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1 Introduction

Problems on eigenvibrations of mechanical structures with elastically attached loads have
important applications. A survey of results in this direction is presented in [1]. An an-
alytical method for solving some problems of this class is also described and analyzed in
[1]. This method can be applied only in particular cases when we are known analytical
formulae for eigenvalues and eigenfunctions of mechanical structures without loads.

In the present paper, to treat the general case we propose a new approach for describing
and finding eigensolutions of problems on eigenvibrations of mechanical structures with
elastically attached loads. To introduce our approach we shall study the problem on
eigenvibrations of a plate with elastically attached load.

First let us describe eigenvibrations of the plate-spring-load system. We shall investi-
gate the flexural vibrations of an isotropic elastic thin clamped plate with middle surface
occupying the plane domain  with the boundary T' [4]. Assume that p = p(x) is the
volume mass density, D = D(z) = Ed®/12(1 — v?) is the flexural rigidity of the plate,
E = E(z), v = v(z), d = d(z), are Young modulus, Poisson ratio, and the thickness of
the plate at the point z € ), respectively, 0 < v < 1/2. Assume that a load of mass M
is joined by an elastic spring with the stiffness coefficient K at the point o € (Q, ie., a
harmonic oscillator with the vibration frequency w = /o, 0 = K/M, is attached at the
point zy € € of the plate.

Denote by w(z,t) the vertical deflection of the plate at the point x € 2 at time ¢, by
&(t) the vertical displacement of the load of mass M at time ¢. These functions satisfy the
following equations (see, for example, [1]):

Lw(z,t) + p(x)d(z)wy(x, t) + ME&(t)d(x —x0) =0, x€Q,t>0,
w(x,t) = Oyw(x,t) =0, zel,t>0, (1)
MEa(t) + K(E(t) + wlzo, 1) =0, >0,

where §(x) is the delta function of Dirac, 9, is the outward normal derivative on I', L is
the differential operator defined by the relation:

Lw = 011D(811w + V@QQUJ) + 822D(822w + u@llw) + 2812D(1 — l/)algw,

where 87;j = Glﬁj, 82 = 8/03:“ Z,j = 1,2
The eigenvibrations of the plate-spring-load system are characterized by the functions
w(z,t) and &(t) of the form:

w(x,t) =u(x)v(t), ze€f, &t)=cou(zo)v(t), t>0,

where v(t) = ag cosvV/At + by sinv/t, t > 0; ag, by, co, and \ are constants.

From the third equation of (1), we conclude that ¢ = o /(A — ), 0 = K/M. The first
two equations of (1) lead to the following nonlinear eigenvalue problem: find values A and
nontrivial functions u(x), = € Q, such that
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Lu+

Ao
Moz — zo)u = A pdu, €9,
P (x — zo)u pdu, =z @

u=0,u=0, xzel.

The present paper is devoted to the investigation of nonlinear eigenvalue problem (2).
In Section 2 we state the variational formulation for differential eigenvalue problem (2). In
Section 3 we introduce parameter linear eigenvalue problems and study their properties.
These parameter eigenvalue problems are used for proving the existence theorem in Section
4. In Section 5 we consider the nonlinear biharmonic eigenvalue problem and demonstrate
numerical experiments. Similar results have been established in [24] for a beam with
elastically attached load and in [23], [12], for a cylindrical shell with elastically attached
load. In this paper we use an analysis analogous to [16].

2 Variational statement of the problem

By R denote the real axis. Let ) be a plane domain with a Lipschitz-continuous boundary
['. As usual, let Ly(Q) and W2(Q) denote the real Lebesgue and Sobolev spaces, equipped
with the norms |.|p and |[|.|2:

1/2

9 1/2
|ulo = /u2 dz o lull = (ZWE) ;
Q =0
where
2 1/2 2 1/2
Jul, = (Z yaiu|3> CJuly = (Zraiju\?)) ,
i=1 ij=1

0; = 0/0x;, 0;; = 0,05, 1,j = 1,2. Denote by I/?/%(Q) the space of functions u from WZ(Q)
such that u = d,u = 0 on I', 0,,u is the outer normal derivative of v along the boundary T'.
Put A = (0,00), H = Ls(Q2), V = V(E/QQ(Q) Note that the space V' is compactly
embedded into the space H, any function from V is continuous on Q. The semi-norm |.|,
is a norm over the space V', which is equivalent to the norm |||
Assume that L., (2) is the space of measurable real functions u bounded almost every-
where on {2 with the norm

|t]0,00 = €s5. sUP |u(z)|.
€

Note that there exists ¢y such that
|U|0,oo S C()|U|2 Yu € WQQ(Q)

Introduce the numbers K > 0, M > 0, 0 = K/M. Define functions E, v, p, and d from
L (), for which there exist positive numbers Ey, Fa, p1, p2, d1, dg, such that

El SE(%) SEQ, 0<V<£C> < 1/2,
p1 < p(x) < pa, dy < d(z) < d,
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for almost all z € Q.

Set
Ed3

T 1201 —22)
Define the bilinear forms a : V xV — R, b: Hx H —- R, ¢: V xV — R, and the
functions &(u), p € A, (1), p € A, by the formulae:

D

CL(U, ’U) = /D[(anu -+ 822u)(8111) -+ 822'11) +
Q

—|—(1 — V) (2812“(9121) — 811u822v — (922U(911’U>] d.’L',
b(u,v) = /pd uv dux,

Q
c(u,v) = Mu(zo)v(zg), u,veV,
o
C(p) = , BEA,
o — p
o
f(:u) = a ’ /“L€A’
w— o

where z is the fixed point on (2.
Consider the following differential eigenvalue problem: find A € A, u € V\{0}, Lu € H,
such that
Lu+ AN Md(x — zo)u = A pd u.

This differential problem is equivalent to the following variational eigenvalue problem:

find A € A, uw € V'\ {0}, such that
a(u,v) +&£(A) c(u,v) = Ab(u,v) Vo e V. (3)

The number A that satisfies (3) is called an eigenvalue, and the element u is called an
eigenelement of problem (3) corresponding to A. The set U()) that consists of the eigenele-
ments corresponding to the eigenvalue A and the zero element is a closed subspace in V/,
which is called the eigensubspace corresponding to the eigenvalue A\. The dimension of
this subspace is called a multiplicity of the eigenvalue A. A pair A\ and u is called the
eigensolution or the eigenpair of problem (3).

Remark 1 Equation (3) can be written in the following equivalent form:

a(u,v) = Ab(u,v) + ((A) c(u,v)) Yve V.
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3 Parameter eigenvalue problems

Put Ay = (0,0), Ay = (0,00).
Let us write problem (3) for A # o as two following problems on the intervals A; and
A2'Find A€ Ay, ueV\ {0}, such that
a(u,v) = A(b(u,v) + ¢(A) c(u,v)) Yo e V. (4)
Find A € Ay, u € V' \ {0}, such that
a(u,v) + &) c(u,v) = Ab(u,v) Yo e V. (5)

For problems (4) and (5) we introduce parameter linear eigenvalue problems for fixed
parameter pu € A.
Find ¢(pn) € R, u € V '\ {0}, such that

a(u,v) = @(p)(b(u, v) + C(p)e(u, v)) Vv eV. (6)
Find ¢ (p) € R, uw € V' \ {0}, such that
a(u,v) +§(p)e(u, v) = P(p)b(u,v) Vo eV, (7)

Define the subspace V5 = {v : v € V v(zo) = 0} of the space V. Let us consider the

following linear eigenvalue problems in the spaces V' and V;, for bilinear formsa : V xV — R
and b: H x H — R.
Find \° € R, uw € V'\ {0}, such that

a(u,v) = \°(u,v) Yo e V. (8)
Find Ao € R, u € V4 \ {0}, such that
a(u,v) = Agb(u,v) Vo € V. (9)

The results on the existence and properties of eigensolutions for linear eigenvalue prob-
lems (6)—(9) will be obtained by using the following lemma.

Lemma 2 Let W be an infinite dimensional real Hilbert space with the norm ||.||. Assume
that bilinear forms a : W X W — R and b: W x W — R are symmetric and satisfy the
following properties:

alllo]? < a(v,v) < ol VoeW,
0 < bv,v) < B> VveW)\ {0}
Suppose that the following compactness property is valid: for any bounded sequence v; € W,

|vil]| < C,i=1,2,..., Cis a constant, there exists a subsequence v;;, j =1,2,..., and an
element w € W such that ||v;; — wl|[y — 0 as j — oo, where ||v||y, = \/b(v,v), v € W.
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Then the eigenvalue problem: find A € R, w € W\ {0}, such that
a(u,v) = Ab(u,v) YveW

has a denumerable set of real eigenvalues of finite multiplicity A\, k = 1,2, ..., which are
repeated according to their multiplicity:

The corresponding eigenelements uy, k= 1,2,..., form a complete system in W such that

b(ui,uj) = 6ij7 CL(UZ‘, Uj) = >\i6ij; Z,j = 1, 2, N
The following relations hold:

M = R(ug) = min R(v) = max R(v),

veSK\{0} vEEL\{0}
A= min max R(v), k=12 ...,
Wi CW veW, \{0}

where R(v) = a(v,v)/b(v,v), v € W\ {0}, S; =W, Sy ={v:veWbu) =0,i=
1,2,...,k =1}, k = 2,3,..., Ey is the subspace spanned on the eigenelements u;, i =
1,2,...,k, Wy is k-dimensional subspace of the space W, k=1,2,...

Proof Define the operator A : W — W by the following equality:
a(Au,v) = b(u,v) Yu,ve W.

Then the variational eigenvalue problem can be written as the operator eigenvalue problem:
find A € R, u € W\ {0}, such that
u = Au.

It is not difficult to verify that A is a self-adjoint compact operator. Using spectral theory
of self-adjoint compact operators in the Hilbert space [2] we obtain all assertions of this
lemma. O

The following lemma formulates the properties for bilinear forms of eigenvalue problems

(3)-(9).

Lemma 3 The following inequalities hold:

Wil < a(we) < el eV,
Bilv|z < blv,v) < Bolvl? Yv € H,
0 < clv,v) < %Pl WweV,

’LUh67’6 o = Di, ﬁl = pld“ Z = 1,2, Dl = Eld:f/12, Dg = Egdg/g, Yo = C(Q)M
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Proof The inequalities follow from the definitions of the bilinear forms and the assump-
tions on the coefficients. O

The Rayleigh quotients associated with eigenvalue problems (6)—(9) are defined by the
formulae:

B a(v,v) ;
Balwv) = 5 ey VSV VOB eE A
Ro(pv) = “<“’“);f($>c(“’“), veV\ {0}, 1€ M,

a(v,v)
R = VA {0}.
0 = e vevi)
Problems (8) and (9) have a denumerable sets of real eigenvalues of finite multiplicity
N, k=1,2,..., and Ao, k = 1,2, ..., respectively, which are repeated according to their
multiplicity:

D<A <A< ... <A <., khmAgzoo,
O<)\01§)\02§...§)\0k§..., khm)\gk:OO
The corresponding eigenelements u?, k = 1,2,..., and ug, k = 1,2,..., form a complete
systems in V' and Vj, respectively.
Let us introduce the following eigenvalue problem.
Find A* € R, uw € V' \ {0}, such that
a(u,v) = XNc(u,v) YveV. (10)

It can be easily prove that eigenvalue problem (10) has only one eigenvalue \*, which is
positive and simple. There exists a unique normalized eigenfunction u*, a(u*,u*) = 1,
u*(zg) > 0, corresponding to the eigenvalue \*.

Assume that there exists an eigenfunction u of eigenvalue problem (8) such that u(xg) #
0. In the converse case, the existence of eigenvalues of problem (3) is stated by Remark
13.

Lemma 4 For fized i € Ay problem (6) has a denumerable set of real eigenvalues of finite
multiplicity op(p), k= 0,1,..., which are repeated according to their multiplicity:

0<@o(p) <er(p) <. <) <.y lim pr(p) = 0.
The corresponding eigenelements v, k = 0,1,..., form a complete system in V such that

b(UzH7 Uél) + C(ILL)CO};L?U;}J) = @1(“)7151]7 a(UzH?IU;'L) = 5%]7 Za] = 07 17 s
The following relations hold:

er-1(p) = Ri(p,vp_y) = min  Ri(p,v) = max Ri(p,v),
R est(w\ {0} ve B (1)\{0}

_ = mi R k=12 ... A
Or—1(1) jnin, max 1 (s ), 2,00, pE N,
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where S () =V, Si(p) ={v:v e V,a(v,vt ) =0,i=1,2,....k—1}, k=2,3,..., El(n)
is the subspace spanned on the eigenelements vt |, i = 1,2,... k, Wy, is k-dimensional
subspace of the space V, k=1,2,...

The following limit properties hold: @o(p) — 0 as u — o, p € Ay, prp(p) — O as
w— o, u € N, o >0, k =1,2,... Moreover, the following representation is valid:
wo(p) = cu(oc —p) +o(oc —p) as p — o, u € Ay, where ¢, is a positive constant.

Proof Let us first prove that all conditions of Lemma 2 are fulfilled for problem (6). By
Lemma 3 we have the ellipticity and boundedness of the bilinear form a : V x V — R and
we obtain the following property:

0 < b(v,v) +((n)c(v,0) < Bofvl; Yo e V\{0},

where By = 35+ ¢ (1)v2, B2 and v, are defined in Lemma 3.

If v, € V, vl < C,i=1,2,..., C is a constant, then there exists a subsequence
vi;, 7 = 1,2,..., and an element w € V such that [jv;; — w|; — 0 as j — oo, where
v]l; = V/b(v,v) + ((p)e(v,v), v € V. Here we take into account that the space V is
compactly embedded into the space H and that any closed interval is a compact set on R.

Thus, all conditions of Lemma 3 are fulfilled and we obtain the result on the existence
of eigensolutions for problem (6).

Let us now prove limit properties for eigenvalues of problem (6). We start by writing
the eigenelement u, u(zq) # 0, of problem (6) in form of the expansion:

ule) = 3 (o) = 3 S ol ),

where (1) is the eigenvalue corresponding to u, \? and u?, i = 1,2, ..., are eigensolutions
of problem (8). Therefore, for = = 7 we get

N ) 0 Ve
u(@o) = 3 30— oy (0 (0) (o).

Consequently, the eigenvalue ¢(1) is the root of the equation

o—p 1
oM m—G(w(M)),

where

Glom) = 3 Lt

A= (i)

This equation implies the limit properties for eigenvalues. O
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Lemma 5 For fized i € Ay problem (7) has a denumerable set of real eigenvalues of finite
multiplicity (), k = 1,2,..., which are repeated according to their multiplicity:

0 <¢n(p) <dha(p) <. < u(p) <oy lim ghe(p) = o0
The corresponding eigenelements wy,, k = 1,2, ..., form a complete system in V' such that

b(wi', wy) = 05, a(w], wf) + E(p)e(wi, wf) = Yi(p)diy, 1,7 =1,2,...
The following relations hold:

Ur(p) = Ro(p,w!) =  min  Ro(p,v) = max  Ro(u,v),
()= Ralin ) = i T2 = gy )

= mi Ro(p,v), k=1,2,..., € Ay,

Yi(p) = min omax 2 (1, v) ft € Ay

where S (p) =V, Si(u) ={v:veVblv,w!)=0,i=1,2,....k—1}, k=2,3,..., EZ(u)

is the subspace spanned on the eigenelements w!, i = 1,2,...,k, Wy is k-dimensional
subspace of the space V, k=1,2,...

Proof The assertions of this lemma follow from Lemmata 2 and 3. O

As usual, let — and — denote strong and weak convergences, respectively. For brevity,
we shall use the same notation for a family and for its subsequence.

Lemma 6 The functions pr(p), p € Ay, k=0,1,..., are continuous nonincreasing func-
tions. The following relations hold: @o(p) — 0 as p — o, p € Ay, pr(p) — Aog as
w— o, p€ N, k=12,... Moreover, the following representation is valid: @o(p) =
N(o—p))o+olc—p) as p — o, p € Ay. From the family vy, a(vy,v}) =1, p € Ay,
one can extract a subsequence such that v, — ug, 'V as p— o, p € Ay, a(uok, uor) = 1,
k= 1,2,... If Aox ts a simple eigenvalue, then the convergence can be established for
the whole family vy, with a(vy,uor) > 0, p € Ay, k = 1,2,... For the whole family vy,
a(vy,v) = 1, vf(zg) > 0, u € Ay, we have the convergence vy — u* in'V as u — o,
€ Ay, where a(u*,u*) =1, u*(xg) > 0.

Proof (1) By Lemma 4 and the definition of the function ((u), p € A;, we obtain
that the functions ¢x(p), © € Ay, k = 0,1,..., are continuous nonincreasing functions.
Moreover, the following limit properties are valid: po(p) — 0 as p — o, p € Ay, wo(p) =
ci(o—p)+o(oc — ) as u — o. From the family vfj, a(vfj, vf) = 1, u € Ay, one can extract
a subsequence such that vff — w in V| vff — w in H, vf(ze) — w(zg), as p — o, u € Ay,
where w € V.

Using the equation

a(vy,v) = @o(p)(b(vg,v) + ((w)e(vy,v)) Vo eV
as i — o, i € Ay, we get the equality

a(w,v) = ac(w,v) Yv eV,
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where w € V, a(w,w) =1, a = \* = c,0, w = u*.
The strong convergence for the subsequence vy — w in V as p — o, p € Ay, can be
derived from the relations:
aleh —wl} < a(ul —w ol —w) =
= a(vg,vg) - 2(1(1}(/;,?1)) +CL(U),U)) =
= 2—2a(vf,w) —
— 2—2a(w,w) =0

as L — o, 1 € Ay.

Since \* is a simple eigenvalue, we obtain the strong convergence vy — u* in V as
pu— o, i € Ay, for the whole family vy, a(vi,v}) = 1, vf(zo) > 0, p € Ay,

(2) Let us prove that o, (1) — Aop, V% — wp, in V, as p — o, p € Ay, n = 1. Set
)\00 - O

By Lemma 4 we have

0<@n(p) =Ri(p,vh) = min  Ry(p,v) < Ry(p,wh) =1k,
vest, (m\{0}

where S}, (1) ={v:veVa(v,0)')=0,i=0,1,...,n — 1},

n—1

wh = g, — Za(u()n, vl

=0

Note that w* € S, (p) and w* # 0 as p — o, p € Ay, w* — ug, in V, nh = Ry (p, wh) —
Aon a8 4 — o, 1 € Ay.
Now we derive

as u — o, p € Ay. Hence ¢, () = avas p— o, 1 € A, M1 < o < Aoy
From the family v#, a(v¥, v*) =1, p € Ay, p — o, one can extract a subsequence such

that v# = w in V, v# — w in H, v¥(x¢) — w(zo), as u — o, p € Ay, where w € V.
Since a(v#, vk) =1, we get

(1) (b(vy; o) + C(p) e(vg, v7)) = 1

for u € Ay. Hence

1 1 o—p
7 2 < =

A pnlp) Mo
as i — o, pp € Ay. Therefore, w(zg) = 0 and w € V.

Thus, there exists w € Vj such that v# — win V, v# — win H, v¥(zy) — 0, as p — o,
n e Al.

Using the equation

a(vy, v) = ea(p)b(vy,v) Vv € Vo



10 3 Parameter eigenvalue problems

as 4t — o, 4 € Ai, we get the equality
a(w,v) = ab(w,v) Vv e Vj,

where w € Vo, Agn-1 < @ < Aoy, a(w,w) = 1. Hence oo = A, and w = gy, a(Uon, ton) = 1,
n=1.

The strong convergence for the subsequence v# — w in V as uy — o, u € Ay, can be
derived from the relations:

anfvf — wl3 a(vy —w, v —w) =

= a’(vwllt?vﬁ) - 20’(1}5720) + a(w7w) =

= 2—2a(vh,w) —
— 2 —2a(w,w) =0

as . — o, b € Ay.
Repeating the above proof for n > 2 we obtain the assertions of this lemma. O

Lemma 7 The functions ¥i(u), p € Ay, k =1,2,..., are continuous nonincreasing func-
tions. The following relations hold: p(p) — Ao as p— o, p € Ao, k =1,2,... From the
family wi, b(wi,wy) =1, u € As, one can extract a subsequence such that wj, — ugg in
Vias p — o, p € Ay, blugk, uor) = 1, k = 1,2,... If Aoy is a simple eigenvalue, then the
convergence can be established for the whole family w) with b(w),, uor) > 0, p € As.

Proof (1) Using the minimax principle of Lemma 5 and the definition of the function
&(p), p € Ay, we obtain that the functions ¥y (u), p € Ay, k = 1,2,..., are continuous
nonincreasing functions.

(2) Let us prove that ¢ (u) — Aok, wh — ug In V, as p — o, 1 € Ag, k= 1.

By Lemma 5 we have

0 < ¢y(p) = Rop, wy) = vg/li\l?o} Ry (p,v) <

< Ro(p, uor) = R(uok) = Aok

for € Ay. Hence () — o as p — o, u € Ag, where 0 < a < Ay
For eigenelements wj,, b(wy, wy) = 1, we derive

a(wy, wy) + &(p) c(wy, wi) = Pi(p),

where 1 € Ay. Consequently, |wi|3 < Aor/aq for u € Ay, Therefore, from the family
wy, ft — o0, one can extract a subsequence such that w), — w in V, w; — w in H,
wh (zg) — w(xo), as p — o, p € Ay, where w € V.

Since 1 = b(wk, w}) — b(w,w) as u — o, p1 € Ay, we obtain b(w,w) = 1.

Applying the relations

0 < Yp(p) = Ra(p, wif) =
= a(uwf, wf) + E(u) c(wf uf) < Mo,



3 Parameter eigenvalue problems 11

we get
&) ewy, wy) = &(1) M (wj(20))* < Aok
for p € Ay. Hence

A —0
(wf an))? < S T

as i — o, pt € Ay. Therefore, w(zg) =0 and w € V.
Thus, there exists w € V such that wy — w in V, w}, — w in H, w}(zo) — 0, as
n— o, U S AQ.
Using the equation
a(wy,v) = Pr(p)b(wi,v) Yv e Vy
as 4t — o, 4 € Ao, we get the equality
a(w,v) = ab(w,v) Yv € Vp,

where w € Vg, 0 < o < Aoy, b(w,w) = 1. Hence o« = Ao, and w = oy, b(uok, ugr) = 1,
k=1.

The strong convergence for the subsequence wj, — w in V as y — o, u € Ag, can be
derived from the relations:

aaluf —wf < auf — w,uf — w)+ () cluf,wl) =

= a(w),wy) — 2a(w), w) + a(w, w) + §(p) c(wy,, wy) =
= k(i) = 20k ()b(wi, w) + Ao —

— Aok — 2Aok + Aok =0

as L — o, 1 € Ao

(3) Assume that ¥;(u) — Ao, W — ug; in V,as p — o, p € Ay, 0 =1,2,...k— 1,
k > 2. Let as prove that ¢, (1) — Aok, wh — uor in V, as p— o, pp € Ao, k> 2.

By Lemma 5 we get

0 < Yp(p) = Ro(p,wy) = min Ry, v) < Ro(p,w") =1,
veSE(u)\{0}

where SZ(p) = {v:v e Vb(v,w!')=0,i=1,2,....k—1}, k=2,3,..., u € Ay,
k-1
wh = ug, — Zb(uok,wf)wf.
i=1

Note that w* € SE(u) and w* Z 0 as u — o, u € Ag, W' — ugp in V, 0k = Ro(p, wh) — Aok
as L — o, b € Ao
We have
0 < th(p) <y — Aok
as u — o, p € Ag. Hence Yp(pn) — aas p— o, 1 € Ao, Aog—1 < a0 < Agg.
By analogy with part 2) of this proof, we obtain ¥y(u) — Aok, Wi — ug, in V, as
w— o, pu€ Ny k> 2. O
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Lemma 8 A number X € Ay is an eigenvalue of problem (4) if and only if the number
A € A1 is a solutions of an equation from the set:

w—or(p) =0, pwelA;, k=01,...

A number X € Ay is an eigenvalue of problem (5) if and only if the number X € Ay is a
solutions of an equation from the set:

p—p(pn) =0, pehy k=1,2...

Proof The assertions follow directly from variational statements (4)-(7). O

4 Existence of eigensolutions

Set ¥o(p) = 0, u € (0,00), and define the functions vx(p), p € A, k = 0,1,..., by the
formula:

er(p), e (0,0),
,yk(l’[') == >\0k7 H =0,
Ve(p), € (0,00),
k=0,1,..., Ao =0.
Lemma 9 The functions v (p), p € A, k =0,1,..., are continuous nonincreasing func-

tions.

Proof The assertions of this lemma follow from Lemmata 6 and 7 and the definitions of
the functions v (u), p € A, k=0,1,... O

Lemma 10 A number A € A is an eigenvalue of problem (3) if and only if the number
A € A is a solution of an equation from the set:

w—(p)=0, pweA, k=01,...

Proof The assertion of this lemma follows from Lemma &. O

Theorem 11 Let \g,—1 < 0 < Api, @ > 1, where Aok, k = 1,2,..., are eigenvalues of
eigenvalue problem (9), A\og = 0. Then eigenvalue problem (3) has a denumerable set of
real eigenvalues of finite multiplicity A\, k = 0,1,..., which are repeated according to their
multiplicity:

0<)\0§)\1§...§)\i_1<0,

0'</\l§/\1+1§§)\]€§ R llm/\k:OO

k—o0
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Each eigenvalue A\, k > 0, is a unique root of the equation:
p—(p) =0, peA k>0.

The eigensubspace U(Ay) of nonlinear eigenvalue problem (3) is

(a) the eigensubspace corresponding to the eigenvalue @ (1) of linear eigenvalue problem
(6) for = A, M\ € A1, or

(b) the eigensubspace corresponding to the eigenvalue 1y (1) of linear eigenvalue problem

(7) for p= X, A\, € Ay,
Proof By Lemma 9 each equation of the set
w—y(n) =0, peA, k>0

has a unique solution. Denote these solutions by A;, ¢ = 0,1,..., i.e., A; — :(N\;) = 0,
1 =20,1,... To check that the numbers \;, : = 0,1, ..., are put in a nondecreasing order,
let us assume the opposite, i.e., \; > A\;r1. Then, according to Lemma 9, we obtain a
contradiction, namely

Ai = 7i(A) < i Ais1) < v (Aiga) = A

By Lemma 10, the numbers \;, i = 0, 1, .. ., are eigenvalues of problem (3). Using Lemmata
6, 7, and inequalities \p;,—1 < 0 < Ap;, we obtain the desired inequalities for eigenvalues.
Thus, the theorem is proved. O

Remark 12 Let 0 = \y;, © > 2, where Ao, K = 1,2,..., are eigenvalues of eigenvalue
problem (9), A\go = 0. Then eigenvalue problem (3) has a denumerable set of real eigenvalues
of finite multiplicity \x, £ = 0, 1,..., which are repeated according to their multiplicity:

O<)\0§/\1§...§)\i_1<0,

k—oo

Each eigenvalue A\, £ > 0, is a unique root of the equation:
p—(p) =0, peA, k>0,

The eigensubspace U(\g) of nonlinear eigenvalue problem (3) is

(a) the eigensubspace corresponding to the eigenvalue oy (1) of linear eigenvalue prob-
lem (6) for = A\, \x € Aq, or

(b) the eigensubspace corresponding to the eigenvalue 1 (1) of linear eigenvalue prob-
lem (7) for = Mg, A € Ag, or

(c) the eigensubspace corresponding to the eigenvalue \o; = \; = o of linear eigenvalue
problem (9) for k = 1.
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Remark 13 Assume that any eigenfunction u of eigenvalue problem (8) satisfies the re-
lation u(zp) = 0. Then eigenvalue problems (6) and (7) have the eigenvalues ¢;_1(p) =
¥i(p) = N0, i =1,2,... Hence eigenvalue problem (3) has eigenvalues \; = \?, i = 1,2, ...
In this case, any eigenfunction u of eigenvalue problems (3), (6), (7), satisfies the equality
u(zo) = 0.

Remark 14 To solve problems (4) and (5) one can use the finite element method or the
finite difference method. The abstract convergence results for the finite element method
for problems (4) and (5) are presented in the papers [13], [14], [15], [16]. The matrix
nonlinear eigenvalue problem of the finite element method [16] has the form: find A € Ay,
y € RN\ {0}, such that

ANy = AB(\)y (11)

with large sparse symmetric positive definite matrices A(\) and B(A) of order N, Ag = Ay
or Ag = Ay. The matrix functions A(u), u € Ag, and B(p), p € Ao, has the monotonicity
property (A(n)y,y) > (Am)y,y), (B(wy,y) = (B(m)y,y), for p < n, u,n € Ao, y €
RY. Note that the matrix A(u) is spectrally equivalent [5] to the matrix C' of the grid
approximation of the biharmonic operator. Therefore, the matrix C' can be chosen as
the preconditioner for A(u). Efficient preconditioned iterative methods for solving large
monotone nonlinear eigenvalue problems of the form (11) have been suggested in the papers
[17], [18], [19], [20], [21]. A similar approach for solving the eigenvalue problem describing
the guided modes of an optical fiber has been proposed in [22].

Remark 15 The discretization methods for linear eigenvalue problems (6), (7), (8), (9),
lead to the matrix linear eigenvalue problem: find n € R, y € R¥ \ {0}, such that

Agy = nBoyy

with large sparse symmetric positive definite matrices Ay and By of order N. This problem
can be solved by efficient preconditioned eigensolvers suggested and investigated in the
recent papers [9], [6], [7], [8]. By analogy with Remark 14, the matrix C' of the grid
approximation of the biharmonic operator can be chosen as the preconditioner.

5 Nonlinear biharmonic eigenvalue problem

Let us consider problem (2) for the constant coefficients D, v, p, and d. For this case
problem (2) can be formulated in the following form: find values A and nontrivial functions
u(z), z € Q, such that

A2y + /N\_U&M(S(a:—:vo)u:)\u, x €, 12)

u=0,u=0, zel,
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Figure 1: Five minimal eigenvalues of nonlinear biharmonic eigenvalue problem

where A? = 0} + 03 + 20?03 denotes the biharmonic operator,

~  Apd . opd - M
D T D od
Note that the problem of form (12) can be derived from problem (2) when we put D = 1,
pd = 1. Therefore, as a simple example of problem (2) we can take the following nonlinear
biharmonic eigenvalue problem: find values A and nontrivial functions u(x), z € €, such
that

A2y +

Ao
Mo(x — = A\u, €,
P (x — zo)u u, T (13)

u=0,u=0, zel.

Here we set Q = (0,1)2, M = 0.01, K = 100, o = 10000, zo = (9/26,19/26). For problem
(13) we can formulate problems (4)—(9), if we put D = 1, pd = 1. These problems have been
solved numerically by applying the finite difference method. We use the standard thirteen-
point finite difference approximation of the biharmonic operator on the uniform mesh [3],
[25], [26], [10], [11]. Results of numerical experiments are demonstrated by Figure 1. We
show the functions ~; (i), ¢ = 0,1, 2,3, 4, eigenvalues \y;, i = 1,2, 3,4, of problem (9), and
eigenvalues \;, i = 0,1,2,3,4, of nonlinear biharmonic eigenvalue problem (13). Thus,
Figure 1 illustrates the existence result of Theorem 11 for nonlinear biharmonic eigenvalue

problem (13).
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6 Conclusion

This paper is devoted to the theoretical investigation of an eigenvalue problem describing
the natural oscillations of a plate with elastically attached load. We consider the questions
on the existence of eigenvalues and eigenfunctions and study their properties. We show
that this problem belongs to the class of monotone positive definite nonlinear eigenvalue
problems. This allows to apply the discretization methods for solving the problem and to
use the theoretical results on the convergence and error estimates obtained by the author
in the previous papers. The discretization methods lead to a monotone nonlinear matrix
eigenvalue problem with large sparse matrices. We show that for solving this matrix
eigenvalue problem one can apply efficient preconditioned iterative methods, which have
been suggested in the previous papers of the author.
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