Yuri B. SURIS

The problem of integrable discretization:

Hamiltonian approach

A skeleton of the book

2

Preface

This book is devoted to a discipline which is growing quickly on the frontier between the Numerical Analysis and the Theory of Integrable Dynamical Systems. It deals with the following general problem: how to discretize one or several of independent variables in a given integrable system, maintaining the integrability property?

The Theory of Integrable Systems, or Theory of Solitons was born thirty three years ago, in the celebrated paper Gardner, Greene, Kruskal and Miura (1967), and has grown since then so tremendously, that it is difficult to keep an overview even of the whole variety of different notions and contexts of integrability, not to say about the concrete results. (Recall that recently there appeared a thick book under the title “What is integrability?” intended to provide an overview of the different definitions and aspects of integrablity, see Zakharov (1991).) The theory is now mature, and there exist several monographs representing the viewpoints of various researchers and research groups. Certainly, anyone working in this area has his own preferred books. My personal favorites are Newell (1985), Faddeev and Takhtajan (1987), Dickey (1991), but this choice is probably more exotic than canonical, and other people might prefere other books, like Calogero and Degasperis (1982) or Ablowitz and Clarkson (1991). The title of the present work is intentionally made similar to the title of the book Faddeev and Takhtajan (1987) which reflected the so called Leningrad view on the Soliton Theory, i.e. the view developed by the Leningrad school around L.D. Faddeev. Nowadays representatives of this school are scattered around the world, so it can hardly be considered as something material. Unfortunately, although coming from Leningrad (now St.Petersburg), I did not formally belong to this school. Nevertheless, I hope that its spirit is definitely reflected in the present book. Anyway, the symbol {L^⊗, L} and the notion of the r–matrix, which are, so to say, trademarks of the Leningrad school, are heavily used in our presentation. More seriously, the Hamiltonian formalism is one of our main working tools here.

The importance of the problem of integrable discretization is obvious for anyone who agrees with the following wisdoms (or, rather, trivial common places):

• Differential equations form an extremely useful and important instrument in the sciences. They constitute the heart (or, if it will be allowed to say so, one of the hearts) of Mathematics and Mathematical Physics.

• In order to extract quantitative information from the models described by differential equations, it is often necessary to solve them numerically with the help of various discretization methods.

• By the investigations of the long–term dynamics, i.e. the features of dynamical systems on very long (potentially infinite) time intervals, their qualitative features become of first rank importance.

• It is therefore crucial to assure that the discretized models exhibit the same qualitative features of the dynamics as their continuous counterparts.

To assure the coincidence of the qualitative properties of discretized models with that of the continuous ones becomes one of the central ideas of the modern Numerical Analysis, which therefore gets into a close interplay with different aspects of the Dynamical Systems theory. One of the most advanced examples of this approach is the theory and practice of Symplectic Integration, which recently achieved the stage of the first monograph, see Sanz-Serna and Calvo (1994).

The problem of integrable discretization constitutes another aspect of the general line of thinking described above. It arose in the course of development of the Solitons Theory, and various approaches to this problem began to be discussed in the soliton literature sporadically starting from the mid– 70–es. The following ones should be mentioned:

1. Any integrable system possesses a zero curvature representation, i.e. a representation as a compatibility condition of two auxiliary linear problems. Realization of this led naturally to a proposition to discretize one or both of these linear problems, see Ablowitz and Ladik (1976, 1977). This, however, can be done in a great variety of ways. To reduce the arbitraryness, some additional structures have to be invoked. One attempt to fix a discretization of the zero curvature representation cristallized with the further development of the Hamiltonian approach. Namely, Faddeev and Takhtajan (1987) formulated the following requirement to be fulfilled by the transition from models with one continuous space variable to lattice models: the r–matrix should be preserved, the linear Poisson bracket being replaced by a quadratic one. The last two chapters of Faddeev and Takhtajan (1987) show the productivity of this heuristic approach, nevertheless it can hardly be considered as a firm prescription.

2. One of the most intriguing and universal approaches to integrable systems is the Hirota’s bilinear method, cf. Hirota (1973a,b, 1974, 1975, 1977a,b,c, 1978, 1979). It seems to be able to produce discrete versions of the majority of the soliton equations, but it still remains somewhat mysterious, and the mechanism behind is yet to be fully understood. One successful way to do it was proposed by Date, Jimbo and Miwa (1982–3), who also derived a large number of integrable discretizations. One of the most interesting products of this approach is the so called Hirota–Miwa equation, cf. Hirota (1981) which is sometimes claimed to contain “everything”. Indeed, the majority if not all soliton equations (continuous and discrete) are particular or limiting cases of this single equation, cf. Zabrodin (1997).

3. A fruitful method is based on the “direct linearization”, see Nijhoff, Capel and Wiersma (1984), Quispel et al. (1984), Capel, Wiersma and Nijhoff (1986), Wiersma and Capel (1987-8), Nijhoff et al. (1992), Nijhoff and Capel (1995). Its basic idea is to derive integrable nonlinear differential and difference equations which are satisfied by the solutions of certain linear integral equations. A large variety of continuous and discrete soliton equations has been obtained in this way. Actually, this approach is closely related to the approaches of Date, Jimbo and Miwa (1982–3), as well as of Bogdanov and Konopelchenko (1995, 1998, 1999).

4. Differential equations describing various geometric problems (surfaces of the constant Gaussian or mean curvature, motion of a curve in a space, etc.) turn out to be integrable, see, e.g., Sym (1985), Bobenko (1991, 1994), Cieslinski, Goldstein and Sym (1995). Correspondingly, a discretization of geometric notions naturally leads to discrete integrable equations. The area of discrete integrable geometry became flourishing in the recent years, see Bobenko and Pinkall (1996a,b, 1999), Pedit and Wu (1995), Doliwa and Santini (1995, 1997, 1999), Cieslinski, Doliwa and Santini (1997), Doliwa (1997c, 1999a,b), Doliwa, Manakov and Santini (1998), Konopelchenko and Schief (1998, 1999), Bobenko (1999a,b), Cieslinski (1999), Akhmetshin, Krichever and Volvovsky (1999), Hertrich-Jeromin, Hoffmann and Pinkall (1999), Bobenko and Schief (1999), Doliwa, Santini and Mañas (2000), Hoffmann (2000a,b).

5. Considering stationary and restricted flows of soliton hierarchies, closely related to the “nonlinearization” of spectral problems, often leads to interesting discrete equations, cf. Quispel, Roberts and Thompson (1989), Ragnisco (1991, 1992), Ragnisco and Rauch-Wojciechowski (1996).

6. Approach based on the variational principle (discrete Lagrangian equations), combined with matrix factorizations, was pushed forward by Veselov (1988, 1991a), Moser and Veselov (1991). A set of examples with similar properties, which also belong to the most beautiful ones, but were derived by guess, without any systematical approach, was given by Suris (1990a,b, 1994b,c,d). Although this approach is heavily based on guesswork, and its applications were up to now rather restricted (see Bobenko and Suris (1999a), Suris (2000a), Penskoi (2000) for recent developments), historically it was the work of Veselov that consolidated the subject of integrable discretizations to a separate branch of the theory of integrable systems.

7. Finally, we mention the method of integrable discretization based on the notion of Bäcklund transformations for r–matrix hierarchies. This approach was pushed forward in the recent papers Suris (1995a, 1996a,b,c, 1997a,b,e,f, 1999a,b,c). Its clear advantage is its universality: it can be, in principle, applied to any system admitting an r–matrix interpretation, which is the common feature of the great majority of the known integrable systems.

All these methods produced a large collection of discrete integrable systems. Mysteriously enough, one and the same equations of this collection appear often in different approaches, which indicates on some general common constructions hidden behind all of them. It would be very important to bring some system into this seemingly unordered collection. This is one of the aims of the present book. It is based on the last of the above mentioned approaches, but includes also results first found along different routes. Several words should be said about the things contained here and those not contained.

The genus of this book may be described as a rare mixture of an expository monograph and a handbook. It is intended to be self–contained to a large extent, and exhaustive within its scope. This scope may be formulated as “integrable discretizations of integrable finite–dimensional dynamical systems”. So, we deal only with ordinary differential equations, and say almost nothing about integrable discretizations of integrable partial differential equations. Further, we do not study discretizations of non–autonomous systems like Painlevé equations, the latter topic being a very popular separate branch of the integrable science nowadays. We do treat finite dimensional truncations of the so called lattice, or differential–difference systems like Toda lattice. Moreover, their treatment constitutes the largest part of the book. The results can be transferred to infinite lattices without any difficulties. We believe that within this scope almost all known interesting discretizations appear in our text.

Our main concern is the derivation of discrete integrable systems. We say practically nothing about solving them: we do not discuss such methods of obtaining solutions as inverse scattering method with its numerous variants or algebro–geometric methods: it would require writing another book of a comparable volume (only hints on the solution by means of matrix factorizations are given). However, we always have in mind one of the motivations of integrable discretization, namely a possibility of applying these discretizations for actual numerical computations. Therefore we always tried to design difference equations which are easy to implement for such computations. In particular, the locality of arising difference schemes was a subject of our special concern. Further, we do not say anything about the physics or applications of these equations; this book belongs to “pure” mathematics and tries to further uncover mathematical structures behind integrable equations.

The structure of the book is simple. It consists of three parts. Part I “General theory” consists of two Chapters. In the first one we review the important notions and results of the Hamiltonian theory on general Poisson manifolds. The second Chapter contains a compact exposition of the r–matrix theory and a formulation of the general recipe for integrable discretization.

The rest of the book, consisting of Part II “Lattice systems” and Part III “Systems of classical mechanics”, contains a detailed account of various classes of integrable finite–dimensional dynamical systems. Each Chapter is devoted to one class consisting of systems of the same genealogy. It starts with an Introduction, where the most important equations studied in this Chapter and their discretizations are collected. This is intended for the reader using the book in the “handbook mode”, to save browsing through the main text. The Introductions contain also short overviews of the content of each Chapter. The main text of each Chapter includes elaborating on the Hamiltonian and r– matrix interpretation of the systems under consideration, and their discretization along the lines of our general recipe. Each Chapter ends with Bibliographical remarks, which are intended to allow the reader to trace the origin of the results presented in the text, and to figure out suitable sources for further reading. The Bibliography, though being very voluminous, cannot pretend to be exhaustive. It consists mainly of the literature we explicitly refer to.

Writing this book consisted of two periods, during both of which the author was financially suported by DFG (the Deutsche Forschungsgemeinschaft), which is gratefully acknowledged. During the first period (Bremen, 1996–1997) I received the Habilitationsstipendium of DFG. At this point I want to express my deep and cordial gratitude to H.-O. Peitgen. Not only did he provide me with excellent working conditions in his Institute CeVis at the University of Bremen, but also his personal assistance in all sorts of mathematical and non–mathematical problems cannot be overestimated. The result of the Bremen period was the first version of this text defended as Habilitation at the Mathematics Department there in 1999. During the second period (Berlin, 1998-2000) I participated in the SFB (Sonderforshungsbereich) 288 “Differential geometry and quantum physics”, also financed by DFG. I thank U. Pinkall, the Spokesman of SFB, for his patience during the seemingly endless process of writing the final version of this book.

Some results of the book were reported during 1996–2000 at the Workshop on Discrete Geometry and Condensed Matter Physics at the Erwin Schrödinger Institute (Vienna, 1996), at the International Meetings on Symmetry and Integrability of Difference Equations (SIDE II in Canterbury, 1996, SIDE III in Sabaudia near Rome, 1998, and SIDE IV in Tokyo, 2000), at the Colloquium on Discrete Systems in the framework of the Integrable Systems Semester at the Institute Henri Poincaré (Paris, 1996), at the Workshop on Nonlinear Systems, Solitons and Geometry (Oberwolfach, 1998), at the International Workshop on Nonlinear Evolutionary Equations and Dynamical Systems (NEEDS’99 in Kolymbari, Crete), at the International Conference on New Applications of Multisymplectic Field Theory (Salamanka, 1999), at the Workshop on Mathematical Methods of Regular Dynamics dedicated to the 150th anniversary of Sophie Kovalevskaya (Leeds, 2000), and at the Simposium dedicated to the 150th anniversary of Sofia Kovalevskaya (St. Petersburg, 2000). I thank the organizers of these events for inviting me there and for the possibility to speak on this topic. I am grateful to all collegues with whom I discussed the relevant problems, for their interest and constructive criticisms. Finally, I am thankful to my co-authors O. Ragnisco and A. Bobenko for the fruitful collaboration in the works which constitute the corresponding parts of this book.

Part I

General theory

Chapter 1

Hamiltonian mechanics

Contents

1.1 Introduction: The problem of integrable discretization 1.2 Poisson brackets and Hamiltonian flows 1.3 Symplectic manifolds 1.4 Poisson submanifolds and symplectic leaves 1.5 Dirac bracket 1.6 Poisson reduction 1.7 Complete integrability 1.8 Bi–Hamiltonian systems 1.9 Lagrangian mechanics on R^N 1.10 Lagrangian mechanics on T P and on P × P 1.11 Lagrangian mechanics on Lie groups

1.11.1 Continuous time case 1.11.2 Discrete time case 1.12 Invariant Lagrangians and Lie–Poisson bracket

1.12.1 Continuous time case 1.12.2 Discrete time case 1.13 Lagrangian reduction and Euler–Poincaré equations on semidirect products 1.13.1 Continuous time case 1.13.2 Discrete time case A Appendix: Gradients, vector fields, and other notations B Appendix: Lie groups and Lie algebras 1.14 Bibliographical remarks

1.1 Introduction:

The problem of integrable discretization

Let us start with a precise formulation of the problem of integrable discretization. The notions used in this formulation are the fundamental notions of Hamiltonian mechanics. The main definitions and results thereof are collected in the subsequent Sections of this Chapter in the form convenient for further presentation.

Let P be a Poisson manifold with a Poisson bracket {·, ·}. Let H be a Hamilton function of a completely integrable Hamiltonian flow on P:

ẋ = f(x) = {H, x} ; (1.1.1)

so, it is supposed that this flow possesses many enough functionally independent integrals I_k(x) in involution.

The problem of integrable discretization consists of finding a family of diffeomorphisms P → P, ~x = Φ(x; h) , (1.1.2) depending smoothly on a small parameter h > 0, and satisfying the following requirements:

1. The maps (1.1.2) approximate the flow (1.1.1) in the following sense:

Φ(x; h) = x + hf(x) + O(h^2) . (1.1.3)

(Of course, one might require also a higher order of approximation). In all our considerations and formulas we pay a special attention to a simple and transparent control of the continuous limit h → 0.

2. The map (1.1.2) is Poisson with respect to the bracket {·, ·} on P or with respect to some its deformation {·, ·}_h such that {·, ·}_h = {·, ·} + O(h).

3. The map (1.1.2) is integrable, i.e. possesses the necessary number of independent integrals in involution I_k(x; h) approximating the integrals of the original system: I_k(x; h) = I_k(x) + O(h).

Remark. Usually in applications the maps (1.1.2) will be described by implicit equations of motion of the type ~x − x = hΨ(x, ~x; h) . (1.1.4) The implicit function theorem assures in general the (local) solvability of such equations, and the approximation requirement above is satisfied, if

Ψ(x, x; 0) = f(x) . (1.1.5)

Already the above formulations indicate that we adopt the viewpoint according to which the notion lying at the basis of Hamiltonian mechanics is that of the Poisson brackets. We discuss some general properties of Poisson manifolds and Hamiltonian flows in Sect. 1.2. A particular class of Poisson manifolds enjoying an extraordinary importance constitute symplectic manifolds, see Sect. 1.3.

Several further Sections are devoted to producing new Poisson structure out of known ones. The simplest possible situation appears when a given Poisson bracket can be restricted to a Poisson submanifold; the relevant notions are introduced in Sect. 1.4. A particular situation, when this cannot be done, but certain reduction procedure is applicable, leads to the so called Dirac bracket; see Sect. 1.5. Further, in Sect. 1.6 we discuss some general aspects of the Poisson reduction related to the notion of symmetry group.

The key notion for this book is the concept of complete integrability which is based on the so called Liouville–Arnold theorem and its various generalizations. This is the subject of Sect. 1.7. An alternative route to integrability is through the so called bi–Hamiltonian structure discussed in Sect. 1.8.

One of the most important and natural ways for Hamiltonian systems to appear in apllications is through the variational (Lagrangian) approach. Several aspects thereof, including Lagrangian mechanics on Lie groups and Lagrangian reduction, are worked out in Sect. 1.9–1.13.

We close the Chapter with two appendices containing some notations and background information on smooth manifolds and the Lie groups theory, respectively.

1.14 Bibliographical remarks

1.2–1.6. There exist several comprehensive textbooks covering all the material reviewed in these Sections. Our presentation is based mainly on Abraham and Marsden (1978), Arnold (1989), Marsden and Ratiu (1994). These excellent books treat also the historical aspects of the development of mathematical methods in classical mechanics, and provide a rich bibliography, so we do not feel to have to give here an additional account of this theme, and simply urge the reader to consult the above textbooks.

1.7. The modern version of the integrability concept, known under the name of the Liouville– Arnold integrability, appeared in the first editions of Arnold (1989). The noncommutative integrability concept as treated in Theorem 1.25, is due to Nekhoroshev (1972). There exists also another version of the noncommutative integrability, due to Mishchenko and Fomenko (1987), with stronger hypothesis about the integrals F_k. Namely, it is supposed that they span a Lie algebra g with respect to the Poisson bracket (i.e. {F_i, F_j } is a linear combination of F_k’s), and dim(g) = N + s, ind(g) = N − s. Then, as in Theorem 1.25, a compact connected component of the common level set of F_k’s is diffeomorphic to a torus T^{N−s}.

1.8. The notion of a bi–Hamiltonian system was discovered by Magri (1978). A closely related notion of a recursion operator was introduced a bit earlier by Olver (1977), and then studied by (Fuchssteiner 1979). Other important early papers include Gelfand and Dorfman (1979,1980), Fokas and Fuchssteiner (1980), Fuchssteiner and Fokas (1981). Since then the theory of bi–Hamiltonian became a mature and rich research area which is partly reflected in the monographs Olver (1986), Dorfman (1993), Blaszak (1998). A review of the further developments achieved by the Magri’s school can be found in Magri (1995, 1997), Magri, Falqui and Pedroni (2000). Recently deep results on the geometry of bi–Hamiltonian manifolds were found in Gelfand, Zakharevich (1999), Zakharevich (2000).

1.9–1.10. The continuous time Lagrangian mechanics is a classical subject, see, e.g. Abraham and Marsden (1978), Arnold (1989), Marsden and Ratiu (1994). The discrete time Lagrangian mechanics on manifolds was pushed forward by Veselov (1988), see also Moser and Veselov (1991), Marsden and Wendlandt (1997), Wendlandt and Marsden (1997). A generalization to partial differential equations and their variational discretization is given in Marsden, Patrick and Shkoller (1998).

1.11. Specific features of the Lagrangian mechanics on Lie groups in the continuous time case are elaborated in the above mentioned textbooks Abraham and Marsden (1978), Arnold (1989), Marsden and Ratiu (1994), see also Cushman and Bates (1997), who call the formulas (1.11.11), (1.11.12) for the Poisson bracket on the trivialized cotangent bundle of a Lie group “perhaps the basic formula of Hamiltonian mechanics” (p. 405). The case of the discrete time was treated in detail by Bobenko and Suris (1999).

1.12–1.13. For historical remarks on the Lie–Poisson bracket and the Euler–Poincaré equations, which were known already to Lie and Poincaré, but rediscovered independently in the 60-es by Beresin, Kirillov, Souriau, and Kostant, see, e.g., Marsden and Ratiu (1994). The Hamiltonian version of the semi–direct product reduction was developed in the 80-es, see, e.g., Marsden, Ratiu, and Weinstein (1984a,b). The Lagrangian version was, strangely enough, formulated only recently, see Holm, Marsden, and Ratiu (1998), Cendra, Holm, Marsden, and Ratiu (1998). The discrete time conterparts of these constructions were elaborated by Bobenko and Suris (1999a,b), see also Marsden, Pekarsky, and Shkoller (1999).

12

Chapter 2

R–matrix hierarchies

Contents

2.1 Introduction 2.2 Lie-Poisson brackets

2.2.1 General construction 2.2.2 Tensor notations 2.2.3 Examples 2.3 Linear r–matrix structure

2.3.1 General construction 2.3.2 Tensor notations 2.3.3 Examples of R–operators and r–matrices 2.4 Generalized linear r–matrix structure 2.5 Quadratic r–matrix structure

2.5.1 General construction 2.5.2 Tensor notations 2.5.3 Example 2.6 Poisson brackets on direct products 2.6.1 General construction 2.6.2 Tensor notations 2.6.3 Poisson properties of the monodromy map 2.7 R–operators from splitting g = g_+ ⊕ g_− 2.8 Bäcklund transformations 2.9 Recipe for integrable discretization A Appendix: Bäcklund–Darboux transformation for KdV 2.10 Bibliographical remarks

2.1 Introduction

Almost all (perhaps, all) known integrable systems possess Lax representations. In the situation of systems described by ordinary differential equations, a Lax representation for a given system means that there exist two maps L : P → g and B : P → g from the system’s phase space P into some Lie algebra g such that the equations of motion are equivalent to

L̇ = [L, B] . (2.1.1)

(In fact, as a rule, there exist several different Lax representations, with different algebras g; numerous examples of this circumstance will be given in this book). The matrix L, or, better, the map L : P → g is called the Lax matrix, while the matrix B is called the auxiliary matrix of the Lax representation. The pair (L, B) is called the Lax pair (and sometimes one uses, somewhat loosely, this term for the equation (2.1.1) itself). Finding a Lax representation for a given system usually implies its integrability, due to the fact that Ad–invariant functions on the Lie algebra g are integrals of motion of the systems of the type (2.1.1), and therefore the values of such functions composed with the map L deliver functions on P serving as integrals of motion of the original system. Of course, in the Hamiltonian context, there remains something to be done in order to establish the complete integrability, namely, to show that the number of functionally independent integrals thus found is large enough, and that they are in involution. There exists an approach which incorporates an involutivity property in the very construction of Lax equations, namely the r–matrix approach.

It is based on the following important observation (which stems, let us stress it once more, from considering a large number of examples): usually the auxiliary matrix B in (2.1.1) may be presented as B = R(f(L)) , (2.1.2)

where R : g → g is a linear operator, and f : g → g is an Ad–covariant function: Ad g · f(L) = f(Ad g · L) ∀g ∈ G , where G is a Lie group with the Lie algebra g. (Notice that gradients f = ∇F of Ad–invariant functions F : g → C are the basic examples of Ad–covariant functions f : g → g). This observation is related to the fact that integrable systems appear not separately, but are organized in hierarchies. Namely, to every covariant function f(L) there corresponds a Lax equation of the form (2.1.1) with the matrix B given by (2.1.2). We shall call R an R–operator governing the corresponding hierarchy. In some examples the operator R depends on L = L(P ), or, what is the same, on the point P ∈ P (and then it is called dynamical), but in the majority of cases it does not. We will be dealing here almost exclusively with this latter possibility, namely that of constant R–operators.

A remarkable feature of equations (2.1.1) is that they often can be included into an abstract framework of Hamiltonian equations on g. More precisely, there can be defined such Poisson structures on g that the corresponding Hamiltonian equations have the form (2.1.1), and the map L : P → g is Poisson. There exist several variants of the so called r–matrix Poisson brackets on g.

The linear r–matrix bracket is studied in Sect. 2.3, 2.4. Actually, its most natural interpretation is as a certain Lie–Poisson bracket on g^∗, where the dual space g^∗ is identified with g by means of an invariant scalar product. Therefore, we found it useful to give in Sect. 2.2 an account of the Lie–Poisson brackets, independent of the reduction procedure discussed in Sect. 1.12.

The definition and the properties of the quadratic r–matrix bracket are given in Sect. 2.5. A convenient framework for these brackets constitute associative algebras, so that somewhat more structure than just a Lie commutator is required. Further, Sect. 2.6 contains an account of the quadratic brackets in an important case when the underlying algebra is a direct product g^{⊗ m} of several copies of g. The corresponding Lax equations are of the form

L̇_j = L_j B_{j−1} − B_j L_j , (2.1.3)

where the auxiliary matrices B_j are expressed with the help of the R–operator governing the corresponding hierarchy as

B_j = R(f(T_j )) , T_j = L_j · . . . · L_1 · L_m · . . . · L_{j+1} . (2.1.4)

One meets often the equations of the type (2.1.3), called sometimes also Lax triads, in the theory of integrable lattice systems.

One wide class of R–operators plays an especially important role in the theory of integrable systems, namely operators R = π_+ − π_− (2.1.5)

coming from the splitting g = g_+ ⊕ g_− of the Lie algebra g into a direct sum of its two subspaces which are also Lie subalgebras. As we shall see in Sect. 2.7, in this case the Lax equations (2.1.1), (2.1.3) may be formally solved in terms of the factorization problem in the Lie group G related to the multiplicative decomposition G = G_+ · G_−, where G_± are the subgroups of G with the Lie algebras g_±.

One can find also difference equations whose solutions are found in terms of the factorization problem. As it turns out, these difference equations describe nothing else than iterations of the Bäcklund transformations having very old and classical origin (Sect. 2.8). This plays the role of the cornerstone in our recipe for integrable discretizations, which is formulated in Sect. 2.9 and is a culmination of the first, “theoretic” part of this book.

2.7 R–operators from splitting g = g_+ ⊕ g_−

We have seen in the previous Sections that different versions of the r–matrix construction allows to give a Hamiltonian or even a bi–Hamiltonian interpretation to Lax equations of the form

L̇ = 1 2 [ L, R(f(L)) ] , (2.7.1)

where linear operator R : g → g satisfies the modified Yang–Baxter equation. A very important class of such R–operators is given by the following construction. Let g be a Lie algebra of some associative algebra, equipped with a non–degenerate bi–invariant scalar product. Let g, as a linear space, be a direct sum of its two subalgebras:

g = g_+ ⊕ g_− , (2.7.2)

and let π_+, π_− denote the projections from g to the corresponding subspaces:

L = π_+(L) + π_−(L) , π_±(L) ∈ g_± , ∀L ∈ g . (2.7.3)

Then it is easy to check that the operator

R = π_+ − π_− (2.7.4)

satisfies the modified Yang–Baxter equation (2.3.6) with α = 1, which allows to define a linear bracket (2.3.2) on g, and, under additional conditions, a set of its quadratizations (2.5.2). Notice that all operators considered as Examples in Sect. 2.3 are of the sort (2.7.4).

The corresponding Hamiltonian equations on g with Ad–invariant Hamilton functions have the form (2.7.1), which in the present case may be recast in two equivalent forms:

L̇ = [ L, π_+(f(L)) ] = − [ L, π_−(f(L)) ] . (2.7.5)

Such a general setting is enough to assure that the equation (2.7.5) posesses several remarkable properties. First of all, different flows of the type (2.7.5) commute. Second, they admit an explicit solution in terms of a factorization problem in a Lie group. Both these properties have a purely kinematical nature and do not depend on the Hamiltonian theory (though the latter provides a deeper insight into the situation). For completeness, we give here kinematic proofs of these results.

Theorem 2.23 Let H_1, H_2 ∈ F(g) be two Ad–invariant functions, so that the functions f_1 = ∇H_1, f_2 = ∇H_2 : g → g are Ad–covariant. Then the two flows on g generated by the differential equations L_t = [ L, π_+(f_1(L)) ] and L_s = [ L, π_+(f_2(L)) ] (2.7.6)

commute.

Proof. ...

So, we proved the commutativity of different flows of the type (2.7.5) without any reference to the Hamiltonian formalism. However, the linear (say) r–matrix construction would also imply this statement, because such flows are, as we know, generated by Ad–invariant Hamilton functions, which are in involution.

We turn now to the explicit solution of the flows (2.7.5). Let G be a Lie group with the Lie algebra g, and let G_+ and G_− be its two subgroups having g_+ and g_−, respectively, as Lie algebras. Then in a certain component Ω of the group unit I following factorization is uniquely defined:

g = Π_+(g) Π_−(g) , Π_±(g) ∈ G_± , ∀g ∈ Ω ⊂ G . (2.7.7)

In what follows we suppose, for the sake of notational simplicity, that G is a matrix group, and write the adjoint action of the group on g as a conjugation by the corresponding matrices. [In this context we write Π^{−1}_± (g) for (Π_±(g))^{−1}]. Correspondingly, we shall call Ad–covariant functions f : g → g also “conjugation covariant”. This notation has an additional advantage of being applicable also to functions F : g → G. Namely, we shall call such a function conjugation covariant, if F (Ad g · L) = gF (L)g^{−1}. Theorem 2.24 Let f : g → g be a conjugation covariant function. Then the solution of the differential equation (2.7.5) with the initial condition L(0) = L_0 is given, at least for t small enough, by L(t) = Π^{−1}_+ ( etf(L^0) ) · L_0 · Π_+ ( etf(L^0) ) = Π_− ( etf(L^0) ) · L_0 · Π^{−1}_− ( etf(L^0) ) . (2.7.8)

Proof. Denote L(t) = Π_+ ( etf(L^0) ) , R(t) = Π_− ( etf(L^0) ) , so that etf(L^0) = L(t) R(t) , L(t) ∈ G_+ , R(t) ∈ G_− . (2.7.9)

Now set L(t) = L^{−1}(t) L_0 L(t) = R(t) L_0 R^{−1}(t) . (2.7.10)

(These two expressions for L(t) are equal due to Ad–covariance of f(L)). We now check by direct calculation that this L(t) satisfies the differential equation (2.7.5). The Theorem will follow by the uniqueness of solution. We see immediately that L(t) satisfies the following Lax type equation: L̇ = [L, L^{−1}L̇] = −[L, Ṙ R^{−1}] , and it remains to show that

L^{−1}L̇ = π_+(f(L)) , Ṙ R^{−1} = π_−(f(L)) .

Since, obviously, L^{−1}L̇ ∈ g_+ , Ṙ R^{−1} ∈ g_− ,

we need to demonstrate only that

L^{−1}L̇ + Ṙ R^{−1} = f(L) . (2.7.11)

To do this, we differentiate (2.7.9) and derive, using Ad–covariance of f and the definition (2.7.10): L̇ R + L Ṙ = etf(L0)f(L_0) = L Rf(L_0) = L f(L) R . This is equivalent to (2.7.11).

Remark. Although we have seen that that the equation (2.7.5) admits a Hamiltonian (often even a bi–Hamiltonian) interpretation, these structures are not needed to formulate or to prove the above Theorem. In this sense it is a purely kinematic result. However, the Hamiltonian property provides us with some useful additional information. In particular, if the set of Lax matrices L(P) for the system at hand forms a Poisson submanifold for the linear bracket (2.3.2) or/and for some of its quadratizations (2.5.2), then this manifold is invariant under the flow (2.7.5). The functions on P of the form F ∘ T , where F are conjugation invariants of g, are integrals of motion of the corresponding system and in involution with respect to {·, ·}_P .

We close this Section by giving an analogous result for the Lax equations generated by the operator (2.7.4) on the direct product g = ⨂_m j=1 g. Its proof is kinematic and absolutely parallel to the case of the “small” algebra g.

Theorem 2.25 For a conjugation covariant function f : g → g consider the following system of differential equations on g:

L̇_j = L_j · π_+ ( f(T_{j−1}) ) − π_+ ( f(T_j ) ) · L_j = − L_j · π_− ( f(T_{j−1}) ) + π_− ( f(T_j ) ) · L_j , (2.7.12)

where T_j = L_j · . . . · L_1 · L_m · . . . · L_{j+1}. Its solution with the initial value L(0) is given, at least for t small enough, by the formula

L_j (t) = Π^{−1}_+ ( etf(T^j (0)) ) · L_j (0) · Π_+ ( etf(T^{j−1}(0)) )

= Π_− ( etf(T^j (0)) ) · L_j (0) · Π^{−1}_− ( etf(T^{j−1}(0)) ) . (2.7.13)

2.8 Bäcklund transformations

Theorem 2.24 paves another way to the kinematic demonstration of the commutativity of the different flows (2.7.5). Towards this aim, one needs additionally the following fundamental definition.

Definition 2.26 Consider the hierarchy of flows (2.7.5) on g. For an arbitrary conjugation covariant function F : g → G define the Bäcklund transformation BT_F : g → g of this hierarchy as ~L = BT_F (L) = Π^{−1}_+ (F (L)) · L · Π_+ (F (L)) = Π_− (F (L)) · L · Π^{−1}_− (F (L)) . (2.8.1)

One has, of course, to convince himself that two expressions in (2.8.1) are indeed equal to one another. This is equivalent to Ad F (L) · L = F (L) · L · F (L)^{−1} = L , (2.8.2)

and follows from the conjugation covariance for F .

One of the most important properties of Bäcklund transformations, implying also other ones, is contained in the following theorem.

Theorem 2.27 For two arbitrary conjugation covariant functions F_1, F_2 : g → G

BT_{F2} ∘ BT_{F1} = BT_{F2 F1} , (2.8.3)

so that the Bäcklund transformations BT_{F1} , BT_{F2} commute.

Proof. Denote:

L_1 = BT_{F1} (L) , ~L = BT_{F2} ∘ BT_{F1} (L) = BT_{F2} (L_1) .

So, by definition we have:

L_1 = L^{−1}_1 LL_1 = R_1LR^{−1}_1 , ~L = L^{−1}_2 L_1L_2 = R_2L_1R^{−1}_2 , (2.8.4)

where the matrices L_i ∈ G_+, R_i ∈ G_− (i = 1, 2) come from the following factorizations:

F_1(L) = L_1R_1 , F_2(L_1) = L_2R_2 .

From (2.8.4) we have: ~L = L^{−1}LL = RLR^{−1} , where L = L_1L_2 ∈ G_+ , R = R_2R_1 ∈ G_− , (2.8.5) and it remains to prove that L = Π_+ ( F_2(L)F_1(L) ) , R = Π_− ( F_2(L)F_1(L) ) . In view of (2.8.5) it is enough to demonstrate that LR = F_2(L)F_1(L) .

To show this equality, we notice:

LR = L_1F_2(L_1)R_1 = L_1F_2(L^{−1}_1 LL_1)R_1 = F_2(L)L_1R_1 = F_2(L)F_1(L) , and (2.8.3) is proved.

To demonstrate the last statement of the Theorem, we prove that for two arbitrary conjugation covariant functions F_1, F_2 : g → G one has:

F_2(L)F_1(L) = F_1(L)F_2(L) . (2.8.6) Indeed, due to (2.8.2), we have:

F_2(L)F_1(L)F_2(L)^{−1} = F_1(Ad F_2(L) · L) = F_1(L) . The Theorem is proved.

Corollary. An arbitrary Bäcklund transformation commutes with an arbitrary flow of the hierarchy (2.7.5). In other words, any Bäcklund transformation maps solutions of (2.7.5) onto solutions.

Indeed, according to Theorem 2.24 any flow governed by a differential equation (2.7.5) consists of Bäcklund transformations BT_F with F (L) = etf(L). As a further consequence, we get a new proof of the fact that any two flows of the type (2.7.5) commute. As another important consequence of Theorem 2.27 we have the following statement.

Theorem 2.28 Let F : g → G be a conjugation covariant function. Consider the formula (2.8.1) for the Bäcklund transformation BT_F as the difference equation ~L = Π^{−1}_+ (F (L)) · L · Π_+ (F (L)) = Π_− (F (L)) · L · Π^{−1}_− (F (L)) (2.8.7) for L = L(n), ~L = L(n+1), with the initial condition L(0) = L_0. Then the solution of this difference equation is given by

L(n) = Π^{−1}_+ (F^n(L_0)) · L_0 · Π_+ (F^n(L_0)) = Π_− (F^n(L_0)) · L_0 · Π^{−1}_− (F^n(L_0)) . (2.8.8) Proof. By induction from Theorem 2.27, BT_{Fn} ∘ . . . ∘ BT_{F2} ∘ BT_{F1} = BT_{Fn...F2F1} .

In particular, for F_1 = F_2 = . . . = F_n = F we obtain: (BT_F )^n = BT_F n , which is the statement of the Theorem.

This Theorem gives a discrete–time counterpart of Theorem 2.24. It is purely kinematic, as well. However, the following additional remarks are in order. Comparing the formulas (2.8.8), (2.7.8), we see that the map (2.8.7) is interpolated by the flow (2.7.5) with the time step h, if ehf(L) = F (L) ⇔ f(L) = h^{−1} log(F (L)) .

This interpolating flow is Hamiltonian with respect to the linear bracket (2.3.2) and for its quadratizations (2.5.2), with the Hamilton function H_1(L) or H_2(L), respectively, where ∇H_1(L) = h^{−1} log(F (L)) and dH_2(L) = h^{−1} log(F (L))

(the existence of such H_1, H_2 is obvious, if F (L) is an analytic function on matrices, which is usually the case in applications).

In particular, if the set of Lax matrices L(P) for the system at hand forms a Poisson submanifold for the linear bracket (2.3.2) or/and for some of its quadratizations (2.5.2), then the manifold L(P) is automatically invariant under the map (2.8.7), and, moreover, this map is Poisson on L(P) with respect to the corresponding bracket.

We close this Section by formulating the analogs of Definition 2.26 and Theorem 2.28 for the case of direct product algebras g = g^{⊗ m}.

Definition 2.29 Consider the hierarchy of flows (2.7.12) on g. For an arbitrary conjugation covariant function F : g → G define the Bäcklund transformation BT_F : g → g of this hierarchy as ~L_j = Π^{−1}_+ (F (T_j )) · L_j · Π_+ (F (T_{j−1}))

= Π_− (F (T_j )) · L_j · Π^{−1}_− (F (T_{j−1})) . (2.8.9)

Theorem 2.30 For a conjugation covariant function F : g → G, consider the formulas (2.8.9) for the Bäcklund transformation as a system of difference equations on g, for L = L(n), ~L = L(n + 1). Its solution with the initial value L(0) is given by the formula

L_j (n) = Π^{−1}_+ ( F^n(T_j (0)) ) · L_j (0) · Π_+ ( F^n(T_{j−1}(0)) )

= Π_− ( F^n(T_j (0)) ) · L_j (0) · Π^{−1}_− ( F^n(T_{j−1}(0)) ) . (2.8.10)

All properties of Bäcklund transformation mentioned above, hold also in the present situation. In particular, what concerns a Hamiltonian interpretation, one can extract from Theorem 2.22 a large family of quadratic Poisson brackets on g making possible such an interpretation for the equations (2.7.12). The difference equations (2.8.9) give then maps which are Poisson with respect to these brackets.

2.9 Recipe for integrable discretization

The results of the previous Section suggest the following prescription, which might be roughly formulated as “discretization is a Bäcklund transformation close to identity”.

Recipe. Suppose you are looking for an integrable discretization of an integrable system on ( P, {·, ·} ) allowing a Lax representation of the form

L̇ = [ L, π_+(f(L)) ] = − [ L, π_−(f(L)) ] , (2.9.1)

where L : P → g is the Lax matrix living in the Lie algebra g; f : g → g is a conjugation covariant function; and π_± : g → g_± are projections to two complementary subalgebras of g such that g = g_+ ⊕ g_−. Then as a solution of your task you may take the difference equation

~L = Π^{−1}_+ (F (L)) · L · Π_+(F (L)) = Π_−(F (L)) · L · Π^{−1}_− (F (L)) (2.9.2)

with the same Lax matrix L and some conjugation covariant function F : g → G such that F (L) = I + hf(L) + o(h) . Here G is the Lie group with the Lie algebra g; G_± are its two subgroups with the Lie algebras g_±, respectively; and Π_± : G → G_± map g ∈ G to the unique solutions of the following factorization problem:

g = Π_+(g)Π_−(g) , Π_±(g) ∈ G_± .

Analogously, if your system has a Lax representation

L̇_j = L_j · π_+ ( f(T_{j−1}) ) − π_+ ( f(T_j ) ) · L_j = − L_j · π_− ( f(T_{j−1}) ) + π_− ( f(T_j ) ) · L_j (2.9.3) in the algebra g = ⨂_m j=1 g, with the Lax matrix L = (L_1, . . . , L_m) : P → g, then you may take as a solution of your task the difference Lax equation

~L_j = Π^{−1}_+ (F (T_j )) · L_j · Π_+ (F (T_{j−1})) = Π_− (F (T_j )) · L_j · Π^{−1}_− (F (T_{j−1})) , (2.9.4)

with F as above.

Of course, this prescription makes sense only if the factors Π_±(F (L)) [resp. Π_±(F (T_j ))] admit more or less explicit expressions, allowing to write down the corresponding difference equations in a more or less closed form. The choice of F (L) is a transcendent problem, which however turns out to be solvable for many of (hopefully, for the majority of or even for all) the known integrable systems. Miraculously, the simplest possible choice F (L) = I + hf(L) works perfectly well for a vast set of examples (when it makes sense, i.e. when I + hf(L) ∈ G).

Let us stress once more the advantages of this approach to the problem of integrable discretization.

• Although we formulate our recipe only for the hierarchies governed by the operators of the form (2.7.4), it is in fact more universal. Almost without changes it may be reformulated for hierarchies governed by any R–operators satisfying the modified Yang–Baxter equation. Hence, it is rather universal.

• The discretizations obtained in this way share the Lax matrix and the integrals of motion with their underlying continuous time systems.

• Suppose that the hierarchy of continuous time systems (2.9.1) [resp. (2.9.3)] is Hamiltonian with respect to some Poisson bracket. Then our discretizations have the Poisson property with respect to the same bracket. In particular, if the Lax matrices L [resp. L] form a Poisson submanifold for some (linear or quadratic) r–matrix bracket, then this submanifold is left invariant by the corresponding Poisson map (2.9.2) [resp. (2.9.4)].

• The initial value problem for our discrete time equations can be solved in terms of the same factorization in a Lie group as the initial value problem for the continuous time system.

• Interpolating Hamiltonians also belong to the set of granted by–products of this approach.

The following property is not guaranteed by a general theory, but it is confirmed in the following Chapters by a large amount of concrete examples.

• Each time when the continuous time system admits a variational (Lagrangian) formulation, the same holds true for its discretizations obtained by the above approach.

Let us stress that, although our recipe solves the problem of integrable discretization in principle, each concrete systeme requires for a separate investigation in order to choose the function F (L) properly and to put the resulting equations of motion in an acceptable form in local coordinates on P. This last part is, in principle, non–formalizable. A good guess is often necessary to this end.

2.10 Bibliographical remarks

2.3. The concept of the classical r–matrix, and the formulas like (2.3.15), (2.3.18), including the very notation {L^⊗, L}, appeared in the work of Sklyanin (1979, 1980) as a technical device allowing to make manageable difficult calculations of Poisson brackets of various scattering data in integrable models like the Landau–Lifshits and the nonlinear Schrödinger equations. Actually, it was a by–product of the development of the quantum version of the inverse scattering method by the Leningrad school around L.D.Faddeev, see Takhtajan and Faddeev (1979) for an early report on this development.

A Lie–algebraic meaning of the Sklyanin’s formulas was clarified and the notion of a linear r– matrix bracket has cristallized in the paper by Semenov-Tian-Shansky (1983). The Theorems 2.4 and 2.6 in this generality also belong to him. Recently, a somewhat different formalization of the notion of R–operator was proposed in Kupershmidt (1999).

Loop algebras were introduced into this context by Reyman and Semenov-Tian-Shansky (1979, 1981), Reyman (1980), and by Adler and van Moerbeke (1980). Further important contributions include Drinfeld and Sokolov (1984), Segal and Wilson (1985).

More historical remarks in this connection can be found in Reyman and Semenov-Tian-Shansky (1994). The monograph Faddeev and Takhtajan (1987) is devoted to a consequent presentation the whole body of the soliton theory from the r–matrix (“Leningrad”) viewpoint.

2.4. The constructions of this Section were introduced in Suris (1999d). Related constructions are contained in Reyman, Semenov-Tian-Shansky (1987) and in Fordy, Reyman and Semenov-Tian- Shansky (1989).

2.5. The simplest possible quadratic bracket, known as the Sklyanin bracket, (corresponding to A_1 = A_2 = R, S = 0 in our notations), also appeared in the work of Sklyanin (1979, 1980, 1982, 1983). Some related work was: Gelfand and Dickey (1976, 1977), Adler (1979), Gelfand and Dorfman (1979, 1980, 1981, 1982). A formalisation of these construction was achieved in Drinfeld (1983) and Semenov-Tian-Shansky (1983). More precisely, in the work by Drinfeld a version of the Sklyanin bracket applicable to Lie groups rather then to associative algebras was considered, and its remarkable property was underlined: it defines a Lie–Poisson group, i.e. the group multiplication is a Poisson map. A quantization of this notion undertaken in Drinfeld (1985, 1986) led to the notion of a quantum group, which enjoyed an explosion of interest in the following years. Also the Lie–Poisson groups themselves were a subject of deep studies, e.g. Semenov-Tian-Shansky (1985, 1986, 1987, 1992), Lu and Weinstein (1990), Alekseev and Malkin (1994). In particular, in Semenov- Tian-Shansky (1985, 1986) appeared, under the name of a “dual bracket on the Poisson–Lie group”, an interesting example of the quadratic bracket with A_1 = −A_2 = R, S = I − R, S^∗ = I + R.

Another line of development was connected with generalizations of the Sklyanin bracket on associative algebras. A quadratic bracket with A_1 = A_2, S = S^∗ was introduced independently in Li and Parmentier (1989) and in Oevel and Ragnisco (1989). The most general bracket (2.5.2), with the properties given in Theorems 2.13, 2.14, and Proposition 2.15, was also discovered several times independently: Freidel and Maillet (1991), Parmentier (1991), Suris (1993b). The main motivation of Freidel and Maillet (1991) was the problem of quantization, the work Parmentier (1991) contains a description of symplectic leaves of the general quadratic bracket à la Semenov-Tian-Shansky (1987), while the main interest in Suris (1993b) was to find an r–matrix interpretation for some concrete systems, like the Toda and the relativistic Toda lattices. For further developments, see Semenov-Tian-Shansky (1992a,b), Semenov-Tian-Shansky and Sevostyanov (1996), Oevel (1996).

2.6. The most general quadratic brackets on g ⊗ g were studied in Semenov-Tian-Shansky (1992a,b), where also an important observation was made that the sufficient condition for the Poisson property of PB_2(A_1, A_2, S) is equivalent to the modified Yang–Baxter equation for the operator ( A_1 S S^∗ A_2 ) on g ⊗ g (see Remark 2 from subsect. 2.6.1).

Strangely enough, the most general (fully nonlocal) quadratic brackets on g^{⊗ m} with m > 2 remained unconsidered until the paper Suris (1997d), presumably, due to the lack of interesting examples and applications. Theorem 2.22 in this generality was found also in Suris (1997d), and applied there to the Bogoyavlensky lattices (several further important applications of Theorem 2.22 to lattice systems will be given in the subsequent Chapters, where its full generality will be required). This result may be considered as a final link in the chain of generalizations: Semenov-Tian-Shansky (1983), Semenov-Tian-Shansky (1987), Li and Parmentier (1989), Li and Parmentier (1991), Deift and Li (1991), Li (1992), Nijhoff et al. (1992), Semenov-Tian-Shansky (1992b), Semenov-Tian- Shansky and Sevostyanov (1996). However, the operators A_1, A_2, S, S^∗ for the nonlocal quadratic Poisson structures discussed in these papers always had only few nonvanishing “operator entries”, namely (A_1)_{jj} , (A_2)_{jj} , (S)_{j+1,j} , and (S^∗)_{j,j+1}.

Another example of nonlocal brackets on direct products (however in the Lie groups rather than in the associative algebras framework) is delivered by the so called “polyubles” introduced by Fock and Rosly (1993, 1998). These are Poisson–Lie groups, hence A_1 = A_2 = R, S = 0, but, as opposed to the Sklyanin bracket, the operator R is nonlocal: (R)_{jj} = R, (R)_{ij} = R + I for i < j, and (R)_{ij} = R − I for i > j. These Poisson–Lie groups turn out to play an important role in the theory of Poisson structures on graph connections and on moduli spaces of flat connections on Riemann surfaces.

2.7. The situation encoded in the formula g = g_+ ⊕ g_− is the basic for the so called Adler– Kostant–Symes scheme. It were the papers Adler (1979), Kostant (1979), Symes (1980, 1982) where Theorem 2.24 appeared and was applied to several integrable systems, including the Toda lattice and its generalizations. For a more geometrical proof of Theorem 2.24, more on its its history, and more references, the reader should consult Reyman and Semenov-Tian-Shansky (1994).

2.8. Usually, one understands under a Bäcklund transformation for a given system of differential equations a map which brings solutions into solutions. In our framework of integrable evolutionary dynamical systems this means that the map has to commute with the phase flow. For general bibliographic comments on Bäcklund transformations, see below (cooments to Appendix A). Theorem 2.27 delivers a general construction of Bäcklund transformations in the context of the Adler–Kostant– Symes scheme. It is, probably, known to the specialists, but we find it difficult to give a precise reference. Its consequence Theorem 2.28 goes back to the work Symes (1980,1982), where the relation between the Toda lattice and the QR algorithm was discovered. However, it is also difficult to give a reference for Theorem 2.28 in the form given here which would be earlier than Suris (1991). Different approach to Bäcklund transformations in situations close to the one considered here, are being developed in Kuznetsov and Sklyanin (1998), Sklyanin (1999a,b), and in Hone, Kuznetsov and Ragnisco (1999, 2000). This approach also uses Lax representations, but does not refer at all to the factorization theorem. Instead, an emphasis is being made on the novel property of spectrality, discovered in Kuznetsov and Sklyanin (1998) and still escaping a systematical explanation. The paper Kuznetsov and Vanhaecke (2000) pushed forward an approach based on the methods of algebraic geometry.

2.9. The recipe for integrable discretization, as given here, was clearly formulated for the first time in Suris (1995, 1996a), and was used in the subsequent publications by the author. A viewpoint according to which Bäcklund transformations lie in the basis of discretization is now well established also in the discrete geometry, cf. Bobenko (1999) or Doliwa, Santini, and Mañas (2000).

Appendix A. Bäcklund transformations, as transformations of partial differential equations bringing solutions into solutions, were invented in the differential–geometric context by Bäcklund (1876, 1880, 1882). Independently, Darboux (1882) came to similar transformations in the context of second order ordinary differential equations. The literature devoted to these Bäcklund–Darboux transformations is nowadays enormous, and it is impossible to give here a complete review. Two monographs should be mentioned: Rogers and Shadwick (1982) is devoted to somewhat more applied aspects of Bäcklund transformations in the framework of a geometric theory of partial differential equations; Matveev and Salle (1991) follow and further develop the algebraic part of the approach by Darboux. They derive nice determinant representations for iterated Darboux transformations for numerous integrable systems, which allows them to find closed formulas for multi–soliton and more complicated solutions.

The important work of Flaschka and McLaughlin (1976) was the first one to treat spectral and Hamiltonian properties of Bäcklund transformations in the case of KdV–like systems under rapidly decaying boundary conditions. They pointed out that these transformations are, generally speaking, not isospectral. An account of this property from the viewpoint of the theory of linear operators was given by Deift (1978). An algebro–geometric account of the spectral properties of Bäcklund transformations for KdV in the periodic (or, better, finite–gap) situation was given by Ehlers and Knoerrer (1982), see a simplified exposition in Gesztesy and Holden (1999). Hamiltonian properties of Bäcklund transformations for the Toda lattice, sine–Gordon and nolinear Schrödinger equations were elaborated in Bobenko (1982). Generalizations related to energy–dependent Schrödenger operators and to Kac–Moody algebras are considered in Fordy, Shabat and Veselov (1995). An exposition of the approach to Bäcklund transformations relating them to factorizations in loop groups is given in Terng and Uhlenbeck (2000).

Part II

Lattice systems

Chapter 3

Toda lattice

Contents

3.1 Introduction 3.2 Tri–Hamiltonian structure 3.3 Basic algebras and operators 3.4 Lax representation 3.5 Linear r–matrix structure 3.6 Quadratic r–matrix structure 3.7 Discretization of the Toda lattice 3.8 2×2 Lax representations 3.9 Localizing changes of variables 3.10 Local equations of motion for dTL 3.11 Second Toda flow and its discretization 3.12 Local equations of motion for dTL2 3.13 Third Toda flow and its discretization 3.14 Local equations of motion for dTL3 3.15 Modified Toda lattice 3.16 Discretization of MTL 3.17 Local equations of motion for dMTL 3.18 Double modification of TL 3.19 Discretization of M^2TL 3.20 Local equations of motion for dM^2TL 3.21 Triple modification of TL

A Appendix: Miura transformation 3.22 Bibliographical remarks

3.1 Introduction

The second part of our book is devoted to the exposition of concrete examples, belonging to the big area of lattice, or differential–difference, systems. The most famous integrable lattice system is undoubtedly the Toda lattice.

The celebrated Newtonian equations of motion of the Toda lattice read:

ẍ_k = ex^{k+1} −x^k − ex^k −x^{k−1} . (3.1.1)

This system (like all lattice systems) may be considered on an infinite lattice (k ∈ Z); in this case the suitable boundary conditions are those of decay on the both infinities, x_k , ẋ_k → 0 by k → ±∞. We shall, however, always restrict ourselves to finite–dimensional versions (1 ≤ k ≤ N) of lattice systems, subject to one of the two types of boundary conditions: open–end or periodic. For the equations (3.1.1) the open–end boundary conditions read: x_0 = ∞, x_{N+1} = −∞, while the periodic boundary conditions mean that all subscripts are taken (mod N), so that x_0 ≡ x_N , x_{N+1} ≡ x_1.

If one introduces the variables (a, b) according to

b_k = ẋ_k , a_k = ex^{k+1} −x^k , (3.1.2)

then their time evolution is governed by the following equations of motion:

ḃ_k = a_k − a_{k−1} , ȧ_k = a_k(b_{k+1} − b_k) , 1 ≤ k ≤ N , (3.1.3)

with one of two types of boundary conditions: open–end (a_0 = a_N = 0), or periodic (all subscripts are taken (mod N), so that a_0 ≡ a_N , b_{N+1} ≡ b_1). This innocently looking change of variables has however very far going consequences. The flow (3.1.3), denoted hereafter TL, turns out to have much richer structure than the original Newtonian equations of motion (3.1.1).

The flow TL is multi–Hamiltonian, i.e. allows several Hamiltonian formulations with respect to different but compatible Poisson brackets. Three of these brackets turn out to be local in the coordinates (a, b), they are discussed in the Sect. 3.2.

The flow TL allows a Lax representation (in fact, even several different but closely related ones). Two of them are discussed in Sect. 3.4 and 3.8. All these Lax representations serve as classical examples of an r–matrix structure. See Sect. 3.5, 3.6.

As every multi–Hamiltonian and completely integrable system, the flow TL belongs to a whole integrable hierarchy. Each flow of this hierarchy (being also multi–Hamiltonian and completely integrable) may be solved by means of matrix factorization, which is a finite–dimensional analog of the inverse scattering method. This is the ground for TL to deliver a quite transparent model for our approach to the problem of integrable discretization, which is elaborated in the Sect. 3.7. The resulting discretization shares invariant Poisson structures and integrals of motion with TL. In short, it belongs to the hierarchy attached to TL.

However, it displays a typical phenomenon: the equations of motion governing this discretization are non–local. We discuss, therefore, in Sect. 3.9 a general device allowing to circumvent this drawback, namely localizing changes of variables. The first application of this device to the discretization of TL is presented in Sect. 3.10. The resulting local discretization reads:

~b_k + h~a_{k−1} = b_k + ha_k , ~a_k(1 + h~b_k) = a_k(1 + hb_{k+1}) . (3.1.4)

A universal character of our constructions is illustrated further in Sect. 3.11–3.14, where they are applied to the second and to the third flows of the Toda hierarchy.

Actually, the localizing changes of variables turn out to be close relatives, or, better, particular instances of the so called Miura transformations. Apart from a novel observation concerning their role in the discretization problem, they are well studied and widely used in the soliton theory as a mean for producing new integrable hierarchies out of the known ones, – a procedure called modification. Normally, each modification is connected with loosing one local Hamiltonian structure. Correspondingly, the tri–Hamiltonian flow TL allows a tower of three consecutive modifications. We write down here the corresponding equations of motion in notations slightly different from those used in the main text.

The first modification of the Toda lattice with the modification parameter ϵ, or MTL(ϵ), is the following system:

ḃ_k = (1 + ϵb_k)(a_k − a_{k−1}) , ȧ_k = a_k(b_{k+1} − b_k) . (3.1.5)

This bi–Hamiltonian system is introduced in Sect. 3.15. Actually, the discretization (3.1.4) belongs to the hierarchy of MTL(h). This means that (3.1.4) shares with MTL(h) invariant Poisson structures and integrals of motion. This is an example of discretizations deforming both the Poisson structure and the integrals of motion. (Let us stress once more that in the present case these deformations are due to the Miura transformation playing the role of a localizing change of variables).

We discretize MTL(ϵ) in Sect. 3.16, obtaining a discrete time system from the MTL(ϵ) hierarchy described by nonlocal equations of motion. Again, a localizing change of variables can be found, resulting in the following local discretization, see Sect. 3.17:

(1 + ϵ~b_k)(1 + hϵ~a_{k−1}) = (1 + ϵb_k)(1 + hϵa_k) , ~a_k(1 + h~b_k) = a_k (1 + hb_{k+1}) . (3.1.6)

Actually, this discretization belongs to the hierarchy of M^2TL(ϵ, h), the double modified Toda lattice with the modification parameters ϵ, h.

The general M^2TL(ϵ, δ) with the modification parameters ϵ, δ is the following system:

ḃ_k = (1 + ϵb_k)(1 + δb_k)(a_k − a_{k−1}) , ȧ_k = a_k(1 + ϵδa_k)(b_{k+1} − b_k) ; (3.1.7)

This system, possessing one local Hamiltonian structure, is introduced in Sect. 3.18 and discretized in Sect. 3.19. Again, the discretization living in the M^2TL(ϵ, δ) hierarchy is nonlocal, and in order to find a local discretization one has to apply a localizing change of variables, bringing the corresponding discrete time equations of motion into the M^3TL(ϵ, δ, h) hierarchy (with the modification parameters ϵ, δ, h): 1 + ϵ~b_k

1 + δ~b_k · 1 + hϵ~a_{k−1} 1 + hδ~a_{k−1} = 1 + ϵb_k

1 + δb_k · 1 + hϵa_k

1 + hδa_k , ~a_k 1 + ϵδ~a_k (1 + h~b_k) = a_k

1 + ϵδa_k

(1 + hb_{k+1}) .

(3.1.8)

The general M^3TL(ϵ, δ, γ), the triple modified Toda lattice with the modification parameters ϵ, δ, γ, is the following system:

ḃ_k = (1 + ϵb_k)(1 + δb_k)(1 + γb_k) ( a_k 1 − ϵδγb_ka_k − a_{k−1} 1 − ϵδγb_ka_{k−1} ) ,

ȧ_k = a_k(1 + ϵδa_k)(1 + ϵγa_k)(1 + δγa_k) ( b_{k+1} 1 − ϵδγb_{k+1}a_k − b_k 1 − ϵδγb_ka_k ) . (3.1.9)

This system is discussed in Sect. 3.21. No local Hamiltonian formulation is known for it. The lack of Hamiltonian structure for (3.1.9) does not allow us to formulate any statements about its complete integrability in the Liouville–Arnold sense. Nevertheless it is in some sense integrable: it has many integrals of motion and belongs to a hierarchy of commuting flows; the corresponding objects may be found by pulling back analogous objects for M^2TL(ϵ, δ) under the Miura transformations.

In the tower of successive modifications each flow is a regular one–parameter deformation of the previous one. Very remarkable is the symmetry of each flow with respect to its parameters. Each one of these flows possesses many integrals of motion and belongs to a hierarchy of commuting flows. The number of local invariant Poisson structures diminishes by one with each further modification. All these statements seem to hold in much more general situations. It is also very interesting to observe that the Miura transformations play also the role of localizing changes of variables, so that finding local discretizations inevitably leads to climbing upstairs in the modifications tower.

Returning to the Newtonian equations of motion (3.1.1), we must say that, due to the multi– Hamiltonian structure, the system (3.1.3) describes not only these ones, but also several apparently different integrable Newtonian systems living their own life in the mathematical physics – a fact overlooked by many researchers in this area. All these systems allow beautiful discretizations in form of “discrete time Newtonian equations”. These results constitute the contents of Chapter 5.

3.22 Bibliographical remarks

3.1. An integrable lattice with an exponential interaction of nearest neighbors was discovered by Toda (1967) and since then became one of the most popular and important integrable models in general. The bibliography of the Toda lattice is nowadays too vast to be reviewed here. The best general reference remains the monograph Toda (1989), where also the story of the discovery of this system is given from the first hand. The change of variables (x, ẋ) → (a, b) was introduced in Flaschka (1974), Manakov (1974).

A two–dimensional generalization of the Toda lattice, (u_k)_{xy} = eu^{k+1} −u^k − eu^k −u^{k−1} , or the Toda field model, was introduced in the soliton theory by Mikhailov (1979). It was interpreted as a simplest representative of the huge two–dimensional Toda hierarchy by Ueno and Takasaki (1984). Later it was realized that the equivalent equation

(log v_k)_{xy} = v_{k+1} − 2v_k + v_{k−1} ,

which is obtained by setting v_k = exp(u_{k+1} − u_k), appeared already in Darboux (1888), as the equation satisfied by the so called Laplace invariants of the chain of Laplace transformations of a given second order hyperbolic partial differential equation.

3.2. The tri–Hamiltonian structure of the Toda lattice belongs to the most classical results. The linear bracket was known from the very beginning of the story, since it is a simple consequence of the Flaschka–Manakov change of variables. The quadratic one appeared in Adler (1979). The cubic bracket is due to Kupershmidt (1985). This latter reference contains also a systematic account of the Hamiltonian formalism for lattice systems. However do not use here this formalism, partly because we tend to consider only finite dimensional reductions of such systems which remain in the applicability domain of the usual Hamiltonian formalism, and partly because we replace it with the r–matrix approach. See also Damianou (1990, 1994) for a construction of higher (nonlocal) brackets with the help of the notion of master symmetry. Further relevant references include Das and Okubo (1989), Fernandes (1993). The geometry of the bi–Hamiltonian manifold of the Lax matrices of the Toda lattice is studied in Gelfand and Zakharevich (1999).

3.4. The Lax representation of the Toda lattice is due to Flaschka (1974) and Manakov (1974). An important early account of the Toda lattice based on the Lax representation is due to Moser (1975). For the relations between the flows of the Toda type and different matrix factorizations see Deift et al. (1989), Deift and Li (1989).

3.5. The linear r–matrix structure for the Toda lattice is among the cornerstones for the whole Hamiltonian approach to the theory of solitons. For the detailed account and for the references the reader should consult Reyman and Semenov-Tian-Shansky (1994). Among the most important early papers are Kostant (1979), Adler and van Moerbeke (1980), Symes (1980). Our first proof here follows that of the Reyman and Semenov-Tian-Shansky, our second proof follows the one of Belavin and Drinfeld (1982).

3.6. Theorem 3.7 is, surprisingly, a much more recent achievement. A more simple QR version appeared in Oevel and Ragnisco (1989). An LU version given here requires the most general quadratic r–matrix structure, and appeared only in Suris (1993b). See also Morosi and Pizzocchero (1996a).

3.7. As we know, the discretization is closely related to (or, better, essentially coincides with) Bäcklund–Darboux transformations. The Darboux transformation for the Toda lattice, which essentially coincides with the map given in Theorem 3.10, was given for the first time in Matveev (1979), Matveev and Salle (1979). For the reader’s convenience we reproduce here their result. The flow TL is a compatibility condition of the pair of linear problems

a_kf_{k+1} + b_kf_k + f_{k−1} = λf_k , ḟ_k = b_kf_k + f_{k−1} .

Let ψ_k be an arbitrary solution of the linear equation

a_kψ_{k+1} + b_kψ_k + ψ_{k−1} = λ_0ψ_k

with some fixed λ_0. The Darboux transformation f → ϕ is defined by the formula

ϕ_k = f_k − σ_k f_{k+1} , where σ_k = ψ_k ψ_{k+1} . Then the sequence ϕ_k satisfies two linear problems analogous to those for f_k but with (a_k, b_k) replaced by (~a_k,~b_k), where ~b_k = b_k + σ_{k−1} − σ_k , ~a_k = σ^k σ_{k+1} a_{k+1} .

Matveev and Salle (1979) also generalized these formulas for iterated Darboux transformations. Let us show the relation of this form of the Darboux transformation to matrix factorizations. Indeed, if we define (infinite) matrices T = ∑ a_kE_{k,k+1} + ∑ b_kE_{kk} + ∑ E_{k+1,k} and A = I − ∑ σ_kE_{k,k+1} , B = ∑ τ_kE_{kk} + ∑ E_{k+1,k} . then the above equations for (~a_k,~b_k) are equivalent to the discrete time Lax equation ~T A = AT , while the linear equation for ψ_k, rewritten in terms of σ_k as

a_k + b_kσ_k + σ_k σ_{k−1} = λ_0σ_k ,

is exactly the recurrent relation for the entries of the matrix S defined from the factorization T −λ_0I = BA. A discretization of the flow TL equivalent to our one was studied independently also by Gibbons and Kupershmidt (1992). However, the relation to the factorization problem lacked also in this paper. Hence, the nature of this discretization as a member of the Toda hierarchy was not understood properly. A complete account was given in Suris (1995).

The work Rutishauser (1954) contains not only the definition of the qd algorithm from the viewpoint of the numerical analist, but also the equations of motion of the Toda lattice (under the name of a “continuous analogue of the qd algorithm”)! The relation of the qd algorithm to integrable systems might have important implications for the numerical analysis, cf. Deift et al. (1991), Nagai and Satsuma (1995).

3.9. The original Miura transformation for the Korteweg–de Vries equation appeared in Miura (1968), and played an extremely important role in the development of the soliton theory, see further references in remarks to Appendix A. In the context of lattice systems Miura–like transformations were discussed in Kupershmidt (1985), Volkov (1988), Yamilov (1994). The observation that they play also a role of localizing changes of variables for integrable discretizations is due to Suris (1999c).

3.10. The discretization (3.10.2) appeared, along with the Lax representation, in Hirota, Tsujimoto, and Imai (1993), Hirota and Tsujimoto (1995). However, its place in the (modified) Toda hierarchy was not recognized there, and its Hamiltonian structure was not discussed. On the other hand, the Miura transformation (3.10.1), along with the equations (3.10.12), were discussed in Kupershmidt (1983, 1985), but without any relation to the time discretization. Both themes were unified in Suris (1999c). The relation of (3.10.2) to the qd algorithm was pointed out by Sogo (1993). The multi–Hamiltonian structure of the qd algorithm was elaborated in Suris (1995, 1999c).

3.11–3.14. The results on the discretization of the second and of the third flows of the Toda hierarchy, in particular, the local equations of motion (3.12.2) and (3.14.2), (3.14.3), are new.

3.15–3.17. The definition of the modified Toda lattice is due to Kupershmidt (1983,1985), as well as its bi–Hamiltonian structure, the Miura transformations to the Toda lattice, and their Poisson properties. The interpretation of the invariant brackets (3.15.3) in terms of the r–matrix structure on g ⊗ g is a new result. The time discretization of MTL and its local form are also new. However, the particular case h = ϵ of the equations (3.17.3) appeared in Hirota and Tsujimoto (1995) as a “discrete time Toda lattice of type II”.

3.18–3.21. The definition of the double modified Toda lattice is again due to Kupershmidt (1983,1985), and the time discretization is a new result, as well as its local form, of course. The corresponding localizing change of variables, as well as all other rational Miura transformations of this Chapter were not known previously, to the best of the author’s knowledge. The triple modification of the Toda lattice also seems not to appear previously in the literature.

Appendix A. The complete integrabilty of KdV with respect to the first Hamiltonian structure (A.2) was established in Zakharov and Faddeev (1971) and Gardner (1971). This may be considered as a begin of the Hamiltonian approach to the soliton theory. The second Hamiltonian structure is due to Magri (1978), Gelfand and Dickey (1978), Adler (1979). The Miura transformation with a parameter, known also as the Gardner transformation, was introduced in Miura, Gardner, and Kruskal (1968), and was put in a more broad kontext in Kupershmidt (1981). General results on the Hamiltonian properties of Miura maps and their connection with factorization of Lax operators were discussed, e.g., in: Kupershmidt and Wilson (1980), Fordy and Gibbons (1980b, 1981), Kupershmidt

(1982a,b, 1995), Antonowicz and Fordy (1989), Fordy, Shabat and Veselov (1995). In particular, Antonowicz and Fordy found systems with m + 1 Hamiltonian formulations which admit towers of m consequtive modifications via Miura maps. An r–matrix interpretation of these Miura maps was found by Marshall (1990, 1994).

A sort of a rational explanation of some of the “magic” properties of Miura transformations was proposed in Wilson (1989).

Deformations of integrable systems coming from parameter–dependent families of Miura transformations were studied in Kupershmidt (1983), Fordy (1983).

Chapter 4

Volterra lattice

Contents

4.1 Introduction 4.2 Bi–Hamiltonian structure 4.3 Lax representation 4.4 r–matrix structure 4.5 Discretization 4.6 2 × 2 Lax representation 4.7 Local equations of motion for dVL 4.8 Second flow of the Volterra hierarchy 4.9 Local discretization of VL2 4.10 Local discretization for KdV 4.11 Modified Volterra lattice 4.12 Discretization of MVL 4.13 Local equations of motion for dMVL 4.14 Different forms of MVL and dMVL 4.15 Particular case ϵ → ∞ of MVL 4.16 Double modification of VL 4.17 Factorizations and the two–field form of VL 4.18 Lax representation in g ⊗ g 4.19 Quadratic r–matrix structure in g ⊗ g 4.20 Discretization of the two–field VL 4.21 Local equations for the two–field dVL 4.22 Two–field versions of VL2 and dVL2 4.23 Two–field modified Volterra lattice 4.24 Discretization of the two–field MVL 4.25 Local equations for the two–field dMVL 4.26 Bibliographical remarks

4.1 Introduction

We next turn our attention to the second most famous integrable lattice system, known under several different names such as Volterra lattice, discrete KdV equation, Langmuir lattice, Kac–van Moerbecke lattice, and so on. We shall adopt the name Volterra lattice and the abbreviation VL for this system.

The equations of motion of VL read:

ȧ_k = a_k(a_{k+1} − a_{k−1}) . (4.1.1)

As usual, two types of boundary conditions will be of a major interest for us here: open–end (a_0 = a_N = 0, so that actually the lattice consists of N − 1 sites, or particles), and periodic (all indices are taken (mod N), so that a_0 ≡ a_N , a_{N+1} ≡ a_1).

This system is related to the Toda lattice in two different ways. First of all, (4.1.1) can be seen as the b_k = 0 reduction of the second flow TL2 of the Toda hierarchy (3.11.1). It should be remarked that the first flow TL, the third flow TL3, and in general all flows of the Toda hierarchy with odd numbers do not admit this reduction. On the contrary, all flows of the Toda hierarchy with even numbers do allow this reduction, and this gives rise to the Volterra hierarchy.

Only one of the three local Poisson brackets of the Toda hierarchy survives this reduction, producing an invariant Poisson bracket for VL. Nevertheless, for VL there appeares a new local invariant Poisson bracket, turning it into a bi–Hamiltonian system. This is discussed in Sect. 4.2.

As for the Lax representation of VL, it follows without any problems from the Lax representation of the second Toda flow TL2, see Sect. 4.3. The r–matrix structure behind it appears to be a Dirac reduction of the quadratic r–matrix bracket relevant for the Toda hierarchy, see Sect. 4.4.

We can apply to VL our recipe of integrable discretization. This is performed in Sect. 4.5. As usual, this leads to nonlocal equations. The localizing change of variables can be found, see Sect. 4.6. The resulting local discretization of the flow (4.1.1) is:

~a_k(1 + h~a_{k−1}) = a_k(1 + ha_{k+1}) . (4.1.2)

The same procedure of integrable discretization can be applied to higher flows of the Volterra hierarchy; for the second flow this is done in Sect. 4.8–4.9.

The localizing change of variables for the time discertization of VL may be viewed as a Miura transformation, allowing to modify VL. The modified Volterra lattice with the modification parameter ϵ, or MVL(ϵ), reads:

ȧ_k = a_k(1 + ϵa_k)(a_{k+1} − a_{k−1}) . (4.1.3)

Actually the discretization (4.1.2) belongs to the hierarchy of MVL(h). This means that the map (4.1.2) shares the integrals and the invariant Poisson structure with MVL(h).

We introduce MVL(ϵ) and its Hamiltonian formulation in Sect. 4.11, and discretize it in Sect. 4.12. Again, only nonlocal equations of motion are obtained upon applying our recipe. Fortunately, also for this discretization a localizing change of variables can be found, see Sect. 4.13. The corresponding local discretization of (4.1.3) reads: ~a_k 1 + ϵ~a_k

(1 + h~a_{k−1}) = a_k 1 + ϵa_k

(1 + ha_{k+1}) . (4.1.4)

Another form of MVL and its discretizations are sometimes more convenient. The system MVL(ϵ) is equivalent to ċ_k = (c^2_k − ν^2)(c_{k+1} − c_{k−1}) , (4.1.5)

and a local discretization of this system reads: ~c_k − ν ~c_k + ν · 1 + hν~c_{k−1} 1 − hν~c_{k−1} = c_k − ν c_k + ν · 1 + hνc_{k+1} 1 − hνc_{k−1} , (4.1.6)

This form of MVL and dMVL is discussed in Sect. 4.14, 4.15.

Considering the localizing change of variables for the discretization of MVL(ϵ) as a new Miura transformation allows to define a further modication of MVL(ϵ), which we denote by M^2VL(ϵ, δ). The equations of motion of M^2VL(ϵ, δ), the double modified Volterra lattice with the modification parameters ϵ, δ read:

ȧ_k = a_k(1 + ϵa_k)(1 + δa_k) ( a_{k+1} 1 − ϵδa_{k+1}a_k − a_{k−1} 1 − ϵδa_ka_{k−1} ) . (4.1.7)

(Actually, the map (4.1.4) belongs to the hierarchy of M^2VL(ϵ, h)). This system is discussed in Sect. 4.16; we do not know any local Hamiltonian structure for it. However, it belongs to a hierarchy of commuting flows and possesses a large set of integrals of motion. Actually, the tower of successive modifications of VL consists of two levels (in accordance with the bi–Hamiltonian nature of VL), so that the second modification is the last one (at least, as long as one restricts himself with local equations of motion).

Returning to the Volterra lattice VL itself, one finds that there exists also another relation to the Toda lattice TL of a completely different nature. To describe it, we consider VL as a sort of the modified TL, related to TL by means of a Miura transformation. As usual, the origin of this Miura transformation lies in factorization of the Lax matrix for TL. On this way VL appears in the two–field form (Sect. 4.17):

u̇_k = u_k(v_k − v_{k−1}) , v̇_k = v_k(u_{k+1} − u_k) . (4.1.8)

To see the equivalence of the systems (4.1.1), (4.1.8), it is enough to perform the re–naming of variables u_k → a_{2k−1} , v_k → a_{2k} . (4.1.9)

Notice, however, that if we let the subscript k in (4.1.8) vary in the interval 1 ≤ k ≤ N, then the corresponding periodic VL consists of an even number 2N of particles u_k, v_k (1 ≤ k ≤ N), and the open–end version consists of an odd number 2N − 1 of particles u_k (1 ≤ k ≤ N), v_k (1 ≤ k ≤ N − 1).

The natural Lax representation for VL in the form (4.1.8) lives in g ⊗ g, and it delivers the simplest example for constructions on direct products. It is discussed in Sect. 4.18. The Poisson geometry of the matrix factorization delivering an r–matrix interpretation of the Lax equations in g ⊗ g, is the subject of Sect. 4.19.

A somewhat astonishing fact is the coincidence of time discretizations of VL based on two different Lax representations. This is established in Sect. 4.20. The corresponding localizing change of variables is studied in Sect. 4.21, leading to the discrete time equations of motion:

~u_k(1 + h~v_{k−1}) = u_k(1 + hv_k ) , ~v_k(1 + h~u_k) = v_k(1 + hu_{k+1}) . (4.1.10)

Actually, the whole Volterra hierarchy, with all its continuous and discrete time flows, can be equally well studied on the base of the g ⊗ g Lax representation, the results being always coherent with those obtained on the base of the more usual one, living in g. This is once more illustrated by the example of the second flow VL2 and its discretization dVL2 in Sect. 4.22.

Finally, a two–field reformulation of MVL(ϵ) is also of interest:

u̇_k = u_k(1 + ϵu_k)(v_k − v_{k−1}) , v̇_k = v_k(1 + ϵv_k)(u_{k+1} − u_k) . (4.1.11)

(The re-naming (4.1.9) brings this system into the form (4.1.3)). In slightly different notations, the system (4.1.11) is considered in Sect. 4.23, while its local integrable discretization, ~u_k 1 + ϵ~u_k

(1 + h~v_{k−1}) = u_k 1 + ϵu_k

(1 + hv_k) , ~v_k 1 + ϵ~v_k

(1 + h~u_k) = v_k 1 + ϵv_k

(1 + hu_{k+1}) , (4.1.12)

is derived in Sect. 4.24–4.25.

4.26 Bibliographical remarks

4.1. The integrability of the Volterra lattice was established in Manakov (1974), Kac and van Moerbeke (1975), and an N–soliton solution was found by Hirota and Satsuma (1976). Since then it became one of the most important integrable differential–difference equations. Among its more recent applications the one to the Liouville field theory should be mentioned Faddeev and Takhtadjan (1986), Volkov (1992), Faddeev and Volkov (1994). See also recent expositions in Bulla et al. (1998),

Teschl (2000). Generalizations of the finite Volterra lattice, related to simple Lie algebras, were discovered by Bogoyavlensky (1988a,b).

4.2. The bi–Hamiltonian structure of the Volterra hierarchy was found independently by Kupershmidt (1985) and Faddeev and Takhtadjan (1986). The r–matrix formulation of the cubic bracket {·, ·}_3 in terms of a 2 × 2 Lax representation was given by Volkov (1992). Correspondingly, in the physical literature this cubic bracket is known as the FTV bracket (after Faddeev–Takhtajan– Volkov).

One can consider the Volterra hierarchy as a spatial discretization of the Korteweg–de Vries hierarchy. A precise treatment of this relation, including the relations between the corresponding Hamiltonian formulations, is given in Zeng and Rauch–Wojciechowski (1995) and in Morosi and Pizzochero (1996c).

4.3. The Lax representation in g was found already in Manakov (1974) and in Kac and van Moerbeke (1975), and was used as a basis for applying the inverse scattering method to VL. A 2 × 2 version of these results appeared in Ablowitz and Ladik (1975, 1976a).

4.5. The r–matrix interpretation of the Lax representation (4.3.3), involving the Dirac reduction of a quadratic bracket on g, seems to be given for the first time in Suris (1994a).

4.6, 4.7. A time discretization of the Volterra lattice (4.7.2) was first found in Tsujimoto, Hirota and Oishi (1993), where it was derived as a reduction of the lattice KP equation in the bilinear (Hirota’s) representation. See also Hirota, Tsujimoto and Imai (1993), Hirota and Tsujimoto (1995). A discrete time Lax representation was also found in these papers. However, the Poisson properties of this discretization and the Miura relation to the original Volterra hierarchy were not discussed there. Another attempt to discretize VL was undertaken in Kupershmidt (1996). His approach is very similar to our one, and leads to the same nonlocal equations of motion (4.5.2), however it is based on an ad hoc ansatz for the discrete Lax pair rather than on a systematic factorization procedure (the author himself calles his ansatz “bizarre”). As a consequence, the Hamiltonian interpretation (and local equations of motion) were missed in this work. Our present construction explains all previous results and adds much new information. It was introduced in Suris (1996b, 1999c). A nice observation that in the periodic case the regular solution for ~a_k is rational in a_j , is due to Narita, Saito, Saitoh and Yoshida (2000).

4.8–4.10. The discretization of the second flow of the Volterra hierarchy (including the corresponding local equations of motion) was performed in Suris (1999c). A different (and highly non-local) integrable difference scheme for the KdV equation was proposed in Taha and Ablowitz (1984) and tested in real computations in Taha and Ablowitz (1988).

4.11–4.14. The modified Volterra lattice (in the two–field version) was introduced under the name “self–dual electrical network” in Hirota (1973); also the multi–soliton solutions were found in this work. Ablowitz and Ladik (1975, 1976a) found a 2 × 2 Lax formulation and developed the inverse scattering approach to this system. The Miura relations between the modified Volterra lattice and the usual Volterra and the Toda lattices were first observed in Hirota (1975), see also Wadati (1976a,b), Hirota and Satsuma (1976b). Later the modified Volterra lattice appeared also in Yamilov (1983) in the course of classifying integrable lattice equations with nearest neighbors interactions. Other relevant references by the latter author are Shabat and Yamilov (1990) and Yamilov (1994).

The Hamiltonian properties of the Miura relations between the modified Volterra lattice and the usual one were studied in Kupershmidt (1985). The nonlocal Poisson structure of MVL obtained as a pull–back of the bracket {·, ·}_2 for VL, was written down in Tsuchida and Wadati (1998) and in Faybusovich and Gekhtman (1999). The latter reference contains also a discussion of several gauge–equivalent versions of the Lax representation for MVL. Let us mention also the appearance of the bi–Hamiltonian structure from Sect. 4.15 in a seemingly different context of “dressing chains” in Weiss (1986, 1987), Veselov and Shabat (1993). Actually, the dressing chains and the modified Volterra lattice in the ν → 0 limit belong to the same bi–Hamiltonian hierarchy.

Boundry conditions different from the open–end and the periodic ones, but still assuring the complete integrability of MVL, were studied in Kajinaga and Wadati (1997).

The systematic discretization of MVL is a new result, however the local discrete time equations were derived in Tsujimoto and Hirota (1995) based on the bilinear formalism. The relation of this local discretization to the original MVL hierarchy was missed in that paper.

4.16. The double modification of the Volterra lattice appeared in the work Yamilov (1983) as one of the more complicated members of his exhaustive list of integrable lattice systems with nearest neighbours interactions. The Miura relation to the MVL was given in Yamilov (1994) (and earlier in an unpublished thesis of the same author). For the reader’s convenience we reproduce here the Yamilov’s form of M^2VL, since it is seamingly different from our one:

ẇ_k = (w^2_k − 1)(ν^2 − μ^2w^2_k) ( 1 w_{k+1} + w_k − 1 w_k + w_{k−1} ) . However, a simple transformation y_k = w_k + 1 w_k − 1 , accompanied by a time rescaling, brings the above system into the form (14.16.1) (with ϵδ = 1).

4.17, 4.18. The Miura relation between the Toda lattice and the Volterra lattice is an old observation: already Kac and van Moerbeke (1975) established the fact that VL contains two different TL’s and provides a Bäcklund transformation between them. A clear presentation of the origin of this Bäcklund transformation in the matrix factorization (in the Cholesky version thereof) was given in Adler (1981). This latter reference contains also the Lax formulation of the two–field version of VL as a Lax triad (again, in the version corresponding to the Cholesky decomposition). The Lax representation of Theorem 4.28 is due to Kupershmidt (1985).

The nonlocal Poisson brackets of VL resulting from the linear bracket {·, ·}_1 of TL, pulled–back under the Miura maps M_{1,2}, was written down in in Tsuchida, Kajinaga and Wadati (1997) and in Faybusovich and Gekhtman (1999).

The qd algorithm and the LU algorithm are among important tools of the numerical analysis, and were invented by Rutishauser (1954), long before they re-appeared in the theory of integrable systems. Notice also that the equations of motion of the Toda lattice were also proposed in Rutishauser (1954) as a continuous analogue of the qd algorithm!

4.19. The quadratic r–matrix structure on g ⊗ g was found in Suris (1997d). It serves as the simplest example of a situation where the full strength of Theorem 2.22 is required. A more simple version of the treatment of the Poisson geometry of factorization appeared earlier in Deift and Li (1991). This paper dealt with the Cholesky factorization, in which case the usual Sklyanin bracket works.

4.20–4.25. The results here are mainly a two–field reformulation of the previously obtained ones. The only exception represent the translation of the Miura relation between VL and TL hierarchies and between MVL and MTL hierarchies into localizing variables. The formulas (4.21.9), (4.21.10) were found in Kupershmidt (1985), although without any relation to the discretization problem, and also in Hirota and Tsujimoto (1995), but without discussing their Poisson properties. Both themes were unified in Suris (1999c). The pair of formulas (4.22.14), (4.22.15), as well as (4.25.4), (4.25.5), and (4.25.6), (4.25.7), seem to be new.

36

Chapter 5

Newtonian equations of the Toda type

Contents

5.1 Introduction

5.2 Parametrizing the linear bracket: Exponential Toda lattice

5.3 Parametrizing the linear bracket: Dual Toda lattice

5.4 Parametrizing the quadrtic bracket: Modified exponential Toda lattice

5.5 Parametrizing the linear–quadratic bracket

5.6 Parametrizing the cubic–quadratic bracket

5.7 Parametrizing the cubic bracket I

5.8 Parametrizing the cubic bracket II

5.9 Parametrizing the cubic bracket III

5.10 Newtonian equations for TL2

5.11 Bibliographical remarks

5.1 Introduction

Actually, the integrable system originally discovered by Toda was (3.1.1) – a lattice of particles interacting with nearest neighbours via forces exponentially depending on distances. Only later was it rewritten in the Flaschka variables (a, b), i.e. in the form (3.1.3). However, it turns out that the system (3.1.3) has a much richer structure than (3.1.1). In particular, it is a tri–Hamiltonian system. It turns out that each one of invariant Poisson structures, and some of their linear combinations, allow parametrizations by means of canonically conjugate variables (x, p), which leads to a whole variety of Newtonian equations of motions hidden in (3.1.3). The present Chapter is devoted to elaborating the relevant systems, along with their discretizations.

Let us list the main Newtonian equations and their discrete time counterparts arising from (3.1.3) and (3.7.2), respectively, via different parametrizations of the (a, b) variables by canonically conjugate ones.

First of all, we have two parametrizations of the linear bracket, which are in a sense dual to each other, and lead to the following Newtonian systems (which constitute, as already mentioned, the Toda’s discovery):

ẍ_k = ex^{k+1} −x^k − ex^k −x^{k−1} , (5.1.1) and ẍ_k = ẋ_k (x_{k+1} − 2x_k + x_{k−1}) . (5.1.2)

The corresponding discrete time Newtonian equations of motion are: e ~x_k −x_k − e x_k − x ~^k = h^2 ( e x ~^{k+1} − x_k − e x_k −~x_{k−1} ) , (5.1.3) and ~x_k − x_k x_k − x ~^k = 1 + h( x

~^{k+1}

− x_k )

1 + h(x_k − ~x_{k−1})

, (5.1.4)

respectively.

Further, a parametrization of the quadratic invariant bracket of TL leads to the following Newtonian equations of motion:

ẍ_k = ẋ_k ( ex^{k+1} −x^k − ex^k −x^{k−1} ) . (5.1.5)

Their discrete time conterpart read: e~x^k −x^k − 1 ex^k − x~^k − 1 = 1 + he x~^{k+1} −x^k 1 + hex^k −~x^{k−1} . (5.1.6)

One can also parametrize linear combinations {·, ·}_1 + ϵ{·, ·}_2 of the linear and the quadratic brackets, which leads to a “hybrid” system, whose right–hand side turns out, curiously enough, to be the corresponding linear combination of the right–hand sides of (5.1.1) and (5.1.5):

ẍ_k = (1 + ϵẋ_k) ( ex^{k+1} −x^k − ex^k −x^{k−1} ) . (5.1.7)

For dTL the same parametrization of the Flaschka variables leads to the following discretization of the latter system: ϵ ( e~x^k −x^k − 1 ) + h ϵ ( ex^k − x~^k − 1 ) + h = 1 + hϵe x~^{k+1} − x^k 1 + hϵex^k −~x^{k−1} . (5.1.8)

Obviously, the system (5.1.7) may be considered as a perturbation of the standard Toda lattice (5.1.1), if the parameter ϵ is small. Then in the discretization (5.1.8) there are two competitive small parameters, ϵ and h. A very interesting and important particular case of this discretization arises when ϵ = h. The equations of motion then simplify to: e ~x_k −2x_k + x ~^k =

1 + h^2e x~^{k+1} − x^k 1 + h^2ex^k −~x^{k−1} , (5.1.9)

and serve as an alternative discretization for (5.1.1).

Further, a linear combination {·, ·}_3 + 4ν{·, ·}_2 of the cubic and the quadratic invariant brackets for TL also can be parametrized by canonically conjugate variables, which leads to the following Newtonian equations:

ẍ_k = −(ẋ^2_k − ν^2) ( coth(x_{k+1} − x_k ) − coth(x_k − x_{k−1}) ) , (5.1.10)

and we find the following discretization thereof:

sinh(~x_k − x_k + hν) sinh(~x_k − x_k − hν) · sinh(x_k − x ~^k − hν) sinh(x_k − x ~^k + hν) = sinh( x

~^{k+1} − x_k + hν) sinh( x

~^{k+1} − x_k − hν) · sinh(x_k − ~x_{k−1} − hν) sinh(x_k − ~x_{k−1} + hν)

. (5.1.11)

The ν = 0 particular case of the previous equations corresponds to a canonical parametrization of the pure cubic bracket {·, ·}_3, and delivers the following Newtonian equations:

ẍ_k = −ẋ^2_k ( coth(x_{k+1} − x_k ) − coth(x_k − x_{k−1}) ) , (5.1.12) while the discretization simplifies considerably and reads:

coth(~x_k − x_k) − coth(x_k − x ~^k ) = coth( x

~^{k+1}

− x_k ) − coth(x_k − ~x_{k−1}) . (5.1.13)

On the other hand, rescaling in (5.1.10), (5.1.11) x_k → νx_k , ν → γν, and then sending ν → 0 results in the Newtonian equations:

ẍ_k = −(ẋ^2_k − γ^2) ( 1 x_{k+1} − x_k − 1 x_k − x_{k−1} ) , (5.1.14)

and their discretization (~x_k − x_k + hγ) (~x_k − x_k − hγ) · (x_k − x ~^k − hγ) (x_k − x ~^k + hγ) = ( x ~^{k+1} − x_k + hγ) ( x ~^{k+1} − x_k − hγ) · (x_k − ~x_{k−1} − hγ) (x_k − ~x_{k−1} + hγ) . (5.1.15)

The system (5.1.14) is dual to (5.1.12), in particular, it also corresponds to a canonical parametrization of the pure cubic bracket {·, ·}_3.

Finally, rescaling x_k → νx_k and then sending ν → 0 in the equations (5.1.12), (5.1.13), or, equivalently, sending γ → 0 in the equations (5.1.14), (5.1.15), we come to the simplest Newtonian equations, still corresponding to a canonical parametrization of the pure cubic bracket {·, ·}_3:

ẍ_k = −ẋ^2_k ( 1 x_{k+1} − x_k − 1 x_k − x_{k−1} ) , (5.1.16)

and to their discretization 1 ~x_k − x_k − 1 x_k − x ~^k = 1 x ~^{k+1} − x_k − 1 x_k − ~x_{k−1} . (5.1.17)

The present Chapter is devoted to elaborating all these Newtonian equations of motion, both in continuous and discrete time. For all these systems we shall trace back the relations to TL and dTL, respectively, and provide a Lagrangian and (only for continuous time systems) Hamiltonian formulation. For some of them also nice 2 × 2 Lax representations will be given.

5.11 Bibliographical remarks

5.1. The exponential Toda lattice (5.1.1) was discovered by Toda (1967), see also Toda (1989). The relation to the dual Toda lattice (5.1.2) was instrumental in this discovery. The exponential form of the modified Toda lattice (5.1.7) first appeared in Chen and Liu (1975).

The system (5.1.10), as well as its degenerations (5.1.12), (5.1.14), (5.1.16), seem to be discovered by Yamilov (1989). He proved also that the list of continuous time Toda–like lattices reproduced in Sect. 5.1 exhausts integrable lattice systems of the type

ẍ_k = f(ẋ_k) ( g(x_{k+1} − x_k ) − g(x_k − x_{k−1}) ) . More precisely, he demonstrated that this list exhausts such systems possessing conservation laws of a high enough order (see the original paper for a precise formulation). As we show in the present Chapter, these systems are integrable also in the usual Liouville–Arnold sense, possess many enough conservation laws, Lax representations etc. Yamilov also elaborated on the coupled nonlinear Schrödinger equations connected with the above lattices (see also Shabat and Yamilov (1988, 1990) for a far reaching development of this idea). For the reader’s convenience, we cite here the corresponding constriuction for the standard exponential Toda lattice { (x_k)_t = p_k , (p_k)_t = ex^{k+1} −x^k − ex^k −x^{k−1} .

These motion equations are to be supplemented with the analogous equations for the second flow, corresponding to the integral^1_3 ∑ p^3_k + ∑ (p_{k+1} + p_k)ex^{k+1} −x^k , namely: { (x_k)_s = p^2_k + ex^{k+1} −x^k + ex^k −x^{k−1} , (p_k)_s = (p_{k+1} + p_k)ex^{k+1} −x^k − (p_k + p_{k−1})ex^k −x^{k−1} .

Now, denoting u = ex^k and v = e−x^{k−1} , one arrives after some manipulations at the system of partial differential equations for (u, v):

u_s = u_{tt} + 2u^2v , −v_s = v_{tt} + 2uv^2 .

Miraculously, this procedure works for all equations of the list of integrable Newtonian Toda–like systems.

5.2. The discrete time Toda lattice (5.1.3), in the Lagrangian form (5.2.8), (5.2.9), was found by Toda and Wadati (1975), Wadati and Toda (1975) as a Bäcklund transformation for the Toda lattice. The Lagrangian function appeared as a generating function of the Bäcklund transformation, which demonstrated also the symplectic nature of this transformation. Notice that in the infinite lattice situation this Bäcklund transformation is, generically, no longer isospectral; rather, it adds one soliton to the solution. These results are presented also in Hirota and Satsuma (1978), Toda (1989), Gaudin (1983). See also Kuznetsov and Sklyanin (1998), where a novel property of spectrality of Bäcklund transformation is introduced.

The 2 × 2 Lax representation of the Toda lattice with the matrices (5.2.18), (5.2.19) is due to Faddeev with co-workers, see Takhtajan and Faddeev (1979), Faddeev and Takhtajan (1987). The 2 × 2 Lax representation of the discrete time Toda lattice with the matrices (5.2.18), (5.2.20) is essentially due to Gaudin (1983). The relation of the N × N and the 2 × 2 Lax representations of the discrete time Toda lattice is discussed in detail in Kuznetsov and Sklyanin (1998).

5.3–5.10. The discrete time Newtonian systems (5.1.6), (5.1.8), (5.1.9), and (5.1.17) were found in Suris (1997b), while (5.1.4) and the discretization of the second Toda flow (5.10.9) were found in Suris (1999a). The systems (5.1.11), (5.1.15) may be extracted from Adler (1998, 2000) as particular cases of the corresponding relativistic systems; their relations to the flow dTL is elaborated here for the first time. All 2 × 2 Lax representations, both continuous and discrete time, given in this Chapter, are new (except, of course, those for the exponential Toda lattice).

Chapter 6

Relativistic Toda lattice

Contents

6.1 Introduction 6.2 The first Lax representation of RTL(α) 6.3 Linear r–matrix structure for the first Lax representation 6.4 Quadratic r–matrix structure for the first Lax representation 6.5 Tri–Hamiltonian structure of RTL(α) 6.6 The second Lax representation of RTL(α) 6.7 Linear r–matrix structure for the second Lax representation 6.8 Quadratic r–matrix structure for the second Lax representation 6.9 Discretization of the flow RTL_+(α) 6.10 Localizing change of variables for dRTL_+(α) 6.11 Discretization of the flow RTL_−(α) 6.12 Localizing change of variables for dRTL_−(α) 6.13 2×2 Lax representations 6.14 Modified relativistic Toda lattice MRTL(α; ϵ) 6.15 Different forms of MRTL(α; ϵ) 6.16 Lax representations of MRTL(α; ϵ) 6.17 r–matrix interpretation of MRTL(α; ϵ) 6.18 Discretization of MRTL_+(α; ϵ) 6.19 Localizing change of variables for dMRTL_+(α; ϵ) 6.20 Discretization of MRTL_−(α; ϵ) 6.21 Bibliographical remarks

6.1 Introduction

The system known nowadays as the relativistic Toda lattice (RTL) was invented by S.N.M. Ruijsenaars in the form of the following Newtonian equations of motion:

ẍ_k = (1 + αẋ_{k+1})(1 + αẋ_k ) ex^{k+1} −x^k 1 + α^2ex^{k+1} −x^k

− (1 + αẋ_k )(1 + αẋ_{k−1}) ex^k −x^{k−1} 1 + α^2ex^k −x^{k−1}

. (6.1.1)

As usual, this system may be considered on an infinite lattice (k ∈ Z), or on a finite one (1 ≤ k ≤ N). In the latter case open–end or periodic boundary conditions may be imposed, they look just as for the usual Toda lattice. Here α is a (small) parameter of the model, having physical meaning of the inverse speed of light. The non-relativistic limit to the usual (exponential) Toda lattice (5.1.1) is achieved by sending α → 0. So, (6.1.1) is a one–parameter perturbation of the usual Toda lattice.

Many properties of the Toda lattice have their relativistic counterparts. In particular, one can introduce the change of variables (x, ẋ) → (a, b) which is similar to the Flaschka’s one (3.1.2), and is at the same time its O(α)–perturbation:

1 + αb_k =

1 + αẋ_k

1 + α^2ex^{k+1} −x^k

, a_k = (1 + αb_k) ex^{k+1} −x^k . (6.1.2)

The equations satisfied by b_k, a_k read:

ḃ_k = (1 + αb_k)(a_k − a_{k−1}) , ȧ_k = a_k(b_{k+1} − b_k + αa_{k+1} − αa_{k−1}) , (6.1.3)

which may be considered as a one–parameter perturbation of the flow TL. This system turns out to have much richer structure than the original Newtonian equations. It is this system (6.1.3) we shall be mainly occupied with in this Chapter. We use an abbreviated name RTL_+(α) for this flow. The explanation of the “+” sign in this abbreviation is as follows. The system (6.1.3) is the simplest (the “first”) member of a hierarchy of commuting flows. This hierarchy contains one more flow with equations of motion as simple as those of RTL_+(α):

ḃ_k = a^k

1 + αb_{k+1} − a_{k−1} 1 + αb_{k−1} , ȧ_k = a_k ( b_{k+1} 1 + αb_{k+1} − b_k 1 + αb_k ) , (6.1.4)

which is another one–parameter perturbation of TL. We shall see that it is natural to call this flow the “minus first” flow of the RTL(α) hierarchy, and to assign an abbreviation RTL_−(α) to it. Note in passing that the system (6.1.4) arises from Newtonian equations slightly distinct from (6.1.1). More precisely, consider the system

ẍ_k = (1 − αẋ_{k+1})(1 − αẋ_k ) ex^{k+1} −x^k 1 + α^2ex^{k+1} −x^k

− (1 − αẋ_k )(1 − αẋ_{k−1}) ex^k −x^{k−1} 1 + α^2ex^k −x^{k−1}

. (6.1.5)

Basically, (6.1.1) and (6.1.5) are sent into one another by changing the sign of α, or, alternatively, by inverting the direction of time, t → −t. Introduce the change of variables (x, ẋ) → (a, b) according to: 1 + αb_k =

1 + α^2ex^k −x^{k−1} 1 − αẋ_k , a_k = (1 + αb_k) ex^{k+1} −x^k . (6.1.6)

Then the evolution of the (a, b) variables in virtue of (6.1.5) is given by (6.1.4).

Both systems RTL_±(α) may be considered either under open–end boundary conditions (a_0 = a_N = 0), or under periodic ones (all the subscripts are taken (mod N), so that b_{N+1} ≡ b_1, b_0 ≡ b_N , a_{N+1} ≡ a_1, a_0 ≡ a_N ).

These two flows have very rich properties, similar to those of the usual Toda lattice, i.e. of the flow TL. At first glance, the “relativistic” α–deformation is much like the modification. Indeed, the equations (6.1.3) of RTL_+(α) look similar to (and slightly more complicated than) the equations (3.1.5) of MTL(α). However, this deformation is of a very different nature. It is not generated by any Miura–like transformation, and is not accompanied by a lost of local invariant Poisson structures. Like the flow TL, its relativistic deformations RTL_±(α) possess three local invariant Poisson brackets, discussed in Sect. 6.5. Different parametrizations of invariant Poisson structures via canonically conjugate variables lead to a series of integrable Newtonian equations, including (6.1.1), (6.1.5). These will constitute the subject of Chapter 8.

As for Lax representations of the flows RTL_±(α), there exist two apparently different ones. The first one of them, introduced in Sect. 6.2, has an advantage of being very general. Actually, it is applicable to any system governed by a standard Lax representation, and delivers its “relativistic” deformation. Its r–matrix interpretation may be given in terms of generalized linear r–matrix structures, see Sect. 6.3. Also an interpretation in terms of quadratic r–matrix structures is possible, and leads to amasing conclusions, namely, that the quadratic invariant Poisson brackets for all the relativistic deformations literally coincide with those of their nonrelativistic counterparts. These results are given in Sect. 6.4.

Although the first Lax representation of the RTL(α) hierarchy has several advantageos features, it is not well suited for the purpose of discretization. To this end the second Lax representation is introduced in Sect. 6.6. This Lax representation is of a standard type, and can be also given an r–matrix interpretation in terms of the (standard) linear and the quadratic r–matrix structures on g, see Sect. 6.7, 6.8.

(Also 2 × 2 Lax representations are available, see Sect. 6.13, but they do not play an essential role in our presentation).

The second Lax representations of the both flows RTL_±(α) serve as welcome objects for applying our general approach to integrable discretization. This is done for the flow RTL_+(α) in Sect. 6.9, and for the flow RTL_−(α) in Sect. 6.11. As usual, discretizations thus obtained lose the property of being described by local equations of motion. Nevertheless, the general device of localizing changes of variables is applicable and leads to beautiful local discretizations. The local discretization of RTL_+(α) is obtained in Sect. 6.10, and reads:

(1 + α~b_k)(1 + hα~a_{k−1}) = (1 + αb_k)(1 + hαa_k) ,

~a_k(1 + h~b_k)(1 + hα~a_{k−1}) = a_k(1 + hb_{k+1})(1 + hαa_{k+1}) ,

(6.1.7)

while the local discretization of RTL_−(α) is found in Sect. 6.12: ~b_k + h~a^{k−1} 1 + α~b_{k−1} = b_k + ha_k 1 + αb_{k+1} ,

~a_k ( 1 + h~b_k 1 + α~b_k ) = a_k ( 1 + hb_{k+1}

1 + αb_{k+1}

) (6.1.8)

Actually, the variables (a, b) in these formulas are related to (a, b) by two different Miura transformations, so that the discretizations (6.1.7), (6.1.8) do not belong to the RTL(α) hierarchy anymore, but rather to two apparently different modified RTL(α) hierarchies. As a matter of fact, these two hierarhies turn out to be not really different. They are related to one another by means of an (invertible) change of variables (which intertwins the above mentioned Miura transformations), so that is sufficient to study one of them.

The first flow of the hierarchy MRTL(α; ϵ) corresponding to the “+”–version of the Miura map reads:

ḃ_k = (1 + ϵb_k)(1 + αb_k)(a_k − a_{k−1}) ,

ȧ_k = a_k(1 + ϵαa_k) ( b_{k+1} + αa_{k+1} + ϵαb_{k+1}a_{k+1} − b_k − αa_{k−1} − ϵαb_ka_{k−1} ) . (6.1.9)

The discretization (6.1.7) belongs to the hierarchy MRTL(α; h). At first glance, the above flow reminds the double modified Toda flow M^2TL(α, ϵ). However, in (6.1.9) the parameters α and ϵ enter not quite symmetrically. More important, in the course of modification one local invariant Poisson structure goes lost, so that (6.1.9) is bi–Hamiltonian, see Sect. 6.14. This is opposed to M^2TL(α, ϵ) possessing only one local invariant Poisson structure.

The natural Lax representation for the flow (6.1.9) (and for the whole MRTL(α; ϵ) hierarchy) lives in g ⊗ g ⊗ g, see Sect. 6.16. This Lax representation belongs to the class covered by our recipe. Hence we perform the discretization of (6.1.9) in Sect. 6.18, and find the corresponding localizing changes of variables in Sect. 6.19. The local discretization of the system (6.1.9) reads:

1 + ϵ~b_k

1 + α~b_k · 1 + hϵ~a_{k−1} 1 + hα~a_{k−1} = 1 + ϵb_k

1 + αb_k · 1 + hϵa_k

1 + hαa_k ,

~a_k 1 + ϵα~a_k · (1 + h~b_k)(1 + hα~a_{k−1}) 1 − hϵα~b_k~a_{k−1} = a_k

1 + ϵαa_k · (1 + hb_{k+1})(1 + hαa_{k+1})

1 − hϵαb_{k+1}a_{k+1} . (6.1.10)

As usual, the localizing change of variables leading to (6.1.10) may be used also in order to further modify the flow (6.1.9). The double modified relativistic Toda lattice M^2RTL_+(α; ϵ, δ) obtained on this way reads:

ḃ_k = (1 + αb^k)(1 + ϵb^k)(1 + δb^k)(a^k − a^{k−1}) 1 − δϵαD(a_k , b_k, a_{k−1}) , (6.1.11)

ȧ_k = a_k(1 + ϵαa_k)(1 + δαa_k)(1 + δϵa_k) ( b_{k+1} + αa_{k+1} + α(ϵ + δ)b_{k+1}a_{k+1} 1 − δϵαD(a_{k+1}, b_{k+1}, a_k) − − b_k + αa_{k−1} + α(ϵ + δ)b_ka_{k−1} 1 − δϵαD(a_k, b_k, a_{k−1}) ) , (6.1.12)

where D(a_k, b_k, a_{k−1}) = a_kb_k + b_ka_{k−1} + αa_ka_{k−1} + α(ϵ + δ)a_kb_ka_{k−1} . (6.1.13)

Notice that this system is, as usual, symmetric with respect to flipping the modification parameters ϵ ↔ δ, and that the parameter α playes an asymmetric role. In the “nonrelativistic limit” α → 0 one recovers the double modified Toda lattice M^2TL(ϵ, δ). Notice that the system M^2RTL_+(α; ϵ, δ) resembles the triple modification of the Toda lattice M^3TL_+(α, ϵ, δ) but has somewhat different properties. In particular, it admits one local invariant Hamiltonian structure. We remark also that the discretization (6.1.10) belongs to the hierarchy M^2RTL(α; ϵ, h).

6.21 Bibliographical remarks

6.1. The relativistic Toda lattice (6.1.1) was introduced by Ruijsenaars (1990). Early references, concerning inverse scattering and finite gap solutions, Lax representations and so on, include: Bruschi and Ragnisco (1988, 1989a,b), Alber (1989). (Notice that Ruijsenaars’ work circulated a couple of years as a preprint, and was published later than the papers just mentioned). Lie–algebraic generalizations were introduced in Suris (1990b), see also Kuznetsov and Tsiganov (1993). A recent review where RTL is included in a broad physical context is Kharchev, Mironov, and Zhedanov (1995).

6.2–6.5. Our first Lax representation of the relativistic Toda lattice is a particular case of the relativistic deformations of Lax operaotors introduced in Gibbons and Kupershmidt (1990), see also Kupershmidt (1993). In a form without a small parameter, this Lax representation was present already in Bruschi and Ragnisco (1988, 1989a). The linear r–matrix structure was found in the open–end case without a small parameter in Oevel and Ragnisco (1989), our presentation of the general case in Sect. 6.7 follows Suris (1999d). The quadratic r–matrix structure in Sect. 6.8 was found for the first time in Suris (1999d) (see the discussion of earlier unsuccessful attempts in this direction in Oevel and Ragnisco (1989), Morosi (1992)).

The tri–Hamiltonian structure was elaborated in Bruschi and Ragnisco (1988, 1989a) and in Oevel et al. (1990), Zhang et al. (1991). The latter two papers are based on the master symmetries approach, see in this respect also Damianou (1994) and Nunes da Costa and Marlet (1997).

6.6–6.8. The second Lax representation in terms of (L, W ) ∈ g ⊗ g was invented in Suris (1991), although the monodromy matrices T_{1,2} were introduced already in Ruijsenaars (1990). The linear and the quadratic r–matrix structures for this Lax representation were elaborated in Suris (1990, 1993b). The interpretation of the corresponding Lax matrix as lying on an orbit of a Lie–Poisson group, found in the first of these papers, was further developed in Fock and Marshakov (1997) and generalized for all simple Lie groups in Hoffmann et al. (2000).

6.9–6.12. The discretization of the relativistic Toda lattice was first performed in Suris (1996a). This was the first nontrivial application of our general recipe of integrable discretization. The localizing changes of variables were found in Suris (1999c).

6.13. 2 × 2 Lax representations for RTL appeared for the first time in Suris (1990b). 6.14–6.20. All results on the modified relativistic Toda lattice and its discretization are new and published here for the first time.

46

Chapter 7

Relativistic Volterra lattice

Contents

7.1 Introduction 7.2 Quadratic invariant Poisson bracket of RVL(α) 7.3 Cubic invariant Poisson bracket of RVL(α) 7.4 Auto–transformation of RVL(α) 7.5 The first Lax representation of RVL(α) 7.6 Quadratic r–matrix structure for the first Lax representation 7.7 The second Lax representation of RVL(α) 7.8 The third Lax representation of RVL(α) 7.9 Quadratic r–matrix structure for the third Lax representation 7.10 Discretization of RVL_+(α) 7.11 Localizing change of variables for dRVL_+(α) 7.12 Discretization of RVL_−(α) 7.13 Localizing change of variables for dRVL_−(α) 7.14 Modified relativistic Volterra lattice 7.15 Discretization of MRVL_+(α; ϵ) 7.16 Bibliographical remarks

7.1 Introduction

The previous Chapter was devoted to the study of the relativistic Toda lattice. We traced several points of the similarity between this system and the usual Toda lattice. However, one such point remained untouched, and we turn our attention to it now. The usual Toda lattice (TL) is Miura related to the two–field Volterra lattice (VL). It turns out that the same Miura transformations relate the flows RTL_±(α) to certain systems which are one–parameter perturbations of VL, and can therefore be called relativistic Volterra lattices and denoted RVL_±(α), see Sect. 7.2. An interesting phenomenon here is that each one of the flows RTL_+(α), RTL_−(α), being pulled back under two companion Miura transformations, results in two slightly different systems, so that actually each one of the systems RVL_+(α), RVL_−(α) splits into two versions. We give here those ones of RVL_±(α) which are related to the Miura map M_2. The flow RVL_+(α), i.e. the pull–back of RTL_+(α) under M_2, reads:

u̇_k = u_k(v_k − v_{k−1} + αu_{k+1}v_k − αu_kv_{k−1}) ,

v̇_k = v_k(u_{k+1} − u_k + αu_{k+1}v_k − αu_kv_{k−1}) .

(7.1.1)

The flow RVL_−(α), i.e. the pull–back of RTL_−(α) under M_2, reads:

u̇_k = u_k ( v_k 1 + α(u_k + v_k ) − v_{k−1} 1 + α(u_{k−1} + v_{k−1}) ) ,

v̇_k = v_k ( u_{k+1} 1 + α(u_{k+1} + v_{k+1}) − u_k 1 + α(u_k + v_k) ) . (7.1.2)

These two systems are the simplest flows of a bi–Hamiltonian hierarchy, i.e. they have two invariant local Poisson structures, discussed in Sect. 7.3, and commute with one another.

There exist several Lax representations of the RVL(α) hierarchy. The first one of them (Sect. 7.5) appears as an application of the general relativistic ansatz. An r–matrix interpretation of this Lax representation is given in Sect. 7.6. Having an advantage of a high generality, this ansatz leads to nonstandard Lax equations. We get rid of this drawback by using other Lax representations in g ⊗g ⊗g (Sect. 7.7, 7.8), ideally suited for applying our general recipe for discretization. We perform the discretization of RVL_±(α) in Sect. 7.10, 7.12, and find the corresponding localizing changes of variables in Sect. 7.11, 7.13. For example, the local discretization of RVL_+(α) reads: ~u_k 1 + h~v_{k−1} 1 − hα~u_k ~v_{k−1} = u_k

1 + hv_k 1 − hαu_{k+1}v_k ,

~v_k 1 + h~u_k 1 − hα~u_k ~v_{k−1} = v_k

1 + hu_{k+1} 1 − hαu_{k+1}v_k . (7.1.3)

This discretization belongs to the modified relativistic Volterra hierarchy MRVL(α; h) with the modification parameter h. The simplest flow of the general MRVL(α; ϵ) hierarchy with the modification parameter ϵ reads (Sect. 7.14):

u̇_k = u_k(1 + ϵu_k) ( v_k + αu_{k+1}v_k 1 − ϵαu_{k+1}v_k − v_{k−1} + αu_kv_{k−1} 1 − ϵαu_kv_{k−1} ) ,

v̇_k = v_k (1 + ϵv_k) ( u_{k+1} + αu_{k+1}v_k 1 − ϵαu_{k+1}v_k − u_k + αu_kv_{k−1} 1 − ϵαu_kv_{k−1} ) . (7.1.4)

This system possesses one local invariant Poisson structure (in agreement with the general expectations). Its discretization is performed in Sect. 7.15.

7.16 Bibliographical remarks

The relativistic Volterra lattice was introduced in Suris and Ragnisco (1999) along with the “first” and the “third” Lax representations (cf. Sect. 7.5 and 7.8). The discretization of this system was achieved (including the localizing change of variables) in Suris (1999c). The results on the modified relativistic Volterra lattice are new.

Chapter 8

Newtonian equations of the relativistic Toda type

Contents

8.1 Introduction 8.2 Parametrizing the linear–quadratic bracket 8.3 Parametrizing the linear bracket 8.4 Parametrizing the linear bracket: Dual parametrization 8.5 Parametrizing the quadratic bracket 8.6 Parametrizing the linear–quadratic bracket II 8.7 Parametrizing the cubic–quadratic bracket 8.8 Parametrizing the cubic bracket I 8.9 Parametrizing the cubic bracket II 8.10 Parametrizing the cubic bracket III 8.11 Bibliographical remarks

8.1 Introduction

Recall that the relativistic Toda lattice invented by Ruijsenaars, was actually described by Newtonian equations of motion

ẍ_k = (1 + αẋ_{k+1})(1 + αẋ_k ) ex^{k+1} −x^k 1 + α^2ex^{k+1} −x^k

− (1 + αẋ_k )(1 + αẋ_{k−1}) ex^k −x^{k−1} 1 + α^2ex^k −x^{k−1}

. (8.1.1) We will see that these Newtonian equations appear as a result of parametrizing the bracket {·, ·}_1 + α{·, ·}_2 for the phase variables (a, b) of RTL_+(α) via canonically conjugate variables. The same parametrization produces from RTL_−(α) the Newtonian equations

ẍ_k = (1 − αẋ_{k+1})(1 − αẋ_k ) ex^{k+1} −x^k 1 + α^2ex^{k+1} −x^k

− (1 − αẋ_k )(1 − αẋ_{k−1}) ex^k −x^{k−1} 1 + α^2ex^k −x^{k−1}

, (8.1.2) which differ only by the sign of α, or, what is equivalent, by the change of time direction.

If we look for the maps dRTL_±(α) in the same parametrization, then we come to two systems of discrete time Newtonian equations of motion:

1 + αh^{−1} ( e~x^k −x^k − 1 )

1 + αh^{−1} ( ex^k − x~^k − 1 ) = ( 1 + α^2ex^{k+1} −x^k )( 1 + α(α − h)ex^k −~x^{k−1} ) ( 1 + α^2ex^k −x^{k−1} )( 1 + α(α − h)e x~^{k+1} − x^k ) , (8.1.3)

and 1 − αh^{−1} ( e~x^k −x^k − 1 )

1 − αh^{−1} ( ex^k − x~^k − 1 ) = ( 1 + α^2ex^{k+1} −x^k )( 1 + α(α + h)ex^k −~x^{k−1} ) ( 1 + α^2ex^k −x^{k−1} )( 1 + α(α + h)e x~^{k+1} − x^k

) , (8.1.4)

respectively. Remarkably, the relation between these two systems mimics the relation between their continuous time counterparts: one comes from (8.1.3) to (8.1.4) by changing the sign of either α or h. But, as already mentioned, the tri–Hamiltonian nature of the RTL(α) hierarchy is responsible for existence of a very vast set of different Newtonian systems hidden behind the flows RTL_±(α). Namely, not only the above Poisson bracket may be parametrized via canonically conjugate variables, but also other linear combinations of the three invariant Poisson brackets. We list in this Section the most important results which can be obtained along this path. They always can be interpreted as α–perturbations of the corresponding results for the usual Toda lattice.

Parametrizing the linear bracket {·, ·}_1 for the (a, b) variables, we find that this can be done in two dual ways, and in each one of these parametrizations the Newtonian equations for RTL_+(α) and RTL_−(α) do not coincide anymore. The first parametrization leads, as in the case of the usual Toda lattice, to equations with exponential interactions. We find for the RTL_+(α) flow the Newtonian system

ẍ_k = (1 + αẋ_{k+1}) ex^{k+1} −x^k − (1 + αẋ_{k−1}) ex^k −x^{k−1} − α^2e2(x^{k+1} −x^k) + α^2e2(x^k −x^{k−1}) , (8.1.5)

and for the RTL_−(α) flow a substantially different system

ẍ_k = (1 − αẋ_k )^2 ( (1 − αẋ_{k+1}) ex^{k+1} −x^k − (1 − αẋ_{k−1}) ex^k −x^{k−1} ) . (8.1.6)

The map dRTL_+(α) in this parametrization delivers the following discretization for (8.1.5): e ~x_k −x_k − e x_k − x ~^k = hαe x_{k+1} −x_k − hαex^k −x^{k−1} − h(α − h) e x~^{k+1} − x^k 1 − hαe x~^{k+1} − x^k + h(α − h) ex^k −~x^{k−1} 1 − hαex^k −~x^{k−1} , (8.1.7)

while the map dRTL_−(α) becomes a discretization for (8.1.6): 1 1 − αh^{−1} ( e~x^k −x^k − 1 ) − 1 1 − αh^{−1} ( ex^k − x~^k − 1 ) =

= α(α + h)e x ~^{k+1} − x_k − α(α + h)e x_k −~x_{k−1} − α^2e x_{k+1} −x_k + α^2e x_k −x_{k−1} . (8.1.8) The dual parametrization of the linear bracket leads to Newtonian systems with rational interactions:

ẍ_k = ẋ_k (x_{k+1} − 2x_k + x_{k−1}) + αẋ_{k+1}ẋ_k 1 + α(x_{k+1} − x_k ) − αẋ_kẋ_{k−1} 1 + α(x_k − x_{k−1})

, (8.1.9) and ẍ_k = ẋ_k(1 + α^2ẋ_k) ( x_{k+1} − x_k − αẋ_{k+1} 1 + α(x_{k+1} − x_k) − x_k − x_{k−1} − αẋ_{k−1} 1 + α(x_k − x_{k−1}) ) , (8.1.10) for RTL_+(α) and RTL_−(α), respectively. The corresponding discretizations appear from the maps dRTL_+(α) and dRTL_−(α) under the same parametrization: ~x_k − x_k x_k − x ~^k = ( 1 + h( x ~^{k+1} − x_k) ) ( 1 + α( x ~^{k+1} − x_k) ) · ( 1 + α(x_k − ~x_{k−1}) ) ( 1 + h(x_k − ~x_{k−1}) ) · ( 1 + α(x_{k+1} − x_k ) ) ( 1 + α(x_k − x_{k−1})

) , (8.1.11)

and (~x_k − x_k) ( 1 + α(α + h)h^{−1}(x_k − x ~^k ) )

(x_k − x ~^k ) ( 1 + α(α + h)h^{−1}(~x_k − x_k) ) =

= ( 1 + α(x_{k+1} − x_k) ) ( 1 + α(x_k − x_{k−1}) ) · ( 1 + (α + h)(x_k − ~x_{k−1}) ) ( 1 + (α + h)( x ~^{k+1} − x_k) ) , (8.1.12)

respectively.

Looking for further invariant brackets of the RTL(α) hierarchy allowing for a canonical parametrization, we come to the bracket {·, ·}_2. As in the nonrelativistic case (where this bracket led to the modified exponential Toda lattice), it is more convenient to work with the Miura transformed (Volterra) lattice. Under the corresponding parametrization the flow RVL_+(α) leads to the Newtonian system

ẍ_k = ẋ_k ( ex^{k+1} −x^k − ex^k −x^{k−1} )

+α ( ẋ_{k+1}ẋ_k ex^{k+1} −x^k 1 + αex^{k+1} −x^k − ẋ_kẋ_{k−1} ex^k −x^{k−1} 1 + αex^k −x^{k−1} ) , (8.1.13)

while the flow RVL_−(α) gives rize to the following Newtonian system:

ẍ_k = ẋ_k (1 − αẋ_k ) ( (1 − αẋ_{k+1}) ex^{k+1} −x^k 1 + αex^{k+1} −x^k − (1 − αẋ_{k−1}) ex^k −x^{k−1} 1 + αex^k −x^{k−1} ) . (8.1.14)

These both systems may be considered as O(α)–perturbations of the modified exponential Toda lattice.

Integrable discretizations of these systems are obtained via representing the maps dRVL_±(α) in the same parametrization. The map dRVL_+(α) leads to the discretization of (8.1.13): ( e~x^k −x^k − 1 ) ( ex^k − x~^k − 1 ) = ( 1 + he x~^{k+1} − x^k )( 1 + αex^k −~x^{k−1} )( 1 + αex^{k+1} −x^k ) ( 1 + αe x~^{k+1} − x^k )( 1 + hex^k −~x^{k−1} )( 1 + αex^k −x^{k−1} ) , (8.1.15)

while the map dRVL_−(α) leads to the discretization of (8.1.14): ( e~x^k −x^k − 1 ) ( ex^k − x~^k − 1 ) · 1 − αh^{−1} ( ex^k − x~^k − 1 )

1 − αh^{−1} ( e~x^k −x^k − 1 ) =

= ( 1 + αex^{k+1} −x^k ) ( 1 + αex^k −x^{k−1} ) · ( 1 + (α + h) ex^k −~x^{k−1} ) ( 1 + (α + h) e x~^{k+1} − x^k

) , (8.1.16)

Further, we mention two Newtonian systems coming via a canonical parametrization of the bracket {·, ·}_{12} for the phase variables (q, r) of the flows MRTL_±(α; ϵ). These systems are of the same type as the last two ones, but the presence of an additional parameter ϵ gives more freedom. The flow MRTL_+(α; ϵ) leads to the following Newtonian system:

ẍ_k = (1 + ϵẋ_k) ( (1 + αẋ_{k+1}) ex^{k+1} −x^k 1 + ϵαex^{k+1} −x^k − (1 + αẋ_{k−1}) ex^k −x^{k−1} 1 + ϵαex^k −x^{k−1} +α(ϵ − α) e2(x^{k+1} −x^k) 1 + ϵαex^{k+1} −x^k − α(ϵ − α) e2(x^k −x^{k−1}) 1 + ϵαex^k −x^{k−1} ) . (8.1.17)

Notice that this system interpolates between (8.1.5) (which corresponds to ϵ = 0) and (8.1.1) (corresponding to ϵ = α).

The same parametrization of the map dMRTL_+(α; ϵ) leads to the following discretization of (8.1.17):

1 + ϵh^{−1} ( e~x^k −x^k − 1 )

1 + ϵh^{−1} ( ex^k − x~^k − 1 ) =

= ( 1 + ϵαex^{k+1} −x^k )( 1 + h(ϵ − α) e x~^{k+1} −x^k )( 1 + α(ϵ − h)ex^k −~x^{k−1} ) ( 1 + ϵαex^k −x^{k−1} )( 1 + h(ϵ − α) ex^k −~x^{k−1} )( 1 + α(ϵ − h)e x~^{k+1} −x^k ) . (8.1.18)

Apart from the values ϵ = 0, ϵ = α, one more particular value is of a special interest, namely ϵ = h. In this case we get a novel discretization for the flow (8.1.5):

e ~x_k −2x_k + x ~^k = ( 1 + hαex^{k+1} −x^k ) ( 1 + h(h − α) e x~^{k+1} − x^k ) ( 1 + hαex^k −x^{k−1} ) ( 1 + h(h − α) ex^k −~x^{k−1} ) . (8.1.19)

The same parametrization of the flow MRTL_−(ϵ; α) leads to the Newtonian system, interpolating between (8.1.6) and (8.1.2):

ẍ_k = (1 − αẋ_k) ( 1 + (ϵ − α)ẋ_k ) ( (1 − αẋ_{k+1}) ex^{k+1} −x^k 1 + ϵαex^{k+1} −x^k −

−(1 − αẋ_{k−1}) ex^k −x^{k−1} 1 + ϵαex^k −x^{k−1} ) . (8.1.20)

From the map dMRTL_−(α; ϵ) we derive a discretization of the previous system: 1 − αh^{−1} ( ex^k − x~^k − 1 )

1 − αh^{−1} ( e~x^k −x^k − 1 ) · 1 + (ϵ − α)h^{−1} ( e~x^k −x^k − 1 )

1 + (ϵ − α)h^{−1} ( ex^k − x~^k − 1 ) =

= ( 1 + ϵαex^k −x^{k−1} ) ( 1 + ϵαex^{k+1} −x^k ) · ( 1 + ϵ(α + h) e x~^{k+1} − x^k ) ( 1 + ϵ(α + h) ex^k −~x^{k−1} ) . (8.1.21)

This time a significant simplification occurs for ϵ = α + h.

As a last bracket in the relativistic Toda theory, clearly admitting the canonical parametrization, we take the invariant bracket {·, ·}_{23} for the phase space coordinates (y, z) of the MRVL(α; ϵ) hierarchy. Equivalently, one can speak about the linear combination {·, ·}_3 + 4ν{·, ·}_2 of the cubic and the quadratic invariant brackets of the RTL(α) hierarchy, where 4ν = ϵ^{−1}. In the corresponding canonical parametrization the flow MRVL_+(α; ϵ) leads to the following Newtonian system:

ẍ_k = − 1 2 (ẋ^2_k − ν^2) ( sinh 2(x_{k+1} − x_k) − ν^{−1}sinh(2να) ẋ_{k+1} sinh^2(x_{k+1} − x_k) − sinh^2(να) −

− sinh 2(x_k − x_{k−1}) − ν^{−1}sinh(2να) ẋ_{k−1} sinh^2(x_k − x_{k−1}) − sinh^2(να) ) , (8.1.22)

and the map dMRVL_+(α; ϵ) leads to the following discretization of the above system: sinh(~x_k − x_k + νh) sinh(~x_k − x_k − νh) · sinh(x_k − x ~^k − νh) sinh(x_k − x ~^k + νh) =

= sinh(x_{k+1} − x_k + να) sinh(x_{k+1} − x_k − να) · sinh(x_k − x_{k−1} − να) sinh(x_k − x_{k−1} + να) ×

× sinh( x

~^{k+1} − x_k − να + νh) sinh( x

~^{k+1} − x_k + να − νh) · sinh(x_k − ~x_{k−1} + να − νh) sinh(x_k − ~x_{k−1} − να + νh) . (8.1.23)

The ν = 0 particular case of the previous equations corresponds to a canonical parametrization of the pure cubic bracket {·, ·}_3, and results in the following Newtonian equations:

ẍ_k = −ẋ^2_k ( coth(x_{k+1} − x_k) − coth(x_k − x_{k−1}) −

− αẋ_{k+1} sinh^2(x_{k+1} − x_k) + αẋ_{k−1} sinh^2(x_k − x_{k−1}) ) , (8.1.24)

while the discretization reads:

h coth(~x_k − x_k ) − h coth(x_k − x ~^k ) = α coth(x_{k+1} − x_k) − α coth(x_k − x_{k−1})−

−(α − h) coth( x ~^{k+1}

− x_k) + (α − h) coth(x_k − ~x_{k−1}) . (8.1.25) There exists also another interesting limit case of (8.1.22), (8.1.23). One can first rescale in this equations x_k → νx_k, ν → γν, and only then send ν → 0. This results in the Newtonian equations:

ẍ_k = −(ẋ^2_k − γ^2) ( x_{k+1} − x_k − αẋ_{k+1} (x_{k+1} − x_k )^2 − γ^2α^2 − x_k − x_{k−1} − αẋ_{k−1} (x_k − x_{k−1})^2 − γ^2α^2 ) , (8.1.26)

and their discretization (~x_k − x_k + γh) (~x_k − x_k − γh) · (x_k − x ~^k − γh) (x_k − x ~^k + γh) = (x_{k+1} − x_k + γα) (x_{k+1} − x_k − γα) · (x_k − x_{k−1} − γα) (x_k − x_{k−1} + γα) ×

× ( x ~^{k+1} − x_k − γα + γh) ( x ~^{k+1} − x_k + γα − γh) · (x_k − ~x_{k−1} + γα − γh) (x_k − ~x_{k−1} − γα + γh) . (8.1.27)

The system (8.1.26) is dual to (8.1.24), in particular, it also corresponds to a canonical parametrization of the pure cubic bracket {·, ·}_3.

Finally, one can combine both limits described above, i.e. either rescale x_k → νx_k and then send ν → 0 in the equations (8.1.24), (8.1.25), or, equivalently, send γ → 0 in the equations (8.1.26), (8.1.27). This leads to the simplest Newtonian equations, still corresponding to a canonical parametrization of the pure cubic bracket {·, ·}_3:

ẍ_k = −ẋ^2_k ( 1 x_{k+1} − x_k − 1 x_k − x_{k−1} − αẋ_{k+1} (x_{k+1} − x_k)^2 + αẋ_{k−1} (x_k − x_{k−1})^2 ) , (8.1.28) and to their discretization h ~x_k − x_k − h x_k − x ~^k = α x_{k+1} − x_k − α x_k − x_{k−1} − α − h x ~^{k+1} − x_k + α − h x_k − ~x_{k−1} . (8.1.29)

Let us stress once more that all this variety of Newtonian systems arises from different parametrizations of the (a, b) variables in no more than two continuous time flows and in their two integrable discretizations. It is the multi–Hamiltonian structure of the relativistic Toda hierarchy that finds its manifestation in these different parametrizations.

8.11 Bibliographical remarks

In the paper Ruijsenaars (1990) the term “relativistic Toda lattice” was used for the systems (8.1.1), (8.1.2) only.

The discretization of these systems was performed in Suris (1996a), where the systems equivalent to (8.1.3), (8.1.4) were derived, along with the N × N Lax representations and solutions in terms of matrix factorizations.

Further, in Suris (1997a) the Newtonian systems (8.1.5) and (8.1.6) were found, along with their discretizations (8.1.7) and (8.1.8), as well as the systems (8.1.13) and (8.1.14) with the discretizations (8.1.15) and (8.1.16), and the systems (8.1.17) and (8.1.20) with the discretizations (8.1.18) and (8.1.21). The “dual” systems (8.1.9) and (8.1.10) with the discretizations (8.1.11) and (8.1.12) appeared in Suris (1999a). Needless to say that the relation with the flows RTL_±(α), resp. with the maps dRTL_±(α) provided a complete understanding for all these systems, including the full set of integrals of motion, N × N and 2 × 2 Lax representations etc. Some of the 2 × 2 Lax representations were found independently by Deconinck (1996).

Along another line of research, Adler and Shabat (1997a,b) achieved a complete classification of “integrable” systems of the type

ẍ_k = r(ẋ_k ) ( ẋ_{k+1}f(x_{k+1} − x_k ) − ẋ_{k−1}f(x_k − x_{k−1}) + g(x_{k+1} − x_k) − g(x_k − x_{k−1}) ) . Their notion of “integrability” is a clever and unexpected device, allowing to carry out a complete classification, but it has, à priori, nothing to do with the usual Liouville–Arnold integrability. Namely, they noticed that the above systems are always Lagrangian, and required that their form be retained under a sort of Legendre transformation. This allowed them to find all the continuous time Newtonian equations mentioned above, as well as the system (8.1.22) with its particular cases (8.1.24), (8.1.26), (8.1.28). Moreover, they also studied and classified coupled equations of the nonlinear Schrödinger type related to the above Newtonian lattices (cf. Bibliographical remarks to Chapt. 5). We provide the reader with the simplest example. Consider the lattice equivalent to (8.1.5) (dots stand for derivatives with respect to the time t):

ẍ_k = ẋ_{k+1}ex^{k+1} −x^k − ẋ_{k−1}ex^k −x^{k−1} − e2(x^{k+1} −x^k) + e2(x^k −x^{k−1}) ,

which is generated by the Hamilton function H_2 =^1_2 ∑ p^2_k + ∑ p_kex^{k+1} −x^k . Consider also a commutiong flow (with the time denoted by s) with the Hamilton function H_3 =^1_3 ∑ p^3_k + ∑ (p_k + p_{k+1})p_kex^{k+1} −x^k + ∑ p_kex^{k+2} −x^k . Denoting u = ex^k and v = e−x^{k−1} , one arrives after some straightforward manipulations at the system

u_s = u_{tt} − 2u^2v_t − 2u^3v^2 , v_s = −v_{tt} − 2v^2u_t + 2v^3u^2 .

In the subsequent publication Adler (1999) used a similar approach to perform a classification of “integrable” discrete time Lagrangian systems of the relativistic Toda type. He found, in addition to the discretizations mentioned above, also the discrete time lattice (8.1.23) and its particular cases (8.1.25), (8.1.27), and (8.1.29). As we demonstrate in Sect. 8.7–8.10, these discrete time lattices are integrable also in the usual sense.

Various interrelations between the discrete time Toda and relativistic Toda lattices are explored in Suris (1995), Adler (2000a).

Chapter 9

Explicit discretizations for Toda–type systems

Contents

9.1 Introduction

9.2 Explicit discretization for TL

9.3 Explicit discretization for MTL(ϵ)

9.4 Explicit discretization for VL

9.5 Explicit discretization for MVL(ϵ)

9.6 Explicit dRTL_+(h) from implicit dTL

9.7 Explicit dRVL_+(h) from implicit dVL

9.8 Bibliographical remarks

9.1 Introduction

Recall that the maps dRTL_+(α), dRVL_+(α) introduced in Chapt. 6, 7, depend actually on two parameters: the “relativistic” parameter α (entering into the notations explicitly) and the time step h (suppressed from the notations). If one takes an attentive look at the recurrent relations for the auxiliary quantities participating in the definitions of the maps dRTL_+(α), dRVL_+(α) etc., one sees that there exists a special value of the relativistic parameter α, for which these recurrent relations simplify dramatically. This is the value α = h. More precisely, for this value the above mentioned relations cease to be recurrent. Instead, they immediately deliver closed expressions for the auxiliary variables. This allows eventually to put the equations of motion of the maps under consideration into a closed, and morover, an explicit form. The same conclusions hold for the maps dRTL_−(α), dRVL_−(α) etc., with α = −h. Since the resulting simplified systems are basically the same (up to the change of time direction), we concentrate on the first case.

To be more concrete, the equations of motion of the map dRTL_+(h) may be put in the form

~b_k = b_k + h(a_k − a_{k−1}) , ~a_k = a_k 1 + h ~b_{k+1} 1 + h~b_k (9.1.1)

(the variables (a, b) are related to (a, b) via a simple invertible change). These equations are explicit, since they allow us to calculate (~a, ~b), once (a, b) are known. It is crucial that the relativistic parameter α for the map (9.1.1) coincides with the value of the time step h which implicitly enters the definition of the map dRTL_+(α). The map (9.1.1) may be considered as a disretization of the flow TL:

ḃ_k = a_k − a_{k−1} , ȧ_k = a_k(b_{k+1} − b_k) , but it belongs to the RTL(h) hierarchy rather than to the TL one. The equations (9.1.1) have to be compared with the implicit discretization

~b_k = b_k + h(a_k − ~a_{k−1}) , ~a_k(1 + h~b_k) = a_k (1 + hb_{k+1}) , (9.1.2)

belonging to the (modified) nonrelativistic TL hierarchy. We see that the transition from (9.1.2) to (9.1.1) may be described in the following terms: the variables with the subscript k − 1 are shifted backwards in time, while the variables with the subscript k + 1 are shifted forwards in time.

Miura related to the map (9.1.1) is the map dMRTL_+(h; ϵ). Its most elegant form, achieved after an invertible change of variables (q, r) → (q, r), reads:

1 + ϵ~r_k = (1 + ϵr_k) 1 + hϵq_k 1 + hϵq_{k−1} , ~q_k = q_k 1 + h~r_{k+1} 1 + h~r_k . (9.1.3)

Clearly, this is an explicit discretization of the nonrelativistic MTL(ϵ) flow,

ṙ_k = (1 + ϵr_k)(q_k − q_{k−1}) , q̇_k = q_k(r_{k+1} − r_k) .

This explicit discretization should be compared with the implicit one (3..17.3), which belongs to the (double) modified TL hierarchy.

Another map Miura related to (9.1.1) is the map dRVL_+(h), whose equations of motion also have in an explicit form: ~u_k = u_k 1 + hv_k 1 + hv_{k−1} , ~v_k = v_k 1 + h~u_{k+1} 1 + h~u_k . (9.1.4)

(indeed, knowing (u, v), one can calculate first ~u, then ~v). Again, this map belongs to the RVL(h) hierarchy but serves as an explicit discretization of the flow

u̇_k = u_k(v_k − v_{k−1}) , v̇_k = v_k(u_{k+1} − u_k) ,

which is of course, nothing but the nonrelativistic VL.

Finally, a further Miura transformation leads to the map dMRVL_+(h; ϵ), whose equations of motion also are of an explicit nature: ~y_k 1 + ϵ~y_k = y_k 1 + ϵy_k · 1 + hz_k 1 + hz_{k−1} , ~z_k 1 + ϵ~z_k = z_k 1 + ϵz_k · 1 + h~y_{k+1} 1 + h~y_k . (9.1.5)

Once more are we confronted with the same phenomenon: this system belongs to to the relativistic MRVL(h; ϵ) hierarchy, but serves as an explicit discretization of the corresponding nonrelativistic flow MVL(ϵ):

ẏ_k = y_k(1 + ϵy_k)(z_k − z_{k−1}) , ż_k = z_k(1 + ϵz_k)(y_{k+1} − y_k) .

This discretization should be compared with the implicit one (4.25.2), belonging to the (double) modified Volterra hierarchy.

We begin this Chapter with formulating the most important results on the maps dRTL_+(h), dMRTL_+(h; ϵ), dRVL_+(h), and dMRVL_+(h; ϵ) in Sect. 9.2, 9.3, 9.4, and 9.5, respectively. Then, in Sect. 9.6, 9.7 we take a sidestep, and demonstrate how the explicit discretizations for TL and VL living in the relativistic hierarchies could be recovered from implicit discretizations living in the original (or, better, modified) nonrelativistic hierarchies. This requires a better understanding of the transition described above.

9.8 Bibliographical remarks

Actually, the explicit discretization of the Toda and Volterra lattices, (9.1.1) and (9.1.4), as well as of their modifications, (9.1.3) and (9.1.5), were found earlier than their implicit analogues, namely in the papers Hirota (1977a,b, 1978). Of course, they were found with the help of Hirota’s bilinear formalism, without any reference to the relativistic systems and their discretizations. Also, the Hamiltonian properties were not discussed by Hirota.

The relation to the relativistic systems was observed, on the level of Hirota’s bilinear representation and τ–functions, in Ohta et al. (1993). On the level of Lax representation an account very similar to our arguments in Sect. 9.6 is contained in Papageorgiou, Grammaticos and Ramani (1995). This approach, when one considers discrete–time lattice systems as systems on a two–dimensional lattice, and then tries to find new meaningful initial value problems for these two–dimensional lattice, is close in spirit also to constructions in Papageorgiou, Nijhoff and Capel (1990), Capel, Nijhoff and Papageorgiou (1991), Nijhoff et al. (1992), Papageorgiou and Nijhoff (1996). In Suris and Ragnisco (1999) this approach was formulated in an opposite direction, as a systematic procedure for finding integrable “relativistic” deformations for integrable lattice systems. Actually, the relativistic Volterra lattice was discovered in Suris and Ragnisco (1999) on this way. See a further discussion in Maruno and Oikawa (2000).

58

Chapter 10

Explicit discretizations for Newtonian Toda–type systems

Contents 10.1 Introduction 10.2 Parametrization of the special linear–quadratic bracket 10.3 Parametrization of the linear bracket 10.4 Dual parametrization of the linear bracket 10.5 Parametrization of the quadratic bracket 10.6 Parametrization of the general linear–quadratic bracket 10.7 Parametrization of the cubic–quadratic bracket 10.8 The first parametrization of the cubic bracket 10.9 The second parametrization of the cubic bracket 10.10 The third parametrization of the cubic bracket 10.11 Bibliographical remarks

10.1 Introduction

The Newtonian systems of Chapt. 8 simplify dramatically for certain special values of the relativistic parameter α. These values are: α = h for the equations related to RTL_+(α) and α = −h for the equations related to RTL_−(α). Since the resulting simplified systems are basically the same for the RTL_+(h) and RTL_−(−h) cases (up to a change of the time direction), we concentrate on the first case.

If one sets α = h in (8.1.3), one finds the following discrete time Newtonian system: e~x^k −2x^k + x~^k = 1 + h^2ex^{k+1} −x^k 1 + h^2ex^k −x^{k−1}

. (10.1.1)

Obviously, this may be considered as a discretization of the usual (nonrelativistic) exponential Toda lattice ẍ_k = ex^{k+1} −x^k − ex^k −x^{k−1} . (10.1.2) The most remarkable feature of this discretization is its explicit character: the formulas (10.1.1) allow to calculate ~x explicitly, if (x, x ~ ) are known. This will be a common feature of all systems discussed in the present Chapter.

An alternative explicit discretization of (10.1.2) is generated by the system (8.1.7) at the parameter value α = h: e ~x_k −x_k − e x_k − x ~^k = h^2 ( e x_{k+1} −x_k − ex^k −x^{k−1} ) . (10.1.3)

The dual system (8.1.11) by α = h turns into ~x_k − x_k x_k − x ~^k = 1 + h(x_{k+1} − x_k) 1 + h(x_k − x_{k−1})

, (10.1.4)

which is, clearly, a discretization of the dual (nonrelativistic) Toda lattice

ẍ_k = ẋ_k (x_{k+1} − 2x_k + x_{k−1}) . (10.1.5)

The α = h particular case of the system (8.1.15) is the following discrete time Newtonian system: e~x^k −x^k − 1 ex^k − x~^k − 1 = 1 + hex^{k+1} −x^k 1 + hex^k −x^{k−1} , (10.1.6)

which is, of course, an explicit discretization of the modified exponential Toda lattice

ẍ_k = ẋ_k ( ex^{k+1} −x^k − ex^k −x^{k−1} ) . (10.1.7)

A closely related discrete system appears as an α = h particular case of (8.1.18):

1 + ϵh^{−1} ( e~x^k −x^k − 1 )

1 + ϵh^{−1} ( ex^k − x~^k − 1 ) = 1 + hϵex^{k+1} −x^k 1 + hϵex^k −x^{k−1} . (10.1.8)

This serves as an explicit discretization of

ẍ_k = (1 + ϵẋ_k) ( ex^{k+1} −x^k − ex^k −x^{k−1} ) . (10.1.9)

Finally, we come to four discrete systems which are the α = h specializations of the Newtonian equations for the dMRVL_+(α; ϵ) flow. The most general of these systems is a specialization of (8.1.23):

sinh(~x_k − x_k + νh) sinh(~x_k − x_k − νh) · sinh(x_k − x ~^k − νh) sinh(x_k − x ~^k + νh) =

= sinh(x_{k+1} − x_k + νh) sinh(x_{k+1} − x_k − νh) · sinh(x_k − x_{k−1} − νh) sinh(x_k − x_{k−1} + νh)

. (10.1.10)

This plays the role of an explicit discretization of

ẍ_k = −(ẋ^2_k − ν^2) ( coth(x_{k+1} − x_k ) − coth(x_k − x_{k−1}) ) . (10.1.11)

The ν = 0 particular case of the previous discrete time system (or, in other words, the α = h particular case of (8.1.25)) reads:

coth(~x_k − x_k) − coth(x_k − x ~^k ) = coth(x_{k+1} − x_k ) − coth(x_k − x_{k−1}) , (10.1.12)

which is an explicit discretization of

ẍ_k = −ẋ^2_k ( coth(x_{k+1} − x_k) − coth(x_k − x_{k−1}) ) . (10.1.13)

The ν → 0 limit of the system (10.1.10) with the variables scaled according to x_k → νx_k , ν → γν, which is the same as (8.1.27) for α = h, reads: (~x_k − x_k + γh) (~x_k − x_k − γh) · (x_k − x ~^k − γh) (x_k − x ~^k + γh) = (x_{k+1} − x_k + γh) (x_{k+1} − x_k − γh) · (x_k − x_{k−1} − γh) (x_k − x_{k−1} + γh) , (10.1.14)

60 which serves as an explicit discretization of

ẍ_k = −(ẋ^2_k − γ^2) ( 1 x_{k+1} − x_k − 1 x_k − x_{k−1} ) . (10.1.15)

Finally, the common limit case of the latter two discrete time Newtonian systems can be characterized as (8.1.29) with α = h, and reads: 1 ~x_k − x_k − 1 x_k − x ~^k = 1 x_{k+1} − x_k − 1 x_k − x_{k−1} . (10.1.16)

This is an explicit discretization of

ẍ_k = −ẋ^2_k ( 1 x_{k+1} − x_k − 1 x_k − x_{k−1} ) . (10.1.17)

If we compare the list of continuous time Newtonian systems from this Section with the list of Sect. 5.1, we shall see that these two lists are identical. On the other hand, the explicit discretizations listed here are easily obtainable from the implicit discretizations listed in Sect. 5.1, if we replace all occurences of x ~^{k+1} by x_{k+1} and all occurences of ~x_{k−1} by x_{k−1}. Of course, this is not a mere coincidence. A deeper reason for this is obvious: all discrete time systems of the present Section are nothing but different parametrizations of the map dRTL_+(h) which is described by explicit equations of motion (see Chapter 9).

In the main text of this Chapter we complement the exhaustive list of explicit discrete time Newtonian equations hidden behind the map dRTL_+(h), with some additional attributes such as 2×2 Lax representations (when available). In other words, we extract different discrete time Newtonian equations of motion by means of considering various canonical parametrizations of the phase variables in the maps dRTL_+(h), dRVL_+(h), and dMRTL_+(h; ϵ). However, we prefer not to do this anew, but rather to set α = h in the corresponding results of the previous Chapter. Therefore the present Chapter consists of a sequence of statements without proofs, – the specializations of the corresponding statements from Chapter 8.

10.11 Bibliographical remarks

The first explicit discretization of the exponential Toda lattice (10.1.2) was the system (10.1.3) found by Hirota (1978), along with the Lax pair slightly different from (10.3.8), (10.3.9).

The discretization (10.1.1) (and similar results for all generalized Toda lattices related to Lie algebras) was found in Suris (1990a,b). Also the N × N and 2 × 2 Lax representations were given in these papers. In Suris (1991) it was stressed that this map shares the integrals of motion and the Lax matrices with the relativistic Toda lattice.

This theme was developed further in Suris (1997b) where also the systems (10.1.4), (10.1.6), (10.1.8), and the “cubic” ones (10.1.12), (10.1.16) were derived. The systems (10.1.10), (10.1.14) were missed in the previous publications by the author.

A discretization of the two–dimensional Toda lattice closely related to (10.1.2), (10.1.1) is discussed in Hirota (1987), Kashaev and Reshetikhin (1997). A geometric interpretation of the two– dimensional Toda lattice as a sequence of Laplace transformations for a two–dimensional hyperbolic partial differential operator, or, what is the same, for a conjugate net in R^3 (see Bibliographical remarks to Chapter 3), leads to a natural “geometric” discretization of this system. See Doliwa (1997c, 1999), Novikov and Dynnikov (1997), Adler and Startsev (1999).

A generalization in another direction, namely a q–difference analog of the above mentioned Hirota’s discretizations, is derived in Kajiwara and Satsuma (1991), Kajiwara, Ohta and Satsuma (1993).

62

Chapter 11

Bruschi–Ragnisco lattice

Contents

11.1 Introduction

11.2 Bi–Hamiltonian structure

11.3 General construction

11.4 Orbit interpretation

11.5 Discretization

11.6 Newtonian equations of motion

11.7 Bibliographical remarks

11.1 Introduction

This short Chapter is devoted to a curious system which will be denoted BRL, after its inventors Bruschi and Ragnisco. They introduced it as a limiting case of the relativistic Toda lattice. Its Newtonian equations of motion read:

ẍ_k = αẋ_{k+1}ẋ_k 1 + α(x_{k+1} − x_k) − αẋ_kẋ_{k−1} 1 + α(x_k − x_{k−1})

. (11.1.1)

To get the flavour of its curiosity, let us point out the relation between the Toda lattice TL, the relativistic Toda lattice RTL, and the Bruschi–Ragnisco lattice BRL. Symbolically this relation may be represented as RTL = TL + BRL .

To explain what do we mean under this “formula”, let us recall the Newtonian equations arising from the flows TL and RTL_+(α) under the dual parametrization of the linear Poisson bracket. These equations read:

ẍ_k = ẋ_k (x_{k+1} − 2x_k + x_{k−1}) , (11.1.2) and ẍ_k = ẋ_k(x_{k+1} − 2x_k + x_{k−1}) + αẋ_{k+1}ẋ_k 1 + α(x_{k+1} − x_k) − αẋ_kẋ_{k−1} 1 + α(x_k − x_{k−1})

, (11.1.3)

respectively. We see that in the above–mentioned parametrization, the flow RTL_+(α) of the relativistic Toda hierarchy may be represented in the form of a system of Newtonian equations, whose right–hand sides are the sums of the right–hand sides of the Newtonian equations for the flow TL (in the similar parametrization) and of the equations (11.1.1). It turns out that the discrete time versions of all these systems are related in the similar manner, but the right–hand sides must be multiplied rather than added. In symbolical form:

dRTL = dTL × dBRL .

As we shall demostrate in this Chapter, the discrete time version of (11.1.1) is: ~x_k − x_k x_k − x ~^k = ( 1 + α(x_{k+1} − x_k ) ) ( 1 + α( x

~^{k+1} − x_k) ) · ( 1 + α(x_k − ~x_{k−1}) ) ( 1 + α(x_k − x_{k−1})

) . (11.1.4)

This has to be compared with the discrete time version of (11.1.2): ~x_k − x_k x_k − x ~^k = 1 + h( x

~^{k+1}

− x_k ) 1 + h(x_k − ~x_{k−1})

, (11.1.5)

and the discrete time version of (11.1.3): ~x_k − x_k x_k − x ~^k = ( 1 + h( x

~^{k+1} − x_k) ) ( 1 + h(x_k − ~x_{k−1}) ) · ( 1 + α(x_{k+1} − x_k) ) ( 1 + α( x

~^{k+1} − x_k) ) · ( 1 + α(x_k − ~x_{k−1}) ) ( 1 + α(x_k − x_{k−1})

) . (11.1.6)

We apply in this Chapter our general recipe to derive the discretization (11.1.4). To this end we need first to include the system (11.1.1) in a general r–matrix approach. In doing this, we shall find out that this system is in fact trivial (linear) if considered properly. Nevertheless, the whole matter is very instructive and therefore worth working out.

11.7 Bibliographical remarks

11.1–11.2. The Bruschi–Ragnisco lattice was introduced in Bruschi and Ragnisco (1989c). In that paper different methods of the soliton theory, such as inverse scattering, were applied to this system. Also the bi–Hamiltonian structure was elaborated. An approach based on the notion of the master–symmetry, was used in Zhang et al. (1991).

11.3–11.4. The algebraic structure of the Bruschi–Ragnisco lattice was clarified in Suris (1993a). This resulted in a “trivialization” of the system.

11.5–11.6. The discretization of the Bruschi–Ragnisco lattice was performed in Suris (1999a), where also the curious “formulas” RTL = TL + BRL and dRTL = dTL × dBRL were pointed out.

Chapter 12

Multi–field Toda–like systems

Contents

12.1 Introduction

12.2 Multi–field analog of the Toda lattice

12.3 Linear r–matrix structure for TL_{m+1}

12.4 Quadratic r–matrix structure for TL_{m+1}

12.5 Discretization of TL_{m+1}

12.6 Localizing change of variables for dTL_{m+1}

12.7 Example: TL_3, a three–field analog of the Toda lattice

12.8 Multi–field analog of the modified Toda lattice

12.9 Quadratic r–matrix structure for MTL_{m+1}(ϵ)

12.10 Discretization of MTL_{m+1}(ϵ)

12.11 Localizing change of variables for dMTL_{m+1}(ϵ)

12.12 Bibliographical remarks

12.1 Introduction

The privileged objects of our studies up to now were the Toda lattice TL and its various generalizations, such as the modified Toda lattice MTL(ϵ) and the relativistic Toda lattice RTL(α). All these lattices are two–field systems, i.e. their phase variables are naturally divided into two sorts (a_k and b_k, say) in such a way that equations of motions have different structure for each sort. It is easy to understand that the ultimate reason for this feature lies in the tri–diagonal structure of the Lax matrix for TL. If we consider Lax matrices with a larger number of nonvanishing diagonals, then inevitably we come to multi–field generalizations of the above–mentioned systems. More precisely, (m + 1)–diagonal Lax matrices lead to m–field systems. The present Chapter is devoted to the study of these multi–field generalizations. (In principle, one could even send m → ∞, but, following the general spirit of this book, devoted to finite–dimensional systems, we restrict ourselves here with the case of finite m).

The multi–field generalization of the Toda lattice is described by the following equations of motion: ḃ_k = a^{(1)}_k − a^{(1)}_{k−1} ,

ȧ^{(j)}_k = a^{(j)}_k ( b_{k+j} − b_k ) + ( a^{(j+1)} k − a^{(j+1)}_{k−1} ) . (12.1.1)

We obtain an m–field system, if we set a^{(j)}_k = 0 for all j ≥ m. The Lax representation of this system is introduced in Sect. 12.2. We give an r–matrix interpretation of this system in Sect. 12.3, 12.4, where the linear and the quadratic r–matrix structures are considered. These structures turn out to be exactly the same as for the usual TL. However, the cubic invariant Poisson bracket seems to be an exceptional feature of the two–field situation. Anyway, the Lax representation of (12.1.1) belongs to the general class considered in this book, so that our general recipe for integrable discretization is applicable. This is performed in Sect. 12.5, and the resulting discrete time equations of motion are, naturally, nonlocal. A localizing change of variables is found in Sect. 12.6, which leads to the following local discretization of (12.1.1):

~b_k + h~a^{(1)}_{k−1} = b_k + ha^{(1)}_k ,

~a^{(j)}_k (1 + h~b_k) + h~a^{(j+1)}_{k−1} = a^{(j)}_k (1 + hb_{k+j} ) + ha^{(j+1)}_k .

(12.1.2)

As usual, this discretization actually belongs to a modified hierarchy, with the modification parameter h. We illustrate the general results with the three–field example in Sect. 12.7. Equations of motion of the modified multi–field generalization of the Toda lattice, with a modification parameter ϵ, read:

ḃ_k = (1 + ϵb_k) ( a^{(1)}_k − a^{(1)}_{k−1} ) , ȧ^{(j)}_k = a^{(j)}_k ( b_{k+j} − b_k + ϵa^{(1)}_{k+j−1} − ϵa^{(1)}_k ) + ( a^{(j+1)} k − a^{(j+1)}_{k−1} ) . (12.1.3)

Again, we obtain an m–field system, if we set a^{(j)}_k = 0 for all j ≥ m. The natural Lax representation of the modified system lives in g ⊗ g (see Sect. 12.8). The underlying quadratic r–matrix structure on this space is again exactly the same as in the two–field situation; it is elaborated in Sect. 12.9. Applying our general recipe, we discretize this system in Sect. 12.10, and find a localizing change of variables for the resulting nonlocal equations in Sect. 12.10. A local discretization of (12.1.3) reads:

(1 + ϵ~b_k)(1 + hϵ~a^{(1)}_{k−1}) = (1 + ϵb_k)(1 + hϵa^{(1)}_k ) ,

~a^{(1)}_k (1 + h~b_k) + h~a^{(2)}_{k−1} = a^{(1)}_k (1 + hb_{k+1}) + ha^{(2)}_k ,

~a^{(j)}_k (1 + h~b_k)(1 + hϵ~a^{(1)}_k ) + h~a^{(j+1)}_{k−1} = a^{(j)}_k (1 + hb_{k+j} )(1 + hϵa^{(j)}_{k+j−1}) + ha^{(j+1)}_k

(12.1.4)

(the last equation holds for j ≥ 2). This discretization belongs to the double modified hierarchy, with the modification parameters ϵ, h. The differential equations of motion of the double modified system are also given in Sect. 12.11.

12.12 Bibliographical remarks

12.2. Actually, in the setting of infinite lattices (N = ∞) it is only natural to allow the number of fields m to become also infinite. The corresponding huge system is known under different names, such as the lattice, or discrete KP, or even simply as the Toda lattice, like in Ueno and Takasaki (1984). A systematic differential–difference calculus for such systems was developed in Kupershmidt (1985). An approach from the Grassmannian and vertex opeartors side is represented by Adler and van Moerbeke (1998, 1999a,b). An original bi–Hamiltonian approach is due to Magri and his school, see Casati et al (1997, 1998), Falqui, Magri and Pedroni (1998), Magri, Pedroni and Zubelli (1997). In the paper Dickey (1999) it is argued that the lattice KP hierarchy serves as a proper object for what can be called the modified KP hierarchy (we do not share this viewpoint). Anyway, an object constituted by the system (12.1.1) with m = ∞ and by the higher commuting flows, is extremely rich and is being actively studied in the soliton theory, so that an exhaustive bibliography seems impossible.

On the other hand, a finite–dimensional system corresponding to the case of open–end boundary conditions and m = N − 1, is known under the name of the full Kostant–Toda lattice, and is also a popular object. See Deift et al (1986), Deift, Li and Tomei (1989), Deift and Li (1989) for the results on integrability and relation to matrix factorizations, Ercolani, Flaschka and Singer (1993) for the geometric study of the level sets, Damianou, Paschalis and Sophocleous (1995) for an approach to the tri–Hamiltonian structure based on master–symmetries, Kodama and McLaughlin (1996) and Kodama and Ye (1996) for an explicit integration of the flow and its asymptotic properties, Gekhtman and Shapiro (1999) for a generalization for an arbitrary Lie algebra. Almost all these results remain valid also for the case we are mostly interested in, namely that of the finite and fixed number of fields m + 1.

12.3, 12.4. The Poisson brackets from Theorems 12.2, 12.3 were given in Kupershmidt (1985). The r–matrix approach to the linear bracket (12.3.3), (12.3.4) may be traced back at least to Reyman (1980), nevertheless, these formulas are not written explicitly in his paper. This was done, e.g., in Oevel and Ragnisco (1991), Blaszak and Marciniak (1994). These references contain also an r–matrix approach to the quadratic bracket (12.4.2)–(12.4.8), however Theorem 12.3 goes back to the work Suris (1993b) where the general quadratic bracket PB_2(A_1, A_2, S) was introduced. See also a review Oevel (1996). The systems of the type of TL_m may be considered as spatial discretizations of the Gelfand–Dickey systems. Various aspects of the corresponding continuous limit, including the limit of the Hamiltonian structures, were studied in Morosi and Pizzochero (1998a,b).

12.5. The formulas (12.5.2)–(12.5.4) and (12.5.5), defining the map dTL_{m+1}, were found in Gibbons and Kupershmidt (1992). However, they missed the interpretation (12.5.1) of this map in terms of matrix factorization, which did not allow them to find a natural explanation for the Poisson properties of this map. (Actually, only the invariance of the linear bracket was established in Gibbons and Kupershmidt (1992) by a direct computation.)

12.6. As a light irony of the history, Gibbons and Kupershmidt (1992) actually had in their hands all necessary for finding the localizaing change of variables (12.6.1), because it is nothing but the Miura map found in Kupershmidt (1983), (1985). However, the role of the Miura maps as localizing changes of variables was realized only in Suris (1999c).

12.8, 12.9. The modified system, its Lax representation and Hamiltonian structure are due to Kupershmidt (1985). The r–matrix approach to the quadratic Poisson bracket is a new result.

12.10, 12.11. The results of these Sections are new.

68

Chapter 13

Multi–field systems of the relativistic Toda type

Contents

13.1 Introduction

13.2 Multi–field analog of the relativistic Toda lattice: the first version

13.3 R–matrix interpretation of RTL^{(−)}_{m+1}(α)

13.4 Quadratic bracket for RTL^{(−)}_{m+1}(α)

13.5 Introducing the gauge transformed hierarchy

13.6 Multi–field analog of the relativistic Toda lattice: the second version

13.7 Quadratic r–matrix structure for RTL^{(+)}_{m+1}(α)

13.8 Example: RTL^{(+)}_3 (α) , the three–field analog of the relativistic Toda lattice

13.9 Discretization of RTL^{(+)}_{m+1}(α)

13.10 Localizing change of variables for dRTL^{(+)}_{m+1}(α)

13.11 Local discretization for RTL^{(−)}_{m+1}(α)

13.12 Bibliographical remarks

13.1 Introduction

The multi–field analog of the Toda lattice TL_{m+1} studied in the previous Chapter, admits also a relativistic generalization, or, better, two different generalizations. Indeed, in Chapter 6 we introduced two different Lax representations of the RTL(α) hierarchy. The multi–field analogs of these Lax representations do not lead to one and the same result. Rather, we get two different multi–field relativistic Toda hierarchies. The first construction is an application of the general ansatz from Sect. 6.2–6.4. The hierarchy appearing on this way contains a system which is a direct generalization of the flow RTL_−(α):

ḃ_k = a^{(1)k} 1 + αb_{k+1} − a^{(1)}_{k−1} 1 + αb_{k−1} ,

ȧ^{(j)}_k = a^{(j)}_k ( b_{k+j} 1 + αb_{k+j} − b_k 1 + αb_k ) + ( a^{(j+1)} k 1 + αb_{k+j+1} − a^{(j+1)} k−1 1 + αb_{k−1} ) . (13.1.1)

However, the equations of motion of the “first” (polynomial) flow of this hierarchy are messy and less instructive. We introduce this hierarchy in Sect. 13.2, and elaborate an r–matrix interpretation of its invariant linear Poisson structure in Sect. 13.3. The quadratic invariant Poisson bracket is also granted by this construction, and turns out to coincide literally with the corresponding non– relativistic object, see Sect. 13.4. However, the cubic invariant bracket seems not to exist for this hierarchy (unless m = 1).

The first relativistic construction leads to Lax equations of the non–standard type. This drawback is absent in the second construction, which is described in Sect. 13.6. The hierarchy found on this way also contains only one “simple” flow, this time the “first” one, a direct generalization of the flow RTL_+(α): ḃ_k = (1 + αb_k) ( a^{(1)}_k − a^{(1)}_{k−1} ) , ȧ^{(j)}_k = a^{(j)}_k ( b_{k+j} − b_k + αa^{(1)}_{k+j} − αa^{(1)}_{k−1} ) + ( a^{(j+1)} k − a^{(j+1)}_{k−1} ) . (13.1.2)

The corresponding hierarchy lives naturally in g ⊗ g, and its quadratic invariant Poisson bracket is obtained through the quadratic r–matrix construction on this space, see Sect. 13.7. The linear invariant Poisson bracket does not exist for the system (13.1.2) anymore.

The invertible change of variables B(α) relating the RTL(−α) and RTL(α) hierarchies, also admits a multi–field generalization. However, now it relates two different hierarchies, described above. This link allows us to demonstrate the existence of the cubic invariant bracket for the second hierarchy. So, both multi–field relativistic Toda hierarchies turn out to be bi–Hamiltonian.

The Lax representation of (13.1.2) is ideally suited for applying our general recipe for integrable discretization. This is done in Sect. 13.9. The localizing change of variables for the resulting nonlocal discretization is found in Sect. 13.10. We find the following local discretization for (13.1.2):

(1 + α~b_k )(1 + hα~a^{(1)}_{k−1}) = (1 + αb_k)(1 + hαa^{(1)}_k ) ,

~a^{(j)}_k (1 + h~b_k)(1 + hα~a^{(1)}_{k−1}) + h~a^{(j+1)}_{k−1} = a^{(j)}_k (1 + hb_{k+j} )(1 + hαa^{(1)}_{k+j} ) + ha^{(j+1)}_k .

(13.1.3)

The Lax representation for (13.1.1) is of a nonstandard type, so that a direct application of our recipe is somewhat difficult. However, using the above mentioned invertible relation between both hierarchies, we find in Sect. 13.11 the following local discretization for (13.1.1):

~b_k + h~a (1) k−1 1 + α~b_{k−1} = b_k + ha^{(1)}_k

1 + αb_{k+1} ,

~a^{(j)}_k ( 1 + h~b_k 1 + α~b_k ) + h~a^{(j+1)}_{k−1} 1 + α~b_{k−1} = a^{(j)}_k ( 1 + hb_{k+j} 1 + αb_{k+j} ) + ha^{(j+1)}_k

1 + αb_{k+j+1} . (13.1.4)

As usual, the local discretizations (13.1.3), (13.1.4) belong to the modified hierarchies with the modification parameter h; the corresponding continuoustime modified system is derived for the discretization (13.1.3) in Sect. 13.10.

Finally, it has to be noticed that Sect. 13.8 is devoted to illustrating the general results of this Chapter with the three–field example.

13.12 Bibliographical remarks

13.2–13.7. The “first” relativistic construction of Sect. 13.2 belongs to Gibbons and Kupershmidt (1990), Kupershmidt (1993). They found also the linear Hamiltonian formulation of the relativistic lattice KP hierarchy. All other results (the “second” ansatz of Sect. 13.6 and the r– matrix constructions of the linear and the quadratic bracket) are due to Suris (1999d).

13.9–13.11. All results on the discretization of the relativistic multifield systems are new.

Chapter 14

Belov–Chaltikian lattices

Contents

14.1 Introduction

14.2 Bi–Hamiltonian structure and Lax representation

14.3 Discretization of BCL_m

14.4 Modified BCL_m

14.5 Discretization of MBCL_m(ϵ)

14.6 Localizing change of variables for dMBCL_m(ϵ)

14.7 Relativistic deformation of BCL_m

14.8 A gauge connection between MBCL_m(ϵ) and RBCL_m(α)

14.9 Discretization of RBCL_m(α)

14.10 Example: Volterra lattice as BCL_1

14.11 Example: BCL_2

14.12 Bibliographical remarks

14.1 Introduction

We devote this Chapter to the study of the following multi–field system:

ċ^{(j)}_k = c^{(j)}_k ( c^{(1)}_{k+j} − c^{(1)}_{k−1} ) + ( c^{(j+1)} k − c^{(j+1)}_{k−1} ) , (14.1.1)

which will be called the Belov–Chaltikian lattice. It may be considered as a reduction of the multi– field analog of the relativistic Toda lattice RTL^{(+)}_{m+1}(α), so that many results may be readily formulated as transcriptions of the statements of the previous Chapter. In Sect. 14.2 we give a transcription of the previously obtained results concerning the bi–Hamiltonian nature of the system (14.1.1) and its Lax representation, and in Sect. 14.3 – of those results concerning the intebrable discretization of (14.1.1), including the localizing change of variables. In particular, the local discretization is governed by the following equations of motion:

~c^{(j)}_k ( 1 + h~c^{(1)}_{k−1} ) + h~c^{(j+1)}_{k−1} = c^{(j)}_k ( 1 + hc^{(1)}_{k+j} ) + hc^{(j+1)}_k . (14.1.2)

As usual, this local discretization belongs to the modified hierarchy. The modified system for (14.1.1), with the modification parameter ϵ, reads:

ċ^{(j)}_k = c^{(j)}_k ( c^{(1)}_{k+j} − c^{(1)}_{k−1} + ϵc^{(1)}_{k+j} c^{(1)}_{k+j−1} − ϵc^{(1)}_k c^{(1)}_{k−1} + ϵc^{(2)}_{k+j−1} − ϵc^{(2)}_{k−1} ) + ( c^{(j+1)} k − c^{(j+1)}_{k−1} ) . (14.1.3)

We study this system on its own rights, starting with Sect. 14.4. As it usually happens with the modified systems, this system has one local invariant Poisson structure less than (14.1.1), i.e. it possesses only one such structure. We find a Lax representation of this modified system, which turns out to have the standard form, so that our recipe for integrable discretization may be applied. The corresponding discretization is performed in Sect. 14.5, and a localizing change of variables is found in Sect. 14.6. The local discretization of the system (14.1.3) reads:

~c^{(j)}_k ( 1 + h~c^{(1)}_{k−1} )( 1 + hϵ~c^{(2)}_{k−1} ) 1 − hϵ~c^{(1)}_k ~c^{(1)}_{k−1}

+ h~c^{(j+1)}_{k−1} = c^{(j)}_k ( 1 + hc^{(1)}_{k+j} )( 1 + hϵc^{(2)}_{k+j−1} ) 1 − hϵc^{(1)}_{k+j} c^{(1)}_{k+j−1}

+ hc^{(j+1)}_k . (14.1.4)

Interestingly enough, one can apply also a general relativistic ansatz to obtain another deformation of the system (14.1.1). The simplest flow of the corresponding relativistic hierarchy reads:

ċ^{(j)}_k = c^{(j)}_k ( c^{(1)}_{k+j}

1 + αc^{(1)}_{k+j} − c^{(1)}_{k−1}

1 + αc^{(1)}_{k−1} ) + c^{(j+1)} k 1 + αc^{(1)}_{k+j} − c^{(j+1)} k−1 1 + αc^{(1)}_{k−1}

, (14.1.5)

see Sect. 14.7. A new and unexpected phenomenon comes out in this connection. Namely, the modified and the relativistic hierarchies turn out to be connected via a certain invertible change of variables (Sect. 14.8). This allows us also to derive a local integrable discretization of the flow (14.1.5):

~c^{(j)}_k ( 1 + h~c^{(1)}_{k−1}

1 + α~c^{(1)}_{k−1} ) + h~c^{(j+1)}_{k−1} 1 + α~c^{(1)}_{k−1}

= c^{(j)}_k ( 1 + hc^{(1)}_{k+j}

1 + αc^{(1)}_{k+j} ) + hc^{(j+1)}_k

1 + αc^{(1)}_{k+j}

. (14.1.6)

This is done in Sect. 14.9. We close this Chapter by specializing its results for two simplest particular cases of a one–field reduction (which is nothing but the usual Volterra lattice), and of a two–field reduction. These two examples are dealt with in Sect. 14.10, 14.11, respectively.

14.12 Bibliographical remarks

The lattices BCL_m were introduced in Belov and Chaltikian (1993a,b). Their motivation lied in the construction of the so called lattice W_N algebras, which they realized as the Poisson brackets {·, ·}_3. A physical motivation, as well as further developments can be found in Antonov, Belov and Chaltikian (1997). Also the Miura maps from Theorem 14.17 were found in these papers. Some additional results, including the 3 × 3 r-matrix formulation of BCL_2, see in Hikami and Inoue (1997) and further papers by these authors. All results concerning the discretization of BCL_m, its modification and relativistic deformation, are new. The particular case of the discretization of BCL_2 was published previously in Suris (1999c).

Chapter 15

Multi–field Volterra–like systems

Contents 15.1 Introduction 15.2 Multi–field analog of the Volterra lattice 15.3 Quadratic r–matrix structure for VL_m 15.4 Discretization of VL_m 15.5 Localizing change of variables for dVL_m 15.6 Example 1: VL_3 , the three–field analog of the Volterra lattice 15.7 A further generalization of VL_m 15.8 Quadratic r–matrix structure for VL_m(σ) 15.9 Discretization of dVL_m(σ) 15.10 Localizing change of variables for dVL_m(σ) 15.11 The case of the signature σ = (+1, −1, . . . , −1) 15.12 Example 2: σ = (+1, −1, −1) 15.13 Example 3: σ = (+1, +1, −1) 15.14 Bibliographical remarks

15.1 Introduction

We have seen in Chapter 12 that factorizing the Lax matrix T (b, a^{(1)}, . . . , a^{(m)}, λ) of the multi–field Toda lattice TL_{m+1} (or, more precisely, the matrix I + ϵT ) into just two factors gives rise to the modified multi–field Toda lattice. One of these factors is two-diagonal, and the other is m–diagonal in the (m+1)–field situation. For the two–field systems this exhausts the possibilities of factorization, so that the Volterra lattice (coming from factorizing T itself) is more or less equivalent to the modified Toda lattice. This is no more true in the multi–field situation, and the present Chapter is devoted to the case of the ultimate factorization, when all the factors are bi–diagonal. The corresponding generalization of the Volterra lattice is a system with m fields v^{(j)}, 1 ≤ j ≤ m, satisfying

v̇^{(j)}_k = v^{(j)}_k j−1∑ i=1 ( v^{(i)}_{k+1} − v^{(i)}_k ) + m∑ i=j+1 ( v^{(i)}_k − v^{(i)}_{k−1} ) . (15.1.1)

Actually, this system may be generalized even further, and the most general system studied in this Chapter reads:

v̇^{(j)}_k = v^{(j)}_k j−1∑ i=1 ( v^{(i)}_{k+1} − v^{(i)}_k ) + ϵ_j ( v^{(j)}_{k+1} − v^{(j)}_{k−1} ) + m∑ i=j+1 ( v^{(i)}_k − v^{(i)}_{k−1} ) , (15.1.2)

where (ϵ_1, . . . , ϵ_m) , ϵ_j ∈ {0, 1} , (15.1.3) is an arbitrary m–tuple of zeros and ones with ϵ_1 = 0. Evidently, (15.1.1) corresponds to the case when all ϵ_j = 0. Both systems (15.1.1) and (15.1.2) are integrable, they are just the “first” flows of the corresponding hierarchies, and the most direct way to describe these hierarchies lies through the Lax representations in the “big” algebras g^{⊗ m}, see Sect. 15.2, 15.7. These Lax representations and the corresponding invariant Poisson bracket admit a beautiful r–matrix interpretation, Sect. 15.3, 15.8. This, in turn, paves the way to applying our general recipe of integrable discretization, which is done in Sect. 15.4, 15.9. The localizing changes of variables are found in Sect. 15.5, 15.10. In particular, the local integrable discretization of the system (15.1.2) is:

~v^{(j)}_k j−1∏ i=1 ( 1 + h~v^{(i)}_k ) · ( 1 + ϵ_j h~v^{(j)}_{k−1} ) · m∏ i=j+1 ( 1 + h~v^{(i)}_{k−1} )

= v^{(j)}_k j−1∏ i=1 ( 1 + hv^{(i)}_{k+1} ) · ( 1 + ϵ_j hv^{(j)}_{k+1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_k ) . (15.1.4)

As usual, these local discretizations belong to modified hierarchies. The “first” flow of the modified hierarchy for (15.1.2) has the following equations of motion:

v̇^{(j)}_k = v^{(j)}_k ( 1 + hv^{(j)}_k ) (_{j−1} ∏ i=1 ( 1 + hv^{(i)}_{k+1} ) · ( 1 + ϵ_j hv^{(j)}_{k+1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_k )

− j−1∏ i=1 ( 1 + hv^{(i)}_k ) · ( 1 + ϵ_j hv^{(j)}_{k−1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_{k−1} ) ) /h . (15.1.5)

Because of a high generality of constructions of the present Chapter, we found it useful to elaborate in detail on several particular cases, besides the most symmetric one (15.1.1) with all ϵ_j = 0. So, Sect. 15.11 is devoted to an opposite (in a sense) case, when all ϵ_j = 1 for j > 1. Further, we specify our results for all three possible triples (ϵ_1, ϵ_2, ϵ_3) in the tree–field case. This is done in Sect. 15.6, 15.12, and 15.13, respectively.

15.14 Bibliographical remarks

15.2–15.6. The system VL_m was introduced in Suris (1997d) as systems delivering the first nontrivial example of the nonlocal quadratic r–matrix Poisson bracket on direct products. A similar construction, however avoiding the r–matrix theory, was present in Kupershmidt (1985, 1989). The discretization, including the localizaing changes of variables, was performed in Suris (1999c).

15.7–15.13. The systems VL_m(σ) with nontrivial signatures σ serve as natural lattice generalizations of the so called constrained KP hierarchies, which are characterized by having a pseudeodifferential Lax operator rational (rather than polynomial) in ∂. These rational reductions were considered, e.g., in Krichever (1995), Dickey (1995a,b), Aratyn (1998), Helminck and van de Leur (1998). In particular, it should be noted that the Lax trids play an essential role also in this pseudodifferential situation. Further information on the Hamiltonian structure of the constrained KP hierarchies, their Miura maps and modifications, may be found in: Oevel (1993, 1994, 1996), Oevel and Strampp (1993), Liu (1994, 1998), Cheng (1995), Aratyn et al (1995, 1997), Feher and Marshall (1997), Delduc, Feher and Gallot (1998), Shaw and Tu (1997a,b), Huang, Shaw and Tu (1998).

The systems VL_m(σ) were first introduced, under the name “constrained lattice KP” in Suris (1999c). The discretization was also performed in that paper.

In the finite–dimensional (open–end) setting, a closely related system appeared in Faybusovich and Gekhtman (2000) by the description of low–dimensional orbits of the full Toda system.

Chapter 16

Multi–field relativistic Volterra–like systems

Contents

16.1 Introduction

16.2 First construction: RVL^{(−)}_m (σ; α) hierarchy

16.3 Introducing the gauge transformed hierarchy

16.4 Second construction: RVL^{(+)}_m (σ; α) hierarchy

16.5 Discretization of RVL^{(+)}_m (σ; α)

16.6 Localizing change of variables for dRVL^{(+)}_m (σ; α)

16.7 Particular case h = α: the (almost) explicit discretizations

16.8 The case of the signature σ = (+1, +1, . . . , +1)

16.9 The case of the signature σ = (+1, −1, . . . , −1)

16.10 Explicit discretizations from the relativistic hierarchy

16.11 Bibliographical remarks

16.1 Introduction

Recall that there exist two different relativistic Volterra hierarchies, depending on which one of the two Miura maps is used to pull back the relativistic Toda hierarchies. In other words, one of these relativistic Volterra hierarchies corresponds to the relativistic deformation F^{−1}UV of the product UV of the basic Lax matrices of the Volterra lattice, while the second one of the relativistic Volterra hierarchies corresponds to the relativistic deformation F^{−1}V U of the product V U.

In the present Chapter we elaborate on the similar relativistic deformation of the multi–field Volterra lattices VL_m(σ) introduced in the previous Chapter:

v̇^{(j)}_k = v^{(j)}_k j−1∑ i=1 ( v^{(i)}_{k+1} − v^{(i)}_k ) + ϵ_j ( v^{(j)}_{k+1} − v^{(j)}_{k−1} ) + m∑ i=j+1 ( v^{(i)}_k − v^{(i)}_{k−1} ) . (16.1.1)

(Recall that here ϵ_j ∈ {0, 1}, and the signature σ = (σ_1, . . . , σ_m) consists of the numbers σ_j = 1 − 2ϵ_j ∈ {+1, −1}). There exist two different constructions of relativistic deformations of (16.1.1). The first construction (Sect. 16.2) is connected with the Lax matrices F^{−1}T_j , where

T_j = V^{σj}_j · . . . · V^{σ2}_2 · U^{σ1}_1 · V^{σm}_m · . . . · V^{σj+1}_{j+1} are the monodromy matrices of VL_m(σ). Clearly, there arise, in principle, m different deformations corresponding to 1 ≤ j ≤ m. However, we shall restrict ourselves only to one relativistic deformation for each VL_m(σ), namely to the one corresponding to j = m. Although the systems corresponding to other js are, in principle, non–equivalent, their study runs along the same lines, and the case j = m allows for the most simple notations.

It turns out that the hierarchy related to F^{−1}T_m contains one simple flow, with the vector field depending rationally on coordinates:

v̇^{(j)}_k = v^{(j)}_k [_{j−1} ∑ i=1 ( v^{(i)}_{k+1} 1 + αs_{k+1} − v^{(i)}_k 1 + αs_k ) + ϵ_j ( v^{(j)}_{k+1} 1 + αs_{k+1} − v^{(j)}_{k−1} 1 + αs_{k−1} )

+ m∑ i=j+1 ( v^{(i)}_k 1 + αs_k − v^{(i)}_{k−1} 1 + αs_{k−1} )] , (16.1.2)

where

s_k = m∑ i=1 v^{(i)}_k . (16.1.3)

Clearly, this equation is a rational O(α)–deformation of (16.1.1). We shall use the abbreviation RVL^{(−)}_m (σ; α) for the system (16.1.2). In case of m = 2 amd (ϵ_1, ϵ_2) = (0, 0) we get, using the notations (v^{(1)}_k , v^{(2)}_k ) = (u_k, v_k), the equations of motion

u̇_k = u_k ( v_k 1 + α(u_k + v_k) − v_{k−1} 1 + α(u_{k−1} + v_{k−1}) ) ,

v̇_k = v_k ( u_{k+1} 1 + α(u_{k+1} + v_{k+1}) − u_k 1 + α(u_k + v_k ) ) , (16.1.4)

which is nothing but RVL_−(α) flow, one of the two simplest flows (the “minus first” one) of the relativistic Volterra hierarchy.

The second construction of the multi–field relativistic Volterra lattice leads to a different albeit gauge equivalent hierarchy, which will be called, along with its simplest flow, RVL^{(+)}_m (σ; α), see Sect. 16.3, 16.4. It appears, if one performs an invertible change of variables

B_m(α) : v̄^{(j)}_k = v^{(j)}_k 1 − αs_k in the RVL^{(−)}_m (σ; −α) hierarchy. The simplest flow, which comes as the B_m(α)–image of (16.1.2) with the opposite sigh of α, is polynomial:

v̇^{(j)}_k = v^{(j)}_k (_{j−1} ∑ i=1 ( v^{(i)}_{k+1} − v^{(i)}_k ) + ϵ_j ( v^{(j)}_{k+1} − v^{(j)}_{k−1} ) + m∑ i=j+1 ( v^{(i)}_k − v^{(i)}_{k−1} ) + α ( S_{k+1} − S_k ) ) , (16.1.5)

where

S_k = ∑ 1≤i<ℓ≤m v^{(i)}_k v^{(ℓ)}_{k−1} + m∑ i=1 ϵ_iv^{(i)}_k v^{(i)}_{k−1} . (16.1.6)

(This “relativistic correction” term S_k depends, clearly, on the signature σ). This is another O(α)– deformation of (16.1.1). In case of m = 2 and (ϵ_1, ϵ_2) = (0, 0) we find: S_k = u_kv_{k−1}, and (16.1.5) turns into u̇_k = u_k(v_k − v_{k−1} + αu_{k+1}v_k − αu_kv_{k−1}) ,

v̇_k = v_k(u_{k+1} − u_k + αu_{k+1}v_k − αu_kv_{k−1}) ,

(16.1.7)

which is nothing but RVL_+(α) flow, the “first” flow of the relativistic Volterra hierarchy.

The most valuable advantage of the second construction is that the Lax triads of this hierarchy are of the standard type, so that our general prescription for integrable discretization is applicable.

It is worked out in Sect. 16.5, and the localizing change of variables is found in Sect. 16.6. The corresponding local discretization is given in terms of the function

S_k(v^{(1)}, . . . , v^{(m)}) = S_k(v^{(1)}, . . . , v^{(m)}) + O(h) ,

which is a polynomial of its arguments, depending on the signature σ, but not on the relativistic parameter α, and is defined by the formula

h^2S_k = 1 + h m∑ j=1 v^{(j)}_k · j−1∏ i=1 ( 1 + hv^{(i)}_k ) · ( 1 + ϵ_j hv^{(j)}_{k−1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_{k−1} ) − m∏ j=1 ( 1 + hv^{(j)}_k ) . (16.1.8)

The equations of motion of the local form of the integrable discretization of (16.1.5) read:

~v^{(j)}_k · j−1∏ i=1 ( 1 + h~v^{(i)}_k ) · ( 1 + ϵ_j h~v^{(j)}_{k−1} ) · m∏ i=j+1 ( 1 + h~v^{(i)}_{k−1} )

1 − hα~S_k

= v^{(j)}_k · j−1∏ i=1 ( 1 + hv^{(i)}_{k+1} ) · ( 1 + ϵ_j hv^{(j)}_{k+1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_k )

1 − hαS_{k+1} . (16.1.9)

In particular, for m = 2 and (ϵ_1, ϵ_2) = (0, 0) one has, obviously, S_k(u, v) = u_kv_{k−1}, and we recover the local discretization of the RVL_+(α) flow.

The cases of the signatures σ = (+1, +1, . . . , +1) and σ = (+1, −1, −1, . . . , −1) are considered in somewhat more details in Sect. 16.8, 16.9. The particular systems with m = 3 are given as illustrative examples.

A very remarkable situation takes place, if h, the time step of our discretization, coincides with α, the relativistic parameter, see Sect. 16.7. In this case it is possible to put our discretization in a local form without any localizing change of variables. The corresponding map is governed by the following equations:

~v^{(j)}_k = v^{(j)}_k

1 + h j−1∑ i=1 v^{(i)}_{k+1} + hϵ_j ( v^{(j)}_{k+1} + ~v^{(j)}_k ) + h m∑ i=j+1 ~v^{(i)}_k

1 + h j−1∑ i=1 v^{(i)}_k + hϵ_j ( v^{(j)}_k + ~v^{(j)}_{k−1} ) + h m∑ i=j+1 ~v^{(i)}_{k−1} . (16.1.10)

This is, of course, a discretization of the non-relativistic system VL_m(σ). Most remarkably, in the case when all ϵ_j = 0 this is an explicit discretization! Indeed, in this case one can explicitly calculate the updates of the fields ~v^{(m)}, ~v^{(m−1)}, ... , ~v^{(1)} (in this order). Even if some of ϵ_j ≠ 0, then finding the updates of the corresponding field ~v^{(j)} requires only for solving a system of N algebraic equations with N unknowns ~v^{(j)}_k , 1 ≤ k ≤ N, so that the implicitness of this system is much weaker than the implicitness of the general discretization (16.1.9).

The same properties has the following discretization of the non-relativistic system VL_m(σ):

~v^{(j)}_k = v^{(j)}_k j−1∏ i=1 ( 1 + h~v^{(i)}_{k+1} ) · ( 1 + ϵ_j h~v^{(j)}_{k+1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_k )

j−1∏ i=1 ( 1 + h~v^{(i)}_k ) · ( 1 + ϵ_j hv^{(j)}_{k−1} ) · m∏ i=j+1 ( 1 + hv^{(i)}_{k−1} ) . (16.1.11)

In the case when all ϵ_j = 0 this is an explicit discretization, since one can explicitly calculate the updates of the fields ~v^{(1)}, ... , ~v^{(m−1)}, ~v^{(m)} (in this order). We show in Sect. 16.10 that this discretization belongs (up to a simple invertible change of variables) to the relativistic hierarchy RVL^{(−)}_m (σ; h) obtained via the first construction. This will serve us as a new example of the relativistic hierarchy arrived at via the route connected with the integrable discretizations.

16.11 Bibliographical remarks

The relativistic system (16.1.2) with all ϵ_j = 1 appeared in Hikami (1998b), with a discretization which is different and less elegant than our one. The “explicit” discretization (16.1.11) of the nonrelativistic system VL_m(σ) with the trivial signature (all σ_j = +1) was found, along the path described in Sect. 16.10, in Suris and Ragnisco (1999). All other results of the present Chapter are new.

Chapter 17

Bogoyavlensky lattices

Contents 17.1 Introduction 17.2 Lax representations 17.3 Quadratic r–matrix structure of BL1(m) 17.4 Quadratic r–matrix structure of BL2(p) and BL3(p) 17.5 Examples of Hamiltonian structures 17.6 Discretization of the lattice BL1(m) 17.7 Discretization of the lattice BL2(p) 17.8 Discretization of the lattice BL3(p) 17.9 Modified Volterra lattice 17.10 Alternative approach to BL1(m) 17.11 Alternative approach to BL2(p) 17.12 Alternative approach to BL3(p) 17.13 Bibliographical remarks

17.1 Introduction

There are three basic families of integrable lattice systems carrying (somewhat ahistorically) the name of Bogoyavlensky lattices. These systems are enumerated by integer parameters m, p ≥ 1 (p > 1 for the third one) and read:

ȧ_k = a_k m∑ j=1 a_{k+j} − m∑ j=1 a_{k−j} , (17.1.1)

ȧ_k = a_k p∏ j=1 a_{k+j} − p∏ j=1 a_{k−j} , (17.1.2)

ȧ_k = p−1∏ j=1 a^{−1}_{k+j} − p−1∏ j=1 a^{−1}_{k−j} . (17.1.3)

We shall call these systems BL1(m), BL2(p), and BL3(p), respectively. The lattices BL1(m) and BL2(p) are two different generalizations of the Volterra lattice (4.1.1). Indeed, the Volterra lattice is the particular case of both of them, corresponding to m = 1 and p = 1, respectively. The lattice BL3(p) after the change of variables a_k → c_k = a^{−1}_k and t → −t turns into

ċ_k = c^2_k p−1∏ j=1 c_{k+j} − p−1∏ j=1 c_{k−j} . (17.1.4)

This is a generalization of the modified Volterra lattice, more precisely, its particular case (4.15.1), which appears from the above system by p = 2. We shall see that also in general (17.1.4) is a particular case of the modified BL1(m), if p = m + 1.

The Lax representations of the Bogoyavlensky lattices are given in Sect. 17.2. We shall see that they have a standard form, so that the general recipe for integrable discretization is applicable. But before doing this, we establish an r–matrix interpretation of these Lax representations, see Sect. 17.3, 17.4, 17.5.

Application of our general recipe, accompanied by localizing changes of variables, delivers the following local discretizations for the systems (17.1.1)–(17.1.3): ~a_k m∏ j=1 (1 + h~a_{k−j} ) = a_k m∏ j=1 (1 + ha_{k+j} ) , (17.1.5)

~a_k 1 + h p∏ j=1 ~a_{k−j} = a_k 1 + h p∏ j=1 a_{k+j} , (17.1.6)

~a_k 1 + h p−1∏ j=0 ~a^{−1}_{k−j} = a_k 1 + h p−1∏ j=0 a^{−1}_{k+j}

. (17.1.7)

The latter map, after the change of variables a_k → c_k = a^{−1}_k and h → −h turns into the local discretization of (17.1.4):

~c_k 1 − h p−1∏ j=0 ~c_{k−j} −1 = c_k 1 − h p−1∏ j=0 c_{k+j} −1 . (17.1.8)

This results constitute the content of Sect. 17.6–17.8.

Finally, in Sect. 17.10–17.12 we give an interpretation of the Bogoyavlensky lattices as multi–field systems (similar to VL_m), and derive the corresponding alternative Lax representations, which could also serve as a starting point for the discretization procedure.

17.13 Bibliographical remarks

17.1, 17.2. The Bogoyavlensky lattices were introduced in Bogoyavlensky (1988a, b, 1989) along with the Lax representations living in the algebra g. However, certain generalizations of the Volterra lattice, including BL1 and some particular cases of BL2 and BL3, were given earlier in Narita (1982), Kupershmidt (1985) and Itoh (1987).

17.3–17.5. The Hamiltonian structure of the lattice BL1 was found in Kupershmidt (1985), as well as in the original papers by Bogoyavlensky (1988a,b, 1989). The corresponding results for BL2, BL3 in the case of infinite lattices were found in Zhang et al. (1991). The r–matrix structure of the Bogoyavlensky lattices was elaborated in Suris (1994a). Also the subtleties of the Hamiltonian structure in the periodic case were explained for the first time in that paper (they were overseen in Zhang et al. (1991); for example, their Poisson bracket for BL2 with p = 3 does not allow a proper reduction in the periodic case with N ≡ 1 (mod 3)).

17.6–17.8. The lattice BL1 was first discretized in Tsujimoto, Hirota and Oishi (1993). They found the local equations of motion (17.6.22) as a certain reduction of the discrete KP equation in the bilinear form, and also gave the discrete time Lax representation (without any hint on how it was obtained). The discretization of all three lattices BL1–BL3 was achieved almost simultaneously in Papageorgiou and Nijhoff (1996) and Suris (1996b). The approach of these two papers is completely different. In the first one the local equations of motion (17.6.22), (17.7.22), (17.8.19) are derived from an ad hoc ansatz for the Lax pair. The approach of the second paper (reproduced here) allows not only to find the equations of motion, but also delivers automatically the invariant Poisson structures, interpolating Hamiltonian flows, and the solution of the initial value problem in terms of matrix factorizations. The modified equations of motion (17.6.24), (17.7.25), (17.8.22), arising here as granted by–products, seem to be new.

17.10–17.12. The alternative approach to the Bogoyavlensky lattice BL1 was invented in Suris (1997d) and served as a first application of the nonlocal quadratic r–matrix structure with m ≥ 2. The results concerning BL2 and BL3 are new. This approach delivers a nontrivial example of dual Lax representations, cf. Adams, Harnad and Hurtubise (1990a).

82

Chapter 18

Ablowitz–Ladik hierarchy

Contents 18.1 Introduction 18.2 AKNS hierarchy 18.3 Ablowitz–Ladik hierarchy 18.4 Nonlocal difference schemes

18.4.1 Difference schemes for NLS 18.4.2 Difference schemes for MKdV 18.5 Elementary flows of the AL hierarchy 18.6 Local discretizations for F_{±1} 18.7 Symplectic properties 18.8 Local discretizations for NLS 18.9 Local discretizations for F_{±2} 18.10 Local discretizations for MKdV 18.11 Connection with relativistic Toda lattice 18.12 Bibliographical remarks

18.1 Introduction

The hierarchy considered in the present Chapter appeared in the early days of the soliton theory as a spatial discretization of one of the most famous hierarchies of soliton equations in partial derivatives, namely of the AKNS (Ablowitz–Kaup–Newell–Segur) hierarchy, see Sect. 18.2. The latter is most conveniently described as a hierarchy of equations attached to the Zakharov–Shabat spectral problem:

Ψ_x = P Ψ , P = ζ q r −ζ . (18.1.1)

Here q = q(x, t), r = r(x, t) are unknown fields, in terms of which the hierarchy is formulated, and ζ is the spectral parameter. Each equation of the hierarchy may be presented as a compatibility condition of (18.1.1) with a linear differential equation describing the evolution of the function Ψ in time:

Ψ_t = QΨ , (18.1.2) where the matrix Q polynomially depends on the spectral parameter. Explicitly the above mentioned compatibility condition takes the form of the zero curvature equation P_t − Q_x + [P, Q] = 0 , (18.1.3) which is, for suitable Q, a nonlinear evolution equation for q, r. In particular, we can get on this way the famous nonlinear Schrödinger equation (NLS): −iq_t = q_{xx} ∓ 2|q|^2q , (18.1.4) and the not less famous modified Korteweg–de Vries equation (MKdV): q_t = q_{xxx} ∓ 6q_xq^2 . (18.1.5) The NLS is obtained in the reduction r = ±q^∗ . (18.1.6) (In the present Chapter the asterisque denotes the complex conjugation, or the Hermitean conjugation, when applied to matrices.) For MKdV the following reduction is relevant: r = ±q . (18.1.7) Notice also that NLS (18.1.4) (with the plus sign) is gauge equivalent to the Heisenberg magnetic model S_t = S_{xx} × S , (18.1.8) where S ∈ R^3 , ‖S‖ = 1.

Ablowitz and Ladik performed the discretization of the equations (18.1.4), (18.1.5) in two steps. First, they discretized the spatial variable x. We discuss this step in Sect. 18.3. To this end, they replaced the spectral problem (18.1.1) by Ψ_{k+1} = L_kΨ_k , (18.1.9)

with the following 2 × 2 matrix L_k depending on the unknown fields q(t) = ( q_k(t) ) k∈Z , r(t) = ( r_k(t) ) k∈Z (living now on the lattice) and on the spectral parameter λ:

L_k = L_k(q, r, λ) = λ q_k r_k λ^{−1} . (18.1.10)

If the evolution of Ψ_k is governed by a linear equation Ψ̇_k = M_kΨ_k , M_k = M_k(q, r, λ) , (18.1.11)

then the compatibility condition of (18.1.9), (18.1.11) is the following semi–discrete zero curvature equation:

L̇_k = M_{k+1}L_k − L_kM_k . (18.1.12) By suitably choosen M_k the equation (18.1.12) is an evolution equation for q, r, which, by construction, can be solved with the help of the methods of the soliton theory. As examples of this construction, we mention two lattice equations, the famous Ablowitz–Ladik discretization of NLS: −iq̇_k = q_{k+1} − 2q_k + q_{k−1} ∓ |q_k|^2(q_{k+1} + q_{k−1}) , (18.1.13) and their discretization of MKdV: q̇_k = (1 ∓ q^2_k) ( q_{k+2} − 2q_{k+1} + 2q_{k−1} − q_{k−2} ∓ q_{k+1}(q_{k+2}q_{k+1} + q_{k+1}q_k) ± q_{k−1}(q_k q_{k−1} + q_{k−1}q_{k−2}) ) . (18.1.14) The first one of them is obtained in the reduction r = ±q^∗, while the second one holds under the reduction r = ±q, in a complete analogy with the continuous case. In order to perform the continuous limit from (18.1.13) to (18.1.4), one has first to assume in (18.1.13) q_k = ϵq(kϵ), to rescale the time t → t/ϵ^2, and then to send ϵ → 0. The continuous limit from (18.1.14) to (18.1.5) is similar, and differs from the previous one only by another rescaling of the time, namely t → t/(2ϵ^3). Notice also that this limit becomes meaningful also on the level of Lax representations, if the spectral parameters are connected as λ = 1 + ϵζ + O(ϵ^2), for example, λ = exp(ϵζ).

Note also that the discrete NLS (18.1.13) (with the plus sign) is gauge equivalent to the following spatial discretization of the Heisenberg magnetic equation (18.1.8):

Ṡ_k = 2S^{k+1} × S^k 1 + ⟨S_{k+1}, S_k⟩ − 2S_k × S_{k−1} 1 + ⟨S_k, S_{k−1}⟩ . (18.1.15)

Ablowitz and Ladik performed also the second step of discretization – the time discretization, see Sect. 18.4 for details. The approach to this second step of the discretization process was fundamentally different (although they did not stress this explicitly enough). Namely, the spectral problem (18.1.9) was not modified any more, and only a suitable choice of a (discrete)–time evolution of the wave function Ψ_k was imposed:

~Ψ_k = V_kΨ_k , V_k = V_k(q, r, λ) . (18.1.16)

The compatibility condition of (18.1.9), (18.1.16) is the following fully discrete zero curvature equation:

~L_kV_k = V_{k+1}L_k . (18.1.17)

In the more modern language of this book, the construction by Ablowitz and Ladik was the first example of the search for integrable discretizations in the same hierarchies where the underlying continuous time systems live.

The outcome of the work by Ablowitz and Ladik consisted of excellent numerical schemes for NLS and MKdV. However, these schemes were not free of some drawbacks. The main drawback was the non-locality (which means that ~q_k, the discrete time update of q_k, depends explicitly on all q_j ’s and ~q_j ’s with j ≤ k). This property is unpleasant from the aesthetical point of view as well as from the practical one (since it implies a large amount of computations by numerical realization). In the present Chapter we revisit the Ablowitz–Ladik discretizations and demonstrate how the drawback of nonlocality may be overcome.

The main idea of our construction is following. The flows (18.1.13), (18.1.14) may be considered as superpositions of some more simple and fundamental commuting flows of the AL hierarchy. It turns out that each one of these fundamental flows admits a local discretization. Superpositions of the local discretizations deliver local difference schemes for the original flows, as well. This idea is performed in Sect. 18.6–18.8 for the discretization of NLS, and in Sect. 18.9–18.10 for the discretization of MKdV. Finally, in Sect. 18.11 we discuss the relation of the AL hierarchy with the relativistic Toda hierarchy.

18.12 Bibliographical remarks

18.2. Zakharov–Shabat (1971) used the spectral problem carrying their name, to find and to solve the second (after KdV) system admitting solitons, namely NLS. A slightly more general spectral problem was introduced by Ablowitz, Kaup, Newell and Segur (1973, 1974) to integrate the third such system – the sine-Gordon equation, and then to define and to solve the whole AKNS hierarchy. A comprehensive discussion of the AKNS hierarchy and a large list of relevant references may be found, e.g., in Newell (1985).

The inverse scattering approach to the Heisenberg magnetic model was developed in Takhtajan (1977). The gauge equivalence of NLS and the Heisenberg magnetic was proved in Zakharov and Takhtajan (1979), see also Faddeev and Takhtajan (1987). For the geometrical interpretation of this model see Hasimoto (1971, 1972), Langer and Perline (1996), Bobenko and Suris (1999a).

18.3. The spatial discretization of the AKNS hierarchy, preserving integrability, was performed in Ablowitz and Ladik (1975, 1976a). This papers turned out to be very influential in the general development of the theory of differential–difference integrable equations. At the same time, somewhat curiously, the AL hierarchy itself enjoyes a relatively small number of publications. The inverse scattering approach was applied to this hierarchy in the original papers Ablowitz and Ladik (1975,

1976a). Finite gap solutions were constructed for the discrete version of NLS in Ahmad and Roy Chowdhury (1987) and in Miller et al. (1995). The open end boundary conditions were investigated in Vekslerchik (1993).

Restricted flows of the hierarchy were studied in Zeng and Rauch–Wojciechowski (1995b). In a series of papers Vekslerchik (1994, 1995, 1996) a remarkable universality of the AL hierarchy was pointed out. Namely, in the multi–time formalism many well–known integrable systems may be embedded into the AL hierarchy. Further studies in Veklerchik (1998, 1999) led to an interesting τ–functional formalism for this hierarchy.

Geometrical applications of the Ablowitz–Ladik systems were studied in Doliwa and Santini (1995).

The lattice Heisenberg magnetic model was introduced in Sklyanin (1982) and in Ishimori (1982). The latter paper contains also the proof of the gauge equivalence of this model to the Ablowitz– Ladik’s discrete NLS. A duscussion of the geometric meaning of the discrete Heisenberg model see in Doliwa and Santini (1999), Bobenko and Suris (1999a).

It should be also mentioned that there exist also other spatial discretizations of NLS, the most remarkable being the one of Izergin and Korepin (1981). As an advantageous feature, it should be mentioned that this model shares the r–matrix with the continuous one (the linear r–matrix bracket of the latter being replaced by the quadratic Sklyanin bracket for the former). The Izergin–Korepin discretization is, in a sense, a reparametrization the lattice Heisenberg magnetic model. Therefore, the Ablowitz–Ladik and the Izegin–Korepin discretizations are gauge equivalent, see Hoffmann (2000).

The vector generalization of the Ablowitz–Ladik flows is an interesting model which resisted for a long times against all attempts to prove its integrablity, cf. Ablowitz, Ohta and Trubach (1999). It was finally proved recently in Tsuchida, Ujino and Wadati (1998, 1999).

18.4. The time discretization of the nonlinear Schrödinger equation was performed by Ablowitz and Ladik (1976b, 1977). These schemes, as well as numerical schemes for KdV and MKdV equations were further developed and extensively tested in Taha and Ablowitz (1984, 1988).

Different double discrete versions of NLS and some related equations are found also in Date et al. (1982, 1983), and the paper Quispel et al. (1984) contains lattice versions of NLS, KdV, MKdV and some further soliton equations. The relations between all these findings are still not completely clarified.

A number of papers was devoted to a symplectic (not necessary integrable) time discretization of the Ablowitz–Ladik system, and to important and interesting effects of the spurious chaos in such discretizations, see Herbst and Ablowitz (1989), Ablowitz and Herbst (1990), McLaughlin and Schober (1992), Herbst, Varadi and Ablowitz (1994), Ablowitz and Schober (1994a,b), Ablowitz, Herbst and Schober (1996), Calini et al. (1996), Tang et al. (1996, 1997), Schober (1999), Hairer and Schober (2000).

18.5–18.10. These Sections contain the results of the papers Suris (1997e,f). See also the discussion in Black, Weideman and Herbst (1999), Suris (2000b).

For the notion of the partitioned Runge–Kutta methods and for their symplectic properties see Hairer et al. (1987), Suris (1990c), Sanz–Serna (1991), Suris (1996d). The Ruth–Yoshida–Suzuki techniques for constructing higher order symplectic integrators was developed in Forest and Ruth (1990), Yoshida (1990), Suzuki (1992).

18.11. The relation between the Ablowitz–Ladik and the relativistic Toda hierarchies was discovered in Kharchev et al. (1997), its Hamiltonian interpretation was given in Suris (1997e). The results on the discrete time members of these hierarchies and their interpolating Hamiltonian flows are contained in Suris (1997e,f).

Part III

Systems of classical mechanics

Chapter 19

Peakons system

Contents

19.1 Introduction

19.2 Lax representation and r–matrix

19.3 Discretization

19.4 Lagrangian interpretation

19.5 Bibliographical remarks

19.1 Introduction

Starting from this Chapter, we entry the area of integrable systems of classical mechanics and their integrable discretizations. Of course, the boarder between lattice (or differential–difference) systems and the systems of classical mechanics is somewhat fuzzy. For instance, the exponential Toda lattice certainly belongs to classical mechanics. However, in this third part of the book we consider systems which definitely do not belong to the class of differential–difference equations (although they may be defined for an arbitrary number N of degrees of freedom). Another common feature of the systems considered from now on, is that application of our general recipe of integrable discretization usualy is accompanied by serious difficulties, which have not been surpassed in the majority of cases. These difficulties are mainly connected with finding a reasonably simple description of factors Π_±(F (L)) for some suitable functions F : g → G. Therefore, obtaining integrable discretizations is connected with a certain amount of guesswork and cannot be presented in such a systematic manner as for lattice systems of Part II. A further remarkable peculiarity is the existence of alternative discretizations, not living in original hierarchies, i.e. possessing deformed integrals of motion. Finding these ones is a totally non–formalizable process.

One of the several happy cases when a systematic derivation is still possible is the peakons system considered in the present Chapter.

Many interesting integrable systems of classical mechanics may be viewed as describing certain special solutions of integrable partial derivatives equations. So, the famous Calogero–Moser systems describe certain singular solutions of the Kadomtsev–Petviashvili (KP) equation, their relativistic analogs describe solitons of the sine–Gordon equation, and so on. Recently, there appeared another remarkable system of that sort, namely a system describing peaked solitons of the so called Camassa– Holm shallow water equation. This system, called hereafter the peakons system, is Hamiltonian on the canonical phase space R^{2N} (x, p) with the Hamilton function H(x, p) = 1 2 N∑ j,k=1 p_j p_ke−|x^k −x^j | . (19.1.1)

Here x_k is the position of the peak of the kth soliton, and p_k is related to its amplitude. It may be proved that, generally speaking, the peakons retain their ordering. More precisely, the sign of (x_k − x_j ) can change at some t = t_0, only if p_k, p_j become infinite at t = t_0. Hence, restricting ourselves to non–singular solutions, or, better, to time intervals where solutions are non–singular, we can assume x_1 > x_2 > . . . > x_N , and the Hamilton function takes the form H(x, p) = 1 2 N∑ k=1 p^2_k + ∑ 1≤j<k≤N p_j p_kex^k −x^j . (19.1.2)

The canonical equations of motion read:

ẋ_k = ∑ j<k p_j ex^k −x^j + p_k + ∑ j>k p_j ex^j −x^k , (19.1.3)

ṗ_k p_k = − ∑ j<k p_j ex^k −x^j + ∑ j>k p_j ex^j −x^k . (19.1.4)

This system possesses a Lax representation in gl(N) which fits nicely in the r–matrix framework, see Sect. 19.2. Therefeore, our general recipe is applicable, and in Sect. 19.3 we derive the following integrable discretization for (19.1.3), (19.1.4): e~x^k −x^k = 1 1 − h ∑ j<k ~p_j ex^k −~x^j + h ∑ j≥k p_j ex^j −x^k , (19.1.5)

~p_k p_k = 1 − h ∑ j<k ~p_j ex^k −~x^j 1 − h ∑ j>k p_j ex^j −~x^k . (19.1.6)

The Lagrangean interpretation of these equations is achieved in Sect. 19.4.

19.5 Bibliographical remarks

19.1. About the origin of many–body systems from soliton equations see, e.g., Airault, McKean and Moser (1977), Ruijsenaars and Schneider (1986), Babelon and Bernard (1993), Krichever et al. (1995), Krichever and Zabrodin (1995), van Diejen (2000), Krichever (2000), Akhmetshin and Volvovsky (2000).

The peakons system was discovered and studied in Camassa and Holm (1993), Camassa, Holm and Hyman (1994). These authors derived it from a certain integrable shallow water equation, and studied the dynamics of peakons in some detail. The relation to billiard systems was studied in Alber et al. (1994, 1999).

A generalization of the peakons system was found by Calogero (1995), Calogero and Francoise (1996), who constructed further integrable Hamiltonians of the type H(x, p) =^1_2 ∑_N j,k=1 pj pkf(xk − x_j ).

19.2. The Lax representation of the peakons system was found in Camassa and Holm (1993), Camassa, Holm and Hyman (1994). The beautiful connection with the Toda hierarchy was pointed out in Ragnisco and Bruschi (1996). Another aspect of this connection can be traced in the inverse scattering solution of the peakons system given by Beals, Sattinger and Szmigielski (1999, 2000).

The r–matrix interpretation of the Lax representation of the peakons system (Theorem 19.2) was found in Bruschi and Ragnisco (1996). This statement may be reformulated so: the matrices (19.2.2) form a low–dimensional symplectic leaf of the bracket PB_1(^1_2 R) on gl(N). Similar symplectic leaves in all simple Lie algebras are constructed in Kamalin and Perelomov (1985), Alber, Camassa and Gekhtman (2000). The paper Bruschi and Ragnisco (1996) contains also an analogous result for the Calogero’s generalizations (when the r–matrix becomes dynamical).

19.3–19.4. The discretization of the peakons system was given in Suris (1996c).

Chapter 20

Standard–like discretizations of scalar second–order equations

Contents

20.1 Introduction

20.2 Integrable scalar difference equations: Examples

20.3 Integrable scalar difference equations: Classification

20.4 Bibliographical remarks

20.1 Introduction

In the present short Chapter we deal with one of the symplest possible objects: scalar second order equations ẍ = f(x) , (20.1.1)

where x ∈ R, and find their explicit integrable discretizations of the type ~x − 2x + x ~ = h^2F (x, h) . (20.1.2)

Of course, in order for (20.1.2) to be a discretization of (20.1.1), one must have F (x, 0) = f(x). We call the discretizations of the type (20.1.2) standard–like, after the famous standard map, which corresponds to F (x, h) = − sin x. It is well known that the corresponding difference equation, ~x − 2x + x ~ = −h^2 sin x ,

is non–integrable. In general, integrability of nonlinear equations (20.1.2), even in the one–dimensional case, is an exceptional phenomenon. For example, such equations with a function F (x, h) = f(x) independent on h are generically non–integrable, if f(x) is an entire function (in the sense of the complex analysis). Nevertheless, in Sect. 20.2 we construct three families of integrable real–analytic standard–like discretizations (20.1.2) for scalar equations (20.1.1) with the right–hand side f(x) being either a polynomial of degree ≤ 3, or a trigonometric polynomial of degree ≤ 2, or an “exponential polynomial” of degree ≤ 2. Moreover, in Sect. 20.3 we prove that our list of integrable scalar standard–like discretizations is, in some sense, exhaustive. A typical representative of the first family is ~x − 2x + x ~ = −h^2 Bx + 2Dx^3 1 + h^2Dx^2

, (20.1.3)

serving as an integrable discretization for the so called Duffing equation

ẍ = −Bx − 2Dx^3 . (20.1.4)

Typical representatives of the second family are

~x − 2x + x ~ = −2 arctan h^2 2 sin x 1 + h^2 2 cos x

, (20.1.5)

and ~x − 2x + x ~ = −4 arctan h^2 4 sin x 1 + h^2 4 cos x

, (20.1.6)

both serving as integrable discretizations of the mathematical pendulum equation

ẍ = − sin x . (20.1.7)

Finally, the third family is essentially given by the formula

~x − 2x + x ~ = log

1 + h^2 ( B e−x + D e−2x ) 1 + h^2 ( A ex + C e2x ) , (20.1.8)

serving as an integrable discretization for the 4–parameter family of differential equations ẍ = −A ex + B e−x − C e2x + D e−2x . (20.1.9) 20.4 Bibliographical remarks

The results of the present Chapter were found in Suris (1989). A closely related family of intagrable plane maps was introduced in Quispel, Roberts and Thompson (1989). Actually, all our maps may be embedded (after appropriate changes of variables) into their 18–parameter (!) family. A closely related family of standard–like maps in higher dimensions was proposed by Ishimori (1994).

The non–integrability of a generic standard–like map was proved by Lazutkin (1988). The exponentially small separatrix splitting for the standard map was deeply studied by Lazutkin and his school, see Lazutkin, Schachmannski and Tabanov (1989), Lazutkin (1993), Gelfreich, Lazutkin and Svanidze (1994), Gelfreich (1999). Notice also that perturbations of our integrable maps surve as convenient models in this circle of ideas, cf. Delshams and Ramirez-Ros (1997, 1998), Lomeli and Meiss (2000).

Chapter 21

Lie–algebraic generalizations of the Toda systems

Contents 21.1 Introduction 21.2 Lie–algebraic generalizations of the open–end Toda lattice 21.3 Lie–algebraic generalizations of the periodic Toda lattice 21.4 Toda lattices A_{N−1} and A^{(1)}_{N−1} 21.5 Discrete time Toda lattices A_{N−1} and A^{(1)}_{N−1} 21.6 Classical simple and affine Lie algebras, with the corresponding Toda lattices 21.7 Discretization of lattices B_N , C_N , C^{(1)}_N , A^{(2)}_{2N} , and D^{(2)}_{N+1} 21.8 Discretization of lattices D_N , D^{(1)}_N , B^{(1)}_N , and A^{(2)}_{2N−1} 21.9 2 × 2 Lax representations: continious time case 21.10 2 × 2 Lax representations: discrete time case 21.11 Lattice G_2 as a reduction of the lattice B_3 21.12 Lattice G^{(1)}_2 as a reduction of the lattice B^{(1)}_3 21.13 Toda lattice D^{(3)}_4 in continuous and discrete time 21.14 Bibliographical remarks

21.1 Introduction

This Chapter is devoted to one more family of integrable multi–dimensional second–order mechanical systems q̈_k = f_k(q) , 1 ≤ k ≤ N , (21.1.1) admiiting integrable standard–like discretizations ~q_k − 2q_k + q ~^k = h^2F_k(q; h) , 1 ≤ k ≤ N . (21.1.2) This family consists of the Lie–algebraic generalizations of the exponential Toda lattice. Recall that for the usual Toda lattice with the open–end or periodic boundary conditions all right–hand sides (for 1 ≤ k ≤ N) are equal to f_k(q) = eq^{k+1} −q^k − eq^k −q^{k−1} , (21.1.3) and it admits an integrable standard–like discretization with the right–hand sides

F_k(q; h) = h^{−2} log

1 + h^2eq^{k+1} −q^k 1 + h^2eq^k −q^{k−1}

. (21.1.4)

We shall see that these systems can be associated with the A_{N−1} series of simple Lie algebras (in the open–end case) and to the A^{(1)}_{N−1} series of affine Lie algebras (in the periodic case), and that there exist similar systems corresponding to all other classical series of simple and affine Lie algebras. For the most general systems considered in this Chapter, the formula (21.1.3) holds for 2 ≤ k ≤ N − 2, and two types of the functions f_k(q), resp. F_k(q; h) are admissible for both the left end and the right end of the lattice. Namely, we say that the lattice has the left end of the type BC with the parameters (β_0, γ_0), if the formula (21.1.3) holds for k = 2, and

f_1(q) = eq^2 −q^1 − β_0eq^1 − γ_0e2q^1 . (21.1.5) We say that the lattice has the left end of the type D, if f_1(q) = eq^2 −q^1 − eq^2 +q^1 , (21.1.6) f_2(q) = eq^3 −q^2 − eq^2 −q^1 − eq^2 +q^1 . (21.1.7) Similarly, the right end of the type BC with the parameters (β_N , γ_N ) is characterized by (21.1.3) for k = N − 1, and f_N (q) = β_N e−q^N + γ_N e−2q^N − eq^N −q^{N−1} , (21.1.8) while in case of the right end of the type D we have: f_{N−1}(q) = e−q^N −q^{N−1} + eq^N −q^{N−1} − eq^{N−1} −q^{N−2} , (21.1.9) f_N (q) = e−q^N −q^{N−1} − eq^N −q^{N−1} . (21.1.10) In particular, if the parameter γ_0 or γ_N vanishes, we speak about the left (resp. right) end of the type B, and if the parameter β_0 or β_N vanishes, we speak about the left (resp. right) end of the type C. It turns out that the a system with an arbitrary combination of the left end and the right end is completely integrable. For different combinations of the pure B, C, D ends we present the “big” Lax representations in Sect. 21.6, which is based on the general Lie–algebraic construction developed in Sect. 21.2, 21.3, and the 2 × 2 Lax representations in Sect. 21.9. For systems where the ends of the type BC are admissible, we have only 2 × 2 Lax representations.

We prove that the following functions F_k (q; h) provide us with integrable discretizations for the above mentioned systems. For all systems, (21.1.4) holds for 3 ≤ k ≤ N − 2. For the lattice with the left end of the type BC with the parameters (β_0, γ_0), the formula (21.1.4) holds for k = 2, and

F_1(q; h) = h^{−2} log

1 + h^2eq^2 −q^1 1 + h^2β_0eq^1 + h^2γ_0e2q^1

, (21.1.11)

and for the lattice with the left end of the type D, there holds:

F_1(q; h) = h^{−2} log

1 + h^2eq^2 −q^1 1 + h^2eq^2 +q^1

, (21.1.12)

F_2(q; h) = h^{−2} log

1 + h^2eq^3 −q^2 ( 1 + h^2eq^2 −q^1 )( 1 + h^2eq^2 +q^1

) . (21.1.13)

Similarly, for the lattice with the right end of the type BC with the parameters (β_N , γ_N ), the formula (21.1.4) holds for k = N − 1, and

F_N (q; h) = h^{−2} log

1 + h^2β_N e−q^N + h^2γ_N e−2q^N 1 + h^2eq^N −q^{N−1}

, (21.1.14)

and for the lattice with the right end of the type D, we have:

F_{N−1}(q; h) = h^{−2} log ( 1 + h^2e−q^N −q^{N−1} )( 1 + h^2eq^N −q^{N−1} ) 1 + h^2eq^{N−1} −q^{N−2} , (21.1.15)

F_N (q; h) = h^{−2} log 1 + h^2e−q^N −q^{N−1} 1 + h^2eq^N −q^{N−1}

. (21.1.16)

Again, for the lattices with pure B, C, D type ends, we find “big” Lax representations in Sect. 21.7, 21.8, and 2×2 Lax representations in Sect. 21.10, while if BC ends are admissible, we have only 2×2 Lax representations. Unlike the continuos time situation, we do not have an abstract Lie–algebraic (representation independent) formulation of our discrete time systems, and only in the A cases do we have an r–matrix interpretation of the “big” Lax representation (see Sect. 21.4). Nevertheless, the complete integrability is proved in all cases with the help of 2 × 2 Lax representations.

It is important to notice that in all cases associated with the simple and affine Lie algebras, the corresponding Toda lattice may be equivalently written as

Q̈_β = − ∑ α∈Φ C_{βα}e^{Qα} , β ∈ Φ ; (21.1.17)

here Φ is the set of simple roots (resp. weights) of the corresponding algebra, which enumerates also the set {Q_α}_{α∈Φ} of dependent variables of the corresponding lattice, and C_{βα} are entries of the Cartan matrix of the corresponding algebra. This form of equations of motion holds not only for classical series of simple and affine Lie algebras, but also for exceptional ones. Our standard–like discretizations may be always put into the form ~Q_β − 2Q_β + Q ~^β = − ∑ α∈Φ C_{βα} log ( 1 + h^2e^{Qα} ) , β ∈ Φ . (21.1.18)

A natural hypothesis says then that the latter system should be also integrable for exceptional simple and affine Lie algebras. We do not have a general proof of this hypothesis, valid for all exceptional algebras. However, we give several additional arguments in favour of this hypothesis. Namely, we find integrable discretizations of the Toda lattices corresponding to the algebras G_2, G^{(1)}_2 , and D^{(3)}_4 . In particular, the latter two systems may be put in the nice form, resembling the two–particle system with both ends of the BC type. More precisely, the equations of motion of are of the form (21.1.1) with { 6f_1(q) = e3(q^2 −q^1) − 2e6q^1 , 2f_2(q) = 2e−2q^2 − e3(q^2 −q^1) , lattice G^{(1)}_2 , { 2f_1(q) = 3eq^2 −q^1 − 2e2q^1 , 2f_2(q) = 2e−2q^2 − eq^2 −q^1 , lattice D^{(3)}_4 .

(21.1.19)

By now not very surprisingly, the right–hand sides of the integrable discretizations of these systems (21.1.2) are given by:

6F_1(q; h) = log ( 1 + h^2e3(q^2 −q^1) ) − 2 log ( 1 + h^2e6q^1 ) , 2F_2(q; h) = 2 log ( 1 + h^2e−2q^2 ) − log ( 1 + h^2e3(q^2 −q^1) ) , lattice G^{(1)}_2 ,

2F_1(q; h) = 3 log ( 1 + h^2eq^2 −q^1 ) − 2 log ( 1 + h^2e2q^1 ) , 2F_2(q; h) = 2 log ( 1 + h^2e−2q^2 ) − log ( 1 + h^2eq^2 −q^1 ) , lattice D^{(3)}_4 .

(21.1.20)

These results are contained in Sect. 21.11–21.13. In the suitably introduced ccordinates Q_α the above equations of motion for the discrete time lattices G_2, G^{(1)}_2 , and D^{(3)}_4 have exactly the form (21.1.18).

21.14 Bibliographical remarks

21.2, 21.3. As a general reference for the theory of Lie algebras and Lie groups we recommend Helgason (1978). The Lie–algebraic generalizations of the exponential Toda lattices were discovered by Bogoyavlensky (1976). A solution in terms of the representation theory was given by Kostant (1979) and by Olshanetsky and Perelomov (1979). The involutivity of integrals was demonstrated by Reyman and Semenov-Tian-Shansky (1979, 1981) and Reyman (1980) with the help of r–matrix approach, and by Kostant (1982). See also an r–matrix account in Belavin and Drinfeld (1982).

The systems with the ends of BC type were added by Sklyanin (1987). He used 2 × 2 Lax representations. Even more general boundary conditions assuring integrability were found by Inozemtsev (1989). Various results were found toward a complete characterization of integrable systems with exponential interactions, see Adler and van Moerbeke (1982), who used the notion of algebraic complete integrability; Kozlov and Treshchev (1989a,b) who studied the existence of polynomial integrals and Kowalewski numbers of such systems.

A large amount of literature is devoted to the two–dimensional generalized Toda lattices connected with Lie algebras (affine Toda fields). Among important early papers on this topic see Leznov and Saveliev (1979), Mikhailov (1979), Fordy and Gibbons (1980a, 1983), Mikhailov, Olshanetsky and Perelomov (1981), Wilson (1981), Kupershmidt and Wilson (1981), Drinfeld and Sokolov (1984). A geometric interpretation of all Lie–algebraic two–dimensional Toda systems was achieved in Doliwa (1997a,b).

21.4, 21.5. See bibliographical remarks in Chapt. 3, 5 and 10.

21.6. In our choice of matrix representations for the classical simple Lie algebras and affine Lie algebras we follow Drinfeld and Sokolov (1984).

21.7, 21.8. The results of these Sections were found in Suris (1990a, 1991). Notice that in all cases apart of A_{N−1}, A^{(1)}_{N−1}, our Lax matrices do not belong to the corresponding Lie group. Even worth: the algebraic nature of these Lax representations remains absolute obscure. It should be noticed that somewhat different Lax representations, living in the corresponding groups, were found in Hoffmann et al. (2000) for all simple Lie algebras, including the exceptional ones, but still not for the affine Lie algebras.

We mention here also some results concerning the discretization of the two–dimensional Toda lattices (Toda field equations). The A_{N−1} case was discretized by Hirota (1987), see also a study of a closely related model in Kashaev and Reshetikhin (1997). An attempt of discretizing Toda field equations for other Lie algebras, following Suris (1990a), was undertaken in Ward (1995). A completely different approach is that of Kuniba, Nakanishi and Suzuki (1994), Kuniba and Suzuki (1995a,b), Kuniba, Nakamura and Hirota (1996), Tsuboi and Kuniba (1996), Tsuboi (1997). The equations which can be considered as discretizations of Toda field systems appeared in these papers as functional relations satisfied by transfer matrices of integrable models of statistical quantum physics. See in this relation also Krichever, Lipan, Wiegmann and Zabrodin (1997), Krichever, Wiegmann and Zabrodin (1997).

21.9. 2×2 Lax representations and the r–matrix structure for Toda lattices with ends of the BC type were given by Sklyanin (1987) and generalized for the case of the D type ends by Kuznetsov and Tsyganov (1989).

21.10. 2 × 2 Lax representations and the r–matrix structure for all discrete time Toda lattices were found in Suris (1990b), and used there for the proof of complete integrability and for the definition of the relativistic Toda lattiices corresponding to all simple Lie algebras and affine Lie algebras, as well as for the case of the BC type ends.

21.11–21.13. The continuous time results here are well known, the discrete time ones are new.

Chapter 22

Garnier system

Contents 22.1 Introduction 22.2 Garnier system

22.2.1 Equations of motion and Hamiltonian structure 22.2.2 Integrals of motion 22.2.3 “Big” Lax representation 22.2.4 “Small” Lax representation 22.3 Anharmonic oscillator

22.3.1 Equations of motion and Hamiltonian structure 22.3.2 Integrals of motion 22.3.3 “Big” Lax representation 22.3.4 “Small” Lax representation 22.4 Wojciechowski system

22.4.1 Equations of motion and Hamiltonian structure 22.4.2 Integrals of motion 22.4.3 “Big” Lax representation 22.4.4 “Small” Lax representation 22.5 Bäcklund transformation for the Garnier system 22.6 Bäcklund transformation for the anharmonic oscillator 22.7 Bäcklund transformation for the Wojciechowski system 22.8 Explicit discretization of the Garnier system 22.8.1 Equations of motion and symplectic properties 22.8.2 Integrals of motion 22.8.3 “Big” Lax representation 22.8.4 “Small” Lax representation 22.9 Explicit discretization of the anharmonic oscillator 22.9.1 Equations of motion and symplectic properties 22.9.2 Integrals of motion 22.9.3 “Big” Lax representation

22.9.4 “Small” Lax representation

22.10 Explicit discretization of the Wojciechowski system

22.10.1 Equations of motion and symplectic properties 22.10.2 Integrals of motion 22.10.3 “Big” Lax representation 22.10.4 “Small” Lax representation

22.11 Bibliographical remarks

22.1 Introduction

In the present Chapter we study several closely related integrable mechanical systems with cubic nonlinearities, along with their integrable discretizations. The first one is the so called anharmonic oscillator: ẍ_k = −ω_kx_k − 2x_k⟨x, x⟩ , 1 ≤ k ≤ N , (22.1.1) where ⟨x, x⟩ = N∑ j=1 x^2_j .

This system is completely integrable in the Liouville–Arnold sense, all integrals being quadratic in momenta. Therefore, it also solvable via the separation of variables method (which we do not discuss here). We give two different Lax representations of this system, as well as their r–matrix intepretations, which is the most direct way towards proving the involutivity of integrals. All this is contained in Sect. 22.3.

The anharmonic oscillator possesses several different integrable discretizations, and we consider here two most remarkable among them.

The first one (Sect. 22.6) is an implicit one:

(1 + h^2ω_k)^{1/2}(~x_k + x ~^k ) = x_k ( (1 − h^2σ)^{1/2} + (1 − h^2 σ ~ )^{1/2} ) , 1 ≤ k ≤ N , (22.1.2)

where σ = ⟨~x, ~x⟩ + ⟨x, x⟩ , σ ~ = ⟨x, x⟩ + ⟨ x ~ , x ~ ⟩ . (22.1.3)

We demonstrate that this discrete time system of Newtonian equations admits a Lagrangian interpretation. Introducing the corresponding momenta, the main feature of (22.1.2) uncovers: namely, it shares the integrals of motion and, naturally, also the Lax matrices with its continuous time counterpart. In other words, it may be considered as a Bäcklund transformation of the continuous time system.

The second discretization (Sect. 22.9) does not have this attractive property, being instead more elegant and, moreover, an explicit one: ~x_k + x ~^k = (2 − h^2ω_k)x_k 1 + h^2⟨x, x⟩ , 1 ≤ k ≤ N . (22.1.4)

This is also a completely integrable symplectic map, and its integrals of motion and Lax matrices, being different from their continuous time counterparts, tend to the latter in the limit h → 0.

There exists also a generalization of the anharmonic oscillator, which corresponds to imposing additional inverse square potential upon all particles. The corresponding system, due to Wojciechowski, reads:

ẍ_k = −ω_kx_k + m^2_k x^3_k − 2x_k⟨x, x⟩ , 1 ≤ k ≤ N . (22.1.5) The integrability properties of this system constitute the subject of Sect. 22.4.

It turns out to be possible to generalize both discretizations above for the case of the Wojciechowski system. This generalization is obtained along the similar lines, and results for both discretizations in a certain modification of the left–hand side, while retaining the right–hand side intact. An implicit discretization sharing the integrals of motion and the Lax matrix with (22.1.5) reads (Sect. 22.7): ~x_k ( 1− h^2m^2_k ~x^2_k x^2_k )_{1/2} + x ~^k ( 1− h^2m^2_k x^2_k x ~ 2 k )_{1/2} = (1+h^2ω_k)^{−1/2}x_k ( (1 − h^2σ)^{1/2} + (1 − h^2 σ ~ )^{1/2} ) . (22.1.6)

An explicit discretization of (22.1.5) is: ~x_k ( 1 − h^2m^2_k ~x^2_k x^2_k )_{1/2} + x ~^k ( 1 − h^2m^2_k x^2_k x ~ 2 k )_{1/2} = (2 − h^2ω_k)x_k 1 + h^2⟨x, x⟩ . (22.1.7)

This system is studied in detail in Sect. 22.10.

Actually, both the anharmonic oscillator and the Wojciechowski system turn out to be two different reductions of a more general system, known as the Garnier system. The latter describes a coupled system of two N–dimensional oscillators (x, ξ) ∈ R^{2N} , interacting via a biquadratic potential ⟨Ωx, ξ⟩ + ⟨x, ξ⟩^2. We give a detailed account of this general system in Sect. 22.2, and study its two integrable discretizations in Sect. 22.5, 22.8.

22.11 Bibliographical remarks

22.2, 22.3. The Garnier system and the anharmonic oscillator were discovered by Garnier (1919). It should be mentioned that this paper contains one of the earliest examples of the Lax representation of a mechanical system. Namely, the “big” Lax matrix (22.2.20) is written there explicitly! This remarkable discovery remained forgotten for a long time, so that, e.g., Reyman (1980) considered finding a Lax representation for the anharmonic oscillator as an open problem. However, at that time it was already rediscovered by Choodnovsky and Choodnovsky (1979), who derived it from the Lax representation of the vector nonlinear Schrödinger equation, for which the anharmonic oscillator is a stationary flow. The r–matrix interpretation of this Lax representation was found by Reyman (1986).

Actually, the anharmonic oscillator may be included into a family of natural mechanical systems with polynomial potentials, admitting a separation of variables in elliptic coordinates. This family was defined by Wojciechowski (1985a), see also Marshall and Wojciechowski (1988), Antonowicz and Rauch-Wojciechowski (1992a).

The “small” 2 × 2 Lax representation was derived, as a by–product of the interpretation of the anharmonic oscillator as a restricted flow of the KdV hierarchy, in Antonowicz (1992), Antonowicz and Rauch-Wojciechowski (1992b). A bi–Hamiltonian structure of this and related systems was established in Antonowicz and Rauch-Wojciechowski (1990). See also related papers on the restricted flows of soliton hierarchies: Antonowicz, Fordy and Wojciechowski (1987), Antonowicz and Rauch- Wojciechowski (1991, 1993), Rauch-Wojciechowski (1991a,b), Ragnisco and Rauch–Wojciechowski (1992, 1994), Orlov and Rauch-Wojciechowski (1993), and Marciniak (1997). The r–matrix structures of the 2 × 2 Lax representations of the restricted flows were studied in Eilbeck, Enolskij, Kuznetsov and Leykin (1993), Eilbeck, Enolskij, Kuznetsov and Tsiganov (1994), Kulish, Rauch- Wojciechowski and Tsiganov (1996).

22.4. The system studied in here was introduced by Wojciechowski (1985b). This paper contains also a solution by separation of variables, the proof of complete integrability, and the “big” Lax representation. The dynamical r–matrix was found in Suris (1995b).

22.5–22.7. The Bäcklund transformations for the anharmonic oscillator and the Wojciechowski system were found in Hone, Kuznetsov and Ragnisco (1999) on the base of 2×2 Lax representations. We add here to their results the case of the Garnier system and the N × N Lax representations. Notice that these discrete time systems are nothing but the stationary “flows” of the vector analog of the Ablowitz–Ladik discrete nonlinear Schrödinger equation. Interestingly enough, the integrability of this latter system was established only recently by Tsuchida, Ujino and Wadati (1999). The corresponding Lax representation is not the nonstationary version of our one, in particular, the Lax matrix is not N × N, but rather lives in the Clifford algebra Cℓ_N .

22.8–22.10. Explicit discretizations of the Garnier system and of the anharmonic oscillator were found in Suris (1994b) (a particular case N = 2 was found earlier by McLachlan (1993), without proof of integrability). The explicit discretization of the Wojciechowski system was given in Suris (1994d).

100

Chapter 23

Lie–algebraic generalizations of the Garnier system

Contents 23.1 Introduction 23.2 A family of Garnier systems related to symmetric spaces 23.3 Garnier systems related to symmetric spaces AIII : SU(N + M)/S(U(N) × U(M)) 23.3.1 Equations of motion and Lax representation 23.3.2 Example: M = 2 23.3.3 Discretizations 23.3.4 Example: discrete systems with M = 2 23.4 Garnier systems related to symmetric spaces CI : Sp(N)/U(N) and DIII : SO(2N)/U(N) 23.5 Garnier systems related to symmetric spaces BDI : SO(N + 2)/SO(N) × SO(2) 23.5.1 Equations of motion and Lax representation 23.5.2 Discretization 23.6 Bibliographical remarks

23.1 Introduction

We discuss in this Chapter a large family of multi–dimensional second–order integrable mechanical systems admitting integrable standard–like discretizations, which generalize the Garnier system and its reduced version, the anharmonic oscillator:

ẍ_k = −ω_kx_k − 2x_k N∑ j=1 x^2_j , 1 ≤ k ≤ N . (23.1.1)

Recall that its integrable standard–like discretization found in Chapter 22 is a natural multi– dimensional analog of (20.1.3):

~x_k − 2x_k + x ~^k = −h^2 ω_kx_k + 2x_k N∑ j=1 x^2_j

1 + h^2 N∑ j=1 x^2_j

, 1 ≤ k ≤ N . (23.1.2)

Putting c_k = 1 − h^2ω_k/2, and rescaling x_k → c^{1/2}_k x_k, we find the symplectic version of (23.1.2): ~x_k + x ~^k = 2c_kx_k 1 + h^2 N∑ j=1 c_j x^2_j

, 1 ≤ k ≤ N . (23.1.3)

The anharmonic oscillator turns out to possess a series of generalizations related to symmetric spaces. All these generalized systems admit standard–like discretizations, so that we find a vast family of integrable multi–dimensional standard–like maps related to symmetric spaces. The abstract Lie– algebraic formulation of these generalized systems is given in Sect. 23.2. Integrable discretizations are discussed in a case–by–case manner.

One family of these generalized systems (Sect. 23.3) is described by the matrix motion equation

ẍ = −Ωx − xA − 2xx^Tx , (23.1.4)

where x is an N × M matrix, and Ω = diag(ω_1, . . . , ω_N ), A = diag(α_1, . . . , α_M ). So, the anharmonic oscillator is a M = 1 particular case of (23.1.4). A standard–like integrable discretization of (23.1.4) reads: ~x + x ~ = 2Cx(D + h^2x^TCx)^{−1} = h^{−2}∂ log det(D + h^2x^TCx)/∂x^T, (23.1.5)

where C = diag(c_1, . . . , c_N ), D = diag(d_1, . . . , d_M ), and the relation to the continuous–time parameters is as follows: c_k = 1 − h^2ω_k/2 + o(h^2), d_k = 1 + h^2α_k + o(h^2). In Sect. 23.3 we find a Lax representation of this discrete time system, and discuss its integrals of motion and the r–matrix structure. As pointed out in Sect. 23.4, if M = N and Ω = A, resp. C = D^{−1}, then the above continuous and discrete time systems admit important reductions singled out by the condition of the matrix x being symmetric or skew–symmetric.

Finally, in Sect. 23.5 the following oscillator with a quartic potential is considered: ẍ = −Ωx − xα − 2x⟨x, x⟩ + Sx⟨x, Sx⟩ , (23.1.6) where α is some real number, S = (δ_{j,N−k+1})^N_{j,k=1}, and the diagonal matrix Ω satisfies SΩ = −ΩS. An integrable standard–like discretization of this system reads: ~x + x ~ = 1 Δ ( 2Cxd + h^2Sx⟨x, Sx⟩ ) = h^{−2}∂ log Δ/∂x^T, , (23.1.7)

where Δ = d^2 + h^2d⟨Cx, x⟩ + h^4 4 ⟨x, Sx⟩^2 . (23.1.8)

Here d = 1 + h^2α/2 + o(h^2), and the diagonal matrix C = I − h^2Ω/2 + o(h^2) satisfies SC = C^{−1}S.

23.6 Bibliographical remarks

23.2. Integrable systems with the quartic potential related to Hermitean symmetric spaces were introduced in Fordy, Wojciechowski and Marshall (1986). They appeared as stationary flows of the corresponding generalization of the nonlinear Schrödinger equation found by Fordy and Kulish (1983). It should be mentioned that this latter work was followed by a series of papers where some other scalar integrable PDEs were generalized in a similar manner: Fordy (1983b), Athorne and Fordy (1987). Returning to the quartic oscillators, we notice that their r–matrix interpretation was given by Reyman (1986) and Marshall (1988).

23.3–23.5. The discretizations given here were found, along with the Lax representations and r–matrix interpretation (when available) by Suris (1994c).

Chapter 24

Neumann system

Contents 24.1 Introduction 24.2 Double Neumann system

24.2.1 Equations of motion and Hamiltonian structure 24.2.2 “Big” Lax representation 24.2.3 “Small” Lax representation 24.2.4 Unconstrained version 24.3 Neumann system

24.3.1 Equations of motion and Hamiltonian structure 24.3.2 “Big” Lax representation 24.3.3 “Small” Lax representation 24.3.4 Unconstrained version 24.4 Rosochatius system

24.4.1 Equations of motion and Hamiltonian structure 24.4.2 “Big” Lax representation 24.4.3 “Small” Lax representation 24.4.4 Unconstrained version 24.5 Bäcklund transformation for the double Neumann system 24.6 Bäcklund transformation for the Neumann system 24.7 Bäcklund transformation for the Rosochatius system 24.8 Ragnisco’s discretization of the Neumann system 24.9 V. Adler’s discretization of the Neumann system 24.10 Coupled Neumann system: two interacting oscillators on a sphere 24.11 Discretization of the coupled Neumann system

24.11.1 Discretization à la Ragnisco 24.11.2 Discretization à la V. Adler 24.12 Bibliographical remarks

24.1 Introduction

The subject of the present Chapter constitute several well–known integrable mechanical systems, all being close relatives of the famous Neumann system. They belong to the area of constrained mechanics, describing the motion of a particle (or of two interacting particles) on the surface of the sphere S = {x ∈ R^N : ⟨x, x⟩ = 1}.

The Neumann system (Sect. 24.3) describes the motion of a particle x ∈ S under the influence of the harmonic potential^1_2 ⟨Ωx, x⟩. The equations of motion read:

ẍ_k = −ω_kx_k − αx_k , 1 ≤ k ≤ N , (24.1.1)

where α = α(x, ẋ) is the Lagrange multiplier assuring the validity of the relations ⟨x, x⟩ = 1, ⟨ẋ, x⟩ = 0 during the evolution. It is easy to see that α = ⟨ẋ, ẋ⟩ − ⟨Ωx, x⟩ . (24.1.2) This system can be given a Hamiltonian interpretation in terms of the Dirac Poisson bracket, and it turns out to be completely integrable in the Liouville–Arnold sense, all integrals being quadratic in momenta (which also implies that it is solvable via the separation of variables method). Actually, this system is in some sense a close relative of the anharmonic oscillator, and our presentation here follows closely that of the previous Chapter. We give two different Lax representations of the Neumann system, and discuss their r–matrix interpretations.

Further, we discuss three different integrable discretization of the Neumann system. (This system is probably the champion in possessing essentially different integrable discretizations.) The difference equations of the first one, due to Veselov, read: ~x_k + x ~^k = (1 + h^2ω_k)^{−1/2}βx_k , (24.1.3)

where β is the Lagrange multiplier, assuring that x remains on the sphere S during the discrete time evolution. It is easy to see that

β = 2 ⟨ (I + h^2Ω)^{−1/2}x, x ~ ⟩ ⟨ (I + h^2Ω)^{−1}x, x ⟩ = 2 ⟨ (I + h^2Ω)^{−1/2}x, ~x ⟩ ⟨ (I + h^2Ω)^{−1}x, x ⟩ = ⟨ (I + h^2Ω)^{−1/2}x, ~x + x ~ ⟩ ⟨ (I + h^2Ω)^{−1}x, x

⟩ . (24.1.4)

The first two expressions for β make this difference equation explicit for the evolution in both the positive and the negative directions of (discrete) time. The third expression makes it obvious that β = 2 − h^2α + o(h^2) with α from (24.1.2), so that we indeed have a discretization of (24.1.1). We show in Sect. 24.6 that this equation (24.1.3) is a discrete time Lagrangian system, which provides us with a systematic way of introducing the canonically conjugate momenta. Performing this, the main feature of (24.1.3) comes into the light: namely, it shares the integrals of motion and the Lax matrices with its continuous time counterpart. In other words, it is a Bäcklund transformation of the Neumann system.

The second discretization of the Neumann system, due to Ragnisco, is governed by the following difference equations: ~x_k ⟨~x, x⟩ − 2x_k + x ~^k ⟨x, x ~ ⟩ = −h^2ω_kx_k + h^2⟨Ωx, x⟩x_k . (24.1.5)

Again, this is a discrete time Lagrangian system. Introducing the canonically conjugate momenta in a proper way, we shall see in Sect. 24.8 that the integrals of motion and the Lax matrices for (24.1.5) are O(h)–perturbations of the corresponding objects of the continuous time Neumann system.

The same holds also for the third discretization of the Neumann system, due to V. Adler: ~x_k + x_k 1 + ⟨~x, x⟩ + x_k + x ~^k 1 + ⟨x, x ~ ⟩ = (2 − h^2ω_k/2) x_k 1 − h^2 ⟨Ωx, x⟩/4 . (24.1.6)

We study this system in Sect. 24.9.

The next integrable system in the Neumann family is the Rosochatius system, see Sect. 24.4. It can be said that its relation to the Neumann system is approximately the same as the relation of the

Wojciechowski system to the anharmonic oscillator: it consists of adding an inverse square potential 1 2 ∑_N k=1 m^2_k/x^2_k. So, the equations of motion of the Rosochatius system read:

ẍ_k = −ω_kx_k + m^2_k x^3_k

− αx_k , 1 ≤ k ≤ N . (24.1.7)

Here the formula for the Lagrange multiplier, assuring ⟨x, x⟩ = 1 and ⟨ẋ, x⟩ = 0, reads: α = ⟨ẋ, ẋ⟩ − ⟨Ωx, x⟩ + ⟨ m x , m x ⟩ , where, of course, m/x stands for the vector with components m_k/x_k. The discretizations of the Neumann system can be generalized for the case of the Rosochatius system. We consider in detail only the generalization of (24.1.3), see Sect. 24.7. This generalization also mimics the corresponding construction of the previous Chapter. The discrete time Newtonian equations of motion are: ~x_k ( 1 − h^2m^2_k ~x^2_k x^2_k )_{1/2} + x ~^k ( 1 − h^2m^2_k x^2_k x ~ 2 k )_{1/2} = (1 + h^2ω_k)^{−1/2}βx_k , (24.1.8)

with the corresponding Lagrange multiplier β. Again, the Lagrangian nature of these equations leads to their Hamiltonian interpretation, and the latter makes it apparent that (24.1.8) shares the integrals of motion ans the Lax matrix with its continuous time analog (24.1.7).

Actually, we consider the Neumann system and the Rosochatius system as two different reductions of the more general one, the so called double Neumann system. The latter describes the motion of the particle (x, ξ) on the surface of the hyperboloid Σ = {(x, ξ) ∈ R^{2N} : ⟨x, ξ⟩ = 1}. See Sect. 24.2 for a detailed account of this system, and Sect. 24.5 for its discretization, whose particular cases (or, better, reductions) the systems (24.1.3) and (24.1.8) are.

The double Neumann system has not to be confused with the coupled Neumann system, which actually describes the motion of two particles x and y on the sphere S, under the bilinear potential of interaction ⟨Ωx, y⟩. The latter system is considered in Sect. 24.10. The equations of motion read:

ẍ_k = −ω_ky_k − αx_k , ÿ_k = −ω_kx_k − γy_k , 1 ≤ k ≤ N . (24.1.9)

Here α and γ are two different Lagrange multipliers, whose proper choice guarantees that the relations ⟨x, x⟩ = ⟨y, y⟩ = 1 are fulfilled for all times. This proper choice is: α = ⟨ẋ, ẋ⟩ − ⟨Ωx, y⟩ , γ = ⟨ẏ, ẏ⟩ − ⟨Ωx, y⟩ . (24.1.10) The system (24.1.9), (24.1.10) is completely integrable: it possesses a Lax representation, admitting an r–matrix interpretation. We consider two (probably) integrable discretizations of the coupled Neumann system. The first one is a direct generalization of the Ragnisco’s discrete time Neumann system (24.1.5): ~x_k ⟨~x, x⟩ − 2x_k + x ~^k ⟨x, x ~ ⟩ = −h^2ω_ky_k + h^2⟨Ωx, y⟩x_k , (24.1.11) ~y_k ⟨~y, y⟩ − 2y_k + y ~^k⟨y, y ~ ⟩ = −h^2ω_kx_k + h^2⟨Ωx, y⟩y_k . (24.1.12)

The second one is a direct generalization of the V. Adler’s discrete time Neumann system (24.1.5): ~x_k + x_k 1 + ⟨~x, x⟩ + x_k + x ~^k 1 + ⟨x, x ~ ⟩ = 2x_k − h^2ω_ky_k/2 1 − h^2⟨Ωx, y⟩/4 , (24.1.13) ~y_k + y_k 1 + ⟨~y, y⟩ + y_k + y ~^k 1 + ⟨y, y ~ ⟩ = 2y_k − h^2ω_kx_k/2 1 − h^2⟨Ωx, y⟩/4 . (24.1.14)

More precisely, we demonstrate in Sect. 24.11 that the system of difference equations (24.1.11), (24.1.12) possesses at least N integrals of motion, quadratic in momenta, which are O(h)–perturbations of the corresponding integrals of the continuous time coupled Neumann system. For the system of difference equations (24.1.13), (24.1.14) we give only one integral of motion. A construction of Lax representations of these discretizations, as well as finding lacking integrals (N for the first one, and 2N − 1 for the second one), remains an interesting open problem.

24.12 Bibliographical remarks

24.2–24.4. The systems studied here were discovered in XIXth century, in Neumann (1859) and Rosochatius (1877) (of course, in the “physical” dimension N = 3 only). In these classical papers the systems were integrated in hyperelliptic functions with the help of separation of variables. The modern period in studying these systems starts with the work of Moser (1980a,b). He formulated the Hamiltonian structure in terms of the constrained Dirac bracket, and gave explicitly all integrals of motion. Further, Moser discussed an isomorphism between the solutions of the Neumann system and the finite–gap potentials of the Schrödinger operator. This isomorphism was established in McKean and Trubowitz (1976), and developed further also in Veselov (1980). An isomorphism between the Neumann system and the geodesic flow on an ellipsoid was also discovered by Moser (1980a,b), and further developed in Knörrer (1982). It was extended to the case of the Rosochatius system in Kubo et al. (1999).

The algebro–geometric study of the Neumann system was pushed forward by by Mumford (1984) and by Flashka (1984) (who seems to be the inventor of what we call the double Neumann system), see also Ercolani and Flaschka (1985). In the case of Rosochatius system such study was performed in Gagnon et al. (1985). The Flashka’s approach was further developed by Schilling (1987, 1989, 1992a,b), who introduced Neumann–like systems related to different spectral problems.

An interpretation of the complete integrability of the Neumann and Rosochatius systems in the framework of Euler–Poisson systems on semidirect product Lie algebras was given by Ratiu (1981, 1982).

The progress in Moser (1980a,b) was mainly due to the discovery of the “big” (N × N) Lax representation. The interpretation of this Lax representation for the Neumann system in terms of the Adler–Kostant–Symes scheme was given soon by Adler and van Moerbeke (1980) and Reyman (1980). See a modern (r–matrix) presentation in Avan, Talon (1990), Reyman and Semenov-Tian- Shansky (1994). The 2×2 Lax representation of the Neumann system is present already in Mumford (1984). The existense of such different Lax representations is a particular case of the general “duality” explored in Adams, Harnad and Hurtubise (1990a), see also Schilling (1991). The “small” Lax representation was interpreted in terms of momentum maps into loop algebras, and generalized to the Rosochatius system, in Adams, Harnad and Previato (1988). An extensive development of this approach is given in Adams, Harnad and Hurtubise (1990b, 1993, 1997). See also Avan and Talon (1991a), Kuznetsov (1992). This works contain also (more or less explicitly) an r–matrix intepretation of the 2 × 2 Lax representation of the unconstrained version of the Neumann system. The dynamical r–matrix structure for the constrained version appeared in Ragnisco and Suris (1996). The dynamical r–matrix for the “big” Lax representation of the Rosochatius system was derived in Suris (1995b).

A whole family of natural mechanical systems on a sphere, integrable via separation of variables, was constructed in Wojciechowski (1985a). This is related to the interpretation of the Neumann system as a restricted flow of the KdV hierarchy, given in Antonowicz and Rauch-Wojciechowski (1991, 1992b), which implies also a new interpretation of the 2 × 2 Lax representation, cf. Eilbeck et al. (1994). Of course, this is closely related to the above mentioned Moser–Trubowitz isomorphism with finite–gap Schrödinger operators.

24.5–24.7. The discretization of the Neumann system was achieved for the first time in Veselov (1988), its ralation to the matrix factorization was established in Veselov (1991a), Moser and Veselov (1991). An attempt (in our view, unsuccessfull) to relate this factorization problem to the one connected with the standard decomposition of the loop algebra into subalgebras spanned by negative, resp. nonnegative powers of ν was undertaken in Krešić-Jurić (1999). A generalization to the Rosochatius system was given in Suris (1994d). A different approach to these discretizations, based on the interpretation of the Neumann system as a restricted flow of the KdV hierarchy, and therefore on 2 × 2 Lax representations, was proposed in Hone, Kuznetsov and Ragnisco (1999). This approach led also to the interpretation of these discretizations as Bäcklund transformations.

24.8. This discretization was proposed by Ragnisco (1992), and was also based on the technique of restricted flows. Its r–matrix interpretation was given in Ragnisco (1995), Ragnisco and Suris (1996). A closely related discretization of the double Neumann system, which however does not admit the reduction ξ = x, was proposed in Ragnisco and Rauch–Wojciechowsi (1996).

24.9. This discretization was proposed by V. Adler (2000b), as a result of his discretization of the Landau–Lifshits equation. He found also two integrals of motion in the case N = 3. The integrability in the general case was proved in Suris (2000c).

24.10, 24.11. The coupled Neumann system was invented by Reyman (1980) and independently by Veselov (1984). Also the “big” Lax representation and its r–matrix interpretation was given in Reyman (1980). The “small” Lax representation seems not to appear in the literature previously. The discretizations of the coupled Neumann system are proposed here for the first time.

108

Chapter 25

Some integrable cases of rigid body dynamics

Contents 25.1 Introduction 25.2 Multidimensional Euler top 25.3 Discrete time Euler top 25.4 Rigid body in a quadratic potential 25.5 Discrete time top in a quadratic potential 25.6 A particular case: the Clebsch problem 25.7 Lagrange top

25.7.1 Body frame formulation 25.7.2 Rest frame formulation 25.8 Discrete time Lagrange top

25.8.1 Rest frame formulation 25.8.2 Moving frame formulation 25.9 Lagrange top and Heisenberg magnetic 25.10 Bibliographical remarks

25.1 Introduction

The rigid body dynamics are rich with problems interesting from the mathematical point of view, in particular, with integrable problems. Certainly, the most famous ones are the three integrable cases of the rotation of a heavy rigid body about a fixed point in a homogeneous gravity field, named after Euler, Lagrange, and Kovalevsky. They were discovered in the 18th and the 19th century, and can be called classical. However, the list of integrable problems of the rigid body dynamics is by far not exhausted by these ones. Another important example is the rotation of a rigid body with a fixed point in an arbitrary quadratic potential. The integrability of this problem is a much more recent finding due to Bogoyavlensky and Reyman.

In the present Chapter we study those problems for which integrable discretizations are known. The list includes the Euler top, the Lagrange top, and the rigid body in a quadratic potential. Moreover, we discuss multidimensional generalizations of the first and the third of these systems. In all cases the equations of motion have a form of (generalized) Euler–Poisson equations. They can be interpreted as Lie–Poisson equations on duals to certain semidirect product Lie algebras, and the most natural way to derive them is through the Lagrangian reduction. We present such a derivation for all the above mentioned systems and for their discrete time analogs.

We start our presentation in Sect. 25.2 with the n–dimensional analog of the Euler top (free rigid body with a fixed point). The equations of motion are in terms of a skew–symmetric matrix of the kinetic momenta M ∈ so(n):

Ṁ = [M, Ω] , (25.1.1)

where the angular velocity matrix Ω ∈ so(n) is defined by the relation

M = JΩ + ΩJ ⇔ Ω_{jk} = M_{jk}/(J_j + J_k) , (25.1.2)

where J = diag(J_1, . . . , J_n) is the inertia tensor. We present a Lagrangian derivation of these equations and their Hamiltonian structure. Moreover, we formulate a bi–Hamiltonian property of (25.1.1), which could serve as a route to establishing a complete integrability of this system. However, we follow another route, namely through the Lax representation and its r–matrix interpretation.

Then, in Sect. 25.3, we present a discrete time Lagrange function which leads to an integrable discretization of (25.1.1). The role of the angular velocity is played now by the group element W_k ∈ SO(n), such that W_k ≈ I + hΩ, W^T_k ≈ I − hΩ. The equations of motion read:

M_{k+1} = W^T_k M_kW_k , (25.1.3)

while the relation between the kinetic momenta and the angular velocity also becomes less simple than (25.1.2):

M_k = 1 h (W_kJ − JW^T_k ) . (25.1.4)

(Notice that in the present Chapter we found it more convenient to use the index notation for discrete time systems, so that the subscript k refers to the discrete time t_k = kh). The Lagrangian derivation leads to a simple proof of a Poisson property of the map M_k → M_{k+1}. However, this map is multivalued: as opposed to (25.1.2), the relation (25.1.4), considered as an equation for W_k with a given M_k, has more than one solution (although only one of them has correct asymptotic properties by h → 0). Nevertheless, any branch of the multi–valued map M_k → M_{k+1} thus obtained is completely integrable. This is demonstrated with the help of a discrete time analog of the Lax representation. By a sort of a wonderful coincidence, the Lax matrix for this map is exactly the same as for its continuous time counterpart. Hence the discrete time Euler top shares the integrals of motion with the continuous time one.

An important generalization of the Euler top is connected with putting it in an arbitrary quadratic potential. The resulting integrable system is studied in Sect. 25.4. It is described by the following generalized Euler–Poisson equations:

Ṁ = [M, Ω] + [P, J] ,

Ṗ = [P, Ω] ,

(25.1.5)

Here M ∈ so(n) is the matrix of kinetic momenta, while the symmetric matrix P ∈ Symm(n) comprises the information both about the position of the body and about the coefficients of the quadratic potential. The meaning of the symbols J and Ω is the same as before. In particular, there holds (25.1.2). Again, our Lagrangian derivation leads automatically to the Hamiltonian interpretation of this system. Its complete integrability is demonstrated with the help of a Lax representation and its r–matrix interpretation.

In Sect. 25.5 we present a discrete time Lagrangian system which is an integrable discretization of a rigid body in a quadratic potential. Needless to say that the Lagrangian derivation automatically assures Poisson property of the resulting (multi–valued) map (M_k, P_k) → (M_{k+1}, P_{k+1}). The equations of motion may be presented as

M_{k+1} = W^T_k M_kW_k + h 2 [P_{k+1}, JW_k + W^T_k J]

P_{k+1} = W^T_k P_kW_k .

(25.1.6)

Here the matrix of angular velocity W_k ∈ SO(n), W_k ≈ I + hΩ, has to be determined from the following equation which generalizes (25.1.4) and also has (25.1.2) as its continuous limit:

M_k = 1 h (W_kJ − JW^T_k ) − h 2 (P_kW_kJ − JW^T_k P_k ) . (25.1.7)

Again, this equation has several solutions for W_k in terms of (M_k, P_k), but only one of them has a correct asymptotic behavior as h → 0. A complete integrability of the map (25.1.6), (25.1.7) is established with the help of a Lax representation and its r–matrix structure. Remarkably, this time the Lax matrix does not coincide with the Lax matrix of the continuous time system, but is its O(h^2)–perturbation. The same holds, therefore, for integrals of motion of our discretization.

Finally, in Sect. 25.7 we study the Lagrange case of the heavy top motion. Also this system admits multi–dimensional generalizations, but we have an integrable discretization only for the classical, three–dimensional, one. In the frame firmly attached to the body the equations of motion of a heavy top are: Ṁ = M × Ω + P × A , Ṗ = P × Ω . (25.1.8)

Here all quantities are vectors from R^3 : M is the vector of kinetic momenta of the rigid body, P is the unit vector along the direction of the gravity field, as seen from the body, and A is the (constant, when seen from the body) vector pointing from the fixed point to the center of mass. The angular velocity vector Ω is related to M via

M = J (Ω) = (I_1Ω_1, I_2Ω_2, I_3Ω_3)^T , (25.1.9)

where I_k are the moments of inertia. The Lagrange top is characterized by the following data: I_1 = I_2, which means that the body is rotationally symmetric with respect to the third coordinate axis, and A_1 = A_2 = 0, which means that the fixed point lies on the symmetry axis. Choosing units properly, we may assume that

I_1 = I_2 = 1 , I_3 = α , A = (0, 0, 1)^T . (25.1.10)

The integrability of this case is due to the symmetry with respect to rotations about the vector A, which is responsible for the additional integral M_3 = ⟨M, A⟩, lacking for a general heavy top. This same symmetry leads also to a less known circumstance, namely that the Lagrange top admits a nice Euler–Poisson–type description also in the rest frame. The corresponding equations of motion read: ṁ = p × a , ȧ = m × a , (25.1.11)

and do not contain the anisotropy parameter α at all. Here the vectors m, p, a are the same as M, P , A, respectively, but seen from the rest frame (in particular, the gravity vector p is constant now, and the motion of the symmetry axis of the top a is of a prime interest). Sect. 25.7 contains a systematic Lagrangian derivation of all these facts, as well as Lax representations of the Lagrange top, both in the body frame and in the rest frame.

Next, in Sect. 25.8 we find a discrete time Lagrangian system, which serves as an integrable discretization of the Lagrange top. We derive the discrete time analogs of both the body frame and the rest frame Euler–Poisson equations. The rest frame ones are the most beautiful:

m_{k+1} = m_k + hp × a_k ,

a_{k+1} = a_k + h 2 m_{k+1} × (a_k + a_{k+1}) .

(25.1.12)

It is very important that, unlike the previous two cases, the equations of motion determine the updates (m_{k+1}, a_{k+1}) uniquely in terms of (m_k, a_k). Our approach leads automatically to Poisson properties of this map. Its integrability is demonstrated directly (by finding the full set of integrals in involution), and also the Lax representation is found, together with an r–matrix interpretation. The

Lax matrix and the integrals turn out to be O(h)–perturbations of their continuous time counterparts. Similar results hold for the system in the body frame.

Finally, in Sect. 25.9 we display the relations between the Lagrange top and the Heisenberg magnetic, which were instrumental in finding the integrable discretization of the former.

Appendix A contains some useful technical details about the group SU(2) we work with by studying the Lagrange top.

25.10 Bibliographical remarks

25.1. There exists a rich literature on the various aspects of the three classical integrable cases of the rigid body dynamics, which cannot be reviewed here. We restrict ourselves to mentioning two nice books. A classical but somewhat old–fashioned presentation is contained in Golubev (1953), a modern treatment is given by Audin (1996).

What concerns more special themes of a relevance for our presentation, but not covered by detailed references that follow, one should mention an r–matrix approach to top–like systems covering almost all known integrable examples, due to Reyman (1980), see also Reyman and Semenov-Tian-Shansky (1994). A more detailed treatment of this approach for the Kovalevsky case is given by Bobenko, Reyman and Semenov-Tian-Shansky (1989) and Marshall (1998). An interesting integrable case of the dynamics of two interacting rigid bodies was found and studied by Perelomov, Ragnisco and Wojciechowski (1986). A Lax pair for the Goryachev–Chaplygin case was found by Bobenko and Kuznetsov (1988), and for the Appelrot case by Dragović and Gajić (1999).

25.2. According to Bogoyavlensky (1992), the multidimensional generalization of the Euler top is due to Frahm (1875) and Schottky (1891), and appeared later by Weyl (1923), and by Bottema and Beth (1951). A modern period of the interest in this system started with the general theory of geodesic flows on Lie groups, due to Arnold (1966), as well as with the paper by Manakov (1976), who found the n–dimensional Euler top as a reduction of the so called n wave equations, along with a spectral parameter dependent Lax representation which we reproduce in Theorem 25.2. Far reaching generalizations of this Lax representation and the corresponding sets of commuting integrals were developed by Mishchenko, Fomenko and the school of the latter; a detailed account of these results see, e.g., in Trofimov and Fomenko (1994, 1995). A detailed discussion of the bi– Hamiltonian structure, as formulated in Theorem 25.1, and its consequences is contained in Morosi and Pizzocchero (1996b).

25.3. A discretization of the Euler top is due to Veselov (1988), an interpretation in terms of matrix factorization was given in Moser and Veselov (1991), Veselov (1991a). An attempt to include these matrix factorizations into the general r–matrix framework was undertaken in Deift, Li and Tomei (1992). However, an artificial R–operator they used is apparently different from the standard R–operator from Theorem 25.3, and therefore the underlying Poisson structure of the Euler top is presumably also different from the standard ones.

We mention also two different integrable discretization of the 3–dimensional Euler top, which deal only with systems on the Lie algebra so(3), rather than on all of the Lie group SO(3): Bobenko, Lorbeer and Suris (1998) and Hirota and Kimura (2000). It is an interesting open question, whether these system may be interpreted as reductions of Lagrangian systems on SO(3). Also the possibility of multidimensional generalizations of these results is not studied.

25.4. The integrability of a rigid body in an arbitrary quadratic potential was discovered by Reyman (1980), who gave also the r–matrix interpretation, and independently by Bogoyavlensky (1984), who integrated this system in terms of Prym theta functions.

25.5. The integrable discretization of the top in a quadratic potential was found by Suris (2000a). 25.6. The integrable case of the motion of a 3–dimensional rigid body in an ideal fluid was found by Clebsch (1870). Formally the same system appeared by de Brun (1893) in the context of rotation of a rigid body in the field of a gravitationg plane, which may be approximated by a quadraitic potential. The Clebsch’s work was a development of results of Kirchhoff (1869) who gave a Lagrangian derivation of equations of motion in teh general case, and pointed out an integrable case connected with a rotational symmetry. The integration in terms of hyperelliptic theta functions was performed by Weber (1878) and Kötter (1892). The multi–dimensional generalization was found by Perelomov (1981). The integrable discretization is due to Suris (2000a).

25.7. The Lagrange integrable case of the heavy top motion was discovered by him in 1788. A modern approach to its integration based on the Lax representation and algebro–geometric technique see in Ratiu and van Moerbeke (1982), Gavrilov and Zhivkov (1998). The bi–Hamiltonian structure was elaborated in Médan (1996). A very thorough study of the geometry of invariant tori, including the monodromy phenomenon, is given in Cushman and Bates (1997).

As for the multidimensional case, there are two possible ways to generalize the notion of a heavy top, and, correspondingly, two different generalizations of the Lagrange top. The first one, living on so(n) ⋉ R^n , was proposed in Belyaev (1981), see also Reyman and Semenov-Tian-Shansky (1994). The second one, living on so(n) ⋉ so(n), was introduced by Ratiu (1982b).

25.8, 25.9. The integrable discretization of the Lagrange top was performed in Bobenko (1999), Bobenko and Suris (1999a). See these papers also for the motivation, which lies in the theory of elastic curves and their discrete analogs.

114

Bibliography

[1] Ablowitz, M.J. and Clarkson, P.A. (1991) Solitons, nonlinear evolution equations and inverse scattering. Cambridge University Press.

[2] Ablowitz, M.J. and Herbst, B.M. (1990) On homoclinic structure and numerically induced chaos for the nonlinear Schroedinger equation. SIAM J. Appl. Math., 50, 339–351.

[3] Ablowitz, M.J., Herbst, B.M., and Schober, C. (1996) On the numerics of integrable discretizations. – In: Symmetries and integrability of difference equations. Ed. D.Levi et al., CRM Proc. Lect. Notes, 9, 1–11.

[4] Ablowitz, M.J., Kaup, D.J., Newell, A.C., and Segur, H. (1973) Method for solving the sine–Gordon equation. Phys. Rev. Lett., 30, 1852–1858.

[5] Ablowitz, M.J., Kaup, D.J., Newell, A.C., and Segur, H. (1974) The inverse scattering transform –Fourier analysis for nonlinear problems. Stud. Math. Appl., 53, 249–315.

[6] Ablowitz, M. and Ladik, J. (1975) Nonlinear differential–difference equations. J. Mathem. Phys., 16, 598–603.

[7] Ablowitz, M. and Ladik, J. (1976a) Nonlinear differential–difference equations and Fourier analysis.

J. Mathem. Phys., 17, 1011–1018.

[8] Ablowitz, M. and Ladik, J. (1976b) A nonlinear difference scheme and inverse scattering. Stud. Appl.

Math., 55, 213–229.

[9] Ablowitz, M. and Ladik, J. (1977) On solution of a class of nonlinear partial difference equations. Stud.

Appl. Math., 57, 1–12.

[10] Ablowitz, M.J., Ohta, Y., and Trubach, A.D. (1999) On discretizations of the vector nonlinear Schrödinger equation. Phys. Lett. A, 253, 287–304.

[11] Ablowitz, M.J. and Schober, C.M. (1994a) Hamiltonian integrators for the nonlinear Schroedinger equation. Int. J. Mod. Phys. C, 5, 397–401.

[12] Ablowitz, M.J. and Schober, C.M. (1994b) Homoclinic manifolds and numerical chaos in the nonlinear Schroedinger equation. Math. Comput. Simul., 37, 249–264.

[13] Abraham, R. and Marsden, J.E. (1978) Foundations of mechanics, Addison–Wesley.

[14] Adams, M.R., Harnad, J. and Hurtubise, J. (1990a) Dual moment maps into loop algebras. Lett. Math.

Phys., 20, 299–308.

[15] Adams, M.R., Harnad, J. and Hurtubise, J. (1990b) Isospectral Hamiltonian flows in finite and infinite dimensions. II: Integration of flows. Commun. Math. Phys., 134, 555–585.

[16] Adams, M.R., Harnad, J. and Hurtubise, J. (1993) Darboux coordinates and Liouville-Arnold integration in loop algebras. Commun. Math. Phys., 155, 385–413.

[17] Adams, M.R., Harnad, J. and Hurtubise, J. (1997) Darboux coordinates on coadjoint orbits of Lie algebras. Lett. Math. Phys., 40, 41–57.

[18] Adams, M.R., Harnad, J. and Previato, E. (1988) Isospectral Hamiltonian flows in finite and infinite dimensions. I: Generalized Moser systems and moment maps into loop algebras. Commun. Math. Phys., 117, 451–500.

[19] Adler, M. (1977) Some finite dimensional integrable systems and their scattering behavior. Commun.

Math. Phys., 55, 195–230.

[20] Adler, M. (1979) On a trace functional for formal pseudo–differential operators and the symplectic structure for Korteweg–de Vries type equations. Invent. Math., 50, 219–248.

[21] Adler, M. (1981) On the Bäcklund transformation for the Gel’fand–Dickey equations. Commun. MAth.

Phys., 80, 517–527.

[22] Adler, M. and van Moerbeke, P. (1980a) Completely integrable systems, Kac–Moody algebras and curves. Adv. Math., 38, 267–317.

[23] Adler, M. and van Moerbeke, P. (1980b) Linearization of Hamiltonian systems, Jacobi varieties and representation theory. Adv. Math., 38, 318–379.

[24] Adler, M. and van Moerbeke, P. (1982) Kowalewski’s asymptotic method, Kac–Moody Lie algebras, and regularization. Commun. Math. Phys., 83, 83–106.

[25] Adler, M. and van Moerbeke, P. (1998) Toda–Darboux maps and vertex operators. Int. Math. Res.

Not., No. 10, 489–511.

[26] Adler, M. and van Moerbeke, P. (1999a) Vertex operator solutions to the discrete KP hierarchy.

Commun. Math. Phys., 203, 185–210.

[27] Adler, M. and van Moerbeke, P. (1999b) Generalized orthogonal polynomials, discrete KP and Riemann–Hilbert problems. Commun. Math. Phys., 207, 589–620.

[28] Adler, M. and Moser, J. (1978) On a class of polynomials connected with the Korteweg-de Vries equation. Commun. Math. Phys., 61, 1–30.

[29] Adler, V.E. (1999) Legendre transformations on the triangular lattice. Funkt. Analiz Prilozh., [30] Adler, V.E. (2000a) On the structure of the Bäcklund transformations for the Relativistic Lattices. J.

Nonlin. Math. Phys., 7, 34–56.

[31] Adler, V.E. (2000b) On discretization of the Landau–Lifshits equation. Teor. Mat. Fiz., 124, No 1, 48–61.

[32] Adler, V.E.and Habibullin, I.T. (1995) Integrable boundary conditions for the Toda lattice. J. Phys.

A: Math. Gen., 28, 6717–6729.

[33] Adler, V.E. and Shabat, A.B. (1997a) On a class of Toda chains. Teor. Mat. Phys., 111, No 3, 323–334 (in Russian; English translation: Theor. Math. Phys., 111, 647–657).

[34] Adler, V.E. and Shabat, A.B. (1997b) Generalized Legendre transformations. Teor. Mat. Phys., 112, No 2, 179–194 (in Russian; English translation: Theor. Math. Phys., 112, 935–948).

[35] Adler, V.E. and Shabat, A.B. (1998) First integrals of the generalized Toda chains Teor. Mat. Phys., 115, No 3, 349–357 (in Russian).

[36] Adler, V.E. and Startsev, S.Ya. (1999) On discrete analogues of the Liouville equation. Teor. Mat.

Fiz., 121, No 2, 271–284 (in Russian).

[37] Adler, V.E., Svinolupov, S.I., and Yamilov, R.I. (1999) Multi–component Volterra and Toda type integrable equations. Phys. Lett. A, 254, 24–36.

[38] Adler, V.E. and Yamilov, R.I. (1994) Explicit auto–transformations of integrable chains. J. Phys. A:

Math. Gen., 27, 477–492.

[39] Ahmad, S. and Roy Chowdhury, A. (1987a) On the quasi-periodic solutions to the discrete nonlinear Schroedinger equation. J. Phys. A: Math. Gen., 20, 293–303.

[40] Ahmad, S. and Roy Chowdhury, A. (1987b) The quasi-periodic solutions to the discrete nonlinear Schroedinger equation. J. Math. Phys., 28, 134–141.

[41] Airault, H., McKean, H.P., and Moser, J. (1977) Rational and elliptic solutions of the Korteweg-de Vries equation and a related many body problem. Commun. Pure Appl. Math., 30, 95–148.

[42] Akhmetshin, A.A., Krichever, I.M. and Volvovsky, Y.S. (1999) Discrete analogs of the Darboux–Egoroff metrics. Preprint hep-th/9905168.

[43] Akhmetshin, A.A. and Volvovsky, Y.S. (2000) The dynamics of zeros of the finite–gap solutions to the Schrodinger equation. Preprint hep-th/0007163.

[44] Alber, S.J. (1989) On finite–zone solutions of relativistic Toda lattices. Lett. Math. Phys., 17, 149–155. [45] Alber, M.S., Camassa, R., Holm, D.D., and Marsden, J.E. (1994) The geometry of peaked solitons and billiard solutions of a class of integrable PDE’s. Lett. Math. Phys., 32, 137–151.

[46] Alber, M.S., Camassa, R., Fedorov, Y.N., Holm, D.D., and Marsden, J.E. (1999) On billiard solutions of nonlinear PDEs. Phys. Lett. A, 264, 171–178.

[47] Alber, M.S., Camassa, R., and Gekhtman, M.I. (2000) Billiard weak solutions of nonlinear PDEs and Toda flows. CRM Proc. Lecture Notes (to appear).

[48] Alekseev, A.Yu. and Malkin, A.Z. (1994) Symplectic structures associated to Lie-Poisson groups.

Commun. Math. Phys., 162, 147–173.

[49] Antonov, A.V., Belov, A.A., and Chaltikian,K. (1997) Lattice conformal theories and their integrable perturbations. J. Geom. Phys., 22, 298–318.

[50] Antonov, A., Hasegawa, K. and Zabrodin, A. (1997) On trigonometric intertwining vectors and nondynamical R-matrix for the Ruijsenaars model. Nucl. Phys. B, 503, 747–770.

[51] Antonowicz, M. (1992) Gelfand–Dikii hierarchies with sources and Lax representations for restricted flows. Phys. Lett. A, 165, 47–52.

[52] Antonowicz, M. and Fordy, A.P. (1989) Factorisation of energy dependent Schroedinger operators:

Miura maps and modified systems. Commun. Math. Phys., 124, 465–486.

[53] Antonowicz, M., Fordy, A.P., and Wojciechowski, S. (1987) Integrable stationary flows: Miura maps and bi–Hamiltonian structure. Phys. Lett. A, 124, 143–150.

[54] Antonowicz, M. and Rauch-Wojciechowski, S. (1990) Constrained flows of integrable PDEs and bi– Hamiltonian structure of the Garnier system. Phys. Lett. A, 147, 455–462.

[55] Antonowicz, M. and Rauch-Wojciechowski, S. (1991) Restricted flows of soliton hierarchies: coupled KdV and Harry Dym case. J. Phys. A: Math. Gen., 24, 5043–5061.

[56] Antonowicz, M. and Rauch-Wojciechowski, S. (1992a) How to construct finite-dimensional bi- Hamiltonian systems from soliton equations: Jacobi integrable potentials. J. Math. Phys., 33, 2115– 2125.

[57] Antonowicz, M. and Rauch-Wojciechowski, S. (1992b) Lax representation for restricted flows of the KdV hierarchy and the Kepler problem. Phys. Lett. A, 171, 303–310.

[58] Antonowicz, M. and Rauch-Wojciechowski, S. (1993) Soliton hierarchies with sources and Lax representation for restricted flows. Inverse Probl., 9, 201–215.

[59] Aratyn, H. (1998) Constrained KP hierarchy as a ratio of differential operators. Lect. Notes Phys., 502, 3–17.

[60] Aratyn, H., Gomes, J.F., and Zimerman, A.H. (1995) Affine Lie algebraic origin of constrained KP hierarchies. J. Math. Phys., 36, 3419–3442.

[61] Aratyn, H., Ferreira, L.A., Gomes, J.F., and Zimerman, A.H. (1997) Constrained KP models as integrable matrix hierarchies. J. Math. Phys., 38, 1559–1576.

[62] Arnold, V.I. (1966) Sur la géometrie différentielle des groupes de Lie de dimension infinie et ses applications à l’hydrodynamique des fluides paraites. Ann. Inst. Fourier, 16, 319–361.

[63] Arnold, V.I. (1989) Mathematical metods of classical mechanics. Berlin etc: Springer–Verlag. [64] Arutyunov, G.E., Chekhov, L.O. and Frolov, S.A. (1998) R–matrix quantization of the elliptic Ruijsenaars-Schneider model. Commun. Math. Phys., 192, 405–432.

[65] Arutyunov, G.E. and Frolov, S.A. (1998a) Quantum dynamical R–matrices and quantum Frobenius group. Commun. Math. Phys., 191, 15–29.

[66] Arutyunov, G.E. and Frolov, S.A. (1998b) On the Hamiltonian structure of the spin Ruijsenaars– Schneider model. J. Phys. A: Math. Gen., 31, 4203–4216.

[67] Arutyunov, G.E., Frolov, S.A. and Medvedev, P.B. (1997a) Elliptic Ruijsenaars-Schneider model from the cotangent bundle over the two-dimensional current group. J. Math. Phys., 38, 5682–5689.

[68] Arutyunov, G.E., Frolov, S.A. and Medvedev, P.B. (1997b) Elliptic Ruijsenaars–Schneider model via the Poisson reduction of the affine Heisenberg double. J. Phys. A: Math. Gen., 30, 5051–5063.

[69] Arutyunov, G.E.; Medvedev, P.B. (1996) Generating equation for r-matrices related to dynamical systems of Calogero type. Phys. Lett. A, 223, 66–74.

[70] Athorne, C. and Fordy, A.P. (1987) Generalised KdV and MKdV equations associated with symmetric spaces. J. Phys. A: Math. Gen., 20, 1377–1386.

[71] Audin, M. (1996) Spinning tops. Cambridge Univ. Press.

[72] Avan, J. (1994) Integrable extensions of the rational and trigonometric AN Calogero–Moser potentials.

Phys. Lett. A, 185, 293–303.

[73] Avan, J., Babelon, O. and Talon, M. (1994) Construction of the classical r–matrices for the Toda and Calogero models. Algebra i Anal., 6, Nr.2, 67–89 (St. Petersb. Math. J., 6, 255–274).

[74] Avan, J., Maillard, J.M., and Talon, M. (1990) The Adler–van Moerbeke model. Lax representation and Poisson structure. Phys. Lett. B, 240, 145–148.

[75] Avan, J. and Rollet, G. (1996) The classical r–matrix for the relativistic Ruijsenaars–Schneider system.

Phys. Lett. A, 212, 50–54.

[76] Avan, J. and Talon, M. (1990) Poisson structure and integrability of the Neumann–Moser–Uhlenbeck model. Int. J. Mod. Phys. A, 5, 4477–4488.

[77] Avan, J. and Talon, M. (1991a) Alternative Lax structures for the classical and quantum Neumann model. Phys. Lett. B, 268, 209–216.

[78] Avan, J. and Talon, M. (1991b) Graded R–matrices and integrable systems. Nucl. Phys. B, 352, 215–249.

[79] Avan, J. and Talon, M. (1993) Classical r–matrix structure for the calogero model. Phys. Lett. B, 303, 33–37.

[80] Bäcklund, A.V. (1876) Über Flächentransformationen. Math. Ann., 9, 297–320. [81] Bäcklund, A.V. (1880) Zur Theorie der partiellen Differentialgleichungen erster Ordnung. Math. Ann., 17, 285–328.

[82] Bäcklund, A.V. (1882) Zur Theorie der Flächentransformationen. Math. Ann., 19, 387–422. [83] Babelon, O. and Bernard, D. (1993) The sine–Gordon solitons as an N–body problem. Phys. Lett. B, 317, 363–368.

[84] Babelon, O. and Viallet, C.–M. (1990) Hamiltonian structures and Lax equations. Phys. Lett. B, 237, 411–416.

[85] Beals, R., Sattinger, D.H., and Szmigielski, J. (1999) Multi–peakons and a theorem of Stieltjes. Inverse Probl., 15, L1–L4.

[86] Beals, R., Sattinger, D.H., and Szmigielski, J. (2000) Multi–peakons and the classical moment problem.

Adv. Math. (to appear).

[87] Belavin, A.A. and Drinfeld, V.G. (1982) Solutions of the classical Yang–Baxter equation for simple Lie algebras. Funkts. Anal. Prilozh., 16, 1–29 (in Russian; English translation: Funct. Anal. Appl., 16, 159–180).

[88] Belokolos, E.D., Bobenko, A.I., Enolskii, V.Z., Its, A.R. and Matveev, V.B. (1994) Algebro–geometric approach to nonlinear integrable equations. Berlin etc.: Springer.

[89] Belov, A.A. and Chaltikian, K.D. (1993a) Lattice analogues of W –algebras and classical integrable equations. Phys. Lett. B, 309, 268–274.

[90] Belov, A.A. and Chaltikian, K.D. (1993b) Lattice analogue of the W∞ algebra and discrete KP hierarchy. Phys. Lett. B, 317, 64–72.

[91] Belyaev, A.V. (1981) On the motion of a multidimensional body with a fixed point in a gravitational field. Matem. Sb., 114, Nr.3, 465–470 (in Russian; English translation: Math. USSR Sbornik, 42, 413–418).

[92] Billey, E., Avan, J. and Babelon, O. (1994a) The r–matrix structure of the classical Euler–Calogero– Moser model. Phys. Lett. A, 186, 114–118.

[93] Billey, E., Avan, J. and Babelon, O. (1994b) Exact Yangian symmetry in the classical Euler–Calogero– Moser model. Phys. Lett. A, 188, 263–271.

[94] Black, W., Weideman, J.A.C., and Herbst, B.M. (1999) A note on an integrable discretization of the nonlinear Schroedinger equation: a comment. Inverse Probl., 15, 807–810.

[95] Blaszak, M. (1998) Multi–Hamiltonian theory of dynamical systems. Berlin etc: Springer.

[96] Blaszak, M, and Marciniak, K. (1994) R-matrix approach to lattice integrable systems. J. Math. Phys., 35, 4661–4682.

[97] Blaszak, M. and Rauch-Wojciechowski, S. (1994) A generalized Henon–Heiles system and related integrable Newton equations. J. Math. Phys., 35, 1693–1709.

[98] Bobenko, A.I. (1982) Darboux transformations and canonical transformations. Vestnik LGU, ser. Phys.

Chem., 22, 14–21 (in Russian).

[99] Bobenko, A.I. (1991) Constant mean curvature surfaces and integrable equations. Usp. Mat. Nauk, 46, No.4, 3-42 (in Russian; English translation: Russ. Math. Surveys, 46, 1–45).

[100] Bobenko, A.I. (1994) Surfaces in terms of 2 by 2 matrices. Old and new integrable cases. – In: Harmonic maps and integrable systems, Eds. A.Fordy and J.Wood. Braunschweig: Vieweg, 81–127.

[101] Bobenko, A.I. (1999a) Discrete integrable systems and geometry. – In: XII International Congress on Mathematical Physics, ICMP’97, Eds. D. De Wit, A. Bracken, M.Gould, P.Pearce. Boston: International Press, 219–226.

[102] Bobenko, A.I. (1999b) Discrete conformal maps and surfaces. – In: Symmetries and integrability of difference equations. Proceedings SIDE 2. Eds. P.A. Clarkson and F.W. Nijhoff. Cambridge Univ. Press, 97–108.

[103] Bobenko, A.I. and Kuznetsov, V.B. (1988) Lax representation and new formulae for the Goryachev- Chaplygin top. J. Phys. A: Math. Gen., 21, 1999–2006.

[104] Bobenko, A.I., Lorbeer, B. and Suris, Yu.B. (1998) Integrable discretizations of the Euler top. J. Math.

Phys., 39, 6668–6683.

[105] Bobenko, A.I. and Pinkall, U. (1996a) Discrete surfaces with constant negative Gaussian curvature and the Hirota equation. J. Diff. Geom., 43, 527–611.

[106] Bobenko, A.I. and Pinkall, U. (1996b) Discrete isotermic surfaces. J. reine und angew. Math. 475, 187–208.

[107] Bobenko, A.I. and Pinkall, U. (1999) Discretization of surfaces and integrable systems. – In: Discrete Geometry and Condenced Matter Physics, Eds A.Bobenko, R.Seiler, Oxford Univ. Press, 3–58.

[108] Bobenko, A.I., Reyman, A.G., and Semenov-Tian-Shansky, M.A. (1989) The Kowalewski top 99 years later: a Lax pair, generalizations and explicit solutions. Commun. Math. Phys., 122, 321–354.

[109] Bobenko, A.I. and Schief, W.K. (1999a) Discrete indefinite affine spheres. – In: Discrete integrable geometry and physics. Eds. A. Bobenko and R.Seiler. Oxford: Clarendon Press. 113–138.

[110] Bobenko, A.I. and Schief, W.K. (1999b) Affine Spheres: discretization via duality relations. Experim.

Math., 8, 261–280.

[111] Bobenko, A.I. and Suris, Yu.B. (1999a) Discrete time Lagrangian mechanics on Lie groups, with an application to the Lagrange top. Commun. Math. Phys., 204, 147–188.

[112] Bobenko, A.I. and Suris, Yu.B. (1999b) Discrete Lagrangian reduction, discrete Euler–Poincaré equations, and semi–direct products. Lett. Math. Phys., 49, 79–93.

[113] Bogdanov, L.V. and Konopelchenko, B.G. (1995) Lattice and q-difference Darboux–Zakharov– Manakov systems via ¯∂–dressing method. J. Phys. A: Math. Gen., 28, L173–L178.

[114] Bogdanov, L.V. and Konopelchenko, B.G. (1998) Analytic–bilinear approach to integrable hierarchies.

I: Generalized KP hierarchy. J. Math. Phys., 39, 4683–4700; II: Multicomponent KP and 2D Toda lattice hierarchies. J. Math. Phys., 39, 4701–4728.

[115] Bogdanov, L.V. and Konopelchenko, B.G. (1999) Moebius invariant integrable lattice equations associated with KP and 2DTL hierarchies. Phys. Lett. A, 256, 39–46.

[116] Bogoyavlensky, O.I. (1976) On perturbations of the periodic Toda lattice. Commun. Math. Phys., 51, 201–209.

[117] Bogoyavlensky, O.I. (1984) Integrable Euler equations on Lie algebras arising in problems of mathematical physics. Izv. Akad. Nauk SSSR, Ser. Mat., 48, No.5, 883–938 (in Russian; English translation: Math. USSR Izv., 25, 207–257).

[118] Bogoyavlensky, O.I. (1985) Integrable cases of the dynamics of a rigid body, and integrable systems on the spheres S^n. Izv. Akad. Nauk SSSR, Ser. Mat., 49, No.5, 899–915 (in Russian; English translation: Math. USSR Izv., 27, 203–218).

[119] Bogoyavlensky, O.I. (1986) Integrable cases of a rigid body dynamics and integrable systems on the ellipsoids. Commun. Math. Phys., 103, 305–322.

[120] Bogoyavlensky, O.I. (1988a) Some constructions of integrable dynamical systems. Izv. Akad. Nauk SSSR, Ser. Mat., 51, No.4, 737–766 (in Russian; English translation: Math. USSR Izv., 31, 47–75).

[121] Bogoyavlensky, O.I. (1988b) Integrable dynamical systems associated with the KdV equation. Izv.

Akad. Nauk SSSR, Ser. Mat., 51, No.6, 1123–1141 (in Russian; English translation: Math. USSR Izv., 31, 435–454).

[122] Bogoyavlensky, O.I. (1989) The Lax representation with a spectral parameter for certain dynamical systems. Izv. Akad. Nauk SSSR, Ser. Mat., 52, No.2, 243–266 (in Russian; English translation: Math. USSR Izv., 32, 245–268).

[123] Bogoyavlensky, O.I. (1991) Algebraic constructions of integrable dynamical systems – Extensions of the Volterra system. Usp. Mat. Nauk, 46, No.3, 3–48 (in Russian; English translation: Russ. Math. Surv., 46, 1–64).

[124] Bogoyavlensky, O.I. (1992) Euler equations on finite-dimensional Lie coalgebras, arising in problems of mathematical physics. Usp. Mat. Nauk, 47, No.1, 107–146 (in Russian; English translation: Russ. Math. Surv., 47, 117–189).

[125] Bottema O. and Beth, H.J.E (1951) Euler’s equations for the motion of a rigid body in n–dimensional space. Proc. Nederl. Akad. Wetensch., Ser. A, 54, 106–108.

[126] Braden, H.W. and Hone, A.N.W. (1996) Affine Toda solitons and systems of Calogero-Moser Type.

Phys. Lett. B, 380, 296–302.

[127] Braden, H.W. and Suzuki, T. (1994) R-matrices for elliptic Calogero–Moser models. Lett. Math. Phys., 30, 147–158.

[128] de Brun, H. (1893) Rotation around a fixed point. Öfversigt Kongl. Svenska Vetenskaps. Akad., 50, 455–468.

[129] Bruschi, M. and Calogero, F. (1987) The Lax representation for an integrable class of relativistic dynamical systems. Commun. Math. Phys., 109, 481–492.

[130] Bruschi, M. and Ragnisco, O. (1988) Recursion operator and Bäcklund transformations for the Ruijsenaars–Toda lattices. Physics Lett. A, 129, 21–25.

[131] Bruschi, M. and Ragnisco, O. (1989a) Lax representation and complete integrability for the periodic relativistic Toda lattice. Physics Lett. A, 134, 365–370.

[132] Bruschi, M. and Ragnisco, O. (1989b) The periodic relativistic Toda lattice: direct and inverse problem.

Inverse Problems, 5, 389–405.

[133] Bruschi, M. and Ragnisco, O. (1989c) On a new integrable Hamiltonian system with nearest neighbour interaction. Inv. Probl., 5, 983–998.

[134] Bruschi, M., Ragnisco, O., Santini, P. and Tu, G. (1991) Integrable symplectic maps. Physica D, 49, 273–294.

[135] Bulla, W., Gesztesy, F., Holden, H., and Teschl, G. (1998) Algebro-geometric quasi-periodic finite-gap solutions of the Toda and Kac-van Moerbeke hierarchies. Mem. Am. Math. Soc., 641, 1–79.

[136] Calini, A., Ercolani, N.M., McLaughlin, D.W., and Schober, C.M. (1996) Mel’nikov analysis of numerically induced chaos in the nonlinear Schrödinger equation. Physica D, 89, 227–260.

[137] Calogero, F. (1975) Exactly solvable one–dimensional many–body problems. Lett. Nuovo Cim., 13, 411–416.

[138] Calogero, F. (1995) An integrable Hamiltonian system. Phys. Lett. A, 201, 306–310.

[139] Calogero, F. and Degasperis, A. (1982) Spectral transform and solitons: tools to solve and investigate nonlinear evolution equations. Amsterdam etc.: North-Holland Publishing.

[140] Calogero, F. and Degasperis, A. (1985) A modified modified Korteweg–de Vries equation. Inverse Probl., 1, 57–66.

[141] Calogero, F. and Francoise, J.-P. (1996) A completely integrable Hamiltonian system. J. Math. Phys., 37, 2863–2871.

[142] Camassa, R. and Holm, D.D. (1993) An integrable shallow water equation with peaked solitons. Phys.

Rev. Lett., 71, 1661–1664.

[143] Camassa, R., Holm, D.D. and Hyman, J.M. (1994) A new integrable shallow water equation. Adv.

Appl. Mech., 1, 1–33.

[144] Capel, H.W., Wiersma, G.L. and Nijhoff, F.W. (1986) Linearizing integral transform for the multicomponent lattice KP. Physica A, 138, 76–99.

[145] Capel, H.W., Nijhoff, F.W. and Papageorgiou, V.G. (1991) Complete integrability of Lagrangian mappings and lattices of KdV type. Phys. Lett. A, 155, 377–387.

[146] Casati, P., Magri, F. and Pedroni, M. (1992) Bihamiltonian manifolds and τ -function. – In: Mathematical aspects of classical field theory, Contemp. Math., 132, 213–234.

[147] Casati, P., Magri, F. and Pedroni, M. (1993) Bihamiltonian manifolds and Sato’s equations. – In:

Integrable systems: the Verdier memorial conference. Eds. O. Babelon et al. Boston: Birkhäuser, 251– 272.

[148] Casati, P., Falqui, G., Magri, F., and Pedroni, M. (1997a) Darboux coverings and rational reductions of the KP hierarchy. Lett. Math. Phys., 41, 291–305.

[149] Casati, P., Falqui, G., Magri, F., and Pedroni, M. (1997b) A note on fractional KdV hierarchies. J.

Math. Phys., 38, 4606–4628.

[150] Casati, P., Falqui, G., Magri, F., Pedroni, M., and Zubelli, J.P. (1998) Darboux transformations and Darboux coverings: Some applications to the KP hierarchy. Mat. Contemp., 15, 45–65.

[151] Cendra, H., Holm, D.D., Marsden, J.E. and Ratiu, T.S. (1998) Lagrangian reduction, the Euler- Poincar equations and semidirect products. – In: Geometry of differential equations. Amer. Math. Soc. Transl., 186, 1-25.

[152] Chen, H.-H. and Liu, Ch.-Sh. (1975) Bäcklund transformation solutions of the Toda lattice equations.

J. Math. Phys., 16, 1428–1431.

[153] Cheng, Yi (1995) Modifying the KP, the nth constrained KP hierarchies and their Hamiltonian structures. Commun. Math. Phys., 171, 661–682.

[154] Choodnovsky, D.V. and Choodnovsky, G.V. (1979a) Une classe de systèmes méchaniques complètement intégrables liés aux équations de Korteweg–de Vries et de Schrd̈inger. C. R. Acad. Sci. Paris, Ser. A, 286, 1075–1078.

[155] Choodnovsky, D.V. and Choodnovsky, G.V. (1979b) Completely integrable class of mechanical systems connected with Korteweg–de Vries and multicomponent Schrödinger equations. Lett. Nuovo Cim., 22, Nr. 2, 47–51.

[156] Cieslinski, J. (1999) The Bäcklund transformation for discrete isothermic surfaces. – In: Symmetries and integrability of difference equations. Proceedings SIDE 2. Ed. P.A. Clarkson et al. Cambridge Univ Press, 109–121.

[157] Cieslinski, J., Doliwa, A., and Santini, P.M. (1997) The integrable discrete analogues of orthogonal coordinate systems are multi-dimensional circular lattices. Phys. Lett. A, 235, 480–488.

[158] Cieslinski, J., Goldstein, P. and Sym, A. (1995) Isothermic surfaces in E^3 as soliton surfaces. Phys.

Lett. A, 205, 37–43.

[159] Clebsch, A. (1870) Über die Bewegung eines Körpers in einer Flüssigkeit. Math. Annalen, 3, 238–262. [160] Common, A.C. (1994) Singularity confinement in the discrete time Toda lattice and the qd algorithm.

Phys. Lett. A, 184, 194–197.

[161] Cushman, R.H., Bates, L.M. (1997) Global aspects of classical integrable systems. Boston etc.:

Birkhäuser.

[162] Damianou, P.A. (1990) Master symmetries and R–matrices for the Toda lattice. Lett. Math. Phys., 20, 101–112.

[163] Damianou, P.A. (1994) Multiple Hamiltonian structures for Toda type systems. J. Math. Phys., 35, 5511–5541.

[164] Damianou, P.A., Paschalis, P., and Sophocleous, C. (1995) A tri–Hamiltonian formulation of the full Kostant–Toda lattice. Lett. Math. Phys., 34, 17–24.

[165] Darboux, G. (1882) Sur une proposition relative aux equations linéare. Compt. Rend. Acad. Sci., Ser.

I Math., 94, 1456–1459.

[166] Darboux, G. (1886) Leçons sur la théorie générale des surfaces II. Paris: Gauthier-Villars. [167] Das, A. and Okubo, S. (1989) A systematic study of the Toda lattice. Ann. Phys., 190. 215–232. [168] Date, F., Jimbo, M. and Miwa, T. (1982–3) Method for generating discrete soliton equations. I–V. J.

Phys. Soc. Japan, 51, 4116–4124, 4125–4131; 52, 388–393, 761–765, 766–771.

[169] Deconinck, B. (1996) A constructive test for integrability of semi–discrete systems. Phys. Lett. A, 223, 45–54.

[170] Deift, P.A. (1978) Applications of a commutation formula. Duke Math. J., 45, 267–310. [171] Deift, P., Demmel, J., Li, L.-Ch. and Tomei, C. (1991) The bidiagonal singular value decomposition and Hamiltonian mechanics. SIAM J. Numer. Anal., 28, 1463–1516.

[172] Deift, P. and Li, L.-Ch. (1989) Generalized affine Lie algebras and the solution of a class of flows associated with the QR eigenvalue algorithm. Commun. Pure Appl. Math., 42, 963–991.

[173] Deift, P. and Li, L.-Ch. (1991) Poisson geometry of the analog of the Miura maps and Bäcklund– Darboux transformations for equations of Toda type and periodic Toda flows, Commun. Math. Phys., 143, 201–214.

[174] Deift, P., Li, L.-Ch., Nanda, T. and Tomei, C. (1986) The Toda flow on a generic orbit is integrable.

Commun. Pure Appl. Math., 39, 183–232.

[175] Deift, P., Li, L.-Ch., and Tomei, C. (1989) Matrix factorizations and integrable systems. Commun.

Pure Appl. Math., 42, 443–521.

[176] Deift, P., Li, L.-Ch. and Tomei, C. (1992) Loop groups, discrete versions of some classical integrable systems, and rank 2 extensions. Mem. Amer. Math. Soc., 479.

[177] Delduc, F., Feher, L., and Gallot, L. (1998) Nonstandard Drinfeld–Sokolov reduction. J. Phys. A:

Math. Gen., 31, 5545–5563.

[178] Delshams, A. and Ramirez-Ros, R. (1997) Melnikov potential for exact symplectic maps. Commun.

Math. Phys., 190, 213–245.

[179] Delshams, A. and Ramirez-Ros, R. (1998) Exponentially small splitting of separatrices for perturbed integrable standard-like maps. J. Nonlin. Sci., 8, 317–352.

[180] Dickey, L.A. (1991) Soliton equations and Hamiltonian systems. Singapore: World Scientific. [181] Dickey, L.A. (1995a) On the constrained KP hierarchy. Lett. Math. Phys., 34, 379–384. [182] Dickey, L.A. (1995b) On the constrained KP hierarchy. II. Lett. Math. Phys., 35, 229–236. [183] Dickey, L.A. (1999) Modified KP and discrete KP. Lett. Math. Phys., 48, 277–289. [184] van Diejen, J.F. (2000) The dynamics of zeros of the solitonic Baker–Akhiezer function for the Toda chain. Int. Math. Res. Notes, Nr.5, 253–270.

[185] Doliwa, A. (1997a) Holomorphic curves and Toda systems. Lett. Math. Phys., 39, 21–32. [186] Doliwa, A. (1997b) Harmonic maps and periodic Toda systems. J. Math. Phys., 38, 1685–1691. [187] Doliwa, A. (1997c) Geometric discretisation of the Toda system. Phys. Lett. A, 234, 187-192. [188] Doliwa, A. (1999a) Quadratic reductions of quadrilateral lattices. J. Geom. Phys., 30, 169–186. [189] Doliwa, A. (1999b) Lattice geometry of the Hirota equation. Preprint solv-int/9907013. [190] Doliwa, A., Manakov, S.V., and Santini, P.M. (1998) ¯∂-reductions of the multidimensional quadrilateral lattice. The multidimensional circular lattice. Commun. Math. Phys., 196, 1–18.

[191] Doliwa, A., Mañas, M., and Alonso, L.M. (1999) Generating quadrilateral and circular lattices in KP theory. Phys. Lett. A, 262, 330–343.

[192] Doliwa, A. and Santini, P.M. (1995) Integrable dynamics of a discrete curve and the Ablowitz–Ladik hierarchy. J. Math. Phys., 36, 1259–1273.

[193] Doliwa, A. and Santini, P.M. (1997) Multidimensional quadrilateral lattices are integrable. Phys. Lett.

A, 233, 365–372.

[194] Doliwa, A. and Santini, P. M. (1999) Geometry of discrete curves and lattices and integrable difference equations. – In: Discrete integrable geometry and physics, Eds. A.Bobenko, R.Seiler. Oxford: Clarendon Press, 139–154.

[195] Doliwa, A., Santini, P. M., and Mañas, M. (2000) Transformations of quadrilateral lattices. J. Math.

Phys., 41, 944–990.

[196] Dorfman, I. (1993) Dirac structures and integrability of nonlinear equations. John Wiley and Sons. [197] Dragović, V. and Gajić, B. (1999) An L − A pair for the Apelrot system and a new integrable case for the Euler–Poisson equations on so(4) × so(4). Preprint math-ph/9911047.

[198] Drinfeld, V.G. (1983) Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning of the classical Yang-Baxter equations. Dokl. Akad. Nauk SSSR, 268, 285-287 (in Russian; English translation: Sov. Math. Dokl., 27, 68-71).

[199] Drinfeld, V.G. (1985) Hopf algebras and the quantum Yang-Baxter equation. Dokl. Akad. Nauk SSSR, 283, 1060-1064 (in Russian; English translation: Sov. Math. Dokl., 32, 256-258).

[200] Drinfeld, V.G. (1986) Quantum groups. Zap. Nauchn. Semin. LOMI, 155, 18-49 (in Russian; English translation: J. Sov. Math., 41, 898-915).

[201] Drinfeld, V.G. and Sokolov, V.V. (1984) Lie algebras and equations of Korteweg-de Vries type. Itogi Nauki Tekh., Sovrem. Probl. Mat., 24, 81–180 (in Russian; English translation: J. Sov. Math., 30, 1975–2036).

[202] Ehlers, F. and Knoerrer, H. (1982) An algebro-geometric interpretation of the Baecklundtransformation for the Korteweg-de Vries equation. Comment. Math. Helv., 57, 1–10.

[203] Eilbeck, J.C., Enolskii, V.Z., Kuznetsov, V.B. and Leykin, D.V. (1993) Linear r-matrix algebra for systems separable in parabolic coordinates. Phys. Lett. A, 180, 208–214.

[204] Eilbeck, J.C., Enolskii, V.Z., Kuznetsov, V.B. and Tsiganov, A.V. (1994) Linear r-matrix algebra for classical separable systems. J. Phys. A: Math. Gen., 27, 567–578.

[205] Ercolani, N. and Flaschka, H.. (1985) The geometry of the Hill equation and of the Neumann system.

Philos. Trans. R. Soc. London, Ser. A, 315, 405–422.

[206] Ercolani, N., Flaschka, H., and Singer, S. (1993) The geometry of the full Kostant–Toda lattice. In:

Integrable systems. The Verdier memorial conference. Ed. O.Babelon et al. Boston etc: Birkhäuser, 181–225.

[207] Faddeev, L.D. and Takhtajan, L.A. (1986) Liouville model on the lattice. Lect. Notes Phys., 246, 166–79.

[208] Faddeev, L.D. and Takhtajan, L.A. (1987) Hamiltonian methods in the theory of solitons. Berlin etc:

Springer–Verlag.

[209] Faddeev, L.D. and Volkov, A.Yu. (1994) Hirota equation as an example of integrable symplectic map.

Lett. Math. Phys., 32, 125–136.

[210] Falqui, G., Magri, F., and Pedroni, M. (1998) Bihamiltonian geometry, Darboux coverings, and linearization of the KP hierarchy. Commun. Math. Phys., 197, 303–324.

[211] Faybusovich, L. and Gekhtman, M. (1999) On Schur flows. J. Phys. A: Math. Gen., 32, 4671–4680. [212] Faybusovich, L. and Gekhtman, M. (2000) Elementary Toda orbits and integrable lattices. J. Math.

Phys., 41, 2905–2921.

[213] Feher, L. and Marshall, I. (1997) Extensions of the matrix Gelfand–Dickey hierarchy from generalized Drinfeld–Sokolov reduction. Commun. Math. Phys., 183, 423–461.

[214] Fernandes, R.L. (1993) On the mastersymmetries and bi–Hamiltonian structure of the Toda lattice.

J. Phys. A: Math. gen., 26, 3797–3803.

[215] Ferreira, L.A. and Olive, D.I. (1985) Non-compact symmetric spaces and the Toda molecule equations.

Commun. Math. Phys., 99, 365–384.

[216] Flaschka, H. (1974a) The Toda lattice I. Existence of integrals. Phys. Rev. B, 9, 1924–1925. [217] Flaschka, H. (1974b) On the Toda lattice II. Inverse scattering solution. Progr. Theor. Phys., 51, 703–716.

[218] Flaschka, H. (1984) Towards an algebro–geometric interpretation of the Neumann problem. Tohoku Math. J., 36, 407–426.

[219] Flaschka, H. and McLaughlin, D.W. (1976) Some comments on Bäcklund transformations, canonical transformations, and the inverse scattering method. Lect. Notes Math., 515, 253-295.

[220] Fock, V. and Marshakov, A. (1997) A note on quantum groups and relativistic Toda theory. Nucl.

Phys. B, Proc. Suppl. 56, No 3, 208–214.

[221] Fock, V.V and Rosly, A.A. (1993) Flat connections and polyubles. Teor. Mat. Fiz., 95, 228–238. [222] Fock, V.V and Rosly, A.A. (1999) Poisson structure on moduli of flat connections on Riemann surfaces and r–matrix. – In: Moscow Seminar in mathematical physics. Ed. A.Yu.Morozov et al. Transl. Am. Math. Soc., Ser. 2, 191(43). Providence: AMS, 67–86.

[223] Fokas, A.S. and Fuchssteiner, B. (1980) On the structure of symplectic operators and hereditary symmetries. Lett. Nuovo Cimento, 28, 299–303.

[224] Fordy, A.P. (1983a) Projective representations and deformations of integrable systems. Proc. Roy. Ir.

Acad., Sect. A, 83, 75–93.

[225] Fordy, A.P. (1983b) Derivative nonlinear Schrödinger equation and Hermitean symmetric spaces. J.

Phys. A: Math. Gen., 17, 1235–1245.

[226] Fordy, A.P. and Gibbons, J. (1980a) Integrable nonlinear Klein–Gordon equations and Toda lattices.

Commun. Math. Phys., 77, 21–30.

[227] Fordy, A.P. and Gibbons, J. (1980b) Factorization of operators. I: Miura transformations. J. Math.

Phys., 21, 2508–2510.

[228] Fordy, A.P. and Gibbons, J. (1981) Factorization of operators. II. J. Math. Phys., 22, 1170–1175. [229] Fordy, A.P. and Gibbons, J. (1983) Nonlinear Klein–Gordon equations and simple Lie algebras. Proc.

R. Ir. Acad., Sect. A, 83, 33–34.

[230] Fordy, A.P. and Kulish, P.P. (1983) Nonlinear Schrödinger equations and simple Lie algebras. Commun.

Math. Phys., 89, 427–443.

[231] Fordy, A.P., Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1989) Classical r-matrices and compatible Poisson brackets for coupled KdV systems. Lett. Math. Phys., 17, 25–29.

[232] Fordy, A.P., Shabat, A.B. and Veselov, A.P. (1995) Factorization and Poisson correspondences. Teor.

Mat. Fiz., 105, No.2, 225–245 (Theor. Math. Phys., 105, 1369–1386).

[233] Fordy, A.P., Wojciechowski, S., and Marshall, I. (1986) A family of integrable quartic potentials related to symmetric spaces. Phys. Lett. A, 113, 395–400.

[234] Forest, E. and Ruth, R.D.(1990) Fourth order symplectic integration. Physica D, 43, 105–117.

[235] Frahm, W. (1875) Über gewisse Differentialgleichungen. Math. Ann., 8, 35–44.

[236] Freidel, L. and Maillet, J.M. (1991) Quadratic algebras and integrable systems. Phys. Lett. B, 262, 278–284.

[237] Frenkel, E., Reshetikhin, N., and Semenov-Tian-Shansky, M.A. (1998) Drinfeld–Sokolov reduction for difference operators and deformations of W-algebras. I: The case of Virasoro algebra. Commun. Math. Phys., 192, 605–629.

[238] Fuchssteiner, B. (1979) Application of hereditary symmetries to nonlinear evolution equations. Nonlinear Anal. Theory, Methods and Appl., 3, 849–862.

[239] Fuchssteiner, B. and Fokas, A.S. (1981) Symplectic structures, their Bäcklund transformations, and hereditary symmetries. Physica D, 4, 47–66.

[240] Gagnon, L., Harnad, J., Winternitz, P., and Hurtubise, J. (1985) Abelian integrals and the reduction method for an integrable Hamiltonian system. J. Math. Phys., 26, 1605–1612.

[241] Gardner, C.S. (1971) Korteweg–de Vries equation and generalizations. IV: The Korteweg-de Vries equation as a Hamiltonian system. J. Math. Phys., 12, 1548–1551.

[242] Gardner, C.S., Greene, J.M., Kruskal, M.D., and Miura, R.M. (1967) Method for solving the Korteweg– de Vries equation. Phys. Rev. Lett., 19, 1095–1097.

[243] Gardner, C.S., Greene, J.M., Kruskal, M.D., and Miura, R.M. (1974) Korteweg–de Vries equation and generalizations. VI: Methods for exact solution. Commun. Pure Appl. Math., 27, 97–133.

[244] Garnier, R. (1919) Sur une classe de systèmes différentielles Abéliens dëduits de la théorie des équations linéares. Rend. Circ. Mathem. Palermo, 43, Nr. 4, 155–191.

[245] Gaudin, M. (1983) La fonction d’onde de Bethe. Paris: Masson.

[246] Gavrilov, L. and Zhivkov, A. (1998) The complex geometry of the Lagrange top. L’Enseign. Math., 44, 133–170.

[247] Gekhtman, M.I. and Shapiro, M.Z. (1999) Noncommutative and commutative integrability of generic Toda flows in simple Lie algebras. Commun. Pure Appl. Math., 52, 53–84.

[248] Gelfand, I.M. and Dickey, L.A. (1975) Asymptotic behaviour of the resolvent of Sturm–Liouville equations and the algebra of the Korteweg–De Vries equations. Uspekhi Mat. Nauk, 30, No.5, 67–100 (in Russian; English translation: Russ. Math. Surveys, 30, 77–113).

[249] Gelfand, I.M. and Dickey, L.A. (1976) Fractional powers of operators and Hamiltonian systems. Funkts.

Anal. Prilozh., 10, No.4, 13–29 (in Russian; English translation: Funct. Anal. Appl., 10, 259–273).

[250] Gelfand, I.M. and Dickey, L.A. (1977) The resolvent and Hamiltonian systems. Funkts. Anal. Prilozh., 11, No.2, 11-27 (in Russian; English translation: Funct. Anal. Appl., 11, 93-105).

[251] Gelfand, I.M. and Dickey, L.A. (1978) Family of Hamiltonian structures connected with integrable nonlinear differential equations. Preprint IPM, Nr. 136.

[252] Gelfand, I.M. and Dorfman, I.Ya. (1979) Hamiltonian operators and algebraic structures related to them. Funkts. Anal. Prilozh., 13, No.4, 13–30 (in Russian; English translation: Funct. Anal. Appl., 13, 248–262).

[253] Gelfand, I.M. and Dorfman, I.Ya. (1980) The Schouten bracket and Hamiltonian operators. Funkts.

Anal. Prilozh., 14, No.3, 71-74 (in Russian; English translation: Funct. Anal. Appl., 14, 223–226).

[254] Gelfand, I.M. and Dorfman, I.Ya. (1981) Hamiltonian operators and infinite-dimensional Lie algebras.

Funkts. Anal. Prilozh., 15, No.3, 23-40 (in Russian; English translation: Funct. Anal. Appl., 15, 173-187).

[255] Gelfand, I.M. and Dorfman, I.Ya. (1982) Hamiltonian operators and the classical Yang-Baxter equation. Funkts. Anal. Prilozh., 16, No.4, 1-9 (in Russian; English translation: Funct. Anal. Appl., 16, 241-248).

[256] Gelfand, I.M. and Zakharevich, I. (1999) Webs, Lenard schemes, and the local geometry of bihamiltonian Toda and Lax structures. Preprint math.DG/9903080.

[257] Gelfreich, V.G. (1999) A proof of the exponentially small transversality of the separatrices for the standard map. Commun. Math. Phys., 201, 155–216.

[258] Gelfreich, V.G., Lazutkin, V.F. and Svanidze, N.V. (1994) A refined formula for the separatrix splitting for the standard map. Physica D, 71, 82–101.

[259] Gesztesy, F. and Holden, H. (1999) Darboux-type transformations and hyperelliptic curves. Preprint

solv-int/9901008.

[260] Gesztesy, F., Holden, H., Simon, B., and Zhao, Z. (1993) On the Toda and Kac-van Moerbeke systems.

Trans. Am. Math. Soc., 339, 849–868.

[261] Gibbons, J. and Hermsen, T. (1984) A generalisation of the Calogero-Moser system. Physica D, 11, 337–348.

[262] Gibbons, J., Hermsen, T. and Wojciechowski, S. (1983) A Bäcklund transformation for a generalized Calogero–Moser system. Phys. Lett. A, 94, 251–253.

[263] Gibbons, J. and Kupershmidt, B.A. (1990) Relativistic analogs of basic integrable systems. – In:

Integrable and superintegrable systems, Ed. B.A. Kupershmidt, Singapore: World Scientific, 207–231.

[264] Gibbons, J. and Kupershmidt, B.A. (1992) Time discretizations of lattice integrable systems. Phys.

Lett. A, 165, 105–110.

[265] Golubev, V.V. (1953) Lectures on the integration of the equations of motion of a rigid body about a fixed point. Moscow: Gostekhizdat (in Russian).

[266] Grammaticos, B., Ramani, A. and Papageorgiou, V. (1991) Do integrable mappings have the Painlevé property? Phys. Rev. Lett., 67, 1825–1828.

[267] Hairer, E., Nørsett, S.P. and Wanner, G. (1987) Solving ordinary differential equations. Vol.1. Nonstiff problems. Berlin etc: Springer–Verlag.

[268] Hairer, E. and Schober, C.M. (2000) Corrigendum to: “Symplectic integrators for the Ablowitz–Ladik discrete nonlinear Schrödinger equation”: implementation issues. Phys. Lett. A, 272, 421–422.

[269] Harnad, J. and Hurtubise, J. (1991) Generalized tops and moment maps to loop algebras. J. Math.

Phys., 32, 1780–1787.

[270] Hasegawa, K. (1997) Ruijsenaars’ commuting difference operators as commuting transfer matrices.

Commun. Math. Phys., 187, 289–325.

[271] Hasimoto, H. (1971) Motion of a vortex filament and its relation to elastica. J. Phys. Soc. Japan, 31, 293–294.

[272] Hasimoto, H. (1972) A soliton of a vortex filament. J. Fluid Mech., 51, 477–485.

[273] Helgason, S. (1978) Differential geometry, Lie groups, and symmetric spaces. New York etc.: Academic Press.

[274] Helminck, G. and van de Leur, J. (1998) Constrained and rational reductions of the KP hierarchy.

Lect. Notes Phys., 502, 167–182.

[275] Herbst, B.M. and Ablowitz, M.J. (1989) On numerical chaos in the nonlinear Schroedinger equation.

Lect. Notes Phys., 342, 192–206.

[276] Herbst, B.M., Varadi, F., and Ablowitz, M.J. (1994) Symplectic methods for the nonlinear Schroedinger equation. Math. Comput. Simul., 37, 353–369.

[277] Hertrich-Jeromin, U., Hoffmann, T. and Pinkall, U. (1999) A discrete version of the Darboux transform for isothermic surfaces. – In: Discrete integrable geometry and physics. Eds. A.I. Bobenko and R. Seiler. Oxford: Clarendon Press, 59–81.

[278] Hikami, K. (1995) The Euler–Calogero–Moser model in an external potential — Yangian and loop algebra. Phys. Lett. A, 197, 393–400.

[279] Hikami, K. (1997) Lattice WN algebra and its quantization. Nucl. Phys. B, 505, 749–770. [280] Hikami, K. (1998a) On the fundamental L operator for the quantum lattice W algebra. Chaos Solitons Fractals, 9, 853–867.

[281] Hikami, K. (1998b) Integrable structure of the classical lattice Wn algebra. Chaos Solitons Fractals, 9, 1773–1782.

[282] Hikami, K. and Inoue, R. (1997) Classical lattice W algebras and integrable systems. J. Phys. A:

Math. Gen., 30, 6911–6924.

[283] Hikami, K. and Inoue, R. (1999) The Hamiltonian structure of the Bogoyavlensky lattice. J. Phys.

Soc. Japan, 68, 776–783.

[284] Hikami, K., Sogo, K., and Inoue, R. (1997) Hidden symmetry of the Bogoyavlensky lattice. The lattice W algebras and the vertex operators. J. Phys. Soc. Japan, 66, 3756–3763.

[285] Hirota, R. (1973a) Exact N–soliton solution of a nonlinear lumped network equations. J. Phys. Soc.

Japan, 35, 286–288.

[286] Hirota, R. (1973b) Exact N–soliton solution of a nonlinear lumped self–dual network equations. J.

Phys. Soc. Japan, 35, 289–294.

[287] Hirota, R. (1974) A new form of Bäcklund transformation and its relations to the inverse scattering problem. Progr. Theor. Phys., 52, 1498–1512.

[288] Hirota, R. (1975) Nonlinear transformations among differential–difference equations that exhibit solitons. Progr. Theor. Phys., 64, 288.

[289] Hirota, R. (1977a) Nonlinear partial difference equations. I: A difference analog of the Korteweg–de Vries equation. J. Phys. Soc. Japan, 43, 1423–1433.

[290] Hirota, R. (1977b) Nonlinear partial difference equations. II: Discrete–time Toda equation. J. Phys.

Soc. Japan, 43, 2074–2078.

[291] Hirota, R. (1977c) Nonlinear partial difference equations. III: Discrete sine–Gordon equation. J. Phys.

Soc. Japan, 43, 2079–2086.

[292] Hirota, R. (1978) Nonlinear partial difference equations. IV: Bäcklund transformation for the discrete– time Toda equation. J. Phys. Soc. Japan, 45, 321–332.

[293] Hirota, R. (1979) Nonlinear partial difference equations. V: Nonlinear equations reducible to linear equations. J. Phys. Soc. Japan, 46, 312–319.

[294] Hirota, R. (1981) Discrete analogue of a generalized Toda equation. J. Phys. Soc. Japan, 50, 3785– 3791.

[295] Hirota, R. (1987) Discrete two–dimensional Toda molecule equation. J. Phys. Soc. Japan, 56, 4285– 4288.

[296] Hirota, R. (1998) Discretization of the potential modified KdV equation. J. Phys. Soc. Japan, 67, 2234–2236.

[297] Hirota, R., Imai, T., Tsujimoto, S., and Ohta, Y. (1994) Discrete 2N-wave interaction. Math. Comput.

Simul., 37, 371–383.

[298] Hirota, R. and Kimura, K. (2000) Discretization of the Euler top. J. Phys. Soc. Japan, 69, 627–630. [299] Hirota, R. and Satsuma, J. (1976a) N–soliton solution of nonlinear network equations describing a Volterra system. J. Phys. Soc. Japan, 40, 891–900.

[300] Hirota, R. and Satsuma, J. (1976b) A variety of nonlinear network equations generated from the Bäcklund transformations for the Toda lattice. Suppl. Progr. Theor. Phys., 59, 64–100.

[301] Hirota, R. and Satsuma, J. (1978) A simple structure of superposition formula of the Bäcklund transformation. J. Phys. Soc. Japan, 45, 1741–1750.

[302] Hirota, R. and Tsujimoto, S. (1994) Conserved quantities of discrete Lotka–Volterra equations. RIMS Kokyuroku, 868, 31–38 (in Japanese).

[303] Hirota, R. and Tsujimoto, S. (1995) Conserved quantities of a class of nonlinear difference–difference equations. J. Phys. Soc. Japan, 64, 3125–3127.

[304] Hirota, R., Tsujimoto, S., and Imai, T. (1993) Difference scheme of soliton equations. – In: Future directions of nonlinear dynamics in physical and biological systems, Eds. P.L.Christiansen, J.C.Eilbeck and R.D.Parmentier . NY: Plenum, 7–15.

[305] Hisakado, M. (1999) Hungry Volterra equation, multi-boson KP hierarchy and two matrix models. J.

Phys. Soc. Japan, 68, 2221–2227.

[306] Hoffmann, T. (2000a) On the gauge equivalent structure of the discrete nonlinear Schrödinger equation.

Phys. Lett. A, 266, 146–154.

[307] Hoffmann, T. (2000b) Discrete Hashimoto surfaces and a doubly discrete smoke–ring flow. Preprint

math.DG/0007150.

[308] Hoffmann, T., Kellendonk, J., Kutz, N., and Reshetikhin, N. (2000) Factorization dynamics and Coxeter–Toda Lattices. Commun. Math. Phys., 212, 297–321.

[309] Holm, D.D., Marsden, J.E. and Ratiu, T.S. (1998) The Euler-Poincar equations and semidirect products, with applications to continuum theories. Adv. in Math., 137, 1–81.

[310] Hone, A.N.W., Kuznetsov, V.B., and Ragnisco, O. (1999) Bäcklund transformations for many-body systems related to KdV. J. Phys. A: Math. Gen., 32, L299–L306.

[311] Hone, A.N.W., Kuznetsov, V.B., and Ragnisco, O. (2000) Bäcklund transformations for the sl(2) Gaudin magnet. Preprint nlin.SI/0007041.

[312] Hou, B.-Y. and Yang, W.-L. (1999a) The non-dynamical r–matrix structure for the elliptic An−1 Calogero–Moser model. J. Phys. A: Math. Gen., 32, 1475–1486.

[313] Hou, B.-Y. and Yang, W.-L. (1999b) The nondynamical r-matrix for the Ruijsenaars–Schneider model and the classical Sklyanin algebra. Phys. Lett. A, 261, 259–264.

[314] Hou, B.-Y. and Yang, W.-L. (2000) The dynamical twisting and nondynamical r–matrix structure of the elliptic Ruijsenaars–Schneider model. J. Math. Phys., 41, 357–369.

[315] Huang, W.-J., Shaw, J.-Ch., and Tu, M.-H. (1998) Matrix formulation of Hamiltonian structures of constrained KP hierarchy. J. Math. Phys., 39, 3738–3753.

[316] Ibort, A., Magri, F. and Marmo, G. (2000) Bihamiltonian structures and Staeckel separability. J.

Geom. Phys., 33, 210–228.

[317] Inoue, R. and Hikami, K. (1997) New approach to the lattice WN algebra and the exchange algebra.

J. Phys. Soc. Japan, 66, 3013–3020.

[318] Inoue, R. and Hikami, K. (1998a) The hungry Volterra model. The classical and quantum integrable structures. J. Phys. Soc. Japan, 67, 87–92.

[319] Inoue, R. and Hikami, K. (1998b) Construction of the quantum integrable equations on the space–time lattice based on the lattice W algebra. J. Phys. Soc. Japan, 67, 1163–1174.

[320] Inoue, R. and Hikami, K. (1998c) Discrete time Bogoyavlensky lattice and lattice W currents. J. Phys.

Soc. Japan, 67, 3729–3733.

[321] Inoue, R. and Hikami, K. (1999a) Lattice W currents with discrete time. J. Phys. Soc. Japan, 68, 386–390.

[322] Inoue, R. and Hikami, K. (1999b) Construction of soliton cellular automaton from the vertex model - the discrete 2D Toda equation and the Bogoyavlensky lattice. J. Phys. A: Math. Gen., 32, 6853–6868.

[323] Inoue, R. and Wadati, M. (1997) Hungry Volterra model and a new hierarchy of discrete models. J.

Phys. Soc. Japan, 66, 1291–1293.

[324] Inozemtsev, V.I. (1984) New completely integrable multiparticle dynamical systems. Phys. Scr., 29, 518–520.

[325] Inozemtsev, V.I. (1989a) Lax representation with spectral parameter on a torus for integrable particle systems. Lett. Math. Phys., 17, 11–17.

[326] Inozemtsev, V.I. (1989b) The finite Toda lattices. Commun. Math. Phys., 121, 629–638. [327] Inozemtsev, V.I. and Meshcheryakov, D.V. (1985) Extension of the class of integrable dynamical systems connected with semisimple Lie algebras. Lett. Math. Phys., 9, 13–18.

[328] Itoh, Y. (1987) Integrals of a Lotka–Volterra system of odd number of variables. Prog. Theor. Phys., 78, 507–510.

[329] Ishimori, Y. (1982) An integrable classical spin chain. J. Phys. Soc. Japan, 51, 3417–3418. [330] Ishimori, Y. (1994) Explicit energy conservative difference schemes for nonlinear dynamical systems with at most quartic potentials. Phys. Lett. A, 191, 373–378.

[331] Izergin, A.G. and Korepin, V.E.. (1981) Lattice model connected with nonlinear Schrödinger equation.

Sov. Phys. Doklady, 26, 653–6.

[332] Kac, M. and van Moerbecke, P. (1975) On an explicitly soluble system of nonlinear differential equations related to certain Toda lattices. Adv. Math., 16, 160–169.

[333] Kajinaga, Y. and Wadati, M. (1997) Integrable boundary conditions of the modified Volterra model.

J. Phys. Soc. Japan, 66, 3021–3025.

[334] Kajinaga, Y. and Wadati, M. (1998) A new derivation of the Bäcklund transformation for the Volterra lattice. J. Phys. Soc. Japan, 67, 2237–2241.

[335] Kajinaga, Y. and Wadati, M. (1999) Bäcklund transformation for solutions of the modified Volterra lattice equation. J. Phys. Soc. Japan, 68, 51–54.

[336] Kajiwara, K. and Satsuma, J. (1991) A q–difference version of the two–dimensional Toda lattice equation. J. Phys. Soc. Japan, 60, 3986–3989.

[337] Kajiwara, K., Ohta, Y., and Satsuma, J. (1993) q–discrete Toda molecule equation. Phys. Lett. A, 180, 249–256.

[338] Kamalin, S.A. and Perelomov, A.M. (1985) Construction of canonical coordinates on polarized coadjoint orbits of Lie groups. Commun. Math. Phys., 97, 553–568.

[339] Kanaga Vel, S. and Tamizhmani, K.M. (1997) Lax pairs, symmetries and conservation laws of a differential-difference equation – Sato’s approach. Chaos Solitons Fractals, 8, 917–931.

[340] Kashaev, R.M. and Reshetikhin, N.Yu. (1997) Affine Toda field theory as a 3-dimensional integrable system. Commun. Math. Phys., 188, 251–266.

[341] Kasman, A. (2000) Nested Bethe ansatz and finite dimensional canonical commutation relationship.

Preprint math-ph/0004030.

[342] Kazhdan, D., Kostant, B. and Sternberg, S. (1978) Hamiltonian group actions and dynamical systems of Calogero type. Commun. Pure Appl. Math., 31, 481–507.

[343] Kharchev, S., Mironov, A., and Zhedanov, A. (1997) Faces of relativistic Toda chain. Int. J. Mod.

Phys., A12, 2675–2724.

[344] Kirchhoff, G. (1869) Über die bewegung eines Rotationskörpers in einer Flüssigkeit. J. Reine Angew.

Math., 71, 237–262.

[345] Knörrer, H. (1982) Geodesics on quadrics and a mechanical problem of C. Neumann. J. Reine Angew.

Math., 334, 69–78.

[346] Kodama, Y. and McLaughlin, K.T-R. (1996) Explicit integration of the full symmetric Toda hierarchy and the sorting property. Lett. Math. Phys., 37, 37–47.

[347] Kodama, Y. and Ye, J. (1996) Iso-spectral deformations of general matrix and their reductions on Lie algebras. Commun. Math. Phys., 178, 765–788.

[348] Kötter, F. (1892) Über die Bewegung eines festen Körpers in einer Flüssigket. J. Reine Angew. Math., 109, 51–81, 89–111.

[349] Konopelchenko, B. and Oevel, W. (1993) An r-matrix approach to nonstandard classes of integrable equations. Publ. RIMS, 29, 581–666.

[350] Konopelchenko, B.G. and Schief, W.K. (1998) Three-dimensional integrable lattices in Euclidean spaces: conjugacy and orthogonality. Proc. R. Soc. Lond., Ser. A, 454, 3075-3104.

[351] Konopelchenko, B.G. and Schief, W.K. (1999) Trapezoidal discrete surfaces: geometry and integrability. J. Geom. Phys., 31, 75–95.

[352] Kosmann–Schwarzbach, Y. and Magri, F. (1988) Poisson–Lie groups and complete integrability. I.

Ann. Inst. Henri Poincaré, Phys. Theor., 49, 433–460.

[353] Kozlov, V.V. and Treshchev, D.V. (1989a) Polynomial integrals of Hamiltonian systems with exponential interaction. Izv. Akad. Nauk SSSR, Ser. Mat., 53, 537–556 (in Russian; English translation: Math. USSR Izv., 34, 555–574).

[354] Kozlov, V.V.; Treshchev, D.V. (1989b) Kovalevskaya numbers of generalized Toda chains. Mat. Zametki, 46, No.5, 17–28 (in Russian; English translation: Math. Notes, 46, 840–848).

[355] Kostant, B. (1979) The solution to a generalized Toda lattice and representation theory. Adv. Math., 34, 195–338.

[356] Kostant, B. (1982) Poisson commutativity and the generalized periodic Toda lattice. Lect. Notes Math., 905, 12–28.

[357] Krešić-Jurić, S. (1999) A loop group approach to the C. Neumann problem and Moser–Veselov factorization. J. Math. Phys., 40, 5014–5025.

[358] Krichever, I.M. (1980) Elliptic solutions of the Kadomtsev-Petviashvili equation and integrable systems of particles. Funkts. Anal. Prilozh., 14, No.4, 45–54 (in Russian; English translation: Funct. Anal. Appl., 14, 282–290).

[359] Krichever, I.M. (1995) General rational reductions of the KP hierarchy and their symmetries. Funkts.

Anal. Prilozh., 29, No.2, 1–8 (in Russian; English. translation: Funct. Anal. Appl., 29, 75–80).

[360] Krichever, I. (2000) Elliptic Analog of the Toda Lattice. Int. Math. Res. Notes, Nr. 8, 383–412.

[361] Krichever, I., Babelon, O., Billey, E., and Talon, M. (1995) Spin generalization of the Calogero- Moser system and the matrix KP equation. – In: Topics in topology and mathematical physics. Ed. S.P.Novikov. Transl. AMS, Ser. 2., 170(27). Providence: AMS, 83–119.

[362] Krichever, I., Lipan, O., Wiegmann, P., and Zabrodin, A. (1997) Quantum integrable models and discrete classical Hirota equations. Commun. Math. Phys., 188, 267–304.

[363] Krichever, I., Wiegmann, P., and Zabrodin, A. (1998) Elliptic solutions to difference nonlinear equations and related many-body problems. Commun. Math. Phys., 193, 373–396.

[364] Krichever, I. and Zabrodin, A. (1995) Spin generalization of the Ruijsenaars–Schneider model, the non-Abelian 2D Toda chain, and representations of the Sklyanin algebra. Usp. Mat. Nauk, 50, No.6, 3–56 (in Russian; English translation: Russ. Math. Surv., 50, 1101–1150).

[365] Kubo, R., Ogura, W., Saito, T., and Yasui, Y. (1999) The Gauss–Knoerrer map for the Rosochatius dynamical system. Phys. Lett. A, 251, 6–12.

[366] Kulish, P.P., Rauch-Wojciechowski, S., and Tsiganov, A.V. (1996) Stationary problems for equation of the KdV type and dynamical r-matrices. J. Math. Phys., 37, 3463–3482.

[367] Kuniba, A., Nakamura, S., and Hirota, R. (1996) Pfaffian and determinant solutions to a discretized Toda equation for Br , Cr and Dr . J. Phys. A: Math. Gen., 29, 1759–1766.

[368] Kuniba, A., Nakanishi, T. and Suzuki, J. (1994) Functional relations in solvable lattice models. I:

Functional relations and representation theory. Int. J. Mod. Phys. A, 9, 5215–5266; II. ibid, 5267– 5312.

[369] Kuniba, A. and Suzuki, J. (1995a) Functional relations and analytic Bethe ansatz for twisted quantum affine algebras. J. Phys. A: Math. Gen., 28, 711–722.

[370] Kuniba, A. and Suzuki, J. (1995b) Analytic Bethe ansatz for fundamental representations of Yangians.

Commun. Math. Phys., 173, 225–264.

[371] Kupershmidt, B.A. (1981) On the nature of the Gardner transformation. J. Math. Phys., 22, 449–452. [372] Kupershmidt, B.A. (1982a) Singular symmetries of integrable curves and surfaces. J. Math. Phys., 23, 364–366.

[373] Kupershmidt, B.A. (1982b) Korteweg–de Vries surfaces and Bc̈klund curves. J. Math. Phys., 23, 1427-1432.

[374] Kupershmidt, B.A. (1983) Deformations of integrable systems. Proc. R. Ir. Acad., Sect. A, 83, 45–74. [375] Kupershmidt, B.A. (1985) Discrete Lax equations and differential–difference calculus. Asterisque, 123. [376] Kupershmidt, B.A. (1989) On the integrability of modified Lax equations. J. Phys. A: Math. Gen., 22, L993–L998.

[377] Kupershmidt, B.A. (1993) Quasirelativistic analogs of Lax equations. – In: Nonlinear processes in physics, Eds. A.S.Fokas, D.J.Kaup, A.C.Newell, V.E.Zakharov, Berlin etc: Springer–Verlag, 114–117.

[378] Kupershmidt, B.A. (1995) Canonical property of the Miura maps between the MKP and KP hierarchies, continuous and discrete. Commun. Math. Phys., 167, 351–371 [379] Kupershmidt, B.A. (1996) Infinitely–precise space–time discretizations of the equation ut + uux = 0.

– In: Algebraic Aspects of Integrable Systems. In Memory of Irene Dorfman, Birkhäuser, 205–216. [380] Kupershmidt, B.A. (1999) What a classical r–matrix really is. J. Nonlin. Math. Phys., 6, 448–488. [381] Kupershmidt, B.A. (2000) KP or mKP. Noncommutative mathematics of Lagrangian, Hamiltonian, and integrable systems. Providence: AMS.

[382] Kupershmidt, B.A. and Wilson, G. (1980) Modifying Lax equations and the second Hamiltonian structure. Invent. Math., 62, 403–436.

[383] Kupershmidt, B.A. and Wilson, G. (1981) Conservation laws and symmetries of generalized sine- Gordon equations. Commun. Math. Phys., 81, 189–202.

[384] Kuznetsov, V.B.(1992) Isomorphism of the n-dimensional Neumann system and the n-site Gaudin magnet. Funkts. Anal. Prilozh., 26, No.4, 88–90 (in Russian; English translation: Funct. Anal. Appl., 26, 302–304).

[385] Kuznetsov, V.B. and Sklyanin, E.K. (1998) On Bäcklund transformations for many-body systems. J.

Phys. A: Math. Gen., 31, 2241-2251.

[386] Kuznetsov, V.B. and Tsyganov, A.V. (1989) Infinite series of Lie algebras and boundary conditions for integrable systems. Zap. Nauchn. Semin. LOMI, 172, 88–98 (in Russian; English translation: J. Sov. Math., 59, 1085–1092).

[387] Kuznetsov, V.B. and Tsyganov, A.V. (1993) Quantum relativistic Toda chains. Zap. Nauchn. Semin.

POMI, 205, 71–84. (in Russian; English translation: J. Math. Sci., 80, 1802–1810). [388] Kuznetsov, V.B. and Vanhaecke, P. (2000) Bäcklund transformations for finite-dimensional integrable systems: a geometric approach. Preprint nlin.SI/0004003.

[389] Langer, J. and Perline, R. (1996) The localized induction equation, the Heisenberg chain, and the nonlinear Schroedinger equation. – In: Mechanics days. Ed. W.F.Shadwick et al. Fields Inst. Commun., 7, 181–187.

[390] Langer, J. and Singer, D.A. (1996) Lagrangian aspects of the Kirchhoff elastic rod. SIAM Rev., 38, 605–618.

[391] Lazutkin, V.F. (1988) Splitting of complex separatrices. Funkts. Anal. Prilozh., 22, No.2, 83–84 (in Russian; English translation: Funct. Anal. Appl., 22, 154–156).

[392] Lazutkin, V.F. (1993) The splitting of separatrices for a standard family of area-preserving transformations. – In: Wave propagation. Scattering theory. Ed. M.Sh. Birman. Transl. AMS, Ser. 2, 157, 27–35.

[393] Lazutkin, V.F., Schachmannski, I.G., and Tabanov, M.B. (1989) Splitting of separatrices for standard and semistandard mappings. Physica D, 40, 235–248.

[394] Levi, D. (1981) Nonlinear differential difference equations as Bäcklund transformations. J. Phys. A, 14, 1083–1098.

[395] Leznov, A.N. and Saveliev, M.V. (1979) Representation of zero curvature for the system of nonlinear partial differential equations xα,zz̄ = exp(kx)α and its integrability. Lett. Math. Phys., 3, 489–494.

[396] Li, L.-C. (1992) Two results on a class of Poisson structures on Lie groups. Math. Zeitschrift, 210, 327–338.

[397] Li, L.-C. and Parmentier, S. (1989) Nonlinear Poisson structures and r–matrices. Commun. Math.

Phys., 125, 545–563.

[398] Li, L.-C. and Parmentier, S. (1991) Modified structures associated with Poisson Lie groups. – In:

Geometry of Hamiltonian Systems, Springer, 387–401.

[399] Liu, Q.P. (1994) Modifications of k-constrained KP hierarchy. Phys. Lett. A, 187, 373–381. [400] Liu, Q.P. (1998) The constrained MKP hierarchy and the generalized Kupershmidt-Wilson theorem.

Lett. Math. Phys., 43, 65–72.

[401] Liu, Q.P. and Mañas, M. (1998) Discrete Levy transformations and Casorati determinant solutions of quadrilateral lattices. Phys. Lett. A, 239, 159–166.

[402] Lomeli, H.E. and Meiss, J.D. (2000) Heteroclinic orbits and flux in a perturbed integrable Suris map.

Phys. Lett. A, 269, 309–318.

[403] Lu, J.-H. and Weinstein, A. (1990) Poisson Lie groups, dressing transformations, and Bruhat decompositions. J. Differ. Geom., 31, 501–526.

[404] Magri, F. (1978) A simple model of the integrable Hamiltonian equation. J. Math. Phys., 19, 1156– 1162.

[405] Magri, F. (1995) On the geometry of soliton equations. Acta Appl. Math., 41, 247–270. [406] Magri, F. (1997) Eight lectures on integrable systems. Lect. Notes Phys., 495, 256–296. [407] Magri, F., Pedroni, M., and Zubelli, J.P. (1997) On the geometry of Darboux transformations for the KP hierarchy and its connection with the discrete KP hierarchy. Commun. Math. Phys., 188, 305–325.

[408] Magri, F., Falqui, G., and Pedroni, M. (2000) The method of Poisson pairs in the theory of nonlinear PDEs. Preprint nlin.SI/0002009.

[409] Magri, F. and Zubelli, J.P. (1997) Bi-Hamiltonian formalism and the Darboux-Crum method. I: From the KP to the mKP hierarchy. Inverse Probl., 13, 755-=780.

[410] Manakov, S.V. (1974) On the complete integrability and stochastization in discrete dynamical systems.

Zh. Exp. Theor. Phys., 67, 543–555 (in Russian; English translation: Sov. Phys. JETP, 40, 269–274). [411] Manakov, S.V. (1976) Note on the integration of Euler’s equations of the dynamics of an n–dimensional rigid body. Funkt. Anal. Prilozh., 10, No 4, 93–94 (in Russian; English translation: Funct. Anal. Appl., 10, 328–329).

[412] Mañas, M., Doliwa, A., and Santini, P.M. (1997) Darboux transformations for multidimensional quadrilateral lattices. I. Phys. Lett. A, 232, 99–105.

[413] Marciniak, K. (1997) Coupled Korteweg–de Vries hierarchy with sources and its Newtonian decomposition. J. Math. Phys., 38, 5739–5755.

[414] Marsden, J.E., Patrick, G.W. and Shkoller, S. (1998) Mulltisymplectic geometry, variational integrators and nonlinear PDEs. Comm. Math. Phys., 199, 351–395.

[415] Marsden, J.E., Pekarsky, S., and Shkoller, S. (1999) Discrete Euler-Poincaré and Lie-Poisson equations.

Nonlinearity, 12, 1647–1662.

[416] Marsden, J.E. and Ratiu, T.S. (1994) Introduction to mechanics and symmetry. Berlin etc: Springer. [417] Marsden, J.E., Ratiu, T.S., and Weinstein, A. (1984a) Semi–direct products and reduction in mechanics. Trans. Amer. Math. Soc., 281, 147–177.

[418] Marsden, J.E., Ratiu, T.S., and Weinstein, A. (1984b) Reduction and Hamiltonian structures on duals of semidirect product Lie algebras. Contemp. Math., 28, 55–100.

[419] Marsden, J.E. and Wendlandt, J.M. (1997) Mechanical systems with symmetry, variational principles and integration algorithms. – In: Current and Future Directions in Applied Mathematics, Eds. M. Alber, B. Hu and J. Rosenthal. Boston etc: Birkhuser, 219–261.

[420] Marshall, I. (1988) Some integrable systems related to affine Lie algebras and homogeneous spaces.

Phys. Lett. A, 127, 19–26.

[421] Marshall, I. (1990) A Lie algebraic setting for Miura maps related to an energy dependent linear problem. Commun. Math. Phys., 133, 509–520.

[422] Marshall I. (1994) An r–matrix interpretation of modified systems. Physica D, 70, 40–60. [423] Marshall, I. (1998) The Kowalevski top: its r-matrix interpretation and bihamiltonian formulation.

Commun. Math. Phys., 191, 723–734.

[424] Marshall, I. and Wojciechowski, S. (1988) When is a Hamiltonian system separable? J. Math. Phys., 29, 1338–1346.

[425] Maruno, K., Kajiwara, K., Nakao, S. and Oikawa, M. (1997) Bilinearization of discrete soliton equations and singularity confinement. Phys. Lett. A, 229, 173–182.

[426] Maruno, K., Kajiwara, K., and Oikawa, M. (1998) Casorati determinant solution for the discrete-time relativistic Toda lattice equation. Phys. Lett. A, 241, 335–343.

[427] Maruno, K. and Oikawa, M. (2000) Bilinear structure and determinant solution for the relativistic Lotka–Volterra equation. Phys. Lett. A, 270, 122–131.

[428] Matveev, V.B. (1979) Darboux transformation and explicit solutions of differential–difference and difference–difference evolution equations. Lett. Math. Phys., 3, 217–222.

[429] Matveev, V.B. and Salle, M.A. (1979) Differential–difference evolution equations. II: darboux transformation for the Toda lattice. Lett. Math. Phys., 3, 425–429.

[430] Matveev, V.B. and Salle, M.A. (1991) Darboux transformations and solitons. Berlin etc.: Springer- Verlag.

[431] McKean, H. and Trubowitz, E. (1976) Hill’s operator and hyperelliptic function theory in the presence of infinitely many branch points. Commun. Pure Appl. Math., 29, 143–226.

[432] McLachlan, R.I. (1993) Integrable four–dimensional symplectic maps of standard type. Phys. Lett. A, 177, 211–214.

[433] McLaughlin, D.W. and Schober, C.M. (1992) Chaotic and homoclinic behavior for numerical discretizations of the nonlinear Schrödinger equation. Physica D, 57, 447–465.

[434] Médan, C. (1996) The bi–Hamiltonian structure of the Lagrange top. Phys. Lett. A, 215, 176–180. [435] Mikhailov, A.V. (1979) Integrability of a two–dimensional generalization of the Toda chain. Pis’ma Zh. Eksp. Teor. Fiz., 30, Nr. 7, 443–448 (in Russian; English translation: JETP Lett., 30, 414–418).

[436] Mikhailov, A.V., Olshanetskij, M.A., and Perelomov, A.M. (1981) Two-dimensional generalized Toda lattice. Commun. Math. Phys., 79, 473–488.

[437] Miller, P.D., Ercolani, N.M., Krichever, I.M., and Levermore, C.D. (1995) Finite genus solutions to the Ablowitz-Ladik equations. Commun. Pure Appl. Math., 48, 1369–1440.

[438] Mishchenko, A.S. and Fomenko, A.T. (1978a) Euler equations on finite-dimensional Lie groups. Izv.

Akad. Nauk SSSR, Ser. Mat., 42, 396–415 (in Russian; English translation: Math. USSR Izv., 12, 371–389).

[439] Mishchenko, A.S. and Fomenko, A.T. (1978b) Generalized Liouville method of integration of Hamiltonian systems. Funkt. Anal. Prilozh., 12, 46–56 (in Russian; English translation: Funct. Anal. Appl., 12, 113–121).

[440] Mishchenko, A.S. and Fomenko, A.T. (1981) The integration of Hamiltonian systems with noncommutative symmetries. Tr. Semin. Vektorn. Tenzorn. Anal. 20, 5–54 (in Russian).

[441] Miura, R.M. (1968) Korteweg–de Vries equation and generalizations. I: A remarkable explicit nonlinear transformation. J. Math. Phys., 9, 1202–1204.

[442] Miura, R.M., Gardner, C.S. and Kruskal, M.D. (1968) Korteweg-de Vries equation and generalizations.

II: Existence of conservation laws and constants of motion. J. Math. Phys., 9, 1204–1209. [443] Morosi, C. (1992) The R–matrix theory and the reduction of Poisson manifolds. J. Math. Phys., 33, 941–952.

[444] Morosi, C. and Pizzocchero, L. (1995) On the bi–Hamiltonian interpretation of the Lax formalism.

Rev. Math. Phys., 7, 389–430.

[445] Morosi, C. and Pizzocchero, L. (1996a) R–matrix theory, formal Casimirs and the periodic Toda lattice. J. Math. Phys., 37, 4484–513.

[446] Morosi, C. and Pizzocchero, L. (1996b) On the Euler equation: bi–Hamiltonian structure and integrals in involution. Lett. Math. Phys., 37, 117–135.

[447] Morosi, C. and Pizzocchero, L. (1996c) On the continuous limit of integrable lattices. I: The Kac– Moerbecke system and KdV theory. Commun. Math. Phys., 180, 505–328.

[448] Morosi, C. and Pizzocchero, L. (1998a) On the continuous limit of integrable lattices. II: Volterra systems and sp(N) theories. Rev. Math. Phys., 10, 235–270.

[449] Morosi, C. and Pizzocchero, L. (1998b) On the continuous limit of integrable lattices. III: Kupershmidt systems and sl(N + 1) KdV theories. J. Phys. A: Math. Gen., 31, 2727–2746.

[450] Moser, J. (1975a) Finitely many mass points on the line under the influence of an exponential potential – an integrable system. Lect. Notes Phys., 38, 467–497.

[451] Moser, J. (1975b) Three integrable Hamiltonian systems connected with isospectral deformations. Adv.

Math., 16, 197–220.

[452] Moser, J. (1980a) Various aspects of integrable Hamiltonian systems. – In: Dynamical systems, C.I.M.E. Lectures, Progress in Math. 8. Boston etc.: Birkhäuser, 233–290.

[453] Moser, J. (1980b) Geometry of quadrics and spectral theory. In: The Chern symposium, Berkeley, June 1979. Berlin etc.: Springer, 147–188.

[454] Moser, J. and Veselov, A.P. (1991) Discrete versions of some classical integrable systems and factorization of matrix polynomials. Commun. Math. Phys., 139, 217–243.

[455] Mumford, D. (1984) Tata lectures on theta. Boston etc.: Birkhäuser.

[456] Murray, M.K. and Singer, M.A. (2000) On the complete integrability of the discrete Nahm equations.

Commun. Math. Phys., 210, 497–519.

[457] Nagai, A. and Satsuma, J. (1995a) Discrete soliton equations and convergence acceleration algorithms.

Phys. Lett. A, 209, 305–312.

[458] Nagai, A. and Satsuma, J. (1995b) The Lotka-Volterra equations and the QR algorithm. J. Phys. Soc.

Japan, 64, 3669–3674.

[459] Narita, K. (1982) Soliton solution to extended Volterra equations. J. Phys. Soc. Japan, 51, 1682–1685. [460] Narita, Y., Saito, S., Saitoh, N., and Yoshida, K. (2000) On the behaviour of solutions to discrete time Lotka–Volterra equation. Preprint nlin.SI/0005059.

[461] Nekhoroshev, N.N. (1972) On action–angle variables and their generalizations. Tr. Moscow Math. Soc., 26, 181–198 (in Russian).

[462] Neumann, C. (1859) De problemate quodam mechanica, quod ad primam integralium ultraellipticorum classem revocatur. J. Reine Angew. Math., 56, 46–69.

[463] Newell, A.C. (1985) Solitons in mathematics and physics, SIAM.

[464] Nijhoff, F.W. and Capel, H. (1995) The discrete Korteweg–de Vries equation. Acta Appl. Math., 39, 133–158.

[465] Nijhoff, F.W., Capel H., Wiersma, G. (1984) Integrable lattice systems in two and three dimensions.

Lect. Notes Phys., 239, 263–302.

[466] Nijhoff, F.W., Kuznetsov, V.B., Sklyanin, E.K. and Ragnisco, O. (1996) Dynamical r-matrix for the elliptic Ruijsenaars–Schneider system. J. Phys. A: Math. Gen., 29, L333–L340.

[467] Nijhoff, F.W. and Pang, G.-D. (1994) A time discretized version of the Calogero–Moser model. Physics Lett. A, 191, 101–107.

[468] Nijhoff, F.W. and Pang, G.-D. (1996) Discrete–time Calogero–Moser model and lattice KP equation. In: Proc. Int. Workshop Symmetries and Integrability of Difference Eqs, Eds. D.Levi, L.Vinet, P.Winternitz. CRM Proc. Lect. Notes, 9. Providence: AMS, 253–264.

[469] Nijhoff, F.W., Papageorgiou, V.G., Capel, H.W. and Quispel, G.R.W. (1992) The lattice Gelfand–Dikii hierarchy. Inv. Probl., 8, 597–621.

[470] Nijhoff, F.W., Ragnisco, O. and Kuznetsov, V. (1996) Integrable time–discretization of the Ruijsenaars–Schneider model. Commun. Math. Phys, 176, 681–700.

[471] Nimmo, J.J.C. (1997) Darboux transformations and the discrete KP equation. J. Phys. A: Math. Gen., 30, 8693–8704.

[472] Novikov, S.P. and Dynnikov, I.A. (1997) Discrete spectral symmetries of low-dimensional differential operators and difference operators on regular lattices and two-dimensional manifolds. Usp. Mat. Nauk, 52, No.5, 175–234 (in Russian; English translation: Russ. Math. Surv., 52, 1057–1116).

[473] Nunes da Costa, J.M. and Marlet, C.-M. (1997) Master symmetries and bi–Hamiltonian structure for the relativistic Toda lattice. J. Phys. A: Math. Gen., 30, 7551–7556.

[474] Oevel, W. (1993) Darboux theorems and Wronskian formulas for integrable systems. I: Constrained KP flows. Physica A, 195, 533–576.

[475] Oevel, W. (1994) A note on the Poisson brackets associated with Lax operators, Phys. Lett. A, 186, 79–86.

[476] Oevel, W. (1996) Poisson brackets for integrable lattice systems. In: Algebraic Aspects of Integrable Systems. In Memory of Irene Dorfman, Birkhäuser, 261–284.

[477] Oevel, W. and Ragnisco, O. (1989) R–matrices and higher Poisson brackets for integrable systems.

Physica A, 161, 181–220.

[478] Oevel, W., Fuchssteiner, B., Zhang, H. and Ragnisco, O. (1989) Mastersymmetries, angle variables and recursion operator of the relativistic Toda lattice. J. Math. Phys., 30, 2664–2676.

[479] Oevel, W. and Strampp, W. (1993) Constrained KP hierarchy and bi-Hamiltonian structures. Commun. Math. Phys., 157, 51–81.

[480] Ohta, Y., Kajiwara, K., Matsukidaira, J., and Satsuma, J. (1993) Casorati determinant solution for the relativistic Toda lattice equation. J. Math. Phys., 34, 5190–5204.

[481] Olive, D. and Turok, N. (1983) Algebraic structure of Toda systems. Nucl. Phys. B, 220, FS8, 491–501. [482] Olshanetsky, M.A. and Perelomov, A.M. (1976) Completely integrable Hamiltonian systems connected with semisimple Lie algebras. Invent. Math., 37, 93–108.

[483] Olshanetsky, M.A. and Perelomov, A.M. (1979) Explicit solutions of classical generalized Toda models.

Invent. Math., 54, 261–269.

[484] Olver, P.J. (1977) Evolution equations possessing infinitely many symmetries. J. Math. Phys., 18, 1212–1215.

[485] Olver, P.J. (1986) Applications of Lie groups to differential equations. Berlin etc.: Springer–Verlag. [486] Orlov, A.Yu. and Rauch-Wojciechowski, S. (1993) Dressing method, Darboux transformation and generalized restricted flows for the KdV hierarchy. Physica D, 69, 77–84.

[487] Papageorgiou, V., Grammaticos, B., and Ramani, A. (1993) Integrable lattices and convergence acceleration algorithms. Phys. Lett. A, 179, 111–115.

[488] Papageorgiou, V., Grammaticos, B. and Ramani, A. (1995) Orthogonal polynomial approach to discrete Lax pairs for initial boundary value problems of the QD algorithm. Lett. Math. Phys., 34, 91–101.

[489] Papageorgiou, V.G. and Nijhoff, F.W. (1996) On some integrable discrete time systems associated with the Bogoyavlensky lattices. Physica A, 228, 172–188.

[490] Papageorgiou, V.G., Nijhoff, F.W. and Capel, H.W. (1990) Integrable mappings and nonlinear integrable lattice equations. Phys. Lett. A, 147, 106–114.

[491] Parmentier, S. (1991) Twisted affine Poisson structures, decompositions of Lie algebras and the classical Yang–Baxter equations. Preprint, Inst. Max Plank, Bonn.

[492] Pavlov, M.V. (1998) Relationships between differential substitutions and Hamiltonian structures of the Korteweg–de Vries equation. Phys. Lett. A, 243, 295–300.

[493] Pedit, F. and Wu, H. (1995) Discretizing constant curvature surfaces via loop group factorizations:

The discrete sine- and sinh-Gordon equations. J. Geom. Phys., 17, 245–260.

[494] Penskoi, A.V. (2000) Lagrangian time-discretization of the Korteweg–de Vries equation. Phys. Lett.

A, 269, 224–229.

[495] Perelomov, A.M. (1981) Some remarks on the integrability of the equations of motion of a rigid body in an ideal fluid. Funkts. Anal. Prilozh., 15, No.2, 83–85 (in Russian; English translation: Funct. Anal. Appl., 15, 144–146.

[496] Perelomov, A.M. (1990) Integrable systems of classical mechanics and Lie algebras, Basel etc:

Birkhäuser.

[497] Perelomov, A.M., Ragnisco, O., and Wojciechowski, S. (1986) Integrability of two interacting ndimensional rigid bodies. Commun. Math. Phys., 102, 573–583.

[498] Quispel, G.R.W. and Capel, H.W. (1996) Solving ODEs numerically while preserving a first integral.

Phys. Lett. A, 218, 223–228.

[499] Quispel, G., Nijhoff, F., Capel, H. and Van der Linden, J. (1984) Linear integral equations and nonlinear differential–difference equations. Physica A, 125, 344–380.

[500] Quispel, G.R.W., Roberts, J.A.G. and Thompson, C.J. (1989) Integrable mappings and soliton equations. Physica D, 34, 183–192.

[501] Quispel, G.R.W. and Turner, G.S. (1996) Discrete gradient methods for solving ODEs numerically while preserving a first integral. J. Phys. A, 29, L341–L349.

[502] Ragnisco, O. (1991) A simple method to generate integrable symplectic maps. In: Solitons and Chaos, Eds. I.Antoniou, F.J.Lambert, Springer, 227–231.

[503] Ragnisco, O. (1992) A discrete Neumann system. Phys. Lett. A, 167, 165–171.

[504] Ragnisco, O. (1995) Dynamical r-matrices for integrable maps. Phys. Lett. A, 198, 295–305.

[505] Ragnisco, O. and Bruschi, M. (1996) Peakons, r–matrix and Toda lattice. Physica A, 228, 150–159.

[506] Ragnisco, O. and Rauch–Wojciechowski, S. (1992) Restricted flows of the AKNS hierarchy. Inv. Probl., 8, 245–262.

[507] Ragnisco, O. and Rauch-Wojciechowski, S. (1994) Integrable mechanical systems related to the Harry- Dym hierarchy. J. Math. Phys., 35, 834–847.

[508] Ragnisco, O. and Rauch–Wojciechowski, S. (1996) Integrable maps for the Garnier and for the Neumann systems. J. Phys. A: Math. and Gen., 29, 1115–1124.

[509] Ragnisco, O. and Suris, Yu.B. (1996) On the r–matrix structure of the Neumann system and its discretizations. – In: Algebraic Aspects of Integrable Systems. In Memory of Irene Dorfman, Birkhäuser, 285–300.

[510] Ragnisco, O. and Suris, Yu.B. (1997) Integrable discretizations of the spin Ruijsenaars Schneider models. J. Math. Phys., 38, 4680–4691.

[511] Ratiu, T. (1981) The C.Neumann problem as a completely integrable system on an adjoint orbit.

Trans. Amer. Math. Soc., 264, 321–329.

[512] Ratiu, T. (1982a) The Lie–algebraic interpretation of the complete integrability of the Rosochatius system. – In: Mathematical methods in hydrodynamics and integrability in dynamical systems. Am. Inst. of Phys., 108–115.

[513] Ratiu, T. (1982b) Euler–Poisson equations on Lie algebras and the n–dimensional heavy rigid body.

Amer. J. Math., 104, 409–448.

[514] Ratiu, T. and van Moerbeke, P. (1982) The Lagrange rigid body motion, Ann. Inst. Fourier, 32, 211–234.

[515] Rauch–Wojciechowski, S. (1991a) A bi–Hamiltonian formulation for separable potentials and its application to the Kepler problem and the Euler problem of two centers of gravitation. Phys. Lett. A, 160, 149–154.

[516] Rauch–Wojciechowski, S. (1991b) New restricted flows of the KdV hierarchy and their bi–Hamiltonian structure. Phys. Lett. A, 160, 241–246.

[517] Rauch–Wojciechowski, S. (1992) Newtonian representation for stationary flows of the KdV hierarchy.

Phys. Lett. A, 170, 91–94.

[518] Reyman, A.G. (1980) Integrable Hamiltonian systems connected with graded Lie algebras. Zap.

Nauchn. Semin. LOMI, 95, 3–54 (in Russian; English translation: J. Sov. Math., 19, 1507–1545).

[519] Reyman, A.G. (1986) Orbit interpretation of Hamiltonian systems of the type of an anharmonic oscillator. Zap. Nauchn. Semin. LOMI, 155, 187–189 (in Russian; English translation: J. Sov. Math., 41, 999–1001).

[520] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1979) Reduction of Hamiltonian systems, affine Lie algebras and Lax equations. I. Invent. Math., 54, 81–100.

[521] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1981) Reduction of Hamiltonian systems, affine Lie algebras and Lax equations. II. Invent. Math., 63, 423–432.

[522] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1986) Lie algebras and Lax equations with spectral parameter on an elliptic curve. Zap. Nauchn. Semin. LOMI, 150, 104–118 (in Russian).

[523] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1987a) Compatible Poisson brackets for Lax equations and classical r-matrices. Zap. Nauchn. Semin. LOMI, 164, 176-188 (in Russian; English translation: J. Sov. Math., 47, 2493-2502).

[524] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1987b) Lax representation with a spectral parameter for the Kowalevski top and its generalizations. Lett. Math. Phys., 14, 55–61.

[525] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1988) Compatible Poisson structures for Lax equations: an r-matrix approach. Phys. Lett. A, 130, 456–460.

[526] Reyman, A.G. and Semenov-Tian-Shansky, M.A. (1994) Group theoretical methods in the theory of finite dimensional integrable systems. In: Encyclopaedia of mathematical science, v.16: Dynamical Systems VII, Springer, 116–225.

[527] Rogers, C. and Shadwick, W.F. (1982) Bäcklund transformations and their applications. New York:

Academic Press.

[528] Rosochatius, E. (1877) Über die Bewegung eines Punktes. Dissertation, Univ. Göttingen. Berlin: Gebr.

Unger.

[529] Ruijsenaars, S.N.M. (1987) Complete integrability of relativistic Calogero–Moser systems and elliptic function identities. Commun. Math. Phys., 110, 191–213.

[530] Ruijsenaars, S.N.M. (1988) Action–angle maps and scattering theory for some finite-dimensional integrable systems. I: The pure soliton case. Commun. Math. Phys., 115, 127–165.

[531] Ruijsenaars, S.N.M. (1990) Relativistic Toda systems. Commun. Math. Phys., 133, 217–247.

[532] Ruijsenaars, S.N.M. and Schneider, H. (1986) A new class of integrable systems and its relation to solitons. Ann. Phys., 170, 370–405.

[533] Rutishauser, H. (1957) Der Quotienten–Differenzen Algorithmus, Birkhäuser. [534] Sanz-Serna, J.M. (1991) Symplectic integrators for Hamiltonian problems: an overview. Acta Numerica, Cambridge University Press, 243–286.

[535] Sanz–Serna, J.M. and Calvo, M.P. (1994) Numerical Hamiltonian problems. Chapman and Hall. [536] Schilling, R.J. (1987) Generalizations of the Neumann system. A curve theoretical approach. I. Commun. Pure Appl. Math., 40, 455–522.

[537] Schilling, R.J. (1989) Generalizations of the Neumann system. A curve theoretical approach. II. Commun. Pure Appl. Math., 42, 409–442.

[538] Schilling, R.J. (1991) The augmented divisor and isospectral pairs. – In: The geometry of Hamiltonian systems. MSRI Publ., 22, 439–461.

[539] Schilling, R.J. (1992a) Generalizations of the Neumann system. A curve theoretical approach. III.

Order n systems. Commun. Pure Appl. Math., 45, 775–820.

[540] Schilling, R.J. (1992b) Neumann system for the algebraic AKNS problem. Mem. Amer. Math. Soc., 467.

[541] Schneider, H. (1987) Integrable relativistic N–particle systems in an external potential. Physica D, 26, 203–209.

[542] Schober, C.M. (1999) Symplectic integrators for the Ablowitz–Ladik discrete nonlinear Schroedinger equation. Phys. Lett. A, 259, 140–151.

[543] Schottky, F. (1891) Über das analytische Problem der Rotation eines starren Körpers in Raume von vier Dimensionen. Sitzungsber. Königl. Preuss. Akad. Wiss. Berlin, 13, 227–232.

[544] Segal, G. and Wilson, G. (1985) Loop groups and equations of KdV type. Publ. Math. IHES, 61, 5–65. [545] Semenov-Tian-Shansky, M.A. (1983) What is a classical r–matrix? Fukt. Anal. Prilozh., 17, 17–33 (in Russian; English translation: Funct. Anal. Appl., 17, 259–272).

[546] Semenov-Tian-Shansky, M.A. (1985) Dressing transformations and Poisson group actions. Publ. RIMS, 21, 1237–1260.

[547] Semenov-Tian-Shansky, M.A. (1986) Poisson groups and dressing transformations. Zap. Nauchn.

Semin. LOMI, 150, 119–142.

[548] Semenov-Tian-Shansky, M.A. (1987) Classical r–matrices, Lax equations, Poisson Lie groups and dressing transformations. Lecture Notes Phys., 280, 174–214.

[549] Semenov-Tian-Shansky, M.A. (1992a) Poisson–Lie groups, quantum duality principle and the twisted quantum double. Teor. Mat. Fiz., 93, No.2, 302–329 (in Russian; English translation: Theor. Mat. Phys., 93, 1292–1307).

[550] Semenov-Tian-Shansky, M.A. (1992b) Monodromy map and classical r–matrices. Zap. nauchn. sem.

POMI, 200, 155–166.

[551] Semenov-Tian-Shansky, M.A. and Sevostyanov, A.V. (1996) Classical and quantum nonultralocal systems on the lattice. In: Algebraic Aspects of Integrable Systems. In Memory of Irene Dorfman, Birkhäuser, 323–350.

[552] Semenov-Tian-Shansky, M.A. and Sevostyanov, A.V. (1998) Drinfeld–Sokolov reduction for difference operators and deformations of W -algebras. II: The general semisimple case. Commun. Math. Phys., 192, 631–647.

[553] Shabat, A.B. (1999) The third variant of the dressing method. Teor. Mat. Fiz., 121, Nr.1, 165–176. [554] Shabat, A.B. and Yamilov, R.I. (1988) Lattice representations of integrable systems. Phys. Lett. A, 130, 271–275.

[555] Shabat, A.B. and Yamilov, R.I. (1990) Symmetries on nonlinear chains. Algebra i Analiz, 2, No.2, 183–208 (in Russian; English translation: Leningrad Math. J., 2, 377–400).

[556] Shabat, A.B. and Yamilov, R.I. (1997) To a transformation theory of two–dimensional integrable systems. Phys. Lett. A, 227, 15–23.

[557] Shaw, J.-Ch. and Tu, M.-H. (1997a) The constrained modified KP hierarchy and the generalized Miura transformations. J. Phys. A: Math. Gen., 30, L725–L731.

[558] Shaw, J.-Ch. and Tu, M.-Hs. (1997b) Miura and auto-Bäcklund transformations for the cKP and cmKP hierarchies. J. Math. Phys., 38, 5756–5773.

[559] Singer, S. (1993) Some maps from the full Toda lattice are Poisson. Phys. Lett. A, 174, 66–70. [560] Sklyanin, E.K. (1979) On complete integrability of the Landau-Lifshitz equation. Prepr. LOMI E-3-79, 32 p.

[561] Sklyanin, E.K. (1980) Quantum version of the method of inverse scattering problem. Zap. Nauchn.

Semin. LOMI, 95, 55-128 (in Russian; English translation: J. Sov. Math., 19, 1546-1596). [562] Sklyanin, E.K. (1982) Some algebraic structures connected with the Yang-Baxter equation. I Funkts.

Anal. Prilozh., 16, 27-34 (in Russian; English translation: Funct. Anal. Appl., 16, 263-270). [563] Sklyanin, E.K. (1983) Some algebraic structures connected with the Yang-Baxter equation. Representations of quantum algebras. Funkts. Anal. Prilozh., 17, 34-48 (in Russian; English translation: Funct. Anal. Appl., 17, 273-284).

[564] Sklyanin, E.K. (1987) Boundary conditions for integrable equations. Funkts. Anal. Prilozh., 21, 86-87 (in Russian; English translation: Funct. Anal. Appl., 21, 164-166).

[565] Sklyanin, E.K. (1994) Dynamical r-matrices for the elliptic Calogero-Moser model. Algebra Anal., 6, No.2, 227–237 (in Russian; English translation: St. Petersbg. Math. J., 6, 397–406).

[566] Sklyanin, E.K. (1999a) Canonicity of Bäcklund transformation: r–matrix approach. I. Preprint

solv-int/9903016.

[567] Sklyanin, E.K. (1999b) Canonicity of Bäcklund transformation: r–matrix approach. II. Trudy MIAN, 226. (Preprint solv-int/9903017).

[568] Sogo, K. (1993) Toda molecule equation and quotient–difference method. J. Phys. Soc. Japan, 62, 1081–1083.

[569] Suris, Yu.B. (1989) On integrable standard–like mappings. Funkts. Anal. Prilozh., 23, No.1, 84-85 (in Russian; English translation: Funct. Anal. Appl., 23, 74–76).

[570] Suris, Yu.B. (1990a) Generalized Toda chains in discrete time. Algebra i Anal., 2, 141–157 (in Russian;

English translation: Leningrad Math. J., 2, 339–352).

[571] Suris, Yu.B. (1990b) Discrete–time generalized Toda lattices: complete integrability and relation with relativistic Toda lattices. Phys. Lett. A, 145, 113–119.

[572] Suris, Yu.B. (1990c) Hamiltonian methods of Runge–Kutta type and their variational interpretation.

Math. Model., 2, 78–87 (in Russian).

[573] Suris, Yu.B. (1991) Algebraic structure of discrete–time and relativistic Toda lattices. Phys. Lett. A, 156, 467–474.

[574] Suris, Yu.B. (1993a) On the algebraic structure of the Bruschi–Ragnisco lattice. Phys. Lett. A, 179, 403–406.

[575] Suris, Yu.B. (1993b) On the bi–Hamiltonian structure of Toda and relativistic Toda lattices. Phys.

Lett. A, 180, 419–429.

[576] Suris, Yu.B. (1994a) On the r–matrix interpretation of Bogoyavlensky lattices. Phys. Lett. A, 188, 256–262.

[577] Suris, Yu.B. (1994b) A discrete–time Garnier system. Phys. Lett. A, 189, 281–289. [578] Suris, Yu.B. (1994c) A family of integrable standard–like maps related to symmetric spaces. Physics Letters A, 192, 9–16.

[579] Suris, Yu.B. (1994d) Discrete–time analogs of some nonlinear oscillators in an inverse square potential.

J. Phys. A: Math. and Gen., 27, 8161–8169.

[580] Suris, Yu.B. (1995a) Bi–Hamiltonian structure of the qd algorithm and new discretizations of the Toda lattice. Phys. Lett. A, 206, 153–161.

[581] Suris, Yu.B. (1995b) Dynamical r–matrices for some nonlinear oscillators. J. Phys. A: Math. Gen., 27, L85–L90.

[582] Suris, Yu.B. (1996a) A discrete–time relativistic Toda lattice. J. Phys. A: Math. and Gen., 29, 451–465. [583] Suris, Yu.B. (1996b) Integrable discretizations of the Bogoyavlensky lattices. J. Math. Phys., 37, 3982–3996.

[584] Suris, Yu.B. (1996c) A discrete time peakons lattice. Phys. Lett. A, 217, 321–329. [585] Suris, Yu.B. (1996d) Partitioned Runge–Kutta methods as phase volume preserving integrators. Phys.

Lett. A, 220, 63–69.

[586] Suris, Yu.B. (1997a) New integrable systems related to the relativistic Toda lattice. J. Phys. A: Math.

and Gen., 30, 1745–1761.

[587] Suris, Yu.B. (1997b) On some integrable systems related to the Toda lattice. J. Phys. A: Math. and Gen., 30, 2235–2249.

[588] Suris, Yu.B. (1997c) Why is the Ruijsenaars–Schneider hierarchy governed by the same R–operator as the Calogero–Moser one? Phys. Lett. A, 225, 253–262.

[589] Suris, Yu.B. (1997d) Nonlocal quadratic Poisson algebras, monodromy map, and Bogoyavlensky lattices. J. Math. Phys., 38, 4179–4201.

[590] Suris, Yu.B. (1997e) A note on an integrable discretization of the nonlinear Schrödinger equation.

Inverse Problems, 13, 1121–1136.

[591] Suris, Yu.B. (1997f) On an integrable discretization of the modified Korteweg–de Vries equation. Phys.

Lett. A, 234, 91–102.

[592] Suris, Yu.B. (1999a) R–matrix hierarchies, integrable lattice systems, and their integrable discretizations. – In: Symmetries and Integrability of Difference Equations, Eds. P.Clarkson, F.Nijhoff, Cambridge Univ. Press, 79–94.

[593] Suris, Yu.B. (1999b) R–matrices and integrable discretizations. – In: Discrete Integrable Geometry and Physics, Eds A.Bobenko, R.Seiler, Oxford: Clarendon Press, 157–207.

[594] Suris, Yu.B. (1999c) Integrable discretizations for lattice systems: local equations of motion and their Hamiltonian properties. Rev. Math. Phys., 11, 727–822.

[595] Suris, Yu.B. (1999d) R–matrices for relativistic deformations of integrable systems. J. Nonlin. Math.

Phys., 6, 411–447.

[596] Suris, Yu.B. (2000a) The motion of a rigid body in a quadratic potential: an integrable discretization.

Intern. Math. Research Notices, 12, 643–663.

[597] Suris, Yu.B. (2000b) A reply to a comment: “A note on an integrable discretization of the nonlinear Schrdinger equation.” Inverse Probl., 16, 1071–1078.

[598] Suris, Yu.B. (2000c) Integrability of V. Adler’s discretization of the Neumann system. Phys. Lett. A (to appear).

[599] Suris, Yu.B. and Ragnisco, O. (1999) What is the relativistic Volterra lattice? Commun. Math. Phys., 200, 445–485.

[600] Suzuki, M. (1992) General theory of higher–order decomposition of exponential operators and symplectic integrators. Phys. Lett. A, 165, 387–395.

[601] Svinolupov, S.I. and Yamilov, R.I. (1994) Explicit Bäcklund transformations for multifield Schroedinger equations. Jordan generalizations of the Toda chain. Teor. Mat. Fiz., 98, No.2, 207- 219 (in Russian; English translation: Theor. Math. Phys., 98, 139-146).

[602] Sym, A. (1985) Soliton surfaces and their application. Lect. Notes Phys., 239, 154–231. [603] Symes, W.W. (1980) Systems of Toda type, inverse spectral problem and representation theory. Invent.

Math., 59, 13–51.

[604] Symes, W.W. (1982) The QR algorithm and scattering for the finite nonperiodic Toda lattice. Physica D, 4, 275–80.

[605] Taha, T.R. and Ablowtz, M.J. (1984–88) Analytical and numerical aspects of certain nonlinear evolution equations. I–IV. J. Comput. Phys, 35, 192–202, 203–230, 231–253; J. Comput. Phys, 77, 540–348.

[606] Takhtajan, L.A. (1977) Integration of the continuous Heisenberg spin chain through the inverse scattering method. Phys. Lett. A, 64, 235–237.

[607] Takhtajan, L.A. and Faddeev, L.D. (1979) Quantum metod of inverse problem and the Heisenberg XY Z model. Uspekhi Mat. Nauk, 34, 13–63 (in Russian).

[608] Tang, Y.-F., Vazquez, L., Zhang, F., and Perez-Garcia, V.M. (1996) Symplectic methods for the nonlinear Schroedinger equation. Comput. Math. Appl., 32, 73–83.

[609] Tang, Y.-F., Perez-Garcia, V.M., and Vazquez, L. (1997) Symplectic methods for the Ablowitz-Ladik model. Appl. Math. Comput. 82, 17–38.

[610] Terng, C.L. and Uhlenbeck, K. (2000) Bäcklund transformations and loop groop actions. Commun.

Pure Appl. Math., 53, 1–75.

[611] Teschl, G. (1999) On the Toda and Kac–van Moerbeke hierarchies. Math. Z., 231, 325–344. [612] Teschl, G. (2000) Jacobi operators and completely integrable nonlinear lattices. Providence, RI: AMS. [613] Toda, M. (1967) Vibration of a chain with nonlinear interaction. J. Phys. Soc. Japan, 22, 431–436. [614] Toda, M. (1989) Theory of nonlinear lattices, Berlin etc: Springer–Verlag.

[615] Toda, M. and Wadati, M. (1975) A canonical transformation for the exponential lattice. J. Phys. Soc.

Japan, 39, 1204–1211.

[616] Trofimov, V.V. and Fomenko, A.T. (1994) Geometric and algebraic mechanisms of the integrability of Hamiltonian systems on homogeneous spaces and Lie algebras. – In: Dynamical systems. VII. Encycl. Math. Sci. 16. Berlin etc.: Springer, 261–333.

[617] Trofimov, V.V. and Fomenko, A.T. (1995) Algebra and geometry of integrable Hamiltonian differential equations. Moscow: Factorial (in Russian).

[618] Tsuboi, Z. (1997) Solutions of discretized affine Toda field equations for A^{(1)}_n , B^{(1)}_n , C^{(1)}_n , D^{(1)}_n , A^{(2)}_n and D^{(2)}_{n+1}. J. Phys. Soc. Japan, 66, 3391–3398.

[619] Tsuboi, Z. and Kuniba, A. (1996) Solutions of a discretized Toda field equation for Dr from analytic Bethe ansatz. J. Phys. A: Math. Gen., 29, 7785–7796.

[620] Tsuchida, T., Kajinaga, Y., and Wadati, M. (1997) Tri–Hamiltonian structure and complete integrability of Volterra model. J. Phys. Soc. Japan, 66, 2608–2617.

[621] Tsuchida, T., Ujino, H., and Wadati, M. (1998) Integrable semi–discretization of the coupled modified KdV equations. J. Math. Phys., 39, 4785–4813.

[622] Tsuchida, T., Ujino, H., and Wadati, M. (1999) Integrable semi–discretization of the coupled nonlinear Schrödinger equations. J. Phys. A: Math. Gen., 32, 2239–2262.

[623] Tsuchida, T. and Wadati, M. (1998) Bi–Hamiltonian structure of modified Volterra model. Chaos, Solitons and Fractals, 9, 869–873.

[624] Tsujimoto, S. and Hirota, R. (1995) RIMS Kokyuroku, 933, 105.

[625] Tsujimoto, S., Hirota, R. and Oishi, S. (1993) An extension and discretization of Volterra equation.

Techn. Report IEICE, NLP 92-90.

[626] Ueno, K. and Takasaki, K. (1984) Toda lattice hierarchy. Adv. Stud. Pure Math., 4, 1–95. [627] Veklerchik, V.E. (1993) Finite nonlinear Schrödinger chain. Phys. Lett. A, 174, 285–288. [628] Vekslechik, V.E. (1994) An O(3, 1) nonlinear σ–model and the Ablowitz–Ladik hierarchy. J. Phys. A:

Math. Gen., 27, 6299–6313.

[629] Vekslerchik, V.E. (1995) The 2D Toda lattice and the Ablowitz–Ladik hierarchy. Inverse Probl., 11, 463–479.

[630] Vekslerchik, V.E. (1996) The Davey–Stewartson equation and the Ablowitz–Ladik hierarchy. Inverse Probl., 12, 1057–1074.

[631] Vekslerchik, V.E. (1998) Functional representation of the Ablowitz–Ladik hierarchy. J. Phys. A: Math.

Gen., 31, 1087–1099.

[632] Vekslerchik, V.E. (1999) Finite–genus solutions for the Ablowitz–Ladik hierarchy. J. Phys. A: Math.

Gen., 32, 4983–4994.

[633] Veselov, A.P. (1980) Finite–zone potentials and integrable systems on a sphere with quadratic potential. Funkts. Anal. Prilozh., 14, No.1, 48–50 (in Russian; English translation: Funct. Anal. Appl., 14, 37–39).

[634] Veselov, A.P. (1983) Landau–Lifshits equation and integrable systems of classical mechanics. Dokl. AN SSSR, 270, No.5, 1094–1097 (in Russian).

[635] Veselov, A.P. (1984) Cnoidal solutions of the Landau–Lifshits equation for a magnetic with two sublattices. Dokl. AN SSSR, 276, 590–593 (in Russian).

[636] Veselov, A.P. (1988) Integrable discrete time systems and difference operators. Funkt. Anal. Prilozh., 22, No.2, 1–13 (in Russian; English translation: Funct. Anal. Appl., 22, 83–93).

[637] Veselov, A.P. (1991a) Integrable Lagrangian correspondences and the factorization of matrix polynomials. Funkts. Anal. Prilozh., 25, No.2, 38–49 (in Russian; English translation: Funct. Anal. Appl., 25, 112–122).

[638] Veselov, A.P. (1991b) Integrable maps. Usp. Mat. Nauk, 46, No.5, 3–45 (in Russian; English translation: Russ. Math. Surv., 46, 1–51).

[639] Veselov, A.P. and Shabat, A.B. (1993) Dressing chains and the spectral theory of the Schroedinger operator. Funkts. Anal. Prilozh., 27, No.2, 1–21 (in Russian; English translation: Funct. Anal. Appl., 27, 81–96).

[640] Volkov, A.Yu. (1986) Hamiltonian interpretation of the Volterra model. Zap. Nauchn. Semin. LOMI, 150, 17–25 (in Russian; English translation: J. Sov. Math., 46, 1576–1581).

[641] Volkov, A.Yu. (1987) Liouville’s equation and the lattice sine-Gordon model. Zap. Nauchn. Semin.

LOMI, 161, 24–44 (in Russian; English translation: J. Sov. Math., 46, 2065–2077). [642] Volkov, A.Yu. (1988) Miura transformation on a lattice. Teor. Mat. Fiz., 74, No.1, 135–139 (in Russian;

English translation: Theor. Math. Phys., 74, 96–99).

[643] Volkov, A.Yu. (1992) Quantum Volterra model. Phys. Lett. A, 167, 345–355. [644] Volkov, A.Yu. (1995) Quantum lattice KdV equation. Lett. Math. Phys., 39, 313–329. [645] Wadati, M. (1976a) A remarkable transformation in nolinear lattice problem. J. Phys. Soc. Japan, 40, 1517–1518.

[646] Wadati, M. (1976b) Transformation theories for nonlinear discrete systems. Suppl. Progr. Theor. Phys., 59, 36–63.

[647] Wadati, M. and Toda, M. (1975) Bäcklund transformation for the exponential lattice. J. Phys. Soc.

Japan, 39, 1196–1203.

[648] Ward, R.S. (1995) Discrete Toda field equations. Phys. Lett. A, 199, 45–48. [649] Ward, R.S. (2000) Two integrable systems related to hyperbolic monopoles. Asian J. Math. (to appear);

solv-int/9811012.

[650] Weber, H. (1878) Anwendung der Thetafunctionen zweier Veränderlicher auf die Theorie der Bewegung eines festen Körpers in einer Flüssigkeit. Math. Annalen, 14, 173–206.

[651] Weinstein, A. (1983) The local structure of Poisson manifolds. J. Differ. Geom., 18, 523–557. [652] Weiss, J. (1986) Periodic points of Bäcklund transformations and the Korteweg–de Vries equation. J.

Math. Phys., 27, 2647–2656.

[653] Weiss, J. (1987) Periodic points of Bäcklund transformations. J. Math. Phys., 28, 2025–2039. [654] Wendlandt, J.M. and Marsden, J.E. (1997) Mechanical integrators derived from a discrete variational principle. Physica D, 106, 223–246.

[655] Weyl, G. (1923) Raum–Zeit–Materie. Berlin: Springer.

[656] Wiersma, G.L. and Capel, H.W. (1987-8) Lattice equations, hierarchies and Hamiltonian structures I–III. Physica A, 142, 198–224; 149, 49–74, 75–106.

[657] Wilson, G. (1981) The modified Lax and two-dimensional Toda lattice equations associated with simple Lie algebras. Ergod. Theory Dyn. Syst., 1, 361–380.

[658] Wilson, G. (1990) On the Adler-Gel’fand-Dikii bracket. – In: Hamiltonian systems, transformation groups and spectral transform methods, Proc. CRM Montreal: CRM, 77–85.

[659] Wojciechowski, S. (1977) Involutive set of integrals for completely integrable many–body problems with pair interactions. Lett. Nuovo Cim., 18, 103–107.

[660] Wojciechowski, S. (1982) The analogue of the Bäcklund transformation for integrable many-body systems. J. Phys. A, 15, L653–L657.

[661] Wojciechowski, S. (1984a) On the integrability of the Calogero–Moser system in an external quartic potential and other many–body systems. Phys. Lett. A, 102, 85–88.

[662] Wojciechowski, S. (1984b) An explicit solution for the one–dimensional many–body system in an external potential. Phys. Lett. A, 105, 188–190.

[663] Wojciechowski, S. (1985a) Three families of integrable one particle potentials. Preprint. [664] Wojciechowski, S. (1985b) Integrability of one particle in a perturbed central quartic potential. Phys.

Scr., 31, 433–438.

[665] Wojciechowski, S. (1985c) An integrable marriage of the Euler equations with the Calogero–Moser system. Phys. Lett. A, 111, 101–103.

[666] Yamilov, R.I. (1982) On the classification of discrete equations. – In: Integrable systems, Ufa, 95-114 (in Russian).

[667] Yamilov, R.I. (1983) Classification of discrete evolution equations. Uspekhi Matem. Nauk, 38, 155–156. [668] Yamilov, R.I. (1989) Generalizations of the Toda chain, and conservation laws. Preprint Inst. of Math., Ufa (in Russian). English version: Classification of Toda–type scalar lattices. – In: Nonlinear evolution equations and dynamical systems, NEEDS’92, Eds. V.Makhankov, I.Puzynin, O.Pashaev (1993). Singapore: World Scientific, 423–431.

[669] Yamilov, R.I. (1993) On the construction of Miura type transformations by others of this kind. Phys.

Lett. A, 173, 53–57.

[670] Yamilov, R.I. (1994) Construction scheme for discrete Miura transformations. J. Phys. A: Math. Gen., 27, 6839–6851.

[671] Yoshida, H. (1990) Construction of higher order symplectic integrators. Phys. Lett. A, 150, 262–268. [672] Zabrodin, A. (1997) A survey of Hirota’s difference equation. Teor. Mat. Fiz., 113, No 2, 179–230. [673] Zakharevich, I. (1999) Kronecker webs, bihamiltonian structures, and the method of argument translation. Preprint math.SG/9908034.

[674] Zakharov, V.E. (Ed.) (1991) What is integrability? Berlin etc: Springer–Verlag. [675] Zakharov, V.E. and Faddeev, L.D. (1971) Korteweg–de Vries equation – a completely integrable Hamiltonian system. Funkt. Anal. Prilozh., 5, Nr. 4, 18–27 (in Russian; English translation: Funct. Anal. Appl., 5, 280–287).

[676] Zakharov, V.E. and Shabat, A.B. (1971) Exact theory of two–dimensional self–focusing and one– dimensional automodulation of waves in nonlinear media. Zh. Eksp. Teor. Fiz., 61, No.1, 118–134 (in Russian; English translation: Sov. Phys. JETP, 34, 62–69).

[677] Zakharov, V.E. and Takhtajan, L.A. (1979) The equivalence of the nonlinear Schrödinger equation and the Heisenberg magnetic equation. Teor. Mat. Fiz., 38, No.1, 26–35.

[678] Zeng, Y. and Rauch–Wojciechowski, S. (1995a) Continuous limits for the Kac–van Moerbeke hierarchy and for their restricted flows. J. Phys. A: Math. Gen., 28, 3825–3840.

[679] Zeng, Y. and Rauch–Wojciechowski, S. (1995b) Restricted flows of the Ablowitz–Ladik hierarchy and their continuous limits. J. Phys. A: Math. Gen., 28, 113–134.

[680] Zeng, Y., Lin, R. and Cao, X. (1999) The relation between the Toda hierarchy and the KdV hierarchy.

Phys. Lett. A, 251, 177–183.

[681] Zhang, H., Tu, G.-Zh., Oevel, W. and Fuchssteiner, B. (1991) Symmetries, conserved quantities, and hierarchies for some lattice systems with soliton structure. J. Math. Phys., 32, 1908–1918.