}_l e^{NF (N,l)}. (3.34) M.35 The function g(N, ·) is uniformly Lipschitz-continuous on (z − c, z + c). For, obviously Ψ(t) is a bounded function. (4.29) ensures that Φ is bounded on s ≥ 0, t ∈ K, where K⊂R is an arbitrary but fixed compact set. Furthermore, application of (4.62) to h_1(N, ·) gives for j ∈ (z + c]

h_1(N, j) = ( 1 + O ( N^{−ε} )) N^{−1} Ψ(−F^′_0(j)) p_j μφ^′_{lim z}(j) Φ ( F_{1,1}(N, j) φ^′_z (j)^ν , Nφ_z(j)^μ ) , (3.35) M.36 where we have used that Ψ(N(F_0([z + c̃]) − F_0(j)), −F^′_0(j)) ≡ Ψ(−F^′_0(j) modulo a factor which is exponentially close to one. Thus combination of the predications after (3.34) with F_{1,1}(N, ·)/(p_·φ^′_z ≍ 1 on [z − c, z + c] implies for k, l ∈ (z − c, z + c) |g(N, k) − g(N, l)| = ∑ k≤j<l h_1(N, j) = O (|k − l|) . (3.36) M.37 Denote by S̃(N) the sum in the denominator on the right-hand side of (2.14). Combination with the leading order of the sum on the right-hand side of (3.34), which in view of (3.36) follows from (4.41), gives for some ε > 0

S_1(N)/S̃(N) = ( 1 + O ( N^{−ε} )) N^{2−1/μ} ( g(N, z) + O ( N^{−1/μ} )) . (3.37) M.38 So as to identify g(N, z) fix 0 < α < 1/μ and denote ẑ = lim z. Let p_j also denote the γ-Hölder-continuous function obtained by linear interpolation on a − 1/N ≤ j/leqb + 1/N. (3.35) then implies that modulo factors of order 1 + O(N^{−ε}) ∑ z<j≤z+c h_1(N, j) ≡ Σ_1(N) + Δ_0(N) + Δ_1(N) + Δ_2(N) + Δ_3(N), (3.38) M.39

where the leading order is given by

Σ_1 = ∫_{ẑ+c} ẑ Ψ(−F^′_0(t)) p_tμφ_ẑ (t) Φ ( F_{1,1}(N, t) φ^′_z(t)^ν , Nφ_z(t)^μ ) dt, (3.39) M.40 while the error terms are defined as

Δ_0 = ∑ z<j<z+c ∫_{j+1/N} j ( Ψ(−F^′_0(j)) p_tμφ_ẑ (j) − Ψ(−F^′_0(t)) p_tμφ_ẑ (t) ) Φ ( F_{1,1}(j) φ^′_z(j)^ν , Nφ_z(j)^μ ) dt,

Δ_1 = ∑ z<j<z+N^{−α} ∫_{j+1/N} j Ψ(−F^′_0(t)) p_tμφ_ẑ (t) ( Φ ( F_{1,1}(j) φ^′_z(j)^ν , Nφ_z(j)^μ ) − Φ ( F_{1,1}(t) φ^′_z (t)^ν , Nφ_z(t)^μ )) dt,

Δ_2 = ∑ z+N^{−α}≤j<z+c ∫_{j+1/N} j Ψ(−F^′_0(t)) p_tμφ_ẑ (t) ( Φ ( F_{1,1}(j) φ^′_z (j)^ν , Nφ_z(j)^μ ) − Φ ( F_{1,1}(t) φ^′_z(t)^ν , Nφ_z(t)^μ )) dt.

Δ_3 = (∫_ẑ z + ∫_{z+c} ẑ+c ) Ψ(−F^′_0(t))Φ ( F_{1,1}(t) φ^′_z(t)^ν , Nφ_z(t)^μ ) dt, (3.40) M.41 Recalling that the integrand defining Δ_3 is bounded uniformly in N it follows that Δ_3 = O(N^{−1}). It is straightforward to show that Ψ′(t) is bounded. Recalling that the function involving Φ in the integrand defining Δ_0 is bounded uniformly in N it follows that Δ_0 = O(N^{−1}). Invoking the degenerate behavior of F_0 at z for j ∈ [z, z + N^{−α}) and 0 ≤ t − j ≤ 1/N the following inequality holds

N|φ_z(t)^μ − φ_z(j)^μ| = |F_0(t) − F_0(j)| ≤ CN^{−α(μ−1)}. (3.41) M.42 Furthermore F_{1,1}(N, ·)/(φ^′_ẑ )^ν is uniformly δ-Hölder-continuous for suitable δ > 0. Since we know that the integrand on the right-hand side of (3.39) is bounded, combining (4.28) with (3.41) leads to Δ_1 = O(N^{−αμ} + N^{−α(δν/μ−1)}). Combination of (4.29) with Hölder continuity of F_{1,1}(N, ·)/(φ^′_ẑ )^ν and with the inequality Nφ_z(t)^μ ≥ cN^{1−αμ} > 0 for z +N^{−α} ≤ t ≤ z +c, yields Δ_2 = O(N^{−(1−αμ)(1−1/μ)}). Obviously Ψ(t) is locally bounded away form zero by a positive amount. Applying (4.29) once more to the integrand of Σ_1(N) and using the variable u = Nφ(t)^μ there exists a generic number c^′ > 0 such that Σ_1(N) ≥ c^′N^{−1/μ} ∫_{Nφz(z+c/2)}μ Nφ_z(z+N^{−1/μ})^μ u^{1/μ−1}du ≥ c^′. (3.42) M.43 The last inequality in (3.42) is assured by the fact that φ_z (z + t) ≍ t in z < z ≤ z + c/2. Combining (3.42) with (3.38) and with the error estimates for Δ_i there is ε > 0 such that ∑ z<j≤z+c h_1(N, j) = ( 1 + O ( N^{−ε} )) Σ_1(N). (3.43) M.44 The second sum in the definition of g(N, z) in (3.33) is treated analogously except the difference that we have to be more careful with the replacement of Ψ(s, t) by Ψ(t) in (4.62). Paying attention to this feature in the term Δ_4 we arrive at g(N, z) = ( 1 + O ( N^{−ε} )) (Σ_1(N) + Σ_2(N)) + Δ_4(N), (3.44) M.45 where we have defined b̂ = lim b and

Σ_2(N) = ∫^_b ẑ+c Ψ(−F^′_0(t)) p_tμφ_{b̂}(t) Φ ( F_{1,1}(N, t) φ^′_{b̂}(t)^ν , Nφ_{b̂}(t)^μ ) dt, (3.45) M.46

and where the error term Δ_4 is given by

Δ_4(N) = 1 N ∑ z+c<j≤z+c+N^{−α} + ∑ z+c+N^{−α}<j<b −F^{′0}(j)e^{−N(F0(z+c)−F0(j))} p_j μφ^′_{b̂}(j)(e^{−F ′}0^{(j)} − 1) Φ ( F_{1,1}(N, j) φ^′_{b̂}(j)^ν Nφ_{b̂}(j)^μ ) , (3.46) M.47 where 0 < α < 1. Using that for z +c+N^{−α} ≤ t ≤ b it follows N(F_0(z +c)−F_0(t)) ≥ c^′N^{1−α} > 0 and that the terms in the sum defining Δ_4 are uniformly bounded we conclude that Δ_4 = O(N^{−α} +N^{−∞}). Inserting (3.44) and the error estimate for Δ_4 into (3.37) and using that (3.42) guarantees the existence of c^′ > 0 such that g(N, z) ≥ c^′ it follows for some ε > 0

S_1(N)/S̃(N) = ( 1 + O ( N^{−ε} )) (Σ_1(N) + Σ_2(N)). (3.47) M.48 The sum S_2(N) defined in (3.30) is evaluated in the same manner as S_1(N) yielding

S(N)/S̃(N) = (S_1(N) + S_2(N))/S̃(N) = ( 1 + O ( N^{−ε} )) (Σ_1(N) + Σ_2(N) + Σ_3(N) + Σ_4(N)), (3.48) M.49 where â = lim a and for fixed 0 < ĉ < z − a

Σ_3(N) = ∫_ẑ ẑ−ĉ Ψ(−F^′_0(t)) p_tμφ_ẑ(t) Φ ( F_{1,1}(N, t) φ^′_ẑ (t)^ν Nφ_ẑ (t) ) dt, Σ_4(N) = ∫_{ẑ−ĉ} â Ψ(−F^′_0(t)) p_tμφ_â(t) Φ ( F_{1,1}(N, t) φ^′_â(t)^ν Nφ_a(t) ) dt. (3.49) M.50

(3.48) completes the proof of (3.27) since choosing 0 < c < b − z, 0 < ĉ < z − a as the boundary points of the set on which the function φ(t) equals φ_ẑ we may write 4∑ i=1 Σ_i(N) = ∫_b a Ψ(|F^′_0(t))| p_tμφ(t) Φ (F_{1,1}(N, t)/φ^′(t)^ν , Nφ(t)^μ) dt. (3.50) M.51 ♦♦ We continue the discussion with the return time to a minimum under the condition of avoiding two other minima.

Lemma 3.6: Assume Hypothesis 1.1 and 1.2 hold. Fix three minima a, b_1, b_2 ∈ M such that a lies between b_1 and b_2. It follows that the set of effective minima m = m(a, a, b_1 ∪ b_2) of the return to a under the condition of avoiding b_1 ∪ b_2 is a singleton. Let T (a, a, b_1 ∪ b_2) be the effective time of returning defined in (3.20). In the case m ≠ a let z_< = z(m, a ∪ b_1 ∪ b_2) ∈ E be the saddle between m and the set a ∪ b_1 ∪ b_2 and let z_> = z(m, a) be the saddle between m and a defined in (3.2). In the case m = a we set z_< = z_> = a. It follows the existence of ε > 0 such that E[τ^a_a |τ^a_a < τ^a_{b1 ∪b2} ] =^(1 + O^(N^{−ε)) pz> qz>}_{pz< qz<} ( Σ(N, z_<) Σ(N, z_>) )_2

Σ(N, m)N^{1−1/μ}T (a, a, b_1 ∪ b_2) (3.51) M.52 In the Gaussian case it follows E[τ^a_a |τ^a_a < τ^a_{b1 ∪b2} ] =^(1 + O^(N^{−1/2)) pz> qz>}_{pz< qz<} 4(π)^{1/2 |F ′′0 (z>)|}_{|F ′′0 (z<)F ′′0 (m)|} N^{1/2}T (a, a, b1 ∪ b2). (3.52) M.53

Proof: Without loss we assume that b_1 < a < b_2. Combination of (2.15) with (3.5) and (3.4) and invoking that p_w ≡ q_w for critical points w ∈ E ∪ M modulo factors of required order gives

E[τ^a_a |τ^a_a < τ^a_{b1 ∪b2} ] ≡ p_{z(a,b1)}q_{z(a,b1)} p_{z(x}∗_{1 ,b1)}q_{z(x}∗_{1 ,b1)} ( Σ(N, z(x^∗_1, b_1))Σ(N, x^∗_1) Σ(N, z(a, b_1)) )_2 N^{1−1/μ}e^{N(2(F (N,z(x∗1 ,b1)−F (N,z(a,b1))+F (N,a)−F (N,x∗1))} + p_{z(a,b2)}q_{z(a,b2)} p_{z(x}∗_{2 ,b2)}q_{z(x}∗_{2 ,b2)} ( Σ(N, z(x^∗_2, b_2))Σ(N, x^∗_2) Σ(N, z(a, b_2)) )_2 N^{1−1/μ}e^{N(2(F (N,z(x∗2 ,b2)−F (N,z(a,b2))+F (N,a)−F (N,x∗2))}, (3.53) M.54 where by means of genericness of F_0 x^∗_i is well defined by

x^∗_i = arg max x^′∈C_a(a∪b_i) 2(F_0(z(x^′, b_i)) − F_0(z(a, b_i))) + F_0(a) − F_0(x^′). (3.54) M.55 In view of (3.19) we observe that z(a, b_i) = z(x^∗_i , b_i) is equivalent to the case z(x^∗, a) = z(x^∗, a ∪ b_i) or simultaneously z(a, b_i) = z(x^∗, a) and z(x^∗, a ∪ b_i) = z(x^∗_i , b_i). Invoking (3.19) again one observes for x^′ ∈ C_a(a ∪ b_i)

F_0(z(x^′, b_i)) − F_0(z(a, b_i)) =F_0(z(x^′, a ∪ b_i)) − F_0(z(a, x^′)) =F_0(z(x^′, a ∪ b_1 ∪ b_2)) − F_0(z(a, x^′)),

(3.55) M.56 where in the last step we have used that being in the one-dimensional situation z(x^′, a ∪ b_i) = z(x^′, a ∪ b_1 ∪ b_2). Inserting (3.55) into (3.54) shows that the minima x^∗_i are defined as ‘critical points’ of the same function over different regions. Hence since the amplitudes on the right-hand side of (3.53) do not change the exponential rate of both terms we may write

E[τ^a_a |τ^a_a < τ^a_{b1 ∪b2} ] ≡ p_{z(x}∗_{,a∪b1∪b2 )}q_{z(x}∗_{,a∪b1∪b2 )} p_{z(a,x}∗_)q_{z(a,x}∗_) ( Σ(N, z(x^∗, a ∪ b_1 ∪ b_2)) Σ(N, z(a, x^∗)) Σ(N, x^∗) )_2

N^{1−1/μ}e^{N(2(F (N,z(x∗,a∪b1∪b2 )−F (N,z(a,x∗))+F (N,a)−F (N,x∗))}, (3.56) M.57

where

x^∗ = arg max

x^′∈C_a(b_1 ∪b_2) 2(F (N, z(x^′, a ∪ b_1 ∪ b_2)) − F (N, z(a, x^′))) + F (N, a) − F (N, x^′). (3.57) M.58 Invoking (3.19) once more it is straightforward to prove for x^′ ∈ C_a(a ∪ b_i)

2(F_0(z(x^′, b_i)) − F_0(z(a, b_i))) + F_0(a) − F_0(x^′) = − (F_0(z(a, x^′) − F_0(a)) + d_0(x^′, a ∪ b_1 ∪ b_2) − (F_0(z(x^′, a)) − F_0(z(x^′, b_1 ∪ b_2)))_+. (3.58) M.58a Thus, combination of (3.58) and (3.55) with (3.57) leads to m(a, a, b_1 ∪ b_2) = x^∗. In particular we may replace the exponential factor on the right-hand side of (3.56) by the effective time T (a, a, b_1 ∪ b_2). In view of (3.56) the proof of (3.51) is complete. Again, (3.52) is an immediate consequence of the refined estimate of the Gaussian case written in Lemma 3.1. ♦

By means of the renewal structure such as in (3.64) in principle one could proceed considering general transition times of type E[τ^a_{b2} |τ^a_{b2} < τ^a_{b1} ]. The exponential rate of these times would be the effective time T (a, b_2, b_1) defined in (3.18). But, since every transition {τ^a_b < ∞} possesses a natural decomposition into a deterministic sequence of so called admissible transitions modulo an event of probability O(e^{−N δ} ), δ > 0, every transition time E[τ^a_b ] essentially is a sum of admissible transition times. The following discussion is restricted to this case and we refer the reader who is interested in the decomposition procedure to [BEGK]. The main advantage we are gaining from being in an admissible situation is that the effective time is of pleasant simplicity as we shall see in a moment. Let us now briefly recall the main concepts introduced in [BEGK]. We construct a tree representing the structure of the energy landscape in the following way. For each local minimum x ∈ M draw a link to the saddle z = arg min{F_0(z^′) : ∃y ∈ M\x : z^′ = z(x, y)} with lowest energy connecting x to other minima. For each saddle z ∈ E draw a link to the saddle z̃ with minimal energy connecting z to other minima. Let T = T_N denote the tree constructed in this way. We remark here that being one-dimensional in contrast to [BEGK] there is no need to introduce certain additional edges called yellow arrows, which reflects the gradient flow of the free energy; here they are automatically incorporated in the tree. In this context yellow arrows are trivially those edges containing a minimum. For x ∈ M, z ∈ E connected by a strictly increasing path in the tree T let T_{x,z} be the branch of the tree containing x and emanating from z. Let x, y ∈ M be different local minima and z = z(x, y) be the corresponding saddle. Set T^c_{x,z} = T \T_{x,z} and call the transition F(x, z, y) = { τ^x_y < τ^x_T c_{x,z ∩M} } (3.59) M.59 admissible if and only if x is the absolute minimum in the branch T_{x,z} and y is the first descendant of z in T_{x,z}. Observe that in view of (3.10) we have P[F(x, z, y)] = 1 − O(e^{−Nδ} ), where δ is arbitrarily close to the energy difference between z and its first ancestor. In this situation we have

Proposition 3.7: Assume Hypothesis 1.1 and 1.2 hold. Fix a, b ∈ M such that with z = z(a, b) defined in (3.2) the transition F(a, z, b) defined in (3.59) is admissible. Abbreviate I = T^c_{a,z} ∩ M and let T (a, b, I) be the effective time of the transition defined in (3.18). Then there is ε > 0 such that E[τ^a_b |F(a, z, b)] =^(1 + O^(N^{−ε))} ( p_aq_a p_zq_z ) Σ(N, z)Σ(N, a)N^{2−2/μ}T (a, b, I), (3.60) M.60 where the rate of the effective time is given by (1/N) log(T (a, b, I)) = F (N, z)−F (N, a). In particular, in the Gaussian case we obtain

E[τ^a_b |F(a, z, b)] =^(1 + O^(N^{−?))} ( p_aq_a p_zq_z )_{1/2} 8π (|F^{′′}_0 (z)||F^{′′}_0 (a)|)^{1/2} NT (a, b, I), (3.61) M.61

Proof: Splitting the process wether or not the particle returns to a and stopping the process in the former case at its return to a from (2.12) we obtain

E[τ^a_b , τ^a_b < τ^a_I ] = E[τ^a_b , τ^a_b < τ^a_{I∪a}] + E[τ^a_a , τ^a_a < τ^a_{I∪b}]P[τ^a_b < τ^a_I ] + P[τ^a_a < τ^a_{I∪b}]E[τ^a_b , τ^a_b < τ^a_I ]. (3.62) M.62 Similarly as in (3.15) by means of (2.12) again it follows P[τ^a_b < τ^a_I ] = P^{[τ ab < τ aI∪a]} P[τ^a_{I∪b} < τ^a_a ]^{. (3.63)} M.63 In view of (3.63) (3.62) rearranges to E[τ^a_b |τ^a_b < τ^a_I ] = E[τ^a_b |τ^a_b < τ^a_{I∪a}] + E^{[τ aa , τ aa < τ aI∪b]} P[τ^a_{I∪b} < τ^a_a ]^{. (3.64)} M.64

Concerning first the second term on the right-hand side of (3.64) we observe that T (a, a, I ∪ b) = 1 and that m(a, a, I ∪ b) = a since a is the deepest minimum in the branch T_{a,z}. Furthermore, since due to admissibility either the saddle z = z(a, b) has strictly lower energy than the saddle z(a, I) or z = z(a, I), being one-dimensional by means of (3.10) for every 0 < δ < F_0(z(a, I)) − F_0(z) in every case it holds

P[τ^a_{I∪b} < τ^a_a ] = P[τ^a_b < τ^a_a ] − P[τ^a_I < τ^a_{b∪a}] ≥ P[τ^a_b < τ^a_a ] − P[τ^a_I < τ^a_a ] ≥^(1 − e^{−Nδ)} P[τ^a_b < τ^a_a ]. (3.65) M.65 Obviously we have z_< = z_> = a, where z_<, z_> are defined in Lemma 3.6. Combining (3.10) with (3.65) and the result with (3.51) for b_1 ∪ b_2 = ∂(I ∪ b) we conclude

E[τ^a_a , τ^a_a < τ^a_{I∪b}] P[τ^a_{I∪b} < τ^a_a ]^= ( 1 + ( N^{−ε} )) (p_zq_z)^{−1/2}Σ(N, a)Σ(N, z)N^{2−2/μ}e^{N(F (N,z)−F (N,a))}. (3.66) M.66 The first term on the right-hand side of (3.64) is exponentially smaller than the second one. This follows from (3.25) or (3.27) since obviously being one-dimensional {τ^a_b < τ^a_{I∪a}} = {τ^a_b < τ^a_a } and since in an admissible situation we have (1/N) log(T (a, b, a)) ≤ F (N, z) − F (N, a) − δ for suitable δ > 0 and N sufficiently large. Hence, to complete the proof it remains to identify the rate of the effective time T (a, b, I). But clearly, from the definition (3.18) of this time and being in an admissible situation we conclude (1/N) log(T (a, b, I)) = F (N, z) − F (N, a). (3.67) M.67 (3.61) follows from inserting (3.11) and (3.52) into (3.64). ♦

4. Appendix: Asymptotic behavior of sums of Laplace type

In order to extract asymptotic information from Corollary 2.2 about the quantities describing transitions which leads to the results of chapter 3 we have to understand the behavior of following sums of ’Laplace type’ uniformly in the variable x ∈ I = [x_0, b] ∩ Z/N for N large. S(N, x) = ∑ x≤k≤b e^{−NF (N,k)}g(N, k). (4.1) A.1 Here x_0 < b are independent of N and in contrast to the notation used in chapter two [α, β] denotes the usual interval in R for real numbers α, β. As a general assumption during the appendix we demand that the following Hypothesis holds as long as nothing else is said.

Hypothesis 4.1: Let g(N, ·) ∈ C[x_0, b], N ≥ 1, be uniformly Hölder-continuous to the parameter γ > 0. Furthermore, there is c > 0 such that g(N, x) ≥ c > 0, x ∈ [x_0, b].

F (N, ·) satisfies Hypothesis 1.1 while L < x_0 < b < R holds. The point x_0 is the absolute minimum of the leading order F_0 of the free energy [x_0, b]. In addition, x_0 is the only critical point of F_0 between x_0 and b, i.e. C_{F0} ∩ [x_0, b] = x_0.

Thus e^{−NF (N,·)} is a highly peaked function at x for large N. The situation is of course parallel to the situation in the theory of Laplace’s integrals. Actually, in regions where F (N, ·) is sufficiently flat the corresponding Laplace’s integral approximates the sum in leading order. This is the content of Corollary 4.5 of Lemma 4.3. We mention [Ol] as a reference, wherein the case for fixed regions of integration is treated. In the following analysis the emphasis lies on the uniformity in the argument x in S(N, x). The approximation fails to be right in domains, where F (N, ·) is strongly varying. As the simplest example may serve g(N, x) ≡ 1, F (N, x) ≡ x: K−1∑ k=n e^{−N(k/N)} = e^{−n}(1 − e^{−(K−n)})e/(e − 1)

N ∫_{K/N} n/N e^{−Ns}ds = e^{−n}(1 − e^{−(K−n)}). (4.2) A.2

The example above already provides us how to handle the case of rapidly varying F (N, ·). This feature allows us to restrict the domain of summation to a small vicinity of the minimum x in S(N, x). In this neighborhood the affine part of the leading order F_0 approximates F (N, ·) sufficiently well without affecting the leading order of the sum. Hence one is left evaluating a geometric sum. This will be done in Lemma 4.6.

Since the different regions of validity of both approximation procedures have nontrivial intersection, in Corollary 4.7 one finds the interpolating function giving the leading order uniformly in I.

Let us first analyze the continuous situation, namely where the sum in (4.1) is replaced by an integral. In order to understand the form of the subleading term in (1.6) given in (1.8) notice that it is the borderline case, where this term deserves its name. This is meant in the sense that for fixed 0 ≤ α < 1 functions of order of magnitude N^{−α}x^ν with α < ν/μ take over to be the dominant part in the exponential behavior of the Laplace’s sum.

As an auxiliary function to work out the degeneracy of F_0 at x_0 let us define φ by the relation

F_0(x) − F_0(x_0) = φ(x)^μ (x_0 ≤ x ≤ b). (4.3) A.3 From the conditions that the free energy F (N, ·) suffices we know that F^{(μ)}_0 (x_0) > 0 and that F^{(μ)}_0 is continuously differentiable. Hence, it is elementary to prove that φ is twice continuously differentiable and strictly increasing:

Lemma 4.1: The function φ ∈ C[x_0, b] defined in (4.3) is twice continuously differentiable. In particular, it follows that

φ^′(x) = ( F^{(μ)}_0 (x_0) μ! )_{1/μ} + O(|x − x_0|) (x ↓ x_0). (4.4) A.4

Proof: Without loss of generality we assume x_0 = 0 and F_0(0) = 0. Obviously, by definition we have φ ∈ C^{(μ+1)}(0, b] and φ^′(x) = (1/μ)F_0(x)^{1/μ−1}F^′_0(x) (0 < x ≤ b). (4.5) A.5 Taylor’s formula applied to F^{(k)}_0 for k = 0, 1, 2 gives

F^{(k)}_0 (x) =

F^{(μ)}_0 (0) (μ − k)! x^{μ−k} + O ( x^{μ−k+1} ) (x ↓ 0). (4.6) A.6 Combining (4.6) with (4.5) we obtain (4.4). Hence φ^′ extends to a continuous function on [0, b]. Furthermore, using (4.6) and (4.5) a short computation modulo o(1) as x ↓ 0 leads to

(1/x)(φ^′(x) − φ^′(0)) ≡ φ^{′′}(x) = (((1/μ) − 1)F^′_0(x)/F_0(x) + F^{′′}_0 (x)/F^′_0(x))φ^′(x). (4.7) A.7 Applying Taylor’s formula once more to F^{(k)}_0 , k = 0, 1, 2, the right-hand side of (4.7) equals modulo o(1) φ^′(x) ( ( 1 μ − 1 ) F^{(μ)}_0 (0)x^{μ−1}/(μ − 1)! + F^{(μ+1)}_0 (0)x^μ/μ! F^{(μ)}_0 (0)x^μ/μ! + F^{(μ+1)}_0 (0)x^{μ+1}/(μ + 1)! + F^{(μ)}_0 (0)x^{μ−2}/(μ − 2)! + F^{(μ+1)}_0 (0)x^{μ−1}/(μ − 1)!

F^{(μ)}_0 (0)x^{μ−1}/(μ − 1)! + F^{(μ+1)}_0 (0)x^μ/μ! ) . (4.8) A.8

In view of (4.7) computing (4.8) modulo o(1) gives the assertion:

φ^{′′}(0) = lim_{x↓0} φ^{′′}(x) = φ^′(0)(1/μ)F^{(μ+1)}_0 (0)/F^{(μ)}_0 (0). (4.9) A.9 ♦ In terms of the function φ and its derivative we have:

Lemma 4.2: Assume that F (N, x) and (x − x_0)^{−β} g(N, x) satisfy Hypothesis 4.1 for fixed β ≥ 0. Define for x_0 ≤ x, y ≤ b Laplace’s integral to be I(N, x, y) = ∫_y x e^{−NF (N,u)}g(N, u)du. (4.10) A.10 Then, for ε = min(δ, σ/μ, γ/μ) it holds uniformly in x_0 ≤ x ≤ y ≤ b I(N, x, y) = ( 1 + O ( N^{−ε} )) 1 μ g(N, x) φ(x)^β φ^′(x) N^{−(β+1)/μ}e^{N(φ(x)μ−F (N,x))} ∫_{Nφ(y)}μ Nφ(x)^μ e^{−w−F1,1(N,x)/φ′(x)ν (w1/μ−N 1/μφ(x))ν} w^{(β+1)/μ−1}dw. (4.11) A.11

Proof: Without loss of generality we assume x_0 = 0, F_0(0) = 0 and ν + σ ≤ μ in (1.6). Combining (1.6), (1.7), (1.8) with (4.3) and denoting ψ = φ^{−1} one obtains for φ(x) = r ≤ v = φ(u) ≤ s = φ(y) F (N, u) − F (N, x) + F_0(x) = v^μ + N^{ν/μ−1}F_{1,1}(N, x)ψ^′(r)^ν (v − r)^ν + N^{ν/μ−1}O ( |v − r|^{ν+σ} ) + O ( N^{−1−δ} ) . (4.12) A.12 Defining the function h(N, v) = v^{−β} g(N, u)ψ^′(v) (0 ≤ u ≤ b), (4.13) A.13 we get by means of (4.10), (4.12), (4.13) and the substitution v = φ(u) I(N, x, y) = ( 1 + O ( N^{−δ} )) e^{−N(F (N,x)−F0(x))} ∫_s r e^{−Nvμ−N ν/μF1,1 (N,x)ψ′(r)ν (v−r)ν} e^O(^{N ν/μ|v−r|ν+σ})h(N, v)v^β dv. (4.14) A.14 Substitution w = Nv^μ in (4.14) then leads to I(N, x, y) = ( 1 + O ( N^{−δ} )) e^{−N(F (N,x)−F0(x))}N^{−(β+1)/μ}h(N, r)/μ (I_1(N, x, y) + Δ_1(N, x, y) + Δ_2(N, x, y)).

(4.15) A.15 Here we have defined I_1(N, x, y) = ∫_{Ns}μ Nr^μ e^{−w−F1,1(N,x)ψ′(r)ν (w1/μ−(Nrμ)1/μ)ν} w^{(β+1)/μ−1}dw, (4.16) A.16 while the error terms are given by

Δ_1(N, x, y) = ∫_{Ns}μ Nr^μ e^{−w−F1,1(N,x)ψ′(r)ν (w1/μ−(Nrμ)1/μ)ν} w^{(β+1)/μ−1} (h(N, v)/h(N, r) − 1)dw, (4.17) A.17

Δ_2(N, x, y) = ∫_{Ns}μ Nr^μ e^{−w−F1,1(N,x)ψ′(r)ν (w1/μ−(Nrμ)1/μ)ν} w^{(β+1)/μ−1} ( e^{O(N ν/μ|v−r|ν+σ)} − 1 ) h(N, v)/h(N, r)dw. (4.18) A.18 We now claim that the following equalities hold

Δ_1(N, x, y) = O ( N^{−γ/μ} ) I_1(N, x, y), Δ_2(N, x, y) = O ( N^{−σ/μ} ) I_1(N, x, y). (4.19) A.19 To prove (4.19) one observes that in view of definition (4.13) uniform γ-Hölder continuity of v^{−β} g(N, u), Lipschitz continuity of ψ^′, the existence of c > 0 with v^{−β} g(N, u), ψ^′(v) ≥ c > 0 and 1/μ-Hölder continuity of t^{1/μ}, t ≥ 0, imply h(N, v)/h(N, r) − 1 = O ( N^{−γ/μ}|w^{1/μ} − (Nr^μ)^{1/μ}|^γ )

= O ( N^{−γ/μ}|w − (Nr^μ)|^{γ/μ} ) . (4.20) A.20

Furthermore, invoking in addition the elementary estimate |e^x − 1| ≤ |x|e^{|x|} one clearly can bound ( e^{O(N ν/μ|v−r|ν+σ)} − 1 ) h(N, v) h(N, r) = O ( N^{ν/μ}|v − r|^{ν+σ} e^O(^{N ν/μ|v−r|ν+σ}) )

= O ( N^{−σ/μ}|w − (Nr^μ)|^{(ν+σ)/μ}e^O(^{N −σ/μ|w−(Nrμ)|(ν+σ)/μ}) ) . (4.21) A.21

Hence, inserting (4.20) into (4.17) and (4.21) into (4.18) the following estimate proves (4.19). ∫_{Ns}μ Nr^μ e −w+t(w^{1/μ}−N^{1/μ}r)^ν w(β+1)/μ−1eN^{−σ/μ}(w−Nr^μ)^{(ν+σ)/μ} (w − Nrμ)ρdw ∫_{Ns}μ Nr^μ e −w+t(w^{1/μ}−N^{1/μ}r)^ν w(β+1)/μ−1dw = O(1), (4.22) A.22 Here we have set ρ = γ/μ, (ν+σ)/μ, while t = −F_{1,1}(x)ψ^′(x) varies only in a compact set K⊂R. (4.22) is understood for N ≥ 1 sufficiently large to be uniform in r > 0, s > 0, t ∈ K. Since ψ^′(r) ≡ 1/φ^′(x) and v = φ(u) the assertion now follows from combining (4.19) and (4.16) with (4.15). Fix 0 < α < 1, 0 ≤ β, δ ≤ 1, γ, ε > 0 and 0 < c < 1. Let K⊂R be a compact set. For s ≥ r ≥ 0 and t ∈ K let I_1(r, s, t) = ∫_s r e^{−w+t(wα−rα)β} w^{γ−1}e^{c(w−r)δ} (w − r)^εdw I_2(r, s, t) = ∫_s r e^{−w+t(wα−rα)β} w^{γ−1}dw. (4.23) A.23

In order to prove (4.22) it suffices to prove that the function I_1/I_2 is bounded with respect to r, s and t. Denote by k_{r,t}(u, v) the symmetric, positive function k_{r,t}(u, v) = e^{−(u+v)+t((uα−rα)β +(vα−rα)β )}(uv)^{γ−1} (r ≤ u, v ≤ s) (4.24) A.24 Taking the derivative with respect to t, rewriting products of integrals as double integrals and invoking symmetry of k_{r,t}(u, v) yields

∂_t(I_1/I_2) = (I_2)^{−2} ∫ [r,s]2 u>v k_{r,t}(u, v) ( e^{c(v−r)δ} (v − r)^ε − e^{c(u−r)δ} (u − r)^ε ) ( (v^α − r^α)^β − (u^α − r^α)^β ) dudv ≥ 0. (4.25) A.25

Hence I_1/I_2 is increasing in t. Differentiation with respect to s gives

∂_s(I_1/I_2) = (I_2)^{−2} ∫_s r k_t(w, s) ( e^{c(s−r)δ} (s − r)^ε − e^{c(w−r)δ} (w − r)^ε ) dw ≥ 0. (4.26) A.26 Thus I_1/I_2 is increasing in s, too. From (4.25) and (4.26) it follows that I_1/I_2 ≤ J_1/J_2, where we have defined T = max(max K, 0) and J_i(r) = lim_{s→∞} I_i(r, s, T ). The assertion is proven observing that lim_{r→∞} J_1(r)/J_2(r) = 0. Actually it can be shown that J_1(r)/J_2(r) = O(r^{−ε}) as r grows. This for example follows using that −(w − r) ≤ −(w − r) + T (w^α − r^α)^β + c(w − r)^δ ≤ −C((w − r) − 1) for some C > 0 and w ≥ r ≥ 1 via the scaling v = (w − r)/r and application of Watson’s Lemma (see [Ol]). ♦

Intending to have a convenient notation let us introduce the function Φ(s, t) = e^t Fi(1/μ, ν, 1/μ; s, t), where we have defined Fi(α, β, γ; s, t) = ∫_∞ t e^{−w+s(wα−tα)β} w^{γ−1}dw (α, β, γ > 0, αβ < 1, s ∈ R, t ≥ 0). (4.27) A.27 We refer to Fi as the Faxen’s complementary, incomplete integral in generalization of the Faxen’s integral (see (4.40)) and the complementary, incomplete Gamma function Γ(γ, t) = Fi(1, 1, γ; 0, t). As a technical Lemma for later purposes we isolate the following continuity property of Φ

Lemma 4.4: On every compact set K⊂R we have

Φ(s + δ, t + ε) = ( 1 + O ( |ε|^{ν/μ} + |ε| + |δ| )) Φ(s, t) (δ, ε, s ∈ K, t, t + ε ≥ 0) (4.28) A.28

t^{1−1/μ}Φ(s, t) = 1 + O(t^{ν(1/μ−1)}) (s ∈ K, t → ∞). (4.29) A.48

Proof of (4.28): Fix α, β, γ > 0, αβ, γ < 1, β ≤ 1. We prove (4.28) in two steps. The first one consists in showing that Fi(α, β, γ; s, t + ε) Fi(α, β, γ; s, t) = ( 1 + O ( |ε|^{αβ} + |ε| + |ε|^γ )) (ε, s ∈ K, t, t + ε > 0). (4.30) A.29 For, we abbreviate I(s, t) = Fi(α, β, γ; s, t) and write I(s, t + ε) − I(s, t) = Δ_1(s, t, t + ε) + Δ_2(s, t, t + ε), (4.31) A.30 where Δ_i are defined by

Δ_1(s, t, t + ε) = ∫_t t+ε e^{−r+s(rα−(t+ε)α)β} r^{γ−1}dr, Δ_2(s, t, t + ε) = ∫_∞ t e^{−r+s(rα−tα)β} r^{γ−1}e^s (_{(rα−(t+ε)α)β −(rα−tα)β )}) dr. (4.32) A.31

Hölder-continuity to the parameter ρ of the function r^ρ, 0 < ρ ≤ 1, gives |(r^α − (t + ε)^α)^β − (r^α − t^α)^β | ≤ |ε|^{αβ} . Invoking in addition the estimate |e^z − 1| ≤ |z|e^{|z|} we obtain Δ_2(s, t, t + ε)/I(s, t) = O(|ε|^{αβ} ). For the proof of Δ_1(s, t, t + ε)/I(s, t) = O(|ε|^γ + |ε|) we distinguish the case t ≤ 1 from t > 1. In the former case obviously I(s, t) ≥ c > 0, while by γ-Hölder continuity of t^γ , t ≥ 0, Δ_1(s, t, t + ε) = O (∫_t t+ε r^{γ−1}dr ) = O ( |ε|^γ ) . (4.33) A.32 In the latter case one can bound I(s, t) ≥ ce^{−t}t^{γ−1} > 0 which in view of Δ_1(s, t, t + ε) = e^{−t}t^{γ−1} ∫_0 ε e^{−r+s((t+r)α−(t+ε)α)β} (1 + (r/t))^{γ−1}dr = O(|ε|) (4.34) A.33

gives the assertion. Hence we arrive at (4.30). The second step consists in showing that Fi(α, β, γ; s + δ, t) Fi(α, β, γ; s, t) = 1 + O(|δ|) (s, s + δ ∈ K, t ≥ 0). (4.35) A.36 Since the proof of (4.22) written above tells us that I_1(t, ∞, s)/I_2(t, ∞, s) defined in (4.23) is bounded on s ∈ K, t ≥ 0, (4.35) follows easily from the observation that Fi(α, β, γ; s + δ, t) = Fi(α, β, γ; s, t) + O ( |δ| ∫_∞ t e^{−r+s(rα−tα)β} r^{γ−1}(r − t)^{αβ} e^{|δ|(r−t)αβ} dr ) . (4.36) A.37 Again which is proved using |e^z − 1| ≤ |z|e^{|z|}. (4.30) and (4.35) it follows (4.28). ♦

Proof of (4.29): Integration by parts applied to Faxen’s (complementary, incomplete) integral shows for t ≥ 1 e^tt^{1−1/μ} Fi(1/μ, ν, 1/μ; s, t) =1 + t^{1−1/μ} (∫_∞ 0 e^{−r+s((r+t)1/μ−t1/μ)ν} (1/μ − 1)(r + t)^{1/μ−2}dr + ∫_∞ 0 e^{−r+s((r+t)1/μ−t1/μ)ν} (ν/μ)s((r + t)^{1/μ} − t^{1/μ})^{ν−1}(r + t)^{2/μ−2}dr ) . (4.37) A.48a

Invoking that |(r + t)^{1/μ} − t^{1/μ}| ≤ r^{1/μ} and that |(r + t)^{1/μ} − t^{1/μ}| ≥ (1/μ)t^{1/μ−1}r for t ≥ 1 (4.37) gives (4.29). ♦♦

In small vicinities of the critical point, where F_0 is sufficiently flat, S(N, ·) behaves as the corresponding Laplace’s integral:

Corollary 4.5: Define S(N, x), x ∈ I as in (4.1) with respect to F (N, ·) and g(N, ·). Let Φ be the function defined before (4.27) and φ be the function defined in (4.3). Then, for every α > 0 and x ∈ I, |x − x_0| ≤ N^{−α} it follows S(N, x) = ( 1 + O ( N^{−ε} )) g(N, x) μφ^′(x) Φ ( −F_{1,1}(N, x) φ^′(x)^ν , Nφ(x)^μ ) N^{1−1/μ}e^{−NF (N,x)}, (4.38) A.38 where ε = min((μ − 1)α, (μ − 1)ν/μ, δ, σ/μ, γ/μ). Remark: Inserting I ∋ x = x_0 + O(1/N) and (4.4) into (4.38) and invoking (4.28) yields the in the continuous context well known formula (see [0l])

S(N, x) = ( 1 + O ( N^{−ε} )) g(N, x) μ ( μ! F^{(μ)}_0 (x) )_{1/μ}

Fi ν μ , 1 μ ; −μ^{−ν} F_{1,1}(N, x) ( μ! F^{(μ)}_0 (x) )_{ν/μ} N^{1−1/μ}e^{−NF (N,x)}. (4.39) A.39

Here ε is as in (4.38) and Fi denotes the Faxen’s integral

Fi(α, β; s) = Fi(α, 1, β; s, 0). (4.40) A.40 Remark: Dropping the condition that the amplitude g(N, ·) is bounded below but still assuming Hölder-continuity along the lines of the proof of (4.39) it is readily verified that for x = x_0 + O(1/N)

S(N, x) = N^{1−1/μ}e^{−NF (N,x)} ( g(N, x) ( μ! F^{(μ)}_0 (x) )_{1/μ}

Fi ν μ , 1 μ ; −μ^{−ν} F_{1,1}(N, x) ( μ! F^{(μ)}_0 (x) )_{ν/μ} + O (N^{−ε}) ) , (4.41) A.42

again where ε is defined as in (4.38).

Proof of (4.38): From (1.7) and (1.8) in Hypothesis 1.1 and the property of F_0 being C^2 one easily reads off for k − 1/N ≤ x ≤ k and k ∈ I |F (N, x) − F (N, k)| = O ( N^{−1}F^′_0(x) + N^{ν/μ−1−ν} + N^{ν/μ−1−ν−δ} + N^{−1−δ} ) . (4.42) A.43 Hence, it follows from γ-Hölder continuity of g for ε = min((μ − 1)ν/μ, δ, γ) | |g(N, x)e^{−NF (N,x)} − g(N, k)e^{−NF (N,k)} | | = O ( g(N, x)e^{−NF (N,x)}(N^{−ε} + F^′_0(x)) ) . (4.43) A.44

In view of (4.43) we obtain for x ∈ I S(N, x) = ( 1 + O ( N^{−ε} )) NI(N, x, [b]) + O ( N ∫_{[b]} x g(N, t)F^′_0(t)e^{−NF (N,t)}dt ) , (4.44) A.45 where the Laplace integral I(N, ·, ·) is defined in (4.10). Application of (4.11) to I(N, x, [b]) and combination with (4.29) we obtain for suitable δ > 0 I(N, x, [b]) = ( 1 + O ( e^{−Nδ} )) g(N, x) μφ^′(x) Φ ( − F_{1,1}(N, x) φ^′(x)^ν , Nφ(x)μ ) N^{−1/μ}e^{−NF (N,x)}. (4.45) A.46 Let us denote by Δ(N, x) the second integral on the right-hand side of (4.44). Applying (4.11) to Δ(N, x) gives a suitable constant C > 0 Δ(N, x) = O ( N^{−1}e^{N(φ(x)μ−F (N,x))} Fi(1/μ, ν, 1; C, Nφ(x)^μ) ) . (4.46) A.47 It is elementary to prove that (4.46) implies Δ(N, x) = O(N^{−1}e^{−NF (N,x)}). Invoking (4.29) we conclude that for some generic c > 0 Φ(−F_{1,1}(N, x)/φ^′(x)^ν , Nφ(x)μ) ≥ c min(1, Nφ(x)^μ)^{1/μ−1}) ≥ c min(1, N^{1/μ}|x − x_0|)^{1−μ})

≥ c min(1, N^{1/μ−1}N^{(1−μ)α}) (x ∈ I, |x − x_0| ≤ N^{−α}). (4.47) A.47a

Combining (4.44), (4.45), (4.46) and (4.47) proves (4.38). ♦

We now evaluate the sum in (4.1) of Laplace type in regions, where the derivative of F_0 does not vanish (to fast) for large N. This allows us to cut the sum at a scale k ≤ N^{−δ} without changing the leading order. In this small domain of summation F (N, ·) is approximated sufficiently well by the linearization of F_0 at x. Consequently, we are left computing a geometric sum. We already know from the previous Corollary that the ’effective’ variable behaves like x ≈ N^{−1/μ}. To be able to match the asymptotic in the case of non vanishing derivative with those obtained in Corollary 4.4, we compute the sum in the domain x ≥ N^{−α} for arbitrary fixed α < 1/μ. If we neglect the subleading part of F (N, ·), it would be enough to ensure that the derivative doesn’t vanish faster than N grows. This only means α < 1/(μ − 1). But to incorporate the subleading part which should only produce a negligible factor in the sum we have to choose α < 1/μ. Before we formulate the Lemma, let us introduce another auxiliary function for convenience. Define Ψ(s, t) = t(e^t − e^{−s})/(e^t − 1) (0 ≤ s ≤ ∞, t ≥ 0). (4.48) A.50 In terms of the function Ψ we have:

Lemma 4.6: Define S(N, x), x ∈ I, as in (4.1). Fix α < 1/μ. Then, there exists a number ε > 0 such that uniformly in N^{−α} ≤ x ≤ b S(N, x) = ( 1 + O ( N^{−ε} )) g(N, x) F^′_0(x)

Ψ(N(F_0([b]) − F_0(x)), F^′_0(x))e^{−NF (N,x)}. (4.49) A.51

Proof: Since α < 1/μ, it is possible to choose 1/2 + (1 − μ/2)α < ρ < 1 + (1 − μ)α. Since the asymptotic (1.7) in Hypothesis 1.1 is twice differentiable, we obtain the existence of generic constants c > 0 and C such that for N^{−α} ≤ x ≤ b N|F_0(x) − F_0(x + [N^{−ρ}])| ≥ c|x|^{μ−1}N^{1−ρ} ≥ cN^{(1−μ)α+1−ρ} (4.50) A.52

N|F_0(x) + F^′_0(x)([N^{−ρ}] − x) − F_0(x + [N^{−ρ}])| ≤ C|x|^{μ−2}N^{1−2ρ} ≤ CN^{1−2ρ+(2−μ)α}. (4.51) A.53 and invoking (1.6) and (1.8) of Hypothesis 1.1

N|(F (N, x) − F_0(x)) − (F (N, x + [N^{−ρ}]) − F_0(x + [N^{−ρ}]))| ≤ C ( N^{ν(1/μ−ρ)} + N^{ν/μ−(ν+σ)ρ} + N^{−δ} ) . (4.52) A.54 As in the proof of Lemma 4.2 we divide the sum S into three terms

S(N, x) = g(N, x)e^{−NF (N,x)} (S_1(N, x) + Δ_1(N, x) + Δ_2(N, x)) , (4.53) A.55 where we have defined S_1(N, x) = ∑ x≤k≤x+[N^{−ρ}] e^{−N(F (N,k)−F (N,x))}, (4.54) A.56

Δ_1(N, x) = ∑ x≤k≤x+[N^{−ρ}] ( g(N, k) g(N, x) − 1 ) e^{−N(F (N,k)−F (N,x))}, (4.55) A.57

Δ_2(N, x) = ∑ x+[N^{−ρ}]≤k≤[b] g(N, k) g(N, x) e^{−N(F (N,k)−F (N,x))}. (4.56) A.58 We first discuss the case x + [N^{−ρ}] < [b]. Due to γ-Hölder-continuity and uniform boundness from below of g(N, ·) we know that Δ_1(N, x) = O(N^{−γ} )S_1(N, x).

Invoking (4.44), (4.11) and uniform boundedness of F_{1,1}(N, ·) and again that g(N, ·) ≍ 1 we conclude

Δ_2(N, x) =O ( N ∫_{[b]}

[N^{−ρ}] | | | g(N, u) g(N, x) | | | e^{−N(F (N,u)−F (N,x))}du )

=O ( N^{1−1/μ}e^{−N(F (N,[N −ρ])−F (N,x))} ) . (4.57) A.59

Inserting (4.50) and (4.52) on the right-hand side of (4.57) yields Δ_2(N, x) = O(N^{−∞}). From (4.51) and (4.52) it follows that there is a generic number ε > 0 such that

S_1(N, x) = ( 1 + O ( N^{−ε} )) ∑ x≤k≤x+[N^{−ρ}] e^{−NF ′0(x)(k−x)}. (4.58) A.60 Observing that (4.6) for ν = 1 gives the existence of a number c > 0 such that NF^′_0(x)[N^{−ρ}] ≥ cN^{−ρ+1+(1−μ)α}, we obtain from (4.58)

S_1(N, x) = ( 1 + O ( N^{−ε} )) e^{F ′}0^{(x)} − O (N^{−∞})

e^{F ′}0^{(x)} − 1

. (4.59) A.61 Since we are treating the case x + [N^{−ρ}] < [b], using Taylor’s formula and once more the equation (4.6) for ν = 1 there exists a generic, positive c > 0 such that F_0([b]) − F_0(x) ≥ cN^{−ρ+(1−μ)α}. This leads to e^{−N(F0([b])−F0(x))} = O ( N^{−∞} ) . (4.60) A.62 Combining the last equality with (4.59) and with F^′_0 ≥ 0 we conclude

S_1(N, x) = ( 1 + O ( N^{−ε} )) e^{F ′}0^{(x)} − e^{−N(F0([b])−F0(x))} e^{F ′}0^{(x)} − 1

(4.61) A.63

32 References

as asserted. In view of the error estimates for Δ_i, i = 1, 2, and (4.61) from (4.53) it follows (4.49). Repeating the procedure for S(N, x) in the case x+[N^{−ρ}] ≥ [b] again gives (4.49). The only difference occurring is that we have to replace x + [N^{−ρ}] by [b] and that already Δ_2 ≡ 0. ♦

As a Corollary of Corollary 4.5 and Lemma 4.6 we obtain the leading order of the asymptotic of the sum of Laplace type uniform in the argument x:

Corollary 4.7: Define S(N, x) as in (4.1). Let φ, Φ and Ψ be the functions defined in (4.3), before (4.27) and in (4.48), respectively. Then, there is ε > 0 such that uniformly in x ∈ I S(N, x) = ( 1 + O ( N^{−ε} )) g(N, x) μφ^′(x) Ψ(N(F_0(x) − F_0([Nb]/N)), F^′_0(x))) Φ ( F_{1,1}(N, x) φ^′(x)^ν , Nφ(x)^μ ) N^{1−1/μ}e^{−NF (N,x)}. (4.62) A.64

Proof: Fix 0 < α < 1/μ. Via Corollary 4.5 and Lemma 4.6 the proof of (4.62) is based on

(μφ^′(x))^{−1}Φ ( F_{1,1}(N, x) φ^′(x)^ν , Nφ(x)^μ ) = ( 1 + O ( N^{−ε} )) (1/F^′_0(x)) (x ≥ x_0 + N^{−α}) (4.63) A.65 Ψ(N(F_0([b]) − F_0(x)), F^′_0(x)) = ( 1 + O ( N^{−ε} )) (0 ≤ x ≤ x_0 + N^{−α}). (4.64) A.66 (4.63) is proven by inserting t = Nφ(x)^μ for x ≥ x_0 + N^{−α} into (4.29) and using (4.5), while (4.64) follows from (4.60) and Ψ(s, t) = (1 + O(t))(1 + e^{−s}) as t tends to zero. ♦

References

[BEGK] A. Bovier, M. Eckhoff, V. Gayrard, M. Klein, “Metastability in stochastic dynamics of disordered mean-field-models”, preprint, (1998),

[BG1] A. Bovier, V. Gayrard, “Hopfield models as generalized random mean field models”, in “Mathematical aspects of spin glasses and neural networks”, A. Bovier, P. Picco (eds.), Progress in Probability 41, (Birkhäuser, Boston 1998),

[BG2] A. Bovier, V. Gayrard, “Sample path large deviations for a class of Markov chains with slowly varying transition probabilities”, WIAS-preprint, (1998),

[BGK] A. Bovier, V. Gayrard, M. Klein, “??”, in preparation,

[CC] O. Catoni and R. Cerf, “The exit path of a Markov chain with rare transitions”, ESAIM Probab.

Statist. 1, 95-144 (1995/97),

[CGOV] M. Cassandro, A. Galves, E. Olivieri, and M.E. Varés, “Metastable behaviour of stochastic dynamics: a pathwise approach”, J. Stat. Phys. 35, 603-634 (1988).

[DM] R.B. Dingle, G.J. Morgan, “WKB methods for difference equations I,II, Appl. Sci. Res. 18, 221-237, 238-245, (1967),

[E] R.S. Ellis, “Entropy, Large Deviations and Statistical Mechanics”, Springer-Verlag, New York- Berlin-Heidelberg-Tokyo, (1985),

Reversible death and birth chains 33

[FW] M.I. Freidlin, A.D. Wentzell, “Random perturbations of dynamical systems”, Springer, Berlin- Heidelberg-New York, (1984 reprinted 1998),

[GT] I. Gaudron and A. Trouvé, “Fluctuations of empirical means at low temperature for finite Markov chains with rare transitions in the general case”. Probab. Theor. Rel. Fields 111, 215-251 (1998),

[H] M.H. Holmes, “Introduction to Perturbation Methods”, Springer-Verlag, Berlin-Heidelberg-New York, (1995),

[vK] N.G. van Kampen, “Stochastic processes in physics and chemistry”, North-Holland, Amsterdam, 1981 (reprinted in 1990),

[KMST] C. Knessl, B.J. Matkowsky, Z. Schuss, and C. Tier, “An asymptotic theory of large deviations for Markov jump processes”, SIAM J. Appl. Math. 46, 1006-1028 (1985),

[Ku] T. G. Kurtz, “Solutions of ordinary differential equations as limits of pure jump Markov processes”, J. Appl. Probab. 7, 49–58 (1970).

[MP] P. Mathieu, P. Picco, “Metastability and convergence to equilibrium for the random field Curie- Weiss model, J. Stat. Phys. 91, 679-732, (1998),

[MR] R.E. Mickens, I. Ramadhani, “WKB procedure for Schroedinger type difference equations, V.

Lakshmikantham (ed.), World congress of nonlinear analysts ’92, Proceedings of the first world congress , Tampa, FL, USA, August 19-26, 1992, 4 volumes, de Gruyter, Berlin, 3907-3912, (1996),

[CoCo] O. Costin, R. Costin, “Rigorous WKB for finite-order linear recurrence relations with smooth coefficients”, SIAM J. MATH. ANAL. 27, No.1, 110-134, (1996),

[SP] R. Spigler, M. Vianello, “A survey on the Liouville-Green (WKB) approximation for linear difference equation of the second order, S. Elaydi (ed.) et al., Advances in difference equations. Proceedings of the 2nd international conference on difference equations, Veszprem, Hungary, August 7-11, 1995, Gordon and Breach Science Publishers, Langhorne PA, 567-577, (1997),

[ST] C.R. Steele, L.A. Taber, “Comparison of WKB and finite difference calculations for a two-dimensional cochlear model”, J. acoust- Soc. Am. 65, 1001-1006, (1979),

[OS1] E. Olivieri, E. Scoppola, “Markov chains with exponentially small transition probabilities: First exit problem from a general domain -I. The reversible case” J. Stat. Phys. 79, 613 (1995).

[OS2] E. Olivieri, E. Scoppola, “ Markov chains with exponentially small transition probabilities: First exit problem from a general domain -II. The general case”. J. Stat. Phys. 84, 987-1041 (1996),

[Ol] F.W.J Olver, “Asymptotics And Special Functions”, Academic Press, London, (1974),

[Wa] W. Wasow, “Asymptotic Expansions For Ordinary Differential Equations”, Interscience Publishers, New York-London-Sydney, (1965),

[Wi] P. Wilmott, “A note on the WKB method for difference equations”, IMA J. Appl. Math- 34, 295-302, (1985)