Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Sven Beuchler

A Dirichlet-Dirichlet DD-pre-conditioner for p-FEM

Preprint SFB393/03-12

Abstract

In this paper, a uniformly elliptic second order boundary value problem in 2D is discretized by the p-version of the finite element method. An inexact Dirichlet-Dirichlet domain decomposition pre-conditioner for the system of linear algebraic equations is investigated. The solver for the problem in the sub-domains and a pre-conditioner for the Schurcomplement are proposed as ingredients for the inexact DD-pre-conditioner. Finally, several numerical experiments are given.

Preprint-Reihe des Chemnitzer SFB 393

SFB393/03-12 July 2003

Contents

1 Introduction 1

2 Pre-conditioner for A_i 4 2.1 Properties of A_{R2} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 A first pre-conditioner for the element stiffness matrix . . . . . . . . . . . . . . . 5 2.2.1 Pre-conditioner of Jensen and Korneev . . . . . . . . . . . . . . . . . . 5 2.2.2 Modification of the pre-conditioner in 1D . . . . . . . . . . . . . . . . . 6 2.2.3 Modification of the pre-conditioner in 2D and 3D . . . . . . . . . . . . . 6 2.3 Similar systems of linear equations for other methods of discretization . . . . . . 6 2.3.1 Finite differences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3.2 h-version of the FEM, linear elements . . . . . . . . . . . . . . . . . . . 8 2.4 Multi-level methods for the p-version block matrix A_i . . . . . . . . . . . . . . . 8 2.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Pre-conditioner for the Schur-complement 13

4 Numerical results for the DD pre-conditioner 14 4.1 Results for several problems with the same pre-conditioner . . . . . . . . . . . . 17 4.2 Influence of the parameter δ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3 Comparison of several pre-conditioners for one example. . . . . . . . . . . . . . 19

Author’s addresses:

Sven Beuchler TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz Germany

email: sven.beuchler@mathematik.tu-chemnitz.de

http://www.tu-chemnitz.de/sfb393/

1 Introduction

We consider the following boundary value problem. Let Ω ⊂ R^2 be a domain which can be decomposed into quadrilaterals R_s. Find u ∈ Ĥ^1_0 (Ω) = {u ∈ H^1(Ω), u = 0 on Γ_1}, Γ_1 ∩Γ_3 = ∅, Γ_1 ∪ Γ_3 ⊂ ∂Ω such that a_△(u, v) := ∫ Ω ∇u · ∇v = ∫ Ω fv + ∫ Γ_3

f_1v := ⟨f, v⟩ + ⟨f_1, v⟩_{Γ3} (1)

for all v ∈ Ĥ^1_0 (Ω) holds. Problem (1) will be discretized by means of the p-version of the finite element method. Let R_2 = (−1, 1)^2 be the reference element and Φ_s : R_2 → R_s be the bilinear mapping to the element R_s. We define the finite element space

M := {u ∈ Ĥ^1_0 (Ω), u |_{Rs} = ũ(Φ^{−1}_s (x, y)), ũ ∈ Q_p},

where Q_p is the space of all polynomials p(x, y) = p_1(x)p_2(y) of maximal degree p in each variable. On the reference element R_2, we choose the integrated Legendre polynomials L̂_{i,j}(x, y) = L̂_i(x)L̂_j (y) as basis, where

L̂_i(x) = 1 2 √ (2i − 3)(2i − 1)(2i + 1) ∫_x −1 L_{i−1}(s) ds for i ≥ 2, L̂_{0/1}(x) = 1 ± x 2 (2) with the i-th Legendre polynomial L_i(x) =

(_d dx )_i (x^2 − 1)^i. Note that L̂_i(±1) = 0 for i ≥ 2.

Thus, the ansatz functions on the reference element can be split into the vertex-functions with i, j = 0, 1, the interior bubbles with 2 ≤ i, j ≤ p and the edge bubble functions. In order to define a basis (ψ_1, . . . , ψ_{np} ) for M, we can proceed as follows: Let n_v, n_e and n_i be the number of vertices not having a Dirichlet boundary condition, number of edges not having a Dirichlet boundary condition, and number of elements. To each vertex corresponds 1, to each edge correspond p − 1 and to each element correspond (p − 1)^2 basis functions. Thus, the dimension of the ansatz space is n_p = n_v + (p − 1)n_e + (p − 1)^2n_i. So, we define the functions ψ_1, . . . , ψ_{nv} as the usual piecewise bilinear hat functions. The functions ψ_{nv +(j−1)(p−1)+1}, . . . , ψ_{nv +j(p−1)} correspond to the edge e_j of the mesh, and vanish on all other edges, i.e. satisfy the condition ψ_{nv +(j−1)(p−1)+k−1} |_{el} = δ_{j,l}L̂_k, where k = 2, . . . , p and j, l = 1, . . . , n_e. The support of an edge function is formed by those two elements, which have this edge e_j in common. The remaining basis functions ψ_{nv +(p−1)ne+1}, . . . , ψ_{np} are interior bubble functions consisting of a support containing one element only.

The Galerkin projection of (1) onto M leads to the linear system of algebraic finite element equations

Au_p = f_p, where A = [a_Δ(ψ_j , ψ_i)]^{np}_{i,j=1} , and f_p = [⟨f, ψ_i⟩ + ⟨f_1, ψ_i⟩_{Γ3} ]^{np}_{i=1} . (3)

Efficient solvers for (3) can be built by domain decomposition techniques, [14], [5], [1]. We consider there an approach of Jensen/Korneev [18] and Ivanov/Korneev [16], [17]. For this purpose, the basis functions ψ_i are divided into three groups,

• the vertex functions, i.e. ψ_1, . . . , ψ_{nv} ,

• the edge bubble functions ψ_{nv +1}, . . . , ψ_{nv +(p−1)ne} ,

• the interior bubbles ψ_{nv +(p−1)ne+1}, . . . , ψ_{np} .

Corresponding to the division of the shape functions, the matrix A is splitted into three blocks

A = A_v A_{v,e} A_{v,i} A_{e,v} A_e A_{e,i} A_{i,v} A_{i,e} A_i , (4)

where the indices v, e and i denote the blocks corresponding to the vertex, edge bubble and interior bubble functions, respectively. Considering the simpler matrix

C = A_v 0 0 0 A_e A_{e,i} 0 A_{i,e} A_i , (5)

it has been proved in [5] that the condition number κ(C^{−1}A) grows as 1 + log p. Therefore, the vertex unknowns can be determined separately. Computing the other unknowns, we factorize the remaining 2 by 2 block A_{II} = [ A_e A_{e,i} A_{i,e} A_i ] = [ I A_{e,i}A^{−1}_i 0 I ] [ S 0 0 A_i ] [ I 0 A^{−1}_i A_{i,e} I ] (6) with the Schur-complement S = A_e − A_{e,i}A^{−1}_i A_{i,e}. The matrix A_i is a block diagonal matrix, each block A_{Rs} corresponds to one element R_s, i.e.

A_i = blockdiag[A_{Rs} ]^{ni}_{s=1}. (7)

Therefore, in order to compute the interior unknowns, we have to solve a Dirichlet problem on each quadrilateral. The edge unknowns are computed via the Schur-complement S. An inexact DD-pre-conditioner for (4) includes a pre-conditioner for A_i, a pre-conditioner for the Schur-complement S and an extension operator from the edges of the quadrilateral into its interior.

In [18], Jensen/Korneev have proved the following result.

LEMMA 1.1. Let ∂R_s ∈ C^{(t)}, t ≥ 2, s = 1, . . . , n_i, where C^{(t)} denotes the class of all boundaries which consist of a finite number of t times continuously differentiable curves and the angles of these curves at their intersection points on ∂R_s are distinct from 0 and 2π. Let Ã be the result of assembling the element stiffness matrices on the reference element R_2 = [−1, 1]^2 instead of the element stiffness matrix corresponding to the element R_s. Then, κ ( Ã−1A ) = O(1).

So, it is possible to restrict ourselves to the case of the reference element in order to derive a pre-conditioner for A_i and S.

In [16], [17] and [18], two pre-conditioners for the Schur-complement are proposed. The preconditioner uses basis transformations from the integrated Legendre polynomials to the Chebyshev polynomials or a Lagrange basis. The extension operator has been considered in [5].

Moreover, Jensen/Korneev, [18], derived a spectrally equivalent pre-conditioner C̃ for the matrix A_{R2} resulting from the discretization of the Dirichlet problem in the element R_2 = [−1, 1]^2. This pre-conditioner has O(p^2) non-zero entries. In the case of parallelogram elements, the element stiffness matrix has O(p^2) non-zero entries, too. Otherwise, it is a dense matrix. However the algorithms presented in [18] in order to solve systems of algebraic equations of the type C̃w = r require O(p^3) arithmetical operations. Therefore, it is important to find fast solvers, i.e. solvers which produce the solution by means of O(p^2) arithmetical operations.

In [7], a new pre-conditioner for A_{R2} is defined which can be interpreted as a system matrix of a degenerated elliptic boundary value problem discretized by the h-version of the FEM or the method of finite differences. Linear elements on isosceles, right-angled triangles or finite differences on a regular grid are used. Another possibility are bilinear elements on squares [6]. This approach can be extended to the case of a pre-conditioner for the element stiffness matrix on the reference element R_3 = [−1, 1]^3 in 3D, see [10], [6]. The problem on the element R_2 can be treated using multi-grid algorithms, see e.g. [21], [22], [23], [12], [11], [15], with special smoothers. A multi-grid convergence proof for linear elements in 2D is given in [7]. An alternative for the case of the reference elements R_2 and R_3 are wavelet methods, see [10].

Korneev, [20], found an optimal pre-conditioner for this degenerated problem by using Domain Decomposition techniques. For the subproblems, Fast Fourier Transforms, [13], are used and tridiagonal systems are solved.

In this paper, we define several pre-conditioners for S and A_i and give the main condition number estimates. In the main part of this paper, the performance of the proposed pre-conditioners is investigated in some numerical experiments.

The paper is organized as follows. In section 2, we consider the pre-conditioner for the matrix A_i. We introduce and modify the pre-conditioner of Jensen/Korneev, [18]. Moreover, it is shown that the modified pre-conditioner can be obtained by discretizing elliptic problems with variable coefficients using finite differences or the h-version of the finite element method. In section 3, the pre-conditioner of the Schur-complement is defined. In section 4, the performance of the DD pre-conditioner is shown in several numerical examples.

Throughout this paper, R_2 will denote the unit square (−1, 1)^2, Ω_1 the square (0, 1)^2. The integer p is the polynomial degree, L̂_i the i−th integrated Legendre polynomial. The real number λ_{max}(A) will denote the largest eigenvalue of a matrix A and λ_{min}(A) the smallest eigenvalue of A. For a sequence of symmetric and positive definite matrices A, B ∈ R^{n×n}, the relation A ⪯ B means that A − cB is positive definite, where c is a constant independent of n. The relation A ∼ B means A ⪯ B and B ⪯ A, i.e. the matrices A and B are spectrally equivalent.

2 Pre-conditioner for A_i

Due to (7), we have A_i = blockdiag [A_{Rs} ]^{ni}_{s=1}. By Lemma 1.1 applied to Ã = A_{Rs} , s = 1, . . . , n_i, one has A_{Rs} ∼ A_{R2} . Thus, A_i ∼ blockdiag [A_{R2} ]^{ni}_{s=1}. Therefore, in order to derive a pre-conditioner for A_i, it suffices to develop a pre-conditioner for A_{R2} . In subsection 2.1, the most important properties of A_{R2} are proved. In subsection 2.2, a first pre-conditioner for A_{R2} is proposed. This pre-conditioner can be interpreted as stiffness matrix of an h-version finite element discretization of a degenerated elliptic problem, cf. subsection 2.3. An optimal pre-conditioner for such a problem is a multi-grid pre-conditioner with line-smoother, which is proposed in subsection 2.4. In subsection 2.5, some numerical examples show the efficiency of the pre-conditioner for several elements R_s.

2.1 Properties of A_{R2}

We consider the model problem

− △u = f in R_2 = (−1, 1)^2, u = 0 on ∂R_2. (8)

Problem (8) is solved by using the p−version of the finite element method with only one element R_2. Problem (8) is the model problem for solving a linear system with the matrix A_{R2} . As finite element space, we choose M_0 = H^1_0 ∩ span{x^iy^j}^p_{i,j=0}. The discrete problem is: find u_p ∈ M_0 such that ∫

R_2 ∇u_p · ∇v_p = ∫ R_2

fv_p ∀v_p ∈ M_0.

With the basis of the integrated Legendre polynomials (2), the stiffness matrix A_{R2} for (8) is determined by A_{R2} = [a_{ij,kl}]^p_{i,j=2;k,l=2}, where a_{ij,kl} = ∫ R_2 ∇L̂_{ij} (x, y) · ∇L̂_{kl}(x, y). (9) The matrix A_{R2} can be written explicitely as

A_{R2} = F ⊗ D + D ⊗ F, (10)

where

F = 1 0 c_2 0 · · · 0 1 0 c_3 ... c_2 0 1 0 ...

... ... ...

· · · 0 c_{p−2} 0 1 , D = d_2 0 · · · 0 0 d_3 0 ... 0 0 0 d_4 . . . . ... 0 0 0 0 · · · d_p

(11)

with the coefficients

c_i = − 1 2 √ (2i − 3)(2i + 5) (2i − 1)(2i + 3) and d_i =

(2i − 3)(2i + 1) 2 , cf. [18]. Applying a permutation P of rows and columns, we get

P A_{R2} P^T =

A_1 0 0 0 0 A_2 0 0 0 0 A_3 0 0 0 0 A_4 . (12)

The four blocks correspond to the polynomials {L̂_{2i,2j} }, {L̂_{2i+1,2j} }, {L̂_{2i,2j+1}}, and {L̂_{2i+1,2j+1}}. If p is odd, all four blocks have the same size. We have to find a fast solver for a system of linear equations with the matrix A_{R2} , or equivalently, A_i, i = 1, 2, 3, 4. The main properties of the blocks A_i are summarized in the following lemma.

LEMMA 2.1. The condition number of A_i is of order p^2. The blocks A_i are spectrally equivalent to each other, i.e. A_i ∼ A_j for i, j = 1, . . . , 4.

Proof. See [18].

In the following, we will focus on finding an efficient pre-conditioner for A_1. Via Lemma 2.3, the pre-conditioner for A_{R2} , and via relation (7) and Lemma 1.1, the pre-conditioner for A_i follows. Let D_1 = diag [d_2, d_4, d_6, . . .], F_1 = tridiag[−c_e, 1, −c_e] with c_e = [c_2, c_4, c_6, . . .]. Then, cf. (10), (11), we have A_1 = D_1 ⊗ F_1 + F_1 ⊗ D_1.

In the following, let us assume that p is odd. Moreover, let n − 1 =^{p−1}_2 be the dimension of F_1 and D_1.

2.2 A first pre-conditioner for the element stiffness matrix

2.2.1 Pre-conditioner of Jensen and Korneev

In [18], Jensen and Korneev have derived a pre-conditioner C_1 for the matrix A_1, or equivalently, for A_{R2} . The matrices

D_3 = 4 diag [ i^2 ]_{n−1} i=1 , T_1 = D^{−1}_3 + 1 2 tridiag [−1, 2, −1] ,

and C_1 = D_3 ⊗ T_1 + T_1 ⊗ D_3 (13)

are introduced. Then, the following lemma holds.

LEMMA 2.2. The spectral equivalence relations D_1 ∼ D_3, F_1 ∼ T_1 and C_1 ∼ A_1 are valid.

Proof. The estimate D_1 ∼ D_3 is trivial, F_1 ∼ T_1 has been proved in [18], and the assertion C_1 ∼ A_1 follows by the properties of the Kronecker product from D_1 ∼ D_3 and F_1 ∼ T_1.

In the matrix C_1, the same matrix entries are nonzero as in A_1, but the structure of the nonzero elements is simpler. However, a fast solver for C_1 is required as well as for A_1.

2.2.2 Modification of the pre-conditioner in 1D

Now, the pre-conditioners (13) are modified. The resulting matrices can be interpreted as stiffness matrices of discretizations of degenerated elliptic problems which will be shown in subsection 2.3. In a first step, the matrix T_1 is simplified. Let

T_2 = 1 2 tridiag [−1, 2, −1] . (14)

In [9], we have shown the following result.

LEMMA 2.3. The eigenvalues of the matrix T^{−1}_2 T_1 can be estimated by λ_{min} ( T_2^{−1}T_1 ) ≥ 1 and λ_{max} ( T_2^{−1}T_1 ) ≤ c, where the constant c is independent of the dimension of the matrices.

Proof. The lower eigenvalue estimate is trivial. In [6], [10], we have proved λ_{max} ( T_2^{−1}T_1 ) ⪯ (1 + log n), where T_1 ∈ R^{n−1×n−1}. With methods of the multi-resolution analysis derived in [10], this result can be strengthened by the estimate λ_{max} ( T_2^{−1}T_1 ) ⪯ 1. For more details, we refer to [9].

In a second step, the diagonal matrix D_3 is modified. The matrix D_4 = D_3 +^2_3 I is introduced, where I denotes the identity matrix. The proof of next lemma is trivial.

LEMMA 2.4. The eigenvalue estimates λ_{min} ( D_4^{−1}D_3 ) =^6_7 and λ_{max} ( D_4^{−1}D_3 ) < 1 are valid.

2.2.3 Modification of the pre-conditioner in 2D and 3D

Via tensor product and by the relations (13) for D_3, and (14) for T_2, the matrices

C_3 = D_3 ⊗ T_2 + T_2 ⊗ D_3 and C_4 = D_4 ⊗ T_2 + T_2 ⊗ D_4 (15)

are introduced. Then, the following theorem holds.

THEOREM 2.5. For i = 3, 4, the spectral equivalence relations C_i ∼ A_1 are valid.

Proof. Note that D_3, D_4, and T_2 are symmetric and positive definite. By Lemma 2.2, Lemma 2.3 and Lemma 2.4, the assertions follow.

2.3 Similar systems of linear equations for other methods of discretization

In this subsection, we show interpretations of the matrices C_3 and C_4 as discretizations of a degenerated elliptic boundary value problem in the unit square by finite differences and finite elements.

(0, 0) 1

1

5 7

3 7

2 7 4 7 6 7

^= ^L4,2

^= ^L4,6 ^= ^L2,8

^= ^L2,4 ^= ^L8,6

(0, 0) 1

1

5 7

3 7

2 7 4 7 6 7

^= ^L4,2

^= ^L4,6 ^= ^L2,8

^= ^L2,4 ^= ^L8,6

Figure 1: Mesh for h-version (right), grid (left) for n = 7.

2.3.1 Finite differences

We consider the problem − 2 ( y^2u_{xx} + x^2u_{yy} ) = g in Ω_1 = (0, 1)^2 and u |_{∂Ω1} = 0. (16)

This problem is discretized by finite differences in the grid of Figure 1. Let u^{i,j} be the approximation of u in x_{ij} =^1_n (i, j). The second derivatives in (16) are approximated by the usual second order central difference quotient. More precisely, y^2u_{xx} (x_{ij} ) ≈ j^2(u^{i+1,j} − 2u^{i,j} + u^{i−1,j}), x^2u_{yy} (x_{ij} ) ≈ i^2(u^{i,j+1} − 2u^{i,j} + u^{i,j−1}). (17)

Then, the following lemma holds.

LEMMA 2.6. Let u^{i,j} be the approximation of u in x_{ij} of problem (16). Then, the linear system C_3u = g has to be solved, where C_3 is defined in (15), u = (u^{i,j})^{n−1}_{i,j=1} and g = (g(x_{ij}))^{n−1}_{i,j=1}.

Proof. From (17) follows that the linear equations

4(i^2 + j^2)u^{i,j} − 2j^2(u^{i+1,j} + u^{i−1,j}) − 2i^2(u^{i,j+1} + u^{i,j−1}) = g(x_{ij}), u^{0,j} = 0, u^{n,j} = 0, u^{i,0} = 0, u^{i,n} = 0

have to be solved for i, j = 1, . . . , n − 1. These linear algebraic equations are equivalent to C_3u = g.

We note that this approach can be extended to the case of the element stiffness matrix on the reference element R_3 = [−1, 1]^3. Then, the 4th order differential equation z^2u_{xxyy} + y^2u_{xxzz} + x^2u_{yyzz} = g has to be discretized.

2.3.2 h-version of the FEM, linear elements

We consider now problem (16) in the weak formulation:

Find u ∈ H̃^1_0 (Ω_1) = {u ∈ L^2(Ω_1) : xu_y, yu_x ∈ L^2(Ω_1), u = 0 on ∂Ω_1} such that a(u, v) := ∫ Ω_1

y^2u_xv_x + x^2u_yv_y = ∫ Ω_1

gv =: ⟨g, v⟩ ∀v ∈ H̃^1_0 (Ω_1) (18)

holds. The domain Ω_1 is the unit square (0, 1)^2.

Problem (18) is discretized by linear ansatz functions on the mesh τ_k of Figure 1, consisting of congruent, isosceles, right-angled triangles. Let k be the level of approximation, n = 2^k, I = (n − 1)(i − 1) + j and N = (n − 1)^2. The shape functions ϕ^k_I are the usual piecewise linear hat-functions associated to the nodes x_{ij} =^1_n (i, j). Let ω_k and ω_{k−1} be the index sets of the numbers of nodes in the meshes τ_k and τ_{k−1}, respectively. We define the approximation space

V_k = span{ϕ^k_I , I ∈ ω_k}

and we introduce the subspace of nodal basis functions associated to the new nodes W_k = span{ϕ^k_I , I ∈ ω_k\ω_{k−1}}. Then, the Galerkin projection of (18) onto V_k is: Find u^k ∈ V_k such that

a(u^k, v^k) = ⟨g, v^k⟩ ∀v^k ∈ V_k (19)

holds. Problem (19) is equivalent to solving the system of algebraic finite element equations K_{h,k}u_h = g_h with K_{h,k} = [ a(ϕ^k_J , ϕ^k_I ) ]_N I,J=1 , gh = ⟨g, ϕ k J ⟩^N_{J=1}, u_h = (u_I )^N_{I=1}. (20)

Then, u_h = ∑_N I=1 u_I ϕ^k_I is the solution of (19).

LEMMA 2.7. Let C_4 be the matrix defined in (15). Then, we have K_{h,k} =^1_{2n2} C_4.

Proof. The proof is a simple integration, [7].

2.4 Multi-level methods for the p-version block matrix A_i

We are interested in an optimal pre-conditioner for the matrix A_i (7), or equivalently for A_1 (9), the first block of the element stiffness matrix A_{R2} for the interior unknowns on (−1, 1)^2 with respect to the basis of the integrated Legendre polynomials L̂_{ij} , 2 ≤ i, j ≤ p, cf. Lemma 1.1 and 2.1. By Theorem 2.5, the matrix C_4 (15) is a good pre-conditioner for each block A_j, j = 1, . . . , 4, of the matrix P A_{R2} P^T . By Lemma 2.7 we can conclude that the matrix C_4 can be interpreted as the stiffness matrix for −x^2u_{yy} − y^2u_{xx} using piecewise linear shape functions on isosceles, right-angled, congruent triangles on the domain Ω_1 = (0, 1)^2 with Dirichlet boundary conditions, i.e. K_{h,k} = 1 2n^2

C_4.

Now, we present a multi-grid algorithm in order to solve a system of algebraic finite element equations K_{h,k}u_h = f_h. We represent the space V_k as the direct sum V_k = V_{k−1} ⊕ W_k.

Let u_0 be the initial guess. The new iterate u_1 is computed by the following recursive procedure u_1 = MULT (k, u_0, g). • Set l = k. If l > 1 then do 1. Pre-smoothing on W_l: Solve a(w, v) = ⟨g, v⟩ − a(u_0, v) ∀v ∈ W_l approximately by using ν steps of a simple iterative method S, the approximate solution is w̃. Set u^1_0 = u_0 + w̃.

2. Coarse grid correction on V_{l−1}: Find w ∈ V_{l−1} such that a(w, v) = ⟨g, v⟩ − a(u^1_0, v) = ⟨r, v⟩ ∀v ∈ V_{l−1} holds. Compute an approximate solution w̃ by using μ_{l−1} steps of the algorithm MULT (l − 1, 0, r). Set u^2_0 = u^1_0 + w̃.

3. Post-smoothing on W_l: Solve a(w, v) = ⟨g, v⟩ − a(u^2_0, v) ∀v ∈ W_l approximately by using ν steps of a simple iterative method S, the approximate solution is w̃. Set u_1 = u^2_0 + w̃.

• else

– Solve a(w, v) = ⟨g, v⟩ − a(u_0, v) for all v ∈ V_1 exactly. • endif.

REMARK 2.8. In a standard multi-grid algorithm the space W_l in 1. and 3. is replaced by V_l, e.g. the smoother operates on the complete approximation space.

In order to define a smoother S, we consider the auxiliary bilinear form ã : X × X → R, ã(u, v) = ∫ Ω_1

g_1(x, y)u_xv_x + g_2(x, y)u_yv_y, (21) where g_1(x, y) = { y^2 if x ≤ y 0 if x > y and g^2(x, y) = { x^2 if y ≤ x 0 if y > x . With the choice of X = W_k and X = V_k in the bilinear form ã(·, ·) (21), efficient smoothers for the Algorithm MULT and the multi-grid algorithm of Remark 2.8 can be defined. Let K_{Wk} = a(ϕ^k_J , ϕ^K_I )_{I,J∈(ωk\ωk−1)} be the stiffness matrix of the Galerkin projection of (18) onto W_k. Furthermore let

T_1 = [t^{(1)}_{IJ} ]^N_{I,J=1}, where t^{(1)}_{IJ} = { a(ϕ^k_J , ϕ^k_I ) if I = J ã(ϕ^k_J , ϕ^k_I ) if I ≠ J and

T_0 = [t^{(0)}_{IJ} ]_{I,J∈(ωk\ωk−1)}, where t^{(0)}_{IJ} = { a(ϕ^k_J , ϕ^k_I ) if I = J ã(ϕ^k_J , ϕ^k_I ) if I ≠ J .

We define now the preconditioned Richardson iterations

S_1 = I − ωT^{−1}_1 K_{h,k} on V_k and S_0 = I − T^{−1}_0 K_{Wk} on W_k, (22)

with the parameter ω = 0.8 by their error transion operators. Moreover let S_2 be the usual Gauss- Seidel smoother acting on the space V_k. Because of the properties of the bilinear form (21), the matrices T_0 and T_1 are tridiagonal after a proper permutation of the unknowns. Thus, S_0 and S_1 are line smoothers acting on lines L_{2m−1}, m = 1, . . . ,^n_2 − 1 and L_m, m = 1, . . . , n − 1, where L_m = {ϕ^k_I , I = (n − 1)(i − 1) + j, max{i, j} = m}. Hence, the solution operations T_0x = y or T_1x = y can be done using Cholesky-decomposition in O(N) operations. The lines to the corresponding tridiagonal systems are marked by a bold line in Figure 2. This construction follows an idea of Axelsson and Padiy, [2]. For more details,

Figure 2: Lines for smoother S_0 (left) and S_1 (right).

see [7].

Using the multi-grid method with μ cycles and the smoother S, we can derive a pre-conditioner M^S_μ in order to solve a linear system with the matrix K_{h,k} using the pcg-method, [19]. Furthermore, let M̃^S_μ = P^T blockdiag [M^S_μ ]^4_{i=1} P (23)

with the permutation P of (12).

THEOREM 2.9. Let A_{R2} be the matrix (10), let S_0 be defined in (22) and let μ = 3 and ν ≥ 3. The statement M̃^{S0}_μ ∼^1_{p2} A_{R2} is valid.

Proof. In [7], the result M^S_μ ∼ K_{h,k} has been proved for μ ≥ 3. By (23), (12), Theorem 2.5 and Lemma 2.7, the assertion follows.

Hence, we have found an asymptotically optimal method. The polynomial degree μ can be reduced from 3 to 2 by using AMLI-pre-conditioners C_{h,k}, [3], [4], [2] as pre-conditioner for the matrix K_{h,k} (20). We refer to [8] for more details.

Due to Lemma 1.1 and relation (7), we propose the pre-conditioner M̂^S_μ = 2p^2 blockdiag [ M̃^S_μ ]_{ni} s=1 (24) for A_i.

THEOREM 2.10. The spectral equivalence relation M̂^{S0}_μ ∼ A_i is valid for μ ≥ 3. Proof. Apply Lemma 1.1. By relations (7) and Theorem 2.9 the assertions follow.

2.5 Numerical results

In this subsection, some numerical results show the performance of the pre-conditioner M̃^S_μ for the element stiffness matrix A_{Rs} . The following examples of elements R are considered, cf. Figure 3,

(a) R is the unit square [0, 1]^2, similar to the reference element R_2, (b) R is the trapezoid with the vertices (0, 0), (1, 0), (1, 1) and (0, 0.4), (c) R is the trapezoid with the vertices (0, 0), (1, 0), (1, 1) and (0, 0.02), (d) R is the quadrilateral with the vertices (0, 0), (1, 0), (2, 2) and (0, 1), (e) R is a rectangle with lengths a = 0.5 and b = 5.

The linear system A_Ru = f is solved by a preconditioned conjugate gradient method with the pre-conditioners M̃^S_μ , namely

• M̃^{S1}_1 , M̃^{S0}_1 , M̃^{S0}_3 and M̃^{S2}_1 for example (a), • M̃^{S1}_1 for the examples (b), (c), (d), and (e).

In all examples, the algorithm is stopped if the error in the preconditioned energy norm is reduced by a factor 10^{−9}. Table 1 displays the numbers of iterations for example (a) with f = [1, . . . , 1]^T . In the case of the multi-grid pre-conditioners M̃^{S0}_1 and the multi-grid pre-conditioner with Gauss- Seidel smoother M̃^{S2}_1 , the numbers of iterations grow. For M̃^{S1}_1 and M̃^{S0}_3 , the numbers of iterations increase very slowly. Note that by Theorem 2.9, the spectral equivalence A_R ∼ p^2M̃^{S0}_3

Figure 3: Plots of the elements R for examples (a), (b), (c), (d), (e).

p M̃^{S1}_1 M̃^{S0}_1 M̃^{S0}_3 M̃^{S2}_1 3 2 2 2 2 7 15 15 16 14 15 17 20 20 16 31 20 26 23 19 63 21 31 24 24 127 22 36 25 31

Table 1: Numbers of iterations of the pcg-method for example (a) using several multi-grid preconditioners.

p 3 5 7 11 15 21 27 33 45 63 (b) 5 16 22 27 30 33 35 36 39 42 (c) 5 18 31 58 91 145 208 266 377 463 (d) 4 11 21 25 27 28 29 30 32 34 (e) 2 5 10 27 53 92 108 112 124 132

Table 2: Numbers of iterations of the pcg-method for examples (b), (c) and (d) using the multigrid pre-conditioner M̃^{S1}_1 .

is valid. However, for polynomial degrees p < 50, the multi-grid pre-conditioner with Gauss- Seidel smoother has about as many iterations as the pre-conditioners M̃^{S1}_1 and M̃^{S0}_3 . Table 2 displays the numbers of iterations for examples (b), (c), (d), and (e) with the multi-grid preconditioner M̃^{S1}_1 . Here, the right hand side f(x, y) ≡ 1 in (8) is chosen. For the examples (b) and (d), the numbers of iterations grow moderately. In comparison to example (a), the absolute values of the numbers of iterations are larger. For example (e), the numbers of iterations are very large. The reason is the geometry of the element R with two edges of length 0.5 and two edges of length 5. For elements which are similar to a rectangle with lengths a and b, where a >> b, the proposed multi-grid pre-conditioners can be modified such that the condition number estimate is independent of the parameters a and b and the polynomial degree p, see e.g. [10]. The trapezoid with the vertices (0, 0), (1, 0), (1, 1) and (0, 0.02) is very close to the reference triangle with the vertices (0, 0), (0, 1) and (1, 1). This explains the fast increasing numbers of iterations in example (c).

3 Pre-conditioner for the Schur-complement

For the Schur-complement S in (6), Korneev and coauthors, [18], [17], have derived several preconditioners using basis transformations from the integrated Legendre polynomials { L̂_i }_p i=2 (2) to the Chebyshev polynomials or a Lagrange basis. The Schur-complement S corresponds to the edges of the mesh not having a Dirichlet boundary condition. On each edge e_j , j = 1, . . . , n_e, the number of degrees of freedom is p − 1. Let for j = 0, . . . , p, T_j(x) = cos(j arccos x) (25)

be the j-th Chebyshev polynomial first kind. Moreover, let ξ^p_i = cos ( iπ p ) , i = 0, . . . , p, be a

set of grid-points and let

ℓ^p_i (x) = p∏ j = 0 j ≠ i x − ξ^p_j ξ^p_i − ξ^p_j , i = 1, . . . , p − 1, (26)

the Lagrangian interpolation polynomials according to the grid-points {ξ^p_i }^p_{i=0}. Moreover, let W ∈ R^{p×p−2} and V ∈ R^{p−2×p−2} be the basis transformation matrices between {L̂_j (x)}^p_{j=2} and {T_j (x)}^p_{j=0}, and between {L̂_j(x)}^p_{j=2} and {ℓ^p_j (x)}^{p−1}_{j=1}, i.e. for a = [a_j ]^p_{j=2}, b = [b_j ]^p_{j=0}, c = [c_j ]^{p−1}_{j=1} and p(x) = p∑ j=2 a_jL̂_j (x) = p∑ j=0 b_j T_j (x) = p−1∑ j=1 c_jℓ^p_j (x), we have b = W a and c = V a. With the diagonal matrix D̂ = diag[1, 2, . . . , p + 1] ∈ R^{p+1×p+1} and T_2 defined in (14), we introduce the pre-conditioners

Ŝ_j = blockdiag [ S̃_j ]_{nv} i=1 , j = 1, 2, (27)

where S̃_1 =^2_{1+log p} W^T D̂W and S̃_2 = V^T (2T_2)^12 V .

LEMMA 3.1. The condition number estimates κ ( Ŝ^{−1}_1 S ) ⪯ (1 + log p)^3 and κ ( Ŝ^{−1}_2 S ) ⪯ (1 + log p) are valid.

Proof. The proof is given in [18].

The matrix W is a matrix of the form W^T = [ v_1 v_2 W̃^T ] , where W̃ ∈ R^{p−2×p−2} is a lower triangular matrix, see [24]. Thus, the linear system Ŝ_1w = r can be solved by forwards and backwards elimination. The matrix V can be factorized as V = UW , where U ∈ R^{p−2×p} is the matrix of the discrete cosine transform, i.e. U = ( cos^{jkπ}_p )_{p−1,p} j=1,k=0 . Since T_2 = ŨΛŨ, where Ũ is

the matrix of the discrete sinus transform, i.e. Ũ = ( sin^{jkπ}_p )_{p−1} j,k=1 and Λ =^4_p diag ( sin^{2 jπ}_{2p} )_{p−1} j=1 , the system Ŝ_2w = r can be solved by forwards and backwards elimination and Fast Fourier Transforms (FFT), [13].

4 Numerical results for the DD pre-conditioner

In this section, several numerical test examples are given. The linear system (3) is the result of the hp-version fem discretization of (1) for the following examples:

• hufen,

• magnet1,

• sechseck,

• schlitz4,

• qua1,

• swing1.

In each example, the right hand side f(x, y) ≡ 1 is chosen. Figure 4 shows the domains, the coarse finite element meshes on level 0 and the boundary conditions of the considered examples. A black line corresponds to an interior edge of the coarse mesh, a red line to homogenous Neumann boundary conditions, i.e. to ∂Ω\(Γ_1 ∪ Γ_3), a blue line to inhomogeneous Neumann boundary conditions, i.e. to Γ_3 and a green line to (possibly inhomogeneous) Dirichlet boundary conditions, i.e. to Γ_1. Figure 5 displays the behaviour of the approximate solution of (1)

Figure 4: Finite element coarse meshes for the examples.

Figure 5: Approximate solution for the examples.

discretized by the hp-version of the finite element method with p = 7 and a two-times uniform refinement of the coarse mesh.

The system (3) is solved by a precondioned conjugate gradient method with the domain decomposition pre-conditioner Ĉ_{k,j,δ} = [ δC_v 0 0 C^{(k,j)}_{II} ] , where C^{(k,j)}_{II} = [ I A_{e,i}A^{−1}_i 0 I ] [ Ŝ_j 0 0 E_k ] [ I 0 A^{−1}_i A_{i,e} I ]

(28) is the pre-conditioner for A_{II} (6). The matrix Ŝ_j , j = 1, 2 is the Schur-complement preconditioner (27), the matrix C_v is the Yserentant pre-conditioner, [25], with coarse grid solver. The matrix E_k, k = 1, 2 denotes the multi-grid pre-conditioners E_1 = M̂^{S1}_1 , and E_2 = M̂^{S2}_1 for A_i, cf. (24), whereas E_3 = A_i. Thus, in the case E_3, the system A_iw_i = r_i is solved exactly. For the multiplications w_e = A_{e,i}A^{−1}_i r_i and w_i = A^{−1}_i A_{i,e}r_e, a system solve with the matrix A_i has to be done. This is performed by a pcg-method with a relative accuracy of 10^{−9}, i.e. the system is solved nearly exactly.

For the inexact DD-pre-conditioner (28), the condition number of the preconditioned system matrix depends on the lower and upper eigenvalue bounds of (δC_v)^{−1}A_v, and (C^{k,j}_{II} )^{−1}A_{II} and of C^{−1}A cf. (5), i.e. λ_{min} ( Ĉ^{−1}_{k,j,δ}A ) = λ_{min} ( C^{−1}A ) min{λ_{min} ( (δC_v)^{−1}A_v ) , λ_{min} ( (C^{(k,j)}_{II} )^{−1}A_{II} ) } and λ_{max} ( Ĉ^{−1}_{k,j,δ}A ) = λ_{max} ( C^{−1}A ) max{λ_{max} ( (δC_v)^{−1}A_v ) , λ_{max} ( (C^{(k,j)}_{II} )^{−1}A_{II} ) }. So, it is important to choose the parameter δ in such a way that either λ_{min} ( (δC_v)^{−1}A_v ) ≈ λ_{min} ( C^{(k,j)}_{II}^{−1}A_{II} ) , or λ_{max} ( (δC_v)^{−1}A_v ) ≈ λ_{max} ( C^{(k,j)}_{II}^{−1}A_{II} ) . Then, we obtain the lowest

condition numbers for Ĉ^{−1}_{k,j,δ}A. In most experiments, we have checked that δ = 4 is a good choice if the pre-conditioner for A_v is the Yserentant-pre-conditioner, and the pre-conditioner C^{(1,2)}_{II} is chosen for A_{II} , i.e. Ŝ_2 and M^{S1}_1 are chosen as pre-conditioners for S and A_i. All calculations are done on a LINUX cluster, where each machine is a Pentium III, 800 MHz. The pcg-algorithm is stopped if the relative accuracy in the preconditioned energy norm is reduced up to a factor of ε = 10^{−5}.

4.1 Results for several problems with the same pre-conditioner

In this subsection, cf. Tables 3 and 4, several examples with the pre-conditioner Ĉ_{1,2,4} are given. In all test examples considered, the number of iterations grow moderately if the polynomial degree is increased or the mesh is refined.

However, the absolute numbers of iterations are relatively different, i.e. for the case qua1 in level 0 we have 15 iterations for p = 15, whereas the numbers of iterations is 69 in the case of swing1 and p = 15. In general, the numbers of iterations depend on the geometry of the elements R_s. For meshes with elements having a regular geometry, the numbers of iterations are lower than for meshes with elements with an irregular geometry. On the homepage

Levels of refinement p 0 1 2 3 4 3 23 29 35 39 44 5 20 32 37 43 48 7 21 34 40 46 51 9 21 36 42 49 54 11 22 38 45 51 56 13 22 40 47 52 57 15 23 41 48 54 59

Levels of refinement p 0 1 2 3 4 3 42 57 60 64 69 5 54 62 69 74 76 7 64 69 77 81 85 9 65 71 82 84 87 11 66 74 84 87 92 13 68 77 87 91 96 15 69 83 91 96

Table 3: Numbers of iterations of the pcg-method for the problem sechseck (left) and swing1 (right).

Levels of refinement p 0 1 2 3 4 1 8 21 26 29 36 3 19 29 33 37 38 5 26 32 38 41 44 9 31 36 44 46 49 15 35 25 41 33 43 45 47 63 49 125 56 243 56 513 61

Levels of refinement p 0 1 2 3 4 1 2 10 16 20 25 3 10 20 28 32 35 5 13 25 31 36 40 9 14 28 34 41 44 15 15 25 17 33 18 45 19 63 21 125 23 243 24 513 26

Table 4: Numbers of iterations of the pcg-method for the problem schlitz4 (left) and qua1 (right).

http://www.tu-chemnitz.de/sfb393/software/p-version-2D/,

more test examples are given.

4.2 Influence of the parameter δ

In this subsection, we give some numerical examples showing the influence of the parameter δ. As in the previous subsection, the pre-conditioners Ŝ_2 for the Schur-complement and the pre-conditioner E_2 = M̂^{S1}_1 are chosen. The test example is magnet1. Three values for δ are considered, δ = 1, δ = 4 and δ = 10.

δ = 1 δ = 4 δ = 10 Levels of refinement Levels of refinement Levels of refinement p 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 1 4 14 17 21 24 4 14 17 21 24 4 14 17 21 24 3 15 28 31 35 38 15 24 28 30 34 15 30 35 37 39 5 19 32 36 40 44 18 27 32 34 38 22 34 41 43 46 9 21 36 42 46 50 19 31 35 39 42 25 38 48 51 52 15 23 40 46 50 55 20 33 38 41 46 26 41 52 55 57 25 27 44 47 22 36 41 31 44 53 33 29 48 51 24 37 42 34 46 55 45 32 52 55 26 39 44 35 48 57 63 35 52 60 27 37 49 57

Table 5: Influence of the parameter δ.

Table 5 displays the numbers of iterations of the pcg-method for solving the system Au = f. From the results, one can see that the numbers of iterations of the pcg-method depend on the choice of the parameter δ. Moreover, one can conclude that the function g : R_+ → R_+: δ → κ ( Ĉ^{−1}_{1,2,δ}A ) has a local minimum in the interval (1, 10).

4.3 Comparison of several pre-conditioners for one example.

In this subsection, the L-shaped test example hufen is considered. Several pre-conditioners are chosen, the pre-conditioners Ĉ_{1,2,4}, Ĉ_{1,1,4}, Ĉ_{2,2,4}, Ĉ_{3,2,4}, and Ĉ_{3,1,4}. Note that in the cases Ĉ_{3,1,4} and Ĉ_{3,2,4}, the pre-conditioner for the matrix A_i is the matrix A_i itself. In this case, the performance of the Schur-complement pre-conditioners Ŝ_1 and Ŝ_2 can be investigated. Table 6 displays the numbers of iterations for solving Au = f by the pcg-method with several pre-conditioners. For p ≤ 25, the numbers of iterations of the pcg-method using the preconditioners Ĉ_{k,1,δ} (i.e. the Schur-complement pre-conditioner Ŝ_1) are about the same as for the pre-conditioners Ĉ_{k,2,δ} with the Schur-complement pre-conditioner Ŝ_2. For p > 25, the preconditioners Ĉ_{k,2,δ} using the basis transformation to the Lagrangian polynomials (26) beat the

Ĉ_{1,2,4} Ĉ_{1,1,4} Ĉ_{2,2,4} Levels of refinement Levels of refinement Levels of refinement p 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 1 2 10 16 20 24 2 10 16 20 24 2 10 16 20 24 3 11 21 27 31 34 11 20 27 31 33 11 21 27 31 34 5 15 25 32 35 38 13 25 32 36 38 15 25 32 35 38 9 16 29 36 40 43 14 30 37 42 45 16 28 36 40 43 15 18 31 37 44 46 17 34 40 47 49 18 31 37 44 46 25 20 34 39 47 50 25 38 44 52 55 19 32 39 47 50 33 22 35 40 49 52 28 41 46 55 58 21 35 40 49 52 45 24 36 42 30 43 48 23 35 42 63 27 40 43 33 47 51 25 39 44 125 30 39 29 243 34 44 32 513 36 51 35

Ĉ_{3,2,4} Ĉ_{3,1,4} Levels of refinement Levels of refinement p 0 1 2 3 4 0 1 2 3 4 1 2 10 16 20 24 2 10 16 20 24 3 11 21 27 31 34 11 20 27 31 33 5 14 25 31 35 38 13 25 32 36 38 9 16 28 36 40 42 14 30 36 42 45 15 17 31 37 44 46 16 34 40 47 49 25 18 33 39 47 50 17 38 44 52 55 33 19 34 40 49 51 22 41 46 55 58 45 21 35 40 23 42 48 63 22 37 43 25 45 50 125 23 28 243 25 32 513 27 36

Table 6: Numbers of iterations of the pcg-method for the test example hufen.

pre-conditioners Ĉ_{k,1,δ} which use the basis transformation to the Chebyshev polynomials (25). The reason is the difference in the condition number estimates κ ( Ŝ^{−1}_1 S ) ⪯ (1 + log p)^3 and κ ( Ŝ^{−1}_2 S ) ⪯ (1 + log p).

Moreover one can see that the pcg-method with the pre-conditioners Ĉ_{1,2,4} and Ĉ_{2,2,4}, i.e. for A_i the multi-grid pre-conditioners M̂^{S1}_1 and M̂^{S2}_1 are chosen, have nearly the same numbers of iterations. Thus, the influence of the smoother S is not significantelly. Note that in numerical experiments the multi-grid convergence rate for solving the system with the matrix K_{h,k} (20) using the V -cycle and the smoother S_1 is bounded by a value of about 0.4, see [7], whereas the multi-grid convergence rate using the V -cycle and the Gauss-Seidel smoother S_2 tends to 1. The comparison of the pre-conditioners Ĉ_{3,k,4} and Ĉ_{1,k,4}, k = 1, 2, i.e for A_i are used A_i itself and M̂^S1_1 as pre-conditioner, shows that the replacement of w_i = A^{−1}_i r_i in (28) by the preconditioning operation w_i = (M̂^{S1}_1 )^{−1}r_i increases the numbers of iterations on a factor of about 1.3 on level 0 of refinement of the mesh hufen. On levels 1, 2, 3, 4, the numbers of iterations are about the same.

Acknowledgement: The author thanks the students Martin Stoll and Daniel Kettner for the execution of the experiments.

References

[1] M. Ainsworth and B. Gao. An additive Schwarz preconditioner for p-version boundary element approximation of the hypersingular operator in three dimensions. Numer. Math., 85(3):343–366, 2000.

[2] O. Axelsson and A. Padiy. On the additive version of the algebraic multilevel iteration for anisotropic elliptic problems. SIAM J. Sci. Comp., 20(5):1807–1830, 1999.

[3] O. Axelsson and P.S. Vassilevski. Algebraic multilevel preconditioning methods I. Numer. Math., 56:157–177, 1989.

[4] O. Axelsson and P.S. Vassilevski. Algebraic multilevel preconditioning methods II. SIAM J. Numer.

Anal., 27(6):1569–1590, 1990.

[5] I. Babuška, A. Craig, J. Mandel, and J. Pitkäranta. Efficent preconditioning for the p-version finite element method in two dimensions. SIAM J.Numer.Anal., 28(3):624–661, 1991.

[6] S. Beuchler. Preconditioning for the p-version of the FEM by bilinear elements. Technical Report SFB393 01-17, Technische Universität Chemnitz, May 2001.

[7] S. Beuchler. Multi-grid solver for the inner problem in domain decompostion methods for p-FEM.

SIAM J. Numer. Anal., 40(3):928–944, 2002.

[8] S. Beuchler. AMLI preconditioner for the p-version of the FEM. accepted for publication in Num.

Lin. Alg. Appl., 2003.

[9] S. Beuchler. Optimal preconditioners for the p-version of the FEM. Technical Report SFB393 03-03, Technische Universität Chemnitz, March 2003.

[10] S. Beuchler, R. Schneider, and C. Schwab. Multiresolution weighted norm equivalences and applications. Preprint SFB393/02-09, Technische Universität Chemnitz, Sonderforschungsbereich 393, 2002. accepted for publication in Numerische Mathematik.

[11] D. Braess. The contraction number of a multigrid method for solving the Poisson equation. Numer.

Math, 37:387–404, 1981.

[12] J. Bramble and X. Zhang. Uniform convergence of the multigrid V-cycle for an anisotropic problem.

Math. Comp., 70(234):453–470, 2001.

[13] J. W. Cooley and J. W. Tuckey. An algorithm for the machine calculation of complex fourier series.

Math. Comp., 19:297–301, 1965.

[14] B. Guo and W. Cao. A preconditioner for the h-p version of the finite element method in two dimensions. Numer. Math., 75:59–77, 1996.

[15] W. Hackbusch. Multigrid Methods and Applications. Springer-Verlag. Heidelberg, 1985.

[16] S. A. Ivanov and V. G. Korneev. On the preconditioning in the domain decomposition technique for the p-version finite element method. Part I. Technical Report SPC 95-35, Technische Universität Chemnitz-Zwickau, December 1995.

[17] S. A. Ivanov and V. G. Korneev. On the preconditioning in the domain decomposition technique for the p-version finite element method. Part II. Technical Report SPC 95-36, Technische Universität Chemnitz-Zwickau, December 1995.

[18] S. Jensen and V. G. Korneev. On domain decomposition preconditioning in the hierarchical p−version of the finite element method. Comput. Methods. Appl. Mech. Eng., 150(1–4):215–238, 1997.

[19] M. Jung, U. Langer, A. Meyer, W. Queck, and M. Schneider. Multigrid preconditioners and their applications. Technical Report 03/89, Akad. Wiss. DDR, Karl-Weierstraß-Inst., 1989.

[20] V. G. Korneev. � � � � � � � � � � hp-�. � �, 37(7):1–15, 2001.

[21] Ch. Pflaum. Fast and robust multilevel algorithms. Habilitationsschrift, Universität Würzburg, 1998.

[22] Ch. Pflaum. Robust convergence of multilevel algorithms for convection-diffusion equations. Num.

Lin. Alg. Appl., 6:701–728, 1999.

[23] N. Schieweck. A multi-grid convergence proof by a strengthened Cauchy-inequality for symmetric elliptic boundary value problems. In G. Telschow, editor, Second multigrid seminar, Garzau 1985, number 08-86 in Report R-Math, pages 49–62, Berlin, 1986. Karl-Weierstraß-Institut für Mathematik.

[24] F.G. Tricomi. Vorlesungen über Orthogonalreihen. Springer. Berlin-Göttingen-Heidelberg, 1955.

[25] H. Yserentant. On the multi-level-splitting of the finite element spaces. Numer. Math., 49:379–412, 1986.