Inverse problems generated by conformal mappings on complex plane with parallel slits

Pavel Kargaev^� Department of Analysis, St-Petersburg State University

Evgeni Korotyaev^y Universität Potsdam, Institut für Mathematik e-mail: evgeni@math.uni-potsdam.de

March 17, 2000

Abstract We study the properties of a conformal mapping z(k, h) from K(h) = C \ ∪Γ_n where Γ_n = [u_n − i|h_n|, u_n + i|h_n|], n ∈ Z is a vertical slit and h = {h_n} ∈ ℓ^2R, onto the complex plane with horizontal slits γ_n ⊂ R, n ∈ Z, with the asymptotics z(iv, h) = iv + (iQ_0(h) + o(1))/v, v → +∞. Here u_{n+1} − u_n ¿ 1, n ∈ Z, and the Dirichlet integral Q_0(h) = RRC |z^′(k, h) − 1|^2dudv/(2π) < ∞, k = u + iv. Introduce the sequences l = {l_n}, J = {J_n}, where l_n = |γ_n| sign h_n, and J_n = |J_n| sign h_n, J^2_n =

R_{Γn | Im z(k, h)||dk|/π. The following results are obtain: 1) an analytic continuation}

of the function z(·, ·) : K(h) × {f : ‖f − h‖ < r} → C onto the domain K(h) × {f : ‖f − h‖_C < r} for h ∈ ℓ^2R and some r > 0, and the Löwner equation for z(k, h) when the height of some slit h_n is changed, 2) an analytic continuation of the functional Q_0 : ℓ^2R → R_+ in the domain {f : ‖ Im f‖ < r} and the derivatives ∂Q_0/∂h_n, 3) the mappings l : ℓ^2R → ℓ^2R and J : ℓ^2R → ℓ^2R are real analytic isomorphisms, and l(·) has the analytic continuation on the domain {f : ‖ Im f‖ < r}, 4) the double-sided estimates for ‖h‖, ‖l‖, ‖J‖, Q_0 (h), 5) some properties of the functional E(h) = P l_n(h), 6) the extension of 1)-5) for the case h ∈ ℓ^p_ω, where ℓ^p_ω is the Banach space with any weight ω = {ω_n}_{n∈}Z, ω_n ¿ 1, and 1 6 p 6 2 with the norm ‖h‖^p_{,ω} = P ω_n|h_n|^p.

1 Introduction

Introduce the set U = {k : k = u_n, n ∈ Z}, where u_n is strongly increasing sequence of real numbers such that u_n → ±∞ as n → ±∞. For some fixed sequence h ∈ ℓ^∞R we define the

�Partially supported by Russian Fund of Fundamental Research yPartially supported by Russian Fund of Fundamental Research, INTAS and SFB 288. Permanent adress:

Math. Dept. 2, ETU, 5 Prof. Popov Str., St.Petersburg, 197376 Russia

following domains

K(h) = C \ ∪_{n∈}ZΓ_n, Γ_n = [u_n − i|h_n|, u_n + i|h_n|], K_+(h) = C_+ ∩ K(h).

We call K_+(h) the ”comb”. It is well known that there exists the conformal mapping z = z(k, h) from K_+(h) onto C_+ with the asymptotics: z(iv, h) = iv(1 + o(1)), v → +∞, where z = x + iy, k = u + iv, Moreover, the difference of any two such mappings equals a constant, and then the imaginary part y(k, h) = Im z(k, h) is unique. Introduce the function ψ(k, h) = v − y(k, h), k ∈ K_+(h) which is the bounded solution of the Dirichlet problem with the following boundary condition ψ(k, h) = v, k = u + iv ∈ ∂K_+(h). We call such mapping z(k, h) the comb mapping. Define the inverse mapping k(z, h, U) : C_+ → K_+(h). It is clear that such function has the continuous extension in the domain C_+ . It is convenient to introduce ”gaps” γ_n, ”bands” σ_n and the ”spectrum” σ(h, U) of the comb mapping by the formulas:

γ_n = (z^−_n , z^+_n ) = (z(u_n − 0, h), z(u_n + 0, h)), σ_n = [z^+_{n−1}, z^−_n ], σ(h, U) = ∪σ_n.

Here and below the union, the sum and the integral without the limits means the union, the sum and the integral from −∞ until ∞. All others cases well be denoted precisely. The function u(z, h) = Re k(z, h) is strongly increasing on each band and equals u_n on the interval [z^−_n , z^+_n ], n ∈ Z; the function v(z, h) = Im k(z, h) equals zero on each band and is strongly convex on each gap γ_n and has the maximum at some point z_n, and such that |h_n| = v(z_n). If the gap is empty we set z_n = z^±_n . These and others properties of the comb mappings it is possible to find in the papers of Levin [Le].

For the weight ω = {ω_n}_{n∈}Z, where ω_n ¿ 1, and the number p ¿ 1 introduce the real spaces ℓ^p_ω = {f = {f_n, n ∈ Z}, ‖f‖_{p,ω} < ∞}, ‖f‖^p_{,ω} = ∑ n∈Z ω_nf^p_n < ∞. If the weight has the form ω_n = (2u_n)^{2m}, m ∈ R, then we will write ℓ^p_m with the norm ‖·‖_{p,m}, if the weight ω_n = 1, n ∈ Z, then we will write ℓ^p_0 = ℓ^p with the norm ‖ · ‖_p, ‖ · ‖ = ‖ · ‖_2. Let ℓ^p_{ω,}C be the complexification of the space ℓ^p_ω. In the complex space ℓ^p_{ω,}C introduce the domain (a layer) J^p_ω (ρ) = {η ∈ ℓ^p_{ω,}C : ‖ Im η‖_{p,ω} < ρ}, ρ > 0, p ¿ 1. For h ∈ ℓ^∞R we define the singed gap length by the following formula:

l_n(h) = (z^+_n − z^−_n ) sign h_n, n ∈ Z,

and let l(h) = {l_n(h)}_{n∈}Z. Below we will use very often the following estimate: |γ_n(h)| ≤ 2|h_n|, n ∈ Z, (1.1) see [MO1]. Hence if h ∈ ℓ^p_ω then l(h) ∈ ℓ^p_ω and we have the mapping l(·) : ℓ^p_ω → ℓ^p_ω for any

p ¿ 1 and ω. Introduce two maps A : h → A = {A_n}^∞_{−∞}, J : h → J = {J_n}^∞_{−∞}, acting from ℓ^p_ω into ℓ^p_ω for any p ¿ 1 and the weight ω, where the components are defined by the formulas A_n = 2 π ∫ γn v(z, h)dz, J_n = |A_n|^{1/2} sign h_n. (1.2)

Define now the functional Q_r(·) : ℓ^p_ω → R by the formula:

Q_r(h) = 1 π ∫ R x^rv(x, h) dx, r ∈ Z, and the Dirichlet integral

I_D(h) = 1 π ∫∫ C |z^′(k, h) − 1|^2 du dv = 1 π ∫∫ C |k^′(z, h) − 1|^2 dx dy, the last identity holds since the Dirichlet integral is invariant under the conformal mappings. For h ∈ ℓ^∞R the following estimates and identities were proved 1 2 ∑ n∈Z |γ_n(h)||h_n| ≤ πQ_0(h) ≤ ∑ n∈Z |γ_n(h)||h_n|, (1.3)

2Q_0(h) = I_D(h) = ∑ A_n = ‖J‖^2, (1.4)

see [KK1]. Relations (1.3-4) show that functional Q_0 is bounded for h ∈ ℓ^2R.

Note that the comb mappings are used in various fields of mathematics. We enumerate the more important directions: 1) the conformal mapping theory, 2) the Löwner equation and the quadratic differentials, 3) the electrostatic problems on the plane, 4) analytic capacity, 5) the spectral theory of the operators with periodic coefficients, 6) inverse problems for the Hill operator and the Dirac operator, 7) KDV equation and NLS equation with periodic initial value problem.

We need some results from the conformal mapping theory. Recall the Hilbert Theorem about the conformal mappings from a multiply connected domains onto a domain with parallel slits. Let S_1, S_2, . . . , S_N be disjoint continua in the plane C ; D = C \ ∪^N_{n=1}S_n. Introduce the class Σ^′(D) of the conformal mapping w from the domain D onto C with the following asymptotics: w(k) = k + [Q(w) + o(1)]/k, k → ∞. We formulate the well known Theorem (see [G], [J]).

Theorem. ( Hilbert) .Let S_1, S_2, . . . , S_N be disjoint continua in the plane C ; D =

C \ ∪^N_{n=1}S_n. Then for each t ∈ [0, π] there exists a unique function w_t ∈ Σ^′(D) which maps

D onto a domain with parallel slits and the angles of intersection between the parallel slits and the real axis are all equal to t. Moreover, for each function f ∈ Σ^′(D), f ≠ w_0, the following estimate is fulfilled Re Q(f) < Re Q(w_0).

Levin [Le] studied general comb mappings for the case h ∈ ℓ^2_m, m = −1, and proved the existence of the mapping for a very general case. Marchenko and Ostrovski [MO1- 2] considered comb mappings as m ¿ 1, u_n = πn, n ∈ Z. The authors of the present paper [KK1] found new estimates of the various parameters, the identities (see (1.4)), the Poisson integral (2.39) ( convenient for the application) and used the Dirichlet integral. New identities and various estimates were obtained by one of the authors (E.K.) in the papers [K1-4], [K7-11]. Remark that first the Dirichlet integral for the comb mappings at m = −1, was used in the paper [Ka1] of another author (P.K.) of the present paper.

Estimates are important in the conformal mapping theory. Some double-sided inequalities for ‖h‖_{2,1} and Q_2 were found in [MO2] only for the following case : u_n = πn, n ∈ Z, √ Q_0 6 C_1(1 + ‖h‖_∞)(1 + ‖h‖_{2,1}), ‖h‖_{2,1} 6 C_2 √ Q_0 exp(C_3 √ Q_0),

for some constants C_1, C_2, C_3. Note that these estimates are overstated since the Bernstein inequality was used. In this consideration the condition u_n = πn, n ∈ Z, is very important, note that the estimates in terms of the gap lengths were absent. Later on various estimates were showed in [KK1]. First double-sided inequalities ( very rough) for the gap lengths (for for ‖l‖_{2,1} and Q_2) were proved in [KK2]. Some double-sided estimates of various parameters were found in [K4] for the case when on any unit interval there are finite number of vertical slits and results were applied to the Dirac operator and the weighted operator [K10-11]. Various inequalities for some values of the Hill operator were proved in [K1, 8] and remark that the proof of the estimates for the Hill operator is more complicated than for the Dirac operator.

Recall the well known results about the Löwner equation [L] and quadratic differentials. The Löwner equation usually is used for a simply connected domain, such that zero (the norming point) lies inside this domain and ∞ does not belongs to one. Moreover, there exists a slit inside this domain such that one of the ends lies on the boundary of the domain (see [G]). The Löwner equation for the comb is not studied since in this case the norming point, ∞, lies on the boundary. Maybe with a unique exception, there exists a paper of Garnet and Trubowitz [GT1] where the authors considered such problems.

In our paper we do not study the quadratic differential, but some applications of our results with this subject will are discussed after Theorem 2.1.

Consider the Hill operator T = −d^2/dx^2 +q(x), acting on L^2(R), where a potential q is 1- periodic and belongs to the space of even functions H_e = {q ∈ L^2(0, 1), q(x) = q(1 − x), x ∈ [0, 1]}. It is well known, that the spectrum of T is absolutely continuous and consists of intervals [λ^+_{n−1}, λ^−_n ], where λ^+_{n−1} < λ^−_n 6 λ^+_n , n ¿ 1 and let λ^+_0 = 0. These intervals are separated by the gap ~γ_n = (λ^−_n , λ^+_n ). If a gap degenerates, that is ~γ_n = ∅, then the corresponding segments merge. Let Δ(z, q), z ∈ C , be the Lyapunov function for the Hill operator. Define the quasimomentum by the formula

k(z) = arccos Δ(z, q), z ∈ Z = C \ ∪γ_n, where the slit γ_n has the form

γ_n = (z^−_n , z^+_n ) = −γ_{−n}, z^±_n = √ λ^±_n > 0, n ¿ 1. Note that for each n ¿ 1 there exists a unique point z_n ∈ [z^−_n , z^+_n ] such that Δ_z(z_n, q) = 0. The function k(z) is a conformal mapping from Z onto K(h) where u_n = πn, n ∈ Z and |h_n| is defined by the equation cosh |h_n| = (−1)^nΔ(z_n, q). Let μ_n(q), n ¿ 1, be an eigenvalue of the Dirichlet problem −y^{′′} +qy = λy, y(0) = y(1) = 0. It is well known that μ_n ∈ [λ^−_n , λ^+_n ], n ¿ 1.

Construct the height slit mapping h : q → h(q) = {h_n}^∞_{−∞} where h_n = |h_n| sign(z^2_n − μ_n), from H_e into ℓ^2_1.

Define the gap length mapping G : q → G(q) = {G_n}^∞_1 from H_e into ℓ^2, where the components have the form G_n = λ^+_n + λ^−_n − μ_n,

Consider the Zakharov-Shabat (or Dirac) operator T_{zs} in the Hilbert space L^2(R)⊕L^2 (R), where T_{zs} = ~J d dx + ( q_1(x) q_2(x) q_2(x) −q_1(x) ) , ~J = ( 0 1 −1 0 ) (1.5)

and q_1, q_2 ∈ L^2(1, 0) are real 1-periodic functions in x ∈ R. The spectrum of T_{zs} is purely absolutely continuous and is given by the set ∪σ_n, where an interval σ_n = [z^+_{n−1}, z^−_n ], where . . . < z^−_{2n−1} 6 z^+_{2n−1} < z^−_{2n} 6 z^+_{2n} < . . . , and z^±_n = n(π + o(1)), as |n| → ∞. These intervals are separated by gaps γ_n = (z^−_n , z^+_n ) with the length l_n = |g_n|. If a gap g_n is degenerate, i.e., l_n = 0, then the corresponding segments σ_n, σ_{n+1} merge. For the Dirac operator T_D we are able to define the quasimomentum, some analog of the height slit mapping and the gap length mapping.

Consider the defocussing cubic non-linear Schrödinger equation (NLS) − ~J dψ dt = −ψ_{xx} + 2|ψ|^2ψ, ψ = ψ(t, x) = ( ψ_1(t, x) ψ_2(t, x) ) , ψ(0, x) = q(x). It is well known that NLS is a completely integrable infinite dimensional Hamiltonian system. The periodic spectrum of (1.5) is invariant under the flow of NLS. The Hamiltonian has the following form H(q) = 1 2 ∫_1 0 [|q^′(x)|^2 + |q(x)|^4]dx = 4Q_2(h);

Moreover, there are two functionals. First, the number of particles I_N has the forms

I_N (q) = 1 2 ‖q‖^2 = 1 2 ∫_1 0 |q(x)|^2dx = Q_0(h) = 1 2π ∫ ∫ |z^′(k) − 1|^2dudv, and the second, the momentum I_M ,

I_M (q) = 1 2 ( ~Jq^′, q) = 1 2 ∫_1 0 (q^′_2(x)q_1(x) − q^′_1(x)q_2(x))dx = 2Q_1(h).

The NLS equation has the Hamiltonian T_D and the Poisson bracket has the form {F, G} = i ∫_1 0 [ ∂F ∂q_1(x) ∂G ∂q_2(x) − ∂G ∂q_1(x) ∂F ∂q_2(x) ]dx.

The NLS equation admits globally defined real analytic action-angle variables (see [Ar]). Define the action variable A_n by the formula (1.2) (see [FM] ). Then the Hamiltonian H, the number of particles I_N and the momentum I_M depend only on the action-variables A_n, n ∈ Z. Introduce the frequencies ω_n =^{∂H}_{∂An} , n ∈ Z. The parameters ω_n are very important since the angle variables has the form ϕ_n(t) = ω_nt + ϕ_n(0), t ¿ 0, n ∈ Z.

A great many papers are devoted to the inverse problem for the Hill operator. Marchenko and Ostrovski [MO1], [MO2] constructed a ”global quasimomentum” and proved the continuous isomorphism of the mapping H (”cut height mapping”). Note that the global quasimomentum was introduced into the spectral theory of the Hill operator by Firsova [F], and by Marchenko-Ostrovski [MO1] sumiltaneously. Dubrovin [D], Its and Matveev [IM], Moser [Mos], Novikov [N], Trubowitz [T] considered the inverse problem for finite band potentials (potentials were more general in [T]). Garnett and Trubowitz [GT1] proved the real analytic isomorphism both of H and of G for the case of even potentials. In the next paper [GT2], Garnett and Trubowitz proposed a new approach to solve the inverse problem. This approach is based on functional analysis (see Theorem 8.1) and gives the direct proof that the mapping G is an isomorphism. Note that here the apriori estimate (similarly (1.6)) is important. But the proof is not complete since the needed estimates were absent, and note that later on such estimates was proved in [K7]. Kargaev and Korotyaev [KK] reproved the results of Garnett and Trubowitz [GT1] by the direct method. Moreover, they considered other mappings, for example, they solved the inverse problems for the gap length mapping of the operator √ T − λ^+_0 ¿ 0.

Kappeler [Ka] proved that the ”gap length mapping” for the Hill operator is a real analytic isomorphism. But in his paper there exists a mistake connected with real analyticity, since in fact, analyticity seems only to have been proved for each single component of the gap length mapping Remark that the definition of this mapping is not explicit and differs from [K6].

In the paper [BGGK] the authors proved that the ”gap length mapping” for the Zakharov- Shabat operator (for the case of q, q^′ ∈ H) is a real analytic isomorphism. We feel, however, that there is a gap in the proof of real analyticity in [Ka] (analyticity seems only to have been proved for each single component of the gap length mapping), and this proof was referred to in the subsequent work on the Dirac operator. Furthermore, it is not clear to us how in [BGGK] the gaps are labeled without using the quasimomentum.

In the paper [BBGK] the symplectomorphism for ”the action-angle variable mapping” was proved. Korotyaev [K1], [K6] proved that two mappings for the Hill operator are the real analytic isomorphisms by the direct method both for the ”gap length mapping” and the ”cut height mapping”. Later on the same results were extended for the weighted periodic operator [KKo], [K10].

Double-side estimates for various parameters of the Hill operator (the norm of a periodic potential, effective masses, gap lengths, height of slits |h_n| and so on ) were obtained in [K2-4] and for the Dirac operator in [KK2], [K2], [K5]. The precise double-sided estimates (see (1.6)) for gap lengths was found in [K7]. Pöschel and Trubowitz [PT] wrote a nice book concerning the inverse Dirichlet problem.

Recall that for a compact subset K ⊂ C the analytic capacity is called the following value C = C(K) = sup{|f^′(∞)| : f analytic in the domain C \ K; |f(k)| ≤ 1, k ∈ C \ K} where f^′(∞) = lim_{k→∞} k(f(k) − f(∞)). We will use well known Theorem of Ivanov- Pommerenke (see [Iv], [Po]) Theorem ( Ivanov-Pommerenke ) Let E ⊂ R be compact. Then the analytic capacity C(E) = |E|/4, where |E| is the Lebesgue measure (the length) of the set E. Moreover, the Ahlfors function f_K (the unique function, which gives sup in the definition of the analytic capacity) has the following form:

f_K (z) = exp (^1_2 ϕ_K(z)) − 1 exp (^1_2 ϕ_K(z)) + 1

, ϕ_K(z) = ∫ E dt z − t ; z ∈ C \ E. We will use the following simple remark: if K ⊂ C is compact ; D = C \ K, g ∈ Σ^′(D), then C(K) = C(C \ g(D)). It follows immediately from the definition of the analytic capacity.

Let Φ_+ ⊂ ℓ^∞R be the subset of finite sequences of non negative numbers. Then, using the Ivanov-Pommerenke Theorem and the last remark we obtain for h ∈ Φ_+ ‖l(h)‖_1 = A(h) = C(Γ(h)), where Γ(h) = ∪_{n∈}Z[u_n − i|h_n|, u_n + |h_n|]; γ(σ(k(·, h, u))) = γ(Γ(h)). Moreover, using Theorem 2.4 we have for h ∈ Φ_+ ∂_nF (h) = ϕ^′_{σ(k(·,h,u))}(λ_n), where F (ξ) = γ(E(ξ)), ξ ∈ Φ_+. Similarly, we are able to get other results devoted to ‖ · ‖_1 and to the functional E.

The main gaol of our paper is to prove the following points 1) to study the function z(k, h) as a function of two variables k ∈ K(h), h ∈ ℓ^p_ω, 2) to get an analytic continuation of the functional Q_0 : ℓ^2R → R_+ into the domain J^2(ρ) and and to find the derivatives ∂Q_0/∂h_n, 3) to show that the mappings l : ℓ^p_ω → ℓ^p_ω and J : ℓ^p_ω → ℓ^p_ω are real analytic isomorphisms for any 1 6 p 6 2 and any weight ω_n ¿ 1, 4) to find the double-sided estimates for ‖h‖_{p,ω} and ‖l‖_{p,ω}, 1 6 p 6 2. 5) to get the double-sided estimates for ‖h‖_{p,ω} and I_D(h), 1 6 p 6 2. 6) to study the functional E(h) = ∑ l_n(h).

2 Main results

Define the following constants ρ = u_∗ h^2_∗ 32 , α_p = 1 π (2p+2(2 + π) u_∗ )_p , C_A =

48 · 6^{1/6} (1 − δ)u_∗h_∗ , C_H = 32 h^2_∗

, C_L = C_H 3 √ 2.

where p ¿ 1. We formulate the basic result of our paper. We prove the following properties of the non-linear mapping l(h) = {l_n(h)}_{n∈}Z. Recall l_n(h) = (z^+_n − z^−_n ) sign h_n, n ∈ Z,. Theorem 2.1. Let u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. Then for each 1 ≤ p ≤ 2 and the weight ω_n ¿ 1, n ∈ Z the mapping l : ℓ^p_ω → ℓ^p_ω is a real analytic isomorphism. Moreover, this mapping has an analytic continuation into the domain J^p_ω (ρ) for some ρ > 0 and the following estimates are fulfilled:

|l_n(h)| 6 C_L|h_n|(1 + C^2_A‖h‖^2), h ∈ J^p_ω (ρ). (2.1) ‖l(h)‖_{p,ω} 6 C_L‖h‖_{p,ω}(1 + C^2_A‖h‖^2), h ∈ J^p_ω (ρ), (2.2) ‖l(h)‖_{p,ω} 6 2‖h‖_{p,ω} 6 ‖l(h)‖_{p,ω} exp (9‖h‖_∞/u_∗), h ∈ ℓ^p_ω, (2.3) 1 2 ‖l(h)‖_p 6 ‖h‖_p 6 2‖l(h)‖_p(1 + α_p ‖l(h)‖^p), h ∈ ℓ^p. (2.4) The real analytic isomorphism of some mappings were proved in the papers [GT], [KK2], [K1-2]. In the present paper there exists two absolutely new points: first, this mapping has an analytic continuation into the domain J^p_ω (ρ) for some ρ > 0 and the second, the estimates both for the real vectors and the complex one (see (2.1-3)). Estimates (2.2-3) are new, but in the case of the real space ℓ^2_1 inequality (2.2) was obtained in the paper [KK2], where the method and the estimates were very rough. One of the author (E.K. [K4], [K8]) found the double - sided estimates for the space ℓ^2_m, m ¿ 0.

Define the square differential in the domain D = K(h) ∪ {∞} on the Riemann sphere, which is considered as Riemann surface with hyperbolic boundary components by the following formula:

w = (k^′(z, h) − 1)^2dz^2 = (z^′(k, h) − 1)^2dk^2.

Then w is the analytic square differential on D (in particular, analytic at any boundary point in terms of a corresponding uniformizing parameter). In the present paper w-metric is important to get the needed estimates. Moreover, these estimates have the following geometry interpretation.

The invariant length L_n of the cut γ_n has the following form

L_n = 2

∫_z+_n z^−_n |k^′(x) − 1|dx = 2 ∫_z+_n z^−_n √ v^′(x)^2 + 1dx.

Then using (1.1 ) we obtain 2|h_n| ≤ L_n ≤ 2(|h_n| + |l_n|) ≤ 6|h_n| Moreover, the invariant area S of the Riemann surface D has the form S = ∫ ∫ C |k^′(z) − 1|^2dxdy = 2πQ_0(h). It is possible to consider Theorem 2.1 and corollaries as a statement which gives the doublesided estimate for S if we know the sequence of the boundary component lengths and the points where the vertical slits cross the real line.

We show now the corollary asociated with the notion of the extremal length. Let h = {h_n}^N_{n=1} be a finite sequence of positive numbers. For any 1 ≤ n ≤ N we introduce the set G_n of rectifiable curves which connect the slit [u_n + ih_n/2, u_n + ih_n] with the real line and lying in C_+ . Let P be the set of metrics ρ(z)|dz| on C_+ , such that ρ^2(z) is integrable and ∫ γn ρ(z)|dz| ≥ h_n/2, γ_n ∈ G_n, n = 1, . . . , N It is well known that in this case (see [J] ) the following value M = inf_{ρ∈P} ∫ ∫ C + ρ^2(z)dxdy is called the extremal length for the set G_n and numbers h_n/2.

It is found the metric |z^′(k) − 1||dk| belongs to the set P and by Theorem 2.1, there exists an absolute constant C such that CM ≤ ∫ ∫ C + |z^′(k) − 1|^2dpdq ≤ M. We formulate the basic result about the mapping J(h) = {J_n(h)}_{n∈}Z. and recall J_n = |A_n|^{1/2} sign h_n, A_n =^2_π ∫ γn v(z, h)dz. Theorem 2.2. Let u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. Then for each 1 ≤ p ≤ 2 and the weight ω_n ¿ 1, n ∈ Z the mapping J : ℓ^p_ω → ℓ^p_ω is a real analytic isomorphism. Moreover, the following estimates are fulfilled: ‖J(h)‖_{p,ω} 6 2‖h‖_{p,ω} 6 2‖J(h)‖_{p,ω} exp (5‖J(h)‖_{p,ω}/u_∗), h ∈ ℓ^p_ω, (2.5) ‖l‖_p 2 6 ‖J‖p 6^2√_π ‖l‖p(1 + αp‖l‖^p)^{1/2}, h ∈ ℓ^p, (2.6) √ π 2 ‖J‖_p 6 ‖h‖_p 6 4‖J‖_p(1 + α_p2^p‖J‖^p), h ∈ ℓ^p. (2.7) The real analytic isomorphism of some such mapping was proved in the papers [DBGK] for the Hill operator. In the present paper there exists two absolutely new points: first, we consider this mapping in the Banach space ℓ^p_ω for any ω > 0 and the second, the estimates are proved for any 1 ≤ p ≤ 2, ω_n ¿ 1.

Let ∂_n = ∂/∂h_n, n ∈ Z. Introduce the constants

ν_n = { sign h_n/|k^{′′}(λ_n, h)|, if h_n ≠ 0, 0 if h_n = 0.

We formulate the basic result concerning the functional Q_0. Recall Q_0(h) =^1_π ∫ R v(x, h) dx. Theorem 2.3.Assume that u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. Then the functional Q_0 : ℓ^p_ω → R_+ has analytic continuation in the domain J^p_ω (ρ) for some ρ > 0 and the following estimates are fulfilled: |Q_0(h)| ≤ 1 2 C^2_H ‖h‖^2_{p,ω} ( 1 + C^2_A‖h‖^2 ) , h ∈ J^p_ω (ρ), (2.8) π 2 Q_0(h) 6 ‖h‖^2 6 π^2 max { 1, √ 2Q_0(h) u_∗ } Q_0(h), h ∈ ℓ^2R, (2.9)

and the derivative has the form:

∂_nQ_0(h) = ν_n(h), n ∈ Z, h ∈ ℓ^2R. (2.10)

In the present paper there exists three absolutely new points: first, this function Q_0(h) has an analytic continuation into the domain J^p_ω (ρ) for some ρ > 0, the second, the estimates both for the real vectors and the complex one (see (2.8-9)) and the derivatives (2.10) is found for the first time.

For each h ∈ l^1R we define the functional E(h) = ∑ n∈Z l_n(h). It is possible since there exists estimate (1.1). Recall E(h)/4 is the analytic capacity of the set ∪γ_n. It the our paper the following properties were proved.

Theorem 2.4.For each sequence U and h ∈ ℓ^1R, such that h_n ≥ 0, n ∈ Z the following estimates are fulfilled: πQ_0(h) ≤ ‖h‖_∞E(h) ≤ 2 π E(h)^2, E(h) ≤ 2‖h‖_1. h ∈ ℓ^1R, (2.11)

Let in addition u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. Then the functional E : ℓ^1R → R has analytic continuation in the domain J^1(ρ) and the following estimates are fulfilled:

|E(η)| ≤ C_L‖η‖_1(1 + C^2_A‖η‖^2_1)), η ∈ J^1(ρ), (2.12)

‖h‖_1 6 ‖l‖_1(1 + 40 u_∗ ‖l‖_1), h ∈ ℓ^1R, (2.13)

and for any h ∈ ℓ^1R the derivative has the form ∂_nE(h) = { ν_n · ∫ σ(h) dt (t−zn)^2 , if hn ≠ 0, 2z^′(u_n, h), if h_n = 0.

(2.14)

Consider now the analytic properties of the conformal mapping z(k, η). Assume that the following condition u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z is fulfilled. Note that by the definition, for any fixed k ∈ C the function z(k, h), h ∈ ℓ^2R is even with respect to each variable h_n. Then in order to find the derivative ∂_nz(k, h) it is enough to compute the derivative for the case h_m ¿ 0, m ∈ Z.

Define the ball B^p_ω(η, r) = {f : ‖f −η‖^p_ω 6 r} ⊂ ℓ^p_ω, and the disk B(z_0, r) = {z : |z −z_0| < r} ⊂ C , where ρ > 0. In the case ℓ^p_{ω,c} the ball is denoted by B^p_{ω,c}(η, ρ). For fixed ε_n ∈ [0, 1] and h ∈ ℓ^∞ introduce two domains K(h, ε) = K(h)\ ⋃ n∈Z (B(~u_n, r_n) ∪ B(~u_n, r_n));

K_n(h) = {| Re(r − u_n)| < u_∗} \ {k = u_n + iv, |v| ¿ |h_n|}, where ~u_n, r_n depend on the two cases: let R_n = h_∗u_∗ε/8,

r_n = εu_∗ 4 , ~u_n = u_n, if |h_n| < R_n, (I case); r_n = R_n 2 , ~u_n = u_n + i(|h_n| − h_∗R_n 4 ), if |h_n| ≥ R_n, (II case). Note that in the second case B(~u_n, r_n) ⊂ C_+ , since we have

(h_∗r_n/2) + r_n 6 5r_n/4 < 2r_n 6 |h_n|.

We formulate our basic results about the analytic properties of the conformal mappings. Theorem 2.5.For any fixed h ∈ ℓ^2R, ε = {ε_n}, where ε_n ∈ [0, 1], n ∈ Z the function z(k, h + εη) has an analytic continuation from D = K(h, ε) × B^2(ρ) into the domain D_C = K(h, ε)×B^2_C (ρ). This continuation is such that if the set K_n(h, ε) is connected for some n ∈ Z then the function z(k, h + εη), (k, η) ∈ D_C has an analytic extension in the domain ~D_n = ~K_n×B2_C (ρ) (”left” if this continuation coincides with z(k, h+εη) as (k, η) ∈ ~D_n∩{Re k < u_n} and ”right” if this continuation coincides with (k, h + εη) ∈ D̃_n ∩ {Re k > u_n} ). Moreover, for any h ∈ ℓ^2R, n ∈ Z, k ∈ K(h) the derivative has the following form: ∂_nz(k, h) = ν_n z(k, h) − z_n , k ≠ u_n + ih_n, k ∈ K(h). (2.15) In particular, the formula (2.15) is true for k ∈ [u_n, u_n + ih_n), if z(k, h) is the left-hand limit (the right-hand limit).

In this Theorem an analytic continuation into the domain J^p_ω (ρ) is new, moreover, the identitty (2.15) for the derivatives is also new.

We use the results of the Theorem to get the Löwner equation for our case, when the corresponding conformal mappings have the asymptotics z(iv, h) = iv − (Q_0 + o(1))/iv as v → ∞ (the normalisation at infinity). It is important that in this case the point of the normalisation is the infinity, i.e. this point belongs to boundary of our domain. Remark that in the classical case (see [G]) this point lies inside the domain. Let h = {h_n}_{n∈}Z belong to ℓ^2R and let h_m > 0 for some m ∈ Z. For any ξ ∈ [0, h_m] define the sequence h_ξ by the following formula: (h_ξ)_n = { h_n, if n ≠ m, h_m − ξ, if n = m, and let K_ξ = K_+(h_ξ), g(z, ξ) = k(z, h_ξ). Then g(·, ξ) is the conformal mapping from C_+ onto K_ξ and we have the following asymptotics g(z, ξ) = z − Q_0(h_ξ) z + . . . , z → ∞. Moreover, by Theorem 2.3, the function β(ξ) = Q_0(h_ξ) is increasing on the interval [0, h_m] and β ∈ C^∞([0, h_m], and dβ dξ = −ν_m(h_ξ).

Introduce the function f(z, ξ) = g^{−1}(g(z, 0), ξ) which has the asymptotics f(z, ξ) = z − (β(0) − β(ξ)) z + . . . , z → ∞. Differentiating the function f with respect to ξ and using Theorem 2.5 we obtain ∂f ∂ξ = − ν_m f − z_m , where z_m(ξ) = g^{−1}(u_m + h_mi) ∈ R. Defining the new parameter t = β(0) − β(ξ), ξ ∈ [0, h_m] we have the Löwner equation for the function f on the interval [0, h_m]: ∂f ∂t = 1 z_m − f , f(z, 0) = z, z ∈ C . Using such calculus, the identity g(f(z, t), t) = g(z, 0) and in standard way ([G], [A]) we obtain another Löwner equation for the function g: ∂g ∂t = ( 1 z − z_m ) ∂g ∂z , z ∈ C , t ∈ [0, h_m]. Note that g(·, 0) is the conformal mapping from C_+ onto B_0 = K_+(h) .

Now we estimate the Dirichlet integral I_D(h) (or Q_0(h)) for general sequences {u_n}_{n∈}Z, using the following geometric construction.

For the vector h ∈ l^∞R , h_n → 0 as n → ∞, we introduce the sequence ~h = ~h(h, u) which is defined in the following way. We take an integer n_1 such that |h_{n1} | = max_{n∈}Z|h_n| > 0 and set ~h_{n1} = h_{n1} ; assume that we define the numbers n_1, n_2, . . . , n_k, then we take n_{k+1} such that |h_{nk+1} | = max_{n∈B} |h_n| > 0, B = {n ∈ Z : |u_n − u_{nl} | > |h_{nl} |, 1 ≤ l ≤ k} and set ~h_{nk+1} = h_{nk+1} . Then, for number n, which disagrees with some n_k, we define ~h_n = 0. Now we formulate the following results Theorem 2.6.Let h ∈ l^∞R , h_n → 0 as |n| → ∞; and let ~h = ~h(h, u). Then the following estimates are fulfilled: 1 π^2

‖~h‖^2 ≤ Q_0(h) = 1 2 I_D(h) ≤ 2 √ 2 π ‖~h‖^2. (2.16)

Remark that some analog of Theorem 2.6 for ‖ · ‖_1 follows from result of Shirokov [Sh], devoted to estimates of the analytic capacity. We have Theorem (Shirokov) 1). Let h ∈ ℓ^∞R ; h_n → 0, n → ∞; ~h(h, u). Then ‖~h‖_1 ≤ ‖h‖_1 ≤ C‖~h‖_1 where C is the absolute constant.

2) Assume there exist L > 0, M ∈ N such that u_{n+M} − u_n > L for any n ∈ Z. Then for each h ∈ l^∞R the folowing estimates are fulfilled: 1 2 ‖l(h)‖ ≤ ‖h‖_1 ≤ C‖l(h)‖_1(1 + M L ‖l(h)‖_1), (2.17)

where C is some the absolute constant.

Application. Consider the electrostatic field in the plane K = C \ ∪_{n∈}ZΓ_n, where Γ_n, n ∈ Z is the system of neutral conductors. In other words, we imbed the system of neutral conductors Γ_n, n ∈ Z, in the external homogeneous electrostatic field E_0 = (0, −1) ∈ R^2 on the plane. Then on each conductor there exists the induced charge, positive e_n > 0 on the lower half of the conductor Γ_n and negative (−e_n) < 0 on the upper half of the conductor Γ_n, since their sum equals zero. As a result we have new perturbed electrostatic field E ∈ R^2 . It is well known that there exists the complex potential z(k, h), k ∈ K such that E = iz^′(k) = −∇y(k), k ∈ K, z = x + iy. (2.18) Recall that z(k) is the conformal mapping from K onto the domain Z = C \ ∪γ_n, where γ_n = (z^−_n , z^+_n ). The function y(k) is called the potential of the electrostatic field in K, and the equation x(k) = const is defined the line of force directed from a positive charge to negative charge. It is well known that the potential y(k) of the electrostatic field on the conductor γ_n is constant. Then the field E on the conductor has the horizontal direction and the following formula is fulfilled:

E = iz^′(k) = −(y_u(k), 0) k ∈ Γ_n. (2.19)

The density of the charge on the conductor has the form (see [LS])

ρ_e(k) = |z^′(k)| 4π , k ∈ Γ_n, (2.20)

and then (2.20) yields ρ_e(k) = |y_u(k)| 4π , k ∈ Γ^+_n = Γ_n ∩ C_+ , (2.21)

Using (2.21) we find the induced charge e_n on the upper half of the conductor γ^+_n :

e_n = 1 4π ∫ Γ^+_n x_v(k)dv = 1 4π |γ_n|. (2.22)

i.e. we get the nice formula: the value of the charge equals the gap length |γ_n|/4π. Introduce the mapping e : ℓ^p → e = {e_n} ∈ ℓ^p by the formula: e(h) = {e_n, n ∈ Z}, where e_n = |γ_n|/4π. Define the charge E = ∑ e_n, i.e. the sum of all positive induced charges, and the bipolar moment of the conductor with the induced charge density by the formula

d_n = 1 4π ∫ Γn vx_v(k)dv.

We transform this value into the form

d_n = 1 2π ∫ γn v(x)dx = 1 4 A_n, (2.23)

and define the mapping d : ℓ^p → d = {d_n} ∈ ℓ^p. Then if we know K(h), i.e. we have h = {h_n}, then we know the electrostatic field E ∈ R^2 and all other physical parameters. Moreover, we obtain the value of the positive induced charges e_n > 0 and the bipolar moment d_n. An inverse is also true. If we have the value e = {e_n} ∈ ℓ^p, p ∈ [1, 2], then by Theorem 2.1, we know the heightes of all conductors. Moreover, there exist the estimates (see (2.1)) and E is an analytic function of h.

Furthermore, if we have the value d = {d_n} ∈ ℓ^p, p ∈ [1, 2], then by Theorem 2.2, we get the heightes of all conductors. We have the estimates (2.1).

Preliminaries. Below we need some results about conformal mappings. The function z(·, h) has an analytic extension (by the symmetry) from the domain K_+(h) onto the domain K(h) = K(h, U) = C \ ⋃ n∈Z Γ_n, Γ_n = [u_n − i|h_n|, u_n + i|h_n|], (2.24)

and z(·, h) maps K(h) conformally onto the domain Z = C \ ∪_{n∈}Zγ_n. For any nondegenerate gap γ_n the function k(·, h) has an analytic continuation (from above or from below) across the interval γ_n. This sufices to extend the function −i(k(·, h) − u_n) by the symmetry. Similarly the function z(·, h) has analytic continuation (from left or from right) across the vertical slit (u_n − i|h_n|, u_n + i|h_n|) by the symmetry.

Introduce the effective masses μ^±_n for the end z^±_n of the gap |γ_n| ≠ 0 by the formula z(k, h) − μ^±_n = (k − u_n)^2 2μ^±_n + O((k − u_n)^3), z → z^±_n . (2.25)

Define now the effective masses ν_n in the plane K(h) for the end of the vertical slit [u_n + i|h_n|, u_n − i|h_n|] by the following asymptotics k − (u_n + i|h_n|) = (z(k, h) − z_n)^2 2iν^±_n + O((z(k, h) − z_n)^3), k → u_n + i|h_n|. (2.26)

By virtue of symmetry the effective masses ν^±_n coincide, i.e. ν^±_n ≡ ν_n. We have the simple formula ν_n = { |k^{′′}(z_n, h)|^{−1} sign h_n, , if l_n ≠ 0, 0, if l_n = 0,

(2.27)

Below we will use the Lindelöf principle (see [J]), which is formulated in the following form, convenient for us.

Lemma 2.7.Let h, h^1 ∈ ℓ^∞R ; |h^1_n| ≤ |h_n|, n ∈ Z. Then the following estimates are fulfilled: y(k, h^1) ≥ y(k, h), k ∈ K_+(h), (2.28) |z^′(k, h^1)| ≥ |z^′(k, h)|; k ∈ (u_n, u_n + i|h_n|), n ∈ Z; (2.29)

|z^′(u, h^1)| ≥ |z^′(u, h)|; u ∈ R, u ≠ u_n, n /∈ Λ; (2.30) Q_0(h^1) ≤ Q_0(h) and if Q_0(h^1) = Q_0(h), then h^1 = h, (2.31) |l_m(h^1)| ≥ |l_m(h)|. (2.32) Estimates (2.28-29) are simple and follow from (2.25-27), which are well known and for our case are discussed in the paper [KK1]. We show the possibility of this principle in the following Lemma.

Lemma 2.8. Let h ∈ ℓ^∞R . Then for each n ∈ Z the following estimates are fulfilled:

ν_n ≤ |h_n|, (2.33)

‖h‖^2_∞ ≤ I_D(h) = 2Q_0(h). (2.34) Proof. Applying estimate (2.28) to h and to the new sequence: h^1_m = h_n if m = n and h^1_n = 0 if m ≠ n. It is clear that z(k, h^1) = √ (k − u_n)^2 + h^2_n (the principal value). Then y(k, h) ≤ Im( √ (k − u_n)^2 + h^2_n), k ∈ K_+(h),

and using the asymptotics (2.26) of the function z(k, h) as k → u_n +i|h_n|, we obtain estimate (2.33).

In order to prove (2.34) we use (2.31) since Q_0(h^1) = h^2_m/2. 2 Below we need the following estimates (see [KK1])

max{ l^2_n 4 , l_nh_n π } 6 An =^2_π^∫_{γn} v(x)dx 6^{2lnhn}_π , (2.35)

v(x) ¿ v_n(x) = |(x − z^−_n )(z^+_n − x)|^{1/2}, x ∈ γ_n. (2.36) We need also some results about the Cauchy and the Poisson Integrals. Recall that the function f(z), z ∈ C_+ , belongs to the class R_0, if there exists the following formula f(z) = ∫ R dμ(t) t − z , z ∈ C where μ is a Borel measure on R and M = μ(R) < ∞. It is well known that f ∈ R_0 if and only if, one of the two following conditions is fulfilled: 1) Im f(z) ≥ 0, z ∈ C_+ ; M_1 = sup_{y>0} |f(iy)y| < ∞; 2) f(iy) = −^{M2}_{iy} + o(^1_y ), y → +∞.

Note that M = M_1 = M_2.

Using this representation and some results from the paper [KK1] it is possible to get the following formulas.

Let h ∈ ℓ^2R. Then the following identities are fulfilled k(z, h) = z + 1 π ∫ R v(t, h) t − z dt, z ∈ C_+ ; (2.37) k(z, h) = z − Q_0(h) + o(1) z , z = iy, y → +∞; (2.38) u^′(x, h) = 1 + 1 π ∫ R v(t, h) (t − x)^2 dt, x ∈ R \ ⋃ n∈Z g_n; (2.39)

v(x, h) = v_n(x)(1 + 1 π ∫ R\γn v(t, h) |t − x|v_n(t) dt), x ∈ γ_n. (2.40) Below we need the formulas, where the integrals on the line in the upper half plane. For each b > ‖h‖_∞ the following estimates are fulfilled: (k + ib) − z(k + ib, h) = 1 π ∫ R v(t + ib, h) t − k dt, k ∈ C_+ ; (2.41)

Q_0(h) = 1 π ∫ v(t + ib, h) dt; (2.42) z(k, h) = k + Q_0(h) + o(1) k , k = iq, q → +∞. (2.43) Note that (2.41-43) are true for more general case. For example, if f ∈ L^1(R), V (k) = Im F (z(k, h)), k ∈ K(h); b > ‖h‖_∞, S = 1 π ∫ R f(t) dt; where the function F has the form

F (z) = 1 π ∫ R f(t) t − z dt, z ∈ C_+ ; (2.44)

Then we have F (iv) = iv + S + o(1) iv , v → +∞; S = 1 π ∫ R V (t + ib, h) dt. (2.45) We have also the following inequalities

Im(k(z, h) − z) ≥ 0, z ∈ C_+ ; Im(k − z(k, h)) ≥ 0, k ∈ K_+(h). (2.46)

Let us consider the branch points of our conformal mappings z^±_n , u_n ± i|h_n|, n /∈ Λ. It is well known that z^±_n is a branch point of a second order and the following identity is fulfilled: k(z, h) = ∞∑ m=0 b^±_m( √ ±(z − z^±_n ))^m, z ∈ C_+ , (2.47)

in some disc with the center z^±_n (here √ · is the principal value in C_+ \ (−∞, 0], such that √ 1 = 1). Note that b^±_0 = u_n, ±b^±_1 > 0, and the effective masses μ^±_n = 2(b^±_1 )^2.

The points u_n ± i|h_n| are the branch points of the second order for the function z(·, h) and the following identity is fulfilled: z(k, h) = ∞∑ m=0 c_m( √ −i(k − (u_n + i|h_n|)))^m, k ∈ K(h), (2.48) in some disc with the center u_n ± i|h_n| (here √ · is the principal value such that √ 1 = 1).

It is clear that c_0 = z_n, −ic_1 > 0 and ν_n = −c^2_1.

We need another notion of analyticity. Let U be an artitrary subset of a Banach space X, and let X_0 be another Banach space. The map f : U → X_0 is weakly analytic on U, if for each x ∈ U, h ∈ X and g ∈ X^∗, the function F (z) = (f(x + zh), g) is analytic in a disk {z : |z| < r} ⊂ C for some r > 0. in the usual sense of one complex variable. The notion of a weakly analytic map is weaker than that of an analytic map. Remarkably, a weakly analytic map is analytic, if, in addition, it is locally bounded, that is, bounded in some neighborhood of each point of its definition (see [Di]).

Theorem 2.9. (Analyticity) Let f : U → X_0 be a map from an open subset U of a complex Banach space X into a complex Banach space X_0. Then the following two statements are equivalent.

i) f is analytic on U, ii) f is locally bounded and weakly analytic on U.

3 Dirichlet problem with parameter

In this Section we assume that u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. For the set U = {u : u = u_n, n ∈

Z} define the following set

Γ = Γ(U) = R ∪ {k ∈ C_+ : Re k ∈ U},

Below we will use the functions β_± : Γ(U) → C which satisfies Condition B. 1) β_+(k) = β_−(k), k ∈ R, 2) β_± ∈ C(Γ \ U), and for each t > 0 the following estimate is fulfilled

β_∞(t) ≡ sup k∈Γ,Im k<t |β_±(k)| < ∞ In this Section we study the family of Dirichlet problems depending on a parameter h ∈ ℓ^∞. Namely, for the fixed sequence h ∈ ℓ^∞ we consider the Dirichlet problem in the domain K_+(h), with the boundary function β(k, h), β(k, h) = { β_+(k) = β_−(k), if k ∈ R, ; β_a(k), a = sign h_n, if k ∈ (u_n, u_n + i|h_n|], n ∈ Z, It is well known that this problem has a unique solution ψ(k, h) bounded in K_+(h) and ψ(·, h) ∈ C(C̄_+ \ U) In this case we will say that the function β_± define the Dirichlet problem with parameter h ∈ ℓ^∞.

We study the properties of the function ψ(k, h) as the function of two variables k ∈ K_+(h), h ∈ ℓ^∞. Moreover, we will get the analytic continuation with respect to h in some domain. In order to solve and to analyze these Dirichlet problems with parameter we use the Schwartz alternating method which was proposed in the paper [GT1] for a following simple case: |h_n| ¿ 0, if |n| 6 N, and |h_n| ≡ 0, if |n| > N for some N > 1, in fact they considered

R^N case. We extend this result for the case h ∈ ℓ^∞. Define the following domains

B_+(0, r) = B(0, r) ∩ C_+ , ~D(t) = B(0, 1)\[−i, it], D(t) = C_+ ∩ ~D(t), t ∈ [0, 1).

Let the functions T (k, ~k, t) and ~T (k, ~k, t) be the Poisson kernel for the domains D(t) and ~D(t) respectively at t ∈ [0, 1/2). We need the following results proved in [GT1], which will be used in this Section Lemma 3.1.There exist some constants 0 < h_∗ < 1/2 and 0 < δ < 1 such that for any |k| = 1, |~k| = 1/2, k, ~k ∈ C_+ , the functions T (k, ~k, t) and ~T (k, ~k, t), have continuations from the interval t ∈ (0, h^∗) onto the disk {t : |t| < h_∗} ⊂ C which are analytic on the interior of this disk and for which the following relations are fulfilled:

T ∈ C(G), G = (∂B(0, 1) ∩ C_+ ) × (∂B(0, 1/2) ∩ C_+ ) × B(0, h_∗), T (k, ~k, −t) = T (k, ~k, t), t ∈ B(0, h^∗), for any fixed |k| = 1, |~k| = 1/2; k, ~k ∈ C_+ , ~T ∈ C( ~G), ~G = ∂B(0, 1) × ∂B(0, 1/2) × B(0, h_∗), sup |ek|=^1_2 ,ek∈C_+ ,|t|6h∗ ( ∫ ∂B_+(0,1)∩C_+ |T (k, ~k, t))||dk| ) 6 δ, sup_{|ek|=1/2, |t|6h∗}^{( ∫}_{|k|=1} |^~T (k,^~k, t))||dk|^) 6 δ. Below the constants h^∗, δ from Lemma 3.1 will be often used. We need the following simple result, which helps to prove the analyticity of the mapping from ℓ^∞C into L^∞(dμ), where μ is some measure.

Lemma 3.2.Let (M, B, μ) be the measure space and let {E_n}_{n∈}Z, E_n ∈ B be the disjoint sequence of B- measurable subsets of M. Assume that each mapping f_n(z) : B(0, r) → L^∞(E_n, dμ), n ∈ Z, is analytic for some r > 0 and sup n∈Z,|z|<r ‖f_n(z)‖_L∞_{(En,dμ)}. < +∞. Then the mapping F : B^∞C (0, r) → L^∞(M, dμ) which defined for η ∈ B^∞C (0, r) by the formula

F (η)(k) = { f_n(η_n)(k), if k ∈ E_n; 0, if k ∈ M \ ⋃ n∈ZE^n is analytic.

For fixed h ∈ ℓ^∞ and a sequence ε = {ε_n}_{n∈}Z ∈ ℓ^∞, ε_n ∈ [0, 1] we introduce the following domains K(h, ε) = K(h)\ ⋃ n∈Z (B(~u_n, r_n) ∪ B(~u_n, r_n));

K_+(h, ε) = K(h, ε) ∩ C_+ , ~K_+(h, ε) = K_+(h)\ ⋃ n∈Z B(~u_n, r_n/2). where the values ~u_n, r_n depend on R_n = h_∗u_∗ε_n/8, in the following way:

r_n = ε_nu_∗ 4 , ~u_n = u_n, if |h_n| < R_n, case I,

r_n = R_n 2 , ~u_n = u_n + i(|h_n| − h_∗R_n 4 ), if |h_n| ≥ R_n, case II.

Note that in the case II we have B(~u_n, r_n) ⊂ C_+ , since (h_∗r_n/2) + r_n 6 5r_n/4 < 2r_n 6 |h_n|. With the domains K_+(h, ε) and ~K_+(h, ε) we associate few sets by the following formulas S_n(h_n, ε) = ∂K_+(h, ε) ∩ B(~u_n, r_n); ~S_n(h_n, ε) = ∂ ~K_+(h, ε) ∩ B(~u_n, r_n/2); S(h, ε) = ⋃ n∈Z S_n(h_n, ε), ~S(h, ε) = ⋃ n∈Z ~S_n(h_n, ε). Recall that ρ = u_∗h^2_∗/32. For λ ∈ [−ρ, ρ] we define the following domain D_n(λ) :

D_n(λ) = ~u_n + r_nD(t), t = |h_n + λε_n| r_n 6 9 16 h_∗, case I;

D_n(λ) = ~u_n + r_n ~D(t), 0 6 t =

(h_∗ r_n/2) + λ ε_n s_n r_n 6 h_∗, s_n = sign h_n, case II.

For fixed sequences ε = {ε_n}_{n∈}Z ∈ ℓ^∞, ε_n ∈ [0, 1] and h ∈ ℓ^∞ we consider the spaces CB(S) (CB( ~S)) of all continuous bounded complex-valued function defined on S = S(h, ε) ( on ~S = ~S(h, ε) ). For η ∈ B^∞(0, ρ) we define the operator A(η) = A(h, η, ε) : CB(S) → CB( ~S) in the following way: for a function f ∈ CB(S) let Af ∈ CB( ~S) be a function , which is equal on the arc ~S_n to the restriction on this arc of the solution of the Dirichlet problem for the domain D_n(η_n) and the boundary function which is the same as f on the arc S_n and vanishes on the remaining part of the boundary of the set D_n(η_n). Next let P = P(h, ε) : CB( ~S) → CB(S) be an operator which associates with each function f ∈ CB( ~S) the restriction Pf ∈ CB(S) on the set S of the solution of the Dirichlet problem for the domain ~K_+(h, ε) and the boundary function which is the same as f on the set ~S and vanishes on the remaining part of the boundary of the set ~K_+(h, ε). Remark that the operator P(h, ε) does not depend on η and ‖P‖ 6 1. Moreover, by Lemma 3.1, ‖A(η)‖ 6 δ for any η ∈ B^∞(0, ρ). Theorem 3.3. For each sequences ε = {ε_n}_{n∈}Z, ε_n ∈ [0, 1], h ∈ ℓ^∞ the operator-valued function A(h, η, ε), η ∈ B^∞(ρ), has an analytic extension in the ball B^∞_c (ρ) where the following estimate is fulfilled ‖A(h, η, ε)‖ 6 δ, η ∈ B^∞_C (ρ).

Proof. Define the function T_n(k, ~k, τ), τ ∈ B(0, ρ), by the formulas: T_n(k, ~k, τ) = T ( k − ~u_n r_n , ~k − ~u_n r_n , h_n + ε_nτ r_n ) r^{−1}_n , k ∈ S_n, ~k ∈ ~S_n, in case I;

T_n(k, ~k, τ) = ~T ( k − ~u_n r_n , ~k − ~u_n r_n , h∗rn 2 + ε_nτ(h_n/|h_n|) r_n ) r^{−1}_n , k ∈ S_n, ~k ∈ ~S_n, in case II;

Using the properties of the functions T, ~T from Lemma 3.1 we deduce that for each k ∈ S_n, ~k ∈ ~S_n the function T_n(k, ~k, ·) is analytic in the ball B(0, ρ) ⊂ C . Moreover, the function T_n ∈ C(S_n × ~S_n × B(0, ρ)), and the function T_n(k, ~k, τ) coincides with the Poisson kernel for the domain D_n(τ) at τ ∈ [−ρ, ρ]. Then the definition of the operator A(η) = A(h, η, ε) yields (A(η)f)(k) = ∫ Sn T_n(k, ~k, η_n) f(k) |dk|, η ∈ B^∞R (ρ), ~k ∈ ~S_n.

The operator A(η) maps CB(S) into CB( ~C). Fix f ∈ CB(S) and define the new function F_n(τ) : B(0, ρ) ⊂ C → L^∞( ~S_n) by the formula: F_n(τ)(~k) = ∫ Sn T_n(k, ~k, τ) f(k) |dk|, τ ∈ B(0, ρ), ~k ∈ ~S_n.

Using the theorem about the integral with the parameter the function F_n is analytic in the ball B(0, ρ) ⊂ C with the value in C( ~S_n). Moreover, the estimates from Lemma 3.1 imply ‖F_n(τ)‖_∞ 6 δ‖f‖_∞, |τ| < ρ. Then for each function f ∈ CB(S), by Lemma 3.2, the function A(η)f is analytic in the ball B^∞_c (ρ) as the mapping B^∞_c (ρ) → CB( ~S) and the following estimate is fulfilled ‖A(η)f‖_{∞,c} 6 δ‖f‖_∞. Using the well-known Criterion about the analyticity of operator-valued functions (see [Kato]) and the Theorem about the analyticity of the mappings from the Banach space into another Banach space (see [Di]) we obtain the needed statement. 2

For each sequence ε = {ε_n}_{n∈}Z ∈ ℓ^∞, ε_n ∈ [0, 1] we define the multiplication operator ε̂ in the space ℓ^pC , p ¿ 1, by the formula: ε̂ξ = {ε_n ξ_n}_{n∈}Z, ξ ∈ ℓ^pC , We fix sequences ε = {ε_n}_{n∈}Z, ε_n ∈ [0, 1] and h ∈ ℓ^∞R . Introduce the Banach space H_+(h, ε) of all complex-valued continuous functions on the set K_+(h, ε) = K_+(h, ε)\U and harmonic in K_+(h, ε) equipped with the sup-norm. Let ψ be the solution of the Dirichlet problem with parameter and with the boundary function β. The function φ(·, h, η, ε) ≡ ψ(·, h + ε̂η)|_{K+(h,ε)}, η ∈ B^∞(0, ρ) is called the solution of the Dirichlet problem with the scaling parameter.

Below we need the function ϕ(·, h, η, ε) which will be used in the method of Schwartz.

Condition F. The function ϕ(·, h, η, ε) is the local analytic of the Dirichlet problem with the scaling parameter if there exists a sequence {ϕ_n(k, h_n + ε_nη_n)}_{n∈}Z, such that for the fixed sequences ε = {ε_n}_{n∈}Z, ε_n ∈ [0, 1] and h ∈ ℓ^∞ the following conditions are fulfilled: 1. each function ϕ_n(k, h_n + ε_nξ) is defined and continuous on the set Σ_n = {(k, ξ) : k ∈ D_n(ξ), ξ ∈ [−ρ, ρ]} ⋃ ((S_n ∪ ~S_n) × {ξ ∈ C : |ξ| ≤ ρ}), and ϕ(k, h, η, ε) ≡ ϕ_n(k, h_n + ε_nη_n)|_{Σn} 2. for each τ ∈ [−ρ, ρ] the function ϕ_n(·, h_n + ε_nτ) is harmonic in D_n(τ) with the boundary value : lim k→ζ, k∈Dn(τ) ϕ_n(k, h_n + ε_nτ) = β(ζ, h); ζ ∈ U_n ≡ (∂D_n(τ) \ S_n) \ {u_n} 3. for each k ∈ S_n ∪ ~S_n the function ϕ_n(k, h_n + ε_n(·)) is analytic in the disk B(0, ρ) ⊂ C and sup n∈Z,|τ|<ρ ‖ϕ_n(·, h_n + ε_n(τ)‖_L∞_{(Sn∪ eSn)} < +∞. Below we will study few cases of functions ϕ which satisfy Condition F. In the first case we deal with the function β(k, h) = v, ϕ_n(k, h, η, ε) = v.

For h, η ∈ B^∞(0, ρ) and for some sequence {ϕ_n}_{n∈}Z, which satisfy Condition F, we introduce the constants

c_n(h_n + ε_nη_n) = sup k∈Sn∪ eSn |ϕ_n(k, h_n + ε_nη_n)|, b_n(h_n) = sup_{t∈(0,|hn|],a=±} |β_a(u_n + ti)|, c_∞(h, η, ε) = sup_{n∈} Z c_n(h_n + ε_nη_n), β_∞(h) = max{sup_{n∈} Z b_n(h_n), sup_{x∈} R |β_±(x)|}. In Theorem 3.5 we will describe the method, which gives the analytic continuation of the function φ in the ball B^∞C (0, ρ), for some sequence {ϕ_n}_{n∈}Z, which defines the local analytic continuation of φ.

We need some results about the uniqueness of the analytic extensions of the functions φ(k, h, η, ε^1) and φ(k, h, η, ε^2) with different sequences ε^1 and ε^2.

Lemma 3.4.Let a functions β_± satisfy Condition B and let h ∈ ℓ^∞. Assume that for sequences ε^m = {ε^m_n }_{n∈}Z, m = 1, 2 such that 0 6 ε^1_n 6 ε^2_n ≤ 1, n ∈ Z each function φ_m(η) = φ(h, η, ε^m), η ∈ B^∞(0, ρ); ϕ_m : B^∞(0, ρ) → H_+(h, ε^m) have the analytic extension ϕ_m(η), η ∈ B^∞C (0, ρ) in the ball B^∞C (0, ρ). Then

φ^1(η)|_{K+(h,ε}1_) = φ^2(τ̂(η)), η ∈ B^∞_c (0, ρ),

where τ = {τ_n}_{n∈}Z, τ_n = {_{ε1n} ε^2_n , if ε 2 n ≠ 0, 0, if ε^2_n = 0

Proof. Let K_m = K_+(h, ε^m), m = 1, 2 and it is clear that K_2 ⊂ K_1. Introduce the function f(η) = φ_1(η)|_{K2} , F (η) = φ_2(τ̂(η)), η ∈ B^∞_c (0, ρ). For η ∈ B^∞_c (0, ρ) we have

f(η) = ψ(h + ε̂^1(η))|_{K2} = ψ(h + ε̂^2(τ̂ (η)))|_{K2} = r_2(τ̂(η)) = F (η).

Then two analytic functions f(η) and F (η) in the ball B^∞_c (0, ρ) coincide on B^∞(0, ρ). Hence by uniqueness, they coincide on the ball B^∞_c (0, ρ). 2

In order to estimate the function ψ(k, h, η, ε), k ∈ K_+(h, ε) at fixed η ∈ B^∞_c (0, ρ) we need some estimates of the analytic extensions of the functions φ(η, h, ε) for some sequence {ϕ_n}_{n∈}Z, which defines the local analytic continuation of φ. Moreover, we need the harmonic majorant for the function φ(k, h, η, ε), k ∈ K_+(h, ε) at fixed η ∈ B^∞_c (0, ρ). Define the following values M_n(h, η, ε) ≡ sup_{k∈Sn} |φ(k, h, η, ε)|, W_n(h, η, ε) ≡ sup_{k∈K+(h,ε),| Re k−un|< u∗} 2 |φ(k, h, η, ε)|, and introduce the Poisson integral P (·, h, η, ε) in C_+ for the function P (u, h, η, ε) = 2 ∑ n∈Z (M_n(h, η, ε) + b_n(h_n))χ_{Δn} (u), u ∈ R, where Δ_n = [u_n − α_n, u_n + α_n], α_n = |h_n| + 1 4 (ε_nu_∗). We prove now the basic results of this Section.

Theorem 3.5.Assume that some sequences ε = {ε_n}_{n∈}Z, ε_n ∈ [0, 1] and h ∈ ℓ^∞R . Let the functions β_± satisfy Condition B and let some sequence {ϕ_n}_{n∈}Z satisfy Condition F. Then the mapping φ(·, h, ·, ε) : B^∞(0, ρ) → H_+(h, ε), ρ = u_∗h^2_∗/32, has the analytic extensions in the ball B^∞_c (0, ρ) where the following estimate is fulfilled: M(h, ε) = sup_{‖η‖∞,c<ρ} ‖φ(h, η, ε)‖_∞ 6 2(1 − δ)^{−1}(c_∞(h + εη) + β_∞(h)), (3.1) Let, in addition, β(k) = 0, k ∈ R, then for η ∈ B^∞_c (0, ρ) we have M_n(h, η, ε) =6 (1 − δ)^{−1} ( 8α_n u_∗ W_n(h, η, ε) + (1 + δ)c_n(h_n, η_n, ε_n) + b_n(h_n) ) , (3.2) |φ(k, h, η, ε)| 6 P (k, h, η, ε), k ∈ K_+(h, ε). (3.3) Proof. For each η ∈ B^∞(0, ρ) the function ϕ_n(·, η_n)−φ(·, η) is harmonic in the domain D_n(η_n) and by Definition F, ϕ_n(k, η_n) − φ(k, η) = 0, k ∈ U_n. Introduce the following functions F (k, η) = ϕ_n(k, η_n) − φ(k, η), Φ(k, η) = ϕ_n(k, η_n), V (k, η) = φ(k, η), k ∈ S_n, ~F (k, η) = ϕ_n(k, η_n) − φ(k, η), ~Φ(k, η) = ϕ_n(k, η_n), ~V (k, η) = φ(k, η). k ∈ ~S_n, Then F (·, η), Φ(·, η), V (·, η) ∈ CB(S); ~F (·, η), ~Φ(·, η), ~V (·, η) ∈ CB( ~S) Let ~G(k) be the solution of the Dirichlet problem in the domain ~K_+(h, ε) with the boundary value which is equal to zero for k ∈ ~S and equals β(k, h) for k ∈ ∂ ~K(h, ε)\( ~S ∪ U); G = ~G|_S ∈ C(S). Then using the definitions of the operators A and P we obtain: AF = ~F ; P ~V = V − G.

Hence, Φ − F − G = V − G = P ~V = P(~Φ − ~F ) = P(~Φ − AF ), (I − PA)F = Φ − P ~Φ − G. Using Theorem 3.3 we obtain ‖PA‖ 6 ‖A‖ 6 δ < 1 and then there exists the inverse operator R = (I − PA)^{−1}, ‖R‖ 6 (1 − δ)^{−1}. Further

V = Φ − F = Φ − R(Φ − P ~Φ − G) = (I − R)Φ + R(P ~Φ + G) = R(G + P(~Φ − AΦ)).

which yields V (η) = R(η)(G + P(~Φ(η) − A(η)Φ(η)). (3.4) It is clear that the mappings λ → ϕ_n(·, λ)|_{Sn} and λ → ϕ_n(·, λ)|_{eSn} are analytic as the functions B(0, ρ) ⊂ C → C(S_n) and B(0, ρ) → C( ~S_n) respectively. Then using the properties of ϕ_n and Lemma 3.2 we deduce that the mappings Φ(η), ~Φ(η) have the analytic continuations in the ball B^∞_c (0, ρ). Hence the last results, the analyticity of A (see Theorem 3.3), and formula (3.4) give the analytic continuations of V in the ball B^∞_c (0, ρ).

Note that for real η ∈ B^∞(0, ρ) we have V (η)(k) = β(k, h), k ∈ Γ ∩ S. (3.5) By the uniqueness theorem for analytic functions, identity (3.5) is fulfilled for η ∈ B^∞_C (ρ). Define the set X_0 = {f ∈ CB(S) : f(k) = β(k, h), k ∈ Γ(h) ∩ S} and the mapping J, which takes the function f ∈ X_0 to u where u is the solution of the Dirichlet problem in the domain K_+(h, ε) with the boundary condition: u = f on S and u = β on the rest of the boundary of the domain K_+(h, ε). It is clear that J is analytic mapping from X_0 into H_+(h, ε), since J does not depend on η ∈ ℓ^∞R .

Then the above result yields φ(·, η) = ψ ( ·, h + ε̂η ) |_{K+(h,ε)} = J(V (η)), η ∈ ℓ^∞R . (3.6)

Using (3.4), (3.6) we obtain the needed analytic continuation and the estimate: ‖φ(η)‖_{∞,c} 6 ‖V (η)‖_{CB(S)} + β_∞(h), ‖V (η)‖_{CB(S)} 6 (1 − δ)^{−1}(‖G‖_{CB(S)} + δ‖Φ‖_{CB(S)} + ‖~Φ‖_{CB( eS)}) ≤ (1 − δ)^{−1}((1 + δ)c_∞ + β_∞(h)). which yields (3.1).

Assume β_±(k) = 0, k ∈ R, fix n and consider the two following cases. First, let B(~u_n, r_n) ⊄ B(u_n, u_∗/4). It is possible for ”large” |h_n| and we have |h_n| ¿ 2r_n, |h_n| + r_n ¿ u_∗/4. Then |h_n| ¿ u_∗/6 and we obtain

M_n 6 W_n 6 6W_n|h_n| u_∗ .

Second, let B(~u_n, r_n) ⊂ B(u_n, u_∗/4). Put G_1 = B(u_n, u_∗/2) ∩ ~K_+(h, ε) and note that Eq. (3.4) implies V (η) = G + P(A(η)V (η) + ~Φ(η) − A(η)Φ(η)). Then by identity (3.6), the function φ(·, η) is the solution of the Dirichlet problem in the domain ~K_+(h, ε) with the boundary function which equals A(η)V (η) + ~Φ(η) − A(η)Φ(η) on ~S and it equals β on ∂K(h, ε)\ ~S. Let σ_2 be the part of the boundary of the domain G_1, situated interior to C_+ ∩ B(u_n, u_∗/2), σ_1 = ∂B(u_n, u_∗/2) ∩ C_+ . We rewrite the function φ in the domain G_1 in the form: φ = φ^{(1)} + φ^{(2)}. Here φ^{(2)} is the solution of the Dirichlet problem in the domain G_1 with the boundary value φ on σ_2 and one equals zero on the rest of the boundary. First we consider the function φ^{(1)}. We have the estimate

|φ^{(1)}(ξ)| 6 ϑ(ξ), ξ ∈ S_n, (3.7)

where ϑ(k) = { W_n, if k ∈ σ_1, 0, if k ∈ [u_n − u_∗/2, u_n + u_∗/2] and ϑ is the solution of the Dirichlet problem in the domain B(u_n, u_∗/2) ∩ C_+ with the same boundary function. Estimate (3.7) follows from the maximum principle for subharmonic functions. It is clear that the function ϑ has the harmonic continuation in the disk B(u_n, u_∗/2) by the symmetry: ϑ(k̄) = −ϑ(k). Applying the Caratheodory inequality (see [Ti]) to this function, we obtain |ϑ(k)| 6 2|k − u_n| (u_∗/2) − |k − u_n| W_n, k ∈ B(u_n, u_∗/2), which for |k − u_n| 6 u_∗/4 yields |ϑ(k)| 6 8|k − u_n| u_∗ W_n. Moreover, S_n ⊂ B(u_n, u_∗/4) and for k ∈ S_n we have |k − u_n| 6 α_n = |h_n| + (ε_nu_∗/4). Then

|φ^{(1)}(k)| 6 8α_n u_∗ W_n, k ∈ S_n. (3.8)

Second, we consider now the function φ^{(2)}. By the modulus maximum principle,

‖φ^{(2)}‖_L∞_{(Sn)} 6 ‖φ‖_{L∞( eSn)} + b_n.

Then ‖φ‖_{L∞( eSn)} 6 ‖AV ‖_L∞_{( eSn)} + ‖ϕ_n(·, η_n)‖_{L∞( eSn)} + ‖AΦ‖_{L∞( eSn)}. (3.9) The definition of A and Theorem 3.1 yield ‖AV ‖_{L∞( eSn)} 6 δM_n; ‖AΦ‖_{L∞( eSn)} 6 δ‖ϕ_n(·, η_n)‖_L∞_{(Sn)}. (3.10)

Using Est. (3.9-10) we have

‖φ^{(2)}‖_L∞_{(Sn)} 6 δM_n + (1 + δ)c_n + b_n. (3.11)

and estimates (3.8), (3.11) imply (3.2), indeed

(1 − δ)M_n 6 8α_n u_∗ W_n + (1 + δ)c_n + b_n.

We show (3.3). We have B(~u_n, r_n) ⊂ B(u_n, α_n). The total Euclidean angle under which [u_n − α_n, u_n + α_n] is seen from ξ ∈ ∂B(u_n, α_n) equals^π_2 . Then 1 π αn∫ −αn v dt |t + u_n − k|^2 ¿ 1 2 , k ∈ S_n ∪ [u_n, u_n + i|h_n|].

and the maximum principle yields (3.3). 2

Let the function β define the Dirichlet problem with parameter and β(u, h) = 0, u ∈

R. For a fixed number n ∈ Z we define the new function β^{(n)}(k, h) which is the same

as β(k, h) on the ray {u_n + it, t > 0} and vanish on the remaining part of the Γ. Let ψ_n(k, h), k ∈ K_+(h), h ∈ ℓ^∞R be corresponding solution of the Dirichlet problem with the boundary function β^{(n)}(k, h). Moreover, for the sequences ε = {ε_m}_{m∈}Z, ε_m ∈ [0, 1] and η, h ∈ ℓ^∞R we define the solution of the Dirichlet problem with the scaling parameter φ_n(·, h, ·, ε) : K_+(h, ε) × B^∞(0, ρ) → H_+(h, ε), by the formula: φ_n(·, h, η, ε) = ψ_n(·, h + ε̂η)|_{K+(h,ε)}, η ∈ B^∞(ρ), Using Theorem 3.5 we get an analytic extension of the function φ_n(·, h, ·, ε) : B^∞(ρ) → H_+(h, ε) in the ball B^∞_c (ρ). We prove now the estimates which are basic in the next Section. Corollary 3.6.Assume that some sequences ε = {ε_n}_{n∈}Z, ε_n ∈ [0, 1] and h ∈ ℓ^∞R . Let the functions β_± satisfy Condition B and let some sequence {ϕ_n}_{n∈}Z satisfy Condition F. Assume that for some n ∈ Z we have β_±(k) = 0, k ∈ (Γ ∪ R) \ {k = u_n + it, t > 0}, ϕ_m ≡ 0, μ ≠ n, m ∈ Z. Then for η ∈ B^∞_c (0, ρ) the following estimates are fulfilled: N_n(h, η, ε) = sup_{k∈K+(h,ε)} |φ_n(k, h, η, ε)| 6 c_n(h_n + ε_nη_n) + b_n(h_n), (3.12)

N^0_n(h, η, ε) = sup k∈K_+(h,ε),| Re k−un|>^{u∗}_2 |φ_n(k, h, η, ε)| 6 18 √ 6 u_∗(1 − δ) α_n(c_n(h_n + ε_nη_n) + b_n(h_n)).

(3.13) Proof. To get the estimate (3.12) we can apply the maximum modulus principle to the domain ~K_+(h, ε) \ D_n(η_n) and to the function φ_n(·, h, η, ε). If (3.12) is not valid then there exists some point k_0 ∈ S_m, m ≠ n such that |φ_n(k_0, h, η, ε)| > δN_n(h, η, ε). But inequality (3.9) yields |φ_n(k_0, h, η, ε)| 6 ‖φ_n(h, η, ε)‖_L∞_{( eSm)} 6 ‖φ_n(h, η, ε)‖_L∞_{(Sm)} 6 δN_n(h, η, ε). So, we get a contradiction. We prove (3.13). Assume that |h_n| ≥ u_∗/6, then we have

N^0_n(h, η, ε) 6 N_n(h, η, ε) 6 (c_n(h, η, ε) + b_n(h_n)) 6 6 u_∗ (c_n(h, η, ε) + b_n(h_n))|h_n|. Consider the second case |h_n| < u_∗/6. Let g be a solution of the Dirichlet problem in the domain

G_n = { k ∈ K_+(h, ε) : | Re k − u_n| 6 u_∗ 2 } ∪ { k ∈ C_+ : | Re k − u_n| ¿^{u∗}_2^}.

with the boundary function which vanishes on R and equals φ_n(·, η) on the rest of the boundary. Using (3.3) we have the estimate |g(k)| 6 P_n(k) = P_n(k, h, η, ε), k ∈ G_n, where P_n(k) is the Poisson integral in C_+ for the function P_n(u) = 2(c_n + b_n)χ_{Δn} (u), Δ_n = [u_n − α_n, u_n + α_n], u ∈ R. Note that we have an inequality α_n 6^{5u∗}_{12} . Since the value of the Poisson integral in C_+ for the function χ_{Δn} (u), u ∈ R at k ∈ C_+ is the same as the total Euclidean angle under which Δ_n is seen from k, we have |g(k)| 6 6 √ 6 u_∗ α_n(c_n + b_n), k ∈ G_n. Now we consider the function f = φ_n − g in the domain ~K_+(h, ε) \ D_n(η_n). Assume that D = sup_{k∈S} |f(k)|. If we apply the maximum modulus principle to the domain ~K_+(h, ε)\D_n(η_n) and to the function f we have by the inequality (3.9) D 6 δD +^{12√6αn(cn + bn)}_{u∗} , N^0_n 6 D + sup_{k∈G} |g(k)| 6 (1 − δ)^{−1} 18 √ 6α_n(c_n + b_n) u_∗ and we get (3.13). 2

4 Analyticity of mappings

Let the functions β_± define the Dirichlet problem with parameter and β_+(u) = β_−(u) = 0, u ∈ R. In connection with this problem we consider some nonlinear map F : ℓ^∞R → ℓ^∞R wich is defined in the following way. For a number n ∈ Z consider the functions β^n_± wich are the same as β_± on the ray {u_n + it, t > 0} and vanish on the remaining part of the Γ. Let ψ_n(k, h), k ∈ K_+(h), h ∈ ℓ^∞R be corresponding solution of the Dirichlet problem with the boundary function β^n(k, h). Then define F (h) = {f_n(h)}_{n∈}Z

f_n(h) = ∫ R ψ_n(u_n + iv(t, h))dt = ∫ R β^n(u_n + iv(t, h))dt, n ∈ Z, where v(k, h) = Im z(k, h).

For h ∈ ℓ^∞R the quantity f_n(h) determines the asymptotic behavior of the solution of the Dirichlet problem ψ_n(k, h) at infinity. In fact, let g(z) is the Poisson integral in C_+ for the function ψ_n(u_n + iv(x, h)), x ∈ R. Then we have lim_{y→∞} g(iy) = ∫ R ψ_n(u_n + iv(t, h))dt. But according to the formula (2.42) and equality ψ_n(k, h) = g(z(k, h)) it implies lim_{y→∞} ψ_n(iy, h) = lim_{y→∞} g(z(iy, h)) = f_n(h). In this section we study properties of the map F and consider some important special cases of it. Define the following constants

C_A =

48 · 6^{1/6} (1 − δ)u_∗h_∗ , C_H = 32 h^2_∗ . Theorem 4.1. Let h ∈ ℓ^2R be fixed sequence. Let the functions β_±, β_+(u) = β_−(u) = 0, u ∈ R define the Dirichlet problem with parameter and let some sequence {ϕ_n}_{n∈}Z satisfy Condition F. Define the functions g_n(η) = f_n(h + η), η ∈ B^2(ρ), n ∈ Z. Then all these functions have an analytic extension in the ball B^2_c (ρ) where the following estimates are fulfilled:

|g_n(η)| 6 C_H (c_n + 2b_n)(|h_n| + |η_n|) ( 1 + C^2_A(‖h‖^2 + ‖η‖^2) ) . (4.1)

Proof. Fix the number n. Recall that for sequences ε = {ε_m}_{m∈}Z, ε_m ∈ [0, 1] and η, h ∈ ℓ^∞R we define the solution of the Dirichlet problem with the scaling parameter φ_n(·, h, ·, ε) : K_+(h, ε) × B^∞(0, ρ) → H_+(h, ε), by the formula: φ_n(·, h, η, ε) = ψ_n(·, h + ε̂η)|_{K+(h,ε)}, η ∈ B^∞(ρ), Using Theorem 3.5 we get an analytic extension of the function φ_n(·, h, ·, ε) : B^∞(ρ) → H_+(h, ε) in the ball B^∞_c (ρ).

We consider the mapping φ_n(·, h, η, ~ε), η ∈ B^2_c (ρ), where the sequence ~ε_m = 1, m ∈ Z. Also we introduce the new sequence ε, ε_m = ρ^{−1}|η_m|, m ∈ Z. Using Lemma 3.4, we have φ_n(k, h, η, ~ε) = φ_n(k, h, ~η, ε), k ∈ K_+(h, ε), ~η_m = {_ρ |ηm| ηm, if ηm ≠ 0, 0, if η_m = 0.

Define the value M_{n,m} = ‖φ_n(·, h, η, ε)‖_L∞_{(Sn)}, n, m ∈ Z. Using Theorem 3.5 and Corollary 3.6 for the function φ_n(·, h, τ, ε) in the domain K_+(h, ε), we obtain M_{n,m} 6 8α_m (1 − δ)u_∗ ( 18√6 (1 − δ)u_∗ α_n(c_n + b_n) ) 6 C1αmαn(cn + bn), C1 =^{144√6}_{(1 − δ)2u2∗} . Due to Theorem 3.5 and Corollary 3.6, for the function φ_n(·, h, τ, ε) in the domain K_+(h, ε), there exists the harmonic majorant P_n = P_n(k, h, ~η, ε) which is the Poisson integral in C_+ for the function P_n(u, h, ~η, ε), u ∈ R, such that ∫ R P_n(u)du = 4(M_{n,n} + b_n)α_n + 4 ∑ m≠n M_{n,m}α_m 6 4α_n(c_n + 2b_n)(1 + C_1 ∑ m≠n α^2_m),

and the simple estimate α_n = |h_n| + (1/4)ε_nu_∗ 6 (C_H /4)(|h_n| + |η_n|), C_H = 32/h^2_∗, implies ∫ R P_n(u)du 6 d(c_n + 2b_n)(|h_n| + |η_n|) ( 1 + C^2(‖h‖^2 + ‖η‖^2) ) , C^2_A = 1 2 C_1C_H , (4.2)

which yields estimate (4.1). The well known property of the Poisson integral (see [St]) yields ∫ P_n(u)du = ∫ P_n(u + iv)du, for any v > 0. Fix some v_0 > ‖h‖_∞ + (u_∗/4). Then for any η ∈ B^2_c (ρ) we get ∫ |φ_n(u + iv_0, h, η, ~ε)|du ≤ ∫ P_n(u + iv_0) du = ∫ P_n(u) du. According Theorem 2.9 we can continue now the functional g_n from B^2_R(h, ρ) on the ball B^2_c (h, ρ) by the formula :

g_n(η) = f_n(h + η) = ∫ R φ_n(u + iv_0, h, η, ~ε)du. We show that this extension is an analytic function in the ball B^2_c (ρ). By (4.2), this function is bounded on B^2_c (ρ), then it is enough to check that for any fixed η, ϑ ∈ B^2_c (ρ) such that ‖vt‖_2 < ρ − ‖η‖_2 the function

F (t) = f_n(h + η + tϑ) = g_n(η + tϑ)

is analytic in the ball B(0, 1). (see Theorem 2.9). Define the sequences

ε^′_m = |η_m| + |ϑ_m| ρ ≤ 1, ξ_m(t) = {_{ηm+tϑm} ε^′_m , if ε ′ m ≠ 0, 0, if ε^′_m = 0

and note that ‖ξ(t)‖_∞ < ρ for any |t| < 1. Using Lemma 3.4, we get φ_n(k, h, ξ(t), ε^′) = φ_n(k, h + η + tϑ, ~ε), |t| < 1, k ∈ K_+(h, ε^′).

Hence F (t) = ∫ φ_n(u + iv_0, h, ξ(t), ε^′)dx, |t| < 1. Let now = P_1(k, h, ξ(t), ε^′) be the corresponding Poisson integral. Then by Theorem 3.5, |φ_n(u + iv_0, h, η + tϑ, ~ε)| = |φ_n(u + iv_0, h, ξ(t), ε^′)| 6 P_1(u + iv_0, h, ξ(t), ε^′), u ∈ R, P_1(u + iv_0, h, ξ(t), ε^′) 6 Q(u + iv_0), u ∈ R where t ∈ B(0, 1), Q is the Poisson integral in C_+ for the following function Q(u) = 4(sup_{|τ|<ρ} ‖φ_n(·, τ)‖_{L∞(Sn∪ eSn)} + b_n(h))(χ_{Δn} (u) + α_nA 2 ∑ m≠n α_mχ_{Δm} (u)),

where the interval Δ_n = [u_n − α_n, u_n + α_n] and α_m = |h_m| +^1_4 (ε^′_mu_∗), m ∈ Z. We have also ∫ Q(u + iv_0) du = ∫ Q(u) du < +∞. Hence, the sequence of the functions

F_m(t) = ∫_m −m φ(u + iv_0, h, ξ(t), ε^′)du, |t| < s, converges to the function F (t), as n → ∞, uniformly on the ball B(0, 1). But each function F_m(t) is analytic in the ball B(0, 1) and then the Weierstrass Theorem yields the needed analyticity.

So we have proved the analyticity of the function f_n in the ball B^2_c (ρ). 2 We apply Theorem 4.1 to the case of the function A_n(h).

Corollary 4.2.Let ω = {ω_n}_{n∈}Z; ω_n ≥ 1, n ∈ Z be some weight. Then each functional A_n : ℓ^p_ω → R_+ , 1 ≤ p ≤ 2, n ∈ Z has analytic extension on the domain J^p_ω (ρ) where the following estimate is fulfilled: |A_n(h)| 6 1 2 C^2_H |h_n|^2 ( 1 + C^2_A‖h‖^2 ) , h ∈ J^p_ω (ρ). (4.3)

The functional Q_0 : ℓ^p_ω → R_+ has also analytic extension in the layer J^p_ω (ρ) by the rule

Q_0(h) = ∑ n∈Z A_n(h), h ∈ J^p_ω (ρ). (4.4)

Moreover, for any m ∈ Z

∂_mQ_0(h) = ∑ n∈Z ∂_mA_n(h), h ∈ J^p_ω (ρ). (4.5)

Proof. Now we apply Theorem 3.5 for the case β_±(k, h) = v, k ∈ Γ(U) and ϕ_n(k, h + εη) = v, k = u + iv ∈ D_n(η_n). We have the simple estimates for each n ∈ Z and any η_n ∈ B(0, ρ) c_n(|h_n|, |η_n|/ρ) = ‖ϕ_n(·, h + |η_n|η ρ )‖_L∞_{(Sn∪ eSn)} ≤ |h_n| + C_H 4 |η_n|, sup_{t∈(0,|hn|]} |β(u_n + it)| = |h_n|, which yields c_n + 2b_n 6 (C_H /4)(|h_n| + |η_n|). Then using (4.1) we obtain the estimate |A_n(h + η)| 6 C^2_H 4 (|h_n| + |η_n|)^2 ( 1 + C^2_A(‖h‖^2 + ‖η‖^2) ) . (4.6)

We show estimate (4.3). Let μ ∈ J^p_ω (ρ), h = Re μ, μ = h + η. Then η ∈ B_c(h, ρ) and (4.6) implies (4.3).

At last, note that the analytic extensions of A_n on the different balls B_c(h, ρ), B_c(h^0, ρ) for the different h, h^0 ∈ ℓ^p_ω coincide on B_c(h, ρ) ∩ B_c(h^0, ρ), since the analytic extensions coincide on the set B(h, ρ) ∩ B(h^0, ρ). At last, according (4.3) the series (4.4) converges uniformly on the balls B(h, ρ), h ∈ ℓ^p_ω. But each function A_n is analytic in the ball B(h, ρ) and then the Weierstrass Theorem yields the needed analyticity and equality (4.5 ). 2 We apply Theorem 4.1 to the case of the function l_n(h).

Corollary 4.3.Let ω = {ω_n}_{n∈}Z; ω_n ≥ 1, n ∈ Z be some weight. Then each functional l_n : ℓ^p_ω → R, 1 ≤ p ≤ 2, n ∈ Z has analytic extension on the domain J^p_ω (ρ) where the following estimate is fulfilled:

|l_n(h)| 6 C_L|h_n|(1 + C^2_A‖h‖^2), h ∈ J^p_ω (ρ), C_L = C_H 3 √ 2. (4.7)

The functional E : ℓ^1_ω → R has also analytic extension in the layer J^1_ω (ρ) by the rule E(h) = ∑ n∈Z l_n(h), h ∈ J^1_ω (ρ). (4.8)

Moreover, for any m ∈ Z ∂_mE(h) = ∑ n∈Z ∂_ml_n(h), h ∈ J^1_ω (ρ). (4.9)

Proof. Define a function F by the formula:

F (k) = 1 π log( √ k^2 + 1 − 1 √ k^2 + 1 + 1

), k ∈ C_+ \ [0, i],

where √ −t^2 = it, t > 0, and t ∈ C \ [0, ∞), and we take main value of logarithm on C_+ .

It is clear that the function Im F is the harmonic measure of a double-sided segment [0, i] relative to C_+ \ [0, i]. As the function F is real on R \ {0}, it can be continued by Schwartz principle of reflection to the domain C \ [−i, i]. Moreover, F (k) → 0 as k → ∞; F (k) = F (k̄) = −F (−k), k ∈ C \ [−i, i] and F (k) = − 2 π arcsin t, arcsin t = ∫_t 0 dz √ 1 − z^2 , t = 1 ik , |k| > 1,

F (k) = ∞∑ n=0 F_n k^{2n+1} , |k| > 1, where F_n ∈ R, n ≥ 0. Hence, using the simple estimate

| arcsin t| 6 ∑ n¿0 |F_n||k|^{2n+1} 6 |t| 1 − |t|^2 , |t| < 1, we obtain |F (k)| 6 w(|k|) ≡ 2 π |k| |k|^2 − 1 , |k| > 1. Now we apply Theorem 3.5 for the case

β_−(k) = −β_+(k), β_+(k) = { 0, if k ∈ R 1, if k = u_n + iq, q > 0

Introduce also the functions ϕ_n(k, ξ) ≡ (sign h_n) for the case II; in the case I we define the function ϕ_n by the rule:

ϕ_n(k, ξ) = Im F ( k − u_n h_n + ξε_n ) , k ∈ D_n(ξ), −ρ 6 ξ ≤ ρ

ϕ_n(k, ξ) = − ∞∑ n=0 F_n (h_n + ξε_n |k − u_n| )_{2n+1} sin nϑ, k ∈ S_n ∪ ~S_n, ξ ∈ B(0, ρ), where ϑ ∈ [0, 2π) is the argument of the complex number k − u_n. It is simple to check the hypothesis of a Theorem 4.1 relating to ϕ_n. We have by the maximum modulus principle for harmonic functions max_{k∈Sn} |ϕ_n(k, ξ)| ≤ max_{k∈ eSn} |ϕ_n(k, ξ)| ≤ w( 8 9h_∗ ) 6 1, ξ ∈ B(0, ρ). Then we have the simple estimates for each n ∈ Z c_n(|h_n|, |η_n|/ρ) = ‖ϕ_n(·, h + |η_n|η ρ )‖_{L∞(Sn∪ eSn)} ≤ 2, sup_{t∈(0,|hn|]} |β(u_n + it)| = 1, and by (4.1) we obtain the estimate |l_n(h + η)| 6 C_H 3(|h_n| + |η_n|) ( 1 + C^2_A(‖h‖^2 + ‖η‖^2) ) . (4.10)

We show estimate (4.7). Let μ ∈ J^p_ω (ρ), h = Re μ, μ = h + η. Then η ∈ B_c(h, ρ) and (4.10) imply inequalities (4.7).

At last, note that the analytic extensions of l_n on the different balls B_c(h, ρ), B_c(h^0, ρ) for the different h, h^0 ∈ ℓ^p_ω coincide on B_c(h, ρ)∩B_c(h^0, ρ), since the analytic extensions coincide on the set B(h, ρ) ∩ B(h^0, ρ). At last, according (4.7) the series (4.8) converges uniformly on the balls B(h, ρ), h ∈ ℓ^1_ω. But each function l_n is analytic in the ball B(h, ρ) and then the Weierstrass Theorem yields the needed analyticity and equality (4.9 ). 2 We show that the mappings l : ℓ^p_ω → ℓ^p_ω, and A : ℓ^2_ω → ℓ^1_ω have the analytic extensions on the domain J^p_ω (ρ). Moreover, we consider the mapping J : ℓ^p_ω → ℓ^p_ω. Theorem 4.4.Let ω = {ω_n}_{n∈}Z; ω_n ≥ 1, n ∈ Z be some weight and 1 ≤ p ≤ 2 . Then i) the mappings l : ℓ^p_ω → ℓ^p_ω, and A : ℓ^2_ω → ℓ^1_ω have the analytic extensions on the domain J^p_ω (ρ) and on the domain J^2_ω (ρ) respectively, where the following estimate is fulfilled: ‖l(h)‖_{p,ω} 6 C_L‖h‖_{p,ω}(1 + C^2_A‖h‖^2), h ∈ J^p_ω (ρ), (4.11) ‖A(h)‖_{p,ω} 6 1 2 C^2_H (1 + C^2_A‖h‖^2)‖h‖_{2,ω}, h ∈ J^2_ω (ρ), (4.12)

ii) the mapping J : ℓ^p_ω → ℓ^p_ω has analytic extension on the some domain containing l^p_ω. Proof. i) The estimate (4.11) is a direct consequence of (4.7). According the estimate (4.7) for each sequence η = {η_n}_{n∈}Z ∈ ℓ^q_ω where 2 6 q 6 ∞,^1_p +^1_q = 1 the series ∑ n∈Zω^nl^n(h)η^n converges uniformly on bounded subsets of the layer J^p_ω (ρ). So, using the Criterion about analyticity of operator-valued functions we obtain the statement about L. The results about J can be proved as above.

ii) Let h ∈ ℓ^∞, ‖h‖_∞ 6 H, |h_n| ≥ a > 0. Then there exists a constant K(a, H) > 0 such that A_n(h) ≥ K(a, H). To obtain this estimate it is sufficient to note that A_n(h) ≥ lim_{y→∞}g(iy) = K(A, H) where the function g(k), k ∈ G = ({k = u + iv ∈ C_+ : |u − u_n| < u_∗} ∪ {k = u + iv : v > H}) \ [0, ia] is the harmonic measure of a double-sided segment [0, ia] relative to G.

In view of Schwarz‘s lemma we have also by estimate (4.12) a constant K_1(H) such that for each h ∈ ℓ^2 , ‖h‖_2 6 H the following estimate is valid:

|A_n(η) − A_n(h)| 6 K_1(H)‖η − h‖_2, η ∈ B^2_c (h, ρ/2). (4.13)

Fix a sequence h ∈ ℓ^2 and some 0 < a < ρ/4 and choose a number ρ/2 > ρ_1 > 0 such that K_1(‖h‖_2)ρ_1 6 K(a, ‖h‖_2)/2. Then we consider two different cases for the number n ∈ Z: 1) |h|_n ≥ a, 2) |h|_n < a. In the first case according (4.13) we have the inequality

Re(A_n(h) − A_n(η)) > 0, η ∈ B^2_c (h, ρ_1)

and it implies that J_n has analityc extension on the ball B_c(h, ρ_1).

In the second case we represent the point η ∈ ℓ^2_c in the form η = (η_n, ~η). Consider now the sequence h_∗ = (0, ~h) and the set G = {(η_n, ~η) : |η_n| < ρ/2, ‖~η‖_2 < ρ/2. It is clear that ‖h − h_∗‖_2 < a < ρ/4, B^2_c (h, a) ⊆ B^2_c (h_∗, 2a) ⊆ G. For any (μ_n, ~μ) ∈ ℓ^2 we have following equalities A_n(μ_n, ~μ) = A_n(−μ_n, ~μ), A_n(0, ~μ) = 0, lim_{μn→0} A_n(μ_n, ~μ) μ^2_n

= 1 (4.14) therefore this equalities are valid for any (η_n, ~η) ∈ J^2.

In view of Schwarz‘s lemma we have by estimate (4.12) and equalities (4.14) |A_n(η_n, ~η)| ≤ K_2(‖h‖)|η_n|^2, (η_n, ~η) ∈ G, (4.15) where K_2(‖h‖_2) is some constant depending only on ‖h‖_2.

Now consider the function F : F (η_n, ~η) = A_n(η_n, ~η) η^2_n , (η_n, ~η) ∈ G, η_n ≠ 0; F (0, ~η) = 1, (0, ~η) ∈ G. According to (4.15) we have the estimate F (η_n, ~η) ≤ K_2(‖h‖_2), (η_n, ~η) ∈ G. (4.16) Fix some μ ∈ G, ν ∈ ℓ^2_c, ν ≠ 0 and consider the function f(z_1, z) =

A_n(μ + z_1ν) (μ_n + zν_n)^2

, μ_n + zν_n ≠ 0; f(z) = 1, μ_n + zν_n = 0.

Now we prove that this is an analytic function with respect two variables in the domain B(0, ε) × B(0, ε) ⊂ C^2 fore some ε > 0. Really if μ_n ≠ 0 ore μ_n = ν_n = 0 it is evident. In opposite case we can apply Hartogs theorem.

It implies the analyticity of the function F (μ + zν), |z| < ε for sufficiently small ε. So by the Criterion about analyticity of functions depending on infinitely many variables we have proved the analyticity of the function F in the domain G.

In view of Schwarz lemma we have also by estimate (4.16) |F (η) − F (h_∗)| 6 K_2(‖h‖_2)‖η − h‖_2, η ∈ B^2_c (h, ρ/2). Finally we have for a such that 2K_2(‖h‖_2)a < 1/2 Re(F (h_∗) − F (η)) = 1 − Re F (η) > 0, η ∈ B^2_c (h_∗, 2a) and required analytical continuation is defined by the following way J_n(η) = η_n √ F (η), η ∈ B^2_c (h_∗, 2a).2 Below we need the following sets: K_n = {k ∈ C : 0 < | Re k − u_n| < d_n} ∪ (u_n − i|h_n|, u_n + i|h_n|), d_n = min{u_n − u_{n−1}, u_{n+1} − u_n}, K_n(h, ε) = K_n\(B(b_n, r_n) ∪ B(b_n, r_n)), n ∈ Z. Remark. Using Theorem 3.5 for η ∈ B^∞_C (ρ), we obtain the harmonic extensions of the function φ(·, h) across the set R ∩ K(h, ε) by the symmetry on K(h, ε). Moreover, if for some n ∈ Z the set K_n(h, ε) is connected, then the function v − φ(k, η), k = u + iv, is continued by the symmetry across the interval (u_n − i|h_n|, u_n + i|h_n|)\(B(b_n, r_n) ∪ B(b_n, r_n)) left or right on the domain K_n(h, ε).

We consider the analytic extension of the conformal mapping z(k, η). Theorem 4.5.For fixed h ∈ ℓ^2R, ε = {ε_n}, where ε_n = ξ ∈ [0, 1], n ∈ Z the function z(k, h + εη) has the analytic extension from D = K(h, ε) × B^2(ρ) on the domain D_C = K(h, ε)×B^2_C (ρ). This continuation is such that if the set K_n(h, ε) is connected for some n ∈ Z then the function z(k, h + εη), (k, η) ∈ D_C has the analytic extension in the domain ~D_n = ~K_n×B2_C (ρ) (”left” if this continuation coincides with z(k, h+εη) as (k, η) ∈ ~D_n∩{Re k < u_n} and ”right” if this continuation coincides with (k, h + εη) ∈ D̃_n ∩ {Re k > u_n} ). Moreover, for any h ∈ ℓ^2R, n ∈ Z, k ∈ K(h) the derivative has the following form: ∂_nz(k, h) = ν_n(z(k, h) − λ_n)^{−1}, k ≠ u_n + ih_n, k ∈ K(h). (4.17) In particular, the formula (2.13) is true for k ∈ [u_n, u_n + ih_n), if z(k, h) is the left-hand limit (the right-hand limit).

Proof. Take v_1 > ‖h‖_2 +(u_∗/4) and then {k : Im k > v_1} ⊂ K(h, ε). We fix some k_0, Im k_0 > v_1. Formula (2.40) yields

z(k_0, h + εη) = k_0 − 1 π ∫ R ψ(τ + iv_1, h + εη) τ − (k_0 − iv_1) dt, η ∈ B^2(ρ) (4.18)

Moreover, for any k ∈ K_+(h, ε)

z^′_k(k, h + εη) = (1 − ψ^′_v(k, h + εη)) + iψ^′_u(k, h + εη) (4.19)

and let γ ⊂ K(h, ε) be some piecewise smooth path joining k_0 to k. Then z(k, ϑ) − z(k_0, ϑ) = ∫ γ z^′_k(ζ, ϑ) dζ ϑ = h + εη (4.20) By Theorem 4.1, the function φ(k, h, ε, η) is harmonic with respect to k in the domain K_+(h, ε) and analytic with respect to η ∈ B^2_c (ρ). Then the function at right-hand side of formula (4.7) is analytic in K(h, ε). Moreover, due to estimate (4.3) the integral in the right hand side of (4.6) is absolutely integrable. Define z(k, h + εη) for some (k, η) ∈ ~D by (4.6-8). Then for any η ∈ B^2_C (ρ) the function z(·, h + εη) is analytic in the domain K(h, ε) and for this function (6.6-8) are fulfilled.

Consider now the function f(η) = z(k_0, h+εη), η ∈ B^2_C (ρ) and show that f(η) is analytic in the ball B^2_C (ρ). Due to estimate (4.3) the sequence of the function

f_n(η) = k_0 − 1 π ∫_n −n φ(u + iv_1, h, ε, η) u − (k_0 − iv_1) du, η ∈ B^2_C (ρ) converges to f uniformly on B^2_C (ρ). Indeed, |f(η) − f_n(η)| ≤ 1 π ∫ R |φ(u + iv_1, h, ε, η)|du max_{|u|≥n}( 1 |u − k_0| )

Moreover, by Theorem 4 , each function f_n is analytic and bounded in the ball B^2_C (ρ) and by the Weierstrass Theorem, f is also analytic in this ball.

Let now k ∈ K_+(h, ε). Then using (4.7) and the well known formula for harmonic function we obtain

z^′_k(k, h + εη) = 1 + 1 πr ∫ |w|=1 (−w_2 + iw_1)φ(k + rw, h, η, ε) |dw|, (4.21) where 0 < r < dist(ζ, ∂K_+(h, ε)). We fix k ∈ K(h, ε). Then formulas (4.8-9) imply z(k, h+εη) = z(k_0, h+εη)+(k−k_0)+ 1 πr ∫ γ dz ∫ |w|=1 (−w_2+iw_1)φ(ζ+rw, h, η, ε) |dw| (4.22) where r is less than the distance from γ to ∂K_+(h, ε). Using Theorem 4.1 and the Theorem about the integral with parameter, we deduce that the function z(k, h + ε·) is is analytic and bounded on the ball B^2_C (ρ). By formula (4.10), the function z(k, h + εη) is bounded on any set S × B^2_C (ρ), where S ⊂ K_+(h, ε) is compact.

By the well-known Criterion about analyticity of functions (see Theorem 2.9) enough to show that for any k ∈ K_+(h, ε), k_1 ∈ B(0, 1), η, η_1 ∈ B^2_C (ρ), the function F (ζ) = z(k + k_1ζ, h + η + η_1ζ) is analytic in the disk B(0, s) ⊂ C for some s > 0. For small s > 0 the function F is well define on the disk B(0, s). Define the function

G(z_1, z_2) = z(k + z_1k_1, h + η + z_2η_1), |z_1| < s, |z_2| < s.

By above, the function G is analytic and bounded with respect to any variable at fixed another one. Then by the Hartogs theorem G is analytic with respect two variables, This shows that the function F is analytic in the disk B(0, s). Due to Remark after Theorem 4.1 the function y(k, η) = v − ψ(k, η), k ∈ K(h, ε) is harmonic continued by the symmetry across R and also left or right across any non-empty interval K̃_n ∩ {p = u_n}. Now in order to get analytic continuation (”left”) in the domain D̃_n we repeat the above consideration, we join the fixed point k_0 ∈ K̃_n, Re k_0 < u_n with any point k ∈ F_n by some curve lying in the domain K̃_n. 2

5 Estimates

In this section we prove all needed estimates for the real h. Without loss of generality, in this Section, we assume h_n ¿ 0, n ∈ Z. First, we need the following Lemma which is some analog of Hardy inequality (see [K4]).

Lemma 5.1. Let f ∈ W^2_1 (D), where the domain D = [0, τ] × [−h, h] for some h > 0, τ > 0. Then_h ∫ 0 |f(0, v) − f(0, −v)|^2 v dv 6 π max^{1,^h_τ^{} ∫ ∫}_D |∇f|^2dv du. (5.1)

Proof. Let a function f be real and let h 6 τ. Then for function F (v) = f(0, v) − f(0, −v) and for any v ∈ (0, h) we obtain |F (v)| 6 v ∫_π 0 |∇f(ve^{iφ})|dφ, and hence the Cauchy inequality implies

|F (v)|^2 6 πv^2 π∫ 0 |∇f(ve^{iφ})|^2dφ.

The integration from 0 to h yields h∫ 0 |F (v)|^2 v dv 6 π^{∫∫}_{D1} |∇f|^2dv du 6 π^{∫∫}_D |∇f|^2dv du, where D_1 = B(0, h) ∩ {u ¿ 0}, which gives (5.1) for h 6 τ.

Second, let h > τ. Using inequality (5.1) for the function f_1(u, v) = f(^{hu}_τ , v) for the case h = τ we deduce that h∫ 0 |F (v)|^2 v dv 6 π h∫ 0 h∫ 0 ((∂f_1 ∂u )_2 + (∂f_1 ∂v )_2) du dv. (5.2)

Moreover, we have^{∂f1}_{∂v} (u, v) =^{∂f}_{∂v} (^{hu}_τ , v),^{∂f1}_{∂u} (u, v) =^h_τ^{∂f}_{∂u} (^h_τ u, v). Then, changing the variables v^′ = v, u^′ =^h_τ u in the integral in the right side of estimate (5.2), we get ∫_h 0 |F (v)|^2 dv v 6 π^{∫ ∫}_D^{(τ}_h^{(∂f}_{∂v}^{)2} +^h_τ^{(∂f}_{∂u}^{)2)}dudv 6^{πh}_τ^{∫∫}_D |∇f(k)|^2dudv. 2 Introduce the function b(x) = max{1, x/u_∗} for x > 0 and the domains

D_n(r) = (u_n, u_n + r) × (−h_n, h_n), D_n ≡ (u_n, u_n + u_∗) × (−h_n, h_n), n ∈ Z.

Using Lemma 5.1 we estimate h_n in terms of the Dirichlet integral.

Corollary. 5.2.For each n ∈ Z and any h ∈ ℓ^∞R , r > 0, the following estimates are fulfilled:

2h^2_n 6 π max{1, |h_n| r } ∫∫ Dn(r) |z^′(k, h) − 1|^2dudv, (5.3) Proof. Define the function f(k) = v − y(k, h), k = u + iv. Then estimate (5.1) for the function f(iv + u_n) − f(−iv + u_n) = 2v, v ∈ (−h_n, h_n) yields

2h^2_n = ∫_{hn} 0 (2v)^2 v dv 6 πb(|hn|)^{∫ ∫}_{Dn(r)} |∇f|^2du dv,

which implies (5.3). 2

Corollary 5.2 is important to find the estimates of ‖h‖ in terms of ‖l‖ and of the Dirichlet integral. We show now the basic estimates in the case of the space ℓ^2. Theorem 5.3.Let h ∈ ℓ^∞R . Then for l, J, O_0, I_D the following estimates are fulfilled: 1 4 ‖l‖^2 6 2Q_0 = I_D 6 2 π ∑ n∈Z |h_n||l_n|. (5.4) Let in addition, u_{n+1} − u_n ¿ u_∗ for any n ∈ Z, then

‖h‖^2 6 π^2 2 b(‖h‖_∞)I_D, I_D = 1 π ∫∫ C |z^′(k, h) − 1|^2dudv, (5.5) π 4 I_D 6 ‖h‖^2 6 π^2 2 max { 1, I^{1/2}_D u_∗ } I_D, (5.6) 1 2 ‖l‖ 6 ‖h‖ 6 πb(‖h‖∞)‖l‖ 6 π‖l‖^(1 +^2_{u2∗} ‖l‖^{2)}, (5.7) ‖l‖ 2 6 ‖J‖ 6^√2‖l‖(1 +^{√2}_{u∗} ‖l‖). (5.8)

Proof. Estimates (5.4) were proved in the paper [KK1]. Introduce the integral I_n = 1 π ∫∫ Dn |z^′(k, h) − 1|^2dudv. Inequality (5.3) yields

‖h‖^2 = ∑ n∈Z h^2_n 6 π^2 2 b(‖h‖_∞) ∑ n∈Z I_n 6 π^2 2 b(‖h‖_∞) I_D.

Using estimates (5.4) and |l_n| 6 2|h_n| (see (1.1)), we obtain the first inequalities in (5.6- 7). The second one in (5.6) follows from (5.5) and (2.33). Moreover, relations (5.4) yields I_D 6^2_π ‖h‖‖l‖ and then

‖h‖^2 6 π^2 2 b(‖h‖_∞) I_D 6 π b(‖h‖_∞)‖h‖‖l‖, which implies ‖h‖ 6 πb(‖h‖_∞)‖l‖. Assume that ‖h‖_∞ > u_∗. Then ‖h‖ 6 (π/u_∗)‖h‖_∞‖l‖, and using (5.4), (2.34) we obtain

‖h‖^2 6 π^2 u^2_∗ ‖l‖^2 · 2 π ‖h‖‖l‖. Hence ‖h‖ 6 (2π/u^2_∗)‖l||^3, which yields (5.7).

Identities ‖J‖^2 = 2Q_0 = I_D together with (5.4), (5.7) imply (5.8). 2 For the case ℓ^p, p ¿ 1, we need additional considerations about the comb mappings.

Introduce the domain D_r = {z ∈ C : | Re z| < r}, r > 0. We need the following result about the simple mapping.

Lemma 5.4.The function f(k) = √ k^2 + h^2, k ∈ C \[−ih, ih] , where h > 0 is the conformal mapping from C \[−ih, ih] onto C \[−h, h] and D_r \[−h, h] ⊂ f(D_r \[−ih, ih]) for any r > 0. Proof. Consider the image of the halfline k = r + iv, v > 0. We have the equations

x^2 + y^2 = ξ ≡ r^2 + h^2 − v^2, xy = rv. (5.9)

The second identity in (5.9) yields x > 0 since y > 0 . Then

x^4 − ξx^2 − r^2v^2 = 0,

and enough to check the following inequality

x^2 = ξ + √ ξ^2 + 4r^2v^2 2 > r^2. The last estimate follows from the simple relations

(r^2 + h^2 − v^2)^2 + 4r^2v^2 > (r^2 + v^2 − h^2)^2, 4r^2v^2 > 4r^2(v^2 − h^2). 2

We now prove the local estimates for the small slits.

Theorem 5.5. Let h ∈ ℓ^∞R . Assume that (u_n − r, u_n + r) ⊂ (u_{n−1}, u_{n+1}) and |h_n| 6 r/2, for some n ∈ Z and r > 0. Then ||h_n| − |μ^±_n || 6 2 + π r |μ^±_n | √ I_n, (5.10) 0 6 |hn| − νn 6 2^{2 + π}_r |hn|^√In, (5.11) 0 6 |hn| −^{|ln|}_2 6^{2 + π}_r |hn|^√In, (5.12) where I_n = 1 π ∫∫ un+Dr |z^′(k, h) − 1|^2dudv. Proof. Define the functions f(k) = √ k^2 + h^2_n, k ∈ D_r \ [−ih_n, ih_n], g = f^{−1} and F (w) = z(u_n + g(w), h), w = p + iq, where the variable w ∈ G_1 = f((D_r \ [−ih_n, ih_n]). The function F is real for real w then F is analytic in the domain G = G_1 ∪ [−h_n, h_n] and by Lemma 5.4, D_r ⊂ G. Let now |w| = r/2. Then the well known estimate yields √ π r 2 |F^′(w) − 1| 6 ( ∫∫ B(0,r) |F^′(w) − 1|^2dpdq)^{1/2} 6 (5.13) 6^{( ∫∫}_{B(0,r)} |(F (w) − g(w))^′|^2dpdq^{)1/2} +^{( ∫∫}_{B(0,r)} |g^′(w) − 1|^2dpdq^{)1/2}. Using the invariance of the Dirichlet integral with respect to the conformal mapping we obtain ∫ ∫ B(0,r) |(F (w) − g(w))^′|^2 dpdq = ∫ ∫ g(B(0,r)) |z^′(k, h) − 1|^2dudv 6 (5.14)

6^{∫ ∫}_D r+un |z^′(k, h) − 1|^2dudv = πI_n. Moreover, the identity 2Q_0 = I_D implies 1 π ∫ ∫ B(0,r) |g^′(w) − 1|^2dpdq 6 1 π ∫∫ C |g^′(w) − 1|^2dpdq == 2 π |hn|∫

−|hn| √ h^2_n − x^2 dx = h^2_n. (5.15)

Then (5.13-15) for |w| = r/2 yields |F^′(w) − 1| 6 2 r ( √ I_n + h_n),

and by Lemma 5.2,

h^2_n 6 π^2 4 ( 1 π ∫ ∫ D_{3r}+un |z^′(k, h) − 1|^2dudv ) 6^{π2}_4 In.

Then for |w| = r/2 we have |F^′(w) − 1| 6 2 r (1 + π 2 ) √ I_n =

2 + π r √ I_n, (5.16)

and the maximum principle yields the needed estimates for |w| 6 r/2.

We prove (5.10) for μ^+_n . The definition of μ^±_n (see Sect. 2) implies F^′(|h_n|) = lim_{x↘|hn|} z^′(u_n + g(x), h) · g^′(x) = lim_{x↘|hn|} g(x) μ^+_n · x g(x) = |h_n| μ^+_n . and the substitution of the last identity into (5.16) gives (5.10).

We show (5.11). The definition of ν_n (see Sect.2) yields (z(k, h) − z_n)^2 = 2iν_n(k − u_n − i|h_n|)(1 + o(1)), k → u_n + i|h_n|, g(w) − i|h_n| = − i 2|h_n| (w − z_n)^2(1 + o(1)), w → u_n.

Then we have F^′(0) = √_{νn} |hn| and the substitution of the last identity into (5.16) shows | |√_{νn|hn|} − 1 | | 6 ((2 + π)/r)^√In, and we have (5.11) since by (2.30), νn 6 |hn|. Moreover,

inequality (5.16) implies (5.12), indeed 0 6 2|hn| − |ln| = |hn|∫

−|hn| (1 − F^′(x)) dx 6 2|h_n| r (2 + π) √ I_n, 2

We prove the weighted estimates in the norm of the space l^p_ω, 1 6 p 6 2 and for some weight ω_n ¿ 1, n ∈ Z.

Theorem 5.6. Let h ∈ ℓ^∞. Then πQ_0 6 ‖h‖_p ‖l‖_q, p ≥ 1, (5.17) I_D 6 ( 2 π )^{2/p}‖h‖^{2/q}_p ‖l‖^{2/p}_p , 1 6 p 6 2, (5.18)

πQ_0 6 ‖h‖_∞ ‖l‖_1 6 2 π ‖l‖^2_1, (5.19) ‖h‖_∞ 6 2 π ‖l‖_1, ‖l‖_1 6 2‖h‖_1. (5.20)

Proof. Estimate (5.4) and the Hölder inequality yield (5.17).

Using (2.33), πQ_0 6 ∑ |h_n||l_n| (see (5.4)) and the Hölder inequality we deduce that (π/2)I_D 6 ‖h‖^{1−} p q ∞ ∑ n∈Z |l_n| |h_n|^{p/q} 6 (I_D)^{(1− pq )/2}‖l‖_p‖h‖ p q p ,

(π/2)I (1+ pq ) 2 D 6 ‖l‖p‖h‖^{pq}p , I_D 6 [ 2 π ]^{2p} ‖l‖^{2p}p ‖h‖^{2q}p . Estimate (5.17) at q = 1 implies the first one in (5.19). The last result and (2.33) yield the first inequality in (5.20) and then the second one in (5.19). The second estimate in (5.20) follows from |l_n| 6 2|h_n|, n ∈ Z (see (1.1)). 2

Consider the case p ¿ 1 more detail and find the double side estimates. Recall that the constant α_p = (2^{p+2}(2 + π)/u_∗)^p/π Theorem 5.7.Let u_{n+1} − u_n ¿ u_∗ for any n ∈ Z. Then the following estimates are fulfilled:

‖h‖_p 6 2‖l‖_p(1 + α_p ‖l‖^p), 1 6 p 6 2, (5.21) ‖h‖_p 6 2 π C^2_p ‖l‖_q(1 + [ 2C_p‖l‖_q πu_∗ ]^{2p−1} ), C_p = ( π^2 2 )^{1/p}, p ¿ 2. (5.22) ‖l‖_p 2 6 ‖J‖p 6^2√_π ‖l‖p(1 + αp‖l‖^p)^{1/2}, (5.23) √ π 2 ‖J‖_p 6 ‖h‖_p 6 4‖J‖_p(1 + α_p2^p‖J‖^p). (5.24)

Proof. Let 1 6 p 6 2. First we show the needed results. Estimate (5.3), at r = u_∗/2, implies

2h^2_n 6 π^2 max{1, |h_n| r }I_n, I_n = ∫∫ Dn |z^′(k, h) − 1|^2dudv, where D_n = {k : | Re(k − u_n)| < u_∗/2}, and then

h_n 6 π^2 u_∗ I_n, if h_n > u_∗ 4 , and h_n 6 π u_∗ √ I_n, if h_n 6 u_∗ 4 , Moreover, (5.12) yields

h_n 6 (l_n/2) + 2h_n

2 + π u_∗ √ I_n, if h_n < u_∗/4, and then h_n 6 2π

2 + π u_∗ I_n, if h_n < u_∗/4, l_n 6 h_n, since h_n 6 (π/2) √ I_n, and hence if l_n 6 h_n, then h_n 6 2π 2 + π u_∗ I_n = C_1I_n,

where C_1 = 2π(2 + π)/u_∗. The last inequality and (2.33) yield ‖h‖_p 6 ( ∑ hn<ln h^p_n)^{1/p} + ( ∑ ln6hn h_nh^{p−1}_+ )^{1/p} 6 ‖l‖_p + C^{1p}_1 I p+1 2p D , (5.25)

and if we assume that C 1 p 1 I p+1 2p D 6 ‖l‖p, then we obtain ‖h‖p 6 2‖l‖p. An inverse, let ‖l‖_p 6 C^{1p}_1 I p+1 2p D . Then (5.25), (5.18) implies

‖h‖_p 6 2C^{1p}_1 [( 2 π )^{2/p}‖h‖^{2/q}_p ‖l‖^{2/p}_p ]^{p+12p} , and then ‖h‖^{1/p2}_p 6 2C^{1p}_1 [( 2 π )‖l‖_p]^{p+1p2} , and ‖h‖_p 6 2^{p2} C^p_1 ( 2 π )^{p+1}‖l‖^{1+p}_p .

which yields (5.21).

Let p ¿ 2. Using inequality (5.5), (2.33) we obtain ‖h‖_p 6 ( ∑ h^{p−2}_+ h^2_n)^{1/p} 6 C_pb^{1/p}I^{1/2}_D , b = b(h_+). (5.26)

Consider the case b 6 1. Then (5.26), (5.17) imply

‖h‖^2_p 6 C^2_p I_D 6 C^2_p (2/π)‖h‖_p‖l‖_q,

and then ‖h‖_p 6 (2C^2_p /π)‖l‖_q,

Consider the case b > 1. Then the substitution of (2.33), (5.17) yield ‖h‖_p 6 C_pI p+1 2p D u^{−1/p}_∗ 6 u^{−1/p}_∗ C_p[(2/π)‖h‖_p‖l‖_q]^{p+12p} , and ‖h‖ p−1 2p p 6 Cpu^{−1/p}_∗ [(2/π)‖l‖q]^{p+12p} , and ‖h‖_p 6 (C_pu^{−1/p}_∗ )^{2pp−1} (2/π)^{p+1p−1} ‖l‖_q]^{p+1p−1} , and combining these two cases we have (5.22).

Inequality l_n 6 2J_n (see (2.34)) yields the first estimate in (5.23). Relation (2.34) implies ‖J‖^p = ∑ |J_n|^p 6 ∑ (2/π)^{p/2}h^{p/2}_n l^{p/2}_n 6 (2/π)^{p/2}‖h‖^{p/2}_p ‖l‖^{p/2}_p , and using (5.21) we obtain the second estimate in (5.23): ‖J‖_p 6 √ 2/π‖l‖^{1/2}_p [2‖l‖_p(1 + α_p‖l‖^p)]^{1/2} = 2 √ π ‖l‖_p(1 + α_p‖l‖^p)^{1/2}. Inequality J^2_n 6 4h^2_n/π (see (2.34)) yields the first estimate in (5.24). Using (5.21) and ‖l‖_p 6 2‖J‖_p (see (5.23)) we deduce that

‖h‖_p 6 2‖l‖_p(1 + α_p‖l‖^p) 6 4‖J‖_p(1 + α_p2^p‖J‖^p). 2

Consider now the examples, which show the exactness our estimates. Example 1. Define the sequence h_n = N, |n| 6 N, and h_n = 0, if |n| > N and assume that u_n = n, n ∈ Z. Introduce the conformal mapping

g : C \B(0, R) → C \[−2R, 2R], R^2 = 8N^2,

g(k) = k +

R^2 k , |k| > R and note that ∪_{|n|}6_N [ − i|h_n| + u_n, u_n + i|h_n|] ⊂ B(0, R), then for our Theorem ? we have ‖h‖_∞ = N, u_∗ = 1, ‖h‖^2 = 2N^3, ‖h‖_1 = 2N^2 and using (5.5) we obtain

N^2 = ‖h‖^2_∞ 6 2Q_0 = I_D 6 16N^2.

Hence inequality (5.7) is precise. Moreover, the following estimate 1 π ∑ n∈Z |l_n||h_n| 6 2Q_0 6 2 π ∑ n∈Z |l_n||h_n| (see (1.2)) yields πN 2 6^{πQ0}_N , ‖l‖1 6^{2πQ0}_N 6 16πN.

Then we deduce that (5.21) at p = 1, is precise. 2

In order to consider the relation (5.8) we need the following simple result. Lemma 5.8.Let h ∈ l^∞R , u_{n+1} − u_n = u_n − u_{n−1} = 1, min {|h_{n−1}|, |h_{n+1}|} = M, for some

n ∈ Z. Then_{|l}

n| 6 ((M^2 − |hn|^2 + 1)^2 + 4|hn|^2)^{1/4}. (5.27)

Proof. Define the sequence ~h_m = 0, if |m − n| ¿ 2, M, if |m − n| = 1, h_n, if m = n. Inequality (2.29) implies |~l_n| ¿ |l_n|, then enough to show estimate (5.25) only for the sequence h = ~h and it is possible to assume that u_n = 0. Define the sequence

η_m = { ~h_m, if m ≠ n, 0, if m = n. Then z(k, h) = √ (z(k, η))^2 + |z(i|h_n|, η)|^2. Hence the maximum principle yields |l_n| 6 Im z(i|h_n|, η) 6 | √ M^2 + (1 + i|h_n|)^2| 6

((M^2 − |h_n|^2 + 1)^2 + 4|h_n|^2)^{1/4}. 2 Example 2. Introduce now the sequence

h_n = { N − |n|, if 0 6 |n| 6 N, 0, if |n| > N. We estimate ‖l‖_2. Using Lemma 5.8 we obtain for |m| 6 N − 2:

|l_m| 6 ((N − |m|^{−1})^2 − (N − |m|)^2 + 1)^2 + 4((N − |m|)^2)^{1/4} =

((2 − 2(N − |m|))^2 + 4(N − |m|)^2)^{1/4} 6 (8(N − |m|)^2)^{1/4} = 2^{3/4} √ N. Moreover, the simple inequality |l_n| 6 |h_n| implies |l_{N−1}| 6 1, |l_{1−N} | 6 1. Consider now A = ∑ |n|≤N ln. By the Theorem Ivanov-Pomerenke, A 4 is equal the capacity of the compact set E = ∪_{|n|≤N} [u_n − ih_n, u_n + h_n]. The capacity of the set E is less than the diameter which is equal to 2N . Then A ≤ 8N and we have

‖l‖^2 = ∑ m∈Z |l_m|^2 6^4 √ 8 √ N ∑ n∈Z |l_m| 6 8^4 √ 8 N^{3/2} = BN^{3/2}.

Assume that the following estimate are fulfilled

‖h‖_2 6 C(‖l‖_2 + ‖l‖^p_2) (5.28) with some p > 1, then for our Example 2 for large N we obtain the inequality ‖h‖_2 6 2CB^{p/2}N^{3p/4}. On the other hand we have ‖h‖_2 ¿ C_1N^{3/2} for some constant C_1 > 0. Then N^32^{(1−p/2)} 6^{2C}_{C1} B^{p/2}. It is possible only for p ¿ 2. Hence the estimate (5.31) is true only for some p ¿ 2 (we have p = 3). 2

We have considered the estimates for the weight ω_n 6 1. Now we find the counterexample which shows impossibility of double-sided estimates in the space ℓ^∞_ω with ω_n 6 1. Counterexample 3. Consider now the uniform comb with u_n = πn, H = h_n = ‖h‖_∞,

n ∈ Z. It is clear (see [LS]), that in this case l = l_n = 2 arcsin th H, n ∈ Z. Then l → π as

H → ∞ and in this case for any sequence ω = {ω_n}_{n∈}Z, ω_n > 0, n ∈ Z; ∑ n∈Z ω_n < +∞ and any 1 6 p < +∞ the sequence h belongs to ℓ^p_ω and ‖h‖^p_{,ω} = ∑ n∈Z h^p_nω_n = H^p ∑ n∈Z ω_n;

‖l‖^p_{,ω} = l^p ∑ n∈Z ω_n. Hence the estimate ‖h‖_{p,ω} 6 F (‖l‖_{p,ω}) is impossible for some function F . Moreover, by the same reason, the following inequality ‖h‖_∞ 6 F (‖l‖_∞) is impossible. 2

Now we consider any strongly increasing sequence {u_n}_{n∈}Z, u_n → ±∞ as n → ±∞. Let h ∈ l^∞R , h_n → 0 as n → ∞, then we introduce the new sequence ~h = ~h(h) which is defined by the following way. We take such number n_1 that |h_{n1} | = max_{n∈}Z|h_n| > 0 and let ~h_{n1} = h_{n1} ; assume that the numbers n_1, n_2, . . . , n_k have been defined, then we take such n_{k+1} that |h_{nk+1} | = max_{n∈B} |h_n| > 0, B = {n ∈ Z : |u_n − u_{nl} | > |h_{nl} |, 1 ≤ l ≤ k} and let ~h_{nk+1} = h_{nk+1} . Moreover, we let ~h_n = 0, if the number n /∈ {n_k, k ∈ Z}. We prove Theorem 2.6.

Theorem 5.9.Let h ∈ l^∞R , h_n → 0 as n → ∞. Then 1 π^2

‖~h‖^2 ≤ Q_0(h) = 1 2 I_D(h) ≤ 2 √ 2 π ‖~h‖^2. (5.29)

Proof. The Lindelöf principal yields Q_0(~h) ≤ Q_0(h). On the other hand open squares P_k = (u_{nk} − t_k, u_{nk} + t_k) × (−t_k, t_k), t_k ≡ |h_{nk} | = |~h_{nk} |, k ∈ Z, does not overlap. Then applying Lemma 5.2 to the function (z(k, ~h) − k) and P_k, we obtain

2t^2_k ≤ π ∫ ∫ P_k |z^′(k, ~h) − 1|^2 dudq, and Q_0(~h) = 1 2 I_D(~h) ≥ 1 π^2 ∑ k≥1 t^2_k = 1 π^2 ‖~h‖^2 which yields the first inequality in (5.29).

Let A_k = {n ∈ Z : u_n ∈ [u_{nk} − t_k, u_{nk} + t_k]}. By the Lindelöf principal the gap length |l_{nk} | such that [u_n, u_n + i|h_n|], n ∈ A_k increases if we take off all another slits. By Theorem of Ivanov-Pomerenke (see Section 1), the sum of new gap lengths equals to 4 × capacity of the set E = ∪_{n∈Ak} [u_n − |h_n|, u_n + |h_n|], which is less than the diameter of the set E,(see [ ]). Then ∑ n∈A_k |l_n(h)| ≤ 2 √ 2t_k, (5.30)

and using (5.28) we obtain πQ_0(h) ≤ ∑ n∈Z |h_n||l_n| ≤ ∑ k≥1 ∑ n∈A_k |h_n||l_n| ≤ ∑ k≥1 t_k ∑ n∈A_k |l_n| ≤ 2 √ 2 ∑ k≥1 t^2_k = 2 √ 2‖~h‖^2, since |h_n| ≤ t_k, n ∈ A_k and the diameter of the set E is less than or equals 2 √ 2t_k. 2 Note that the proved Theorem shows that estimates (5.7-8) are fulfilled for the more weak conditions on the sequence U.

Corollary 5.10.Assume that there exist L > 0, M ∈ N such that each interval with length L has m 6 M the points from the sequence U. Then for any h ∈ l^∞R the following estimates are fulfilled: π 4 I_D(h) ≤ ‖h‖^2 ≤ π^2 2 MI_D(h)( √ 2π √ I_D(h) + 1), (5.31) 1 2 ‖l‖_2 ≤ ‖h_2‖_2 ≤ πM‖l‖_2 + 8π^3( M L )^2‖l‖^3_2,

Proof. The left inequality follows from ( ). We prove the right one. Let |A_k| be the number of elements of the set A_k. Then |A_k| ≤ ( 2t_k L + 1)M, and ∑ n∈Z |h_n|^2 ≤ ∑ k≥1 ∑ n∈A_k |h_n|^2 ≤ 2M L ‖~h‖^3 + M‖~h‖^2 Using (5.27 ), we obtain the needed result. Moreover, the left estimate in the second inequality in (5.31) is simple and follows from (5.4), and the right one follows from (5.27) and (5.4). Indeed, we have

‖h‖^2 ≤ π^2MI_D(h) = 2π^2MQ_0(h) ≤ 2πM‖h‖_2‖l‖_2; ‖h‖_2 ≤ 2πM‖l‖_2, or ‖h‖^2 ≤ π^3M √ 2 L I_D(h)^{32} =

4π^3M L Q_0(h)^{32} ≤

4π^32 M L ‖h‖^{32}_2 ‖l‖^{32}_2 ,

‖h‖_2 ≤ 16π^3( M L )^2‖l‖^3. 2

In order to prove the estimates in the space ℓ^p_ω we need some results. Recall that for each h ∈ ℓ^∞R the following identity is fulfilled:

v(x) = v_n(x)(1 + V_n(x)), V_n(x) = 1 π ∫ R\gn v(t)dt |t − x| v_n(t) , x ∈ g_n = (z^−_n , z^+_n ), (5.32)

where k(z) = k(z, h) = u(z) + iv(z), z = x + iy, v_n(x) = |(x − z^+_n )(x − z^−_n )|^{1/2}. For any n ∈ Z there exists the unique point z_n ∈ g_n, such that |h_n| = v(z_n). Let s = s(h) = inf |σ_n(h)| and h_+ = ‖h‖_∞. We have Lemma 5.11. Let u_{n+1} − u_n ¿ u_∗ > 0 for any n ∈ Z. Then for each h ∈ ℓ^∞R the following estimates are fulfilled:

s 6 u∗ 6^{πs}_2 exp max{2,^{5π}_{2u∗} ‖h‖∞}, (5.33) 1 + 2‖h‖_∞ sπ 6 exp^{9‖h‖∞}_{u∗} , (5.34)

max_{n∈gn} V_n(x) 6 2‖h‖_∞ πs , n ∈ Z, (5.35) |h_n| 6 1 2 |l_n|(1 + 2‖h‖_∞ πs ) 6^1_2|ln| exp^{9‖h‖∞}_{u∗} , n ∈ Z. (5.36)

Proof. Let h_+ = ‖h‖_∞. Introduce the domain

G = {z ∈ C : h_+ ¿ Im z > 0, Re z ∈ (− u_∗ 2 , u_∗ 2 )} ∪ {Im z > h_+}. Let g be the conformal mapping from G onto C_+ , such that g(iy) ∼ iy as y ↗ +∞ and let α, β be images of the points u_∗/2, (u_∗/2) + ih_+ respectively. Define the function f = Im g. Fix any n ∈ Z. Then the maximum principle yields y(k) = Im z(k, h) ¿ f(k − p_n), k ∈ G + p_n, p_n = 1 2 (u_{n−1} + u_n).

Due to the fact that these positive functions equal zero on the interval (p_n −u_∗/2, p_n +u_∗/2), we obtain ∂y ∂v (x) = ∂x ∂u (x) ¿^{∂f}_{∂v} (x − pn), x ∈ (pn −^{u∗}_2 , pn +^{u∗}_2 ). Then

z(u_n) − z(u_{n−1}) ¿ u∗/2∫

−u∗/2 ∂f ∂v (x) dx = 2α > 0, and the inequality s 6 u_∗ (see [KK1]) implies 2α 6 s 6 u_∗.

Let w be the inverse function for g. The function w : C_+ → G is defined uniquely and the formula of Christoffel-Schwartz yields w(z) = ∫_z 0 √ t^2 − β^2 t^2 − α^2 dt, 0 < α < β, and then we have u_∗ 2 = ∫_α 0 √ β^2 − t^2 α^2 − t^2 dt, h_+ = ∫_β α √ β^2 − t^2 t^2 − α^2 dt. (5.37)

The first integral in (5.37) has the simple double-sided estimate α = ∫_α 0 dt 6^{u∗}_2 6^{∫ α}_0^{βdt}√_{α2 − t2} =^{βπ}_2 ,

that is

2α 6 s 6 u∗ 6 πβ. (5.38)

Consider the second integral in (5.37). Let ε = β/α ¿ 5 and using the new variable t = α cosh r, cosh δ = ε, we obtain

h_+ = α ∫_δ 0 √ ε^2 − cosh^2 rdr ¿ αε ∫_{δ/2} 0 √ 1 − cosh^2 r ε^2

dr ¿ βδ^2_5,

since for r 6 δ/2 we have the simple inequality

cosh^2 r cosh^2 δ 6 e^{−δ}(1 + e^{−δ})^2 6 ε^{−1}(1 + ε^{−1})^2

and due to ε 6 e^δ we get ε 6 exp(5h_+/2β) and estimate (5.38) implies 1 s 6^π_{2u∗} exp(^{5π}_{2u∗} h+), if ε ¿ 5. (5.39)

If ε 6 5, then using (5.38) again we obtain 1 s 6^ε_{2β} 6^{πε}_{2u∗} 6^π_{2u∗} 5, if ε 6 5.

and the last estimate together with (5.39) yield (5.33-34).

Identity (5.32) for x ∈ g_n = (z^−_n , z^+_n ) implies

V_n(x) = 1 π ∫ z^−_n −t<s v(t)dt |t − x|v_n(t) + 1 π ∫ t−z^+_n >s v(t)dt |t − x|v_n(t) 6 1 π ∫ z^−_n −t<s h_+dt |t − z^−_n |^2 + 1 π ∫ t−z^+_n >s h_+dt |t − z^+_n |^2 6

2h_+ πs .

Using (5.32), (5.34) and simple inequality v_n(z_n) 6 |l_n|/2 we have (5.36). 2 We prove the double-sided estimates of h_n, l_n, μ^±_n , J_n in the weight spaces.

Theorem 5.12.Let the distance u_{n+1} − u_n ¿ u_∗ and the weight ω_n ¿ 1 for any n ∈ Z. Then for each h ∈ ℓ^p_ω and any p ∈ [1, 2] the following estimates are fulfilled: ‖h‖_∞ 6 max{2π‖μ^±‖_∞, ‖J‖_{p,ω}, 2π^{−1/p}‖l‖_{p,ω}(1 + α_n‖l‖^p_{,ω})^{1/q}}, (5.40) ‖l‖_{p,ω} 6 2‖h‖_{p,ω} 6 ‖l‖_{p,ω} exp (9‖h‖_∞/u_∗), (5.41) ‖l‖_{p,ω} 6 2‖J‖_{p,ω} 6 2‖l‖_{p,ω} exp (5‖h‖_∞/u_∗), (5.42) √ π 2 ‖J‖_{p,ω} 6 ‖h‖_{p,ω} 6 √ π 2 ‖J‖_{p,ω} exp (5‖h‖_∞/u_∗), (5.43) ‖l‖_{p,ω} 6 2‖μ^±‖_{p,ω} 6 ‖l‖_{p,ω} exp (18‖h‖_∞/u_∗). (5.44) Proof. The first estimate in (5.40) follows from |h_n| 6 2π|μ^±_n | (see [KK1]). The second one in (5.40) follows from ‖h| ∞ 6 √ I_D = ‖J‖ 6 ‖J‖_p 6 ‖J‖_{p,ω} since we have the inequality ‖f‖_p 6 ‖f‖_{p,ω} for any f. Moreover, substituting (5.23) into ‖h| ∞ 6 √ I_D = ‖J‖ 6 ‖J‖_p and using ‖f‖_p 6 ‖f‖_{p,ω} we obtain the last estimate in (5.40).

Introduce the function G_+ = exp (9‖h‖_∞/u_∗). The first estimate in (5.41) follows from (1.1). Due to (5.36) we get 2h_n 6 G_+l_n and then we obtain the second inequality in (5.41).

The first estimate in (5.42) follows from (2.34). Using (2.34), (5.36) we have J^2_n 6 2l_nh_n/π 6 (G_+/π)l^2_n, and then we get the second inequality in (5.42).

The first estimate in (5.43) follows from (2.34), (1.1). Using (2.32), (5.36) we obtain h^2_n 6 G_+l_nh_n/2 6 (πG_+/2)J^2_n, which yields the second inequality in (5.43).

Identity 2μ^±_n = ±|l_n|[1 + V_n(z^±_n )]^2 (see [KK1]) implies 2|μ^±_n | ¿ |l_n| which yields the first inequality in (5.44). Moreover, using (5.36) we obtain the estimate 2|μ^±_n | 6 G^2_+|l_n| which yields the second inequality in (5.44). 2

6 Asymptotics

In this section we consider the case when the function β(k, h) = v, k = u + iv ∈ γ. Then (see Sect. 2) for any h ∈ ℓ^∞R the function y(k, h) = v − ψ(k, h), k = u + iv ∈ K_+(h), is the unique imaginary part of the conformal mapping z(k, h) : K_+(h) → C_+ . Recall that K_n(h) = {u + iv ∈ C : u ∈ (u_n − d_n, u_n + d_n)}\{u + iv ∈ C : u = u_n, |v| ≥ |h_n|}, where d_n = min{u_n − u_{n−1}, u_{n+1} − u_n}. First we prove results about the convergence of the imaginary part of the conformal mappings and the gap lengths.

Theorem 6.1.Let h, h^{(m)} ∈ ℓ^∞R , m ¿ 1, such that lim_{m→∞} h^{(m)}n = h_n for any n ∈ Z and

H = sup_m ¿1 ‖h^{(m)}‖ < +∞. Then ψ(k, h^{(m)}) → ψ(k, h), as m → ∞, (6.1) uniformly on bounded subsets in C_+. Moreover, for each n ∈ Z l_n(h^{(m)}) → l_n(h), as m → ∞. (6.2) Remark. The uniform convergence of the harmonic functions on the bounded subsets yields the uniform convergence of their gradients on the bounded subsets. Hence, if all Conditions of Theorem 6.1 are fulfilled then

grad ψ(k, h^m) → grad ψ(k, h), m → ∞, (6.3)

uniformly on bounded subsets in K(h). Moreover, for each n ∈ Z we have the convergence (6.3) on the bounded subsets in K_n for harmonic continuations (left or right) across the interval (u_n − i|h_n|, u_n + i|h_n|).

Proof. The functions y_m(k)) = y(k, h^{(m)}) and y(k) = y(k, h) have the harmonic continuation across R in the plane C by the symmetry principle since y_m|C = y|R = 0. Moreover, each function y_m has the harmonic continuation across the interval (u_n − i|h^{(m)}n |, u_n + i|h^{(m)}n |) in the plane C by the symmetry principle, since the function equals zero on this interval and is continuous in C . The same is true for the functions y(·, h), ψ(·, h), ψ(·, h^{(m)}).

We show that there exists some subsequence {ψ_{ms} }^∞_{s=1} from {ψ_m} such that: 1) this subsequence converges uniformly on bounded subsets in K(h); 2) for each n ∈ Z a harmonic extensions of ψ_{ms} (by the symmetry left or right) across the interval (u_n − i|h^{(m)}n |, u_n + i|h^{(m)}n |), converges uniformly on bounded subsets in K_n(h).

Let ψ_m(k) = ψ(k, h^{(m)}), ψ(k) = ψ(k, h). Then ψ_m is the bounded solution of the Dirichlet problem in K(h) and the following estimates are fulfilled: sup k=u+iv∈K(h^{(m)}) |y_m(k) − v| 6 H, and we have uniform boundedness. Hence, ψ_{ml} → ~ψ as l → ∞ uniformly on compact subsets in G = C \ ∪_{n∈}Z{u_n − i|h_n|, u_n + i|h_n|}. Hence, the principle of accumulation for harmonic function (see [G]) yields the existence such sequence since the functions {y_m} are uniform bounded on the compact sets in C . Then, the bounded function ~ψ is the solution of the Dirichlet problem in K(h) with the boundary value β = v. Then ~ψ = ψ since the solution of the Dirichlet problem is unique. Note that our proof is fulfilled for any subsequence of {ψ_m}. We prove the convergence near the tops of the vertical slits. Fix n ∈ Z for the case h_n ≠ 0 and consider the sequence of the following functions

f_m(k) = ψ_m(k + (u_n + i|h^{(m)}_n |)), f(k) = ψ(k + (u_n + i|h_n|)), |k| 6 |h_n| 2 . These functions f_m, m ¿ N, are harmonic in the domain 2^{−1}|h_n| ~D(0) for some N and above we have showed that f_m(k) → f(k) uniformly on the circle |k| = |h_n|/2. Moreover, max k∈[−i|hn|/2,0] |f_m(k) − f(k)| 6 ||h^m_n | − |h_n|| → 0, m → ∞.

The maximum principle yields f_m → f uniformly on the disk |k| 6^{|hn|}_2 .

Consider the case h_n = 0. Define a =^{dn}_2 . Then for large m we obtain |h^{(m)}n | < a. The functions ψ and ψ_m are harmonic in the domain G_1 = u_n + a D(^{|h(m)n |}_a ) and the maximum principle yields max_{k∈Ḡ1} |ψ_m(k) − ψ(k)| 6 max_{k∈Ḡ1, |k−nn|=a} |ψ_m(k) − ψ(k)| + |h^{(m)}_n |, since 0 6 ψ = v − y 6 v.

We show (6.2). By the definition,

l_n(ϕ) = (z(u_n + 0, ϕ) − z(u_n − 0, ϕ)) sign ϕ_n, ϕ ∈ ℓ^∞R ,

and note that z^′(k, ϕ) = ( 1 − ∂ψ ∂v (k, ϕ) ) + i ∂ψ ∂u (k, ϕ), ϕ ∈ ℓ^∞R . (6.4) Then the Remark for this Theorem implies

z(u_n + 0, h^m) − z(u_n − 0, h^m) = ∫ γ z^′(k, h^m) dk → ∫ γ z^′(k, h) dk = z(u_n + 0, h) − z(u_n − 0, h), as m → ∞ where the piecewise smooth curve γ combines the point u_n − 0 on the left side of the slit u = u_n with the point u_n + 0 on the right side of this slit and lies in the domain K(h). Moreover, in the case h_n ≠ 0 we have sign h^{(m)}n → sign h_n as m → ∞.2

We consider now the convergence of the comb mappings on the bounded subsets. Corollary 6.2.Let h^{(m)} ∈ ℓ^p_ω, m ¿ 1, for some 1 6 p 6 2 and the weight w_n ¿ 1, n ∈ Z. Assume that h^{(m)}n → h_n as m → ∞ for any n ∈ Z and H = sup_m ¿1 ‖h^{(m)}‖_{p,ω} < +∞. Then z(k, h^{(m)}) → z(k, h), as m → ∞, (6.5) uniformly on bounded subsets in K(h). Moreover, for each n ∈ Z convergence (6.5) is fulfilled uniformly on bounded subsets in K_n(h) for analytic extensions (left or right) across the interval (u_n − i|h_n|, u_n + i|h_n|) and the following estimates are fulfilled: A_n(h^{(m)}) → A_n(h), as n → ∞, (6.6) J_n(h^{(m)}) → J_n(h). as n → ∞. (6.7) Proof. It is clear that enough to prove the Theorem for the case p = 2, ω_n = 1, n ∈ Z. Due to identity (6.4) and the Remark for the Theorem 6.1 enough to prove convergence z(k_0, h^m) to z(k_0, h) for some point k_0 ∈ K(h). The weak convergence implies ‖h^{(m)}‖_∞ 6 ‖h^{(m)}‖ 6 H < +∞, m ¿ 1.

Take H_0 > H and let k_0 = (H_0 + 1)i, ϕ ∈ ℓ^p_ω. Then we have the function f(k) = (k + iH_0) − z(k + iH_0, ϕ, k ∈ C_+. This function has the following properties

Im f(k) ¿ 0, k ∈ C̄_+ ; f(iy) ∼

Q_0 iy , y ↗ +∞. Then formula (2.4) yields

(k + iH_0) − z(k + iH_0, ϕ) = 1 π ∫ R ψ(x + iH_0, ϕ) x − k dx, k ∈ C_+ ; Q_0 = 1 π ∫ R v(x + iH_0, ϕ)dx. (6.8) Applying formula (6.8) to the functions z(k, h^{(m)}, z(k, h) at k = k_0 we obtain for any B > 0 π|z(k_0, h) − z(k_0, h^m)| 6 2B max x∈[−B,B] |ψ(x + iA, h) − ψ(x + iH_0, h^m)| + 1 B ∫ R (ψ(x + iA, h) + ψ(x + iH_0, h^m)) dx 6

2B max x∈[−B,B] |ψ(x + iA, h) − ψ(x + iH_0, h^m)| + 2 B H^2.

where we use the following estimates (see (5.6)) ∫ R ψ_m(x + iH_0) dx 6 ‖h^m‖^2, ∫ R ψ(x + iH_0) dx 6 ‖h‖^2.

Hence since ψ_m → ψ converges uniformly on [−B + iH_0, B + iH_0] and B is large enough we obtain (6.5).

In order to show (6.6) we take the large contour c_n. Then substituting (6.5) into (1.2) we have A_n(h^{(m)}) = 1 πi ∫ cn z(k, h^{(m)})dk → 1 πi ∫ cn z(k, h)dk = A_n(h). Asymptotics (6.6) yield (6.7). 2

We prove asymptotics of our parameters as n → ±∞ and in order to do it we use some results from [K9]. For each h ∈ ℓ^∞R there exists the following identity

v(x) = v_n(x)(1 + V_n(x)), v_n(x) = |(x − z^+_n )(x − z^−_n )|^{1/2}, x ∈ g_n, (6.9)

(see [KK1]), where k(z) = k(z, h) = u(z) + iv(z), z = x + iy, and

V_n(x) = 1 π ∫ R\gn v(t) |t − x| v_n(t) dt, x ∈ g_n = (z^−_n , z^+_n ). (6.10)

For each n ∈ Z there exists an unique point z_n ∈ g_n such that |h_n| = v(z_n). We have the following identities V^′_n(x) = 1 π ∫ R\gn v(t) dt (t − x)|t − x|v_n(t) , x ∈ g_n, (6.11)

V^{′′}_n (x) = 2 π ∫ R\gn v(t) dt |t − x|^3 v_n(t) > 0, x ∈ g_n. (6.12)

Then |V^′_n(x)| 6 V_n(x) s , 0 < V^{′′}_n (x) 6

2V_n(u)

s^2

, x ∈ g_n. (6.13)

where s = min Recall that Λ = {n ∈ Z : h_n = 0} and note that if n ∈ Λ, then

k^′(z_n) = 1 + 1 π ∫ v(t)dt (t − z_n)^2

= 1 + V_n(z_n) (6.14)

Introduce the space C_0 = {ξ ∈ ℓ^∞R : ξ_n → 0, |n| → ∞}. and the sequence H = {H_n, n ∈ Z}, where

H_n = 1 π ∑ m≠n |h_ml_m| |m − n|^2 .

It is well known that if {l_nh_n} ∈ ℓ^p, p ¿ 1, then H ∈ ℓ^p and if {l_nh_n} ∈ C_0, then H ∈ C_0. First we find the asymptotics of V_n as n → ∞. Lemma 6.3.Let h ∈ C_0. Then

max_{x∈γn} V_n(x) 6 H_ns^{−2}, n ∈ Z, (6.15)

1 6 k^′(zn) = 1 + Vn(zn) 6 1 + Hns^{−2}, n ∈ Λ. (6.16)

Let h, h^0 ∈ ℓ^2 have the same components h_n = h^0_n for n ≠ 1 and h_1 = t → 0 = h^0_1, where t ∈ (0, r) for some small r > 0. Then

V_1(z_1(h), h) → k^′(z_1(h^0), h^0) − 1, t → 0. (6.17)

Proof. Using Lemma 5.11 and formula (5.33) we obtain

V_n(x) = 1 π ∫ R\gn v(t) |t − x| v_n(t) dt 6^1_{πs2}^∑_{m≠n}^{|hm||lm|}_{|m − n|2} =^{Hn}_{s2} , x ∈ gn, and H ∈ C_0 since {l_nh_n} ∈ C_0. It means that max_{x∈gn} V_n(x) → 0 as n → ∞. The following identity k^′(u_n) = 1 + 1 π ∫ R v(t)dt (t − u_n)^2 , n ∈ Λ, yields 0 6 k^′(un) − 1 6^1_{πs2}^∑_{m≠n}^{|lmhm|}_{|m − n|2} =^{Hn}_{s2} .

We prove (6.17). Due to Lemma 6.2 we deduce that z^±_1 (h) → z_1(h^0) = z^0_1 as t → 0. Define the function f(h) = 1 π ∫ R\g1 v(x)dx (x − z_1)^2 . By Lemma 6.2, V_1(z_1(h), h)−f(h) → 0 as t → 0. Then enough to show that f(h)−f(h^0) → 0 as t → 0, where f(h^0) = k^′(z_1(h^0), h^0) − 1.

Rewrite the set γ in the form γ = γ^N ∪ G_N , G_N = ∪_{|n|>N} γ_n and then

f(h) = f_N + F_N , F_N = 1 π ∫ G_N v(x)dx (x − z_1)^2 . Using Lemma 6.3, we obtain (x − z_1(h))^2 > (Ns)^2 for any t ∈ (0, r). Then we have

F_N 6 ‖h‖_∞ π ∫ G_N dx (x − z_1)^2 6 ‖h‖_∞ πNs . Then the value F_N → 0 as N → ∞ uniformly for t ∈ (0, r) We take some large fixed N and F_N is small. In order to consider f_N as t → 0 we rewrite the function f_N in the form

f_N (h) = ∑ n≠1,|n|6N 1 π ∫ γn v(x)dx (x − z_1)^2 = 1 2πi ∑ n≠1,|n|6N ∫ cn dk (z(k, h) − z_1) .

Using Lemma 6.2 we have f_N (h) → f_N (h^0) as t → 0, and since N is large and fixed then (6.17) is proved. 2

Introduce the function δ_n(x) = x − a_n where a_n = (z^−_n + z^+_n )/2. We find the estimates and the asymptotics, here we use some results from [K9].

Theorem 6.4. Let h ∈ C_0 (or h ∈ ℓ^p, 1 6 p < +∞); u_{n+1} − u_n ¿ u_∗ > 0, n ∈ Z. Then

δ_n(z_n) = v^2_n(z_n)V^′_n(z_n) 1 + V_n

. (6.18)

| 1 2 l_n − v_n(z_n)| 6 v_n(z_n)^3

V^′_n(z_n)^2 (1 + V_n(z_n))^2

, (6.19) |h_n − 1 2 l_n(1 + V_n(z_n))| 6 |l_n/2|^3

V^′_n(z_n)^2 (1 + V_n(z_n))

, (6.20)

|v_n(z_n) − ν_n(1 + V_n(z_n))| 6 |ν_n|v_n(z_n)^2[3V^′_n(z_n)^2 + V^{′′}_n (z_n)], (6.21) l_nν_n v^2_n(z_n) = 2 + o(1), as n → ∞, n ∉ Λ, (6.22) Proof. We have v^′(z_n) = 0 and v^′(x) = v^′_n(x)(1 + V_n(x)) + v_n(x)V^′_n(x). The derivative (v^2_n)^′(x) = −2δ_n(x) = −2(x − a_n) yields (6.18). Using the identity (l_n/2)^2 = v^2_n(x) + δ^2_n(x) we obtain ( l_n 2 )_2

= v^2_n(z_n) ( 1 + v^2_n(z_n)(V^′_n(z_n))^2 (1 + V_n(z_n))^2 ) , (6.23) which implies (6.19).

Inequality (6.19) together with the identity h_n = v_n(z_n)(1 + V_n(z_n)) yield |h_n − 1 2 l_n(1 + V_n(z_n))| = (1 + V_n(z_n))|(l_n/2) − v_n(z_n)| 6 v_n(z_n)^3

V^′_n(z_n)^2 (1 + V_n(z_n)) , and we have (6.20).

Differentiating the function v^′(x)v_n(x) at z_n we obtain

(v_nv^′)^′ = (( v^2_n 2 )_′ (1 + V_n) + v^2_nV^′_n )′ = −(1 + V_n) + ( v^2_n 2 )′ V^′_n + +(v^2_n)^′V^′_n + v^2_nV^{′′}_n .

and the relation (v_nv^′)^′ = v_nv^{′′} at z_n implies v_n(z_n)v^{′′}(z_n) = −(1 + V_n(z_n)) − 3V^′_n(z_n)δ_n(z_n) + v^2_n(z_n)V^{′′}_n (z_n), and using the definition of the value ν_n we deduce that v_n(z_n) = ν_n[1 + V_n(z_n) + 3V^′_n(z_n)δ_n(z_n) − v_n(z_n)^2V^{′′}_n (z_n)]. (6.24) Then identity (6.18), estimate v_n(z_n) 6 l_n/2 yield |v_n(z_n) − ν_n(1 + V_n(z_n))| 6 |ν_n|v_n(z_n)^2[3V^′_n(z_n)^2 + V^{′′}_n (z_n)].

Moreover, inequalities (6.19-21), (6.13), (6.15) and the definition of the value ν_n imply (6.22).

2_{We find the asymptotics of the actions An.}

Lemma 6.5.For each h ∈ l^∞R and n ∈ Z the following estimates are fulfilled: |A_n − (l^2_n/4)(1 + V_n(a_n))| 6 2(l_n/4)^4 max_{x∈γn} |V^{′′}_n (x)| 6 2(l_n/4)^4 H_n s^2

, (6.25)

|A_n − 1 2 l_nh_n| 6 2(l_n/2)^4[max_{x∈γn} |V^{′′}_n (x)| + max_{x∈γn} V^′_n(x)^2], (6.26) |∂_nA_n − 2ν_n| 6 |ν_n| 2(πs)^2

H_n. (6.27) Proof. We use the Taylor’s formula with integral remainder for the function V_n(x): V_n(x) = V_n(a_n) + V^′_n(a_n)(x − a_n) + ∫_x an V^′_n(s)(x − s)ds, and substituting this identity into the next integral, we obtain πA_n = ∫ γn v(x)dx = ∫ γn v_n(x)(1 + V_n(x))dx =

∫ γn v_n(x)(1 + V_n(a_n) + V^′_n(a_n)(x − a_n))dx + ∫ γn v_n(x)dx ∫_x an V^{′′}_n (s)(x − s)ds, The first integral is simple ∫ γn v_n(x)(1 + V (a_n) + V^′_n(a_n)(x − a_n))dx = π(l_n/4)^2(1 + V_n(a_n)),

Consider the second one. The function V_n(x)^{′′}, x ∈ γ_n, is positive then for some x_n ∈ γ_n we get ∫ γn v_n(x)dx ∫_x an V^′_n(s)(x − s)ds 6 V^{′′}_n (x_n) ∫ γn v_n(x)dx ∫_x an (x − s)ds = πV^{′′}_n (x_n)(l_n/4)^4

which yields (6.25).

We have the following identity for some x_1 ∈ γ_n:

h_n = (l_n/2)(1 + V_n(a_n)) + [h_n − (l_n/2)(1 + V_n(z_n))] + (l_n/2)δ(z_n)V^′_n(x_1),

and substituting this relation into |A_n − (h_nl_n/2)| and using (6.25), (6.20), (6.18) we obtain |A_n − (h_nl_n/2)| 6 |A_n − (l^2_n/4)(1 + V_n(a_n))| + |l_n/2|[h_n − (l_n/2)(1 + V_n(z_n))] + (l^2_n/4)|δ(z_n)V^′_n(x_1)| 6 2(l_n/4)^4 max_{x∈γn} |V^{′′}_n (x)| + (l_n/2)^4V^′_n(z_n)^2 + (l_n/2)^4 max_{x∈γn} V^′_n(x)^2

which yields (6.26).

Identities (7.13), (6.9) imply |∂_nA_n − 2ν_n| = |ν_n| π ∫ γ\γn v(t)dt (t − z_n)^2 6 |ν_n| π ∑ m≠n h_ml_m s^2(n − m)^2 = ν_n πs^2 H_n. 2

Consider now J_n.

Corollary 6.6.For each h ∈ l^∞R and n ∈ Z the following estimates are fulfilled: |J_n − (l_n/2) √ 1 + V_n(a_n)| 6 (l_n/4)^3 max_{x∈γn} |V^{′′}_n (x)| 6 √ 2(l_n/4)^3 H_n s^2

, (6.28) |J_n − √ l_nh_n/2 sign h_n| 6 (l_n/2)^3[max_{x∈γn} |V^{′′}_n (x)| + max_{x∈γn} V^′_n(x)^2], (6.29) |∂_nJ_n − (ν_n/J_n)| 6 ν_n J_n H_n (2πs)^2

. (6.30)

Proof. Using inequality A_n = J^2_n ¿ l^2_n/4 (see(2.35)) and estimates (6.25-26) we obtain (6.28-29).

Identity ∂_nA_n = 2J_n∂_nJ_n and estimate (6.27) imply (6.30). 2

7 Derivatives and mappings

In this Section we assume u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z. Note, that for fixed k ∈ C the function z(k, h), h ∈ ℓ^2R is even with respect to each variable h_n. Then in order to find the derivative ∂_nz(k, h) we consider only the following case h_m ¿ 0, m ∈ Z. Theorem 7.1.i) Let h ∈ ℓ^2R. Then for each n ∈ Z the derivatives have the following form

∂_nz(k, h) = 0, h_n = 0, k ≠ u_n, k ∈ C_+, (7.1) ∂_nz(k, h) = ν_n (z(k, h) − z_n) , h_n ≠ 0, k ≠ u_n + ih_n, k ∈ C_+. (7.2)

Moreover, formula (7.2) is true for k ∈ [u_m, u_m + ih_m), if z(k, h) is defined as the limit value from left (right). ii) Let h ∈ ℓ^2. Then ∂_nQ_0(h) = ν_n. (7.3) Proof. Recall that the function z(k, h), h ∈ ℓ^2R is even with respect to each variable h_n for fixed k ∈ K. Then in order to find the derivatives ∂_mz we consider only the case h_m ¿ 0, m ∈ Z. i) First we consider h_n > 0. For t > 0 and t → 0 we define the sequence

h^t = {h^t_m}_{m∈}Z, h^t_m = { h_m, if m ≠ n, h_n − t if m = n, and the functions z^t(k) = z(k, h^t), z(k) = z(k, h), w^t(ξ) = z^t(k(ξ, h)), ξ ∈ C_+. It is clear that the function w^t is the conformal mapping from C_+ onto C_+ with the cut S_t, which is the image of the segment [u_n + i(h_n − t), u_n + ih_n] by the mapping z^t. It is easy to show that w^t(iy) = iy + o(1), y → +∞ (see (2.36)), then the Herglotz yields the following formula w^t(ξ) = ξ + 1 π ∫ It a^t(x) x − ξ dx, ξ ∈ C_+ \ I_t, where a^t = Im(w^t), w^t(I_t) = S_l. Hence, if ξ = z(k), then we obtain z^t(k) − z(k) = 1 π ∫ It a^t(x) x − z(k) dx. (7.4) We fix some δ such that 0 < δ^2 < min{u_∗, h_n} and consider the following functions

f(ξ, t) = z^t( − iξ^2 + (u_n + i(h_n − t))), f(ξ) = z( − iξ^2 + (u_n + ih_n)), ξ ∈ B_+(δ),

where B_+(δ) = B(δ) ∩ C_+ . Then the functions f and f(t) for small t are analytic inside the semidisk B_+(δ) and continuous on the closed semidisk B̄_+(δ). Note that Im f(x, t) =

Im f(x) = 0, x ∈ [−δ, δ], and then these functions have the analytic extension in the disk with the radius δ and with zero as the centrum. Using Corollary 6.2, we obtain f(ξ, t) → f(ξ), t → 0, |ξ| = δ, and the maximum principle yields the uniform convergence in the disk with the radius δ. Note that by the Theorem Weierstrass, for fixed r > 0 we have the convergence: f_ξ(ξ, t) → f^′(ξ), f_{ξξ}(ξ, t) → f^{′′}(ξ), t → 0, |ξ| 6 r < δ. Hence |f(ξ, t) − f(0, t) − f_ξ(0, t)ξ| 6 C|ξ|^2, |ξ| 6 r < √ δ, where the constant C does not depend from t. Then using the identity f^′(0) = √ ν_n, we obtain at ξ = i √ s, s ∈ (0, t): Im z^t(p_n + is) = √ 2ν_n √ s + o(s), p_n = u_n + i(h_n − t) 0 6 s 6 t, t → 0.

Then due to this fact we have |I_t| → 0 as t → 0. Define the functions z^′_±(ξ) = z^′_±(ξ_±), ξ ∈ [u_n, u_n + ih_n). Hence we obtain ∫ It a^t(x)dx = ∫_t 0 Im z^t(p_n + is) ( |z^′_+(p_n + is)| + |z^′_−(p_n + is)| ) ds

= ∫_t 0 (√ 2ν_n √ s + o(s) ) × (√ 2ν_n (t − s) + o(1) ) ds

= 2ν_n ∫_t 0 √ s/(t − s)ds + o(t), and using ∫_t 0 √ s (t − s) ds = π 2 t, we have 1 π ∫ I_l a^t(x)dx = tν_n + o(t). (7.5)

Then using the formula (7.4) and |I_t| → 0, we have z^t(k) − z(k) −t = ν_n z(k, h) − z_n + o(1),

which yields (7.2). The function z(k, ·) is even with respect to the variable h_n and then we have (7.1).

ii) Asymptotics (7.5) and the definition of the value Q_0 imply

Q_0(h^t) − Q_0(h) = (−t)ν_n + o(t), which yields (7.3) at h_n ≠ 0. Formula (7.3) at h_n = 0 follows from the real analyticity and evenness of the function Q_0(h) with respect to any variable h_n. 2

We prove the following main result.

Proof of Theorem 2.3. By Corollary 4.2, the functional Q_0 : ℓ^2R → R_+ has the analytic continuation in the domain J^p_ω (ρ). Using (4.3-4) we have (2.8), and (5.6) yields (2.9). 2 We prove the next main result.

Proof of Theorem 2.4. By Corollary 4.3, we get the needed the analytic continuation of E(h) and estimate (2.12). Formula (7.9) implies (2.14), and (5.19) gives (2.11). and (5.21) yields (2.13). 2

We prove again the following main result.

Proof of Theorem 2.5. Using Theorem 4.5 we obtain the needed the analytic continuation of z(k, h). Identity (7.3) implies (2.15). 2

Below we need simple result from the operator theory.

Lemma 7.2.Let h ∈ ℓ^p_ω for some 1 ≤ p ≤ 2 and some weight ω = {ω_n, n ∈ Z}, where ω_n ¿ 1. Then the operator B : ℓ^p_ω → ℓ^p_ω which is defined by the following formula:

(Bf)_m = ∑ n≠m h_nh_m(n − m)^{−2}f_n, f ∈ ℓ^p_ω,

is compact. Moreover, this operator B is nucleus if p = 2.

Recall that v_n(x) = |(z^+_n −x)(x−z^−_n )|^{1/2}, x ∈ g_n Below we need the following result about uniqueness.

Theorem 7.3.Let h ∈ ℓ^∞ and h_n → 0 as |n| → ∞. Assume operator B : ℓ^∞ → ℓ^∞ is defined by the formula (Bf)_m = ∑ B_{m,n}f_n, where real coefficients B_{m,n} satisfy the following conditions:

i) for each n ∈ Z the number B_{n,n} > 0 and sup B_{n,n} < ∞, ii) if |g_n| ≠ 0, then B_{n,n} ¿ α_n|l_n|/v_n(z_n)^2, where the number α_n such that: sup α_n < ∞, and the number α_n = 0 if |γ_n| = 0 and α_n > 0 if |γ_n| > 0, iii) if m ≠ n, then |B_{m,n}| 6 α_m|l_n|/v_n(z_m)^2,

Let f ∈ ℓ^∞ is the solution of the equation Bf = 0. Then f = 0. Proof. Let n ∈ Λ, then Condition iii) yields B_{n,n}f_n = 0 and hence f_n = 0.

Assume that there exists only one nondegenerate gap then Conditions i), iii) ipmly f = 0. Let the number of the nondegenerate gaps is greater than one. First we show that f_n → 0 as |n| → ∞. Using the identity B_{m,m}f_m = ∑ n≠m Bm,nfn and Conditions ii)-iii) at m /∈ Λ

we obtain the estimate α_m|l_m| v^2_m |f_m| 6 α_m| ∑ n≠m B_{m,n}f_n| 6

α_m‖f‖_∞ ∑ n≠m ∫ gn dt (t − λ_m)^2 < α_m‖f‖_∞ ∫ |t|¿s dt t^2 = α_m‖f‖_∞(2/s), which yields |f_n| 6 |l_n|‖f‖_∞(2/s) and then f_n → 0 as |n| → ∞.

Second, without loss of generality, we assume that f_1 = sup |f_n| = 1. Then Condition iii) implies B_{1,1} = − ∑ n≠1 B_{1,n}f_n 6 ∑ n≠1 α_1 ∫ γn dt (t − λ_1)^2 <

α_1[

∫_a−_1 −∞ dt (t − λ_1)^2 + ∫_{−∞} a^+_1 dt (t − λ_1)^2

] = α_1[ 1 (a^+_1 − λ_1) + 1 (λ_1 − a^−_1 ) ] = α_1|l_1| v_1(z_1)^2 , which contradicts Condition ii) and hence f = 0. 2

We find the Frechet derivatives for the mapping l : ℓ^p_ω → ℓ^p_ω. This Theorem will give the formulas of the derivatives of needed parameters. Recall Λ(h) = {n ∈ Z : h_n = 0} and let I - the identity operator in ℓ^p_ω.

Theorem 7.4.i) Let h ∈ ℓ^p_ω for some 1 ≤ p ≤ 2 and the weight ω_n ¿ 1. Then the operator l^′ = l^′(h) has the following matrix in the canonical basis: l^′_{m,n} = ∂_nl_m(h) = − l_mν_n v_m(z_n)^2 , m ≠ n, (7.6)

l^′_{n,n} = ∂_nl_n(h) = { 2z^′(u_n, h), if h_n = 0, l_nν_n/v_n(z_n)^2, if h_n ≠ 0,

(7.7)

l^′_{n,n} = 2 + o(1), n → ±∞. (7.8) Moreover, the operator l^′(h) − 2I is compact and the operator l^′(h) has an inverse in ℓ^p_ω. ii) Let h ∈ ℓ^1 for some weight ω_n ¿ 1, n ∈ Z. Then ∂_nE(h) = { ν_n · ∫ σ dt (t−zn)^2 , if hn ≠ 0, σ = σ(h, U), 2z^′(u_n, h), if if h_n = 0.

(7.9)

Proof. i) If h_n > 0, then l_m = z(u_m + 0) − z(u_m − 0) and formula (7.2) yields

∂_nl_m(h) = ν_n ( 1 z(u_m + 0) − z_n − 1 z(u_m − 0) − z_n )

= ν_n ( 1 a^+_m − z_n − 1 a^−_m − z_n ) = − (a^+_m − a^−_m)ν_n (a^+_m − z_n)(a^−_m − z_n) = − ν_nl_m v^2_n(z_n) . If h_n < 0, then using oddness of the function l_m(h) with respect to the variable h_n and evenness with respect to each variable h_m, m ≠ n, we get (7.6).

Consider the case h_n = 0. If m ≠ n, then in order to prove (7.6) we use formula (7.6). Hence we have to consider the case m = n, h_n = 0.

If h_n = 0, then asymptotics (6.20), (6.17) and identity (6.16) yield the derivative ∂_nl_n(h) = 2z(u_n, h). Lemma 6.3 implies |z^±_m − z_n| ≥ s|m − n|, m ≠ n, for some s > 0. Then using (7.6), (1.1), (2.32) we deduce that |(l^′(h))_{m,n}| 6 |h_mh_n| 2s^2(n − m)^2 , m ≠ n, and (6.22) implies asymptotics (7.8). Hence all Conditions of Lemma 7.2 are fulfilled and the operator l^′(h) − 2I is compact.

We prove the invertibility of the operator l^′(h) in ℓ^p_ω, for any h ∈ ℓ^p_ω. The operator l^′(h) − 2I is compact, then by the Fredholm Theorem, enough to show that the equation

(l^′(h))^∗f = 0, f ∈ (ℓ^p_ω)^∗ = ℓ^q_ω, 1 p + 1 q = 1, (7.10)

has only zero solution. We use the proof by contradiction. Assume that Eq. (7.10) has the solution f ≠ 0. Then using the form of the operator l^′(h) we obtain the equation

(∂_ml_m)f_m + ∑ n≠m ν_ml_nv_n(z_m)^{−2}f_n = 0, f ∈ ℓ^q_ω.

Above we show the estimate |B_{m,n}| 6 |h_mh_n|(2s^2(n − m)^2)^{−1}, m ≠ n, and the asymptotics B_{n,n} = 2 + o(1), n → ∞, then f ∈ ℓ^∞. For the matrix B_{m,n} = ν_ml_nv_n(z_m)^{−2}, m ≠ n, and the coefficients B_{n,n} (see (7.6-8)) all Conditions of Lemma 7.3 at α_n = ν_n are fulfilled and hence f = 0.

ii) We have E = ∑ l_n and by Corollary 4.3, the series (which defines E) can been differentiated term by term. Then if h_n = 0, then the first point i) of this Theorem yields ∂_nE(h) = ∑ m∈Z ∂_nl_m(h) = 2z^′(u_n, h).

if h_n ≠ 0, then

∂_nE(h) = ν_n ∑ m∈Z ( 1 z^+_m − z_n − 1 z^−_m − z_n ) = ν_n ∑ m∈Z z^+_m∫

z^−_m 1 (x − z_n)^2 dx.

which implies (7.9). 2

Introduce the contour

c_n = {k : dist(k, Γ_n) = u_∗/2} ⊂ K(h).

Consider now the function A_n(h).

Lemma 7.6.For each 1 ≤ p ≤ 2 and the weight ω_n ¿ 1 the functional A_n : ℓ^p_ω → R has analytic continuation in the domain J^p_ω (ρ) for some ρ > 0 by the formula

A_n(h) = 1 πi ∫ cn z(k, h)dk, h ∈ J^p_ω (ρ). (7.11) Moreover, for any m ∈ Z the derivative has the following form:

∂_mA_n(h) = ν_m πi ∫ cn dk z(k, h) − z_m , h ∈ J^p_ω (ρ), (7.12)

∂_nA_n(h) = 2ν_n + ν_n π ∫ γ\γn v(t)dt (t − z_n)^2

, h ∈ ℓ^p_ω, (7.13)

∂_mA_n(h) = 2ν_m π ∫_z+_n z^−_n v^′(x, h)dx (z_m − x) , h ∈ ℓ^p_ω, (7.14)

∂_mA_n(h) = 2ν_m π ∫_z+_n z^−_n v(x, h)dx (x − z_m)^2 , m ≠ n, h ∈ ℓ^p_ω, (7.15) Proof. Let j_n be the contour (counterclockwise) around the slit g_n. The integration by parts ( for real h) implies A_n(h) = − 1 πi ∫ jn k(z)dz = 1 πi ∫ cn z(k, h)dk, and the analyticity of the integrand function z(k, h) with respect to h ∈ J^p_ω (ρ) (se Theorem 4.5) yields the analyticity of the function A_n in J^p_ω (ρ).

Using (7.11) and (7.2) we obtain (7.12). Substituting (2.38) into (7.12) we have

∂_nA_n(h) = ν_n πi ∫ jn [1 + 1 2π ∫ g v(t)dt (t − z)^2 ] dz z − z_n , then computing the residue and changing the order of the integration we obtain

∂_nA_n(h) − ν_n = ν_n 2π^2i ∫ jn dz z − z_n ∫ g v(t)dt (t − z)^2 = ν_n 2π^2i ∫ g v(t)dt ∫ jn dz (z − z_n)(t − z)^2 , Decomposing the integral into two ones we have

∂_nA_n(h)−2ν_n = ν_n 2π^2i ∫ gn v(t)dt ∫ jn dz (z − z_n)(t − z)^2 + ν_n 2π^2i ∫ g\gn v(t)dt ∫ jn dz (z − z_n)(t − z)^2 = ν_n 2π^2i ∫ g\gn v(t)dt ∫ jn dz (z − z_n)(t − z)^2 = ν_n π ∫ g\gn v(t)dt (t − z_n)^2 since the first equals zero.

Identity (7.12) yields

∂_mA_n(h) = ν_m πi ∫ dn k^′(z)dz z − z_m = −2ν_n ∫_z+_n z^−_n v^′(x, h)dx (x − z_m) , which implies (7.14). The integration by parts in (7.13) gives (7.15). 2

Consider now the mapping J.

Lemma 7.7.For each 1 ≤ p ≤ 2 and the weight ω_n ¿ 1 the function J : ℓ^p_ω → R is real analytic For any h ∈ ℓ^p_ω the operator J^′(h) = J^′ has the following matrix in the canonical basis:

J^′_{m,n} = ∂_nJ_m = 1 2J_m ∂_nA_m(h), h_m ≠ 0, (7.16)

J^′_{m,n} = ∂_nJ_m = 0, if h_mh_n = 0, m ≠ n, (7.17) J^′_{n,n} = √ z^′(u_n, h), h_n = 0, (7.18) J^′_{n,n} = 1 + o(1), |n| → ∞. (7.19) Moreover, the operator J^′(h) − I is compact and the operator J^′(h) has an inverse in ℓ^p_ω. Proof. By Thoerem 4.4, the mapping J : ℓ^p_ω → R is real analytic.

Identity J^2_m = A_m and the analyticity of A_m, J_m imply (7.16). Evenness of the function J_m(h) with respect to h_n, m ≠ n, yields (7.17). Using (6.20), (6.28) we obtain the asymptotics J_n(h) as h_n → 0: J_n(h) − h_n √ (1 + V_n(z_n))

= O(h^3_n), h → 0.

which together with (6.17) gives (7.17).

Using (6.16) we have the asymptotics (7.18) as n ∈ Λ .

Using (6.19), (6.21), (6.28) we obtain ν_n/J_n = 1 + o(1), as |n| → ∞, h_n ≠ 0. Then estimate (6.30) gives (7.18) as n /∈ Λ .

In order to prove compactness we need the following inequality |J^′_{m,n}| 6 |h_nh_m| s^2(n − m)^2

, m ≠ n. (7.20)

If h_m = 0 or h_n = 0, then due to identity (7.16) we have J^′_{m,n} = 0 and inequality (7.19) is true.

Let h_m ≠ 0 and h_n ≠ 0. Using Lemma 6.3 we get |a^±_m − z_n| ≥ s|m − n|, m ≠ n, for some s > 0. Hence (7.14), (2.32) yield |J^′_{m,n}| 6 |∂_nJ_m(h)| = |ν_n| 2π|J_m| ∫_a+_m a^−_m v(x, h)dx (x − z_n)^2 |ν_n| |J_m|s^2(n − m)^2 ∫_a+_m a^−_m v(x, h) dx π = |ν_nJ_m| 2s^2(n − m)^2 6 |h_nh_m| s^2(n − m)^2 . and (7.19) is proved. Then all Conditions of Lemma 7.2 are fulfilled and the operator J^′(h)−I is compact.

We prove the invertibility of the operator J^′(h) ℓ^p_ω for any h ∈ ℓ^p_ω. The operator J^′(h)−I is compact, then by the Fredholm Theorem, enough to show that the equation

(J^′(h))^∗f = 0, f ∈ (ℓ^p_ω)^∗ = ℓ^q_ω, (1/p) + (1/q) = 1, (7.21) has only zero solution. We use the proof by contradiction. Assume that Eq. (7.20) has the solution f ≠ 0. Then using the form of the operator J^′(h) we obtain the equation

(∂_mJ_m)f_m + ∑ n≠m ∂_mJ_nf_n = 0, f ∈ ℓ^q_ω,

then the inequality J^′_{n,n} ≠ 0 and estimate (7.18) imply f_n = 0, n ∈ Λ. Then without loss of generality we assume Λ = ∅. In this case the operator [J^′(h)]^∗ has the following matrix

J^′_{m,n} = ∂_mJ_n = 1 2J_n ∂_mA_n = ν_m J_nπ ∫ γn v(x)dx (x − z_m)^2 . Using (6.11) and (2.32) we obtain the inequality for h_n ≠ 0:

h^2_n 6 (h_nl_n/2)[1 + ‖h‖_∞/(πs)] 6 πJ^2_n[1 + ‖h‖_∞/(πs)].

Then we deduce that ξ = {ξ_n, n ∈ Z}, ξ_n = f_nh_n/(πJ_n), belongs to ℓ^q_ω and for ξ the following equation is fulfilled: B_{m,m}ξ_m + ∑ n≠m B_{m,n}ξ_n = 0, ξ ∈ ℓ^q_ω, B_{m,n} = π h_n ∂_mA_n. (7.22)

We check all Conditions in Lemma 7.3 for the matrix B.

i) Using (7.17), (7.15), (7.13) we have B_{n,n} > 0 and the asymptotics (7.18), (6.28) imply B_{n,n} = πJ_n h_n J^′_{n,n} = π + o(1), |n| → ∞. ii) Identity (7.13) yields B_{n,n} = ν_n h_n ∫ γn v(x)^′dx (z_m − x) = ν_n h_n [ ∫_{zn} z^−_n v(x)^′dx (z_m − x) + ∫_z+_n zn v(x)^′dx (z_m − x) ] ¿^{νnln}_{vn(zn)2} . iii) Formula (7.14) implies |B_{m,n}| = | ν_m h_n | ∫ γn v(x)dx (z_m − x)^2 6 |ν_m| ∫ γn dx (z_m − x)^2 = ν_ml_n v_n(z_n)^2 . Then All Condition of Lemma 7.3 are fulfilled , ξ = 0 and hence f = 0.2

8 Mappings

In order to prove the basic results about real analytic isomorphism we need the following fact from nonlinear functional analysis.

Theorem 8.1.Let X, X_1 be real Banach spaces equipped with norms ‖ · ‖, ‖ · ‖_1. Assume that there exist the Schauder basis {u_n}^∞_{n=1}, {e_n}^∞_{n=1} in the spaces X, X_1 such that x = ∞∑ −∞ ~u_m(x) · u_m, x ∈ X; y = ∞∑ ~e_m(y) · e_m, y ∈ X_1. where {~u_n}^∞_{−∞}, ~u_n ∈ X^∗, {~e_n}^∞_{−∞}, ~e_n ∈ X^∗_1 are the sequences of the functionals defined by these basis.

Suppose that the mapping f : X → X_1 satisfies the following conditions: 1) f is real analytic ( or of class C^p, p ¿ 1 ), 2) for each x ∈ X the operator f^′(x) has an inverse, 3) there is a nondecreasing function g : [0, ∞) → [0, ∞), g(0) = 0 such that ‖x‖ 6 g(‖f(x)‖_1), for all x ∈ X, 4) for each bounded sequence {x_n}^∞_{n=1} ⊂ X there exist subsequence {x_{nk} }^∞_{k=1} and x from X such that for any m ∈ Z lim_{k→∞} ~e_m(f(x_{nk} )) = ~e_m(f(x));

5) if ~e_m(f(x)) = 0, for some x ∈ X, mνZ then ~u_m(x) = 0. Then f is a real analytic (respectively, C^p− ) isomorphism between X, X_1. Proof. Using Conditions 1), 2) and the inverse function theorem, we see that the set f(X) is open. We prove that it is also closed .

Let f_m(·) = ~e_m(f(·)) : X → R be the component of the mapping f with number m. Suppose that y_n = f(x_n) → y strongly as n → ∞. Then Condition 3) yields ‖x_n‖ 6 g(‖y_n‖_1) 6 g( sup_n¿_1 ‖y_n‖_1). Hence by Condition 4), there exists a subsequence {x_{nk} }^∞_{k=1} and some x ∈ X such that for any m ∈ Z we have f_m(x_{nk} ) → f_m(x) as k → ∞. The continuity of the functional ~e_m yields ~e_m(f(x_{nk} )) = f_m(x_{nk} ) → ~e_m(y), as k → ∞. Then ~e_m(y) = ~e_m(f(x)) for any m ∈ Z, and then y = f(x). Hence f(X) = X_1 since the set f(X) is open and closed simultaneously but X_1 is connected.

We show that f is an injection. We introduce the sets

K_m = {h ∈ X_1 : ~e_n(h) = 0, |n| > m} ⊂ X_1, M_m = f^{−1}(K_m) ⊂ X_1, L_m = {h ∈ X : ~u_n(h) = 0, |n| > m} ⊂ X, The map f is a smooth local isomorphism so that M_m is a real smooth submanifold of X of dimension m. Note that L_m is the subspace in X of dimension m and by Condition 5), M_m ⊂ L_m. Moreover, for each bounded sequence {x_n}^∞_{n=1} ⊂ M_m there exist subsequence {x_{nk} }^∞_{k=1} which converge to some x ∈ M_m. Denoting by E_m the set of points in K_m that have more than one preimage, we see that E_m is open because f is a local isomorphism. But E_m is also closed. Indeed, suppose there are distinct points x_n ≠ t_n in M_m such that f(x_n) = f(t_n) → z as n → ∞. Then, by Condition 3), the sequences {x_n}^∞_{n=1}, {t_n}^∞_{n=1} are bounded. Then there exist subsequences such that lim_{k→∞} x_{nk} = x, lim_{k→∞} t_{nk} = t, for some x, t. If x = y, then x_{nk} = t_{nk} for large k, since the map f is a local homeomorphism. Hence x ≠ t, f(x) = f(t) = z since f is continuous. Then z ∈ E_m and E_m is closed. But 0 /∈ E_m, whence E_m = ∅. Thus, f : M_m → K_m is an isomorphism.

Suppose that f : X → X_1 is not an injection. Then some point z ∈ X_1 has at least two pre-images. Since f is a local homeomorphism, the same is true of every point in some neighbourhood of z. In this neighborhood there exists

z_N = N∑ m=−N ~e_m(z)e_m ∈ K_N for some large N ∈ N. But this contradicts the fact that f : M_N → K_N is an isomorphism. 2 Remark 1. Instead of Condition 2 in Theorem 8.1 it is possible to write the following Condition 2’) For each x ∈ X the operator f^′(x) is Fredholm and Ker f^′(x) = 0 (or Ker(f^′(x))^∗ = 0).

Indeed Condition 2 follows from Condition 2’) since we have the Fredholm Theorem. Remark 2. Condition 4) in Theorem 8.1 follows from the following assumption.

Condition 4’) The space X is reflexive and for each n ¿ 1 the coordinate function f_n(x) = ~e_n(f(x)) is compact, i.e. if x_m → x weakly then f_n(x_m) → f(x) as m → ∞ . Remark 3. This Theorem for the case of the Hilbert space was proved in the paper [KK1], the proof of Theorem 8.1 repeats really the proof in [KK1]. In order to give the detail picture only, we refresh this result.

We prove now our basic results. First we consider the mapping l : ℓ^p_ω → ℓ^p_ω and we prove Theorem 2.1 with few addisional results.

Theorem 8.2. Let u_{n+1} − u_n ≥ u_∗ > 0 for any n ∈ Z and let ω = {ω_n}_{n∈}Z, ω_n ≥ 1, n ∈ Z be some weight. Then for each 1 ≤ p ≤ 2 we have i) the mapping l : ℓ^p_ω → ℓ^p_ω is real analytic and has analytic continuation in the domain J^p_ω (ρ), where estimates (2.1-2) are fulfilled, ii) for each h ∈ ℓ^p_ω the operator l^′(h) has an inverse, iii) estimates (2.2-3) are fulfilled, iv) for each bounded sequence h^{(n)}, n ¿ 1, from ℓ^p_ω there exist subsequence h^{(nk)} and h ∈ ℓ^p_ω such that l_m(h^{(nk)}) → l_m(h) as k → ∞ for any m ∈ Z.

Moreover, the mapping l : ℓ^p_ω → ℓ^p_ω is a real analytic isomorphism.

Proof. Apply Theorem 8.1 for the case X = X_1 = ℓ^p_ω and the mapping f = l and we take the canonical basis ℓ^p_ω in the capacity of the Schauder basis. In order to get Condition 1)-4) Theorem 8.1 we check all statements i)- iv) of Theorem 8.2 ( see also Remark 1 after Theorem 8.1). Last Condition 5) in Theorem 8.1 is very simple since if l_n(h) = 0, then by the definition, the gap γ_n(h) is empty and h_n = 0, hence Condition 5) is true.

i) Using Theorem 4.4 and Corollary 4.3, we obtain (2.1-2) and that the mapping l : ℓ^p_ω → ℓ^p_ω is real analyticand has analytic continuation in the domain J^p_ω (ρ).

ii) By Theorem 7.4, the operator l^′(h) has an inverse for any h ∈ ℓ^p_ω. Recall that here we use Remark 1 after Theorem 8.1.

iii) Theorem 5.12 implies estimate (2.3) and (5.21), (1.1) yield (2.4). iv) Let h^{(n)}, n ¿ 1, be some bounded sequence from ℓ^p_ω. Then using the ”diagonal process”, we obtain some subsequence h^{(nk)}, k ¿ 1, such that lim h^{(nk)}m = h_m, for any m ∈ Z as k → ∞ and for some h ∈ ℓ^p_ω. Using Theorem 6.1 we obtain statement iv). 2 Consider now the mapping J and we prove Theorem 2.2 with few addisional results.

Theorem 8.3. Let u_{n+1} − u_n ≥ u_∗ > 0, n ∈ Z and let ω = {ω_n}_{n∈}Z, ω_n ≥ 1, n ∈ Z be some weight. Then for some each 1 ≤ p ≤ 2 we have i) the mapping J : ℓ^p_ω → ℓ^p_ω is real analytic, ii) for each h ∈ ℓ^p_ω the operator J^′(h) has an inverse, 3) estimates (2.5-7) are fulfilled, 4) for each bounded sequence h^{(n)}, n ¿ 1, from ℓ^p_ω there exist subsequence h^{(nk)}, k ¿ 1, and h ∈ ℓ^p_ω such that J_m(h^{(nk)}) → J_m(h) as k → ∞ for any m ∈ Z.

Moreover, the mapping J : ℓ^p_ω → ℓ^p_ω is a real analytic isomorphism.

Proof. Apply Theorem 8.1 for the case X = X_1 = ℓ^p_ω and the mapping f = J and we take the canonical basis ℓ^p_ω in the capacity of the Schauder basis. In order to get Condition 1)-4) Theorem 8.1 we check all statements i)- iv) of Theorem 8.2 ( see also Remark 1 after Theorem 8.1). Last Condition 5) in Theorem 8.1 is very simple since if J_n(h) = 0, then by the definition, the gap γ_n(h) is empty and h_n = 0, hence Condition 5) is true. i) Theorem 4.4 yields real analyticity of the mapping J : ℓ^p_ω → ℓ^p_ω.

ii) By Theorem 7.7, the operator J^′(h) has an inverse for any h ∈ ℓ^p_ω . Recall that here we use Remark 1 after Theorem 8.1. iii) (5.43), (5.23-24) imply estimate (2.5-7).

iv) Let h^{(n)} be some bounded sequence from ℓ^p_ω. Then using the ”diagonal process”, we obtain some subsequence h^{(nk)} such that lim h^{(nk)}m = h_m, for any m ∈ Z as k → ∞ and for some h ∈ ℓ^p_ω. Using Corollary 6.2 we obtain iv). 2 Acknowledgments. One of the authors (EK) is grateful for financial support given by SFB and for the hospitality of the Mathematical Institute of the Potsdam University. References [A] Alexsandrov I.: Parametric continuations in the theory of univalent functions. Moskva Nauka 1976 (Russian) [Ar] Arnol’d V: Mathematical methods of classical mechanics, Springer-Verlag, Berlin, Heidelberg, 1978.

[BBGK] D. Bättig, A. Bloch, J. Guillot, T. Kappeler: On the symplectic structure of the phase space for periodic KdV, Toda, and defocusing NLS. Duke Math. J. 79, 549-604 (1995). [BGGK] D. Battig, B. Grebert, J. Guillot, T. Kappeler: Foliation of phase space for the cubic non-linear Schrödinger equation, Composition Math., 1993, 85, 163-199. [Di] Dineen S.: Complex Analysis in Locally Convex Spaces, North Holland, Amsterdam, 1981 [F] Firsova N. : Riemann surface of a quasimomentum, and scattering theory for a perturbed Hill operator, (Russian) Mathematical question in the theory of wave propagation, 7. Zap. Nauchn. Sem. Leningrad Otdel. Mat. Inst. Steklov (LOMI) 51, 183-196 (1975), English transl. in J. Soviet Math. 11, 487-497 (1979)

[GT1] Garnett J., Trubowitz E.: Gaps and bands of one dimensional periodic Schrödinger operators. Comment. Math. Helv. 59, 258-312 (1984) [GT2] Garnett J., Trubowitz E.: Gaps and bands of one dimensional periodic Schrödinger operators II. Comment. Math. Helv. 62, 18-37 (1987).

[G] Golusin G.: Geometric theory of functions of a complex variable, Amr. Math. Soc., Providence, RI, 1969 [Iv] Ivanov L.D. On a hypothesis of Denjoy, Usp. Mat. Nauk, 18, 4(112), 147-149 (1963) [JM] R. Johnson, J. Moser. The rotation number for almost periodic potentials. Commun. Math. Phys. 1982, V. 84, p. 403-430.

[J] Jenkins A.: Univalent functions and conformal mapping. Berlin, Göttingen, Heidelberg: Springer, 1958.

[Ka] T. Kappeler: Fibration of the phase space for the Korteveg-de-Vries equation. Ann. Inst. Fourier (Grenoble), 41, 1, 539-575 (1991).

[Ka1] Kargaev P.: On the Martin boundary of a plane whose component is situated on a straight line, Mat., Zametki 47, 2, 20-27 (1990), English transl. in Math., Notes 47, 2, 121-128 (1990) [KK1] Kargaev P., Korotyaev E.: Effective masses and conformal mappings. Commun. Math. Phys. 169, 597-625 (1995).

[KK2] Kargaev P., Korotyaev E.: The inverse problem for the Hill operator, a direct method. Invent. Math. 129, no 3, 567-593 (1997) Erratum, Invent.Math. 138, 227 (1999) [Kato] Kato T.: Perturbation Theory of Linear Operators, Springer-Verlag, Berlin, Heidelberg, New York, 1966 [KKo] Klein M., Korotyaev E.: Parametrization of Periodic Weighted Operators in Terms of Gap Lengths, preprint SFB-288, 1999 [K1] Korotyaev E. : Estimates for the Hill operator.I, preprint FIM ETH, Zurich, Nov. 1997, to be published in J. Diff. Eq.

[K2] Korotyaev E. : The estimates of periodic potentials in terms of effective masses. Commun. Math. Phys. 1997, 183, 383-400.

[K3] Korotyaev E. : Propagation of waves in one-dimensional periodic media. Asymptotic Analysis, 1997, 15(1), 1-24.

[K4] Korotyaev E. : Metric properties of conformal mappings on the complex plane with parallel slits. Inter. Math. Reseach. Notices. 1996, 10, 493-503.

[K5] Korotyaev E. : The inverse problems for the Hill operator, I. Inter. Math. Reseach. Notices.3, 113-125, 1997 [K6] Korotyaev E. : The inverse problem and trace formula for the Hill operator, II. Math. Zeit. 231, 1999, 345-368 [K7] Korotyaev E.: Estimate of periodic potentials in terms of gap lengths. Commun. Math. Phys. 1998, 197, no. 3, 521-526 [K8] Korotyaev E. Estimate for the Hill operator.II, preprint FIM ETH, Zurich, Nov. 1997, [K9] Korotyaev E., Second order estimates for the Hill operator. preprint of ESI, Vienna, 1994 [K10] Korotyaev E.: Inverse problem for periodic weighted operator. J. Func. Anal.168, 1999, 1-31

[K11] Korotyaev E. : Periodic weighted operator. preprint SFB-288, No. 388, 1999 [Le] Levin B.: Majorants in the class of subharmonic functions.1-3. Theory of functions, functional analysis and their applications. 51, 3-17 (1989); 52, 3-33 (1989). Russian. [LS] Lavrent’ev M., Shabat B.: Methoden der komplexen Funktionentheorie, (U. Pirl, R. Kühnua, and Wolfersdorf, eds.) VEB, Deutscher Verlag der Wissenschaften, Berlin, 1967 [L] Löwner K. Untersuchungen über schlichte konforme Abbildung des Einheitskreises, J. Math. Ann., 89, 103-121, 1923 [MO1] Marchenko V., Ostrovski I.: A characterization of the spectrum of the Hill operator. Math. USSR Sb. 26, 493-554 (1975).

[MO2] Marchenko V., Ostrovski I.: Approximation of periodic by finite-zone potentials. Selecta Math. Sovietica. 1987, 6, No 2, 101-136.

[Mi] Misura T.: Properties of the spectra of periodic and antiperiodic boundary value problems by Dirac operators ,I, II , Teor. Funktsii Funktsional. Anal. i Prilozhen. 30(1978), 90-101; 31(1979), 102-109. Russian.

[PT] Pastur L., Tkachenko V.: The spectral theory of some class of one dimensional Schrödinger operator with limit periodic potentials. Trudy of Moscow Math. Society. 51, 114-168 (1988), Russian.

[Po] Pommerenke C. Boundary behaviour of conformal maps, Berlin, Springer-Verlag, 1992 [PT] Pöschel, P., Trubowitz E.: Inverse Spectral Theory. Boston: Academic Press, 1987. [Ti] Titchmarsh E.: The theory of functions. Sec. ed., Univ. Press, London, 1975