Chapter 3

Generators and relations for the
Ivanov-Shpectorov geometry

3.1 The Ivanov-Shpectorov geometry for the O’Nan spo-
radic group

In this chapter we will give generators and relations for the universal completion of the
amalgam related to the Ivanov-Shpectorov geometry for the groups O’ N and 30’ N. To
recall, this is a geometry of rank five with the following with the following Buekenhout
diagram:

Also recall that the geometry of 30’N is a triple cover of the O’ N-geometry where
Z(30'N) acts as a group of deck transformations. The maximal parabolics are Gy ~
Ji, Go ~ Mj; and G5 ~ (Zg * Qs * Qs) : As (Gs and G4 will be constructed later
on). In difference to the Buekenhout geometry, we can construct a presentation for
this geometry successively using simply connected geometries for Lo(11), My, J1 and
Zg : A5.

3.2 A presentation of .J;

It is known by [15], that the group G ~ J; acts flag-transitively on a rank four geometry
I' with the following Buekenhout diagram:
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The maximal parabolic subgroups are Gy ~ Ly(11), Gy ~ Zy X A5, G3 ~ S3 x Do and
G4 ~ 7y x As, read from the left to the right in the diagram. Furthermore we have
B = G1234 ~ ZQ and B = Z(G4) (see e.g. [12])

It is known from [15], that I' is 3-simply connected. We use I' to construct a
presentation for J;. The following amalgam corresponds to I' (see e.g. [12]): G12 ~ As,
Gis ~ D12, Gia ~ Dra, Gag ~ Dra, Goy = 73, Gy =~ Doy, Gaz =~ Sz, Graa =~ Gi3q =~
G234 >~ Zg and B ~ Zs.

We set B =:< 2z >, Gia3 =:< z,t >, Giag =:< 2,b >, G134 =:< z,a, > and
Gogq =:< z,a >. Thereby we hold the following relations:

Ro:22=a’>=a2=0=t3=1,
R : [2,0] = [z,an] = [2,0] = 1,t* =t~ L.
The diagram yields the following relations:
Ra : [a,b] = [a,t] = [an,t] = (aa,)® = (a,b)? = (tb)° = 1.

3.2.1 Additional relations for G4

The residue of G4 in I' has the Coxeter diagram:
5

o0—0——o0
1 1 1

The corresponding Coxeter group C' is isomorphic to Zs x As such that Z(C) acts
non-trivially on the geometry. Hence, using the relations obtained so far, we have
< 2,a,an,b >~ 72 x As.

Let C =< a1,a2,a3 | a3 = a3 = a3 = (a1a2)° = (aza3)® = 1 >. Then o(ajazaz) =
10 and therefore we have < ay,az,as | a2 = a3 = a3 = (a1a2)® = (aza3)® = (a1a20a3)° =
1 >~ Aj by adding a (2,3, 5)-relation to the Coxeter relations.

Since Z(G4) =< z > acts trivially on the residue of G4, we have to distinguish two
cases, namely, a, € G and a, ¢ G). If a, ¢ G (a € G)), we can assume w.l.o.g.
that a and b are also not contained (are contained) in Gj. Thus we can add either the
relation

R235)-1: (zaanb)® =1

or

R235)-2 : (aanb)® = 1.

In both cases we hold < z,a,a,,b >~ Zo x As. The correct relation will be distin-
guished by the amalgamation with Gj.
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3.2.2 Additional relations for GG,

We have to ensure that Gio =< z,b,t >~ As. Using the relations obtained so far we
hold < z,b,t | 22 = b2 =3 = 1,(th)®> = 1,[2,b] = 1,t* = t71 >~ 7Zy x A5 where
< t,b >~ As;. We identify ¢ with the element (123) of As, z with (23)(45) and b
with (24)(35). Using this identification we hold tb = (14253) and [b,t] = (15423), thus
z = tb[b, ]3> = bt[b,t]?. Therefore we have to add the relation

Ra:z=btb,t)2

Using the relations R4, we find G13 =< z,t,b >~ D19 ~< z,a,,b >= G14. By [18],
this amalgam determines the group G; ~ Lo(11) because it is the amalgam of a simply
connected geometry.

3.2.3 Amalgamation of G3 and G,

Using the relations R,, Ry, Rq and R4, we easily see that a € Z(< z,b,t,a >) and
< z,b,t,a >~ 7y x As. Furthermore we have G3 =< z,t,a,a, >~ S3 X Dy where
< z,t > and < a,a, > are the direct factors of G3. It remains to analyze whether
a, € G or not.

Using the subgroup lattice of J; (given in e.g. [12]), we see that .J; contains a single
conjugacy class of subgroups Dsg. Given such a subgroup U of Ji, its two normal
subgroups of shape Dig are non-conjugate in J;. One of these two classes correspond to
the direct factors of subgroups of shape S3 x D1g. These subgroups have no supergroup
As inside J;. Thus a and a,, are not contained in G’. Together with the fact that T' is
simply connected [15] this yields the following lemma.

Lemma 3.2.1 Let J :=< a,an,b,t,2 | RoOURmURJURAUR 2 35).1 >. Then J ~ J;.

a

3.3 A presentation of M,

By [4] it is known, that the Mathieu group Mj; acts transitively on a geometry T,
related to its 3-transitive action on 12 points, with the following diagram:
P
G O
1 1 1 2

The corresponding maximal subgroups of G ~ Mj; are G; ~ Lo(11), Gy ~ S;,
G3 ~ S3x S3 and G4 ~ GLy(3), read from the left to the right in the diagram (see e.g.
[6]). It is shown in [18], that I is simply connected. Again, we use this geometry to
get a presentation for G.

By the previous section, we hold Gis ~ As, G135 >~ Dis, Gi4 ~ Dis, Giog3 =~ Ss,
G124 ~ Z% ~ G234 and B = G1234 ~ ZQ.
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Since G4 >~ GL2(3), we find G24 ~ Dg, G34 ~ Dlg, G234 ~ Z% and B = Z(G4)
because we have GL2(3) acting on a geometry with the Coxeter diagram for Sy. This
shows that Go3 ~ Dis. As in the last section we set B =:< z >, Giaz =:< 2,1 >,
Gio4 =:< 2z,b > and G334 =:< z,a, >. Moreover we set (Gozy =:< z,v >. Therefore
we find the following relations:

RL:22=0v?=a2=02=13=1,

R z,0]) = [2,a0] = [2,0] = 1,¢7 =t~ L,

The diagram yields the following relations:

Ry [0, t] = [an, t] = (anb)? = (va,)? = (tb)° = 1, (vb)? = z.

Since G19 =< z,t,b >~ A5, we add again the relation

'y 1z = bt[b, t)?

in order to get G1 =< z,b,t,a, >~ Lo(11).

Using the relations R, R;, and R/, we already see that G4 =< z,b,an,v >
GL2(3). Furthermore it is easy to see that these relations give Go =< z,t,b,v >~ S5.
Obviously, we have [t,va,| = 1, which is enough to prove G3 =< z,t,ay,,v >~ S3 X Ss.
Then by the results of [18], we have the following lemma:

Lemma 3.3.1 Let M :=< z,t,b,a,,v | R,UR,, UR,UR'y >. Then M ~ M.

3.4 Some geometry for 7 : As

It is known by [17], that a maximal parabolic subgroup P of the group Z,L3(4) acts
flag-transitively on a geometry I' having the following Coxeter diagram:
1

1
3

51
2

1

= O®

From the diagram of the rank five geometry of Ivanov and Shpectorov [17] we
draw that P N My ~ GL3(3), so Q1(Z(P)) is contained in the Borel subgroup of this
geometry. Therefore we can assume that P is a maximal parabolic in ZsL3(4). Thus
P is isomorphic to Z3 : A5 such that Z(P) ~ Zy, O2(P) is an indecomposable module
for As where O(P)/Z(P) is the natural Ly(4)-module.

Then the maximal parabolic subgroups of the pair (I', P) are: G ~ Az, Gy ~
Sy, G3 ~ 73 and G4 ~ As (the numbering is denoted above the diagram nodes).
Furthermore this implies G113 ~ S3 ~ G4, G13 =~ Z% ~ (o3 and G14 ~ Dyg. Clearly, all
minimal parabolic subgroups are isomorphic to Zs. We set < b >:= Gia3, < a, >:=
G124, < a >:= Gi34 and < v >:= Ga34 and let C be the corresponding (infinite)
Coxeter group. Thus we obtain the following relations:
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Ro:a?=a2 =0 =v> =1,

Rle: [a,b] = [a,0] = [b,v] = (aa,)° = (anb)® = (anv)® = 1.

In view of the aim to give generators and relations for the Ivanov-Shpectorov ge-
ometry, we denote R/, by:

Re : [a,b] = [a,v] = (aan)® = (anb)® = (va,)® =1, (vb)? = 1.

Then C =< a,a,,b,v | Ro N Re >. Again, we have to ensure that Giand G4 are
both isomorphic to As. Thus we have to diminish the order of the two Coxeter elements
aanb~and vana. Therefore we have to add

R2,35) : (aanb)® = (vaga)® = 1.

Using the MAGMA [2] program for coset enumeration, we get the following lemma:

Lemma 3.4.1 Let P:=< a,a,,b,v | Ro UR,U 7i(273,5) >. Then P is isomorphic to a
mazimal parabolic of ZoL3(4).

a

3.5 Generators and relations for the Ivanov-Shpectorov
geometry

We recall that the geometry I' of Ivanov and Shpectorov for the O’Nan group has the
following diagram:

P s

= QN O~
ot
— 0w
— O
[N

The maximal parabolic subgroups G1, G2 and G5 of the pair (I';G) (where G €
{O'N,30'N}) are Gy ~ Jy, G3 ~ My and G5 is isomorphic to a maximal parabolic of
ZyLs3(4).

Let P; be a maximal parabolic in ZsL3(4). According to the last section, we get
generators and relations for P acting on the geometry I's simply by adding a center
which acts trivially such that G5 ~ Zs x A5 ~ G45 and Ga5 ~ GLy(3). Thus we add a
new generator z and transform the relation (vh)? = 1 in R, in (vb)? = 2. Since P; has
to contain a subgroup Zs x As of G1 ~ Jy, we change 7~€(273,5) to

R235) : (zaanb)’ = (vana)® = 1.

Furthermore we add

R.:22=[a,2] = [b,2] = [an, 2] = [v,2] = 1.

We set R, = 7@0 and

Re: [a,b] = [a,v] = (aay,)® = (apb)? = (va,)® =1, (vb)? = 2.

Then we have the following:
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Lemma 3.5.1 Let P, :=< z,a,a,,b,v | Ry UR:U 7@@7375) >. Then P is isomorphic
to a mazximal parabolic of ZsL3(4).

O

We are now able to give generators and relations for the Ivanov-Shpectorov geom-
etry. First we set Rp := R, U R, UR,, thus:

Ro:22=a>=ada2 =0 =0 =13=1.

Then we put Ry := Ry, URL,, thus:

Rur: [2,a] = [2,a,] = [2,b] = [z,0] = 1,#* =t~ L.

We set Rp := RqU R/, UR,, thus:

Rp : [a,b] = [a,t] = [an,t] = [v,t] = [a,v] = (aa,)® = (a,b)? = (va,)? = (th)® =
1, (vb)? = 2.

We recall that R4 = R/ and

Ra:z=btb,t)>

Finally, we set Rz 3 5 := 7@(27375), thus:

R235) (zaa,b)® = (vaya)® = 1.

Then we get that

U :=<2,a,an,b,v,t | RoURMURDPURAUR 235 > is the universal completion of
the amalgam of G, G2 and G5. Using MAGMA [2] for coset enumeration, we hold that
G3 =< z,a,b,v,t >~ Zy x S5 and G4 =< z,a, an,v,t >~ S3x As. So U is the universal
completion of the amalgam corresponding to the Ivanov-Shpectorov geometry.

Theorem 3.5.2 Let I be a flag-transitive geometry with the same Buekenhout diagram
as I'. Assume furthermore that for a flag-transitive automorphism group H we have
Hi/Ky ~ Ji, Hy/JKy ~ My and Hs/Ks ~ 73 : As (a mazimal parabolic in ZoL3(4))
where K; denotes the kernel of the action of H; on the corresponding residue. Then
K1:K2:1 CL’rLdB:K52Z2.

Proof. Clearly, we have that K; is a subgroup of the Borel group B of I'' in H for all
i. Since the Borel subgroup of the geometry for Hs/Kj is trivial, we hold B = K5. We
have that ng/Klg ~ Lg(ll). We have Klg/Kidng/Ki fori =1,2,thus Ki1o = K; =1
since Hia/K; ~ Ly(11). This implies the assertion. O

Using the Adaptive Coset Enumerator ACE, version 3 [13], we establish the following
theorem:

G ~ 30'N.

As a corollary we hold by Proposition 1.2.4:
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Corollary 3.5.4 The 3-fold cover of the Ivanov-Shpectorov geometry for the sporadic
O’Nan group is universal.



