ON THE SPECTRAL THEORY OF MANIFOLDS WITH CUSPS

WERNER BALLMANN AND JOCHEN BRÜNING

Abstract. We are interested in the spectral properties of Dirac operators on Riemannian manifolds with cuspidal ends. We derive estimates for the essential spectrum and get formulas for the index in the Fredholm case.

Introduction

Let M be a complete oriented Riemannian manifold. If M is closed and D is a formally self–adjoint elliptic operator which acts on the smooth sections of a Hermitian bundle E over M, then the essential spectrum of D is empty. In particular, D is a Fredholm operator. If M is noncompact, then the essential spectrum of D depends heavily on the coefficients of D and the end structure of M. In this work we are interested in the spectral properties of generalized Dirac operators in the sense of Gromov and Lawson, see [LM]. We study the case when the ends of M are cuspidal, see Section 3 for the precise definition. In particular, we assume that each end U of M is of finite volume and diffeomorphic to a product (0, ∞)×N, where N = N_U is a closed manifold, and that the metric on U is of the form

g = dt^2 + g_t , (1) where g_t is a family of metrics on N. The most important examples are complete Riemannian manifolds of finite volume and pinched negative curvature.

Let E be a graded Dirac bundle over M; that is, E is a bundle of left modules over the Clifford bundle C l M of M with compatible Hermitian metric and connection together with a parallel unitary involution α which anticommutes with Clifford multiplication by vector fields. These data determine a Dirac operator D and a decomposition E = E^+ ⊕ E^− into the eigenspaces of α with eigenvalue ±1. The main examples are the Clifford bundle and spinor bundles.

In what follows, M is a noncompact manifold with finitely many cuspidal ends U, such that along each end U, the sectional curvature K of M is pinched between two negative constants, −b^2 ≤ K ≤ −a^2 , (2) Date: October 23, 2000.

1991 Mathematics Subject Classification. 53C20.

Key words and phrases. Dirac operator, essential spectrum, index, cusps. Both authors were partially supported by SFB256 (U Bonn) and SFB288 (HU Berlin). 1

where 0 < a < b. It will be convenient to set dim M = n + 1. Theorem A. Let F be a flat Hermitian vector bundle over M and D = d + d^∗ the Dirac operator on Λ^∗M ⊗ F ∼= C l M ⊗ F . Suppose that n + 1 is even and that (n + 1)a − (n − 1)b > 0. Then D is a Fredholm operator.

Note that D is a Fredholm operator if and only if the twisted Hodge Laplacian Δ = D^2 is a Fredholm operator. Since F is flat, Δ preserves the degree of forms, and hence induces an operator Δ_k on k–forms. One may wonder whether Theorem A can be improved for Δ_k.

Theorem B. Let F be a flat Hermitian vector bundle over M and Δ the twisted Hodge Laplacian on Λ^∗M ⊗ F ∼= C l M ⊗ F . Let k < n/2 and suppose that (n − k)a − kb > 0. Then Δ_k and Δ_{n+1−k} are Fredholm operators.

The cases k = (n + 1)/2 if n + 1 is even and k = n/2 or k = n/2 + 1 if n + 1 is odd are not covered. In fact, in the latter cases the essential spectrum of Δ on Λ^kM is equal to [0, ∞) if M is a noncompact quotient of finite volume of the real hyperbolic space H^{n+1}, see Example 1.15.

In Examples 4.2 and 5.5 we show that Theorems A and B are optimal with respect to the pinching conditions.

In the special case k = 0, Theorem B gives the result of McKean in [McK]. Theorems A and B improve the corresponding results of Donnelly and Xavier in [DX].

Except for the case of constant sectional curvature, the pinching condition of Theorem A is violated for locally symmetric spaces of finite volume and negative curvature. In this case, however, Borel and Casselman [BC] have shown that D is a Fredholm operator if the dimension of M is even.

Suppose now that E = E^+ ⊕ E^− is a grading defined by an involution α as above. Then D maps sections of E^+ to sections of E^−. This restricted operator will be denoted by D^+. Note that D^+ is Fredholm if and only if D is. Our methods also allow to compute the index of D^+.

Theorem C. Suppose that n + 1 = 2l is even and that (n + 1)a − (n − 1)b > 0. Let Λ^±M ⊗ F be the even–odd decomposition of Λ^∗M ⊗ F . Then

ind D^+ = ∫ M ω_{GB} + ∑ U,i<l (−1)^ib_i(N_U ; F ) ,

where ω_{GB} is the Gauss–Bonnet integrand and where, for each end U, b_i(N_U ; F ) is the i–th Betti number of N_U with respect to the coefficient bundle F .

Suppose next that dim M = n + 1 is divisible by 4 and consider the splitting of

C l M ⊗F^∼= Λ^∗M ⊗F defined by multiplication with the complex volume element

τ_M . Recall that when M is closed and Λ^∗M is untwisted, the index of D^+ is equal to the signature of M. For an end U = (0, ∞) × N_U we write N_{U,t} := {t} × N_U . Theorem D. Suppose that n + 1 is divisible by 4 and that (n + 1)a − (n − 1)b > 0. Let Λ^±M ⊗ F be the splitting of Λ^∗M ⊗ F defined by multiplication with τ_M .

Then

ind D^+ = ∫ M ω_L + 1 2 ∑ U lim_{t→∞} η(A^+_t ) ,

where ω_L is the integrand corresponding to the Hirzebruch L–form and where, for each end U, A^+_t = τ_{NU,t} (d_t +d^∗_t ) is the odd signature operator on Λ^∗(N_{U,t})⊗F .

John Lott pointed out to us that it follows from the work of Cheeger and Gromov that lim_{t→∞} η(A^+_t ) is a topological invariant of N_U , see [CG, Theorem 4.1], and that this invariant has been studied — among others — by Meyerhoff, Ouyang and Rong, see [MO], [Ro].

We can also treat the Dirac operator on spinor bundles.

Theorem E. Suppose that M is spin and that the spin structure of M is non– trivial along all ends of M. Let E be a spinor bundle over M. Then spec_e D = ∅ and, in particular, D is a Fredholm operator.

Suppose, furthermore, that n + 1 is even and let E^± be the splitting of E defined by multiplication with the complex volume form τ_M . Then

ind D^+ = ∫ M ω_{AS} + 1 2 ∑ U lim_{t→∞} η(A^+_t ) ,

where ω_{AS} is the Â–form and where, for each end U, A^+_t is the Dirac operator on the induced spinor bundle over N_{U,t}.

Our results fit into an obvious general scheme to describe the fundamental spectral properties of geometric differential operators on complete Riemannian manifolds: describe the essential spectrum as precisely as possible and compute the index, as the most accessible invariant of the situation, in the Fredholm case. In this work, we develop an axiomatic approach to fulfil this task which seems very promising in the case of manifolds with cuspidal ends. The axioms are inspired by [BB] but contain some new ingredients, notably the construction of a flat connection ¯∇ of finite holonomy on the cuspidal ends which allows us to control the kernel of a crucial operator arising from separation of variables. The first two axioms together allow us to construct a first order ordinary differential operator on the half line with the same essential spectrum as D; this is related to the work of Lott ([L1], [L2]). Our third axiom gives a sufficient condition for D to be Fredholm and allows us to compute the index of D^+. We check the axioms only in the case of twisted Clifford bundles, where the result is sharp in terms of the pinching constants, and for spinor bundles. Note that it follows from the work of Borel and Casselman in [BC] that our axioms also hold in the case of twisted Clifford bundles over locally symmetric spaces of finite volume and negative curvature, see Remark 4.9 in the text.

For other relevant results related to the questions discussed in this paper see for example [BM], [DX], [St], [Br], [Bä], and [Ca].

The proof of Theorem B is contained in Section 5. It is quite elementary and follows the line of argument for the corresponding result in [DX]. This section is more or less independent of the rest of the paper.

In Section 1 we discuss the general setup. In Section 2 we generalize the approach from [BB]. This section contains the proofs of Theorems C, D, and E. In Section 3 we discuss the geometric structure of cusps and define and discuss the flat connection ¯∇. In Section 4 we derive estimates in the case of the Clifford bundle and prove Theorem A.

We would like to thank Christian Bär, Hermann Karcher, John Lott, Dorothee Schüth, and Gregor Weingart for helpful discussions.

1. The Setup

In this section we set the stage for our discussion. Let M be a complete Riemannian manifold of dimension m. We assume that M decomposes as

M = M_0 ∪ {ends} ,

(1.1)

where M_0 is a compact manifold with boundary and each end, U, is diffeomorphic to a product, U = (0, ∞) × N, where N is compact and connected and of dimension n = m − 1. Moreover, we assume that the metric on U has the form

g = dt^2 + g_t ,

(1.2)

where g_t and ∂_tg_t are C^1 on U. In our discussion of cuspidal ends in Section 3 we will be more specific concerning the regularity of g.

Let U = (0, ∞) × N be an end of M. We let T = ∂/∂_t be the unit vector field in the t-direction. We use the prime^′ to denote covariant differentiation in the direction of T .

The projection U → (0, ∞) onto the first coordinate is a Riemannian submersion. The fiber over t is the cross section N_t := {t} × N. For each point p = (τ, x) ∈ U, the curve γ_p(t) = (t, x), t > 0, is a geodesic ray and γ_p(τ) = p. The family of such rays is perpendicular to the family of cross sections N_t.

We denote by S = S^t the second fundamental form and by W = W^t the Weingarten map of N_t with respect to the normal vector field T , W X = −∇_X T , S(X, Y ) = ⟨∇_X Y, T ⟩ = ⟨W X, Y ⟩ , (1.3)

where X and Y are vector fields tangent to N_t. The eigenvalues κ_1, . . . , κ_n of W^t are the principal curvatures of N_t. We suppose that there is a uniform bound |κ_i| ≤ b , (1.4)

where b ≥ 0 is a constant independent of t and U. This is equivalent to the pointwise bounds ‖S‖ ≤ b or ‖W ‖ ≤ b of the operator norms of S or W . We let

κ = κ_1 + · · · + κ_n = tr W .

(1.5)

Frequently, we will consider the shift map f_{t,τ} : N_τ → N_t ; (τ, x) → (t, x) . (1.6)

The Jacobian of f_{t,τ} is denoted by j_{t,τ} . It satisfies the ordinary differential equation j^′_{t,τ} = −κ j_{t,τ} . (1.7)

This differential equation is the reason why we use κ instead of the mean curvature κ/n. This concludes our setup as far as the structure of the ends of M is concerned.

We now turn to the Dirac bundle. We say that a Dirac bundle E over a Riemannian manifold V is geometric if the pull back of E to the universal covering space Ṽ of V is (isomorphic to) a Dirac bundle associated to the principal bundle

SO(Ṽ ) of oriented orthonormal frames via a unitary representation of SO(m) or to a spin structure Spin(Ṽ ) via a unitary representation of Spin(m), m = dim V . Then the local formulas for induced connections and their curvature are available.

Let U be an end of M and E → U be a geometric Dirac bundle. Note that the restriction E_t := E|N_t of E to a cross section N_t is a geometric Dirac bundle. Hence the Levi–Civita connection ∇^t of N_t induces a Hermitian connection on E_t which we also denote ∇^t. It will be convenient to denote the difference between the induced connections ∇ and ∇^t by S^t,

S^t := ∇ − ∇^t ,

(1.8)

since it is equal to the operator on E_t induced by the second fundamental form of N_t. The actual formula for S^t depends very much on the representation defining E. In any case, S^t is tensorial and, by (1.4), pointwise uniformly bounded independent of t.

Corresponding to the decomposition of ∇ in (1.8), we obtain a decomposition of the Dirac operator D, Dσ = T ( ∇_T σ − ∑ T X_i∇^t_{Xi} σ − ∑ T X_iS^t_{Xi} σ ) = T ( (∇_T − κ 2 ) + A_t + B_t ) σ (1.9)

with A_tσ = − ∑ T X_i∇^t_{Xi} σ (1.10) and B_tσ = κ 2 σ − ∑ T X_iS^t_{Xi} σ . (1.11)

The index t indicates that A_t and B_t act on sections of E_t. We recall that A_t is a Dirac operator on E_t and that B_t is symmetric, tensorial and, by (1.4), pointwise uniformly bounded independent of t.

We will work in the Hilbert space L^2(E) which we view as the direct integral over (0, ∞) of the Hilbert spaces L^2(E_t). We use the notation ⟨. , .⟩ for the Hermitian product on E or E_t, respectively, and we write

(σ, η)_t := ∫ Nt ⟨σ, η⟩ (1.12)

for L^2-sections σ, η of E_t. Then the scalar product on L^2(E) is (σ, η) := ∫_∞ 0 (σ_t, η_t)_tdt , (1.13)

where σ_t = σ|E_t and η_t = η|E_t. Occasionally, we will consider only the direct integral over some interval I; this we will indicate by a subscript “I“ for the relevant quantities. The following lemma is now immediate from (1.7).

1.14. Lemma. Let I = [t_0, t_1] ⊂ (0, ∞) be an interval and σ, η be C^1 sections of E. Then

(σ^′, η)_I = (σ, −η^′ + κη)_I + {(σ, η)_{t1} − (σ, η)_{t0} } .

In particular, T (∇_T − κ/2) is symmetric on C^1_0 (E).

1.15. Example. Let M_0 be a compact (n+1)–dimensional manifold with boundary ∂M ∼= T^n, the n–dimensional torus. Attach an end U = (0, ∞) × T^n to M_0 and consider a Riemannian metric on M = M_0 ∪ U whose restriction to U is given by the hyperbolic metric

g = dt^2 + e^{−2at}g_0 ,

where g_0 is a flat metric on T^n, of volume 1, say. Then S(X, Y ) = a⟨X, Y ⟩T . In particular, κ = na.

Let X_1, . . . , X_n be a global parallel orthonormal frame on T^n. In C l U, consider the multivector X = e^{akt} X_1 ∧ . . . ∧ X_k . Note that X has norm one and is parallel in the T –direction. By a straightforward computation, we obtain

A_tX = 0 , A_t(T X) = 0 , B_tX = ( n 2 − k)aX , B_t(T X) = (k − n 2 )aT X . The density of the volume element of the warped metric is exp(−nat). Hence along the end U, the linear map

Ψ : L^2(0, ∞) ⊗ C^2 → L^2(E) , (u, v) → e^{nat/2}(uX + vT X) ,

preserves L^2–norms. We obtain a Dirac system, Ψ^{−1}DΨ = γ(∂_t − τδ/2) , where γ = ( 0 −1 1 0 ) , τ = ( 1 0 0 −1 ) , and δ = (k − n/2)a. In particular, if n is even (and k = n/2), then spec_e D = R.

2. An axiomatic approach

In this section we develop an axiomatic approach to the spectral theory of Dirac operators on Dirac bundles which are geometric over the ends of M. Our approach is inspired by our previous work on surfaces with cusps [BB]. We keep the notation and the assumptions on the ends introduced in Section 1.

We fix an end U of M and a geometric Dirac bundle E → U. We formulate the properties we need in our discussion as additional axioms on the structure of U and E. In Sections 3 and 4 we discuss an important example where we verify these axioms, namely the Clifford bundle.

Axiom 1: There is a continuous Riemannian connection ¯∇ on U such that ¯∇ is flat in the sense that there is an open cover V of N such that for each V ∈ V we have a C^1 local orthonormal frame (X_0, . . . , , X_n) of T U defined in V × (0, ∞) which is ¯∇–parallel and such that the transition functions between any two such frames are locally constant. If X_0 = T , then such a frame (and any associated frame for E) will be called special. Moreover, we assume that

¯∇_T = ∇_T , ¯∇T = 0 ,

and S̄ := ∇ − ¯∇ is uniformly bounded.

Note that the meaning of the operators S and S̄ is quite different. However, the analogy in notation associated to the two different splittings of ∇ will be kept for mnemonic reasons. In accordance with this, the uniform bound on the pointwise operator norm of S̄ on T U will be denoted b̄, ‖S̄‖ ≤ b̄ . (2.1)

For any t > 0, the restriction of ¯∇ and S̄ to N_t and E_t will be denoted ¯∇^t and S̄^t. We also consider ¯∇^t as a first order differential operator on C^1(E_t) with values in L^2(T^∗N_t ⊗ E_t). The formal adjoint of ¯∇^t is denoted ( ¯∇^t)^∗.

Let (T, X_1, . . . , X_n) be a special frame of T U and (σ_I ) be an associated special frame of E. Locally we write sections σ of E in the form σ = ∑ φ_I σ_I . In terms of such linear combinations, we have

¯∇^tσ = ∑ dφ_I ⊗ σ_I and

( ¯∇^t)^∗ ¯∇^tσ = − ∑ { ¯∇^t_{Xi} ¯∇^t_{Xi} σ − ¯∇^t_∇t_{Xi Xi} σ} . (2.2)

The kernel K_t of ¯∇^t consists of sections σ of E_t which are parallel with respect to ¯∇^t. Since a parallel section is determined by its values at one point, we have dim K_t =: k ≤ rk E. Now ¯∇ is flat, by Axiom 1, hence the family K = (K_t) is parallel in the direction of T . Moreover, K is invariant under Clifford multiplication by T since T is parallel with respect to ¯∇.

Once and for all we choose a basis σ_1, . . . , σ_k of pointwise orthonormal sections spanning K. Note that these sections are defined on all of U. In terms of this basis, a section σ ∈ L^2(E) is in K if and only if σ is of the form σ = ∑ i≤k φ_iσ_i, where the coefficients φ_i depend on t only. Throughout, we choose our special frames (σ_I ) such that σ_1, . . . , σ_k are its first k members.

Next we introduce the orthogonal projection P̄_0(t) : L^2(E_t) → K_t. Using the orthonormal frame σ_1, . . . , σ_k, we have

P̄_0(t)σ = (vol N_t)^{−1} ∑ i≤k (σ, σ_i)_t σ_i .

We see that the family (P̄_0(t))_{t>0} integrates to an orthogonal projection P̄_0 in L^2(E). The following lemma is the analogue of [BB, Lemmas 4.2 and 4.3]. 2.3. Lemma. On C^1(E) we have P̄_0∇_T P̄_0 = ∇_T P̄_0 or equivalently (1 − P̄_0)∇_T P̄_0 = 0 .

Furthermore, T P̄_0 = P̄_0T and

‖P̄_0D(1 − P̄_0)‖ = ‖(1 − P̄_0)DP̄_0‖ ≤ n ‖(1 − P̄_0)S̄P̄_0‖ ≤ n ‖S̄‖ ,

where ‖S̄‖ denotes the pointwise uniform norm of S̄ as a field of operators on E.

Proof. The first assertions are clear since K consists precisely of sections of the form ∑ i≤k φ_iσ_i, where the coefficients φ_i depend on t only. The next assertions follow since Clifford multiplication by T is orthogonal and leaves K invariant. As for the last assertions, we note that P̄_0D(1 − P̄_0) = ((1 − P̄_0)DP̄_0)^∗, hence it suffices to estimate ‖(1 − P̄_0)DP̄_0‖. Now ¯∇^t(P̄_0σ) = 0 by the definition of P̄_0, hence

(1 − P̄_0)DP̄_0σ = (1 − P̄_0) { T ∇_T (P̄_0σ) + ∑ X_i ¯∇_{Xi} (P̄_0σ) + ∑ X_iS̄_{Xi} (P̄_0σ) } = ∑ {(1 − P̄_0)X_iS̄_{Xi}P̄_0} σ .

Now ‖X_i‖ = 1, hence the lemma follows.

We now turn to the discussion of the Dirac operator. It is reasonable to write D as follows: Dσ = T ( (∇_T − κ 2 )σ − ∑ T X_i ¯∇^t_{Xi} σ + ( κ 2 − ∑ T X_iS̄^t_{Xi} )σ ) =: T ( (∇_T − κ 2 ) + Ā_t + B̄_t ) σ , (2.4)

where we recall that ¯∇_T = ∇_T . Using ¯∇σ_I = 0 we obtain Ā_tσ = − ∑ {X_i(φ_I)}T X_iσ_I (2.5) and B̄_tσ = κ 2 σ − ∑ φ_I T X_i{∇_{Xi} σ_I } . (2.6)

The following result is obvious from the assumptions in Axiom 1 and the definitions.

2.7. Lemma. Ā_t is a first order symmetric elliptic differential operator on E_t, and B̄_t is a zero order symmetric differential operator on E_t with uniformly bounded norm. Furthermore, for any C^1 section σ of E_t we have the pointwise estimate ‖Ā_tσ‖ ≤ √ n‖ ¯∇^tσ‖ . The next axiom will enable us to study the essential spectrum of D. The axiom involves the smallest nonzero eigenvalue of ( ¯∇^t)^∗ ¯∇^t, 2λ^2_t := inf{spec(( ¯∇^t)^∗ ¯∇^t) \ {0}} .

(2.8) The normalization of λ_t will become clear from Lemma 2.9 below.

Axiom 2: lim_{t→∞} λ_t = ∞ .

In the following lemma we show that Axiom 2 allows to reverse, in L^2(E_t), the estimate in Lemma 2.7.

2.9. Lemma. For all t > 0, we have ker ¯∇^t ⊂ ker Ā_t. For all sufficiently large t, we actually have ker ¯∇^t = ker Ā_t and ‖ ¯∇^tσ‖^2_t ≤ 2 ‖Ā_tσ‖^2_t for any C^1 section σ of E_t. In particular, λ_t is a lower bound for the modulus of the non–zero eigenvalues of Ā_t.

It will be convenient to shift the parameter t such that the assertions of Lemma 2.9 hold for all t > 0.

Proof of Lemma 2.9. The first assertion is clear. To prove the other assertions, we need to compute Ā^2_t . For this we let σ = ∑ φ_I σ_I , where the coefficients φ_I are C^2. Then we have

Ā^2_t (σ) = −Ā_t( ∑ j,I X_j(φ_I )T X_jσ_I ) = ∑ i,j,I X_iX_j(φ_I )T X_iT X_jσ_I = − ∑ i,I X_iX_i(φ_I )σ_I + ∑ i<j,I [X_i, X_j](φ_I )X_iX_jσ_I

= ( ¯∇^t)^∗ ¯∇^tσ + ∑ i,j,I {(∇^t_{Xi} X_j)(φ_I )}X_iX_jσ_I = ( ¯∇^t)^∗ ¯∇^tσ + C_tσ .

Since the fields X_i are parallel with respect to ¯∇, we have ‖∇^t_{Xi} X_j‖ ≤ b + b̄. Therefore, 2 ‖C_tσ‖ ≤ n(n + 1)(b + b̄)‖ ¯∇^tσ‖ . Now for any δ > 0, we have n(n + 1)(b + b̄) ≤ δ λ_t for all t > 0 sufficiently large. For a section σ of E_t perpendicular to the kernel of ¯∇^t this gives ‖ ¯∇^tσ‖^2_t ≤ 2 Re(( ¯∇^t)^∗ ¯∇^tσ + C_tσ, σ)_t = 2 ‖Ā_tσ‖^2_t .

In particular, σ is not in the kernel of Ā_t. The lemma follows.

It is now easy to deduce the following analogue of [BB, Lemma 4.4]. Since Ā_t is essentially self–adjoint on C^1(E_t) with discrete closure, we can form the spectral projection onto the positive and negative eigenspaces, to be denoted by P̄_{>0}(t) and P̄_{<0}(t), respectively.

2.10. Lemma. Let I = [t_0, t_1] ⊂ (0, ∞) be a compact interval and suppose that σ ∈ C^1(E) satisfies P̄_{>0}(t_0)σ_{t0} = 0 and P̄_{<0}(t_1)σ_{t1} = 0. Then ‖Āσ‖_I ≤ ‖Dσ‖_I + C_1 ‖σ‖_I , where C_1 = 2 √ nb + ‖B̄‖. Proof. We proceed exactly as in loc.cit. In terms of a special frame we write σ = ∑ φ_I σ_I . By approximation we may assume that the coefficients φ_I are C^2.

We have [T, X_i] = ∇_T X_i − ∇_{Xi} T = W X_i , where W is the Weingarten map as in (1.3). Furthermore, −[Ā, ∇_T ]σ = ∑ (X_iT − T X_i)(φ_I )T X_iσ_I = ∑ [X_i, T ](φ_I)T X_iσ_I = − ∑ (W X_i)(φ_I )T X_iσ_I , and therefore, by the bound (1.4) on W , ‖[Ā, ∇_T ] σ‖_I ≤ √ nb ‖ ¯∇^tσ‖_I . By Lemma 1.14 we have (σ^′, Āσ)_I = (σ, −Āσ^′ + κĀσ)_I + (σ, [Ā, ∇_T ]σ)_I + {(σ, Āσ)_{t1} − (σ, Āσ)_{t0} } . Now Ā is symmetric, hence we conclude 2 Re(σ^′, Āσ)_I ≥ −2 √ nb ‖σ‖_I ‖Āσ‖_I + Re(σ, κĀσ)_I , where we use our assumption on the boundary values of σ and Lemma 2.9. Therefore, ‖Dσ‖_I‖Āσ‖_I ≥ Re(Dσ, T Āσ)_I = Re(σ^′ − κ 2 σ, Āσ)_I + ‖Āσ‖^2_I + Re(B̄σ, Āσ)_I ≥ ‖Āσ‖^2_I − (2 √ nb + ‖B̄‖) ‖σ‖_I ‖Āσ‖_I . This concludes the proof of the lemma.

2.11. Corollary. Let I = [t_0, t_1] and λ_I := inf{λ_t | t ∈ I}. Then for σ as in Lemma 2.10, we have (λ_I − C_1)‖(1 − P̄_0)σ‖_I ≤ ‖Dσ‖_I + C_1‖P̄_0σ‖_I .

We denote by spec_e(D, U) the part of the essential spectrum spec_e D of D related to our end U. Now we show that our two axioms reduce the study of spec_e(D, U) to a Dirac system in one variable. We follow the line of argument given in [BB, Theorem 5.7]. In particular, we recall the notions of special Weyl sequence and of spectrum at infinity, spec_∞, given in loc.cit. (5.2) and (5.5). The Dirac system in question is formed by means of the projection P̄_0 as D_0 := P̄_0DP̄_0 .

(2.12)

The following theorem is an analogue of Theorem 2 in [L1] (and Theorem 5 in [L2]), the proof is similar to the proof of the correponding Theorem 5.7 in [BB]. 2.13. Theorem. We have spec_∞ D_0 = spec_e(D, U).

Proof. We need to introduce the complete decomposition of D determined by P̄_0. Thus we put P̄_1 := I − P̄_0 and write D_1 := P̄_1DP̄_1 , D_{10} := P̄_1DP̄_0 , D_{01} := P̄_0DP̄_1 .

We recall from Lemma 2.3 that D_{10} and D_{01} = (D_{10})^∗ are uniformly bounded.

Now assume that λ ∈ spec_e(D, U). Then we can find a special Weyl sequence (σ_n) with support in U such that lim_{n→∞} ‖σ_n‖ = 1 and lim_{n→∞}(D − λ)σ_n = 0 .

W.l.o.g. we assume that supp σ_n ⊂ [n, ∞) × N. We decompose σ_n = P̄_0σ_n + P̄_1σ_n =: σ_{n0} + σ_{n1} .

Then we deduce from Lemma 2.10, for n sufficiently large, the estimate ‖σ_{n1}‖ ≤ 2 λ_n (|λ| + C_1) .

This implies that (σ_{n0}) is a special Weyl sequence. From the identity (D_0 − λ)σ_{n0} = P̄_0(D − λ)σ_n − D_{01}σ_{n1} we infer that lim_{n→∞}(D_0 − λ)σ_{n0} = 0. Hence we conclude that spec_∞ D_0 ⊂ spec_e(D, U) .

Next assume that λ ∈ spec_∞ D_0. Then we have a special Weyl sequence (σ_{n0}) for P̄_0(E) with lim_{n→∞} ‖σ_{n0}‖ = 1 and lim_{n→∞}(D_0 − λ)σ_{n0} = 0 .

W.l.o.g. we assume that supp σ_{n0} ⊂ [n + 1, ∞) × N. We want to construct a sequence (σ_{n1}) ⊂ C^1_0 (P̄_1(E)) such that σ_n := σ_{n0} + σ_{n1} is a special Weyl sequence for E with lim_{n→∞}(D − λ)σ_n = 0. In view of the decomposition (D − λ)σ_n = (D_0 − λ)σ_{n0} + (D_1 − λ)σ_{n1} + D_{10}σ_{n0} + D_{01}σ_{n1} , we define σ_{n1} := ϕ_n(D_{1n} − λ)^{−1}(−D_{10}σ_{n0}) .

Here we choose cut off functions ϕ_n ∈ C^∞(0, ∞) with supp ϕ_n ⊂ (n, ∞) and sup_{n,t≥n}(|ϕ_n(t)| + |ϕ^′_n(t)|) ≤ 3 .

Moreover, D_{1n} denotes the self–adjoint extension of D in L^2(P̄_1(E)) defined by Atiyah–Patodi–Singer boundary conditions at N_n. In view of Axiom 2 and Lemma 2.10, we have ‖(D_{1n} − λ)^{−1}‖ = O(λ^{−1}_n ) .

This implies lim_{n→∞} ‖σ_{n1}‖ = 0; using this we deduce that lim_{n→∞}(D − λ)σ_n = 0, proving spec_e(D, U) ⊂ spec_∞ D_0 , as desired.

It is now easy to get estimates on spec_e(D, U). We first note the following trivial consequence of Theorem 2.13.

2.14. Corollary. If dim K = k = 0, then spec_e(D, U) = ∅.

Recall the estimate from Corollary 2.11. The corresponding estimate for P̄_0σ ensures the Fredholm property of D. We use the notation U_t := (t, ∞) × N. 2.15. Lemma. Suppose that there are positive constants δ and C_2 such that ‖P̄_0σ‖ ≤ δ^{−1}(‖Dσ‖ + C_2‖(1 − P̄_0)σ‖) for all σ ∈ C^1(E) with compact support in U. Then for any ε > 0 there is t > 0 such that ‖Dσ‖ ≥ (δ − ε)‖σ‖ for any σ ∈ C^1(E) with compact support in U_t.

In particular, D is Fredholm if and only if the above apriori estimate holds for all ends U of M.

Proof. Recall that D is Fredholm if and only if the estimate ‖σ‖ ≤ C‖Dσ‖ holds for all σ ∈ C^1_0 (E) with support outside a sufficiently large compact subset of M; and the analogous estimate for D_0 is equivalent to 0 ∉ spec_∞ D_0. Now the lemma follows from an easy calculation, using Axiom 2 and Theorem 2.13.

In the Fredholm case, it is natural to study index problems. We will model our approach to such problems after the method we used in the surface case [BB], which will lead to very explicit index formulas in the case of the Clifford bundle.

We assume now in addition that there is a natural involution α on E, that is, α is induced by an involution of the representation space which defines the given bundle E, and that α anticommutes with Clifford multiplication by tangent vectors. By naturality, α is parallel with repect to all connections involved. The induced parallel splitting of E we write as E = E^+ ⊕ E^−. For any operator R acting on sections of E, we obtain the decomposition R = R^+ + R^−, where R^± denotes the restriction of R to sections of E^±. Since E^+ and E^− are parallel with respect to ∇ and α anticommutes with Clifford multiplication by vector fields, D^± maps sections of E^± to sections of E^∓. We will be concerned with the index of D^+.

By P_{≥0}(t) we denote the spectral projection of A_t onto the eigenspaces with nonnegative eigenvalues. We use similar notation for other spectral projections of A_t and recall that the corresponding objects for Ā_t are decorated by a bar.

Our next axiom is formulated in such a way that we do not only get that D is a Fredholm operator but also an explicit index formula for D^+; it is inspired by the apriori estimate in Lemma 2.15.

Axiom 3: For each end U and all sufficiently large t, there is an orthogonal projection Q = Q(t) in L^2(E_t) such that the following properties hold: 1. αQ = Qα; 2. T Q = (1 − Q)T ; 3. Q ≥ P̄_{<0};

4. there are positive constants δ and C_2 such that ‖P̄_0σ‖ ≤ δ^{−1}(‖Dσ‖ + C_2‖(1 − P̄_0)σ‖) for all σ ∈ D_{U,t} := {σ ∈ C^1_0 (E|Ū_t) | (1 − Q(t))σ_t = 0} .

2.16. Remark. If ker Ā = {0}, then Axiom 3 holds with Q := P̄_{<0}.

Throughout the rest of this section we assume that Axioms 1–3 are satisfied. 2.17. Lemma. For all sufficiently large t, there is a subspace K_Q = K_Q(t) of K = K(t) = ker Ā_t, such that T K_Q = K^⊥_Q and

im Q = im P̄_{<0} + K_Q and im (1 − Q) = im P̄_{>0} + K^⊥_Q .

Proof. Note that Clifford multiplication by T anticommutes with Ā, hence T preserves K and maps im P̄_{<0} to im P̄_{>0}. By Axiom 3 we have T Q = (1 − Q)T , hence the lemma.

We say that a pair (P, Q) of orthogonal projections of a Hilbert space H is a Fredholm pair if Q : im P → im Q is a Fredholm operator. If (P, Q) is a Fredholm pair, then we set ind(P, Q) := ind ( Q : im P → im Q ) . Recall that K has finite dimension. Hence by Lemma 2.17, (P̄_{<0}, Q) is a Fredholm pair with ind(P̄_{<0}, Q) = − dim K_Q.

By assumption, Q commutes with the involution α, hence Q(t) restricts to orthogonal projections Q^+(t) in L^2(E^+_t ) and Q^−(t) in L^2(E^−_t ), respectively. It follows that (P̄^+_{<0}(t), Q^+(t)) is a Fredholm pair, too.

2.18. Lemma. For all sufficiently large t, the pairs (P_{≤0}(t), Q(t)) and (P^+_{≤0}(t), Q^+(t)) are Fredholm pairs. Moreover, if μ satisfies ‖B̄ − B‖ < −μ < λ_t − ‖B̄ − B‖, then

ind(P^+_{≤0}(t), Q^+(t)) = dim ker A^+_t + dim im P^+_{(μ,0)}(t) − dim K^+_Q (t) .

Proof. Recall that A + B = Ā + B̄. Hence spec A_t ∪ (− spec A_t) does not intersect the interval (‖B̄ − B‖, λ_t − ‖B̄ − B‖). By Corollary 6.7 we have ‖P̄_{<0} − P_{<μ}‖ < 1, for t sufficiently large. It follows that

(1 − P̄_{<0}P_{<μ}) : im P̄_{<0} → im P̄_{<0} and (1 − P_{<μ}P̄_{<0}) : im P_{<μ} → im P_{<μ}

have norm < 1, hence P̄_{<0} : im P_{<μ} → im P̄_{<0} is an isomorphism. By assumption we have P̄_{<0} ≤ Q with finite codimension, hence (P_{<μ}, Q) is a Fredholm pair and ind(P^+_{<μ}, Q^+) = ind(P̄^+_{<0}, Q^+). We conclude that (P_{≤0}, Q) is a Fredholm pair and that

ind(P^+_{≤0}, Q^+) = dim im P^+_{(μ,0]} + ind(P^+_{<μ}, Q^+)

= dim im P^+_{(μ,0)} dim ker A^+_t + ind(P̄^+_{<0}, Q^+) .

The lemma follows.

We obtain elliptic boundary value problems on D_{U,t} (from Axiom 3) for D on the noncompact manifolds U_t introduced above and on

D_{int,t} := {σ ∈ C^1(E|M_t) | Q(t)σ_t = 0 for each end U}

on the interior part M_t = M \∪U_t. The resulting self–adjoint operators we denote by D_{U,t} and D_{int,t}, respectively. By the splitting formula for the index given by Brüning and Lesch [BL] we have the following result. 2.19. Lemma. For all sufficiently large t, we have ind D^+ = ind D^+_{int,t}+ ∑ U ind D^+_{U,t}.

We remark that the quoted result from [BL] is applicable in our situation since we can view ∇_T − κ/2 as a connection on the Hilbert bundle L^2(E) over (0, ∞); the corresponding parallel transport gives the needed trivialization. We proceed to compute the index of D^+. The first use to be made of Axiom 3 is to establish the vanishing of ind D^+_{U,t}. We actually prove more. 2.20. Lemma. For each end U and all sufficiently large t, we have ker D_{U,t} = 0.

Proof. We note that D_{U,t} is essentially self–adjoint in L^2(E|U_t) with domain D_{U,t}, cf. [BL]. Thus, for σ ∈ ker D_{U,t} we have the apriori estimate of Axiom 3; and since (1 − Q) ≥ P̄_{>0} we also have the estimate from Corollary 2.11. Hence ‖P̄_0σ‖ ≤ C_2 δ ‖(1 − P̄_0)σ‖ ≤ C_1C_2 δ(λ_{(t,∞)} − C_1) ‖P̄_0σ‖ , where λ_{(t,∞)} = inf{λ_τ | t ≤ τ ≤ ∞}. This implies the asserted vanishing for t large enough, in view of Axiom 2.

Next we have to deal with D_{int,t}. For each sufficiently large t, we choose a Riemannian metric g_0 = g_0(t) of M which coincides with the given metric g on M_t outside a neighborhood of ∂M_t and along ∂M_t and such that for each end U, U_{t−ε} is a metric cylinder. We will use the following version of the Atiyah–Patodi– Singer index formula.

2.21. Lemma. Let ω^0_D denote the index form of D^+ with respect to g_0 given by the Local Index Theorem. Then

ind D^+_{int,t} = ∫ Mt ω^0_D + 1 2 (η(A^+_t ) − dim ker A^+_t ) + ind(P^+_{≤0}(t), Q^+(t)) .

Proof. The deformation (1 − s)g_0 + sg, 0 ≤ s ≤ 1, from g_0 to g induces a smooth deformation of first order elliptic differential operators on the space D_{int,t}. By our assumptions on Q and since g = g_0 along ∂M_t, all these operators are Fredholm, hence the index remains constant. Thus the result follows from the index formula of Atiyah–Patodi–Singer [APS] and the relative index formula of Agranovic–Dynin [AD], cf. Theorem 23.1 in [BW].

We now discuss the terms in the above index formula. One aim is to eliminate the dependence on g_0 and t. To that end, we assume from now on until the end of this section that M has finite volume and that, for each end U of M, the volume of the cross sections N_t tends to 0 as t tends to infinity.

Then the first term on the right hand side of the index formula can be easily dealt with using Chern–Weil theory.

2.22. Lemma. Let ω_D denote the index form of D^+ with respect to g given by the Local Index Theorem. Then lim_{t→∞} ∫ Mt ω^0_D = ∫ M ω_D . Proof. We have ω^0_D −ω_D = dΦ, where Φ is the transgression form; by Lemma 5 in [KN, p. 297], Φ is a universal polynomial in the connection forms and curvature tensors of g and g_0. By assumption g_0 agrees with g along ∂M_t, hence the connection forms of g_0 and g differ by the second fundamental form S^t of ∂M_t with respect to g. Furthermore, the Gauss and Codazzi equations express the difference of the curvature tensor of g_0 and g along ∂M_t in terms of S^t. It follows that Φ is a universal polynomial in the curvature tensor R of g and S^t, see loc. cit.

Hence the pointwise norm of Φ is uniformly bounded. By assumption, the volume of ∂M_t tends to 0 as t → ∞, hence ∫ ∂Mt Φ → 0. Now ∫ Mt ω^0_D = ∫ Mt ω_D + ∫ ∂Mt Φ , hence the lemma.

We proceed to formulate an additional axiom which will allow us to compute ind(P̄^+_{<0}(t), Q(t)^+) explicitly.

Axiom 3^′:

For each end U, there is a symmetric involution β̄ of E over U and a number δ > 0 such that 1. αβ̄ = β̄α; 2. P̄_0β̄ = β̄P̄_0; 3. T β̄ = −β̄T ; 4. ∇_T β̄ = 0;

5. (B̄σ, β̄σ) ≥ δ‖σ‖^2 for all sections σ of E in the kernel of P̄_0.

We denote by P̄_0(t) =: (1 − Q_0)(t) + Q_0(t) the splitting of im P̄_0(t) = ker Ā_t induced by the positive and negative eigenspaces of β̄(t) acting on K(t), and we define

Q(t) := P̄_{<0}(t) + Q_0(t) .

(2.23)

In other words, the subspace K_Q(t) of K(t) in Lemma 2.17 is equal to im Q_0(t), the negative eigenspace of β̄(t) on K(t).

2.24. Lemma. With this choice of Q, Axiom 3^′ implies Axiom 3 (with the same δ as there). Moreover, ind(P̄^+_{≤0}(t), Q(t)^+) = dim ker Ā^+_t − dim im Q^+_0 (t) is independent of t.

Proof. The proof of the first claim is the same as the proof of Lemma 4.5 in [BB]. The formula for ind(P̄^+_{≤0}(t), Q(t)^+) is clear from the definition of Q. By assumption β̄ is parallel in the T –direction, hence the last claim.

Since ‖A − Ā‖ = ‖B̄ − B‖ and the non–zero eigenvalues of Ā_t have modulus at least λ_t, we have

dim ker A^+_t + dim im P^+_{(−μ,0)}(t) ≤ dim im P^+_{(−μ,μ)}(t) = dim ker Ā^+_t

for all μ ∈ (‖B̄ − B‖, λ_t − ‖B̄ − B‖). In particular, if dim ker A^+_t = dim ker Ā^+_t , then dim im P^+_{(−μ,0)} = 0. ¿From Lemmas 2.18–2.22 and 2.24 we get the index formula as we need it in our applications.

2.25. Lemma. Suppose that dim ker A^+_t = dim ker Ā^+_t for all ends U and sufficiently large t. Then

ind D^+ = ∫ M ω_D + 1 2 { lim_{t→∞} η(A^+_t ) + dim ker A^+_t } − dim im Q^+_0 (t) .

Proof of Theorem C. Let E = C l M ⊗ F ∼= Λ^∗(T M) ⊗ F , where F is a flat Hermitian bundle with a compatible connection. Let D = d + d^∗ and let α be the involution corresponding to the even–odd decomposition of E.

Let U be an end of M. By extending the map X → T X to the Clifford algebra, we identify Λ^∗(T N_t) ⊗ F with E^+_t . Under this identification, A^+_t corresponds to −(d_t + d^∗_t ) on L^2(Λ^∗(T N_t) ⊗ F ). In particular, the kernel of A^+_t corresponds to the space of harmonic forms on N_t with values in F .

Since all ends of M are cuspidal, Axiom 1 is satisfied, by Corollary 3.16. By assumption, along each end U of M, the curvature bounds satisfy (n + 1)a > (n − 1)b. Then Axiom 2 holds, by Lemma 3.23. Furthermore, we let β̄ be as in (4.7). Then Axiom 3^′ holds, by Lemma 4.8. We conclude:

1. Since d_t + d^∗_t anticommutes with the involution defining the even–odd decomposition of Λ^∗(N_t) ⊗ F , we have η(A^+_t ) = 0.

2. By Hodge theory, dim ker A^+_t is equal to the sum of the Betti numbers of N_t with coefficients in F . Moreover, dim ker A^+_t = dim ker Ā^+_t , by Lemma 4.4.

3. To determine dim im Q^+_0 (t) we have to use the definition of β̄ as given in (4.7). For k < l odd or k ≥ l even, respectively, a section of Λ^∗(T N_t) ⊗ F of degree k corresponds, under the above identification, to an eigenvector of β̄ with eigenvalue −1, and for k ≥ l odd or k < l even, respectively, to an eigenvector of β̄ with eigenvalue +1. Using Poincaré duality, we get 1 2 dim ker A^+_t − dim im Q^+_0 (t) = ∑ i<l (−1)^ib_i(N_t; F ) .

Collecting terms we get the asserted formula for the index of D^+ in Theorem C.

Proof of Theorem D. For E and D as before, we now let α be the involution of E corresponding to multiplication by the complex volume form τ_M .

Let U be an end of M. We use the map σ →^{1√}_2 (σ + τ_M σ) to identify Λ^∗(T N_t) ⊗ F with E^+_t . Under this identification, A^+_t corresponds to the odd signature operator τ_{Nt} (d_t + d^∗_t ) on L^2(Λ^∗(T N_t) ⊗ F ). In particular, the kernel of A^+_t corresponds to the space of harmonic forms on N_t with values in F .

Since all ends of M are cuspidal, Axiom 1 is satisfied. Again we assume that along each end U of M, the curvature satisfies (n + 1)a > (n − 1)b, and then Axiom 2 holds, by Lemma 3.23. With β̄ as in (4.7), Axiom 3^′ holds and we have:

1. dim ker A^+_t = dim ker Ā^+_t by Lemma 4.4.

2. Exactly half of the kernel of Ā^+_t consists of eigenvectors of β̄ for the eigenvalues 1 and −1, respectively. Hence 1 2 dim ker A^+_t − dim im Q^+_0 (t) = 0 .

Collecting terms we get the formula for the index of D claimed in Theorem D.

Proof of Theorem E. In this case, E is the spinor bundle of a spin structure of M. Since the ends of M are cuspidal, Axiom 1 holds. The holonomy of E is at most twice the holonomy of C l U, hence it is finite, by Lemma 3.17. Therefore Axiom 2 holds, by Lemma 3.23.

Now if the spin structure is non–trivial along each end U of M, then ker Ā_t = {0} for each end U and all t > 0. Then Axiom 3 holds, by Remark 2.16, and we get the claimed index formula.

3. Cuspidal Ends

In this section we study a special situation where the axiomatic approach from Section 2 applies. Let U = (0, ∞) × N, where N is a closed manifold, and let g = dt^2 + g_t be a Riemannian metric on U, where g_t is a family of Riemannian metrics on N. Then the projection U → (0, ∞) onto the first coordinate is a Riemannian submersion. The fiber over t ist the cross section N_t = {t} × N.

We let T = ∂_t be the unit vector field in the t-direction. We use the prime^′ to denote covariant differentiation in the direction of T .

For each point p = (τ, x) ∈ U, the curve γ_p(t) = (t, x), t > 0, is a geodesic ray perpendicular to the family of cross sections N_t. For u ∈ T_pU we denote by J = J_u(t) the Jacobi field along γ_p corresponding to variations γ(t, s) = γ_{c(s)}(t + τ(s) − τ) of γ_p, where c = c(s) = (τ(s), x(s)), −ε < s < ε, is a C^1 curve with c(0) = p and ∂_sc(0) = u. Note that J_u(τ) = u and that T = J_T along γ_p. The Jacobi fields J = J_u satisfy the ordinary differential equation J^′ = −W J , (3.1)

where W is the Weingarten map as in (1.3), and W satisfies the Riccati equation

W^′ = W^2 + R(. , T )T .

(3.2)

We assume that U has the geometry of an end of a complete Riemannian manifold of finite volume and pinched negative curvature. That is, we assume that there are constants 0 < a ≤ b such that −b^2 ‖X‖^2 ≤ ⟨R(X, T )T, X⟩ ≤ −a^2 ‖X‖^2 (3.3)

for all vector fields X perpendicular to T and that, for t > τ, e^{−b(t−τ)} ‖J(τ)‖ ≤ ‖J(t)‖ ≤ e^{−a(t−τ)} ‖J(τ)‖ (3.4)

for Jacobi fields J = J_u as above which are perpendicular to the corresponding ray. That is, we assume that such Jacobi fields are stable in the sense of dynamical systems.

There is the question of regularity. For the application in the case where U is an end of a complete Riemannian manifold of finite volume and pinched negative curvature, the map which establishes the diffeomorphism of U with (0, ∞) × N is only C^2, see [HI], such that g may only be C^1. However, it turns out that ∂_tg is also C^1, and hence (3.2) and (3.3) are defined and meaningful.

We will need a bit more, though. For example, we will need to estimate parallel translation along small loops. To that end we assume that there is a C^3–atlas on U such that g is C^2 with respect to this atlas. Then the curvature tensor R of g is defined. We assume that the pointwise norm of R is uniformly bounded on U. We denote this uniform bound by ‖R‖, thus ‖R(X, Y )Z‖ ≤ ‖R‖ ‖X‖ ‖Y ‖ ‖Z‖ (3.5)

uniformly on U. We say that U = (0, ∞) × N is a cusp or a cuspidal end if N is closed and connected and the metric g = dt^2 + g_t on U satisfies the above smoothness assumption and the estimates (3.3), (3.4), and (3.5).

The assumptions (3.3) and (3.4) imply bounds for the second fundamental forms S of the cross sections, a ≤ S ≤ b , (3.6)

and, equivalently, for the principal curvatures, a ≤ κ_i ≤ b . (3.7)

These estimates will be crucial in our discussion below.

Let p = (τ, x) ∈ U, u ∈ T_pU and c = c(s) = (τ(s), x(s)) be a curve in U with c(0) = p and ∂_sc(0) = u. Consider the 1-parameter family γ(t, s) = γ_{c(s)}(t + τ(s) − τ) of rays and denote by J = J(t, s) the corresponding family of stable Jacobi fields. Then [T, J] = 0. Let v, w ∈ T_pU and X = X(t, s), Y = Y (t, s) be vector fields along γ with X(τ, 0) = v, Y (τ, 0) = w and ∇_T X = ∇_T Y = 0. Then T ⟨∇_J X, Y ⟩ = ⟨∇_T ∇_J X, Y ⟩ = ⟨R(T, J)X, Y ⟩ . Define a tensor field S̄ with values in T U by ⟨S̄(u, v), w⟩ = − ∫_∞ τ ⟨R(T, J)X, Y ⟩(t, 0) dt . (3.8)

By (3.4) and (3.5) the integral converges uniformly, hence S̄ is well defined. 3.9. Lemma. The tensor field S̄ is continuous and uniformly bounded, ‖S̄(u, v)‖ ≤ 1 a ‖R‖ ‖u‖ ‖v‖ . Proof. Fix a point p = (τ, x) ∈ U. Let J be the stable Jacobi field along γ_p with J(τ) = u and X and Y be the parallel vector fields along γ_p such that X(τ) = v and such that Y is of length one and points in the direction of S̄(u, v) at p. Then by (3.4) and (3.5), |⟨R(T, J)X, Y ⟩|(γ_p(t)) ≤ e^{−a(t−τ)} ‖R‖ ‖u‖ ‖v‖ .

This uniform bound on the integrand in the definition (3.8) of S̄ implies that S̄ is continuous and satisfies the asserted bound.

Define a new connection ¯∇ on U by ¯∇ = ∇ − S̄ . (3.10)

3.11. Lemma. The connection ¯∇ is continuous and Riemannian.

Proof. Continuity of ¯∇ follows from the continuity of S̄. Now the integrand in the definition (3.8) of S̄ is skewsymmetric in X and Y . Hence ¯∇ is Riemannian.

In general, the connection ¯∇ may not be smooth. However, parallel translation with respect to ¯∇ is well defined.

If γ = γ(t, s) is a 1–parameter family of rays, J = J(t, s) the corresponding family of stable Jacobi fields along γ and X and Y are vector fields along γ such that ∇_T X = ∇_T Y = 0, then

T ⟨ ¯∇_J X, Y ⟩ = 0 and ¯∇_T X = 0 .

(3.12)

Using the approximation of cross sections by large geodesic spheres, we also get that ¯∇T = 0 . (3.13)

We denote by Tor the torsion tensor field of ¯∇. 3.14. Corollary. The torsion tensor field is uniformly bounded, ‖Tor(X, Y )‖ ≤ 2 a ‖R‖ ‖X‖ ‖Y ‖ . Proof. We have Tor(X, Y ) = −S̄(X, Y ) + S̄(Y, X). Now Lemma 3.9 applies.

The curvature tensor R̄ of ¯∇ may not be defined since ¯∇ may only be continuous. Nevertheless, the statement R̄ = 0 is still meaningful.

3.15. Lemma. In the sense of parallel translation, R̄ = 0. That is, parallel translation with respect to ¯∇ depends only on homotopy classes of curves.

Proof. It suffices to prove this locally along a cross section N_τ . Let p = (τ, x) ∈ N_τ and c = c(s), 0 ≤ s ≤ 1, be a C^1 loop in N at x which is homotopically trivial. Let X be a ¯∇–parallel vector field along the curve c_τ (s) = (τ, c(s)) in N_τ . Since c is C^1, X solves an ordinary differential equation with continuous coefficients; hence X is also C^1.

Let γ(t, s) = (t, c(s)) and extend X along γ by parallel translation in the tdirection (which coincides with respect to ∇ and ¯∇). Then ¯∇_{∂s} X = 0 by (3.12), hence ¯∇X = 0 along γ. Therefore, by (3.4) and Lemma 3.9, ‖∇_{∂s} X‖(t, s) = ‖ ¯∇_{∂s} X − ∇_{∂s} X‖(t, s) ≤ const · e^{−a(t−τ)} .

Therefore, if h_t denotes parallel translation along the curve c_t(s) = (t, c(s)) with respect to ∇, then ‖h_t(X(t, 0)) − X(t, 1)‖ ≤ const · e^{−a(t−τ)} . Now choose a proper C^1 contraction C of c_τ in N_τ to the point curve and denote by A_τ the area of this contraction. Then C_t = f_{t,τ} ∘ C ∘ f_{τ,t} is a contraction of c_t, and by (3.4), the area A_t of C_t is bounded by A_t ≤ e^{−2a(t−τ)} A_τ . Now ‖X(t, 0) − h_t(X(t, 0))‖ ≤ A_t ‖R‖ ‖X‖ , see Inequality 6.2.1 in [BK]. On the other hand, X(t, 1)−X(t, 0) is parallel along γ_p, hence ‖X(t, 1)−X(t, 0)‖ is independent of t, and hence X(t, 1) = X(t, 0).

3.16. Corollary. Suppose V ⊂ N is open and simply connected. Then there is an orthonormal frame (T, X_1, . . . , X_n) of T U over (0, ∞) × V which is parallel with respect to ¯∇.

This verifies Axiom 1 for T U, hence also for any geometric bundle E → U. In the proof of the following lemma, we use one of the crucial ideas and results in Gromov’s proof of his celebrated theorem on almost flat manifolds [Gr]. 3.17. Lemma. The holonomy of ¯∇ is finite.

Proof. The second fundamental form S of the cross sections is uniformly bounded, see (3.6), hence the curvature tensor of the cross sections is defined in the sense of the Gauss formula and is uniformly bounded. Hence for each t, the metric on N_t can be C^1–approximated by a C^2–metric with uniformly bounded curvature, where the bound does not depend on t. Hence the standard arguments from comparison geometry apply to the cross sections.

The result of Gromov we use is as follows: Let θ > 0. Then, by Proposition 3.4.1 and Corollary 3.4.2 in [BK], there is ρ > 0 such that for all t sufficiently large, the ∇–holonomy along a loop in N_t of length < ρ rotates vectors by at most θ if it rotates vectors by at most 1/3.

Now let c = c(s) be a loop in N. Then the ¯∇–holonomy h̄_t along the loop c_t(s) = (t, c(s)) in N_t is parallel in the t–direction. We claim that h̄_t = id if h̄_t rotates vectors by at most 1/3. For this we note that the length of c_t is as small as we please if only t is sufficiently large, and that the difference between the holonomy along c_t with respect to ∇ and ¯∇ respectively can be estimated in terms of the length of c_t and the norm of S̄ = ∇ − ¯∇. Hence the above result of Gromov applies and shows that h̄_t is as close to the identity as we please if only t is sufficiently large. On the other hand, h̄_t is parallel in the t–direction, hence h̄_t = id.

Let p ∈ U and denote by H̄_p the image of the holonomy representation of π_1(U, p) ∼= π_1(N) in the orthogonal group O(T_pU). By the above, if B is the ball of radius 1/3 about the identity in O(T_pU), then H̄_p ∩ B = {id}. Now H̄_p is a subgroup of O(T_pU), hence H̄_p is finite.

3.18. Corollary. There is a finite cover Ñ of N such that the holonomy of ¯∇ on Ũ = (0, ∞) × Ñ is trivial. In other words, Ũ admits a global orthonormal frame which is parallel with respect to ¯∇.

3.19. Example (Doubly Warped Products). The warped metric dt^2 + e^{−2at}g_n on

R × R^n , where g_n is the Euclidean metric on R^n , is a model for hyperbolic space

of curvature −a^2. We consider the metric dt^2 + e^{−2at}g_m + e^{−2bt}g_n on U = (0, ∞) × R^m × R^n with a, b > 0. Let α_0T + X_0 + Y_0 and α_1T + X_1 + Y_1 be vector fields on U, where X_0 and X_1 are tangent to the factor R^m and Y_0 and Y_1 are tangent to the factor R^n . Then using the formulas in Lemma 7.4 in [BO], a straightforward computation shows that

⟨R(α_0T + X_0 + Y_0, α_1T + X_1 + Y_1)(α_1T + X_1 + Y_1), α_0T + X_0 + Y_0⟩ = − a^2 { ‖α_0T + X_0‖^2 ‖α_1T + X_1‖^2 − ⟨α_0T + X_0, α_1T + X_1⟩^2 } − b^2 { ‖α_0T + Y_0‖^2 ‖α_1T + Y_1‖^2 − ⟨α_0T + Y_0, α_1T + Y_1⟩^2 } − ab { ‖X_0‖^2 ‖Y_1‖^2 + ‖X_1‖^2 ‖Y_0‖^2 − 2⟨X_0, X_1⟩ ⟨Y_0, Y_1⟩ } . The first term on the right hand side reflects the fact that the submanifolds H_y := (0, ∞) × R^m × {y} , y ∈ R^n , are totally geodesic hyperbolic spaces of curvature −a^2, the second term that the submanifolds H_x := (0, ∞) × {x} × R^n , x ∈ R^m , are totally geodesic hyperbolic spaces of curvature −b^2. The third term mediates between the two first terms. It is linear in a and b and gives constant sectional curvature −a^2 = −b^2 for a = b. It follows that the sectional curvature satisfies −b^2 ≤ K ≤ −a^2 < 0 if a ≤ b. Now let p = (τ, x, y) ∈ U and let u, v ∈ T_pU be perpendicular to T (p). Then since the submanifolds H_y and H_x are totally geodesic hyperbolic spaces of curvature −a^2 and −b^2, respectively, we have S̄(u, v) = 0 if u is tangent to H_a and v to H_b , a ⟨u, v⟩ T if u and v are tangent to H_a , b ⟨u, v⟩ T if u and v are tangent to H_b .

Hence S̄ = S and, therefore, ¯∇ = ∇^t. Now for constant vector fields v on R^m and w on R^n , the restriction of the vector fields X(t, x, y) = e^{at} (0, v, 0) and Y (t, x, y) = e^{bt} (0, 0, w) to the hypersurfaces {t = constant} are parallel with respect to ∇^t. It follws that they are globally parallel on U with respect to ¯∇.

This example will be of importance in our discussion of the pinching constants below.

3.20. Example (The Complex Hyperbolic Plane). Let H be the Heisenberg group of dimension 3. The Lie algebra h of H admits a basis of left invariant vector fields X, Y , and Z with [X, Y ] = 2Z and such that the other Lie brackets between X, Y , and Z vanish. In particular, H is 2–step nilpotent. Let f_t : H → H be the automorphism such that f_{t∗}X = e^{−t}X , f_{t∗}Y = e^{−t}Y , and f_{t∗}Z = e^{−2t}Z , and let S = R × H be the corresponding semidirect product. Then S is solvable.

Define an S–invariant metric g = dt^2 + g_t on S by requiring X, Y , and Z to be orthonormal. Then S is a model of the complex hyperbolic plane with sectional curvature in [−4, −1]. In fact, the product S = RH corresponds to the factor AN in the Iwasawa decomposition G = KAN of the component of the identity G of the group of isometries of the complex hyperbolic plane. If M is a noncompact quotient of finite volume of S, then the ends of M are of the form U = (0, ∞)×N, where N is a compact quotient of H.

A straightforward computation shows that the vector fields X, Y , and Z are parallel along the rays γ = γ_p and that they are parallel with respect to ¯∇. Hence ¯∇ corresponds to the canonical flat connection on S.

The situation for the other symmetric spaces of negative curvature and their finite volume quotients is similar.

We now consider the restriction ¯∇^t of ¯∇ to E_t = E|N_t. The kernel K(t) = ker ¯∇^t of ¯∇^t consists of sections of E_t which are parallel with respect to ¯∇^t. It is a finite dimensional vector space and the family of these spaces is parallel in the T –direction. For a C^1 section σ of E_t, the pointwise norm of ¯∇^tσ is given by

‖ ¯∇^tσ‖^2 = ∑ ‖ ¯∇^t_{Xi} σ‖^2 , (3.21)

where X_1, . . . , X_n is a local orthonormal frame of N_t.

Denote by Π_{t,τ} parallel translation from E_τ to E_t along the rays γ_p, p ∈ N_τ . The next lemma implies that the non–zero eigenvalues of ( ¯∇^t)^∗ ¯∇^t grow exponentially if the sectional curvature of U is sufficiently pinched.

3.22. Lemma. Assume that (n + 1)a − (n − 1)b =: δ > 0. Let σ_τ be a C^1–section of E_τ and assume that ‖ ¯∇^τ σ_τ ‖_τ ≥ λ ‖σ_τ ‖_τ for some λ > 0. Let t > τ and set σ_t = Π_{t,τ} ∘ σ_τ ∘ f_{τ,t}. Then ‖ ¯∇^tσ_t‖_t ≥ e^{δ(t−τ)/2}λ ‖σ_t‖_t .

Proof. Let p = (τ, x) ∈ N_τ and v_1, . . . , v_n be an orthonormal basis of T_pN_τ such that their images w_1, . . . , w_n under the differential of f_{t,τ} are pairwise orthogonal at (t, x) ∈ N_t. Let α_i = ln ‖w_i‖ and assume α_1 ≥ α_2 ≥ . . . ≥ α_n. By (3.4), e^{−b(t−τ)} ≤ e^{αi} ≤ e^{−a(t−τ)} . Choose a special frame (σ_I ) of E. Then σ_τ = ∑ φ_I σ_I (τ, . ) with appropriate functions φ_I = φ_I(x). Since ¯∇_T σ_I = 0, we have σ_t = ∑ φ_Iσ_I (t, . ) and hence ‖ ¯∇^tσ_t(t, x)‖^2 j_{t,τ} = ∑ ‖ ‖{e^{−α}i w_i(φ_I)}σ_I (t, x) ‖ ‖^2 e^α1^{+···+α}n ≥ ∑ ‖ ‖{w_i(φ_I )}σ_I (t, x) ‖ ‖^2 e^{−α}1^{+α}2^{+···+α}n = ∑ ‖ ‖{v_i(φ_I )}σ_I (τ, x) ‖ ‖^2 e^{−α}1^{+α}2^{+···+α}n = ‖ ¯∇^τ σ_τ (τ, x)‖^2 e^{−α1+α2+···+αn} ≥ ‖ ¯∇^τ σ_τ (τ, x)‖^2 e^{(a−(n−1)b)(t−τ)} . Therefore,

‖ ¯∇^tσ_t‖^2_t = ∫ Nτ (‖ ¯∇^tσ_t‖^2 ∘ f_{t,τ} ) j_{t,τ} ≥ e^{(a−(n−1)b)(t−τ)} ∫ Nτ ‖ ¯∇^τ σ_τ ‖^2 ≥ e^{(a−(n−1)b)(t−τ)}λ^2 ∫ Nτ ‖σ_τ ‖^2 ≥ e^{((n+1)a−(n−1)b)(t−τ)} λ^2 ∫ Nτ (‖σ_t‖^2 ∘ f_{t,τ} ) j_{t,τ} = e^{δ(t−τ)}λ^2 ‖σ_t‖^2_t .

This is the asserted inequality.

3.23. Lemma. Let U be a cuspidal end and E → U be a geometric bundle. Let ( ¯∇^t)^∗ ¯∇^t be the connection Laplacian associated to ¯∇^t. Let λ^2_t > 0 be the smallest nonzero eigenvalue of ( ¯∇^t)^∗ ¯∇^t. Suppose that at least one of the following three conditions is satisfied:

1. The holonomy of ¯∇ is finite. 2. (n + 1)a − (n − 1)b > 0.

3. ‖∇R‖ is uniformly bounded on U.

Then there exists a positive constant c such that λ_t ≥ c exp(ct).

Proof. In the first case we can assume, by passing to a finite covering space Ũ = (0, ∞)×Ñ of U if necessary, that E admits a global special frame (σ_I ). Then ( ¯∇^t)^∗ ¯∇^t is equal to rk E copies of the standard Laplace operator of N_t, acting on the different components φ_I of sections with respect to the frame. The asserted estimate then is immediate from the corresponding and well known eigenvalue estimate of Li and Yau, see Theorem 7 in [LY] (and [Ya] for an improved estimate).

In the second case we recall that λ_t can be characterized as the maximum of all possible λ_V = inf{‖ ¯∇^tσ‖^2 | σ ∈ V, ‖σ‖_t = 1} , where the maximum is taken over all complementary closed subspaces V of the kernel of ¯∇^t in L^2(E_t). Hence Lemma 3.22 applies.

In the third case we recall that a simplification of the arguments in [Ho] shows that the ratios j_{t,τ} (x)/j_{t,τ} (y) of the Jacobians j_{t,τ} of the shift maps f_{t,τ} are uniformly bounded in terms of a, b and a bound on ‖∇R‖.

Lemma 3.23 verifies Axiom 2 for all geometric bundles which satisfy its assumptions. In particular, for these bundles we obtain the characterization of the essential spectrum given in Theorem 2.13.

4. The Clifford Bundle

Throughout this section we assume that E = C l U ⊗ F ∼= Λ^∗U ⊗ F , where F is a flat Hermitian bundle with a compatible connection, and that D = d + d^∗. Our main result is Lemma 4.8 which verifies Axiom 3^′ if the dimension n + 1 of M is even and along all the ends, the sectional curvature satisfies the pinching condition (n + 1)a > (n − 1)b. The following estimate is a consequence of Lemma 2.15 and Lemma 4.8 and shows that D is Fredholm under these assumptions. 4.1. Theorem. Suppose that dim U = n + 1 = 2l is even and that the sectional curvature on U satisfies the pinching condition la − (l − 1)b = δ > 0 . Then for any ε > 0 there is t > 0 such that ‖Dσ‖ ≥ δ − ε 2 ‖σ‖ for any C^1 section σ of E with compact support in U_t = (t, ∞) × N. 4.2. Example. Suppose that dim U = n + 1 = 2l and consider the case F = C . Suppose furthermore that (n + 1)a ≥ (n − 1)b, where 0 < a < b. Let M_0 be a compact 2l–dimensional manifold with boundary ∂M ∼= T^n, the n–dimensional torus. Attach an end U = (0, ∞) × T^n to M_0 and consider a Riemannian metric on M = M_0 ∪ U whose restriction to U is the metric considered in Example 3.19, where the m there equals l here and n there is equal to l − 1. Let v_1, . . . , v_l be an orthonormal basis of the factor R^l . Consider the multivector X = e^{alt} v_1 ∧ . . . ∧ v_l which has norm one and is parallel in the T –direction. Then the tangential parts A_tX and A_t(T X) respectively are zero.

Recall that the density of the volume element of the warped metric is exp(−κt) with κ = la + (l − 1)b. Hence the linear map

Ψ : L^2(0, ∞) ⊗ C^2 → L^2(E) , (u, v) → e^{κt/2}(uX + vT X) ,

preserves L^2–norms. We obtain a Dirac system, Ψ^{−1}DΨ = γ(∂_t − τδ/2) , where γ and τ are as in Example 1.15 and δ = la − (l − 1)b. In particular, ±δ/2 belong to spec_e D. Hence Theorem 4.1 is optimal with respect to the pinching constant and D is not Fredholm if δ = 0.

For a special frame T = X_0, X_1, . . . , X_n of T U, a naturally associated special frame of E consists of sections of the form X_I ⊗ Φ_J = (X_{i1} · · · X_{ik} ) ⊗ Φ_J and T X_I ⊗ Φ_J = (T X_{i1} · · · X_{ik} ) ⊗ Φ_J , respectively, where I is a multiindex with i_j ≥ 1 and (Φ_J ) is a local parallel orthonormal frame of F .

As above, we denote by ∇^t the Levi–Civita connection of N_t. Then for the induced connection on T U|N_t (viewed as a geometric bundle over N_t) and the Clifford bundle C l U|N_t we have ∇^tT = 0.

Recall the definition of the operators A_t, B_t in (1.10), (1.11) and Ā_t, B̄_t in (2.5),(2.6). Now Ā_t + B̄_t = A_t + B_t and P̄_0Ā_tP̄_0 = 0, hence P̄_0B̄_tP̄_0 = P̄_0A_tP̄_0 + P̄_0B_tP̄_0 .

(4.3)

For a section σ we call P̄_0A_tP̄_0σ the tangential part and P̄_0B_tP̄_0σ the normal part. The tangential part is determined by the interior geometry of the cross sections, the normal part by their exterior geometry.

4.4. Lemma. If n ≤ 2, or if n ≥ 3 and 2a > b, then dim ker A_t = dim ker Ā_t and

‖P̄_0A_tP̄_0‖_t → 0 as t → ∞ .

4.5. Remark. The example of the complex hyperbolic plane shows that the pinching assumption 2a > b is optimal for n ≥ 3, see Example 3.20.

Proof of Lemma 4.4. If n = 1, then N_t is a circle. If n = 2, then N_t is a torus (since M is orientable). If n ≥ 3, then a^2/b^2 > 1/4. Then Gromov’s theorem on almost flat manifolds applies and shows that N_t is a finite quotient of a torus, see Corollary 1.5.2 in [BK]. Hence in each of the cases we may assume, by passing to a finite cover if necessary, that U = (0, ∞) × N, with N = T^n.

Consider the splitting E = E^+ + E^− into even and odd part, which is parallel with respect to ∇ and ¯∇. Furthermore, the restrictions E^+_t and E^−_t are each isomorphic to C l N_t ⊗ F such that A_t corresponds to d_t + d^∗_t , where d_t is exterior differentation on N_t. Hence by Hodge theory,

dim ker A_t = 2 ∑ b_i(N; F ) . Now N = T^n is a torus of dimension n, hence ∑ b_i(N; F ) is equal to 2^n times the dimension of the trivial representation in the representation of π_1(N) defining F .

On the other hand, for t sufficiently large, we have dim ker Ā_t = dim ker ¯∇^t , and the latter consists of globally ¯∇–parallel sections of E_t. Now by Lemma 3.17 the latter is equal to rk C l U, again times the dimension of the trivial representation in the representation of π_1(N) defining F . Hence dim ker A_t = dim ker Ā_t.

By Lemma 3.23, there is a positive function λ = λ_t with lim_{t→∞} λ_t = ∞ such that ‖Ā_tσ‖ ≥ λ_t ‖σ‖ for all σ in the domain of Ā_t and perpendicular to the kernel of Ā_t. Moreover, ‖A_t − Ā_t‖ is uniformly bounded, hence Corollary 6.7 applies and gives ‖P̄_0 − P_0‖_t → 0 as t → ∞ .

Since P̄_0A_tP̄_0 = (P̄_0 − P_0)(A_t − Ā_t)P̄_0 ,

the lemma is proved.

4.6. Lemma. Let p ∈ U. Choose a special frame T = X_0, X_1, . . . , X_n of T U such that S_{Xi} X_j = δ_{ij}κ_jT at p. Consider an associated special frame X_I ⊗ Φ_j, T X_I ⊗ Φ_J of E, where I = i_1 · · · i_k is a multiindex with i_j ≥ 1 and (Φ_J ) is a parallel local orthonormal frame of E. Then at p,

B_t(X_I ⊗ Φ_J ) = 1 2 { ∑ i∉I κ_i − ∑ i∈I κ_i } X_I ⊗ Φ_J ,

B_t(T X_I ⊗ Φ_J ) = 1 2 { ∑ i∈I κ_i − ∑ i∉I κ_i } T X_I ⊗ Φ_J .

Proof. At p we have ∑ T X_iS_{Xi} (X_I ⊗ Φ_J ) = ∑ i,j (T X_iX_{i1} · · · S_{Xi} X_{ij} · · · X_{ik} ) ⊗ Φ_J = ∑ j κ_{ij} (T X_{ij} X_{i1} · · · T · · · X_{ik} ) ⊗ Φ_J = ( ∑ j κ_{ij} )X_I ⊗ Φ_J = ( ∑ i∈I κ_i)X_I ⊗ Φ_J .

Therefore,

B_t(X_I ⊗ Φ_J ) = κ 2 X_I ⊗ Φ_J − ( ∑ i∈I κ_i)X_I ⊗ Φ_J = 1 2 { ∑ i∉I κ_i − ∑ i∈I κ_i}X_I ⊗ Φ_J . This proves the first equation. The second follows by a similar computation, observing that ∇_{Xi} T = −κ_iT at p.

We assume now that dim U = n + 1 = 2l is even. We let β̄ be the field of endomorphism of the Clifford bunlde E → U such that in terms of a special frame X_I ⊗ Φ_j, (T X_I) ⊗ Φ_J of E as above

β̄(X_I ⊗ Φ_J ) = { X_I ⊗ Φ_J if |I| < l , −X_I ⊗ Φ_J if |I| ≥ l , β̄(T X_I ⊗ Φ_J ) = { T X_I ⊗ Φ_J if |I| ≥ l , −T X_I ⊗ Φ_J if |I| < l . (4.7)

In other words, β̄ = sign B.

Note that β̄ only depends on the degree k = |I| and on the absence or non– absence of the factor T . Now T is parallel with respect to ∇^t and ¯∇. It follows that β̄ is well defined independently of the choice of frame and that it is parallel with respect to ∇^t and ¯∇. The following lemma establishes the last requirement of Axiom 3^′.

4.8. Lemma. Suppose that dim U = n + 1 = 2l and that δ = la − (l − 1)b > 0. Then for any ε > 0 there is t > 0 such that

(P̄_0B̄_tP̄_0σ, β̄P̄_0σ)_t ≥ δ − ε 2 ‖P̄_0σ‖^2_t

for any C^1 section σ of E with compact support in U_t.

Proof. We first note that β̄P̄_0 = β̄P̄_0. Hence it suffices to estimate (B̄_tP̄_0σ, β̄P̄_0σ). Now a ≤ κ_i ≤ b and n = 2l − 1 is odd, hence | | ∑ i∈I κ_i − ∑ i/∈I κ_i | | ≥ la − (l − 1)b

for each multiindex I. Moreover, by Lemma 4.4, the error term (P̄_0A_tP̄_0σ, β̄P̄_0σ)_t from (4.3) is as small as we please if only t is sufficiently large.

4.9. Remark. By the work of Borel and Casselman [BC], the Dirac operator on the Clifford bundle is a Fredholm operator if M is an even dimensional locally symmetric space of finite volume and negative curvature. For each cuspidal end U of such a space M, B̄ is parallel in the direction of T . It follows that β̄ := sign B̄ is an operator as required in our Axiom 3, hence the method developed in Section 2 applies to M.

5. The Hodge Laplacian

In this section we improve results of Donnelly and Xavier in [DX]. Let U be an open subset of a Riemannian manifold M of dimension n+1 and E = Λ^∗(T U)⊗F , where F is a Hermitian bundle with a compatible connection.

For the following, compare page 123 in [LM]. The Riemannian metric induces a contraction ”x” on E, ⟨Xxσ, η⟩ := ⟨σ, X ∧ η⟩ , (5.1) where σ and η are sections of E. For a vector field X and a multivector X_I = X_{i1} ∧ . . . ∧ X_{ik} , we have

Xx(X_I ⊗ Φ) = ∑ (−1)^{j+1}⟨X_{ij} , X⟩(X_{i1} ∧ . . . ∧ X̂_{ij} ∧ . . . ∧ X_{ik} ) ⊗ Φ . Furthermore, if σ is a section of Λ^k(T U) and η a section of E, then Xx(σ ∧ η) = (Xxσ) ∧ η + (−1)^kσ ∧ (Xxη) . We identify C l(U) = Λ^∗(T U). With respect to this identification, Clifford multiplication by a vector field X from the left and right, respectively, is given by X · σ = X ∧ σ − Xxσ σ · X = (−1)^k(X ∧ σ + Xxσ) on Λ^k(T U) ⊗ F .

Exterior differentiation d and its adjoint d^∗ are given by dσ = ∑ X_i ∧ ∇_{Xi} σ and d^∗σ = − ∑ X_ix∇_{Xi} σ , where X_0, . . . , X_n is a local orthonormal frame. Clifford multiplication from the right is well defined and leads to the right handed Dirac operator D̂σ = ∑ ∇_{Xi} σ · X_i . We have D = d + d^∗ and D̂σ = (−1)^k(d − d^∗) on Λ^k(T U) ⊗ F .

If F is flat, then d^2 = (d^∗)^2 = 0 and D^2 = D̂^2 = Δ , where Δ is the twisted Hodge Laplacian.

Let T be a prefered vector field on U and ∇T be the covariant derivative of T . Recall that ∇T is skewsymmetric if T is a Killing field and that ∇T is symmetric if T is the gradient of a function on U locally. We are interested in the symmetric part of ∇T .

Let p be a point in U. The quadratic form q_T (v) = ⟨∇_vT, v⟩ on T_pU only depends on the symmetric part of ∇T (p). Let α_0 ≥ α_1 ≥ . . . ≥ α_n be the characteristic values of q_T and set δ_k = δ_k(p) = ∑ i>n−k α_i − ∑ i≤n−k α_i , 0 ≤ k ≤ n . (5.2)

Then the divergence div T = −δ_0. If T is the gradient of a function f, then Δf = δ_0.

In this section we use an index U to denote the L^2–norm on U. Our main result is as follows.

5.3. Theorem. Suppose ‖T ‖ ≤ 1. Then ‖Dσ‖_U ‖σ‖_U , ‖D̂σ‖_U ‖σ‖_U ≥ 1 2 ∫ U δ_k ‖σ‖^2 for any differential form σ of degree k or n + 1 − k with compact support in U.

This improves the main Theorem 2.2 in [DX]. The applications of that theorem in [DX] can be improved accordingly. In this work we concentrate on cuspidal ends as before and let T = ∂_t. Then ‖T ‖ = 1, α_0 = 0 and −a ≥ α_i = −κ_i ≥ −b for all i ≥ 1. Hence δ_k ≥ (n − k)a − kb . In conclusion, we have the following application to cuspidal ends. 5.4. Corollary. Suppose F is flat and (n − k)a − kb = δ > 0 (where k < n/2). Then we have ‖Δσ‖_U ≥ δ^2 4 ‖σ‖_U for any differential form σ of degree k or n + 1 − k with compact support in U.

In the special case k = 0, Corollary 5.4 gives the estimate of McKean in [McK]. It improves Theorem 5.3 in [DX] and is optimal with respect to the pinching constants, see Example 5.5 below. The cases k = (n + 1)/2 if n + 1 is even, respectively k = n/2, n/2 + 1 if n + 1 is odd, are not covered. In fact, in the latter case the essential spectrum of Δ on L^2(Λ^k(T M)) is equal to [0, ∞) for noncompact quotients of finite volume of the real hyperbolic space H^{n+1}, see Example 1.15.

5.5. Example. Let k < n/2 and consider doubly warped products as in Example 3.19, where the dimensions m and n there correspond to n − k and k here, respectively. Let w_1, . . . , w_k be an orthonormal basis of the factor R^k . Consider the multivector Y = e^{kbt} w_1 ∧ . . . ∧ w_k , which has norm one and is parallel in the T –direction. Recall that the density of the volume element of the warped metric is exp(−κt) with κ = (n − k)a + kb. Hence the linear map

Ψ : L^2(0, ∞) ⊗ C^2 → L^2(E) , (u, v) → e^{κt/2}(uY + vT Y ) ,

preserves L^2–norms. We obtain a Dirac system,

Ψ^{−1}DΨ = γ(∂_t + τδ/2) ,

where γ and τ are as in Example 1.15 and δ = (n − k)a − kb. In particular,

Ψ^{−1}D^2Ψ = −∂^2_t + δ^2/4 ,

hence the estimate in Corollary 5.4 is optimal with respect to the pinching constant.

Proof of Theorem 5.3. Let σ be a C^1 section of Λ^k(T U) ⊗ F with compact support. Let V be the vector field on U such that ⟨V, W ⟩ = ⟨T xσ, W xσ⟩ (5.6)

for any vector field W . In a first step, we compute the divergence of V . To that end, fix p ∈ U. Choose a local orthonomal frame X_0, X_1, . . . , X_n in a neighborhood of p such that ∇X_i(p) = 0 for all i. Then the divergence of V in p is given by

div V = ∑ X_i⟨T xσ, X_ixσ⟩ = ∑ ⟨(∇_{Xi} T )xσ, X_ixσ⟩ + ∑ ⟨T x(∇_{Xi} σ), X_ixσ⟩ − ⟨T xσ, d^∗σ⟩ =: I + II − ⟨T xσ, d^∗σ⟩ . To compute the first term I on the right hand side, decompose ∇T = A + B, where A is the symmetric part of ∇T and B the skewsymmetric part. Then I = ∑ ⟨(AX_i)xσ, X_ixσ⟩ + ∑ ⟨(BX_i)xσ, X_ixσ⟩ . Using the normal form of skewsymmetric endomorphisms, it is easy to see that the the second term on the right hand side is purely imaginary. Now choose the frame (X_i) such that AX_i = α_iX_i in p. Then in p,

Re I = ∑ α_i⟨X_ixσ, X_ixσ⟩ = ∑ α_i‖X_ixσ‖^2 . To compute the second term II, we choose the frame (X_i) such that T is a multiple of X_0 in p. Then in p, II = ∑ ⟨X_i ∧ (T x∇_{Xi} σ), σ⟩ = − ∑ ⟨T x(X_i ∧ ∇_{Xi} σ), σ⟩ + ⟨X_0 ∧ (T x∇_{X0} σ), σ⟩ + ⟨T x(X_0 ∧ ∇_{X0} σ), σ⟩ = −⟨T xdσ, σ⟩ + ⟨∇_T σ, σ⟩ = −⟨dσ, T ∧ σ⟩ + ⟨∇_T σ, σ⟩ . Now σ has compact support, hence the integral of the divergence div V of V vanishes. Therefore, Re { (dσ, T ∧ σ)_U + (T xσ, d^∗σ)_U } = Re { ∫ ∑ α_i‖X_ixσ‖^2 + ((∇_T + 1 2 div T )σ, σ)_U − 1 2 ∫ div T ‖σ‖^2 } . Here the integrand in the first term on the right hand side has to be understood pointwise as explained above. The second term is imaginary since ∇_T +^1_2 div T is skew Hermitian. Hence we obtain the following version of the integral formula

(2.7) of Donnelly and Xavier in [DX], Re { (dσ, T ∧ σ)_U + (T xσ, d^∗σ)_U } = ∫ U { ∑ i α_i‖X_ixσ‖^2 − 1 2 div T ‖σ‖^2 } . (5.7)

Pointwise we have ⟨dσ, T xσ⟩ = ⟨d^∗σ, T ∧ σ⟩ = 0 since the degrees of the factors are different in each case. Hence the left hand side of (5.7) is equal to Re(dσ + d^∗σ, T ∧ σ + T xσ)_U = (−1)^k Re(Dσ, σ · T )_U and also to Re(dσ − d^∗σ, T ∧ σ − T xσ)_U = (−1)^k Re(D̂σ, T · σ)_U . As for the right hand side of (5.7), we express σ locally as a linear combination, σ = ∑ σ_{IJ} X_I ⊗ Φ_J . Here I denotes a multiindex, I = (i_1, . . . , i_k) with i_1 < i_2 < . . . < i_k, and X_I = X_{i1} ∧ . . . ∧ X_{ik} is the corresponding multivector. Furthermore, Φ_J is a local orthonormal frame of F . Now ∑ i α_i‖X_ix(X_I ⊗ Φ_J )‖^2 = ∑ i∈I α_i and div T = ∑ α_i. Therefore, ∑ i α_i‖X_ix(X_I ⊗ Φ_J )‖^2 − 1 2 div T = 1 2 {∑ i∈I α_i − ∑ i/∈I α_i } . Hence the integral formula (5.7) can also be written in the following way,

Re(Dσ, σ · T )_U = Re(D̂σ, T · σ)_U =

(−1)^k 2 ∫ U ∑ I,J {∑ i∈I α_i − ∑ i/∈I α_i } |σ_{IJ} |^2 . (5.8)

Now the claimed estimate in Theorem 5.3 in the case where σ is a k–form is an immediate consequence of (5.8) since δ_k ≤ ∑ i∈I α_i − ∑ i/∈I α_i by the definition of δ_k. Now for a multiindex I of length n + 1 − k we also have δ_k ≤ ∑ i/∈I α_i − ∑ i∈I α_i . Hence the claimed estimate in Theorem 5.3 in the case where σ is a form of degree n + 1 − k also follows from (5.8), where k is substituted by n + 1 − k.

5.9. Remark. Instead of considering the vector field V as in (5.6), it is also possible to consider the vector fields V and V̂ defined by ⟨V, W ⟩ = ⟨σ · T, W · σ⟩ and ⟨V̂ , W ⟩ = ⟨T · σ, σ · W ⟩ .

Then integrating the divergence of V and V̂ one gets the integral formula (5.8) for Re(Dσ, σ·T )_U and Re(D̂σ, T ·σ)_U , respectively. The integral of the divergence of the vector field V defined by ⟨V, W ⟩ = ⟨T · σ, W · σ⟩ does not give any information, it results in the equality 0 = 0. 6. Appendix: A Lemma from Spectral Theory The following lemma (and its corollaries) are used several times in our considerations. It is basically well known and implicit e.g. in Section 5 of [Ka, Chapter VI], but we have been unable to locate a reference for the following statement. 6.1. Lemma. Let A_j, j = 1, 2 be self-adjoint operators in some Hilbert space H, with common dense domain H_1. Consider z_0 ∈ R\ spec A_1 ∪ spec A_2 and put, for any self-adjoint operator A, β(A, z_0) := dist {z_0, spec A}.

Consider next a family, B(z), of closed operators in H, defined for Re z = z_0 and satisfying for these z the relation D(B(z)) ⊃ H_1, (6.2) and the estimate ‖ |A_1 − z_0|^{−α1} B(z)|A_2 − z_0|^{−α2} u‖ ≤ 2C_0‖u‖, (6.3) for u ∈ H_1 and some numbers α_j ∈ [0, 1/2].

Then the integral I := 1 2πi ∫ Re z=z0

(A_1 − z)^{−1}B(z)(A_2 − z)^{−1}dz

(6.4)

is strongly convergent and defines a bounded operator in H with ‖I‖ ≤ C_0β(A_1, z_0)^{α1−1/2}β(A_2, z_0)^{α2−1/2}.

(6.5) If α_j < 1 for some j, then I converges in the operator norm. If, in addition, A_j has compact resolvent, then I is compact.

Proof. Since z_0 is real we may and will assume that z_0 = 0. Then, for z ∈ R, we have the estimate ‖(A_j − iz)^{−1}|A_j|^{αj} ‖ = sup{|λ|^{αj} |λ − iz|^{−1} ; λ ∈ spec A_j} ≤ (β(A_j, 0)^2 + z^2)^{(αj −1)/2} .

(6.6)

Assume next that α_1 = 1/2 − 2ε, for some ε > 0. Then we write (A_1 − iz)^{−1}B(iz)(A_2 − iz)^{−1} = |A_1|^{−ε}(A_1 − iz)^{−1}|A_1|^{α1+ε}|A_1|^{−(α1+ε)}B(iz)|A_2|^{−α2} (A_2 − iz)^{−1}|A_2|^{α2} =: |A_1|^{−ε}C(ε, z) .

We deduce from (6.3) and (6.6) that C(ε, z) is bounded in H and has, for large |z|, the norm estimate

‖C(ε, z)‖ ≤ C_0(β^2 + z^2)^{−(1+ε)/2} ,

where β := min{β(A_1, 0), β(A_2, 0)}. This implies the norm convergence in this case, and also the compactness of I if A^{−1}_1 is compact.

Consider now the general case α_1, α_2 ≤ 1/2. Then we form, with (.,.) the scalar product in H, the bilinear form c(u, v)(z) := ((A_1 − iz)^{−1}B(iz)(A_2 − iz)^{−1}u, v) , which is defined for z ∈ R and u, v ∈ H. In view of (6.3) and the Cauchy-Schwarz inequality it is enough to estimate, for T ∈ R, ∫_∞ T ‖ |A_j|^{αj} (A_j − iz)^{−1}u‖^2dz = ∫_∞ T ∫_∞ −∞ |λ|^{2αj} (λ^2 + z^2)^{−1}d‖P_{≤λ}(A_j)u‖^2dz = ∫_∞ −∞ |λ|^{2αj −1}(π/2 − arctg (T/|λ|)) d‖P_{≤λ}(A_j)u‖^2 ≤ π‖u‖^2 . This implies the desired estimate and, by dominated convergence, also the strong convergence of the integral.

6.7. Corollary. Let A_j be as in Lemma 6.1 and assume that A_2 = A_1 + B, where B satisfies (6.3). Then

‖P_{>z0} (A_1) − P_{>z0} (A_2)‖ = ‖P_{<z0} (A_1) − P_{<z0} (A_2)‖

≤ C_0β(A_1, z_0)^{α1−1/2}β(A_2, z_0)^{α2−1/2} .

Proof. We observe the well known formula (see e.g. Lemma 5.6 in [Ka, Chapter VI]) 1 2πi ∫ Re z=z0

(A_j − z)^{−1}dz = 1 2 (P_{>z0} (A_j) − P_{<z0} (A_j)) ,

(6.8)

where the integral is strongly convergent. Taking the difference of these operators for j = 1 and j = 2 and estimating it with the lemma easily implies the assertion.

References

[AD] M. S. Agranovič and A. S. Dynin. General Boundary Value Problems for Elliptic Systems in an n–Dimensional Domain. Dokl. Akad. Nauk. SSSR 146 (1962), 511–514 (Russian). English translation in Soviet Math. Dokl. 3 (1962/63), 1323–1327.

[An] M. Anderson. L^2 Harmonic Forms on Complete Riemannian Manifolds. In Geometry and Analysis on Manifolds (Katata/Kyoto, 1987), Lecture Notes in Math. 1339, 1–19.

[APS] M. Atiyah, V. Patodi and I. Singer. Spectral asymmetry and Riemannian Geometry.

I. Math. Proc. Cambridge Philos. Soc. 77 (1975), 43–69.

[BM] D. Barbasch and H. Moscovici. L^2–Index and the Selberg Trace Formula. J. Funct.

Anal. 53 (1983), 151–201.

[Bä] C. Bär. The Dirac Operator on Hyperbolic Manifolds of Finite Volume. Preprint 566, SFB256, Bonn 1998.

[BB] W. Ballmann and J. Brüning. On the Spectral Theory of Surfaces with Cusps. Preprint SFB256, Bonn 1999.

[BO] R. Bishop and B. O’Neill. Manifolds of Negative Curvature. Transactions Amer. Math.

Soc. 145 (1969), 1–49 .

[BW] B. Booß–Bavnbek and K. Wojciechowski. Elliptic Boundary Problems for Dirac Operators. Birkhäuser 1993.

[BC] A. Borel and W. Casselman. L^2–Cohomology of Locally Symmetric Manifolds of Finite Volume. Duke Math. J. 50 (1983), 625–647.

[Br] J. Brüning. On L^2–Index Theorems for Complete Manifolds of Rank one Type. Duke Math. J. 66 (1992), 257–309.

[BL] J. Brüning and M. Lesch. Spectral theory of boundary value problems for Dirac type operators. Contemporary Math., to appear.

[BK] P. Buser and H. Karcher. Gromov’s almost flat manifolds. Astérisque 81, 1981. [Ca] G. Carron. Theoremes de l’indice sur les varietes non–compactes. Preprint, ENS Lyon, 1997.

[CG] J. Cheeger and M. Gromov. Bounds on the Von Neumann Dimension of L^2– Cohomology and the Gauss–Bonnet Theorem for Open Manifolds. J. Diff. Geom. 21 (1985), 1–34.

[DX] H. Donnelly and F. Xavier. On the Differential Form Spectrum of Negatively Curved Riemannian Manifolds. Amer. J. Math. 106 (1984), 169–185.

[Eb] P. Eberlein. Lattices in Manifolds of Nonpositive Curvature. Annals of Math. 111 (1980), 435–476.

[Gr] M. Gromov. Almost Flat Manifolds. J. Diff. Geom. 13 (1978), 231–242. [He] E. Heintze. On Homogeneous Manifolds of Negative Curvature. Math. Ann. 211 (1974), 23–34.

[HI] E. Heintze and H. C. Im Hof. Geometry of Horospheres. J. Diff. Geom. 12 (1977), 481–491.

[Ho] E. Hopf. Statistik der Lösungen geodätischer Probleme vom unstabilen Typus. II. Math.

Ann. 117 (1940), 590–608.

[Ka] T. Kato Perturbation Theory for Linear Operators. Second Ed. Springer 1986 [KN] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry, Volume II. Interscience Publishers 1969.

[LM] H. B. Lawson and M. L. Michelsohn. Spin Geometry. Princeton University Press 1989. [LY] P. Li and S. T. Yau. Eigenvalues of a Compact Riemannian Manifold. Proc. Symp. Pure Math. 36 (1980), 205–239.

[L1] J. Lott. On the Spectrum of a Finite–Volume Negatively–Curved Manifold. Preprint, 1999.

[L2] J. Lott. Collapsing and Dirac–Type Operators. Preprint, 2000. [McK] H. P. McKean. An Upper Bound to the Spectrum of Δ on a Manifold of Negative Curvature. J. Diff. Geom. 4 (1970), 359–360.

[MO] R. Meyerhoff and M. Ouyang. The η–Invariants of Cusped Hyperbolic 3–Manifolds.

Canadian Math. Bull. 40 (1997), 204–213.

[Ro] X. Rong. The Limiting Eta Invariant of Collapsed Three–Manifolds. J. Diff. Geom. 37 (1993), 535–568.

[St] M. Stern. L^2–index theorems on warped products. Thesis, Princeton University 1984.

[Ya] H. G. Yang. Estimates of the First Eigenvalue for a Compact Riemannian Manifold.

Science in China 33 (1990), 39–51.

Mathematisches Institut, Universität Bonn, Beringstrasse 1, 53115 Bonn, Germany, E-mail address: ballmann@math.uni-bonn.de

Institut für Mathematik, Humboldt–Universität, Unter den Linden 6, 10099 Berlin, Germany,

E-mail address: bruening@mathematik.hu-berlin.de