Chapter 5

Construction of the
Ivanov-Shpectorov Geometry out
of the Buekenhout Geometry

In this chapter we show that a completion of the amalgam related to the Buekenhout
geometry is also a completion of the amalgam of the Ivanov-Shpectorov geometry. This
is done without using the fact that O’N is a completion of both amalgams.

We fix the following notation. G :=< a,z,p, X,Y, Z > and G4 :==< a,z,p, X, Y >~
ZyL3(4) : 21. Using the generators for G4 as given in Chapter 2, we have seen that
Ey =< f1, fo, f3, f5,2 > 74 * Qg * Qg, also Py :=< F,a,p1, f1 >=< F1,a, pp, T >
(Z4 % Qg * Qg) : As with Ey = Oy(Py). Moreover, if Py := Plx, then < P, Py >= G} ~
Z4L3(4). Thus Og(pl ﬂpg) S Sylg(Gﬁl) and S :=< Og(pl ﬂpg),X >c Sylg(G4). Using
the relations of Chapter 2, we get that Oa(P, N Py) =< f1, fa, f3, f4, f5,2,a > since
X = pf3f5 and therefore S =< fi, fa, f3, f4, f5,2,a, X >. Furthermore the relation
fi=2XY fof12? implies Y € S.

5.1 @ has a subgroup L ~ 7 L3(2)

The aim of this section is to establish the following lemma:

Lemma 5.1.1 Let G be the completion of the amalgam A related to the Buekenhout
geometry for O'N. Then G has a subgroup L ~ 73 L3(2).

Again, note that this lemma will be proved without using the group O’ N. We start to
prove:

Lemma 5.1.2 Set b := f4f5_1. Then F :=< a,b,z >~ 173 and F < S.

Proof. Since fy, f5 € Gy, we get [z,b] = 1. Using the relations of Chapter 2, we obtain
[a, b] = [a, f5]f1f3271. By [fg,f5] = 1, we hold [a, f5] = [f2f5a, f5] = f1f3Z thus F' is
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abelian and f3 € F. Moreover o(b) = 4. The fact f3 €< z,a > implies F' ~ Z} since
V= fol fsfafs b= [fa £5 1 = [fa, f5] = 2f3 (f2 = 2%). We need to prove that F is
normal in S. Clearly, we have S =< E;, X > and f; € F (since a? = 271 f1). Using the
relations as given in Chapter 2, we see that a® = a™!, af? = afs and a/> = af; f32 since
f3=la, fo] and [a, f5] = f1fsz. Using [fo, fu] = 1%, f2 = f° = f* and [fo, fs] = 1,
we compute [b, fo] = fi !, hence b2 = bfi 1. Now [b, f5] = [fs, fi] = [fa, f5] = f32,
thus b5 = b='. By b = fafs ', we hold b¥ = fsafsfsfrz~". Using [fs,a] = 2f1f; ",
[fs, f4] = 1 and [f1, fa] = 22, we get bX = afsf122 = ab~ 122, proving the lemma. |

Lemma 5.1.3 Set P, :=< S,p, > and U :=< F, fo, f4 >. Then Py ~ 73Sy, F < Py
and U = OQ(Pl)

Proof. Using our relations, we hold a”" = a~1b~1z and b’ = az?. Since [p,,2] = 1,
we have F < P;.

We show | U |= 2% and U < P;. Using the relations of Chapter 2, we get [f2, f4] =
f1_1 € F and (f2f4)? = [f2, f1]- In particular we hold o(f2f4) = 8. Furthermore
(fof)? = fafo = £ ' f5 1, hence < fo, f1 >~ Q1. Since F is abelian and of exponent
four, |< fo,f1 > NF |= 4 and | U |= 28. In particular we have F < U and U/F is
elementary abelian of order four.

We show U < P;. Our relations prove the following: f5" = f5 = b~1fy, fi" =
b~lazfyfo. This shows that < fo, f1, pn > F/F ~ A4. Moreover Y € S and p,p) =
22a~'b and the lemma is proved. O

>.

Lemma 5.1.4 Set g := (ZX)?, z := (bz)gil, P=<Sx>and W :=< F, XY
Then (22)* = 2202, (a22%)* = 22, Pp ~ 73Sy, F <4 Py and W = O3(P,).

Proof. The action of  on < 22,a? > is verified using the matrices of the previous
chapter. Since o(XY) = 8, we have < X,Y >~ Dj5. Moreover f; = (XY)? and as
above we hold < X,V > NF =< f; >, so | W |= 2% and W/F is again elementary
abelian of order four.

Using the relations of Chapter 2 and the matrices, we get X% = Xb%a™!, Y* =

XYa?b!, 2% = zb%a~!, b* = 2%ab and, by construction, [a,z] = 1. Thus we have
W< Py

We get o(xfy) = 12. Set y := (zf2)* ¢ S. Then one verifies yy* = 2%a®> € F
(x ¢ W), proving the lemma. O

Corollary 5.1.5 We have PPN P, = S, § ~ ZiDg. Moreover U and W are the
preimages of the elementary abelian groups of order four in S/F.

d
Lemma 5.1.6 L :=< Py, P, >~ 73 L3(2).

Proof. By the previous lemmas it remains to show that the Weyl relation holds in
L. Clearly, Y & Py, x ¢ P, and we verify, using the matrices, that o(xY”?") = 12,
(xYPr)3 = za= b1 O
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5.2 Construction of the maximal parabolic groups of the
Ivanov-Shpectorov geometry

In this section we construct the maximal parabolic subgroups Gi ~ Ji, Go ~ Mi;
and G5 ~ (Z4 * Qg * Qg) : As. The group L constructed above contains a subgroup
N ~ 73 : Zy : 7Z3. We construct a group H =~ Zy x A5 using P; such that < N, H >~ J;.

By the previous section, Q1 (F) < Oo(P;)NO2(P,). Therefore Q1 (F) is not contained
in any subgroup of P; of shape Zy x As. Set a := p{( then o € P, — P, and G5 := P;“.
Then Ql(F) N 02(G5) =< 22 >.

Lemma 5.2.1 Set i := (fof5)X. Moreover set A := a, B := z%iPr and A, = 22iP1,
Then U :=< A, A, B >~ 7y x Az, U =< 22A,2%A,,,2°B > and U < P,.

Proof. Obviously, we have U < P;. Since [f2, f5] = 1, we have i2 = 1. Using
the relations obtained in Chapter 2, we compute i = afafsfs ¢ FEi. Furthermore

A% = (afafs)? = 22 fafsfsfafafs = (fofs)? = 1 and A2 = 1. Using the matrices, we get
[A,B] =1, 0o(AA,) = 5, o(BA,) = 3 and o(22AA,,B) = 5, hence U ~ Zy x Aj as in
Chapter 3. O

Lemma 5.2.2 < 22 A B >%= Q(F).

Proof. Using the matrices, we verify the following identities: A% = b and B* = a?b?.
Since [z, a] = 1, the assertion follows. O

We set A := A% B:= B® A, := A%, G5 :=U".
Lemma 5.2.3 Let y:= (vf2)*. Then Ny =< Q1(F), pp,y >~ 73 : (27 : Z3).

Proof. As in the proof of Lemma 5.1.4, we have o(y) = 3. Then the following holds:
5 := pny is of order seven, [p,,y] = s~ and yp, = s, proving the lemma. O

We identify A with (12)(34) and B with (13)(24) in As. Then we can identify A,
with (15)(24). Set d := BA,, then we identify d with (135). With this identification,
we have d := d(A4n)" = (234). Therefore K :=< A, B,d >~ 7y x A,. Since p,,d € Py,
we have p, ~p, d. Set § := X foab™!. Then we verify ,o;i = d, hence we set N := N{S.
This implies G5 N N = K. We prove the following lemma:

Lemma 5.2.4 G :=< N, G5 >~ J,.

Proof. We show G| ~ J; using the generators and relations of the Ivanov geometry
as given in Chapter 3. Set 5 := s*. Then we have (22)° = 224B, (22)¥ ' = 22B € Gy5'
and B5 ' = z2A. Moreover we find 0(22ABA,) = 5. We set A := 22AB, B := B and
A, = A,. Then Gi5 =< A, B, A,, > and (fl, B, An) satisfies all the required relations.
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We set ¢ := BA,. Since (22)¥ ' = zzéj 22 inverts #° and £35. Using the matrices, we
find o([A,,*]) = 5. Thus we set, ¢ := tiAg and compute [A,,,f] = 1. Moreover [A 1] =1
by construction, o(Bt) = 5 and 2z? = Bi[B, ] finishing the proof. a

Let P be a maximal parabolic subgroup of L3(4), j € P — O2(P) an involution.
Then Cp(j) ~ 73 and Cp(j) N Oz(P) ~ Z3. In the extension Z4L3(4) the elements j
and ij are conjugate, where ¢ denotes the central involution. Thus the centralizer of j
in Z4P is of order 32. This group has the structure Zs x (Z4 * Dsg).

We compute C' := C’Gvs(fl). Clearly, z € C, Q1(F) < C and < z,Q1(F) >~ Z x Z3.
Furthermore we find [fl, 8] =1, thus C =< z,Q(F), f§ > and Dg ~< B,fél > qC.

In order to find the remaining generator ¥ to construct Go =< ffn, B 0 > My
(generators as in Chapter 3), we need to compute C_p fos () since the relations [A, 7] =

[t,7] = 1 have to hold. Moreover < B, f$& >=< B, v > must be fulfilled.
Lemma 5.2.5 Set o := Bf§. Then Gy :=< A,, B,1,0 >~ M.

Proof. The involutions in < B, f§ > are the following: 22 (the central involution),
B, Bf$, Bfgo‘ and Bfgf?f‘. Using the matrices, we get [t,2] = 1 only for z = Efgo‘.
Therefore © € {Bf$, ABf§'}. Then we compute o(A,ABf$) = 6 and o(A,Bf§) = 3.
With respect to the relations as given in Chapter 3, we set ¥ := B f§" and the lemma is
proved. O

Corollary 5.2.6 The groups G1, Go and G5 are the end-parabolic groups of the Ivanov-
Shpectorov geometry.

a

Remark. The amalgam (G4, L, G1) has been used by Lempken to construct O’'N
[20].



