INVARIANT SUBSPACES OF VOICULESCU’S CIRCULAR OPERATOR

KEN DYKEMA AND UFFE HAAGERUP

1. INTRODUCTION

The invariant subspace problem relative to a von Neumann algebra M C B(XH) asks
whether every operator T € M has a proper, nontrivial invariant subspace Hy C H such
that the orthogonal projection p onto H; is an element of M; equivalently, it asks whether
there is a projection p € M, p ¢ {0,1}, such that Tp = pTp. Even when M is a II;-factor,
this invariant subspace problem remains open. In this paper we show that the circular
operator and each circular free Poisson operator (defined below) has a continuous family of
invariant subspaces relative to the von Neumann algebra it generates. These operators arise
naturally in free probability theory, (see the book [17]), and each generates the von Neumann
algebra I, —factor L(F;) associated to the nonabelian free group on two generators.

Given a von Neumann algebra M with normal faithful state ¢, a circular operator is
y = (21 + i29)/v/2 € M, where z; and z, are centered semicircular elements having the
same second moments and that are free with respect to ¢. For specificity, we will always take
cicular elements to have the normalization ¢(y*y) = 1, which is equivalent to ¢(z?) = 1.
Voiculescu found [15] a matrix model for a circular element, showing that if X(n) is a
random matrix whose entries are i.i.d. complex (0,1/n)-Gaussian random variables then
X (n) converges in *—moments as n — 00 to a circular element, meaning that

lim 7, (X ()< X (n)®) - - X (n) ) = (y Dy .. . ye(b))

n—oo

for every £k € N and for every choice of €(j) being “x” or no symbol, where 7, is the
expectation of the normalized trace and where y is a circular element. Using the matrix
model, Voiculescu showed that if (y;;)1<ij<n is a xfree family of circular elements in a
von Neumann algebra M with respect to a normal faithful state ¢, then the matrix y =
ﬁ(yij)lgi,jgv € My (M) is circular with respect to the state ¢y given by ¢n ((x;)1<ij<n) =
* SN, é(zi). Furthermore, he showed that the polar decomposition of a circular operator
y is y = ub where u is a Haar unitary (i.e. a unitary satisfying ¢(u¥) = 0 for every integer
k > 0), where b is a quarter—circular element, (i.e. having moments ¢(b*) = = f02 th\/4 —12)
and where u and b are *—free. These and results of a similar nature have been instrumental
in applications of free probability to the study of the free group factors L(F,,) and related
factors; some of the first of these were [14], [11], [4], [12], [5].

Voiculescu’s matrix model for the circular element is the starting point for finding invariant
subspaces. Combined with a result of Dyson, it leads to upper triangular matrix models for

the circular operator, namely, a sequence Y (n) of upper triangluar random matrices whose
1
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x—moments converge to those of a circular operator. In these models, the elements of Y (n)
that are above the diagonal are complex (0,1/n)-Gaussian random variables, and we show
that a number of different choices are possible for the diagonal entries. From these matrix
models we show for any N > 2 that a circular operator can be realized as an N x N upper

triangular matrix

(01 biz b1z - bl,N—l bin \
0 ag by -+ ban-1 oy
1 0 0 as . ng
— 1
=~ . )
0 0 --- 0 any1 byvoan
\O0 0 -~ 0 0 ay )

with entries in some W*-noncommutative probability space, where the collection of N(N +
1)/2 nonzero entries is *—free, where the entries b;; lying strictly above the diagonal are
circular elements and where the entries a; on the diagonal are circular free Poisson elements,
(a; being circular free Poisson of parameter j). These latter are generalizations of the circular
operator (in the family of R—diagonal elements introduced by Nica and Speicher [10]) which
are quite natural from the perspective of free probability theory.

Definition 1.1. Let (A,v¢) be a W*—noncommutative probability space with ¢ faithful and
let ¢ > 1. A circular free Poisson element of parameter ¢ in (A,) is an element of the form
UH, where U, H. € A, U is a Haar unitary, H, > 0, the pair {U, H.} is *—free and H?
has moments equal to those of a free Poisson distribution' with parameter c. Thus, letting
a = (1—=+/c)? and b = (1 + \/c)?, the moments of H? are equal to those of the measure v,
that is supported on |a,b], is absolutely continuous with respect to Lebesque measure and has
density

)

We hasten to point out that a circular element z with normalization ¢)(2*z) = 1 is nothing
other than a circular free Poisson element of parameter ¢ = 1.

The spectrum of a circular free Poission element of parameter ¢ has been found by
Haagerup and Larsen [6] to be the annulus centered at zero with radii v/c — 1 and +/c,
if ¢ > 1, whereas the spectrum of the circular operator is the disk of radius 1. In the realiza-
tion (1) of the circular operator, we have that the diagonal entry a; is circular free Poisson
of parameter j. Therefore, the spectrum of the diagonal entry a; increases in modulus as j
increases, and the spectra of a; and a; overlap only if |j — k| < 1. These properties of the
realization (1) allow general techniques for upper triangular operators to be applied in order

'We must point out that the formula found on [17, p. 35] for the free Poisson distribution has some errors.
The formula for R, found there is correct, but the formulae for G, (z) and for the density are incorrect.
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to find invariant subspaces of the circular operator y. It turns out that for every 0 < r < 1
there is a unique projection p € M = {y}" such that

(i) yp = pyp
(i) o(yp) = {2z € C||z| <1}
(iii) o((1 —p)y) ={z € C | r < |2/ < 1}

where in (ii) (respectively (iii)), the spectrum is computed relative to the algebra pMp,
(respectively (1 — p)M(1 — p)).

In fact, the techniques outlined above can be employed with very little extra effort to find
invariant subspaces for every circular free Poisson operator, and the proof is presented in
this generality throughout.

In §2, some theory is developed proving the existence of invariant subspaces, relative to
the generated von Neumann algebras, of upper triangular operators, the spectra of whose
diagonal entries satisfy certain conditions. In §3, we consider upper triangular random ma-
trices whose entries strictly above the diagonal are i.i.d. complex Gaussian random variables
which are independent of the diagonal entries. The general theme of the results in §3 is
that the diagonal entries may be changed in certain ways but that as matrix size tends to
infinity, the limit *-moments remain the same. In §4, we generalize asymptotic freeness
results which Voiculescu originally proved [15] for Gaussian random matrices and constant
diagonal matrices; we allow the diagonal matrices to be random, subject to certain condi-
tions. In §5, the random matrix results of the previous two sections together with results of
Dyson and others are used to find various upper triangular matrix models for circular free
Poisson elements, and these are in turn used to find an upper triangular realization of the
same, as in (1). In §6, this upper triangular realization of the circular free Poisson element
is fed into the machinery of §2 to find invariant subspaces.

2. AN INVARIANT SUBSPACE FOR AN UPPER TRIANGULAR OPERATOR

Suppose H is a Hilbert space and 7' : H — H is a bounded operator. In this section we
are concerned with invariant subspaces H, for T such such that the projection from H onto
Ho lies in the von Neumann algebra generated by T. It is easy to see (Lemma 2.1) that for
every r > 0 the set

H.(T) = {&€ € H | limsup ||TkE||M/* < r} (2)
k—o0
is such an invariant subspace Hy. The question is, for any given operator, whether these

subspaces can be other than {0} or H. We will show (Proposition 2.2) that the answer is
yes if T can be written as an upper triangular operator,

T =

S O %
S * ¥
* % ¥
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with respect to a decomposition H = H; & H, & H; under a condition on the spectra of the
elements in the upper left-hand and lower right-hand corners of the above matrix.

Lemma and Definition 2.1. Let T : H — H be a bounded operator on a Hilbert space H,
let ¥ > 0 and let H, = H,(T) be the subspace (2) defined above. Then I, is an invariant
subspace for T such that the orthogonal projection p, = p.(T) from H onto H, lies in the
von Neumann algebra {T}" generated by T.

Proof. Consider the subset

E, = E.(T) = {¢ € | limsup | T*¢||V/* < r} (3)
k—o0

which is dense in H,. To see that H, is a closed subspace of H, it will suffice to show
that E, is a subspace. Let a € C and &,& € E,. Since ||[T*(a&)|| = |a| |T*¢]| and
IT* (&1 +&)|| < 2max(||T ||, |T*E|), it is clear that a&; € E, and & + &, € E,. Moreover,
since ||[T*(T€)|| < ||T||IT*(€)]| it is clear that E,, and hence also ,, is invariant for 7.

To show that p, € {T'}" it will be enough to show that Up, = p,U whenever U is a unitary
operator on H such that UT = TU. Moreover, Up, = p,U will follow once we show that
U¢ € E, for every £ € E,.. But this holds because

IT*UE| = |UT* || = || T*]].
O

Proposition 2.2. Let T : H — H be a bounded operator on a Hilbert space H. Suppose
that eq, es, e3 are orthogonal projections in H with ey +ex+e3 = 1 and that e, and e1 + ey are

wnwvariant for T'. This means that T s upper triangular with respect to this decomposition of
H:

e1Te; * *
T= 0 62T62 *
0 0 €3T€3

Let r > 0 and suppose that
sup{|A| | A € o(e1Ter)} <7 <inf{|A| | A € o(esTes3)},

where o(e;jTe;) denotes the spectrum of e;jTe; acting on e;3H. Then the invariant subspace
H.(T) and its projection p, = p.(T) defined in Lemma and Definition 2.1 satisfy

er <pr<e;+es.

Proof. If € = €& then T = (e,Te;)*€ so |T*EVF < (||(exTer) [ll1€]) "

|(e1Te1)*||*/* < r. This shows e; < p,.
Suppose £ € H and e3¢ # 0. Then e3T*¢ = (e3Te3)*€. As an operator on ez, esTes
is invertible and its inverse has spectral radius < r~'. Therefore ||[T*¢|| > ||(esTes)*¢]| >

while limy_,
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I(eaTe3) || 7 llea€|| and hence lim supy_,q [|T*€[|"/* > limy o0 || (e3Tes) (| 7/ > 1, 50 € ¢
E,(T). This shows that E.(T) L esH, and therefore that p, < e; + es. O

Invariant projections p,(7") and the dense subspaces E,(T) for some specific operators T’
are described in §6.

Now we show that for an element = of an abstract W*-algebra, the projection p,(z) is
defined independently of how the W*-algebra is represented as a von Neumann algebra
acting on a Hilbert space.

Lemma 2.3. Let H and H' be Hilbert spaces, let T € B(H) and take r > 0. Then
Proof. Let E,(T) be given by (3) and let

E(T®1)={weHQH |limsup||(T* @ 1g¢)wl||** < r}.
k—o00
Letting ® denote the algebraic tensor product of vector spaces, we clearly have E,.(T)©H' C
E.(T ®1), so the inequality < holds in (4). Given a unit vector n € H' let V,, : H{ — HQ H’
be V,(§) = £®n. Then TV = V(T ® 1g¢), so if w € E.(T ® 1) then Vyw € E.(T) for
every 7. Therefore £, (T ® 1) C 3, (T) @ H' and > holds in (4). O

Lemma and Definition 2.4. If M is a von Neumann algebra, if H is a Hilbert space and
if m: M — B(H) is a normal, faithful x—representation then given x € M we have, for
r > 0, the projection

pr(m(2)) € {7 (z)}" € 7(M).

Let us denote by p.(x) € M the element so that w(p,(x)) = p,(7(x)). Then p,(z) is inde-
pendent of the choice of H and .

Proof. Let H' be a Hilbert space and 7’ : M — B(H') a normal, faithful *—representation.
Using [3, Theorem 1.4.3], one finds a Hilbert space H" such that the representations 7 ® 1g¢»
and 7’ ® 1g¢» are unitarily equivalent, via a unitary U : H @ H" — H' @ H". Now applying
Lemma 2.3 twice, we have
U (7' (pr(2)) @ 1)U = 7(p,(2)) ® 1 = p,(n(z)) ® 1 = p,(m(z) @ 1) =
=p, (U*(x'(z) @ 1)U) = U*p, (' (z) ® 1)U = U* (p,(7'(z)) ® 1) U.

Hence 7'(p,(x)) = p, (7' (z)). O

3. UPPER TRIANGULAR RANDOM MATRICES

In this section, we consider upper triangular random matrices whose entries strictly above
the diagonal are i.i.d. Gaussian, and we prove that the diagonal entries can be modified

in various ways without affecting the limiting x—moments as matrix size increases without
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bound. Throughout this paper, we consider random matrices whose entries have moments
of all orders. Thus, let (€2, ) be a usual probability space, let L = ﬂlgp <o IP(p) and
consider the expectation E(f) = [ fdu. If S;,Sy C L are sets of random variables, we
say that S; and S, are independent sets if the two o—algebras generated by {f1(A) | f €
S;, A Borel subset of C} (i = 1,2) are independent with respect to p, and similarly for
families of sets of random variables. The x-algebra of n x n random matrices is M,, =
L ® M,(C) and has the trace 7, = E ® tr,,, where tr, is the trace on M, (C) normalized so
that tr,(1) = 1. We fix a system of matrix units in M, (C), denoted by (e(%, j;1))1<i j<n-

Notation 3.1. Let 02 > 0 and n € N.

(i) On C, by Lebesgue measure we shall mean d(Re z)d(Im z), i.e. normalized so that the
unit disk has measure m. On the space M,(C) of n X n complex matrices, Lebesgue
measure shall mean the product of Lebesque measure on each of the n? complex entries.
On the space M of self-adjoint complex n x n matrices, Lebesgue measure shall mean
the product of Lebesgue measure on each of the n(n—1)/2 complex entries strictly above
the diagonal and Lebesque measure on each of the n real diagonal entries.

(ii) We say that a random variable a € L 1s a complex (0, 0?)-Gaussian if Re a and Im a
are independent real Gaussian random variables each having first moment 0 and second
moment 2/2. Thus E(a) = 0, E(|a|?) = 0> and a has density (mo?) e 1?17 with
respect to Lebesque measure.

(iii) Given T € M,,, we will write T € UTGRM(n,0?), (the acronym is for “upper triangular
Gaussian random matriz”) if the entries t;; of T (1 < 4,5 < n) satisfy that t;; = 0
whenever i > j and that (tj)1<i<j<n 1S an independent family of random variables, each
of which is complez (0,0?)-Gaussian.

Our first result is that if T(n) € UTGRM(n,1/n), if D(n) € M, is a diagonal random
matrix that is independent from 7'(n) and if the joint distribution of the diagonal entries of
D(n) is permutation invariant then in the limit as n — oo, the *~moments of T'(n) + D(n)
depend only on the marginal *—distributions of finite sets of the diagonal entries of D(n).

Theorem 3.2. For every n € N let T'(n) € UTGRM(n, 1) and let

n

Di(n) = Za(i; n) ®e(i,i;n) € M,

i=1
Dy(n) = Zb(i; n) ®e(i,i;n) € M,
i=1

be diagonal random matrices such that T(n) and Dy(n) are independent matriz-valued ran-
dom wvariables and T'(n) and Dy(n) are independent matriz-valued random variables. Let
dv, (A1, ..., \n) be the joint distribution of the diagonal entries of D,. Assume that dv, is
invariant under all permutations of its n variables, (1 = 1,2). Suppose that the marginal
x—distributions of the diagonal entries of Dy(n) are arbitrarily close to those of Dy(n) as
n — o0o; namely suppose that
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VpeN Vry,si,...,1p,8, € NU{0},

lim (E(a(l;n)”a(l;n)

n—oo

S1

— E(b(1;n)™b(1; n)

Let Z,(n) = D,(n) + T(n). Then
Vm e N Ve(l),...,e(m) € {x,-},

lim (7, (Z1(n) " - - - Zy(n)™) — 7, (Za(n) D - - - Zy(n) ™)) =0,

n—oo

where we take €(j) = - to mean €(j) is “not x*” or “no symbol.” Therefore if Z1(n) converges
in x—moments as n — 0o then so does Zy(n) and their limit x—-moments coincide.

Proof. Write

T(n)= Y t(i,j;n) ®e(i,j;n).

1<i<j<n

Let us first fix n € N, ¢ € {1,2} and let us denote D,(n) simply by D, T'(n) by T, Z,(n) by
Z and the diagonal entries of D by d(i;n), (1 < i < n). Now each word in Z and Z* is a
sum of words in D, D*, T and T™; hence we will investigate words of the form

W= (Teu) N .Tea(l))) D) (Tea(lm) N .Te<l<2>)) Do)

. (Teu<p—1>+1> .. .Teuoo))) Do) (Te<l<p>+1> .. .Te<q)> (©)

for arbitrary

p,q € NU{0},
€(1),...,e(q),k(1),...,k(p) € {x,-},

0<I1)<U2) <---<lp) <q.

Now, using the independence of T and D, we see that

q
=n! Z ( H Ge(J)(ij, ij+1)> E (te(l) (i1, i2; n)t6(2) (ig,i3;m) - - - 1€(a) (iq, i1 n)> )

i1y ig€{1,-nn} N J=1

. E (dn(l)(il(l); n)dn(2) (il(2); TL) e dn(P) (il(p); n)) , (7)
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where we have used the convention 4,1 = i1, where G*(-,-) is defined by
1 if ij < 7;]'4_1

Gij,1541) =

otherwise

1 ife; >4,
.. 7 j+1
G* (15, 4j+1) =

otherwise
and where
(
o t(ij,i5415m) if e(j) =
O (i, 05115 m) = <
\t(ij_}-l, ZJ, TL) if 6(]) = %k
(
| d(iz;n) if k(j) =
d™9 (ij;m) =
kd(ij;n) if k(j) = *
Using that the joint distribution of d(1;n),... ,d(n;n) is invariant under permutation of the

n variables, we see that each moment
E (dn(l) (’il(l); n)dﬂ(Q) (il(Q); n)--- de®) (il(p); TL)) (8)

appearing in (7) is equal to a moment

s 7552

E(d(1§ ")T(l)d(h n) d(2; ")T(Q)d(Z; n) ---d(p; n)’"(p)ms(p)) (9)

where
r(1), (1), ,r(p), 5(p) € NU {0}, (10)

and by further permutation the moment (8) corresponds to a unique moment of the form (9)
if we make the additional stipulation that

r(1) +5(1) 2 r(2) +5(2) 2 --- = 7r(p) + 5(p)

(11)

and, if 7(j) + s(j) =r(j + 1) + s(j + 1) then r(j) > r(j + 1).
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Hence, rearranging the sum in (7) we get

Tn(W) = n*1 Z E <d(1, n)r(l)ms(l) o d(p, n)r(p)ms(p)) .

7(1),5(1)5e0 s7(p),5(D)

Z (HG z],zjﬂ > (tf(l)(ihiz;n) ---tc(q)(iq,iqﬂ;n)), (12)

Zla alq

where the first sum is over all 7(1), s(1), ..., 7(p), s(p) satisfying (10) and (11), and the second
sum is over all é1,...,4, € {1,...,n} such that there is a permutation, o, of {1,...,n} for
which

d(o(ir); n)*Vd(0(iz); n)* - - (0 (ip);n)"®) =

" (13)

s(p)

=d(L;n)"Dd(L;n) " - - d(p; n)"Pd(p; n)

Let W; (v € {1,2}) denote the word on the right-hand-side of (6) where D is taken to be
D,. Then

Tn(Wl) - Tn(W2) =

=nt ) (E(a(l;m“%(l—;n)s‘”---a(p;mr%(—p;n)s‘”)

7(1),5(1),.. ,r(p),5(p)

— B(b(1;n) V5T n)"" - b(p; n)r<p>ms<p>)> _

q
S (I ) B (0 i) - 20 i) )

Now in order to prove the lemma it will suffice to show that lim,, s 7,,(W7) — 7,,(W3) = 0.
Since by the hypothesis (5), the difference of moments of a and b tends to zero as n — oo,
it will suffice to show that for every p,q € N and every r(1),s(1),...,7(p),s(p) € NU {0},
the quantity

nt Z <H Gl Z], i1 ) (te(l) (i1, 19; n) €0 (iq, lg+1; n)) (14)

i1y 5ig

remains bounded as n — oo, where the sum is over all iy,...,i, € {1,...,n} such that
there is a permutation, o, of {1,... ,n} for which (13) holds. But this follows from the sort
of counting arguments used by Voiculescu in [15]. Indeed, for any 1 < i < i’ < n and for
any m,m' € NU {0},

!

E(t(i,#;n)™t(i,7n) " ) #0
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implies m = m’. Taken together with the independence assumtion on the entries of T, this
shows that for any 4,...,i;, € {1,...,n}, a necessary condition so that

E(te(l) (ila 12; n) c 1) (iqa lg+1; n)) #0

is that there be a bijection, v, from {1,...,q} to itself, without fixed points, such that
v? =id and

V] S {1, Ce ,Q}, 7"7(.7) = 7;]'_|_1, and 7;7(]')_1_1 = Zj (15)

Moreover, there is a constant, ¢;, depending only on ¢, such that for all n € N and all choices

Ofl.l,... ,iq,
‘E(te(l) (iy,d95m) - - 9D (i, igy1; n))| < cn”2, (16)

If 7y is a bijection of {1, ... , ¢}, let N(-y,n) be the number of choices of 1, ... ,i, € {1,... ,n}
such that (15) holds. There are only finitely many bijections, ~, of {1,...,q}. Hence, in
light of the bound (16), in order to show that (14) is bounded as n — oo, it will suffice
to show that for each bijection 7 of {1,... ,q} without fixed points such that y* = id, the
quantity

n= PN (y,n) (17)

remains bounded as n — oo. However, N(v,n) < n"), where d(v) is the number of vertices
in the quotient graph, G, which is obtained from the ¢g-gon graph by identifying the jth
and y(j)th edges with opposite orientations, for every j. The graph G, has ¢/2 edges, hence
at most 1 + (¢/2) vertices, which shows that d(v) < 1+ (¢/2) and hence that (17) remains
bounded as n — oo. O

Now we work on results that let us dispense with the permutation invariance supposed
for the diagonal matrices of the previous theorem. Let U, denote the group of unitary 2 x 2

complex matrices.

Lemma 3.3. There is a Borel function, U : C* — Uy such that for all a,b,c € C,

Ula,b,c)* (g [c)) U(a,b,c) = (S 2) :

1 1
Proof. If a = ¢ then let U(a, b, ¢) = (0 (1)) If a # ¢ but b =0 then let U(a,b,c) = ((1) 0).

If a # c and b # 0 then let

Ula.bc) = 1 ( b (a— c)b/b) .

(la—cl>+1b*)'* \c - a b
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Lemma 3.4. Fizn €N, let T € UTGRM(n, =) and let

D= zn:d(z) ®e(i,i;n) € M,

i=1

be a diagonal random matriz. Suppose that T and D are independent matriz—valued random

variables. Let m be a permutation of {1,...,n} and let
Dr = _d(r(i)) ® e(i, i;n) € M. (18)
i=1

Let Z =D+ T and Z, = D, +T. Then Z and Z, have the same x—moments with respect

to T,.

Proof. We may without loss of generality assume that 7 is a transposition of neighbors:
w(k)=k+1
nk+1)=k
m(j) =7 ifjé{kk+1}

We will use Lemma 3.3 to show that there is a unitary random matrix, V € M,,, such that
V*ZV has the same distribution as Z,, and this will prove the theorem.

Recall that €2 is the usual probability space underlying our random matrices M,. For
w € Q let V(w) be the block diagonal matrix

V(w) =T 1 @ U(d(k)(w), t(k, k+1)(w),d(k + 1)(w)) & [ k1.

By this we mean that V(w) has £ — 1 ones down the diagonal, then a 2 x 2 block that is the
matrix U from Lemma 3.3, then n — k — 1 ones. Let (7, j) denote the (7, j)th entry of the
random matrix V*ZV. If we write

T= Y t(i,j) ®e(i,j;n)

1<i<j<n
then
z(i,7) =0 ifi>j
x(i,1) = d(i) ifi ¢ {k,k+1}
z(k, k) =d(k+1)
z(k+1,k+1) =d(k)
z(k,k+1) =tk k+1).
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Let

U1 U2z

(un u12> = U(d(k)(w), t(k, k + 1)(w), d(k + 1)(w)).

If i < k then
2(i, k) = t(i, k)uyy + (i, k + 1)ug,
z(i, k+ 1) =t(i, k)ure + t(i, k + 1)ugn
and if 5 > k£ + 1 then
z(k,j) = urrt(k, j) + uzt(k + 1, j)
xz(k+1,7) = unt(k,j) + usat(k + 1, 7).

In order to show that V*ZV and Z, have the same distribution, it is thus enough to show

(a) (z(4,7))1<i<j<n is an independent family of complex (0,1/n)-Gaussian random vari-
ables;

(b) {z(i,i) | 1 < i <n}and {z(s,5) | 1 <i < j < n} are independent sets of random
variables.

From the facts that
{d(i) [1 <i<n}U{t(k,k+1)} and {t(i,j) [1<i<j<n, (ij)# kK k+1)} (19)

are independent sets of random variables, each (7, j) is complex (0,1/n)—-Gaussian and U is
everywhere unitary and is independent from the right—hand set in (19), we see that

(4, 5))1<ici<n, (i) £k +1) (20)

is an independent family of complex (0, 1/n)-Gaussian random variables. Moreover, the joint
distribution of the family (20) is not changed by conditioning on the values of d(1), ... ,d(n),
t(k,k+1). Hence

{di@) |1 <i<n}u{t(k,k+1)} and  {z(i5) [1<i<j<n, (i,7) # (kk+1)}

are independent sets of random variables. But this implies that (a) and (b) hold. O

Lemma 3.5. Let D € M,, be a diagonal random matriz, let T € UTGRM(n, %) and let
Z =D+T. Let p be the joint distribution of the n random variables, d(1),d(2),...,d(n),
in that order. For every permutation m of {1,... ,n} let u, be the joint distribution of the
random variables, d(w(1)),d(n(2)),...,d(w(n)), in that order. Let A be a nonempty set of
permutations of {1,... ,n} and let |A| denote the cardinality of A. Consider the measure on



INVARIANT SUBSPACES OF VOICULESCU’S CIRCULAR OPERATOR 13
cn,

i= L

TEA

Let d(1),d(2),... ,d(n) € L be random variables whose joint distribution is i and such that
{di@)[1<i<n}  and  {t(i,)) [1<i<j<n}

are independent sets of random variables. Let
D= Zcz(z) ®e(i,i;n) € M,
i=1

and let Z = D + T(n). Then Z and Z have the same *-moments with respect to T,.

Proof. We may introduce a uniformly distributed A—valued random variable, o, that is in-
dependent from D. Then D has the same distribution as the random matrix, D,, which at
a point w € () takes the value

D,(w) = Z d(0(w) (7)) () ® e(i, i;n).

Now each x-moment of D, is the average over m € A of the corresponding *—moments of
the matrices D, described in (18). By Lemma 3.4, each of these is in turn equal to the
corresponding *—moment of D. 0

Now we combine Theorem 3.2 and Lemma 3.5 to obtain this section’s main result.

Theorem 3.6. For each n € N let Di(n), Dy(n) € M,, be diagonal random matrices, let
T(n) € UTGRM(n, 1) and let Z,(n) = D,(n)+T(n), (1 = 1,2). Suppose that Z1(n) converges

in x—moments as n — oco. For 1 € {1,2} andn € N let U™ be the measure on C" that is

the joint distribution of the n diagonal entries of D,(n), and let DL(") be the symmetrization

of M. Suppose that for every p € N and every r(1),s(1),...,7r(p), s(p) € NU{0},

n—o p

lim (/ )\11“(1))\_15(1))\;(2))\_28(2) . Ar(p))\_ps(p) d];gn) ()\1’ o ,)\n)
r —s(1 r —s(2 r NS ~(n
- / AR NTORE A3 M ,,\n)) = 0.

Then also Zy(n) converges in x—moments as n — oo, and its limit x—moments are the same
as those of Z1(n).
4. ASYMPTOTICALLY FREE RANDOM MATRICES

This section concerns asymptotic freeness of self-adjoint i.i.d. Gaussian random matrices
Y (t,n) and certain diagonal random matrices that are independent from the Y'(¢,n), this
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being a generalization of Voiculescu’s pioneering result [15], which concerned constant diag-
onal matrices. (See [4] and [16] for some other generalizations.) Just as, using a technique
based on the polar decomposition, Voiculescu parlayed his asymptotic freeness results for
Gaussian random matrices into asymptotic freeness results for Haar distributed random uni-
tary matrices, so in this section do we prove asymptotic freeness of Haar distributed random
unitary matrices U(r,n) and certain random diagonal matrices that are independent from
the U(r,n). Finally, this section culminates in a result (Theorem 4.6) about matrix models
for (x—free families of) R-diagonal elements.
See Notation 3.1 for details of some terms used below.

Notation 4.1. (i) For a random matriz X € M,,, we will write X € GRM(n,0?), (the
acronym is for “Gaussian random matriz”) if the entries z;; of X (1 < 4,57 < n)
satisfy that (zij)1<ij<n @S an independent family of random variables, each of which
is complez (0,0?)-Gaussian. Thus X € GRM(n,o?) if and only if X has density
(mo?)~™ exp(— 2 Tr(X* X)) with respect to Lebesgue measure on M, (C).

(i) GivenY € M,, and o* > 0, we will write Y € SGRM(n,0?) (“self-adjoint Gaussian
random matriz”) if the entries y;; of Y (1 <1, j < n) satisfy that y,; = Jj; for alli and j,
that y;; is complez (0, 0?)-Gaussian if i # j and is real (0, 0%)-Gaussian if i = j and that
(ij)1<i<j<n 18 an independent family of random variables. Thus Y € SGRM(n,o?) if
and only if Y has density (wo®)~"/? exp(—=5Tr(Y*Y)) with respect to Lebesgue measure
on M:®.

(i) Given U € M,,, we will write U € HURM(n), (“Haar unitary random matriz”) if U is
a random unitary matriz distributed according to Haar measure on the n X n unitary
matrices.

We begin with a preliminary result that is essentially just a combination of Theorems 2.1
and 2.2 of [15], in the case of random diagonal matrices.

Lemma 4.2. Let S and T be sets. For any n € N let Y(s,n) € SGRM(n,1/n) (s € S).
and consider diagonal random matrices D(t,n) € M,, (t € T ). Suppose that for somety € T,
D(to,n) = I, (n € N), that {D(t,n) | t € T} is closed under multiplication (n € N) and
that {D(t,n) |t € T} converges in moments as n — 0o. Suppose that for every n € N

<{D(t, n)|te T}, ({Y(s,n)})ses) (21)

1s an independent family of sets of matriz—valued random variables. Finally, suppose that
for every m € N, every s1,... ,sm € S and every ty,... ,ty, €T, the quantity

|7’n(Y(81, n)D(t1,n) Y (Sm,n)D(tm, n))| (22)

remains bounded as n — oo. Then the following are equivalent:

(i) The family (21) of sets of noncommutative random variables is asymptotically free as
n — oo.
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(ii) Whenever m € N is even, ty,... ,t, € T are fized and « : {1,... ,m} — S is such that

for every s € S, a~'(s) has either two or zero elements,
(a) if a(1) = a(2) then

lim (Tn(Y(a(l), n)D(t1,n)Y ((2),n)D(tz, n) - - - Y ((m), n) D(tm, 1))

- Tn(D(tl, n))Tn (D(tg, n)Y (a(3),n)D(t3,n) - - - Y (a(m),n)D(tm, n))) =0

(b) if a(p) # a(p+ 1) for every 1 <p <m —1 and if a(m) # a(l) then

lim 7, (Y (a(1),n)D(t1,n)Y (a(2),n)D(t2, n) - - - Y (a(m), n) D(tm, n)) = 0.

n—00

Proof. We may without loss of generality suppose S = N and 7" = N. That (1) = (2)
follows from the last paragraph of [15, 2.1] and the fact that the limit moments of each
Y (s,n) are those of a centered semicircle law with second moment 1.

To show (2) = (1) we will use [15, 2.1] and an idea from the proof of [15, 2.2]. Let
w be a nontrivial ultrafilter on N. On the algebra, C((Ts)sen, (A¢t)ten), of polynomials in
noncommuting variables (T})sen and (A;)en, let ¢, be the tracial linear functional defined
by ¢o(p) = lim,_,, 7, (7, (p)), where 7, : C{(T})sen, (At)ten) — M, is the algebra homo-
morphism defined by 7,(Ts) = Y(s,n) and 7, (A4;) = D(t,n). Let A denote the subalgebra
of C((T})sen, (Ar)ten) generated by 1 and {A; | ¢ € N}. We will check that the conditions
1° and 2° of [15, 2.1] hold for the sequence (7Ts)sen and the subalgebra A with respect to
¢.- Note that every element of A is a linear combination of words of the form A, A,, --- Ay,
and that 7, (A Ay, - -+ Ay) = D(t,n) for some ¢ € N. Moreover, 7,(1) = D(1,n). There-
fore m,(A) = span{D(¢,n) | t € N} and hence condition 1° of [15, 2.1] follows from the
boundedness of (22) as n — oo.

To see that condition 2°a of [15, 2.1] holds, it suffices to see that if m € N and if « :
{1,...,m} — N is such that a~'({a(1)}) has only one element and if ¢,,... ¢, € N then

VneN 7, (Y(a(1),n)D(t1,n)Y (a(2),n)D(t2,n) - - - Y (a(m),n) D(t,n)) =0. (23)

But this follows from the independence of Y («(1),n) from all the other matrices appearing
in (23) and the fact that all entries of Y (a(1),n) have expectation zero.

Now conditions 2°b and 2°c of [15, 2.1] follow from the hypotheses (2a) and (2b). There-
fore, by [15, 2.1], given an injection 3 : N x N — N and defining

k
Xm,lc =k’ ZTﬁ(m,j)a
j=1
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the family of sets of noncommutative random variables,

<A, ({Xm,k}):no:1>

is asymptotically free with respect to ¢, as k — oo. However, using the Gaussianity of the
entries of the Y (s, n), we see that for every k € N, (A, ({X})%_;) has the same moments
as (A, {Tn})-,). Hence (A, ({T)n})$_,) is free with respect to ¢,. Since w was arbitrary,
and since each Y (s,n) converges in moments as n — oo, this implies that

({D(t, n) |t e N}, ({Y(s, n)})seN)

is asymptotically free as n — oo. O

Theorem 4.3. Let S and T be sets. For s € S andn € N let Y (s,n) € SGRM(n, *). For
teT andn € N let

D(t,n) = Zd(i; n,t) ® e(i, i;n) € M,
i=1

be a diagonal random matriz, and suppose that for some t and every n, D(1,n) = I, that
{D(t,n) | t € T} is closed under multiplication and that {D(t,n) | t € T} converges in
moments as n — oo. Suppose that for everyn € N

({D(t, n)|teT}, ({Y(san)})seS)

s an independent family of sets of matriz—valued random variables. Assume further that

(i) for everyt € T and every 1 < p < oo,

sup ||d(i;n, t)]|, < oc;
neN
1<i<n

(ii) for every myn € N, m < n, every ti,...,t, € T and every permutation, o, of
{1,...,n}, the joint distribution of

(d(]-; n, tl)a d(2, n, t?)? R d(ma n, tm))
15 equal to the joint distribution of

(d(o(1);n,t1),d(0(2);n,ta), ... ,d(o(m);n,tm));
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iii) for everyp € N, every ty,... ,t, € T and every p—tuple, (i1,... ,1,), of distinct, positive
P P
integers, we have

lim (E(d(il;n, t1)d(iz;m, to) - - - d(ip;n, b)) — HE(d(’ij;n,tj))) = 0.

Jj=1

Then the family

({D(t, n) |t eT}, ({Y(s, n)})ses>

of sets of random variables converges in moments and is asymptotically free as n — oo.

Proof. We will apply Lemma 4.2. Let us first show that the quantity (22) remains bounded
as n — oo. Write a(i, j; n, s) for the (4, j)th entry of Y (s,n). We have

Tn (Y(Sl, n)D(t1,n) - Y (S, n)D(tm, TL)) —

=nt Z E(d(’il;n,tl)d(ig;n,tQ) .. 'd(im;n,tm)) . (24)

11y im€{1,...,n}
) E(a(ioa i157M, 81)a(i1, i2; 0, S2)  + - A(Tm—1, Im; M, Sm))a

where g = 7,,. Using the generalized Holder inequality, we have

[B(d(ivin, 1) -+~ dlim; n, t)| < [ld(in; 1) - dims ns bl < [ 114G 70 8) [l (25)

j=1
But by the assumption (i), there is ¢co > 0 such that
m
VneN Vi, ...,im€{l,...,n}, H ld(ij;m,t5)||m < co. (26)
j=1
Now consider
E(a(iO; W15, 81)a(i1, i2; M, 52) -+ A(Tm 1, Tm; s Sm)) (27)

From the nature of the entries a(, j;n, s), we see that the quantity (27) can be nonzero only
if there is a bijection v : {1,...,m} — {1,...,m} such that y*> = id, y has no fixed points
and

Vie{l,..oml, 85 =8yG), 4 T ()1 b1 = ()
One also calculates

m
|E(alGo, i1;m, s1)alin, i2;n, 82) - - - alim—1, im0, Sm) ) | < H lla(ij—1, 551, 85)|Im
j=1

<nm (2)
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Let us call a bijection, 7, of {1,... ,m} without fixed points and such that 42 = id, a pairing
of {1,...,m} and for every pairing =y let

O() = {(i1,-- ,im) €{1,...,n}™ | Vi€ {1,...,m}, ij = iy)—1, tj-1 = ln(j) }-

From the above estimates we obtain

|Tn (Y(Sla n)D(tla n) e Y(SM7 n)D(tMa n)) | S CQ (%) ' n_(%+1) z |®(7)|7 (28)
v
where the sum is over all pairings, v of {1, ... ,m}. To each pairing we associate the quotient

graph, G, of the clockwise oriented m-gon graph obtained by identifying with opposite
orientation each pair of jth and (j)th edges. The resulting graph has m/2 edges, hence at
most 2 + 1 vertices. Consequently [©(y)| < n2*!, and the quantity in (28) is bounded by
Co (%)’ times the number of pairings, which is finite and independent of n. This shows that
the quantities (22) remain bounded as n — oo.

We now show that 2a and 2b of Lemma 4.2 are satisfied. Let a be as described there.
Then

(Y (@(1),n)D(ty,n) - - Y (a(m), n) D(t, m)) =

=n! Z E(d(il;n, tl)d(ig;n’ tz) .. 'd(im;n, tm)) . (29)

11500 im €{15ee. 0}
'E(a(io, il; n, O‘(l))a(ila 7;2; n, CM(2)) U a(im—la Zma n, a(m))),

where we let 79 = 7,,. Consider the clockwise oriented m—gon graph, label the edges consec-
utively e, ez, ... , e, and the vertices vy, vs,... , vy, so that the vertices of the edge e; are
vj—1 and v;, (mod m). Let G be the quotient of the m-gon graph obtained by identifying
edges j and «(j) with opposite orientation, (1 < j < m). The resulting identification of ver-
tices of the m—gon graph gives an equivalence relation ~ on {v1, ... ,v,} whose equivalence
classes Fi, Fy, ... , Fiq) are precisely the lists of indices labeling the k(G) vertices of G. The

expression
E(a(io, i1;m, a(1))a(iy, io;n, a(2)) -« - alim_1, im;n, a(m))) (30)

in (29) is nonzero if and only if whenever 1 < p,q < m and v, ~ v, then i, = i,, and then the
value of (30) is n™™/2. For each equivalence class Fj = {vp(1), Up(2), - - - , Up(r;)} Of ~ there is
ti: € T so that D(t;,n) = D(tpa),n)D(tp),n) -« D(tyer;),n); forp € {1,... ,n} let d(p; n, t})
be the pth diagonal entry of D(t;,n). Thus

72 (Y (a(1),n)D(t1,n) - - Y (a(m), n) D(tm, n)) =

EE ) >, E(d(pin, £)d(ps; ny th) - dlpriayim ). OV

P, apk(G’)e{la--- 7n}
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Using the Hélder inequality estimate (25) and (26), we see that the terms

E(d(pi; n, t))d(p2; n, th) - - - d(preay; m, t;c(G)))

in (31) are uniformly bounded in modulus. Moreover, because G has m/2 edges, it follows
that £(G) < 7 +1. If a satisfies the hypothesis in 2b of Lemma 4.2, then every vertex of the
m~—gon graph is equivalent to at least one other vertex, so k(G) < m/2 and the quantity (31)
tends to zero as n — oo, as required. We have proved that 2b of Lemma 4.2 is satisfied. (In
fact, a similar analysis shows that the limit moment is zero unless the pairing of {1,... ,m}
given by « is non—crossing — this was examined in a slightly different context in [4], but
unfortunately without the benefit of the idea of a non—crossing pairing.)

Suppose that « satisfies the hypothesis in 2a of Lemma 4.2, namely that a(1) = a(2).
We are interested in the limit of the moment (31) as n — 0o. As the number of terms in
the sum (31) where p; = p; for some ¢ # j becomes negligably small compared to nztl as
n — 00, we may in (31) sum over only all distinct choices of py,... ,pr@) € {1,...,n}. The
assumption «(1) = «(2) implies that v; is not equivalent to any other Vertex under ~. There-
fore, renumbering if necessary, we may take F; = {v;} and hence ¢} = t;. By hypotheses (ii)
and (iii), we have that

def
0n SE(d(py; n, th)d(pa; n,y th) - - - d(pr(ayi my ther))
— E(d(py;n, t1)) E(d(p2; n, 15) - - - d(Priay; s tay))
is independent of the choice of distinct py, ... ,pr@) € {1,... ,n} and that §, — 0 as n — oo.

Moreover, an analysis of the quotient graph G sunllar to that used to obtain (31), and keeping
the same notation as in (31), shows that

Ta(D(t2, )Y ((3),n) D(t3, Y(a(m),n)D(tm,n)) =

n)--
—n % > E(d(p2; n, t3) -+ d(pr(cys 1 L)) -

D25-- ’pk(G’)E{ly -a”}
But then

e (24D) 3 E(d(py; n, t1)) E(d(pa; m, 1) - - d(pr(cy; 1o thicy))

P1jeee zpk(G)E{]-;“' ,’IL}

) <n‘1 > E(dpin, tl))) "% ) E(d(ps; n,t5) -+ d(pr(cyi o thc))

p1=1 p2"“’pk(G)E{1ﬂ"'an}

= Tn(D(t1, 1)) 70 (D(t2, )Y ((3),m) D(t3, 1) - - - Y ((m), n) D(t s, m)).

Taking the limit as n — oo, we can at will require p;’s to be distinct and then relax this
requirement; using that 6, — 0, we obtain the conclusion of 2a of Lemma 4.2. 0
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Following Voiculescu’s proof [15, Theorem 3.8|, we will use polar decomposition to ex-
tend the asymptotic freeness result of Theorem 4.3 to include also Haar distributed random

unitary matrices.

Theorem 4.4. Let R, S and T be sets. For everyn € N ands € S let Z(s,n) € GRM(n, =)
and for every r € R let U(r,n) € HURM(n); furthermore, for everyt € T let

D(t,n) = d(i;n,t) ® e(i,i;n) € M,
i=1

be diagnoal random matrices such that the family (D(t,n))wer is closed under multiplication
and converges in moments as n — o0o; assume further that the entries d(i;n,t) satisfy the
conditions (i), (ii) and (iii) of the statement of Theorem 4.3. Suppose that

((12(s:)}),csr (UG}, {D(E1) | £ €T} (32)
is an independent family of sets of matriz—valued random variables. Then the family
(({Z(s,n)*, Z(s, n)})ses, ({U(r, n)*, U(r, n)})reR, {D(t,n) | t € T}) (33)

of sets of noncommutative random variables converges in moments and is asymptotically free
as n — oco. Furthermore, each Z(s,n) converges in x—moments to a circular element and
each U(r,n) converges in x—moments to a Haar unitary, as n — oo.

Proof. We shall use Theorem 4.3 and adapt the proof of [15, Theorem 3.8] to our situation.

Claim 4.4.1. The family

((12(s,m)", Z(5,m)}) o5 {D(t1) | t € T})

of sets of random variables is asymptotically free as n — oo.

Proof. With
Re Z(s,n) = (Z(s,n) + Z(s,n)*)/2
Im Z(s,n) = (Z(s,n) — Z(s,n)")/2i,

each of Re Z(s,n) and Im Z(s,n) is in SGRM(n, 5= ) and

2n

(({Re Z(s,m)}) .o ({Im Z(s,m)}) o AD(t,n) | t € T}) (34)

is an independent family of sets of matrix—valued random variables. Thus, by Theorem 4.3,
each Re Z(s,n) and each Im Z(s,n) converges in moments to a semicircular element and the
family (34) is asymptotically free as n — oo. This proves Claim 4.4.1. O
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Now take W (r,n) € GRM(n,1/n) so that

(W), e (12(5,1)) e (D) | £ € TY)

is an independent family of sets of matrix-—valued random variables. By Claim 4.4.1,
(W) W), cp ((Z(5,0)", 205,00} o {D(R) [ £ €TY) (35)

is asymptotically free as n — oo. If W(r,n) = V(W (r,n)*W(r, n))1/2 is the polar decom-
position of W (r,n), then V is almost everywhere a unitary, and is distributed according to
Haar measure on the group of n x n unitaries. Therefore, letting U(r,n) be the polar part,
V', of W (r,n), these random unitary matrices satisfy the hypotheses of the theorem. We will
follow the proof of [15, Theorem 3.8] to show the asymptotic freeness of (33).

For € > 0 let Y,(r,n) = W(r,n)(e + W(r,n)*W(r, n))fl/Q.

Claim 4.4.2. For every € > 0, the family

(el ), Yo}, e ({2(5,m)", Z(5,m)}) 0 {D(E ) | £ € T}) (36)

is asymptotically free as n — oo.

Proof. Given A € M,, and 1 < p < o0, let |A|, = (Tn(A*A)p/z)l/p; moreover, let |A|y be
the essential supremum of the operator norm of A evaluated at points of the underlying
probability space. Let ¢ be a noncommutative monomial in d = 2a + 2b + ¢ variables (for
nonegative integers a, b, ¢), with coefficient equal to 1. Let 0 < § < 1. By Step I of the proof
of [15, 3.8], letting f be the function f(t) = (e +¢)~!/2, there is a polynomial )5 such that,
letting

As(r,n) = W(r,n)Qs (W(r, n)*W(r, n)),
we have

lim sup |As(r,n) — Ye(r,n)]q < 0.
n—00
Because |Y (7, n)|q < |Ye(r,n)|eo < 1, it follows that |As(r,n)|q < 14 6.

The assumption (i) of Theorem 4.3 on the entries of D(¢,n) implies that for all p > 1 and
for all t € T, sup,en |D(t,n)|, < co. Moreover, the convergence in *—moments as n — 0o
of Z(s,n) implies that sup,, |Z(s,n)|, < co whenvever p is an even integer; however, as
|Z(s,n)|, is increasing in p, this holds for all 1 < p < co. Fix ry,...,7 € R, s1,...,8 € S,
ti,...,t. €T and let

Ry(n, €) = q((Yﬁ(ri’ n)*)?:v (Ye(ﬁ, n))?:v (Z(Si’ n)*);):l’ (Z(Si’ n))?:v (D(ti’ n))zc:1)

Ry(n,€,0) = q((A,s(n-, n)*)?zl, (A(;(ri, n))?zl, (Z(si, n)*)le, (Z(si,n))?zl, (D(ti, n));l)
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We may chose a constant K indepent of § and large enough so that

Vie{l,..., b} limsup |Z(s;,n)|qg < K (37)
n—oo

Vie{l,..., c} limsup |D(t;,n)|q < K (38)
n—oo

Using Holder’s inequality we find

limsup | Ry (1, €) — Ra(n, €,8)|1 < 2aK2+(1 + §)2714,

n—00

and therefore

lim lim sup|7'n (R1 (n, e)) — T (Rg(n, €, 5)) ‘ =0. (39)

020 nooo

The asymptotic freeness of

(({As(r,m)", As(r,m)}), s ({205, )", Z(5,m)}) g {D () | £ € TY)

follows from that of (35); this together with (39) implies the asymptotic freeness of (36),
and claim 4.4.2 is proved. O

Step IIT of the proof of [15, 3.8] shows that for every 6 > 0 there is ¢; > 0 such that

limsup |Ye(r,n) = U(r,n)|s < 0 (40)

n—oo

whenever 0 < € < ¢. Let again ¢ be a noncommutative monomial having coefficient equal
to 1 and with degree d = 2a 4+ 2b+c, and let r1,... ,7, € R, s1,...,8% € S, t1,...,t. €T.
Let

Rg(n) = L]((U(TZ, n)*)?zl, (U(Ti, 7’1,));.1:1, (Z(Si, n)*)?:l’ (Z(si,n))?zl, (D(tz,n))::1>

Letting K be a constant so that (37) and (38) hold, we easily see using (40) and Hélder’s
inequality that if 0 < € < ¢y then

limsup |Ry(n, €) — R3(n)|; < 2aK?+°0.

n—oo

Therefore

lim lim sup‘Tn (Ri(n,e)) — 7 (R3(n))| = 0.

=0 pnooco

This, together with Claim 4.4.2 shows that the family (33) is asympototically free as n — oo
and finishes the proof of the theorem. O

The following sort of result is standard, but a proof is provided here for completeness.
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Lemma 4.5. Let (A, ¢) be a W*—noncommutative probability space, let B be a unital subal-
gebra of A, let S be a set and for every s € S let v, € A be a unitary with ¢(vs) = 0. Suppose
the family

(B, ({v:,vs})ses) (41)

of |S| + 1 sets of noncommutative random vairables is free. Then the family

(vsBv;)ses (42)
of unital subalgebras of A is free.

Proof. From x—freeness of B and vs; we get ¢(vsbvi) = ¢(b) for every b € B. Let n € N and
let s1,...,s, € S beso that s; # s;11 forevery j € {1,... ,n—1}. Forevery j € {1,... ,n}
let b; € B be such that ¢(b;) = 0. In order for freeness of (42) to hold, it will suffice that

¢((U51blv;k1)(7)32b2v:2) T (USnbnv:n)) =0.

But the above equality follows directly from freeness of (41). O

Now we apply the asymptotic freeness results proved previously in this section to give
some matrix models for (x—free families of) R-diagonal elements.

Theorem 4.6. Let S be a set and for every s € S let Xy(n) € M, and let o,, be the
symmetrized joint distribution of the eigenvalues of (X;k (n) X, (n))l/Q. Givenp € {1,... ,n},

let aﬁf’% be the marginal distribution of oy, corresponding to p of the variables. Suppose that

for a compactly supported measure ps on R, and for everyp € N, aﬁf’% converges in moments
p

as n — oo to the product measure X ps. Suppose also that for any non-random n x n unitary
1

matriz U, the distributions of UX(n) and of Xs(n) are the same.

(i) Fiz s € S. Then X4(n) converges in x—moments to an element ushs of a noncommuta-
tive probability space, where us s a Haar unitary, hy > 0, hs has the same moments as
the measure p; and where the pair ({us, ut}, {hs}) of sets of noncommutative random
variables is free.

(ii) Suppose in addition that

(Xs(n) ,es (43)
1s a mutually independent family of matriz—valued random variables and that the joint
x—moments of (43) are the same as the joint x—moments of

(U(l)XS (n) U@

s s )SES (44)

whenever U and UL are non-random unitary matrices, (s € S). Then the fam-
ily (43) is asymptotically x—free as n — oo.
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Proof. For brevity we shall prove parts (i) and (ii) simultaneously; while proving (i), we may
from the outset assume that the stronger hypotheses of (ii) hold, because if we require S to
be a single element then they will in any case be satisfied. We may write X;(n) = Vi(n)H(n)
where V(n) is a random unitary matrix and H,(n) = (X,(n)*X, (n))l/Q. For every s € S let
Ws(n) be a random unitary matrix so that Ds(n) = Ws(n)*Hs(n)W(n) is diagonal, so that
the joint distribution of the diagonal entries of Dg(n) is invariant under all permutations of
the n variables and so that

({Ds (n), Vs(n), W (n)})ses

is a mutually independent family of sets of matrix-valued random variables. Let U (n), U (n) €
HURM(n) be so that

((LH (), Va(m), W (m)}) e (D M) o (TP 0)}) )

is a mutually independent family of sets of matrix—valued random variables. It follows from
the hypotheses of (ii) that

(U (1) X (UL (), g

has the same joint *-moments as the family (43). We have
U (n)Xs(n)UP) (n) = (UM (n)Va(m)UP (n)) (UL (n)* Wi () Ds ()W (n) U (n)).

Let

Then V,(n), W,(n) € HURM(n) and

<(Ds(n))s€5” (‘Z(n))sES’ (Ws(n))565> (45)

is an independent family of matrix—valued random variables.
Let

A(n) = {I,} U{D,,(n)Ds,(n)---D,,(n) | ¢ €N, s1,...,5, € S}.

By hypothesis, each D,(n) converges in moments as n — oo. Since A(n) forms a commuting
family of selfadjoint random matrices, and since the family

(Ds(n)),. s (46)

is independent, it follows that A(n) converges in moments as n — oo; moreover, the subfam-
ily (46) converges in *—moments to a family (ds)scs is some W*—noncommutative probability
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space (A, ¢), where d, is positive and has the same moments as the measure o,, and where

for distinct s1,...,8,, € S and any ky,...,k,, € N,
o(dyidsy - diy) = [ [ o(al). (47)
j=1

We shall show that the entries of the set A(n) of diagonal random matrices satisfy the
properties (i), (ii) and (iii) in the statement of Theorem 4.3. Let d,(i,n) denote the ith
diagonal entry of D,(n). Note that E(d,(i,n)*) stays bounded (in fact converges) as n — oo,
for every k € N and s € S. This, together with the independence of the family (46), implies
condition (i). Condition (ii) follows from the independence of (46) and the fact that the joint

distribution of the diagonal entries of each D,(n) is invariant under permutations of the n

variables. Because oﬁf’% converges to a product measure, we have for every s € S, m € N,

ki,...,ky € N and every p-tuple (31,19, ... ,%,) of distinct, positive integers, that

lim <E(d5(i1,n)k1ds(i2,n)k2 < (i, m)") — HE(ds(ij,n)’“j)> =0.

This together with the independence of (46) implies condition (iii). Hence we conclude from
Theorem 4.4 that

({Dsm) | s € S, (TVa0)", Va(m)}) 50 (IWal0)" W (m)}) )

is asymptotically free as n — oo. Therefore the family (45) converges in *—moments to a
family

((dS)SESa (Us)seSa (ws)ses)

in some W*-noncommutative probability space, where the joint *—moments of (ds)scs are
as described above, where each vy and each wy is a Haar unitary and where

(s [ 5 € S} ({05 001) e ({0500} o) (48)
is free. Therefore, the family (43) converges in *—moments as n — oo to the family

(vs(wsdsw:)) sest

It is clear that wsd,w} has the same moments as d;, namely the same moments as the
measure 0. From the freeness of (48) and Lemma 4.5, it follows that the family

((Us)sESa (wsdsw:)sES)

is x—free, and the theorem is proved. 0
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5. UPPER TRIANGULAR REPRESENTATIONS OF CIRCULAR FREE POISSON ELEMENTS

In this section, the random matrix results of §3 and §4 are used, together with results of
Dyson and others, to give upper triangular matrix models of circular free Poisson elements,
and finally to give an upper triangular realization of a circular free Poisson element. An
outline of the contents of this section is as follows: a first intermediate goal is a unitarily
invariant matrix model for a circular free Poisson element (Theorem 5.4); next, a result of
Dyson is quoted (Theorem 5.5) and used to convert the unitarily invariant matrix model to
an upper triangular matrix model for a circular free Poisson element (Corollary 5.6); then the
diagonal elements of this upper triangular matrix model are decoupled and desymmetrized
so as to yield, in the limit as matrix size increases without bound, a triangular realization
of a circular free Poisson element (Theorem 5.10).

The following is due to Bronk [1]; see also [7, §5].

Theorem 5.1. Let ¢ > 1 and let Y be an n X n random matriz whose density with respect
to Lebesgue measure on M, (C) is

KW

c,n

det V[*™ D exp (— nTr(Y*Y)),

where Kélyz 1s a constant. Then the symmetrized joint distribution of the eigenvalues of Y*Y
has density

n 2(c—1)n n

1<i<j<n i=1

with respect to Lebesgue measure on (R.y)™, where Ké'i% s a constant.

The next theorem is a corollary of a result of Hewitt and Savage [8].

Theorem 5.2. Let (0, E) be a standard Borel space. Let o be a Borel probability measure
on the product set QN = [[2, Q endowed with the product topology. Let o1 and oy be the
probability measures on 2 and Q x §Q, respectively, determined by

01(A)=c(AxQxQAx--+), A€E
02(A1XA2):O'(A1XA2XQXQX"'), Al,AQEE.

Suppose that

(i) o is invariant under all finite permutations of coordinates in QN, (i.e. those permuta-
tions leaving all but finitely many coordinates fized);
(11) 09 = 01 X O01.-

Then o is equal to the product measure X o1.
n=1

Proof. Since any noncountable standard Borel space is Borel isomorphic to the unit interval,
and since (N, 2N) is Borel isomorphic to the one-point compactification of N, it is no loss
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of generality to assume that €) is a separable compact Hausdorff space and E is the Borel
o—algebra associated to this topology.

For any compact set K, let P(K) denote the set of Borel probability measures on K.
Consider the folowing subsets of P(QN):

P={x ulpeP)}
S ={v e P(QY) | v is invariant under all finite permutations of the coordinates of QN}.

Clearly P - S. By [8, Theorem 7.2|, every v € S has a representation

v= /P o (El u) dp(p),

for a unique p € P(P(Q)). In fact, (see [13, Theorem 3.1]), P is the set of extreme points of
the compact simplex S.
Now let o be as in the formulation of the theorem. Using hypothesis (i) we have

o= /P o (El u) dp(p)

for a unique p € P(P(Q2)). In particular
o1 = / pdp(p)  and o2 = / (1 X ) dp(pa).-
P(Q) P(Q)

By the assumption on €2, the space C'(2) of complex valued continuous functions on Q is a
separable Banach space (in the uniform norm), so we may let F be a countable dense subset
of C(Q). Given f € C(Q2) and X € P(Q) let us write

A = [ 1
Q
With this notation, we have for all f € F

/P ) = (P

=[x & Tdoli) - 2Re (m / u(f)dp(u)> o ()
P(Q) P(Q)

= 03(f ® f) — 2Re (01(f)o1(f)) + lon(f)?
=a(f®F) — o ()~

But hypothesis (ii) shows that the above quantity is zero. Hence u(f) = o1(f) for all f € F,
for p—almost all 4 € P(Q2). Hence u = o, for p—almost all 4 € P(Q2), which implies p = d,,,

the Dirac measure at the point ¢;. Therefore o = O>? o1. O
n=1
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Lemma 5.3. Letc > 1. Givenn € N let p,, be the measure having density (49) with respect

to Lebesgue measure on RY. Given p € {1,2,... ,n} let ,uf,p) be the marginal distribution of
iy corresponding to the variables Ay, ..., \,. Fixp € N. Then the distribution ,u%p) converges

P
in the weak® topology as n — oo to the product measure X 7, where T has density with respect
1

to Lebesgue measure

dr \/()\—a)(b—)\)1

a = 27\ [a,b}()‘)7 (50)

with a = (1 — \/c)? and b = (1 ++/c)?. Moreover, if f is a continuous function on [0, c0)P
with polynomial growth, in the sense that f(ty,...,t,) < KG®(1 + tf¢k>.. -tﬁ”) for some

constant K® > 0 and positive integers ki, . . . , kp, then
lim [ fdu® = / fd(x ). (51)
n—00 Rﬁ. Rﬁ. 1

Proof. 1t will be more convenient to consider the measure o, whose density with respect to
Lebesgue measure on R is

n 2(c—1)n n
Kc(,% (H )‘z) ( H ()\Z — )‘j)2) exp (—Z)\Z) y

i=1 1<i<j<n

for some constant Kg%; thus o, is the push forward measure of u, under the transfor-

mation (A, Ag,...) = (nA1,nAg,...). We will find the limit as n — oo of the marginal
(p)

distributions, oy, of o, corresponding to the variables A;,...,A,. Let @ = 2(¢ — 1)n and
let (/ﬁ((]a), §a), ga), .-+ be the polynomials obtained via Gram—Schmidt orthonormalizaton

of 1,A,\%,... in L2([0,00), A% Ad\). Thus ¢{”(\) = |/ra;Le(\), where Lg are the

(generalized) Laguerre polynomials. Using the Vandermonde determinant we have

1 1 1
)\1 /\2 /\n
I =x) =det ,
1<i<j<n : :
APTE gt At
$ (A1) 6l () 35 (An)
_ KO gep | A7) 7 00) 91" (\n)
S () 6 - ()

for some constant K@L Therefore, the density of o,, with respect to Lebesgue measure on

"
RY is
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n @ n 2 n
Do(M, .oy M) = K9 (H )\i> (Z sign () Hqﬁﬁfg)_l(Ai)) exp (— Z)\Z) :
=1 =1 =1

TESy

for a constant Ké?rz. Writing

H %68) L) = ¢(a (A1) ® ¢§:g)_1()\2) ®---® qﬁfro(‘;)_l()\n)

and noting that as m ranges over the permutation group S, these form an orthonormal
family with respect to the measure ([[; A;)"exp(—3_1; A;)dAi---d\, on R?, we find
Ké% = (n!)~'. Moreover, the density with respect to Lebesgue measure on R, of the

marginal distribution i i

,_.

n—

df 1 o o _—
Dyi(N) & DAy A dhg -+ - dAy, = —( 3D (\)?2 )z\le M

. n
RY 0

ES
Il

But then the treatment in §6 of [7] shows that u$ converges in the weak* topology and in
moments as n — oo to 7.

The density with respect to Lebesgue measure on R, of the marginal distribution a( )

Dy (A1) def DA, . .., An)dAz - - d),
R}
= #(A A )a —(A+A2) |
n(n—1)""
Y 0087 0) (6 ) () — 61 ()Y (M) )
0<k,t<n—1
kel
n 1 n—1 2
= A1+A2) )
=z 1Dn,1()\1)Dn,1()\2) - m()\l ( (]ZO¢ )\2))
As elements of Cy(R2)*, we thus have
loP -V @ o] <
- n— 1/ / Dn,l()\l)Dn,l()\Q)d)\ld)\Q +
(52)
n(n—1) Z / / S\ (A1)205 (M2)2(Mide)%e” M) ), d)g
2
T n-1

Since we know that u(nl) converges in the weak™ topology as n — oo to 7, it follows from (52)

that ,usf) converges in weak* topology as n — oo to 7 X 7.
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Consider the measures fi,, = i, X dg X & X --- on [0,00)N and let v be a w* cluster point
in Cy([0,00)N)* of these. Let v be the marginal distribution of v corresponding to the first
p coordinates of [0,00)N. Then from what we have proved above we have

e v is invariant under finite permutations of the coordinates in [0, c0)N;
o (U =7
e ) =7 x7.

[e o]
Hence, by Theorem 5.2, v = x v(!). Since v was an arbitrary cluster point of (i,)%, it
p=1

follows that fi, converges in weak* topology to X T asn — oo Therefore, for all p € N,
p=1

p
the marginal distribution P converges in weak* topology to the measure X 7 as n — oo.

1
It remains to show that (51) holds whenever f is of polynomial growth.

Claim 5.3.1. Let p € N and let h be a positive continuous function on [0,00)?. Then
liminf, o [ hdud’ > [ hdv®).

Proof. Choose h; € C’O([O, oo)p), hj > 0, so that h; increases pointwise to h as j — 0o. Then
for all j > 1,

liminf/hd,u%”) > liminf/hjdugf’) = /hjdu(p).

n—oo n—oo

But v® = % M is supported on [a, b]”; therefore sup [ hjdv® = [ hdy® and the claim is
1
proved. O

Claim 5.3.2. Let p € N and suppose f and g are continuous functions on [0,00)? sat-
isfying ¢ > 0 and —g < f < g, and suppose that limn_)oofgdu%p) = [gdv®. Then
limy o0 [ fdpi = [ v

Proof. Applying Claim 5.3.1 to g — f gives lim supnﬁwffdu%p) < [ fdv®, while applying
Claim 5.3.1 to g + f yields liminf, , [ Fdu® > [ fdv®); the claim is proved. O

In order to finish the proof of the lemma, it will suffice to show

n—oo

lim /\1161 )\1262 ... A’;p d,ugf’) — //\1161 /\1262 ... )\’;p dv'®), (53)

for every p € N and all integers ki, ko, ... ,ky, > 0. Letting £ = k; + k1 + -+ - + k,, we have
0 < Afpk ... )\l;” <THX 4N+ + /\f;. Moreover, because ,ugl) converges in moments to

1) we have

Hm [ (LA + A+ + A du® =1+p lim /deug) = 1+p/A§dy(” =

n—0o0
=/(1+/\f+/\§+---+,\f;)du@>.

Now (53) follows from Claim 5.3.2, and the lemma is proved. O
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Theorem 5.4. Let c > 1 and let Y (n) be an nxn random matriz whose density with respect
to Lebesgue measure on M, (C) is

KW det Y[Hem exp (—nTr(Y*Y)).

c,n

Then Y (n) converges in x—moments as n — oo to a circular free Poisson element of param-
eter c.

Proof. Clearly for every non-random n X n unitary matrix U, the distribution of UY (n) is
equal to the distribution of Y'(n). Let o, be the symmetrized joint distribution of the eigen-
values of (Y(n)*Y(n))l/ ? and let ir, be the symmetrized joint distribution of the eigenvalues
of Y(n)*Y(n). For p € {1,... ,n} let o) respectively 4, be the marginal distribution of

op, respectively fi,, corresponding to the first p variables. Given &, ... ,k, € N U {0},
/A’flA’;Z---A’;pdagm(Al,... M) :/)\'fl/Q)\;”/?---Aﬁp/Qdugp)()\l,... )

By Theorem 5.1 and Lemma 5.3, it follows that

n—oo

p
lim [ M5 Mrdo® (A, 0) =[] / A2 Qe (M),
i=1

where v, is the free Poisson distribution of parameter c. Therefore a,‘f’ ) converges in moments

p
to X p, where p has density
1

@ it [do,daJR/5

with dg =1 —/c and d; = 1+ y/c. Now Theorem 4.6 applies and finishes the proof. O

Every complex n x n matrix A is unitarily conjugate to an upper triangular matrix:
A =USU* where U is unitary and the (4, j)th entry of S is zero if i > j. If A has n distinct
eigenvalues then the pair (U, S) is unique up to replacement by (UD, D*SD), where D is a
diagonal unitary. Given a random matrix X € M,,, one may ask for a corresponding random
upper triangular matrix S and random unitary matrix U so that the distribution of USU* is
equal to the distribution of X. Then X and S will have the same x—moments with respect to
the functional 7,. For specificity, we may insist that the joint distribution of the pair (U, S)
be the same as the joint distribution of (UD, D*SD) for every non-random diagonal unitary
D, (i.e. that the joint distribution of (U, S) be invairant under this action of the n—torus
T™). If the distribution of X is invariant under conjugation by non-random unitaries and
if (U, S) is the pair of random matrices as described above, then it is clear that the random
unitary U is distributed according to Haar measure on the n x n unitaries and that U and S
are independent. In this case, the relavant question is only the distribution of S. F. Dyson
answered this question when X € GRM(n, %) We state his result, and then make a slight
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modification to give, in conjunction with Theorem 5.4, an upper triangular matrix model
for a circular free Poisson element.

Theorem 5.5 (Dyson, see [9, A.35]). Let T(n) € UTGRM(n, &) and let D(n) € M,, be a
diagonal random matriz, whose diagonal entries have joint density

KD exp(- Zm) [I == (54)

with respect to Lebesgue measure on C", for some constant K. Let U(n) € HURM(n),
suppose that (D(n), T(n), U(n)) is an independent family of matriz—valued random variables
and let

X(n) =U(n)(D(n) + T(n))U(n)*.

Then X (n) € GRM(n, ). Consequently, D(n) 4+ T(n) converges in *-moments as n — oo
to a circular element.

Corollary 5.6. Let ¢ > 1, let T(n) € UTGRM(n, =) and let Dc(n) € M, be a diagonal
random matriz, whose diagonal entries have joint density

Ktesp(-n 3o 1) (L) TT Ja=sl

1<i<j<n

with respect to Lebesgue measure on C", for some constant KC(,S,%. Let U(n) € HURM(n),
suppose that (D.(n), T(n),U(n)) is an independent family of matriz—valued random variables
and let

Y(n) = U(n)(De(n) + T(n))U(n)*. (55)
Then Y (n) has density with respect to Lebesque measure on M,(C) equal to
K| det Y[*e D" exp (—nTr(Y*Y)). (56)

Consequently, D.(n) + T(n) converges in x—moments as n — oo to a circular free Poisson

element of parameter c.

Proof. Let M,, be the manifold of matrices in M, (C) having n distinct eigenvalues. Then
M., has full Lebesgue measure in M, (C). Let U,, be the Lie group of n x n unitary matrices,
and let T, be the manifold of all upper triangular n x n complex matrices, no two of whose
diagonal elements are the same. Let 7 : U, x T, — M, be given by 7(U,S) = USU*.
Dyson proved his result by evaluating the Jacobian of = (after throwing away the directions
in ker dr) and thereby finding the measure o,, on T, such that letting y, be Haar measure on
Uy, the push—forward measure 7, (yn, X 0,,) on M,, has density K (L 2exp (—nTr(Y*Y)) with
respect to Lebesgue measure on M,,, i.e. the density of a random matrix X(n) € GRM(n, 1).
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This measure o, was found to have density

n

K(g) H ‘Su — Sjj|2 exp ( — nTr(S*S)) (57)

1<i<j<n
with respect to Lebesgue measure on T, where for a matrix S € T,,, Sj; is the 7th diagonal
entry of S; this density (57) is that of the matrix D(n) 4+ T'(n) in Theorem 5.5.
The matrix D.(n) 4+ T(n) in the corollary has density
K10 H |Sii — Sj;* exp (— nTr(S*9))] det(S)[HeDn

csn
1<i<j<n
with respect to Lebesgue measure on T,; since det(USU*) = det(S), and building on Dyson’s
calculation, it follows that the random matrix Y'(n) of (55) has density (56) with respect to
Lebesgue measure on M,,, as required.
An application of Theorem 5.4 shows that Y (n), and hence also D.(n) + T'(n), converges
in *-moments as n — oo to a circular free Poisson element. O

The following lemma shows that the diagonal entries of D.(n) are in a specific sense
asymptotically independent. This will allow their eventual decoupling; (see Remark 5.9).

Lemma 5.7. For ¢ > 1 and n € N let p, be the probability measure on C™ whose density
with respect to Lebesgque measure is

n " 2(c—1)n
Dy, 20) = K& exp(=n > [zif) (T] ) I1 15—
=1 i=1

1<i<j<n

Given p € {1,2,... ,n} let uﬁf’) be the marginal distribution of w, corresponding to the first

p variables z1,...,z,. Then for every p € N, ,u%p) converges in weak® topology and in x—

P

moments as n — oo to the product measure X p, where p is uniform distribution on the
1

annulus {z € C | Ve —1 < |z| <+/c}.

Proof. This is quite similar to the proof of Lemma 5.3. Let o = (¢ — 1)n. Consider first the
case p = 1. Let 1y, 11,9, ... be the polynomials obtained via Gram—Schmidt orthonormal-
ization of the sequence 1,z,22,... in L2(C, |2[>*¢™"*" d(Re 2)d(Im 2)). Then

nk+a+1

Vi(z) = \/WF(k Yo+t 1)zk'

Using the Vandermonde determinant we have

Yo (21) Yo(z2) -+ olzn)
I (5—=)=KDader | D) i) oo dala)

1<i<j<n

Yor(2) tna(zz) - (o)
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for some constant Kc(ln1 ),

Dy(z1,y... y20) = Kc(}nz) (H |zz\)

=1

Therefore

Z sign(m H (i)—1(2)

TESH =1

2 n
exp (—nz \zz|2> :
i=1

Writing
H¢’n(z’)—1(zz’) = VYr(1)-1(21) ® Vr2)-1(22) ® - - - @ Yr(m)—1(2n)
i=1

and noting that as 7 ranges over the permutation group S,, these form an orthonormal family
with respect to the measure (I];_, \zi\)za exp(—n Y i |zi[*) on C", we find K32 = (n)-1,
Moreover, the density of ug) with respect to Lebesgue measure on C is

D,.(z) = D, (2,29,...,2,)d(Re 2z1)d(Im z) - - - d(Re z,)d(Im z,)
Crn-1

1 — 2 2a n|z|? n’ = nk‘z‘2k+2a 2
- a2 N _ETT T e
y (gm(zn ) e et = Y e

k=0

We shall show that ,u( ) converges in *—moments to p. Clearly if a,b € NU {0} and if a # b
then

/C 245Dy (2)d(Re 2)d(Im z) = 0 — / 220 dp(2).

(]

tim [ 0 ) = [ [Pao(e
n—00

for all b € N U {0}. We have

Hence we need only show

Yo N1 nk
/ |2 i) (2 Z NCE Yo+ 1) / | 2[R+ Dm) o -nlzl” g(Re 2)d(Im 2)
k=0
n—1 nk—|—(cfl)n o0
_ b+k+(c—1)n ,—nt
= / t e "dt.
= T(k+(c—Dn+1) Jo
Writing
n—l k+(c—1)n
fn (t) — n tb+k+(c—1)ne—nt’
—T(k+(c—1n+1)
we have

(o) 1 o
/ |2 dui) (2) = / ' fut)dt = ——— [ " f()dt =
c 0 b+1J,
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1 (P(cn+b+1) P((c—l)n+b+1)) _

= b+1 nb*+T (cn) nb*t 10 ((c — 1)n)
— bil(c(c—k%)...(c—l—%) - (0_1)((0—1)4‘%)---((c—l)-}-%))
= bil (= (c—1)"") = /C 12?2 dp(2).

Hence ,ug)

converges in x—moments to p as n — 00; since p is compactly supported it follows
that u(nl) converges in the weak* topology to p.

The density of ,ug) with respect to Lebesgue measure is

Dn,?(zla 22) = Dn(zla Ry ue 7Zn)d(R‘e 23)d(1m Z3) e d(R‘e Zn)d(lm Zn)
Cn-—2
1 : : - oh oo () a,—nlz;|?
= 5 2 sien(msien(o) [ TL(0ro-sGbooiGlaloe ")
" 1,0€Sn e
- d(Re z3)d(Im z3) - - - d(Re z,,)d(Im z,)
1 -
= o (PR = b)) el nle))
0<k,f<n—1
) . |Z1‘Za‘22|2a6—n(\z1‘2+|z2‘2)
1 n—1 2
n —_— —n(|z1]2+]|20/2
= mDn,l(Z'l)Dn,l(ZQ) T =1 Zwk(zl)wk(zg) |21|2%| 25 |2@e (21" Hl22 )
k=0

Hence as a linear functional on Cy(C?), the norm of ug) — ,ug) ® ,ug) is bounded above by

2/(n — 1). Therefore ;Af) converges in the weak™ topology as n — 0o to p X p. Arguing as
in the proof of Lemma 5.3 and using Theorem 5.2, we conclude that for every p > 1, /lep )
converges in weak* topology to X p, which we will denote by v®.

1

It remains to show that u'?) converges to »®) in *-moments, namely that

~ [p— kp=—tp 7, (P B Ry — kp=—tp 7 (D
7112{)10 2z ---zp”zppdug)(zl,... ,zp)—/ 'z ---zp”zpf’du()(zl,... ) (58)

for every ky,...,kp, ¢1,...,¢, € NU{0}. Exactly as in the proof of Claim 5.3.1, one shows
that if h is a positive continuous function on CP then

lim inf / hdu® > / hdy®).

n—oo

Then, considering the real and imaginary parts separately and arguing as in the proof of
Claim 5.3.2, one shows that if f and g are continuous functions on CP, if g > 0, if |f| < ¢
and if limn%wfgdugp) = fgdl/(”) then limn_)ooffdufzp) = ffdy(p). But letting m = ky +



36 KEN DYKEMA AND UFFE HAAGERUP

<+ ky+ 4, +---+ £, we have
|7 2B <1 |2 4 |2

(1)

Moreover, because p,’ converges in s—moments to (!, we have

n—oo

lim [ (14 [0 4 -+ [5)dud) =1+ p lim /|zll2’”du$3)=1+p/|21|2’"dv‘” =
= @ laPm s g

Hence we have (58) and the lemma is proved. O

Lemma 5.8. Let ¢ > 1 and for every n € N let p, and p, be the probability measures on
C"™ whose densities with respect to Lebesgue measure are, respectively,

n 2(c—1)n n
Dy(z1,. - y20) = Kc(’sg (H |zz|) ( H |z; — zj|2) exp (—nz |z,|2> (59)
i=1 i=1

1<i<j<n

2(c—1)n
D (onre o) = K9 (Hw) (znw )exp(—nzm) (60)

TES, i=1

Forpe{l,...,n} let ,uslp) and (11)®) denote the marginal distributions of p, and, respec-
tively, p, corresponding to the variables 21, ... ,2,. Then for every p, (,un)(p) 18 obtained
from un) by averaging over the action of the torus TP on CP given by coordinate—wise mul-
tiplication:

T? x CP 5 ((wl,... L Wp), (21, - .- ,zp)) = (w21, ..., Wp2p).

Consequently, (,u;l)(p) converges in x—moments and in weak™ topology as n — oo to the
P

measure X p, where p is the uniform distribution on the annulus {z € C | Vc—1 < 2| <
1

Proof. Using the Vandermonde determinant we find

n

H 2z — z]* = Z sign(ﬂ)sign(a)Hzf(i)flz_f(i)fl- (61)

1<i<j<n m,0€Sn =1

Averaging (61) over the action of T™ gives

Z ﬁ ARSI

wES, 1=1

From this one easily sees thath(?) = Kc(lﬁ ) and that . is obtained from u, by averaging.

In order to show that (p’n)(p) is obtained from u%) by averaging, it suffices to note that for

any measure 7 on C", the average over the action of T? on the marginal distribution, 7,
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corresponding to the first p variables, is equal to the marginal distribution of the average
over the action of T™ on 7.

)

Since, by Lemma 5.7, u%p converges in *—moments and in weak* topology as n — oo to

P
x p, which is invariant under the action of T?, it follows that (u/)® converges in +-moments
1

p
and in weak* topology to X p. O
1

Remark 5.9. Our main purpose in proving the immediately preceding two lemmas was to
be able to conclude that
lim </ Z{Clz—lél . Z;fpz—pfp d,uglp) - /Zflz—lel .. ZSP%&U d(yé)(?)) =0 (62)

n—oo

for every p € N and every ky,...,kp, l1,...,¢, € NU{0}. It is possible to prove (62)
directly using the Vandermonde determinant and combinatorial arguments, though this sort
of proof is not as satisfying as the one above involving Lemma 5.7, where the limit measure
is found.

Theorem 5.10. Let ¢ > 1 and N € N, and let (A, ¢) be a W*-noncommutative probability
space with random variables ai,... ,ay € A and bj; € A (1 < i < j < N), where a; is a
circular free Poisson element of parameter (c —1)N + j, where each b;j is a circular element
with ¢(b3;b5) = 1, and where the family

(({a, a5 )r<i<n, ({055, bis D 1<ici<n)

is free. Consider the W*-noncommutative probability space (My(A), dn), where

N
on ((wi)1<igan) = N1 b(xy),
7j=1
and consider the random variable
(Ufl bio b1z --- bl,Nfl bin
0 ay by --- b2,N71 ban
1 0 0 as . b3N
r=— € My(A).
o o - 0 anv-1 byoan
\0 0 -~ 0 0  ay

Then x 1s a circular free Poisson element of parameter c.

Proof. For every n € N let Y(nN) be an nN x nN random matrix whose distribution has
density with respect to Lebesgue measure

K| det (V)P exp(—nNTr(V*Y)).
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Then by Theorem 5.4, Y(nN) converges in x—moments as n — oo to a circular free Pois-
son element of parameter c¢. By Corollary 5.6, each Y(nN) has the same *-moments as
SO (nN) ¥DW(nN) + T(nN), where T(nN) € UTGRM(nN, =), DY (nN) is a diagonal

nN x nN random matrix, the distribution of whose diagonal entries has density

N 2(c—1)nN
E® (Hw) ( T —z]\>exp<—nzv2|zz\2> (63)

i=1 1<i<j<nN

with respect to Lebesgue measure on C", and where D) (nN) and T(nN) are independent.

LD® (N) + T(nN), (k €

{2,3,4,5,6}), converges in x—moments as n — oo to a circular free Poisson element of

We will use previous results to show that also each S*)(nV)

parameter ¢, where D®*)(nN) is a diagonal random matrix such that D®*)(nN) and T (nN)
are independent and where the joint distributions of the diagonal entries of D*)(nN) have
the following densities with respect to Lebesgue measure on C™:

2(c—1)nN
fork=2: Kc(ljz)v (H \zﬂ) ( Z H | 2|2 ) exp (—nNZ \zz\2>

TES,N t1=1

2(c—1)nN aN
for k=3 Ké,ﬁf}v( |zz|> ( |zz-|2<i—1>>exp(—nNZmF)
=1

((c=1)N+j—1)n n
fork=4": cln5])V ((H |Z (-1 n+z|> (H |Z(j—1)n+i|2(z—1)) .
j=1 i=1

- exp (—nN Z |z(j_1)n+,~\2)>
i=1

N n 2((c—1)N+j—1)n
fork=5: KU, ((sz<j_nn+,-\) (ZH‘%MM 01)

- exp (—nN Z |z(j_1)n+i|2)>
i=1

N //n 2((c~1)N+j—1)n
7
fork=6: K. ((H |Z(j—1)n+i|> ( IT l2G-vnsi — Z(j—l)n+z~'|2) -

1<i<i'<n

- exp <—nN D 121t |2> ) :
i=1

The proof that S®)(nN) converges in *—distribution to a circular free Poisson element relies
for £ = 2 on Lemmas 5.7 and 5.8, (see Remark 5.9), and Theorem 3.2; for £k = 3 we use
Theorem 3.6; the density for £k = 4 is just a rewriting of that for £ = 3; for £k = 5 we use
again Theorem 3.6; for £ = 6 we use again Lemmas 5.7 and 5.8, and Theorem 3.2.
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We may characterize the above successive transformations as follows: from (63) to k = 2
is decoupling; from k£ = 2 to k = 3 is desymmetrization; from k£ = 3 to k = 4 is regrouping;
from k = 4 to k = 5 is partial resymmetrization; from £ = 5 to k = 6 is partial recoupling.

Taking blocks of consequetive rows and columns to write D) (nN) +T(nN) as an N x N
matrix of n X n random matrices, we have

6 6 6 6 6
(Ag : B§62) B%,) T Bi])\ifl B§é\)/
0 Ag ) B§3) T Bé,])\l—l Bézx)f
6) -, : (6)
SE(nN) = % 0 0 f'13 ' : '- B?N ,
0 0 0 AV, BY,w
\ 0o o 0 0 AP

where

((A0), yens (B M), cyen)

is an independent family of matrix—valued random variables, where Bl(]6 )(n) € GRM(n, 1)
for every 1 < i < j < N and where Ag-ﬁ) (n) = D](.G) (n) + Tj(n) with T;(n) € UTGRM(n, ),
with D](G) (n) a diagonal random matrix, the joint distribution of whose diagonal entries has
density with respect to Lebesgue measure

n 2((c—1)N+j—1)n n n
8
OREN (H \zi|> ( [T 1u- |) exp (—nz w)
i=1 1<i<i'<n i=1
and with DJ@ (n) and T} (n) independent.

Let U;(n) € HURM(n), (1 < j < N), be such that

((AP0) 1 e B ) oy cn T 0), )

is an independent family of matrix—valued random variables. By conjugating the matrix
SO (nN) with diag(Uy (n), Us(n), ... ,Uyx(n)) and by using Corollary 5.6 and the fact that the
class GRM(n, 1/n) is invariant under left and right multiplication by independent unitaries,
it follows that S (nV) has the same *-moments, as

(A" Bg) BY) -+ B}, By )
7 7
0 Ag) B§3) Bé,])\l—l Bézx)f
™ . 7
soam =—| 00 AT B
0 0 0 AP, BY.x
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where

((A§7) (n))lﬁjSN’ (Bg) (n))1§i<j§N> (64)

is an independent family of matrix—valued random variables, where Bz(; )(n) € GRM(n, <)
for every 1 <i < j < N and where the distribution of A§-7) (n) has density

(1
K(cfl)N+j,n

| det(A)[H(E=DNH=Dn oxpy (—nTr(A*A))

with respect to Lebesgue measure on M, (C).
If (‘/}(1))13’5]\7, (V;-(Q))lstN, (Ui(jl))lﬁi<j§Na (Ug))@quv, are non-random n X n unitary
matrices, then

((V;'(l)A;?) (n) V;'(Q)) 1<j<N? (Ui(jl) Bi(]'?) (n) Ui(J'Q)) 1§i<j§N> (65)

continues to be an independent family of matrix—valued random variables, \/}(I)Ag-n (n)Vj@)

has the same distribution as A§-7) and Ui(jl)Bi(j7 ) (n)Ui(jQ) has the same distribution as Bg ) (n).
Therefore, the family (65) has the same joint *—moments as the family (64). Taking into
account also Theorem 5.1 and Lemma 5.3 (as in the proof of Theorem 5.4), we see that
the conditions of Theorem 4.6 are fulfilled, allowing us to conclude that the family (64)
is asymptotically x—free as n — oco. Moreover, (by Theorem 5.4), each A§-7) (n) converges
in *—moments to a circular free Poisson element of parameter (¢ — 1)N + j, while BZ(; ) (n)
converges in * moments to a circular element. Therefore, the entries of the matrix S (n)
model as n — oo the entries of the matrix x in the statement of the theorem. As S(7)(n)
converges in x—moments to a circular free Poisson element of parameter ¢, the theorem is

proved. O

6. INVARIANT SUBSPACES FOR A CIRCULAR FREE POISSON ELEMENT

In this section, we will apply Theorem 5.10 and the general results of §2 to exhibit invariant
subspaces for a circular free Poisson element. We will rely on the result of Haagerup and
Larsen [6, Example 5.2] that the spectrum of a circular free Poisson element of parameter ¢

is {z€C|ve—1<|z] < /c}.

Theorem 6.1. Let (M, ) be a W*—noncommutative probability space with v faithful, let
c>1 and let y € M be a circular free Poisson element of parameter c. Given r > 0, let
pr(y) € M be the projection onto the invariant subspace of y as in Definition 2.4. Then

0 ifr<yec—1
Vpr(y) =12 —(c—1) ifve—1<r< /e (66)
1 if r > \/c.



INVARIANT SUBSPACES OF VOICULESCU’S CIRCULAR OPERATOR 41

Proof. We may without loss of generality assume that M = {y}", which implies M = L(F3)
and 7 is a trace. Let N € N and let

(al bio b1z --- bl,N—l bin \
0 ag by --- bZ,N—l bon
1 0 0 as . b3N
Tr=— € My(A).
0 0 -+ 0 an-1 bynoin
0 0 - 0 0 ay

be the circular free Poisson element of parameter ¢ as in Theorem 5.10, where we take (A, ¢)
to be a W*-noncommutative probability space. Thus a; is a circular free Poisson element of
parameter (¢ — 1)N + j, each b;; is a circular element and the collection of all a; and b;; is
x—free. For k € {1,... ,N}, let

=diag(1,...,1,0,...,0) € M,(C1) C M,(A).
k ti

Another application of Theorem 5.10 shows that in the W*-noncommutative probability
space

(ex M (e /Y OnTeprryner) = (Mi(4), 00,

the element w/%ekacek is a circular free Poisson element of parameter %(c — 1) + 1. Hence

by [6, Example 5.2], exze, has spectrum

{zec‘\/c——lg\z\g,/(c—1)+§}.

Similarly, if & < N then denoting by 1y the identity element of My (A), we find that in the
W*—noncommutative probability space

(v — er) Mn(A)(An = er)s A/ Fm PN N1y —en) M (A) 1y —en)) = (MN—i(A), dn—k)

the element /" (1n — ex)z(1y — €4) is a circular free Poisson element of parameter ™.

Hence (1y — ek) (Inx — ex) has spectrum

{zEC‘\/(c—1)+%§|z|§\/E}.

Therefore, by Proposition 2.2, if £ < N — 2 and if

/ k / kl
C—]_ NS +

then e, < py(z) < exy1 and consequently £ < 4(p,(y)) < EHL. Letting N grow without
bound and choosing k£ appropriately implies (66). O
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Some further facts concerning these projections p,(y) are collected below in Theorem 6.3,
for the proof of which we will use the following lemma.

Lemma 6.2. For every ¢ > 1 let (4., @) be a W*—noncommutative probability space and
let y. € A be a circular free Poisson element of parameter c. Given ¢y > 1 and a sequence
(€n)$° in [1,00) converging to cy, we have that y., converges in x—moments to Y., asn — oo.

Proof. The positive part h. of y. has the same moments as the measure p. on R, whose
density with respect to Lebesgue measure is
dpe /(2 —2)(t? — d2)

= 1 t
dt 7Tt [d01d1]( )’

with dy = 1 —+/c and d; = 1+ y/c. Since y, has the polar decomposition y. = u.h, where u,
is a Haar unitary and where u. and h. are x—free, the x—moments of y. can be expressed as
certain polynomials in the moments of p.. Clearly, the kth moment of p., converges to the
kth moment of p,, as n — oo. O

Theorem 6.3. Lety be a circular free Poisson element of parameter ¢ in some W*—noncommutative
probability space (M, ), with ¢ faithful. Then

(i) ps(y) converges in the strong® topology to p.(y) as s — r.
(ii) If Ve — 1 <r < \/c then in the W*-noncommutative probability space

<pr (y) Mpr(y), ml/) fpr (y)Mp,,.(y)) ) (67)

V(p, (y) " ?yp,(y) is a circular free Poisson element of parameter 1+ (c—1) /¢ (p,(y)).
Hence the spectrum of yp,(y) relative to p,(y)Mp,(y) is

o(ypr(y) ={z € C|Ve-1< 2| < Vr}.

(iii) If Ve — 1 <1 < \/c then in the W*—noncommutative probability space
((1 = 2 ()M = (V) T ¥ f(l—m(y))M(l—m(y))) ;

(1- w(pr(y)))_lﬂ(l —pr(y))y is a circular free Poisson element of parameter c/(1 —
¥(p,(y))). Hence the spectrum of (1 — p,(y))y relative to (1 — p,(y))M(1 — p,(y)) is

o((1=p(y))y) ={z € C|Vr < |z] < e}

(iv) If x is the upper triangular N x N matriz given in Theorem 5.10 that is a circular

free Poisson element of parameter c, then for every k € {0,1,,... ,N} and letting
r=+/(c—1)+ k/N, we have p,(x) = diag(1,...,1,0,...,0).
Vi(e—1)+k/ pr(2) 8( )
k times

Proof. We know from general principles that p. (y) < p.(y) if 7' < r, and from Theorem 6.1
we have that limg_,, ¥(ps(y)) = ¥ (p-(y)); as ¢ is faithful we conclude (i).
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Let us now prove (iv). Arguing as in the proof of Theorem 6.1, we have e, < p,(x)
whenever r > /(c— 1)+ k/N. We may take the W*-noncommutative probability space

(A, ¢) so that ¢ is a faithful trace, in which case, since inf{y)(p,(z)) | 7 > /(c— 1) + k/N} =
k/N, it follows that

ee = N{p(@)|r> Ve=1) +k/N}.

Thus ey, is the limit in strong* topology of p,(x) as r tends to m from above.
Using (i), it follows that e, = p\/m(x)

For (ii), let us show that v (p,(y))~"?yp.(y) is circular free Poisson of the desired pa-
rameter, first in the case when ¥ (p.(y)) = k/N is rational. We may take (M,)) to be
(My(A), ¢n) and y to be equal to the N x N matrix z as in Theorem 5.10. By (iv), the
noncommutative probability space (67) is (Mg(A), ¢x) and

/al big b1z --- bl,k—l b1k \
0 ax boz --- b2,k—1 bay
1 (y) = 1 0 0 a3 . : bag
1/)(pr(y))ypr Yy) = AR L . )
0 0 -+ 0 ag—1 br—1k
\O 0 -~ 0 0 & )

where a; is circular free Poisson of parameter (c — 1) N + j. Applying again Theorem 5.10,
we obtain that 1 (p,(y))~"/?yp,(y) is circular free Poisson of parameter 1+ (¢ —1)/4(p,(y)).
When r is such that 1(p,(y)) is irrational, then using (i) we have that yp,.(y) is the strong*
limit of yps(y) as s tends to r through rational numbers. Hence by Lemma 6.2 and the
continuity in r of of 1 (p,(y)) implied by Theorem 5.10, it follows that ¢ (p,(y)) =" ?yp,(y) is
circular free Poisson of parameter 1+ (¢ — 1)/¢(p,(y)). The statement about the spectrum
follows from the result of Haagerup and Larsen [6] that we’ve been using repeatedly.
Part (iii) is proved similarly. When ¥ (p,(y)) = k/N is rational then we get

/ak—f—l betik+2 Oktikrs -0 Dkpin-—1 bk—f—l,N\
0 ak+2  bryok+s - bpran—1 brion
L= | O e ]
1 —(pr(y)) N—k
0 0 tee 0 anN—1 bN—l,N
\ 0 0 00 an

where ay.; is circular free Poisson of parameter (¢ — 1) N + k + j. The remaining part of the
argument is like for (ii) above. O
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The following proposition shows that p.(y) is characterized by the spectral conditions
in (ii) and (iii) of Theorem 6.3.

Proposition 6.4. Let Y be a circular free Poisson element of parameter ¢ > 1 in a W*—
probability space (M, ), with ¢ faithful, and let \/c —1 < r < /c. Suppose p € M is a
projection such that

(i) yp = pyp

(i) opap(yp) C{2z € C | Ve—-1< 2| <7}

(i) o1 pau (1= P)y) € {z € C |7 < J2] < V).
Then p = p,(y).

Proof. Note that (i) implies (1 — p)y = (1 — p)y(1 — p). Let M be normally and faithfully
represented on a Hilbert space H. For £ € pJH we have

lim sup ||y¢]|Y/™ < limsup || (pyp)" ||/ < r,

n—oQ n—o0

where the last inequality is because the spectral radius of pyp is < r. Hence p < p,(y).

In order to prove the reverse inequality, it will suffice to show p > p,(y) for all 0 < s < r,
because s — ps(y) is strong*—continuous by Theorem 6.3(i). Let 0 < s <7, € (1 —p)H
and let n € E4(y), i.e.

lim sup [|y"n||"/" < . (68)

n—oo

Set & = ((1 —p)y*(1 —p)) "¢ Then &, € (1 — p)H and, because the spectral radius of
((l—p)y*(l—p))_1 is < 1/r, we have limsup,,_, . ||&,||*/" < 1/r. Since (1—p)3 is an invariant

subspace for y*, we have £ = ((1—p)y*(1-p))"& = (y*)"&. Therefore (¢, n) = ((y*)"&n, m) =
(€,9™n), so using (68) and Schwarz’s inequality we have limsup, . [(£, 7)™ < s/r < 1,

which shows that (£,7) = 0. Hence (1 —p)H L Es(y) = ps(y)H and therefore ps(y) < p. O

Remark 6.5. The proof above shows that the subspace
E.(y) = {¢£ € H | limsup ||yk€||1/1c <r}
k—o00

is closed; thus we have p,(y)H = E,(y), without taking the closure.

The next example, however, shows that the sort of spectral decomposition found in The-
orem 6.3 and closedness of the subspace E,(y) do not always hold.

Example 6.6. Let 3 = @,-, Hy, where 3 is k-dimensional Hilbert space with orthonor-
mal basis egk), . ,e,(ck) and let T = ;- , Tj;, where T, € B(H}) is the nilpotent operator

0 j=1
P 2< <k
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It is well-known that the spectrum of 7 is the closed unit disk D — see for example Brown |2,
Example 4.10]. However, if r > 0 then E,(T) is dense in 3, so p,(T) = 1 and the spectrum

of Tp,(T) is D. Moreover, if 0 < r < 1 then the vector Y o, %e,(ck) is not an element of
E,(T); this shows that E,(T') is not closed. Note that T' € @,-, B(H}), which is a finite

von Neumann algebra.
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