Chromatic Index Critical Graphs and Multigraphs

Dissertation zur Erlangung des Doktorgrades der Fakultät für Mathematik der Universität Bielefeld

vorgelegt von Stefan Grünewald

Dezember 2000

1. Gutachter: Dr. Eckhard Steffen 2. Gutachter: Prof. Hans Georg Carstens Datum der mündlichen Prüfung: 14. Februar 2001

Gedruckt auf alterungsbeständigem Papier ∞ ISO 9706

Contents

1 Introduction 2

2 Basic definitions and results 5

3 Critical multigraphs of even order 8 3.1 Basic Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.3 Simple critical graphs of even order . . . . . . . . . . . . . . . . . . . . . . 12

4 Constructing 4-critical graphs and multigraphs from 3-critical graphs 14 4.1 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Examples and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 A proof of the planar graph conjecture for Δ = 7 18 5.1 Vizing-type bounds for critical graphs . . . . . . . . . . . . . . . . . . . . . 18 5.2 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Chapter 1

Introduction

The theory of graph coloring has its roots in the year 1852 when the four color conjecture arose which states that the countries of every planar map can be colored with four colors such that neighboring countries are colored differently. This conjecture had been unsolved until 1976, when Appel and Haken [2] proved it and it became the four color theorem. Tait [28] proved in 1880 that the four color theorem is equivalent to the statement that the edges of every cubic map can be 3-colored. Although Tait’s proof of the theorem with the help of that equivalency was not correct, this was the origin of edge coloring of graphs and multigraphs. The chromatic index χ^′(M) of a multigraph M is defined to be the smallest number k such that the edges of M can be colored with k colors where adjacent edges are colored differently. A trivial lower bound for the chromatic index of M is the maximum degree Δ(M) of M. König [21] proved that this lower bound is attained for bipartite multigraphs. This was one of the first results determining the chromatic index for a class of multigraphs.

The first upper bound for the chromatic index involving all multigraphs was obtained by Shannon [27] who proved that χ^′(M) ≤^3_2 Δ(M) for every multigraph M, and that there are some multigraphs for which this bound is attained. The breakthrough in coloring multigraphs came in 1964 when Vizing [30] proved that χ^′(M) ≤ Δ(M) + μ(M) for every multigraph M where μ(M) is the maximum edge multiplicity of M. This result gives a natural partition of the set of simple graphs into two classes, and a graph G is defined to be in class one, if χ^′(G) = Δ(G), and in class two, if χ^′(G) = Δ(G) + 1.

A multigraph M is called critical, if χ^′(M) > Δ(M), and the deletion of any edge of M lowers the chromatic index. Let a multigraph with an odd number n of vertices be colored such that adjacent edges are colored differently. Then there are at most (n − 1)/2 edges colored equally. This yields a lower bound for the chromatic index of a multigraph M with n vertices and m edges: χ^′(M) ≥ ⌈m/⌊n/2⌋⌉. A conjecture of Goldberg [11], Andersen [1], and Seymour [27] states that for every critical multigraph M with χ^′(M) > Δ(M)+1, this lower bound is attained. On the other hand, there are critical graphs and multigraphs with χ^′(M) = Δ(M) + 1 where the bound is not attained. We define such multigraphs to be non-elementary.

In contrast to elementary critical multigraphs where just the number of edges is responsible for the high chromatic index, there have to be structural properties why a non-elementary critical multigraph is not Δ-colorable.

Another reason to be interested in non- elementary critical graph is the computational complexity of finding the chromatic index of a given graph. As shown by Holyer [17], this problem is NP-complete. On the other hand, Hoffman, Mitchem, and Schmeichel [16] gave an algorithm which decides in polynomial time, if a graph with maximum degree Δ contains a subgraph with n vertices and at least ⌊n/2⌋Δ + 1 edges. Hence, the chromatic index of a graph G with fixed maximum degree Δ can be determined in polynomial time, if we know that G does not contain a non-elementary critical graph with maximum degree Δ. There are some famous conjectures in graph theory for which a minimal counterexample would be a k-regular not k-colorable graph without a small edge cut. For example, a minimal counterexample of Tutte’s 5-flow conjecture must be a 3-regular graph with chromatic index 4 and without edge-cut of at most four edges. Hence, such a graph contains a non-elementary 3-critical graph.

These examples give an impression why non-elementary critical graphs are important for edge coloring and other graph theoretic fields. Since there are some constructions which produce non-elementary critical graphs from multigraphs, we are also interested in multigraphs, and it is the aim of this thesis to construct new non-elementary critical multigraphs and to derive properties of such multigraphs.

A sufficient condition for a critical multigraph to be non-elementary is to have an even number of vertices. Until 1977 all known critical graphs had an odd number of vertices, and the critical graph conjecture stating that there are no critical graphs of even order was very popular. After this conjecture had been disproved by constructing some counterexamples with maximum degree 3 or 4, Chetwynd and Wilson [6] published the weak critical graph conjecture which states that there is a constant c such that every critical multigraph M with at most c · Δ(M) vertices has an odd number of vertices. In Chapter 3 we give a construction of Δ-critical multigraphs with exactly twenty vertices for every Δ ≥ 5 which disproves even the weak critical graph conjecture. This result has already been published in [14].

A bridgeless 3-regular graph with chromatic index 4 is called a snark. Hence, the four color theorem is equivalent to the statement that there is no planar snark, and a counterexample to Tutte’s 5-flow conjecture has to be a snark. Many research has been done to determine snarks, and since every snark contains at least one non-elementary critical subgraph, there are many non-elementary 3-critical graphs known. In Chapter 4 we give a construction which produces several 4-critical multigraphs from given 3-critical graphs. We show that the most famous 4-critical graphs and multigraphs can be obtained from 3-critical graphs by applying this construction, and we construct 4-critical graphs where the number of edges is relatively small.

Seymour [26] conjectured that there is no planar non-elementary critical graph. This is a very strong conjecture, and it implies the four color theorem, the existence of an algorithm determining the chromatic index of a planar graph in polynomial time, and the non-existence of planar class two graphs with maximum degree at least 6. The latter implication of Seymour’s conjecture is known as Vizing’s planar graph conjecture [31] from 1965. Vizing also proved the case Δ(G) ≥ 8. There are (elementary) planar class two graphs known with maximum degree 2, 3, 4, and 5, respectively. The two cases Δ = 6 and Δ = 7 have remained open for the last 35 years. In this thesis we will prove the case Δ = 7.

There are many papers giving necessary conditions for a possible counterexample to the planar graph conjecture. Fiorini [9] proved that there is no outerplanar class two graph with maximum degree at least 3, and Yap ([32], p. 51) derived that n_3 + n_4 + n_5 ≥ 6 and n_7 ≥ 6 + 2n_2 for every 7-critical planar graph, where n_i denotes the number of vertices of degree i. For 6-critical graphs, Yap proved that 2n_2 + 3n_3 + 2n_4 + n_5 ≥ 12 and n_6 ≥ 4 +^4_3 n_2 +^1_6 n_5. According to Fiorini and Wilson ([10], p. 109), Kronk, Radlowski, and Franen proved that a planar class two graph with maximum degree at least 5 contains a triangle.

The main tool which is used to derive the above mentioned results is Vizing’s adjacency lemma stating that for every k-critical graph with adjacent vertices u, v, the vertex v is adjacent to at least k − d_G(u) + 1 vertices of maximum degree. Since there are planar graphs with maximum degree 6 and 7, respectively, which fulfill the adjacency lemma, there are some more structural properties of critical graphs needed for a complete proof of one of these cases.

In the first section of Chapter 5 we consider critical graphs where the number of neighbors of maximum degree of a vertex v attains the lower bound of Vizing’s adjacency lemma. In this case we prove several lower bounds for the degree of a vertex u such that the distance between u and v is 2 or 3. These refinements of the adjacency lemma are not restricted to planar graphs and may be useful to settle other questions concerning the structure of critical graphs, for example to derive new lower bounds for the number of edges.

In the second section of Chapter 5 we prove Vizing’s planar graph conjecture for Δ = 7. We assume that there is a 7-critical planar graph, and then we use the properties proven in the first section and the discharging method to construct a plane multigraph with average degree at least 6 and without faces containing exactly two vertices. The existence of such a multigraph contradicts Euler’s polyhedra formula. Hence, there is no 7-critical planar graph, and every planar graph with maximum degree 7 is in class one.

Chapter 2

Basic definitions and results

In this section we give the definition of the most important terms in edge coloring and some standard results which will be used frequently. For the definition of basic graph theoretic terms, we refer to [4].

We consider connected multigraphs without loops. Throughout the thesis, we denote the edge set and the vertex set of a multigraph M by E(M) and V (M), the degree of a vertex v of M by d_M (v), and the maximum degree of M by Δ(M). If m ≥ 1 edges join the same pair v, w of vertices of M, then vw is called a multiple edge of multiplicity m or an m-edge. A proper multiple edge is a multiple edge of multiplicity at least 2 and a graph is a multigraph without proper multiple edges. An r-coloring of M is a function π : E(M) → {1, ..., r} so that π(e) ≠ π(f) for adjacent edges e and f. The chromatic index χ^′(M) of a multigraph M is the smallest number r so that there is an r-coloring of M. A multigraph M is called critical, if χ^′(M) > Δ(M) and χ^′(M − e) = χ^′(M) − 1 for each edge e of M. We define M to be k-critical, if it is critical and k = Δ(M) = χ^′(M)−1. A k-critical multigraph with n vertices is called non-elementary, if it has at most k⌊n/2⌋ edges, and it is elementary, else. Let M be a multigraph with maximum degree k, and let H be a submultigraph on vertices v_1, ..., v_n of M. Then s_k(H) = kn −

∑_n

i=1 d_M (v_i) is the k-deficiency of H. We call s_k(M) the total deficiency of M. Hence, a k-critical multigraph of odd order is elementary, if its total deficiency equals k − 2.

For an r-coloring of a multigraph M, we say that a color i is missing in a vertex v of M, if none of the edges incident to v is colored with i. The set of colors missing in v is denoted by v. Let i be missing in v, and let j be an other color. Then a connected component in the spanning submultigraph of M which contains exactly the edges colored with i or j is an (i, j)-chain. If i is missing in v then the (i, j)-chain Q containing v is called the (i, j)-chain beginning or starting in v.

The Petersen graph will be denoted by P , and the graph obtained from P by deleting a vertex is denoted by P^−. The complete graph with n vertices is denoted by K_n, and K_{m,n} is the complete bipartite graph with m vertices in one partition and n vertices in the other partition.

The most famous statement about the structure of k-critical graphs is Vizing’s adjacency lemma [31] which is abbreviated as VAL.

Theorem 2.1 (VAL) Let G be a k-critical graph with adjacent vertices u, v. Then v is adjacent to at least k − d_G(u) + 1 vertices of maximum degree different from u. � One further property of k-critical graphs is given by the following trivial statement a proof of which can be found in [32].

Lemma 2.1 A k-critical graph is connected and contains no cut-vertex. � A planar embedding of a multigraph M is a function ϕ that assigns to each vertex a point in the plane and to each edge a simple curve in the plane, such that the curves ϕ(e_1) and ϕ(e_2) meet at a point p, if and only if p = ϕ(v) for some vertex v which is incident in M to edges e_1 and e_2. A multigraph is planar, if it admits a plane embedding, and a plane multigraph is a a pair (M, ϕ) of a planar multigraph and ϕ is a planar embedding of M. We will use just M for a plane multigraph, if there is no danger of confusion which embedding of M is meant. The topological closures of the connected components of the complement of the image of ϕ applied to M are the faces of M. An edge and a face of M are incident, if the edge is contained in the face. The boundary of a face F consists of the edges incident to F and is denoted by E(F ). Two vertices u, v are said to be adjacent in F , if there is an edge uv ∈ E(F ). In a 2-connected plane multigraph, the boundary of each face is a circuit. If the boundary of a face F is a circuit of length k, we say that k is the length of F , and F is a k-face.

A graph H is obtained from G by subdividing the edge uw of G, if the edge uw is replaced by a path (uvw) where v is a new vertex. A graph H is called a subdivision of G, if H can be derived from G by recursively subdividing edges.

Kuratowski [23] gave a theorem which characterizes planar graphs.

Theorem 2.2 A graph is planar, if and only if it contains no subdivision of K_{3,3} or K_5. � Euler’s formula gives a relation between the numbers of faces, edges, and vertices of a plane multigraph.

Theorem 2.3 If M is a connected plane multigraph with n vertices, e edges, and f faces, then n − e + f = 2. � For 2-connected planar multigraphs without 2-faces, Euler’s formula implies a bound for the number of edges.

Lemma 2.2 If M is a connected plane multigraph with n vertices, e ≥ 2 edges, and without 2-faces, then e ≤ 3n − 6. �

Chapter 3

Critical multigraphs of even order

Jakobsen [19] formulated the famous critical graph conjecture, which claims that every critical multigraph M has odd order. This conjecture was disproved by Goldberg [13] for Δ(M) = 3, and Chetwynd and Fiol independently disproved it for Δ(M) = 4 (see [6]). The author and Steffen [15] constructed k-critical graphs and multigraphs of even order for all k ≥ 4, thus the critical graph conjecture is disproved for every maximum degree at least 3. A new conjecture appeared in a paper by Chetwynd and Wilson [6].

Conjecture 3.1 (Weak Critical Graph Conjecture) There exists a constant c > 0 such that every critical multigraph M with at most c · Δ(M) vertices has odd order.

According to Chetwynd and Wilson [6], Yap [32], and Jensen and Toft [20], this conjecture was formulated by Goldberg [12], but in fact it does not appear in Goldberg’s paper.

We disprove Conjecture 3.1 by proving the following theorem.

Theorem 3.1 For all k ≥ 5, there exists a k-critical multigraph of order 20.

3.1 Basic Theorems

In this section we present several tools for constructing k-critical multigraphs.

Let M be a multigraph and S a set of edges of M. We say that N is obtained from M by adding S if the multiplicity of each edge of S increases by 1.

Lemma 3.1 ([15]) Let k ≥ 0 and M be a multigraph obtained from P by adding k 1-factors of P . Then M − v is a (k + 3)-critical multigraph for any v ∈ V (M). � A multigraph N is said to be obtained from M and M^′ by Hajós-union where v and v^′ are identified, if v ∈ V (M), v^′ ∈ V (M^′), and N is constructed from M and M^′ as follows:

1. One edge uv ∈ E(M) and one edge u^′v^′ ∈ E(M^′) are removed.

2. The vertices v and v^′ are identified.

3. A new edge uu^′ is inserted.

Lemma 3.2 ([18]) Let M and M^′ be two k-critical multigraphs and v ∈ V (M), v^′ ∈ V (M^′) two vertices such that d_M (v) + d_M ′ (v^′) ≤ k + 2. Then any multigraph obtained from M and M^′ by Hajós-union where v and v^′ are identified is k-critical. � The next lemma allows the contraction of a proper submultigraph with k-deficiency k of a k-critical multigraph.

Lemma 3.3 ([15]) Let M be a k-critical multigraph, k ≥ 2, and N an induced proper submultigraph of odd order. If s_k(N) = k, then the multigraph M^− obtained from M by contracting N to a single vertex is k-critical. � Let M be a multigraph. We say that M^+ is obtained from M by planting an m-edge on the edge uv ∈ E(M) if M^+ is obtained from M by removing uv and inserting vertices u^+, v^+ and the edges uu^+, vv^+ and an m-edge u^+v^+.

Lemma 3.4 Let M be a k-critical multigraph, k ≥ 2, and let M^+ be a multigraph obtained from M by planting a (k − 1)-edge on an edge uv ∈ E(M). Then M^+ is a k-critical multigraph.

Proof. Let T be the multigraph with three vertices t, u^+, v^+, edges tu^+, tv^+, and a (k − 1)-edge u^+v^+. Clearly, T is a k-critical multigraph. The multigraph M^+ is obtained from M and T by Hajós-union where t and u are identified, the edges uv and tv^+ are removed, and a new edge vv^+ is inserted. By Lemma 3.2, M^+ is a k-critical multigraph. � 3.2 Construction

Let the vertices and edges of P be labeled as in Figure 3.1.

Then the edge sets F_1 = {v_2v_3, v_1v_6, v_4v_7, v_5x, zy} and F_2 = {v_2v_3, v_4v_5, v_1v_7, v_6y, zx} are 1-factors of P . For k ≥ 5 and 1 ≤ j ≤ k − 2, let P^j_k be the multigraph obtained from P by adding j − 1 copies of F_1 and k − j − 2 copies of F_2. By Lemma 3.1, the

� �

� �

� �

� �

�

�

..

� � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

.. v_4

v_5 v_6 v_1 v_2 y x

v_3

v_7 z

Figure 3.1: The Petersen Graph

multigraph H^j_k = P^j_k − z is k-critical. Furthermore, d_Hj_k (v_7) = k − 1, d_Hj_k (x) = j + 1, and d_Hj_k (y) = k − j.

Let 1 ≤ l ≤ k − 4. The multigraphs H^l_k, H^{l+1}_k and H^{l+2}_k are joined by Hajós-union to obtain a new k-critical multigraph. To avoid confusion we indicate the vertices of H^j_k with an upper index j. Firstly, H^l_k and H^{l+1}_k are joined by Hajós-union where the vertices y^l and x^{l+1} are identified, the edges v^l_3y^l and x^{l+1}v^{l+1}_2 are removed, and a new edge v^l_3v^{l+1}_2 is inserted. Secondly, this multigraph and H^{l+2}_k are joined by Hajós-union where the vertices y^{l+1} and x^{l+2} are identified, the edges v^{l+1}_3 y^{l+1} and x^{l+2}v^{l+2}_2 are removed, and a new edge v^{l+1}_3 v^{l+2}_2 is inserted. The obtained multigraph is called M^l_k. By Lemma 3.2, M^l_k is kcritical. The submultigraphs T^l induced by y^l,v^l_6,v^{l+1}_5 and T^{l+1} induced by y^{l+1},v^{l+1}_6 ,v^{l+2}_5 have k-deficiency k. Contracting T^l to a single vertex t^l and T^{l+1} to a single vertex t^{l+1} yields a new multigraph N^l_k of order 21, where d_N l_k (x^l) = l + 1 and d_N l_k (y^{l+2}) = k − l − 2. Lemma 3.3 implies that N^l_k is k-critical. Let Z^l_k be the multigraph obtained from N^l_k by identifying the vertices x^l and y^{l+2} to a single vertex v^l. Clearly, Z^l_k has order 20, maximum degree k, and it has no k-coloring.

Theorem 3.2 For each k ≥ 5 and 1 ≤ l ≤ k − 4, the multigraph Z^l_k is k-critical.

Proof. The edge sets F_3 = {v^1v^1_5 , v^1_4 v^1_7 , v^1 t^1, v^2_4v^2_7 , v^2_1t^2, v^3_4 v^3_7 , v^3_1 v^3_6 , v^1_2 v^1_3 , v^2 v^2_3 , v^3_2 v^3 } and F_4 = {v^1_5 v^1_4 , v^1_7 v^1 , t^1v^2_4 , v^2_7v^2_1 , t^2v^3_4 , v^3_7 v^3_1 , v^3_6 v^1, v^1_2 v^1_3 , v^2 v^2_3 , v^3_2 v^3 } are 1-factors of Z^1_5 . It is easy to see that Z^l_k is isomorphic to the multigraph obtained from Z^1_5 by adding l − 1 copies of F_3 and k − 4 − l copies of F_4. Since every edge of Z^l_k can be considered as an edge of Z^1_5 , it is sufficient to prove that Z^1_5 is a 5-critical multigraph.

Let V_1 = {v^1 , v^1_2, v^1_7 , v^1, v^3 , v^3_4 , v^3_7 }, V_2 = {v^2_1 , v^2_7 , t^2, v^3_1 , v^3_2 , v^3 , v^3_4, v^3_6 , v^3_7 }, and V_3 = {v^2_4 , v^2_7, t^1, v^1 , v^1_2, v^1_3 , v^1_4 , v^1_5 , v^1_7 }. Then for any edge e of Z^1_5 there exists i ∈ {1, 2, 3} such that e ∈ E(Z^1_5 − V_i).

v^3_4 v^3_1 v^3 v^{32}

v^3_6 t^2 t^1 v^1_5 v^1_4 v^1_3 v^1_2

v^1 v^2_3

v^2_4 v^2

v^2_1 v^3_7 v^2_7 v^1_7 v^1

Figure 3.2: The multigraph Z^1_5 with a dotted drawn axis of symmetry

Case 1: e ∈ E(Z^1_5 − V_1).

For l = 1 the above defined edge sets F_3 and F_4 are 1-factors of Z^1_5 where each edge which is contained in both, F_3 and F_4, is a proper multiple edge in Z^1_5 . Hence, the multigraph Z_1 = (Z^1_5 − F_3) − F_4 (see Figure 3.3) is well defined and has no 3-coloring. Two vertices

v^3_4 v^3_1 v^3 v^32

v^3_6 t^2 t^1 v^1_5 v^1_4 v^1_3 v^1_2

v^1 v^2_3

v^2_4 v^2

v^2_1 v^3_7 v^2_7 v^1_7 v^1

Figure 3.3: The multigraph Z_1 where the edges incident with a vertex of V_1 are drawn dashed

of Z_1 − V_1 are adjacent, if and only if they are adjacent in Z^1_5 − V_1. Therefore, e can be considered as an edge of Z_1 − V_1. The multigraph Z_1 − V_1 is 3-critical, since it is obtained from P − v by planting a 2-edge on two edges of P − v, respectively. Obviously, any 3-coloring of (Z_1 − V_1) − e can be extended to a 3-coloring of Z_1 − e. By coloring F_3 and F_4 with a new color, respectively, we obtain a 5-coloring of Z^1_5 − e.

Case 2: e ∈ E(Z^1_5 − V_2).

The edge sets F_5 = {v^1v^3 , v^3_2 v^2_3 , v^2 v^2_1 , v^2_7v^2_4 , t^1t^2, v^3_4v^3_7 , v^3_1 v^3_6 , v^1_2 v^1_3 , v^1_4 v^1_5 , v^1 v^1_7 } and F_6 = {v^3 v^3_2 , v^2_3 v^2 , v^2_1 v^2_7 , v^2_4 t^1, t^2v^3_4 , v^3_7 v^3_1 , v^3_6 v^1, v^1_2 v^1_3 , v^1_4 v^1_5 , v^1 v^1_7 } are 1-factors of Z^1_5 where each edge which is contained in both, F_5 and F_6, is a proper multiple edge in Z^1_5 . Hence, the multigraph Z_2 = (Z^1_5 − F_5) − F_6 is well defined and has no 3-coloring.

v^3_4 v^3_1 v^3 v^3_2

v^3_6 t^2 t^1 v^1_5 v^1_4 v^1_3 v^1_2

v^1 v^2_3

v^2_4 v^2

v^2_1 v^3_7 v^2_7 v^1_7 v^1

Figure 3.4: The multigraph Z_2 where the edges incident with a vertex of V_2 are drawn dashed

Two vertices of Z_2 − V_2 are adjacent, if and only if they are adjacent in Z^1_5 − V_2. Therefore, e can be considered as an edge of Z_2 − V_2. The multigraph Z_2 − V_2 is 3-critical, since it is obtained from P − v by planting a 2-edge on one edge of P − v. Obviously, any 3-coloring of (Z_2 − V_2) − e can be extended to a 3-coloring of Z_2 − e. By coloring F_5 and F_6 with a new color, respectively, we obtain a 5-coloring of Z^1_5 − e.

Case 3: e ∈ E(Z^1_5 − V_3).

By the symmetry of Z^1_5 (see Figure 3.2), there is an isomorphism of Z^1_5 where the image of each edge of Z^1_5 − V_3 is an edge of Z^1_5 − V_2. Hence, Case 3 can be reduced to Case 2.

Since there is a 5-coloring of Z^1_5 − e for any edge e ∈ E(Z^1_5 ), the multigraph Z^1_5 is 5-critical. � 3.3 Simple critical graphs of even order

The 3-critical graph of order 22 by Goldberg and the 4-critical graphs of order 18 by Chetwynd and Fiol are the smallest Δ-critical graphs of even order for Δ = 3, 4, respectively, as shown in [5]. We will now construct simple Δ-critical graphs of small even order for Δ ≥ 5. We use the following lemmas which are proved in [15].

Lemma 3.5 ([15]) For k ≥ 2, let M be a multigraph with Δ(M) = k, and v ∈ V (M) with d_M (v) = d ≤ k. Let v_1, ..., v_d be the not necessarily distinct neighbors of v, and u_1, ..., u_k the vertices of degree k − 1 in the complete bipartite graph K_{k,k−1}. Let M^′ be the multigraph obtained from M − v and K_{k,k−1} by adding edges v_iu_i for i = 1, ..., d. Then M is k-critical, if and only if M^′ is k-critical. � Lemma 3.6 ([15]) Let k ≥ 3 be odd, M a multigraph and v ∈ V (M) with d_M (v) = Δ(M) = k. Let v_1, ..., v_k be the not necessarily distinct neighbors of v, and u_1, ..., u_k the vertices of the complete graph K_k. Let M^′ be the multigraph obtained from M − v and K_k by adding edges v_iu_i for i = 1, ..., k. Then M is k-critical, if and only if M^′ is k-critical. � Let S_1 = {v^1_4 , v^1 , v^2_4 , v^2_1 , v^3_4 , v^3_1 , v^1_2 , v^2, v^3_2 }. Then every proper multiple edge of Z^1_5 is incident to a vertex of S_1. Hence, the graph obtained from Z^1_5 by replacing each vertex of S_1 by the graph K_5 is simple, and by Lemma 3.6, it is 5-critical. Let S_2 = {v^1_5 , v^1_7 , t^1, v^2_7 , t^2, v^3_7 , v^3_6 , v^1_2 , v^2 , v^3_2 }. Then every proper multiple edge of Z^l_k with k ≥ 6 and 1 ≤ l ≤ k − 4 is incident to a vertex of S_2. By replacing each vertex of S_2 by the graph K_k (for k odd) or by the graph K_{k,k−1} (for k even), we obtain a simple k-critical graph by Lemma 3.6 or Lemma 3.5.

Corollary 3.1 There is a k-critical simple graph of order

(a) 56 for Δ = 5, (b) 10Δ + 10 for every odd Δ ≥ 7, (c) 20Δ for every even Δ ≥ 6. � For every k ≥ 5, the constructed graphs are the smallest known simple k-critical graphs of even order. This improves the result of [15] where k-critical graphs of higher even order are constructed. For even k, it might be possible to construct smaller k-critical graphs of even order by replacing the vertices of S_2 by a graph of odd order at most 2k − 3 and with maximum degree and total deficiency k, but therefore a theorem similar to Lemma 3.6 or 3.5 had to be proved.

Chapter 4

Constructing 4-critical graphs and multigraphs from 3-critical graphs

We give a construction which produces several 4-critical multigraphs from a given 3-critical graph with more than one vertex of degree 2. Especially, this construction yields known 4-critical subgraphs of the line graphs of some snarks and two 4-critical multigraphs of order 16. One of them is new. Further, for every natural number k, we construct 4-critical graphs with 13k + 2 vertices and total deficiency 4k + 2. There is no infinite sequence of Δ-critical simple graphs with constant Δ known where the total deficiency grows faster with the number of vertices.

4.1 Construction

Lemma 4.1 Let G be a 3-critical graph and G^′ be a graph obtained from G by replacing a vertex v of G by a triangle. Then G^′ is 3-critical, too.

Proof. If v has degree 3, then the statement follows from Lemma 3.6. Let d_G(v) = 2, and let w_1, w_2 be the neighbors of v in G. Let (v_1, v_2, v_3) be the triangle replacing v in G^′ such that v_1w_1 and v_2w_2 are edges of G^′. Then G^′ is not 3-colorable, since otherwise the edges of G − {v_1, v_2, v_3} can be colored as before, and the edges vw_1, vw_2 can be colored as v_1w_1, v_2w_2, respectively to obtain a 3-coloring of G. On the other hand, a 3-coloring of G − e for an edge e of G − v yields a 3-coloring of G^′ − e, and a 3-coloring of G − v can be extended to a 3-coloring of G^′ − f for every edge f which is incident to at least one of the vertices v_1, v_2, v_3. � We define A to be the multigraph with five vertices u, v, w, x, y, simple edges uv, uw, vw, and double edges vx, wy. Let G be a multigraph which contains a triangle T = (u, v, w). Then the multigraph H obtained from G by (u, v)-replacing T by A is the multigraph obtained from G by inserting vertices x, y, inserting double edges ux and vy, and replacing every edge uz or vz with z /∈ {u, v, w} by an edge xz or yz, respectively. The vertex x is called the split vertex of u, and y is the split vertex of v.

Lemma 4.2 Let G be a multigraph which contains an induced triangle T = (u, v, w). The multigraph H obtained from G by (u, v)-replacing T by A is 4-colorable, if and only if G is 4-colorable.

Proof. Let π be a 4-coloring of G with π(uv) = 1, π(uw) = 2, π(vw) = 3. Then we obtain a 4-coloring of H by coloring the edges uv with 4, uw with 3, vw with 2, the double edges ux and vy with (1, 2) and (1, 3), respectively, every edge xz or yz with z /∈ {u, v} with π(uz) or π(vz), respectively, and leaving the color of the other edges unchanged. Analogously, we obtain a 4-coloring of G from a 4-coloring of H. � The next statement is a special case of Lemma 3.3.

Lemma 4.3 Let G be a multigraph with Δ(G) = 4 containing an induced proper subgraph H of odd order and with 4-deficiency 4. If G is 4-colorable, then the multigraph obtained from G by contracting H to a single vertex is also 4-colorable. � For any 3-critical graph G, let T (G) be the graph obtained from G by replacing each vertex v of G by a triangle T_v. For every edge uw of G, the vertex of T_u which is adjacent to a vertex of T_w is denoted by u_w. If x is a vertex of degree 2 of G, then x_2 denotes the vertex of T_x with d_{T (G)}(x_2) = 2. Let U(G) be the multigraph obtained from T (G) by replacing the edge u_vv_u by a double edge for any edge uv of G.

Lemma 4.4 For every 3-critical graph G, the multigraph U(G) is 4-critical .

Proof. Assume that there is a 4-coloring of U(G) with colors 1,2,3,4. Then we get a 3-coloring of G by coloring each edge uv of G with 1, if the double edge u_vv_u is colored with (1, 4) or (2, 3), with 2, if u_vv_u is colored with (2, 4) or (1, 3), and with 3, else. This is a 3-coloring of G, since for each 4-coloring of a triangle one color is missing at all three vertices and the other colors are missing at exactly one vertex. Since G is not 3-colorable, U(G) is not 4-colorable.

By Lemma 4.1, T (G) is 3-critical. Since U(G) is obtained from T (G) by adding a set of independent edges, an edge e of U(G) can be interpreted as an edge of T (G). Now we can color the edges of T (G) − e with three colors and the other edges of U(G) − e with a fourth color to obtain a 4-coloring of U(G) − e. Hence, U(G) is 4-critical. �

Let G be a 3-critical simple graph, and let S be a set of edges of G. For each edge uv of S, we identify the vertices u_v and v_u of U(G). The resulting multigraph is denoted by U_S (G).

Theorem 4.1 If G has at least three vertices of degree 2, then the multigraph U_S (G) is 4-critical for any subset S of E(G).

Proof. By Lemma 4.4, the statement is true for S = ∅. Let e ∈ S, and let U_{S−e}(G) be 4-critical. We have to show that U_S (G) is 4-critical to prove the theorem.

Assume that U_S (G) is 4-colorable. Let u(0), u(1), ..., u(n) be a path in G where e = u(0)u(1), and u(n) is a vertex of degree 2. For i = 1, ..., n − 1, the triangle T_{u(i)} is (u(i)_{u(i−1)}, u(i)_{u(i+1)})-replaced by A, and T_{u(n)} is (u(n)_{u(n−1)}, u(n)_2)-replaced by A. By assumption and Lemma 4.2, the obtained multigraph A_S (G) is 4-colorable. For i = 1, ..., n − 1 the vertex u(i)_{u(i+1)} and the split vertices of u(i)_{u(i+1)} and u(i + 1)_{u(i)} induce a subgraph of A_S (G) of order 3 and with 4-deficiency 4. We contract each of these induced subgraphs to a single vertex. By Lemma 4.3, the obtained multigraph is 4-colorable. Since it contains the multigraph U_{S−e}(G) as a subgraph, we get a 4-coloring of U_{S−e}(G) which contradicts the induction hypothesis. Hence, U_S (G) is not 4-colorable.

Let f be an edge of U_S (G). Then f is also an edge of U_{S−e}(G). To prove that U_S (G)−f is 4-colorable, we have to consider two cases. Case 1: f is an edge of a triangle T_v of U_S (G).

Since critical multigraphs contain no cut vertices and G contains more than one vertex of degree 2, there is a path v(0), v(1), ..., v(k) of G such that v(i) ≠ n for i ≥ 1, e = v(0)v(1), and d_G(v_k) = 2.

Case 2: f is one edge of a double edge u_vv_u.

There is a path v(0), v(1), ..., v(k) of G − uv such that e = v(0)v(1) and d_G(v_k) = 2.

In both cases we can (v(i)_{v(i−1)}, v(i)_{v(i+1)})-replace the triangle T_{v(i)} of U_{S−e}(G)−f by A for i = 1, ..., k−1 and (v(k)_{v(k−1)}, v(k)_2)-replace the triangle T_{v(k)} by A. For i = 1, ..., k−1, we contract subgraphs of order 3 and with 4-deficiency 4 induced by v(i)_{v(i+1)} and the split vertices of v(i)_{v(i+1)} and v(i + 1)_{v(i)}, and the subgraph induced by v(0)_{v(1)}, v(1)_{v(0)}, and the split vertex of v(1)_{v(0)}. The obtained graph is 4-colorable and contains U_S (G) − f as a subgraph. Hence, U_S (G) is a 4-critical graph. � 4.2 Examples and remarks

The proof of Theorem 4.1 almost holds for 3-critical graphs with exactly one vertex v of degree 2. In this case we obtain that U_S (G) is not 4-colorable, and U_S (G)−e is 4-colorable for every edge e which is not contained in the triangle T_v. Since G − v is 3-colorable, the multigraph obtained from U_S (G) − e by removing all edges of T_v is 4-colorable. Hence,

U_S (G) is 4-critical, if it has odd order, and if U_S (G) has even order, then U_S (G) − v_2 is 4-critical.

By applying Theorem 4.1, we can construct many non-elementary 4-critical graphs. Let P^− be the graph obtained from the Petersen graph by removing one vertex. Then the graph U_{E(P} −_)(P^−) is a graph with 15 vertices three of which have degree 2. The multigraphs U_{E(P} −_{)−e}(P^−) for an edge e of P^− have 16 vertices. These two multigraphs (there are two, because e can be incident to a vertex of degree 2 or not) are the smallest known multigraphs of even order. Let P_u be the graph obtained from P^− by replacing a vertex u ∈ V (P^−) by a triangle. Then the graphs U_{E(Pv )}(P_v) and U_{E(Pw )}(P_w) for vertices v and w of P^− of degree 2 and 3, respectively, have 18 vertices, and they are the smallest 4-critical even order graphs, as shown in [5]. The graph with 15 vertices and one of the multigraphs with 16 and one of the graphs with 18 vertices were found by Chetwynd (see [6]), and Fiol [8] obtained the other graph of order 18.

As an other application, we construct an infinite sequence of 4-critical graphs with fast growing total deficiency. Let H_1 = P^−, and for i ≥ 2, let H_i be a graph obtained from H_{i−1} and P^− by Hajos union where at least one of the identified vertices has degree 2 (see Lemma 3.2). Then H_i is a 3-critical graph of order 6i + 3 and with total deficiency 2i + 1, and the graph U_i = U_{E(Hi)}(H_i) is a 4-critical graph of order 13i + 2 and with total deficiency 4i + 2.

Corollary 4.1 For every natural number n, there is a 4-critical graph G with more than n vertices and s_4(G)/|V (G)| ≥ 4/13. �

Chapter 5

A proof of the planar graph conjecture for Δ = 7

By proving the four color theorem, Appel and Haken [2] solved the most famous open problem in edge coloring planar graphs. The theorem implies that every bridgeless cubic map is 3-colorable. However, this is far away from determining the chromatic index for all planar graphs what could be done by proving the following conjecture by Seymour.

Conjecture 5.1 ([26]) There is no planar non-elementary critical graph.

A proof of Seymour’s conjecture would imply not only the four color theorem, but also the existence of a polynomial algorithm determining the chromatic index for any planar graph (see [16]). One more consequence would be that every planar graph with maximum degree at lest 6 is in class one. This weaker conjecture known as the planar graph conjecture was formulated by Vizing [31] in 1965 who also proved the case Δ(G) ≥ 8. Hence, the two cases Δ = 6 and Δ = 7 remain open. In this chapter we prove the case Δ = 7. Since there are planar graphs with maximum degree 7 which fulfill VAL, we need some additional structural properties of critical graphs. In the first section of this chapter we derive those properties that we will need to show that there is no planar graph for which all conditions for a 7-critical graph hold. This is the main theorem of this chapter, and we will prove it in the second section.

5.1 Vizing-type bounds for critical graphs

Let M be a multigraph with a critical edge xy, and let M − xy be colored with χ^′(M) − 1 colors. We define a fan sequence F = [xy_0, xy_1, ..., xy_n] at x to be a sequence of distinct edges xy_0, ..., xy_n with y_0 = y such that for each i ≥ 1, the edge xy_i is colored with a color missing in y_{i−1}. The set of the end vertices different from x of all edges which are contained in at least one fan sequence at x is denoted by A_x. The set of neighbors of x which are not contained in A_x is denoted by B_x. For every vertex w of G, we define C^′(w) to be the set of colors which are missing in w, and for adjacent vertices w_1, w_2, we denote the set of colors used to color the edges between w_1 and w_2 by C(w_1w_2).

Lemma 5.1 (Yap-Lemma) Let M be a critical multigraph, let uy be an edge of G, and let G − uy be colored with χ^′(M) − 1 colors. Let A_u = {y, v_1, ..., v_n} and B_u = {z_1, ..., z_m}. Then all sets C^′(u), C^′(y), C^′(v_1), ..., C^′(v_n), C(uz_1), ..., C(uz_m) are pairwise disjoint.

Proof. Let π be the coloring of G − uy with χ^′(M) − 1 colors. Since π is a coloring, the sets C(uz_1), ..., C(uz_m) are pairwise disjoint. For every i ∈ {1, ..., m} and j ∈ {1, ..., n}, the sets C^′(v_j ) ∩ C(uz_i) and C^′(y) ∩ C(uz_i) are empty, since otherwise z_i ∈ A_u, and C(uz_i) ∩ C^′(u) = ∅ by definition. The sets C^′(y) and C^′(u) are disjoint, because otherwise we can color the edge uy with a color of C^′(u) ∩ C^′(y) and obtain a coloring of M with χ^′(M) − 1 colors. Hence, we have to prove that for i, j ∈ {1, ..., n} and i ≠ j the sets C^′(y)∩C^′(v_i), C^′(u)∩C^′(v_i), and C^′(v_i)∩C^′(v_j) are pairwise disjoint. If a ∈ C^′(v_i)∩C^′(u), then let [uy, uv_{i1} , ..., uv_{ik} ] with i_k = i be a fan sequence at u. We color the edges uy with π(uv_{i1} ), uv_{il} with π(uv_{il+1} ) for 1 ≤ l ≤ k − 1, and uv_{ik} with a, and we obtain a coloring of M with χ^′(M) − 1 colors. If a ∈ C^′(v_i) ∩ C^′(y), let b ∈ C^′(u). We recolor the (a, b)-chain starting in v_i. If this chain ends in u, we have C^′(u) ∩ C^′(y) ≠ ∅, else C^′(v_i) ∩ C^′(u) ≠ ∅. If a ∈ C^′(v_i) ∩ C^′(v_j) with i ≠ j, let b ∈ C^′(u). The (a, b)-chains starting in v_i and v_j can not both end in u. Hence, we can assume that the (a, b)-chain starting in v_i does not end in u, and by recoloring this chain, we obtain a coloring of G − uy where C^′(v) ∩ C^′(u) ≠ ∅ for a vertex v ∈ A_u. � Corollary 5.1 Let G be a Δ-critical graph with adjacent vertices u and y where d_G(y) = k + 1, and u has exactly Δ − k neighbors v_{k+1}, ..., v_Δ of degree Δ such that v_s ≠ y for k + 1 ≤ s ≤ Δ. Let v_1, ..., v_l be the distinct minor vertices other than y which are adjacent to u. Let d_G(v_i) ≤ Δ − 2 for 1 ≤ i ≤ m and d_G(v_i) = Δ − 1 for m + 1 ≤ i ≤ l. Then for every Δ-coloring of G − uy, v_i /∈ A_u for 1 ≤ i ≤ m.

Proof. Let n ≤ m be the number of vertices in {v_1, ..., v_m}∩A_u. Then there are Δ−k colors missing in y, there are k −l colors missing in u, at least 2n colors are missing in a vertex of {v_1, ..., v_m}∩A_u, and there are m−n colors which the edges uv_i with 1 ≤ i ≤ m and v_i ∈ B_u are colored with. Additionally, for m + 1 ≤ i ≤ l, we consider the color missing in v_i, if v_i ∈ A_u, or the color of the edge uv_i, if v_i ∈ B_u. In both cases all considered colors have to be different by Lemma 1.1. Hence, we have Δ ≥ Δ−k +k −l+2n+m−n+l−m = Δ+n, thus n = 0. � We will now present several results about critical graphs for which the lower bound for the number of major vertices adjacent to a vertex u given in VAL is attained. In all of the Lemmas 5.2 to 5.8 we suppose that G is a critical graph with adjacent vertices u and y such that d_G(y) = k + 1, and u has exactly Δ − k neighbors v_{k+1}, ..., v_Δ of maximum degree with v_s ≠ y for k + 1 ≤ s ≤ Δ. Further, we suppose that v_1, ..., v_l are the distinct minor vertices adjacent to u with v_s ≠ y for 1 ≤ s ≤ l.

Lemma 5.2 If d_G(u) ≤ Δ − 1 and d_G(v_s) ≤ Δ − 2 for 1 ≤ s ≤ l, then d_G(w) = Δ for any vertex w of G for which w /∈ {u, y, v_1, ..., v_l} and w is adjacent to one of the vertices v_{k+1}, ..., v_Δ.

Proof. We assume that there is a counterexample. Let w_Δ be a neighbor of v_Δ with d_G(w_Δ) < Δ and w_Δ /∈ {y, v_1, ..., v_l}. Let G − uy be colored with {1, ..., Δ} such that the edges uv_s are colored with s for s ∈ {1, ..., l} ∪ {k + 1, ..., Δ} and the edges incident with y are colored with 1, ..., k. Let the edge v_Δw_Δ be colored with j, and let i be a color missing in w_Δ.

Case 1: l + 1 ≤ j ≤ k and i = Δ.

By recoloring the (j, Δ)-chain starting in w_Δ and coloring uy with Δ, we obtain a Δcoloring of G.

Case 2: j ≤ l and i = Δ.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({l + 1, ..., Δ} ∪ {j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j for 0 ≤ s ≤ r; j_{r+1} ∈ {l + 1, ..., Δ} ∪ {j_0, ..., j_{r−1}}.

Subcase 2.1: l + 1 ≤ j_{r+1} ≤ k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain Case 1. Subcase 2.2: k + 1 ≤ j_{r+1} ≤ Δ − 1.

By recoloring the (j_{r+1}, l + 1)-chain starting in v^r_j , we obtain Subcase 2.1. Subcase2.3: j_{r+1} = Δ.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r, the edge uv_Δ with j, and the edge v_Δw_Δ with Δ. The obtained coloring of G − uy contradicts the Yap-Lemma. Subcase 2.4: j_{r+1} = j.

We recolor the (j, Δ)-chain starting in v^s_j . If this chain ends in w_Δ, the obtained coloring contradicts the Yap-Lemma, else we are in Subcase 2.3. Subcase 2.5: There is s ∈ {1, ..., r − 1} with j_{r+1} = j_s.

We recolor the (j_s, l + 1)-chain beginning in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with l + 1 and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with l + 1 and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 1.

Case 3: j ≤ k and l + 1 ≤ i ≤ k.

By recoloring the (i, Δ)-chain starting in w_Δ, we obtain Case 1 or Case 2.

Case 4: j ≤ k and k + 1 ≤ i ≤ Δ − 1.

Let a ∈ {l + 1, ..., k} and a ≠ j. We recolor the (i, a)-chain starting in w_Δ and obtain

Case 3.

Case 5: j ≤ k and i ≤ l.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}.

Subcase 5.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 3. Subcase 5.2: k + 1 ≤ i_{r+1} ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i_{r+1}, a)-chain starting in v^r_i , we obtain Subcase 5.1.

Subcase 5.3: i_{r+1} = i. Let a ∈ {l + 1, ..., k} with a ≠ j.

We recolor the (i, a)-chain starting in v^r_i . If this chain ends in w_Δ or u, then we obtain Case 3, else we are in Subcase 5.1.

Subcase 5.4: There is s ∈ {1, ..., r − 1} with i_{r+1} = i_s.

Let a ∈ {l + 1, ..., k} with a ≠ j. We recolor the (i_s, a)-chain beginning in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 3.

Case 6: j ≥ k + 1 and l + 1 ≤ i ≤ k.

We recolor the (i, j)-chain starting in w_Δ and obtain Case 4.

Case 7: j ≥ k + 1 and i ≥ k + 1.

We recolor the (i, l + 1)-chain starting in w_Δ and obtain Case 6.

Case 8: j ≥ k + 1 and i ≤ l.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}.

Subcase 8.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 6. Subcase 8.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, l + 1)-chain starting in v^r_i , we obtain Case 5 (if i_{r+1} = j and the chain contains the edge v_Δw_Δ) or Subsubcase 8.1 (else). Subcase 8.3: i_{r+1} = i.

We recolor the (i, l + 1)-chain starting in v^r_i . If this chain ends in w_Δ or u, then we obtain Case 6, else we are in Subcase 8.1.

Subsubcase 8.4: There is s ∈ {1, ..., r − 1} with i_{r+1} = i_s.

We recolor the (i_s, l + 1)-chain beginning in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with l + 1 and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with l + 1 and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 6. � Lemma 5.3 If d_G(u) = Δ, d_G(y) ≥ 3, and d_G(v_s) ≤ Δ−2 for 1 ≤ s ≤ l, then d_G(w) = Δ for any vertex w of G for which w /∈ {y, v_1, ..., v_l} and w is adjacent to one of the vertices v_{k+1}, ..., v_Δ.

Proof. We assume that there is a counterexample. By definition, we have that l = k − 1 ≥ 1. Let w_Δ be a neighbor of v_Δ with d_G(w_Δ) < Δ and w_Δ /∈ {y, v_1, ..., v_{k−1}}. Let G − uy be colored with {1, ..., Δ} such that the edges uv_s are colored with s for s ∈ {1, ..., k − 1} ∪ {k + 1, ..., Δ} and the edges incident with y are colored with 1, ..., k. Let the edge v_Δw_Δ be colored with j, and let i be a color missing in w_Δ.

Case 1: j = k and i = Δ.

By recoloring the (j, Δ)-chain starting in w_Δ and coloring uy with Δ, we obtain a Δcoloring of G.

Case 2: j ≤ k − 1 and i = Δ.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k, ..., Δ} ∪ {j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j for 0 ≤ s ≤ r; j_{r+1} ∈ {k, ..., Δ} ∪ {j_0, ..., j_{r−1}}.

Subcase 2.1: j_{r+1} = k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain Case 1. Subcase 2.2: k + 1 ≤ j_{r+1} ≤ Δ − 1.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 2.1. Subcase 2.3: j_{r+1} = Δ.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r, the edge uv_Δ with j, and the edge v_Δw_Δ with Δ. The obtained coloring of G − uy contradicts the Yap-Lemma. Subcase 2.4: j_{r+1} = j.

We recolor the (j, Δ)-chain starting in v^r_j . If this chain ends in w_Δ, the obtained coloring contradicts the Yap-Lemma, else we are in Subcase 2.3. Subcase 2.5: There is s ∈ {1, ..., r − 1} with j_{r+1} = j_s.

We recolor the (j_s, k)-chain beginning in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 1.

Case 3: j ≤ k − 1 and i = k.

By recoloring the (i, Δ)-chain starting in w_Δ, we obtain Case 2.

Case 4: j ≤ k − 1 and k + 1 ≤ i ≤ Δ − 1.

We recolor the (i, k)-chain starting in w_Δ and obtain Case 3.

Case 5: j ≤ k − 1 and i ≤ k − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r−1; i_{s+1} ∈ v^s_i for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ}∪{i_0, ..., i_{r−1}}. Subcase 5.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 3. Subcase 5.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subcase 5.1. Subcase 5.3: i_{r+1} = i.

We recolor the (i, k)-chain starting in v^r_i . If this chain ends in w_Δ or u, then we obtain Case 3, else we are in Subcase 5.1.

Subcase 5.4: There is s ∈ {1, ..., r − 1} with i_{r+1} = i_s.

We recolor the (i_s, k)-chain beginning in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 3.

Case 6: j = k and k + 1 ≤ i ≤ Δ − 1.

Subcase 6.1: There is s ∈ {1, ..., k − 1} such that k ∈ v_s. By coloring uv_s with k, we obtain Case 4.

Subcase 6.2: There is s ∈ {1, ..., k − 1} such that Δ ∈ v_s. By recoloring the (Δ, k)-chain starting in v_s, we obtain Subcase 6.1. Subcase 6.3: There is a color a ≠ i with k + 1 ≤ a ≤ Δ − 1 and an index s ∈ {1, ..., k − 1} such that a ∈ v_s.

We recolor the (a, k)-chain starting in v_s. If this chain does not contain the edge v_Δw_Δ, we can color the edge uv_s with k and obtain Case 4. Hence, we can assume that the chain contains the edge v_Δw_Δ, and we obtain a new coloring of G − uv where v_Δw_Δ is colored with a, the color i is missing in w_Δ, and the color k is missing in v_s. Now we recolor the (k, Δ)-chain beginning in v_s, then we recolor the (i, k)-chain starting in w_Δ, and at last we recolor the (k, a)-chain starting in w_Δ. The obtained coloring suffices the conditions of Subcase 6.2.

Subcase 6.4: There are s, t ∈ {1, ..., k − 1} with s ≠ t and i ∈ v_s ∩ v_t. Since the (i, k)-chain starting in w_Δ can not end in v_s and v_t, we can assume that the (i, k)-chain starting in v_s does not contain the edge v_Δw_Δ. By recoloring this chain, we obtain Subcase 6.1.

Subcase 6.5: The color i is missing in at most one of the vertices v_1, ..., v_{k−1}. We assume that v_1 ⊆ {1, ..., k − 1} ∪ {i} and v_s ⊆ {1, ..., k − 1} for s ∈ {2, ..., k − 1}. Let a_0, ..., a_{r+1} and v^0_a, ..., v^r_a be colors and vertices, respectively, such that the following conditions hold: v^0_a = v_1 and a_0 = 1; the edges uv^s_a are colored with a_s for 0 ≤ s ≤ r; v^s_a ∩ {a_0, ..., a_{s−1}} = ∅ for 0 ≤ s ≤ r − 1; a_{s+1} ∈ v^s_a, a_1 ≠ i, and a_{s+1} ≠ 1 for 0 ≤ s ≤ r; a_{r+1} ∈ {a_1, ..., a_{r−1}}.

Let s ∈ {1, ..., r − 1} with a_s = a_{r+1}. Now we recolor the (a_{r+1}, k)-chain starting in v^r_a and we denote this chain by P .

Subsubcase 6.5.1: P contains the edge v_Δw_Δ.

If P ends in u, we color the edge uv^{s−1}_a with a_s and obtain Case 4, else we are already in Case 4.

Subsubcase 6.5.2: P does not contain the edge v_Δw_Δ.

If P ends in u, we are in Case 4, else we color the edge uv^r_a with k and obtain Case 4.

Case 7: j = k and 1 ≤ i ≤ k − 1.

Subcase 7.1: There is s ∈ {1, ..., k − 1} such that k ∈ v_s. By coloring uv_s with k, we obtain Case 3 or Case 5. Subcase 7.2: There is s ∈ {1, ..., k − 1} such that Δ ∈ v_s. By recoloring the (Δ, k)-chain starting in v_s, we obtain Subcase 7.1. Subcase 7.3: {k, Δ} ∩ v_s = ∅ for 1 ≤ s ≤ k − 1, and there is a ∈ v_i with k + 1 ≤ a ≤ Δ − 1. We recolor the (i, a)-chain beginning in w_Δ. If this chain ends in v_i, the new coloring contradicts the Yap-Lemma, else we obtain Case 6.

Subcase 7.4: {k, Δ} ∩ v_s = ∅ for 1 ≤ s ≤ k − 1 and v_i ⊆ {1, ..., k − 1}. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k + 1, ..., Δ − 1} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ i for 0 ≤ s ≤ r; i_{r+1} ∈ {k + 1, ..., Δ − 1} ∪ {i_1, ..., i_{r−1}}.

Subcase 7.1: k + 1 ≤ i_{r+1} ≤ Δ − 1. Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain does not contain the edge v_Δw_Δ, we can color the edge uv^r_i with k and obtain Case 5. Hence, we can assume that the chain contains the edge v_Δw_Δ, and we obtain a new coloring of G − uv where v_Δw_Δ is colored with i_{r+1}, the color i is missing in w_Δ, and the color k is missing in v^r_i . Now we color the edge uv^r_i with k and the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1, and by recoloring the (i, i_{r+1})-chain starting in w_Δ, we obtain Case 6. Subsubcase 7.4.2: There is s ∈ {1, ..., r −1} with i_{r+1} = i_s, and the (i_{r+1}, k)-chain starting in v^r_i contains the edge v_Δw_Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in u, we color the edge uv^{s−1}_i with i_s and obtain Case 5, else we are already in Case 5.

Subsubcase 7.4.3: There is s ∈ {1, ..., r −1} with i_{r+1} = i_s, and the (i_{r+1}, k)-chain starting in v^r_i does not contain the edge v_Δw_Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in u, we are in Case 5, else we color the edge uv^r_i with k and obtain Case 5.

Case 8: j ≥ k + 1 and i = k.

We recolor the (i, j)-chain starting in w_Δ and obtain Case 6.

Case 9: j ≥ k + 1 and i ≥ k + 1.

We recolor the (i, k)-chain starting in w_Δ and obtain Case 8.

Case 10: j ≥ k + 1 and i ≤ k − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r−1; i_{s+1} ∈ v^s_i for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ}∪{i_0, ..., i_{r−1}}.

Subcase 10.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 8. Subcase 10.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Case 7 (if i_{r+1} = j and the chain contains the edge v_Δw_Δ) or Subcase 10.1 (else). Subcase 10.3: i_{r+1} = i.

We recolor the (i, k)-chain starting in v^r_i . If this chain ends in w_Δ or u, then we obtain Case 8, else we are in Subcase 10.1.

Subsubcase 10.4: There is s ∈ {1, ..., r − 1} with i_{r+1} = i_s.

We recolor the (i_s, k)-chain beginning in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 8. � Lemma 5.4 If d_G(u) ≤ Δ − 1, d_G(v_s) ≤ Δ − 2 for 1 ≤ s ≤ l − 1, and d_G(v_l) = Δ − 1, then d_G(w) = Δ for any vertex w of G for which w /∈ {u, y, v_1, ..., v_l} and w is adjacent to one of the vertices v_{k+1}, ..., v_Δ.

Proof. We assume that there is a counterexample. Let w_Δ be a neighbor of v_Δ with d_G(w_Δ) < Δ and w_Δ /∈ {y, v_1, ..., v_l}.

Case A: There is a coloring π of G − uy such that v_l /∈ A_y.

Let G − uy be colored with {1, ..., Δ} such that the edges uv_s are colored with s for s ∈ {1, ..., k − 1} ∪ {k + 1, ..., Δ} and the edges incident with y are colored with 1, ..., k. Let the edge v_Δw_Δ be colored with j, and let i be a color missing in w_Δ.

Case 1: l + 1 ≤ j ≤ k and i = Δ.

By recoloring the (j, Δ)-chain starting in w_Δ and coloring uy with Δ, we obtain a Δcoloring of G.

Case 2: l + 1 ≤ j ≤ k and l + 1 ≤ i ≤ k.

We recolor the (i, Δ)-chain starting in w_Δ and obtain Case 1.

Case 3: l + 1 ≤ j ≤ k and k + 1 ≤ i ≤ Δ − 1.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i, a)-chain starting in w_Δ, we obtain Case 2.

Case 4: l + 1 ≤ j ≤ k, 1 ≤ i ≤ l, and j /∈ v_l.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 4.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 2. Subcase 4.2: k + 1 ≤ i_{r+1} ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i_{r+1}, a)-chain starting in v^r_i , we obtain Subcase 4.1.

Subcase 4.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Let a ∈ {l + 1, ..., k} with a ≠ j. We recolor the (i_{r+1}, a)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 2, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 2.

Case 5: l + 1 ≤ j ≤ k, 1 ≤ i ≤ l, and j ∈ v_l.

By recoloring the (j, Δ)-chain beginning in v_l, we obtain Case 4.

Case 6: k + 1 ≤ j ≤ Δ − 1 and l + 1 ≤ i ≤ k.

We recolor the (i, j)-chain starting in w_Δ and obtain Case 3.

Case 7: k + 1 ≤ j ≤ Δ − 1 and k + 1 ≤ i ≤ Δ.

We recolor the (i, k)-chain beginning in w_Δ and obtain Case 5.

Case 8: k + 1 ≤ j ≤ Δ − 1, 1 ≤ i ≤ l, and j /∈ v_l.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 8.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 6. Subcase 8.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subcase 8.1. Subcase 8.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 6, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 6.

Case 9: k + 1 ≤ j ≤ Δ − 1, 1 ≤ i ≤ l, and j ∈ v_l.

We recolor the (j, k)-chain starting in v_l. If this chain contains the edge v_Δw_Δ, we are in Case 5, else we obtain Case 8.

Case 10: 1 ≤ j ≤ l and j /∈ v_l.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({l + 1, ..., Δ} ∪ {j_1, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈ {l + 1, ..., Δ} ∪ {j_1, ..., j_{r−1}}. Subcase10.1: l + 1 ≤ j_{r+1} ≤ k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain one of the Cases 1-5. Subcase 10.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 10.1.

Subcase 10.3: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this path ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain one of the Cases 1-5.

Case 11: 1 ≤ j ≤ l and j ∈ v_l.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({l, ..., Δ} ∪ {j_1, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈ {l, ..., Δ} ∪ {j_1, ..., j_{r−1}}. Subcase 11.1: l + 1 ≤ j_{r+1} ≤ k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain one of the Cases 1-5. Subcase 11.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 11.1. Subcase 11.3: j_{r+1} = l.

We color the edges uv_l with j and uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain Case 10. Subcase 11.4: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this path ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain one of the Cases 1-5.

Case B: There is a coloring π of G − uy where the edges incident with y are colored with 1, ..., k, π(uv_s) = s for s ∈ {1, ..., l − 1} ∪ {k + 1, ..., Δ − 1}, π(uv_l) = Δ, v_l = {l}, and π(uv_Δ) = l.

Let the edge v_Δw_Δ be colored with j, and let i be a color missing in w_Δ.

Case 1: l + 1 ≤ j ≤ k and i = l.

We recolor the (l, j)-chain starting in w_Δ, we color the edge uv_l with l and the edge uy with Δ, and we obtain a Δ-coloring of G.

Case 2: l + 1 ≤ j ≤ k and l + 1 ≤ i ≤ k.

We recolor the (i, l)-chain starting in w_Δ. If this chain ends in u or v_l, the new coloring contradicts the Yap-Lemma, else we are in Case 1.

Case 3: l + 1 ≤ j ≤ k and k + 1 ≤ i ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i, a)-chain starting in w_Δ, we obtain Case 2.

Case 4: l + 1 ≤ j ≤ k and 1 ≤ i ≤ l − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 4.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 2.

Subcase 4.2: k + 1 ≤ i_{r+1} ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i_{r+1}, a)-chain starting in v^r_i , we obtain Subcase 4.1.

Subcase 4.3: i_{r+1} = l.

We recolor the (l, Δ)-chain starting in v^r_i . If this chain ends in y or v_l, we obtain a coloring of G − uy for which v_l /∈ A_y, else we are in Subcase 4.2. Subcase 4.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Let a ∈ {l + 1, ..., k} with a ≠ j. We recolor the (i_{r+1}, a)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 2, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 2.

Case 5: k + 1 ≤ j ≤ Δ and l + 1 ≤ i ≤ k.

By recoloring the (i, j)-chain starting in w_Δ, we obtain Case 3.

Case 6: k + 1 ≤ j ≤ Δ and k + 1 ≤ i ≤ Δ.

We recolor the (i, k)-chain beginning in w_Δ and obtain Case 5.

Case 7: k + 1 ≤ j ≤ Δ and i = l.

We recolor the (l, k)-chain starting in w_Δ. If this chain ends in u or v_l, the new coloring contradicts the Yap-Lemma, else we obtain Case 5.

Case 8: k + 1 ≤ j ≤ Δ and 1 ≤ i ≤ l − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i , such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 8.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 5. Subcase 8.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subcase 8.1. Subcase 8.3: i_{r+1} = l.

We recolor the (l, Δ)-chain starting in v^r_i . If this chain ends in y or v_l, we obtain a coloring of G − uy for which v_l /∈ A_y, else we are in Subcase 8.2. Subcase 8.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 5, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 5.

Case 9: 1 ≤ j ≤ l − 1.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({l, ..., Δ} ∪ {j_1, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈

{l, ..., Δ} ∪ {j_1, ..., j_{r−1}}. Subcase 9.1: l + 1 ≤ j_{r+1} ≤ k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain one of the Cases 1-4. Subcase 9.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 9.1. Subcase 9.3: j_{r+1} = l.

We recolor the (l, k)-chain starting in v^r_j . If this chain ends in u or v_l, the new coloring contradicts the Yap-Lemma, else we obtain Subcase 9.1. Subcase 9.4: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this path ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain one of the Cases 1-4.

Case C: There is a coloring π of G − uy where the edges incident with y are colored with 1, ..., k, π(uv_s) = s for s ∈ {1, ..., l − 1} ∪ {k + 2, ..., Δ}, π(uv_l) = k + 1, v_l = {l}, and π(uv_{k+1}) = l.

Let v_Δw_Δ be colored with j, and let i be a color missing in w_Δ.

Case 1: j = l and i = Δ.

Let P be the (Δ, l)-chain beginning in w_Δ. If P ends in v_l, we recolor the (Δ, l)-chain starting in y. The new coloring contradicts the Yap-Lemma, since both colors l and k + 1 are missing in y, but the edge uv_l is colored with k + 1 and the color l is missing in v_l. If P ends in y, then recolor the (l, Δ)-chain starting in v_l. Again, the new coloring of G − uy contradicts the Yap-Lemma. If P ends neither in v_l nor in y, we recolor P and obtain Case B.

Case 2: j = l and l + 1 ≤ i ≤ k.

We recolor the (i, Δ)-chain starting in w_Δ and obtain Case 1.

Case 3: j = l, and k + 1 ≤ i ≤ Δ − 1.

By recoloring the (i, k)-chain starting in w_Δ, we obtain Case 2.

Case 4: j = l and 1 ≤ i ≤ l − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ l for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 4.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 2. Subcase 4.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subcase 4.1. Subcase 4.3: i_{r+1} = i.

We recolor the (i, k)-chain starting in v^r_i . If this chain ends in w_Δ or in u, we obtain Case 2, else we are in Subcase 4.1.

Subcase 4.4: i_{r+1} = i_s with 1 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this path ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 2.

Case 5: l + 1 ≤ j ≤ k and i = l.

The (l, j)-chain starting in w_Δ cannot end in v_l or u, because by coloring uv_l with j or l and uy with k + 1, we would obtain a Δ-coloring of G. We recolor this chain and obtain Case 2.

Case 6: l + 1 ≤ j ≤ k and l + 1 ≤ i ≤ k.

As in Case 5, the (i, l)-chain starting in w_Δ cannot end in v_l or u. By recoloring this chain, we obtain Case 5.

Case 7: l + 1 ≤ j ≤ k and k + 1 ≤ i ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i, a)-chain starting in w_Δ, we obtain Case 6.

Case 8: l + 1 ≤ j ≤ k and 1 ≤ i ≤ l − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ l for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}.

Subcase 8.1: l + 1 ≤ i_{r+1} ≤ k and i_{r+1} ≠ j.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 6. Subcase 8.2: k + 1 ≤ i_{r+1} ≤ Δ.

Let a ∈ {l + 1, ..., k} with a ≠ j. By recoloring the (i_{r+1}, a)-chain starting in v^r_i , we obtain Subcase 8.1.

Subcase 8.3: i_{r+1} = j.

We recolor the (j, Δ)-chain starting in v^r_i and obtain Subcase 8.2. Subcase 8.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Let a ∈ {l + 1, ..., k} with a ≠ j. We recolor the (i_{r+1}, a)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 6, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with a and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 6.

Case 9: k + 1 ≤ j ≤ Δ − 1 and l + 1 ≤ i ≤ k.

By recoloring the (i, j)-chain starting in w_Δ, we obtain Case 7.

Case 10: k + 1 ≤ j ≤ Δ − 1 and k + 1 ≤ i ≤ Δ. We recolor the (i, k)-chain beginning in w_Δ and obtain Case 9.

Case 11: k + 1 ≤ j ≤ Δ − 1 and i = l.

Recolor the (l, j)-chain starting in w_Δ. If this chain ends in v_l or y, the new coloring of G − uy contradicts the Yap-Lemma, else we obtain Case 3.

Case 12: k + 1 ≤ j ≤ Δ − 1 and 1 ≤ i ≤ l − 1.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold:

v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({l + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ l for 0 ≤ s ≤ r; i_{r+1} ∈ {l + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 12.1: l + 1 ≤ i_{r+1} ≤ k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 9. Subcase 12.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we obtain Case 8, else we are in Subcase 12.1. Subcase 12.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this path ends in w_Δ, we are in Case 9, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 9.

Case 13: 1 ≤ j ≤ l − 1.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({l + 1, ..., Δ} ∪ {j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈ {l + 1, ..., Δ} ∪ {j_0, ..., j_{r−1}}. Subcase 13.1: l + 1 ≤ j_{r+1} ≤ k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain one of the Cases 5-8. Subcase 13.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 13.1. Subcase 13.3: j_{r+1} = l.

We recolor the (l, k)-chain starting in v^r_j . If this chain ends in u or v_l, the new coloring contradicts the Yap-Lemma, else we obtain Subcase 13.1. Subcase 13.4: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this path ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain one of the Cases 5-8. � Lemma 5.5 If d_G(u) = Δ, d_G(y) ≥ 4, d_G(v_s) ≤ Δ − 2 for 1 ≤ s ≤ l − 1, and d_G(v_l) = Δ − 1, then d_G(w) ≥ Δ − 1 for any vertex w of G for which w /∈ {y, v_1, ..., v_l} and w is adjacent to one of the vertices v_{k+1}, ..., v_Δ.

Proof. By definition, we have that l = k − 1 ≥ 2. We assume that there is a counterexample. Let w_Δ be a neighbor of v_Δ with d_G(w_Δ) < Δ − 1 and w_Δ /∈ {y, v_1, ..., v_{k−2}}.

Case A: There is a coloring π of G − uy such that v_{k−1} /∈ A_y.

Let G − uy be colored with {1, ..., Δ} such that the edges uv_s are colored with s for s ∈ {1, ..., k − 1} ∪ {k + 1, ..., Δ} and the edges incident with y are colored with 1, ..., k. Let the edge v_Δw_Δ be colored with j.

Case 1: j = k and Δ ∈ w_Δ.

By recoloring the (j, Δ)-chain starting in w_Δ and coloring uy with Δ, we obtain a Δcoloring of G.

Case 2: j ≤ k − 2 and Δ ∈ w_Δ.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k, ..., Δ} ∪ {j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; j_{r+1} ∈ {k, ..., Δ} ∪ {j_0, ..., j_{r−1}}. Subcase 2.1: j_{r+1} = k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain Case 1. Subcase 2.2: k + 1 ≤ j_{r+1} ≤ Δ − 1.

By recoloring the (j_{r+1}, k)-chain starting in v^r_j , we obtain Subcase 2.1. Subcase2.3: j_{r+1} = Δ.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r, the edge uv_Δ with j, and the edge v_Δw_Δ with Δ. The obtained coloring of G − uy contradicts the Yap-Lemma. Subcase 2.4: j_{r+1} = j.

We recolor the (j, Δ)-chain starting in v^r_j . If this chain ends in w_Δ, the obtained coloring contradicts the Yap-Lemma, else we are in Subcase 2.3. Subcase 2.5: There is s ∈ {1, ..., r − 1} with j_{r+1} = j_s.

We recolor the (j_s, k)-chain beginning in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 1.

Case 3: j ≤ k − 2 and k ∈ w_Δ.

By recoloring the (k, Δ)-chain starting in w_Δ, we obtain Case 2.

Case 4: j ≤ k − 2 and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. We recolor the (i, k)-chain starting in w_Δ and obtain Case 3.

Case 5: j ≤ k − 2, i ∈ w_Δ with i ≤ k − 1, and j /∈ v_{k−1}.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 5.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 3. Subcase 5.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subcase 5.1. Subcase 5.3: i_{r+1} = i.

We recolor the (i, k)-chain starting in v^r_i . If this chain ends in w_Δ or u, then we obtain Case 3, else we are in Subsubcase 5.1.

Subcase 5.4: There is s ∈ {1, ..., r − 1} with i_{r+1} = i_s.

We recolor the (i_{r+1}, k)-chain beginning in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if it ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all of the three cases we obtain Case 3.

Case 6: j ≤ k − 2, i ∈ w_Δ with i ≤ k − 2, and j ∈ v_{k−1}.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k, ..., Δ} ∪ {i, j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; j_{r+1} ∈ {k, ..., Δ} ∪ {i, j_0, ..., j_{r−1}}. Subcase 6.1: j_{r+1} = k.

If r = 0, we recolor the (k, Δ)-chain starting in v_j , and then we recolor the (j, Δ)-chain starting in v_{k−1}. If that chain ends in v_j, the new coloring contradicts the Yap-Lemma, else we obtain Case 5. If r ≥ 1, we color the edges uv^s_j with j_{s+1} for 1 ≤ s ≤ r and obtain Subcase 6.1 with r = 0. Subcase 6.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain beginning in v^r_j , we obtain Subcase 6.1. Subcase 6.3: j_{r+1} = i.

Recolor the (i, k)-chain starting in v^r_j . If this chain ends in u or w_Δ, we obtain Case 3, else we are in Subcase 6.1.

Subcase 6.4: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this path ends in u, we color the edges uv^t_j with j_{t+1} for 1 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we obtain Subcase 6.1 (if s=1) or we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 1 ≤ t ≤ s − 2 (if s ≥ 2), and if it ends in none of the vertices u and v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 1 ≤ t ≤ r − 1. In all cases we obtain Subcase 6.1. Subcase 6.5: j_{r+1} = j.

If the (j, Δ)-chain P starting in v_{k−1} does not end in y, recolor P and obtain a contradiction to the Yap-Lemma (if P contains the edge uv_j) or Case 5 (else). Hence, P ends in y, the (j, Δ)-chain Q starting in v^r_j does not end in y or v_{k−1}, and recoloring Q yields a contradiction to the Yap-Lemma (if Q contains uv_j ) or Subcase 6.2.

Case 7: k + 1 ≤ j ≤ Δ − 1 and k, Δ ∈ w_Δ.

By recoloring the (k, j)-chain starting in w_Δ, we obtain Case 1.

Case 8: k + 1 ≤ j ≤ Δ − 1 and i, Δ ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. We recolor the (i, k)-chain beginning in w_Δ and obtain Case 7.

Case 9: k + 1 ≤ j ≤ Δ − 1 and i, k ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. Recolor the (k, Δ)-chain starting in w_Δ and obtain Case 8.

Case 10: k + 1 ≤ j ≤ Δ − 1 and h, i ∈ w_Δ with k + 1 ≤ h < i ≤ Δ − 1. By recoloring the (h, k)-chain starting in w_Δ, we obtain Case 9.

Case 11: k + 1 ≤ j ≤ Δ − 1, i, Δ ∈ w_Δ with 1 ≤ i ≤ k − 2, and Δ /∈ v_{k−1}. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold:

v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ − 1} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ Δ for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ − 1} ∪ {i_0, ..., i_{r−1}}. Subcase 11.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 7. Subcase 11.2: k + 1 ≤ i_{r+1} ≤ Δ − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we are in Case 1, else we obtain Subcase 11.1. Subcase 11.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 7, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 7.

Case 12: k + 1 ≤ j ≤ Δ − 1, i, Δ ∈ w_Δ with 1 ≤ i ≤ k − 2, and Δ ∈ v_{k−1}. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 12.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 7. Subcase 12.2: k + 1 ≤ i_{r+1} ≤ Δ − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we are in Case 1, else we obtain Subcase 12.1. Subcase 12.3: i_{r+1} = Δ.

The (Δ, k)-chain starting in v_{k−1} ends in w_Δ, since otherwise we can recolor that chain and obtain Case 11. Hence, the (Δ, k)-chain starting in v^r_i ends neither in v_{k−1} nor in w_Δ. By recoloring this chain, we obtain Subcase 12.1. Subcase 12.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 7, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 7.

Case 13: k + 1 ≤ j ≤ Δ − 1 and i, k ∈ w_Δ with 1 ≤ i ≤ k − 2. We recolor the (k, Δ)-chain starting in w_Δ and obtain Case 11 or Case 12.

Case 14. k + 1 ≤ j ≤ Δ − 1 and h, i ∈ w_Δ with 1 ≤ i ≤ k − 2 and k + 1 ≤ h ≤ Δ − 1. By recoloring the (i, k)-chain starting in w_Δ, we obtain Case 13.

Case 15: k + 1 ≤ j ≤ Δ − 1 and h, i ∈ w_Δ with 1 ≤ h < i ≤ k − 2. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪

{i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 15.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 13. Subcase 15.2: k + 1 ≤ i_{r+1} ≤ Δ.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we color the edge uv^r_i with k and obtain Case 5 or Case 6, else we are in Subcase 15.1. Subcase 15.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 13, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 13.

Case 16: k + 1 ≤ j ≤ Δ − 1, i, k − 1 ∈ w_Δ with 1 ≤ i ≤ k − 2, and i, j /∈ v_{k−1}. We define colors a_0, ..., a_{r+1} and vertices v^0_a, ..., v^r_a such that the following conditions hold: v^0_a = v_{k−1} and a_0 = k − 1; the edges uv^s_a are colored with a_s for 0 ≤ s ≤ r; v^s_a ∩ ({k, ..., Δ} ∪ {a_0, ..., a_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; a_{s+1} ∈ v^s_a and a_{s+1} ≠ i for 0 ≤ s ≤ r; a_{r+1} ∈ {k, ..., Δ} ∪ {a_0, ..., a_{r−1}}. Subcase 16.1: a_{r+1} = k.

We color the edges uv^s_a with a_{s+1} for 0 ≤ s ≤ r and obtain Case 13. Subcase 16.2: k + 1 ≤ a_{r+1} ≤ Δ.

Recolor the (a_{r+1}, k)-chain starting in v^r_a. If this chain contains the edge v_Δw_Δ, we color the edge uv^r_a with k and obtain Case 5, else we are in Subcase 16.1. Subcase 16.3: a_{r+1} = a_s with 0 ≤ s ≤ r − 1.

Recolor the (a_{r+1}, k)-chain starting in v^r_a. If this chain ends in w_Δ, we are in Case 13, if it ends in u, we color the edges uv^t_a with a_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_a , color the edges uv^{s−1}_a with k and uv^t_a with a_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_a , we color the edges uv^r_a with k and uv^t_a with a_{t+1} for 0 ≤ t ≤ r −1. In all cases we obtain Case 13.

Case 17: k + 1 ≤ j ≤ Δ − 1, i, k − 1 ∈ w_Δ with 1 ≤ i ≤ k − 2, and j ∈ v_{k−1}. Subcase 17.1: j ∈ v_i.

Recolor the (i, j)-chain starting in w_Δ. If this chain ends in v_i or y, then the new coloring contradicts the Yap-Lemma, else we obtain Case 4. Subcase 17.2:Δ ∈ v_i.

We recolor the (j, k)-chain starting in v_{k−1}. If this chain does not contain the edge v_Δw_Δ, we are in Case 16, else we recolor the (i, Δ)-chain starting in w_Δ and obtain Case 1 or a contradiction to the Yap-Lemma. Subcase 17.3: k ∈ v_i.

By recoloring the (k, Δ)-chain starting in v_i, we obtain Subcase 17.2. Subcase 17.4: k − 1 ∈ v_i.

We recolor the (k − 1, k)-chain beginning in v_i. If this chain ends in u or w_Δ, we are in

Case 13, else we obtain Subcase 17.3.

Subcase 17.5: a ∈ v_i with k + 1 ≤ a ≤ Δ − 1 and a ≠ j. By recoloring the (a, k)-chain starting in v_i, we obtain Subcase 17.3. Subcase 17.6: v_i ⊆ {1, ..., k − 2}.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ} ∪ {i_1, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i , i_1 ≠ j, and i_{s+1} ≠ i for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ} ∪ {i_1, ..., i_{r−1}}. Subsubcase 17.6.1: i_{r+1} = k.

By coloring the edges uv^s_i with i_{s+1} for 1 ≤ s ≤ r, we obtain Subcase 17.2. Subsubcase 17.6.2: k + 1 ≤ i_{r+1} ≤ Δ and i_{r+1} ≠ j.

By recoloring the (i_{r+1}, k)-chain starting in v^r_i , we obtain Subsubcase 17.6.1. Subsubcase 17.6.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or w_Δ, we obtain Case 13, else we are in Subsubcase 17.6.1. Subsubcase 17.6.4: i_{r+1} = i_s with 1 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 1 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we are in Subcase 17.3 (if s = 1) or we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 1 ≤ t ≤ s − 2 (if s ≥ 2), and if the chain ends neither in u nor in v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 1 ≤ t ≤ r − 1. In all cases we obtain Subcase 17.3. Subsubcase 17.6.5: i_{r+1} = j.

Recolor the (j, k)-chain beginning in v^r_i . If this chain contains the edge v_Δw_Δ, we color the edge uv^r_i with k and obtain Case 5 or Case 6, else we are in Case 10 or Subsubcase 17.6.1.

Case 18: k + 1 ≤ j ≤ Δ − 1, i, k − 1 ∈ w_Δ with 1 ≤ i ≤ k − 2, and i ∈ v_i. The (i, j)-chains starting in v_{k−1} and w_Δ can not both end in y. If the (i, j)-chain starting in w_Δ does not end in y, we recolor this chain and obtain Case 4 or a contradiction to the Yap-Lemma, else we recolor the (i, j)-chain beginning in v_{k−1} and obtain Case 17 or a contradiction to the Yap-Lemma.

Case 19: k + 1 ≤ j ≤ Δ − 1 and k − 1, Δ ∈ w_Δ. Subcase 19.1: k ∈ v_{k−1}.

Recolor the (k − 1, k)-chain starting in w_Δ and obtain Case 7. Subcase 19.2: a ∈ v_{k−1} with k + 1 ≤ a ≤ Δ − 1.

We recolor the (a, k)-chain starting in v_{k−1}. If this chain contains the edge v_Δw_Δ, we are in Case 1, else we obtain Subcase 19.1. Subcase 19.3: a ∈ v_{k−1} with 1 ≤ a ≤ k − 2.

Let a_0, ..., a_{r+1} and v^0_a, ..., v^r_a be colors and vertices, respectively, such that the following conditions hold: v^0_a = v_a and a_0 = a; the edges uv^s_a are colored with a_s for 0 ≤ s ≤ r; v^s_a ∩ ({k − 1, ..., Δ − 1} ∪ {a_0, ..., a_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; a_{s+1} ∈ v^s_a and a_{s+1} ≠ Δ for 0 ≤ s ≤ r; a_{r+1} ∈ {k − 1, ..., Δ − 1} ∪ {a_0, ..., a_{r−1}}.

Subsubcase 19.3.1: a_{r+1} = k.

We color the edges uv^s_a with a_{s+1} for 0 ≤ s ≤ r and obtain Subcase 19.1. Subsubcase 19.3.2: k + 1 ≤ a_{r+1} ≤ Δ − 1.

Recolor the (a_{r+1}, k)-chain starting in v^r_a and obtain Case 1 (if the chain contains the edge v_Δw_Δ) or Subsubcase 19.3.1 (else). Subsubcase 19.3.3: a_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_a. If this chain ends in u or w_Δ, we are in Case 7, else we obtain Subsubcase 19.3.1. Subsubcase 19.3.4: a_{r+1} = a_s with 0 ≤ s ≤ r − 1.

We recolor the (a_{r+1}, k)-chain starting in v^r_a. If this chain ends in v_{k−1}, we are in Subcase 19.1, if it ends in u, we color the edges uv^t_a with a_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_a , we color the edges uv^{s−1}_a with k and uv^t_a with a_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices v_{k−1}, u, v^{s−1}_a , we color the edges uv^r_a with k and uv^t_a with a_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Subcase 19.1. Subcase 19.4: Δ ∈ v_{k−1}.

The (Δ, 1)-chains starting in v_{k−1} and w_Δ can not both end in y. If the (Δ, 1)-chain starting in w_Δ does not end in y, we recolor it and obtain a contradiction to the Yap- Lemma (if the chain contains uv_1) or one of the Cases 16 and 18 (else). If the (Δ, 1)-chain starting in v_{k−1} does not end in y, we recolor it and obtain a contradiction to the Yap- Lemma (if the chain contains uv_1) or Case 18 or Subcase 19.3 (else).

Case 20: k + 1 ≤ j ≤ Δ − 1 and k − 1, k ∈ w_Δ.

By recoloring the (k, Δ)-chain beginning in w_Δ, we obtain Case 19.

Case 21: k + 1 ≤ j ≤ Δ − 1 and i, k − 1 ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. We recolor the (i, k)-chain starting in w_Δ and obtain Case 20.

Case 22: j = k, Δ /∈ w_Δ, and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1.

By recoloring the (i, k)-chain starting in w_Δ, we obtain one of the Cases 9, 13, and 20.

Case 23: j = k and w_Δ ⊆ {1, ..., k − 1}.

Let i ∈ w_Δ with 1 ≤ i ≤ k − 2. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 23.1: i_{r+1} = k.

We color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r and obtain Case 3. Subcase 23.2: k + 1 ≤ i_{r+1} ≤ Δ.

By recoloring the (i_{r+1}, k)-chain, we obtain Subcase 23.1 (if the chain does not contain the edge v_Δw_Δ) or one of the Cases 15–18 (else). Subcase 23.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 3, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for

0 ≤ t ≤ r − 1. In all cases we obtain Case 3.

Case 24: j = k − 1.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k, ..., Δ} ∪ {j_0, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; j_{r+1} ∈ {k, ..., Δ} ∪ {j_0, ..., j_{r−1}}. Subcase 24.1: j_{r+1} = k.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r and obtain one of the Cases 1, 22, or 23. Subcase 24.2: k + 1 ≤ j_{r+1} ≤ Δ.

By recoloring the (j_{r+1}, k)-chain, we obtain Subcase 24.1. Subcase 24.3: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices u and v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain one of the Cases 1, 22, or 23.

Case B: There is a coloring π of G−uy where the edges incident with y are colored with 1, ..., k, π(uv_s) = s for s ∈ {1, ..., k − 2} ∪ {k + 1, ..., Δ − 1}, π(uv_{k−1}) = Δ, v_{k−1} = {k − 1}, and π(uv_Δ) = k − 1.

Let the edge v_Δw_Δ be colored with j.

Case 1: j = k and k − 1 ∈ w_Δ.

By recoloring the (k − 1, k)-chain starting in w_Δ and coloring the edges uv_{k−1} with k − 1 and uy with Δ, we obtain a Δ-coloring of G.

Case 2: j = k and Δ ∈ w_Δ.

We recolor the (Δ, k − 1)-chain Starting in w_Δ. If this chain ends in v_{k−1} or y, we obtain Case A, else we are in Case 1.

Case 3: k + 1 ≤ j ≤ Δ − 1 and k − 1, k ∈ w_Δ. Recolor the (k, j)-chain beginning in w_Δ and obtain Case 1.

Case 4: k + 1 ≤ j ≤ Δ − 1 and k, Δ ∈ w_Δ.

By recoloring the (k, j)-chain starting in w_Δ, we obtain Case 2.

Case 5: k + 1 ≤ j ≤ Δ − 1 and i, Δ ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. We recolor the (i, k)-chain beginning in w_Δ and obtain Case 3.

Case 6: k + 1 ≤ j ≤ Δ − 1 and k − 1, Δ ∈ w_Δ. Recolor the (Δ, k)-chain starting in w_Δ and obtain Case 3.

Case 7: k + 1 ≤ j ≤ Δ − 1 and i, Δ ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ Δ for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{r−1}}. Subcase 7.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 4.

Subcase 7.2: k + 1 ≤ i_{r+1} ≤ Δ − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 7.1. Subcase 7.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 7.1. Subcase 7.4: i_{r+1} = j.

We recolor the (j, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we obtain Case 2, else we are in Subcase 7.1. Subcase 7.5: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 4, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 4.

Case 8: k + 1 ≤ j ≤ Δ − 1, k ∈ w_Δ, and k − 1, Δ /∈ w_Δ. Recolor the (k, Δ)-chain starting in w_Δ and obtain one of the Cases 5-7.

Case 9: k + 1 ≤ j ≤ Δ − 1, i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1, and k, Δ /∈ w_Δ. By recoloring the (i, k)-chain beginning in w_Δ, we obtain Case 3 or Case 8.

Case 10: k + 1 ≤ j ≤ Δ − 1 and w_Δ ⊆ {1, ..., k − 1}.

Let i ∈ w_Δ with 1 ≤ i ≤ k − 2. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 10.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 3 or Case 8. Subcase 10.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 10.1. Subcase 10.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, if it ends in w_Δ, we are in Case 8, else in Subcase 10.1.

Subcase 10.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 8, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 8.

Case 11: j = Δ and k − 1 ∈ w_Δ.

By recoloring the (k − 1, Δ)-chain starting in w_Δ, we obtain Case A.

Case 12: j = Δ and k ∈ w_Δ.

We recolor the (k, k − 1)-chain beginning in w_Δ. If this chain ends in u or v_{k−1}, the new coloring contradicts the Yap-Lemma, else we are in Case 11.

Case 13: j = Δ and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. By recoloring the (i, k)-chain starting in w_Δ, we obtain Case 12.

Case 14: j = Δ and i ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ Δ for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{r−1}}. Subcase 14.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 12. Subcase 14.2: k + 1 ≤ i_{r+1} ≤ Δ − 1.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 14.1. Subcase 14.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 14.1. Subcase 14.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 12, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 12.

Case 15: j = k and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. By recoloring the (i, k)-chain starting in w_Δ, we obtain one of the Cases 3, 4, or 8.

Case 16: 1 ≤ j ≤ k − 2 and k − 1 ∈ w_Δ.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k − 1, ..., Δ} ∪ {j_1, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈ {k − 1, ..., Δ} ∪ {j_1, ..., j_{r−1}}. Subcase 16.1: j_{r+1} = k.

Color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 1. Subcase 16.2: k + 1 ≤ j_{r+1} ≤ Δ.

We recolor the (j_{r+1}, k)-chain starting in v^r_j and obtain Subcase 16.1. Subcase 16.3: j_{r+1} = k − 1.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r, uv_Δ with j, and v_Δw_Δ with k − 1. The new coloring of G − uy contradicts the Yap-Lemma. Subcase 16.4: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

Recolor the (j_{r+1}, k)-chain starting in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices u and v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 1.

Case 17: 1 ≤ j ≤ k − 2 and k ∈ w_Δ.

We recolor the (k, k − 1)-chain starting in w_Δ. If this chain ends in u or v_{k−1}, the new coloring contradicts the Yap-Lemma, else we are in Case 16.

Case 18: 1 ≤ j ≤ k − 2 and i ∈ w_Δ with k + 1 ≤ i ≤ Δ. By recoloring the (i, k)-chain beginning in w_Δ, we obtain Case 17.

Case 19: 1 ≤ j ≤ k − 2 and i ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 19.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 17. Subcase 19.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 19.1. Subcase 19.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 19.1. Subcase 19.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 17, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 17.

Case 20: j = k and w_Δ ⊆ {1, ..., k − 2}.

Let i ∈ w_Δ. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ} ∪ {i_1, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ i for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ} ∪ {i_1, ..., i_{r−1}}. Subcase 20.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 17. Subcase 20.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain one of the Cases 10 and 14 (if the chain contains the edge v_Δw_Δ) or Subcase 20.1 (else). Subcase 20.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 20.1. Subcase 20.4: i_{r+1} = i_s with 1 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices u and v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 17.

Case C: There is a coloring π of G−uy where the edges incident with y are colored with 1, ..., k, π(uv_s) = s for s ∈ {1, ..., k − 2} ∪ {k + 2, ..., Δ}, π(uv_{k−1}) = k + 1, v_{k−1} = {k − 1}, and π(uv_{k+1}) = k − 1.

Let the edge v_Δw_Δ be colored with j.

Case 1: j = k − 1 and Δ ∈ w_Δ.

We recolor the (Δ, k −1)-chain starting in w_Δ. If this chain ends in v_{k−1}, the new coloring contradicts the Yap-Lemma, since both colors k + 1 and Δ are missing in y, the edge uv_{k−1} is colored with k + 1, and in v_{k−1} the color Δ is missing. If the chain ends in y, we obtain a contradiction to the Yap-Lemma, because k − 1 and k + 1 are missing in y, the edge uv_{k−1} is colored with k + 1, and k − 1 is missing in v_{k−1}. If the chain does not end in v_{k−1} or y, we obtain Case B.

Case 2: j = k − 1 and k ∈ w_Δ.

By recoloring the (k, Δ)-chain starting in w_Δ, we obtain Case 1.

Case 3: j = k − 1 and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. Recolor the (i, k)-chain starting in w_Δ and obtain Case 2.

Case 4: j = k − 1 and i ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ k − 1 for 0 ≤ s ≤ r; i_{r+1} ∈ {k, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 4.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 2. Subcase 4.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 4.1. Subcase 4.3: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 2, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 2.

Case 5: j = k and Δ ∈ w_Δ.

We color the edges v_Δw_Δ with Δ, uv_Δ with k, and uy with Δ, and we obtain a Δ-coloring of G.

Case 6: j = k and k − 1 ∈ w_Δ.

We recolor the (k − 1, k)-chain starting in w_Δ. If this chain ends in v_{k−1} or v_{k+1}, the new coloring contradicts the Yap-Lemma, else we are in Case 2.

Case 7: k + 1 ≤ j ≤ Δ − 1 and k − 1, k ∈ w_Δ. Recolor the (k, j)-chain starting in v_Δ and obtain Case 6.

Case 8: k + 1 ≤ j ≤ Δ − 1 and k, Δ ∈ w_Δ. By recoloring the (k, j)-chain starting in w_Δ, we obtain Case 5.

Case 9: k + 1 ≤ j ≤ Δ − 1 and i, Δ ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. We recolor the (i, k)-chain starting in w_Δ and obtain Case 8.

Case 10: k + 1 ≤ j ≤ Δ − 1 and k − 1, Δ ∈ w_Δ. Recolor the (Δ, k)-chain starting in w_Δ and obtain Case 7.

Case 11: k + 1 ≤ j ≤ Δ − 1 and i, Δ ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ Δ for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ − 1} ∪ {i_0, ..., i_{r−1}}. Subcase 11.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 8. Subcase 11.2: k + 1 ≤ i_{r+1} ≤ Δ − 1 and i_{r+1} ≠ j.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 11.1. Subcase 11.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 11.1. Subcase 11.4: i_{r+1} = j.

We recolor the (j, k)-chain starting in v^r_i . If this chain contains the edge v_Δw_Δ, we obtain Case 5, else we are in Subcase 11.1. Subcase 11.5: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 8, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 8.

Case 12: k + 1 ≤ j ≤ Δ − 1, k ∈ w_Δ, and k − 1, Δ /∈ w_Δ. Recolor the (k, Δ)-chain starting in w_Δ and obtain Case 9 or Case 11.

Case 13: k + 1 ≤ j ≤ Δ − 1, i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1, and k, Δ /∈ w_Δ. By recoloring the (i, k)-chain starting in w_Δ, we obtain Case 7 or Case 12.

Case 14: k + 1 ≤ j ≤ Δ − 1 and w_Δ ⊆ {1, ..., k − 1}.

Let i ∈ w_Δ with 1 ≤ i ≤ k − 2. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., j − 1} ∪ {j + 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 14.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 7 or Case 12. Subcase 14.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 14.1. Subcase 14.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, if it ends in w_Δ, we are in Case 12, else in Subcase 14.1.

Subcase 14.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 12, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 12.

Case 15: j = k and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1.

By recoloring the (i, k)-chain starting in w_Δ, we obtain one of the Cases 7, 8, and 12.

Case 16: 1 ≤ j ≤ k − 2, and Δ ∈ w_Δ.

We define colors j_0, ..., j_{r+1} and vertices v^0_j , ..., v^r_j such that the following conditions hold: v^0_j = v_j and j_0 = j; the edges uv^s_j are colored with j_s for 0 ≤ s ≤ r; v^s_j ∩ ({k − 1, ..., Δ} ∪ {j_1, ..., j_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; j_{s+1} ∈ v^s_j and j_{s+1} ≠ j for 0 ≤ s ≤ r; j_{r+1} ∈ {k − 1, ..., Δ} ∪ {j_1, ..., j_{r−1}}. Subcase 16.1: j_{r+1} = k.

Color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 5. Subcase 16.2: k + 1 ≤ j_{r+1} ≤ Δ − 1.

We recolor the (j_{r+1}, k)-chain starting in v^r_j and obtain Subcase 16.1. Subcase 16.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring contradicts the Yap-Lemma, else we are in Subcase 16.1. Subcase 16.4: j_{r+1} = Δ.

We color the edges uv^s_j with j_{s+1} for 0 ≤ s ≤ r, uv_Δ with j, and v_Δw_Δ with Δ. The new coloring of G − uy contradicts the Yap-Lemma. Subcase 16.5: j_{r+1} = j_s with 1 ≤ s ≤ r − 1.

Recolor the (j_{r+1}, k)-chain starting in v^r_j . If this chain ends in u, we color the edges uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_j , we color the edges uv^{s−1}_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices u and v^{s−1}_j , we color the edges uv^r_j with k and uv^t_j with j_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 5.

Case 17: 1 ≤ j ≤ k − 2 and k ∈ w_Δ.

We recolor the (k, Δ)-chain starting in w_Δ and obtain Case 16.

Case 18: 1 ≤ j ≤ k − 2 and i ∈ w_Δ with k + 1 ≤ i ≤ Δ − 1. By recoloring the (i, k)-chain beginning in w_Δ, we obtain Case 17.

Case 19: 1 ≤ j ≤ k − 2 and k − 1 ∈ w_Δ.

We recolor the (k − 1, k)-chain starting in w_Δ. If this chain ends in u or v_{k−1}, the new coloring contradicts the Yap-Lemma, else we are in Case 17.

Case 20: 1 ≤ j ≤ k − 2 and i ∈ w_Δ with 1 ≤ i ≤ k − 2.

We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ} ∪ {i_0, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ j for 0 ≤ s ≤ r; i_{r+1} ∈

{k − 1, ..., Δ} ∪ {i_0, ..., i_{r−1}}. Subcase 20.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 17. Subcase 20.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Subcase 20.1. Subcase 20.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G − uy contradicts the Yap-Lemma, else we are in Subcase 20.1. Subcase 20.4: i_{r+1} = i_s with 0 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in w_Δ, we are in Case 17, if it ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices w_Δ, u, v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 17.

Case 21: j = k and w_Δ ⊆ {1, ..., k − 2}.

Let i ∈ w_Δ. We define colors i_0, ..., i_{r+1} and vertices v^0_i , ..., v^r_i such that the following conditions hold: v^0_i = v_i and i_0 = i; the edges uv^s_i are colored with i_s for 0 ≤ s ≤ r; v^s_i ∩ ({k − 1, ..., Δ} ∪ {i_1, ..., i_{s−1}}) = ∅ for 0 ≤ s ≤ r − 1; i_{s+1} ∈ v^s_i and i_{s+1} ≠ i for 0 ≤ s ≤ r; i_{r+1} ∈ {k − 1, ..., Δ} ∪ {i_1, ..., i_{r−1}}. Subcase 21.1: i_{r+1} = k.

Color the edges uv^s_i with i_{s+1} for 0 ≤ s ≤ r − 1 and obtain Case 17. Subcase 21.2: k + 1 ≤ i_{r+1} ≤ Δ.

We recolor the (i_{r+1}, k)-chain starting in v^r_i and obtain Case 14 (if the chain contains the edge v_Δw_Δ) or Subcase 21.1 (else). Subcase 21.3: i_{r+1} = k − 1.

We recolor the (k − 1, k)-chain starting in v^r_i . If this chain ends in u or v_{k−1}, the new coloring of G−uy contradicts the Yap-Lemma, else we are in Case 4 (if the chain contains the edge v_Δw_Δ) or Subcase 21.1 (else). Subcase 21.4: i_{r+1} = i_s with 1 ≤ s ≤ r − 1.

Recolor the (i_{r+1}, k)-chain starting in v^r_i . If this chain ends in u, we color the edges uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 1, if it ends in v^{s−1}_i , we color the edges uv^{s−1}_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ s − 2, and if the chain ends in none of the vertices u and v^{s−1}_i , we color the edges uv^r_i with k and uv^t_i with i_{t+1} for 0 ≤ t ≤ r − 1. In all cases we obtain Case 17. � Lemma 5.6 If d_G(y) = 3 and d_G(u) = Δ − 1, then d_G(x) ≥ Δ − 2 for any vertex x of G for which x /∈ {u, y} and x is adjacent to a vertex w /∈ {u, y} which is adjacent to one of the vertices v_3, ..., v_Δ.

Proof. We assume that there is a counterexample G with w_Δ adjacent to v_Δ and x_Δ adjacent to w_Δ such that w_Δ, x_Δ /∈ {u, y} and d_G(x_Δ) ≤ Δ − 3. We further assume that there is a Δ-coloring of G − uy such that the edges incident with y are colored with 1 and 2, and the edges uv_s are colored with s for 3 ≤ s ≤ Δ. We denote the color of the edges v_Δw_Δ and w_Δx_Δ by j and i, respectively.

Claim 1: We can assume that j = 1. Proof of Claim 1.

If j = 2, interchange the colors 1 and 2. Hence, we can assume that 3 ≤ j ≤ Δ − 1. Case 1: 1, j ∈ x_Δ.

We recolor the (1, i)-chain starting in x_Δ, and then we recolor the (j, 1)-chain beginning in x_Δ. The new coloring suffices the conditions of Claim 1. Case 2: j ∈ x_Δ and 1 /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ} with a ≠ j. By recoloring the (a, 1)-chain starting in x_Δ, we obtain Case 1.

Case 3: 1 ∈ x_Δ and j /∈ x_Δ.

We recolor the (1, j)-chain beginning in x_Δ. If this chain contains the edge v_Δw_Δ, we obtain a coloring as required, else we are in Case 2. Case 4: 1, j /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ} with a ≠ j. By recoloring the (a, 1)-chain starting in x_Δ, we obtain Case 3.

Claim 2: We can assume that j = 1 and 3 ≤ i ≤ Δ − 1. Proof of Claim 2. Let j = 1. Case 1: i = 2.

Let a ∈ x_Δ ∩{3, ..., Δ−1}. We recolor the (a, 2)-chain starting in x_Δ and obtain a coloring as required.

Case 2: i = Δ and 2 ∈ x_Δ.

Recolor the (2, Δ)-chain starting in x_Δ and obtain Case 1. Case 3: i = Δ and 2 /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. We recolor the (a, 2)-chain starting in x_Δ and obtain Case 2.

Claim 3: We can assume that j = 1, 3 ≤ i ≤ Δ − 1, and 1, 2, Δ ∈ x_Δ. Proof of Claim 3. Let j = 1 and 3 ≤ i ≤ Δ − 1. Case 1: 1, Δ ∈ x_Δ and 2 /∈ x_Δ.

Let a ∈ x_Δ ∩{3, ..., Δ−1}. We recolor the (a, 2)-chain starting in x_Δ and obtain a coloring as required.

Case 2: 1, 2 ∈ x_Δ and Δ /∈ x_Δ.

By recoloring the (2, Δ)-chain beginning in x_Δ, we obtain Case 1. Case 3: 1 ∈ x_Δ and 2, Δ /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. We recolor the (a, 2)-chain starting in x_Δ and obtain Case 2. Case 4: Δ ∈ x_Δ and 1 /∈ x_Δ.

By recoloring the (Δ, 1)-chain beginning in x_Δ, we obtain Case 2 or Case 3. Case 5: 2 ∈ x_Δ and 1, Δ /∈ x_Δ.

Recolor the (2, Δ)-chain starting in x_Δ and obtain Case 4. Case 6: 1, 2, Δ /∈ x_Δ. Let a ∈ x_Δ ∩ {3, ..., Δ − 1}.

We recolor the (a, 2)-chain starting in x_Δ and obtain Case 5.

Claim 4: G is Δ-colorable.

Proof of Claim 4. Let G − uy be colored as required in Claim 3. We recolor the (2, i)- chain starting in x_Δ, then we recolor the (Δ, 2)-chain starting in x_Δ, and at last we recolor the (1, Δ)-chain beginning in x_Δ. Now we can color the edge uy with Δ and obtain a Δ-coloring of G. � Lemma 5.7 If d_G(y) = 3, d_G(u) = Δ ≥ 6, and d_G(v_1) = 3, then d_G(x) ≥ Δ − 3 for any vertex x of G for which x /∈ {y, v_1} and x is adjacent to a vertex w ≠ u which is adjacent to one of the vertices v_3, ..., v_Δ.

Proof. We assume that there is a counterexample G with vertices w_Δ adjacent to v_Δ and x_Δ adjacent to w_Δ such that w_Δ, x_Δ /∈ {u, v_1, y} and d_G(x_Δ) ≤ Δ − 4. We further assume that there is a Δ-coloring of G − uy such that the edges incident with y are colored with 1 and 2, and the edge uv_1 is colored with 1. We denote the color of the edges v_Δw_Δ and w_Δx_Δ by j and i, respectively.

Claim 1: We can assume that j = 1. Proof of Claim 1.

Case 1: j = 2 and 2 ∈ v_1.

We color the edge uv_1 with 2, and by interchanging the colors 1 and 2, we obtain a coloring as required.

Case 2: j = 2 and Δ ∈ v_1.

Recolor the (Δ, 2)-chain starting in v_1 and obtain Case 1. Case 3: 3 ≤ j ≤ Δ − 1, 3 ≤ i ≤ Δ − 1, and Δ ∈ v_1. Subcase 3.1: 2, j ∈ x_Δ.

We recolor the (2, i)-chain starting in x_Δ, then we recolor the (j, 2)-chain starting in x_Δ, and we obtain Case 2.

Subcase 3.2: j ∈ x_Δ and 2 /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1} and a ≠ j. By recoloring the (a, 2)-chain starting in x_Δ, we obtain Subcase 3.1.

Subcase 3.3: 2 ∈ x_Δ and j /∈ x_Δ.

Recolor the (2, j)-chain beginning in x_Δ. If this chain contains the edge v_Δw_Δ, we are in Case 2, else we obtain Subcase 3.2. Subcase 3.4: 2, j /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. By recoloring the (a, 2)-chain starting in x_Δ, we obtain Subcase 3.3.

Case 4: 3 ≤ j ≤ Δ − 1, 3 ≤ i ≤ Δ − 1, and Δ /∈ v_1.

If 2 ∈ v_1, then recolor the (2, Δ)-chain starting in v_1, else let a ∈ v_1 with a ≠ i, j, recolor the (a, 2)-chain beginning in v_1, and then recolor the (2, Δ)-chain starting in v_1. In both cases we obtain Case 3.

Case 5: 3 ≤ j ≤ Δ − 1 and i = 2.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1} and a ≠ j. By recoloring the (a, 2)-chain starting in x_Δ, we obtain Case 3 or 4.

Case 6: 3 ≤ j ≤ Δ − 1 and i = Δ.

If 2 ∈ x_Δ, then recolor the (2, Δ)-chain starting in x_Δ, else let a ∈ x_Δ with a ≠ 1, j, recolor the (a, 2)-chain beginning in x_Δ, and then recolor the (2, Δ)-chain starting in x_Δ. In both cases we obtain Case 5. Case 7: 3 ≤ j ≤ Δ − 1 and i = 1.

Let a ∈ v_1 ∩ x_Δ. By Corollary 5.1, the (a, 1)-chain starting in x_Δ can not end in v_1 or y. By recoloring this chain, we obtain a coloring as required or one of the Cases 3–6. Case 8: j = 2 and v_1 = {3, ..., Δ − 1}.

We recolor the (3, 2)-chain starting in v_1. If this chain contains the edge v_Δw_Δ, then we obtain one of the Cases 4–7, else we are in Case 1.

Claim 2: We can assume that j = 1 and 3 ≤ i ≤ Δ − 1. Proof of Claim 2. Let j = 1. Case 1: i = 2.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. By recoloring the (a, 2)-chain beginning in x_Δ, we obtain a coloring as required. Case 2: i = Δ.

If 2 ∈ x_Δ, we recolor the (2, i)-chain starting in x_Δ and obtain Case 1, else let a ∈ x_Δ ∩ {3, ..., Δ − 1}, and by recoloring the (a, 2)-chain beginning in x_Δ and then recoloring the (2, i)-chain starting in x_Δ, we obtain Case 1.

Claim 3: We can assume that j = 1, 3 ≤ i ≤ Δ − 1, and 1, 2, Δ ∈ x_Δ. Proof of Claim 3. Let j = 1 and 3 ≤ i ≤ Δ − 1. Case 1: 1, Δ ∈ x_Δ and 2 /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. Recolor the (a, 2)-chain starting in x_Δ and obtain a coloring as required.

Case 2: 1, 2 ∈ x_Δ and Δ /∈ x_Δ.

By recoloring the (2, Δ)-chain beginning in x_Δ, we obtain Case 1. Case 3: 2, Δ ∈ x_Δ and 1 /∈ x_Δ. Subcase 3.1: Δ ∈ v_1.

We recolor the (Δ, 1)-chain starting in x_Δ. If this chain ends in v_1 or y, the new coloring contradicts the Yap-Lemma, else we are in Case 2.

Subcase 3.2: 2 ∈ v_1 and Δ /∈ v_1. By recoloring the (2, Δ)-chain starting in v_1, we obtain Subcase 3.1.

Subcase 3.3: v_1 = {3, ..., Δ − 1}. Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. We recolor the (a, 2)-chain beginning in v_1 and obtain Subcase 3.2. Case 4: Δ ∈ x_Δ and 1, 2 /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. We recolor the (a, 2)-chain starting in x_Δ and obtain Case 3. Case 5: 1 ∈ x_Δ and 2, Δ /∈ x_Δ.

Let a ∈ x_Δ ∩ {3, ..., Δ − 1}. Recolor the (a, 2)-chain starting in x_Δ and obtain Case 2.

Case 6: 2 ∈ x_Δ and 1, Δ /∈ x_Δ.

By recoloring the (2, Δ)-chain beginning in x_Δ, we obtain Case 4. Case 7: 1, 2, Δ /∈ x_Δ.

Let a ∈ x_Δ. Recolor the (a, 2)-chain starting in x_Δ and obtain Case 6.

Claim 4: The graph G is not Δ-critical.

Proof of Claim 4. Let G−uy be colored as required in Claim 3. We recolor the (2, i)-chain starting in x_Δ. Then we recolor the (Δ, 2)-chain beginning in x_Δ. For the new coloring we have that j = 1, i = Δ, and 1 ∈ x_Δ. Case 1: 2 ∈ v_1.

We color the edge uv_1 with 2, and by recoloring the (1, Δ)-chain starting in x_Δ and coloring uy with Δ, we obtain a Δ-coloring of G. Case 2: 2 /∈ v_1 and Δ ∈ v_1.

Recolor the (1, Δ)-chain beginning in x_Δ and obtain a contradiction to the Yap-Lemma. Case 3: v_1 = {3, ..., Δ − 1}.

Let a ∈ {3, ..., Δ − 1}. Recolor the (a, 2)-chain starting in v_1 and obtain Case 1. � Lemma 5.8 ([24]) If d_G(u) = 2, then d_G(x) ≥ Δ − 1 for any vertex x of G for which x ≠ u and x is adjacent to a vertex w which is adjacent to v_Δ. � Now we consider a special case for which the lower bound for the number of major vertices adjacent to a vertex u is not attained, but we can also prove a statement similar to the other lemmas.

Lemma 5.9 Let G be a 7-critical graph with adjacent vertices u and y with d_G(y) = 6 and d_G(u) = 4. Let u be adjacent to three major vertices v_1, v_2, v_3. Then there is no vertex w ≠ u with d_G(w) = 4, such that w is adjacent to v_1, v_2, and v_3.

Proof. We assume that G is a counterexample, and the edges of G − uy are colored with 1, ..., 7 such that the edges incident with y are colored with 1, ..., 5 and the edges uv_1, uv_2 and uv_3 are colored with 1, 6, 7, respectively. Since not both of v_2w and v_3w can be colored with 1, we can assume that the edge v_3w is not colored with 1.

Case 1: v_3w is colored with i ∈ {2, ..., 5}, and the color 7 is missing in w. By recoloring the (7, i)-chain starting in w and coloring uy with 7, we obtain a 7-coloring of G.

Case 2: v_3w is colored with i ∈ {2, ..., 5}, and the color 7 is not missing in w. Let j ∈ {2, ..., 5} be a color missing in w. We recolor the (j, 7)-chain beginning in w and obtain Case 1.

Case 3: v_3w is colored with 6.

Let j ∈ {2, ..., 5} be a color missing in w. Recolor the (j, 6)-chain starting in w and obtain one of the Cases 1 or 2. �

5.2 Main Theorem

Theorem 5.1 There is no 7-critical planar graph.

Proof. We assume that G is a 7-critical plane graph, and from this assumption we deduce with the discharging method, that then there is a plane multigraph without 2-faces and with average degree at least 6, contradicting Euler’s formula. For every vertex v ∈ V (G) we define the initial charge ch(v) = d_G(v). These charges will be modified according to the following discharging rules, and the obtained charges will be denoted by ch_1(v) for every vertex v of G. Each of the rules sends an amount of 1 from a major vertex v to one or more vertices of degree at most 5.

Let v be a major vertex, and w a vertex of degree 4. Then we say that w is a T_4- neighbor of v, if w is contained in four 3-faces, v is adjacent to w and to two other vertices x_1, x_2 of degree at most 5, and both vertices y_1, y_2 for which 3-faces (y_1, v, w) and (y_2, v, w) exist are adjacent to x_1 or x_2, respectively. A vertex of degree 4 is called a T_4-vertex, if it is a T_4-neighbor of at least one major vertex. By VAL, Lemma 5.3, and Lemma 5.5, a T_4-vertex is adjacent to four major vertices. By N_i(v) we denote the number of vertices of degree i adjacent to v.

Rule 1: If v is adjacent to two vertices w_1, w_2 of degree 3, v sends 1/2 to each of w_1 and w_2.

Rule 2: If v is adjacent to one vertex w of degree 3 and one vertex x of degree 4, such that x is adjacent to four major vertices, x is contained in four 3-faces, and w is adjacent to three neighbors of x, then v sends 2/3 to w and 1/3 to x.

Rule 3: If v is adjacent to exactly one vertex w of degree 3 and the conditions of Rule 2 do not hold, v sends 1 to w.

Rule 4: If v is adjacent to a major vertex w such that w is adjacent to two vertices x_1, x_2 of degree 3 and v is adjacent to none of x_1, x_2, then v sends 1/2 to each vertex x_1 and x_2. Rule 5: If v is adjacent to a vertex w of degree 6 such that w is adjacent to a vertex x of degree 3 and v is not adjacent to x, then v sends 1 to x.

Rule 6: If N_3(v) = 0 and v has two T_4-neighbors w_1, w_2, then v sends 1/2 to each of w_1 and w_2.

Rule 7: If N_3(v) = 0 and v has exactly one T_4-neighbor w and two other neighbors x_1, x_2 of degree at most 5, then v sends 1/2 to w and 1/4 to each of x_1 and x_2. Rule 8: If N_3(v) = 0 and v has no T_4-neighbor and is adjacent to a vertex w of degree 4 and to two other vertices x_1, x_2 of degree 4 or 5, v sends 1/3 to each vertex w, x_1, and x_2. Rule 9: If N_3(v) = N_5(v) = 0, and v has exactly two neighbors w_1, w_2 of degree 4, v sends 1/2 to each of w_1 and w_2.

Rule 10: If N_3(v) = 0, v has exactly one neighbor w of degree 4 and one neighbor x of degree 5, and w is adjacent to a vertex of degree at most 6 and to three distinct major vertices adjacent to x, then v sends 2/3 to w and 1/3 to x.

Rule 11: If N_3(v) = 0, v has exactly one neighbor w of degree 4 and one neighbor x of degree 5, and x is not adjacent to three distinct neighbors of w and to a vertex of degree at most 6, then v sends 1/2 to each of w and x.

Rule 12: If N_3(v) = N_5(v) = 0 and v is adjacent to exactly one vertex w of degree 4, v sends 1 to w.

Rule 13: If N_3(v) = N_4(v) = 0 and v is adjacent to exactly three vertices w, x_1, x_2 of degree 5 such that w is adjacent to exactly two major vertices and is contained in 5 3- faces, then v sends 1/2 to w and 1/4 to each of x_1 and x_2.

Rule 14: If N_3(v) = N_4(v) = 0, 1 ≤ N_5(v) ≤ 4 and the condition of Rule 13 does not hold, then v sends 1/N_5(v) to each neighbor of degree 5 of v.

To show that Rule 13 is clear, we have to prove that a vertex v with N_5(v) = 3 can not be adjacent to two vertices of degree 5 each of which has exactly two neighbors of degree 7 and is contained in five 3-faces. Let w be a neighbor of degree 5 of v such that w has exactly two neighbors of degree 7 and is contained in five 3-faces. Since all faces containing w are 3-faces, there are two vertices x_1, x_2 such that there are 3-faces (v, w, x_1) and (v, w, x_2), and one of x_1, x_2, say x_1, must have degree 6, because w is adjacent to only two major vertices. Since v has three neighbors of degree 5, it can not have a neighbor of degree 6 other than x_1. If there is a neighbor y ≠ w of v of degree 5 such that y has exactly two neighbors of degree 7 and is contained in five 3-faces, then G contains a 3-face (v, y, x_1) by the same argument as (v, w, x_1). Since w and y are both contained in five 3-faces, there must be vertices z_1, z_2 ≠ v such that there are 3-faces (w, x_1, z_1) and (y, x_1, z_2). If z_1 = z_2, then G contains 3-faces (x_1, v, w), (x_1, w, z_1), (x_1, z_1, y), and (x_1, y, v), a contradiction to d_G(x_1) = 6. Hence, x_1 is adjacent to two vertices w, y of degree 5 and to two vertices z_1, z_2 of degree 6. Since d_G(x_1) = 6, this is a contradiction to VAL.

By Lemma 5.3 and Lemma 5.2, we have that a vertex v which sends 1 to one or 1/2 to two vertices by Rule 4 or 5 is not adjacent to a vertex of degree at most 5, and by Lemma 5.6 and Lemma 5.7, we know that v either sends 1 to exactly one vertex of degree 3, or v sends 1/2 to exactly two vertices of degree 3. Hence, for all major vertices v of G we have ch_1(v) ≥ 6. Since vertices of degree 6 do not send or receive an amount by any of the Rules 1–14, we have ch_1(v) = 6 for every vertex v of degree 6.

Let ch_1(w) < 6 for a vertex w of degree 3, 4, or 5. We say that a face F is a bigface of w, if F has length at least 4, F contains w, and d_G(x_1), d_G(x_2) ≥ 6 for both neighbors x_1, x_2 of w in F . In the following four claims we prove that for every vertex w of degree 3, 4, or 5, either ch_1(w) ≥ 6 holds, or w has at least ⌈6 − ch_1(w)⌉ bigfaces.

Claim 1 For every vertex v ∈ V (G) with d_G(v) = 3, either ch_1(v) ≥ 6, or ch_1(v) ≥ 5 and there is a bigface F of v.

Proof of Claim 1. If a vertex v of degree 3 has a neighbor w of degree 6, then there are at least 3 major vertices adjacent to w which are not adjacent to v, and each of them sends 1 to v, thus ch_1(v) ≥ 6. Let v be adjacent to three major vertices w_1, w_2, w_3.

If there is a vertex x of degree 3 such that each of w_1, w_2, w_3 is adjacent to x, then w_1 has three neighbors y_1, y_2, y_3 of degree 7 such that y_1, y_2, y_3, w_1, w_2, w_3 are distinct, and by Lemma 5.3, each of these vertices sends 1/2 to v, thus ch_1(v) ≥ 6.

If there is a vertex x of degree 3 such that exactly two vertices of w_1, w_2, w_3, say w_1 and w_2, are adjacent to x, and there is one vertex y of degree 3 adjacent to w_3, then w_1 and w_3 can not be adjacent by Lemma 5.3. Hence, there are three major vertices z_1, z_2, z_3 adjacent to w_1 but not to x such that z_1, z_2, z_3, w_1, w_2, w_3 are distinct, and by Lemma 5.3, each of these vertices sends 1/2 to v, thus ch_1(v) ≥ 6.

If there is a vertex x of degree 3 such that exactly two vertices of w_1, w_2, w_3, say w_1 and w_2, are adjacent to x and w_3 is not adjacent to a vertex of degree 3 other than v, then there are two vertices y_1, y_2 adjacent to w_1 but not to x such that y_1, y_2, w_1, w_2, w_3 are distinct and by Lemma 5.3, each of w_1, w_2, y_1, y_2 sends 1/2 to v and w_3 sends 1 to v.

If there are two different vertices x_1, x_2 of degree 3 such that each of them is adjacent to exactly one of w_1, w_2, w_3, say x_1 is adjacent to w_1 and x_2 is adjacent to w_2, then the vertices w_1 and w_2 can not be adjacent by Lemma 5.3, and they have no common neighbor other than v by Lemma 5.7. Hence, one vertex of w_1, w_2, say w_1, is not adjacent to w_3, and there are three major vertices y_1, y_2, y_3 adjacent to w_1 but not to x_1 such that y_1, y_2, y_3, w_1, w_2, w_3 are distinct and each of them sends at least 1/2 to v.

If two vertices of w_1, w_2, w_3, say w_2 and w_3, are adjacent to no vertex of degree 3 other than v, and w_1 is adjacent to a vertex x of degree 3 other than v, then there is a major vertex y adjacent to w_1 such that y is not adjacent to v or x. Each of w_1 and y sends 1/2 to v and each of w_2, w_3 sends 1 to v, thus ch_1(v) ≥ 6.

If none of w_1, w_2, w_3 is adjacent to a vertex of degree 3 other than v, and there is no vertex x of degree 4 such that w_1, w_2, w_3 are neighbors of x and x is contained in four 3-faces, then w_1, w_2, and w_3 send 1 to v, respectively.

If there is a vertex x of degree 4 such that w_1, w_2, w_3 are neighbors of x and x is contained in four 3-faces, then each of w_1, w_2, w_3 sends 2/3 to v. Further, in the last case v is contained in at least one face F with at least four vertices, since otherwise we can assume that there are 3-faces (w_2, w_1, x), (w_2, x, w_3), (w_2, w_3, v), and (w_2, v, w_1), a contradiction to d_G(w_2) = 7. Since v has no neighbor of degree at most 5, F is a bigface of v.

Claim 2 For every vertex v ∈ V (G) with d_G(v) = 4 and ch_1(v) < 5, there are two bigfaces F_1, F_2 of v.

Proof of Claim 2. By Lemma 5.2, v can not be adjacent to a vertex w of degree 5, since otherwise there are three major vertices x_1, x_2, x_3 adjacent to v, and none of them can be adjacent to a vertex of degree at most 5 other than v and w. If one of x_1, x_2, x_3, say x_1, is not adjacent to w, then x_1 sends 1 and each of x_2, x_3 sends at least 1/2 to v, else each of x_1, x_2, x_3 sends 2/3 to v by Rule 10. This implies ch_1(v) ≥ 6. Now we have to consider three possible cases for the number of major vertices adjacent to v.

Case 1: N_7(v) = 2.

Let w be a major vertex adjacent to v such that w sends at most 1/3 to v by the discharging rules. Then w is adjacent to a vertex of degree 3 or to two vertices of degree at most 5 other than v. Since N_7(v) = 2, there is a vertex x_1 of degree 6 adjacent to v and a face F_1 such that the edges vw, vx_1 ∈ E(F_1). By VAL, F_1 can not be a 3-face. Let x_2 be the vertex other than x_1 such that vw, vx_2 are contained in one face F_2. Let x_3 be the neighbor of v other than w, x_1, x_2. If d_G(x_2) = 6, then F_2 can not be a 3-face by VAL. If d_G(x_2) = 7, then we have d_G(x_3) = 6. Let F_3 be the face containing vx_2, vx_3. We now prove that at least one of the faces F_2, F_3 is not a 3-face. Since ch_1(v) < 5, there must be a vertex y ≠ v adjacent to x_2 with d_G(y) ≤ 5. If F_3 is a 3-face, then d_G(y) ≥ 4 and all neighbors of x_2 other than v, x_3, y are major vertices by VAL. Hence, F_2 can not be a 3-face, since otherwise Lemma 5.5 implies that w can not be adjacent to a vertex of degree at most 5 other than v and y contradicting the fact that w is adjacent to a vertex of degree 3 or to two vertices of degree at most 5 other than v.

Case 2: N_7(v) = 3.

Let w_1, w_2, w_3 be the major vertices adjacent to v, and let x be the vertex of degree 6 adjacent to v. Since ch_1(v) < 5, one of the vertices w_1, w_2, w_3, say w_1, sends at most 1/4 to v. Then w_1 is adjacent to a vertex of degree 3, or w_1 has a T_4-neighbor.

We first consider the case that w_1 is adjacent to a vertex y of degree 3. If w_2 and w_3 are adjacent to y, then both faces containing the edge vx can not be 3-faces by VAL. If exactly one of the vertices w_2, w_3, say w_2 is adjacent to y, then every face containing exactly one of the edges vw_1, vw_2 is not a 3-face by VAL (if the face contains x) or by Lemma 5.3 (if the face contains w_3), since w_3 is adjacent to at least one vertex of degree at most 5 other than v, because otherwise w_3 sends 1 to v. If none of the vertices w_2, w_3 is adjacent to y, then both faces containing the edge vw_1 can not be 3-faces by VAL or Lemma 5.3.

Now we consider the case that w_1 has a T_4-neighbor y. Then it follows from the definition of a T_4-vertex that there is a vertex z of degree at most 5 other than v, y adjacent to w_1. If both faces containing the edge vw_1 have length at least 4, then the statement of Claim 2 is true. Hence, we can assume that G contains a 3-face (v, w_1, w_2). By Lemma 5.3, w_2 can have no neighbor of degree at most 5 other than v, y, z, and w_2 must be adjacent to at least one of y, z, since otherwise ch_1(v) ≥ 5. Hence, x can not be adjacent to w_1 (by VAL) or to w_2 (by Lemma 5.5). If G does not contain a 3-face (x, v, w_3), then we have that both faces containing the edge vx have length at least 4. Thus we assume that x is adjacent to w_3. Since w_3 is adjacent to a vertex v of degree 4 and to a vertex x of degree 6, w_3 has no neighbor of degree 3 and at most one neighbor of degree at most 5 other than v, thus w_3 sends at least 1/2 to v. Hence, w_2 must be adjacent to y and z, since ch_1(v) < 5. If w_3 is adjacent to none of w_1, w_2, then both faces containing exactly one of the edges vw_3, vx have length at least 4. If w_3 is adjacent to w_2, then w_2 has two neighbors v, y of degree 4, one neighbor z of degree at most 5, and one neighbor w_3 of degree 7 which is adjacent to a vertex x of degree 6, but that is impossible by Lemma 5.3. If w_3 is adjacent to w_1, then w_1 has two neighbors v, y of degree 4, a neighbor z of degree at most 5 and a neighbor w_3 of degree 7 which is adjacent to a vertex x of degree 6, what is not possible by Lemma 5.3.

Case 3: N_7(v) = 4.

Let w_1, w_2, w_3, w_4 be the neighbors of v. Since ch_1(v) < 5, each of the neighbors of v is adjacent to at least one vertex of degree at most 5, and one of them, say w_1, does not send any amount to v. Hence, w_1 is adjacent to a vertex of degree 3, or w_1 has two T_4-neighbors.

We first assume that w_1 is adjacent to a vertex x of degree 3. If two of the vertices w_2, w_3, w_4, say w_2 and w_3 are adjacent to x, then both faces containing the edge vw_4 can not be 3-faces by Lemma 5.3. If exactly one of the vertices w_2, w_3, w_4, say w_2, is adjacent to x, then every face containing exactly one of the edges vw_1, vw_2 is not a 3-face by Lemma 5.3. If none of the vertices w_2, w_3, w_4 is adjacent to x, then both faces containing the edge vw_1 can not be 3-faces by Lemma 5.3.

Now we consider the case that w_1 has two T_4-neighbors x_1, x_2. If none of the faces containing the edge vw_1 is a 3-face, then Claim 2 is true. Hence, we can assume that there is a 3-face (v, w_1, w_2). Let the other face containing vw_1 also be a 3-face, say (v, w_1, w_3), then both vertices w_2, w_3 have no neighbor of degree at most 5 other than x_1, x_2 by Lemma 5.3. If none of w_2, w_3 is adjacent to both, x_1 and x_2, then each of w_2, w_3 sends at least 1/2 to v, thus ch_1(v) ≥ 5. Hence, we can assume that w_2 is adjacent to x_1 and x_2. The vertex w_3 is not adjacent to none of x_1, x_2, since otherwise w_3 sends 1 to v, and w_3 is not adjacent to x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_3 contains K_{3,3}. Hence, we can assume that w_3 is adjacent to x_1 but not to x_2.

If G contains a 3-face (v, w_2, w_4), then w_4 has no neighbor of degree at most 5 other than x_1, x_2 by Lemma 5.3, but w_4 can not be adjacent to x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_4 contains K_{3,3}. Hence, each of w_3, w_4 sends at least 1/2 to v, thus ch_1(v) ≥ 5.

If G contains a 3-face (v, w_3, w_4), then w_4 must have two neighbors of degree at most 5 other than v, since otherwise each of w_2, w_4 sends at least 1/2 to v. By Lemma 5.3, one of these vertices must be x_1. This implies that x_1 is adjacent to w_1, ..., w_4 and to no other vertex, but this is not possible, since each face containing x_1 is a 3-face, (v, w_1, w_2), (v, w_1, w_3) are 3-faces, and w_1 is adjacent to x_2. Hence, both faces containing the edge vw_4 have length at least 4, and we have proved that Claim 2 is true, if a 3-face (v, w_1, w_3) exists.

Now we assume that the face other than (v, w_1, w_2) containing the edge vw_1 is not a 3-face. Then we only have to consider the case that the face other than (v, w_1, w_2) containing the edge vw_2, say (v, w_2, w_3), and (v, w_3, w_4) must be 3-faces, since otherwise v is contained in two bigfaces. By Lemma 5.3, w_2 has no neighbors of degree at most 5 other than x_1, x_2.

If w_2 is adjacent to both, x_1 and x_2, then w_3 can not be adjacent to a vertex of degree at most 5 other than x_1, x_2, but w_3 can not be adjacent to x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_3 contains K_{3,3}. On the other hand, w_3 must be adjacent to one of x_1, x_2, say to x_1, since otherwise w_3 sends 1 to v. Now w_4 must be adjacent to two vertices of degree at most 5, since otherwise w_3 and w_4 send 1/2 to v. By

Lemma 5.3, one of these vertices must be x_1. This implies that x_1 is adjacent to w_1, ..., w_4 which is not possible, as shown above.

If w_2 is adjacent to exactly one of x_1, x_2, say to x_1, then w_3 must have two neighbors of degree at most 5 other than v, since otherwise each of w_2, w_3 sends 1/2 to v. By Lemma 5.3, one of these vertices must be x_1. The vertex w_4 must have two neighbors of degree at most 5 other than v, since otherwise each of w_2, w_4 sends 1/2 to v. Again by Lemma 5.3, x_1 must be one of these neighbors, thus x_1 is adjacent to all neighbors of v, a contradiction.

Claim 3 For every vertex v ∈ V (G) with d_G(v) = 4 and 5 ≤ ch_1(v) < 6, there is a bigface F of v.

Proof of Claim 3. As in Claim 2 we have that v is not adjacent to a vertex of degree 5, since otherwise Lemma 5.2 implies ch_1(v) ≥ 6. We assume that all faces containing v are 3-faces.

Case 1: N_7(v) = 2.

Let w_1, w_2 be the major vertices adjacent to v, and let x_1, x_2 be the neighbors of degree 6 of v. If w_1 and w_2 are adjacent to both, x_1 and x_2, then w_1 and w_2 have no neighbors of degree at most 5 other than v, a contradiction to ch_1(v) < 6. Hence, we can assume that G contains the 4-cycle (w_1, x_1, x_2, w_2). Since x_1 is adjacent to v and x_2, Lemma 5.4 implies that w_1 has no neighbors of degree at most 5 other than v. The same holds for w_2 by applying Lemma 5.4 to the edge x_2v. Hence, we have ch_1(v) = 6, a contradiction.

Case 2: N_7(v) = 3.

Let w be the vertex of degree 6 adjacent to v, let x_1, x_2 be the major vertices such that there are 3-faces (v, w, x_1) and (v, w, x_2), and let y be the major vertex adjacent to v, x_1, and x_2. If x_1 and x_2 have no neighbors of degree at most 5 other than v, then we have ch_1(v) ≥ 6. Hence, we can assume that x_1 is adjacent to a vertex z_1 ≠ v of degree at most 5. Lemma 5.5 implies that y has no neighbor of degree at most 5 other than v, z_1.

If there is a vertex z_2 other than z_1, v of degree at most 5 such that z_2 is adjacent to x_2, then Lemma 5.5 implies that y has no neighbor of degree at most 5 other than v, z_2. Now we have that y is adjacent to no vertex of degree at most 5 other than v, and by the discharging rules, y sends 1 to v and each of x_1, x_2 sends 1/2 to v, thus ch_1(v) = 6.

If x_2 has no neighbor of degree at most 5, then x_2 sends 1 to v and each of x_1, y sends at least 1/2 to v, thus ch_1(v) ≥ 6. If x_1 and x_2 but not y are adjacent to z_1, then y sends 1 to v and each of x_1, x_2 sends at least 1/2 to v, thus ch_1(v) = 6. If x_1, x_2, y are all adjacent to z_1, then Lemma 5.9 implies that d_G(z_1) = 5, and since z_1 is adjacent to three neighbors of v, each of x_1, x_2, y sends 2/3 to v, thus ch_1(v) = 6.

Case 3: N_7(v) = 4.

Since ch_1(v) < 6, one of the neighbors of v must be adjacent to a vertex of degree 3 or to two vertices other than v of degree at least 5.

We first consider the case that there is a vertex w of degree 3 adjacent to a neighbor of v. If w is adjacent to three neighbors of v, then each of them sends 1/3 to v by Rule

2 and, by Lemma 5.3, the fourth neighbor of v is not adjacent to a vertex of degree at most 5 other than v and sends 1 to v, thus ch_1(v) = 6. If w is adjacent to exactly two neighbors x_1, x_2 of v, then both neighbors of v other than x_1, x_2 send 1 to v by Lemma 5.3. If w is adjacent to exactly one neighbor x of v, then both neighbors of v which are also adjacent to x send 1 to v by Lemma 5.3.

Now we consider the case that a neighbor w_1 of v is adjacent to two vertices x_1, x_2 of degree at most 5. Let w_2, w_3, w_4 be the other vertices adjacent to v, such that G contains a 4-cycle (w_1, w_2, w_4, w_3). By Lemma 5.3, both vertices w_2 and w_3 can not be adjacent to a vertex of degree at most 5 other than x_1, x_2. Not both of w_2, w_3 can be adjacent to both, x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_3 contains K_{3,3}.

If one of w_2, w_3, say w_2, is adjacent to x_1 and x_2, and w_3 is adjacent to one of x_1, x_2, say to x_1, then w_4 can not have a neighbor of degree at most 5 other than v, x_1, x_2 by Lemma 5.3, and w_4 can not be adjacent to x_2, since otherwise G contains a subdivision of K_{3,3} with main vertices v, x_1, x_2, w_1, w_2, w_3. If w_4 is adjacent to x_1, then v is T_4-neighbor of w_1 and w_2, and w_3 and w_4 have exactly two neighbors of degree at most 5, respectively, thus every neighbor of v sends 1/2 to v, and we have ch_1(v) = 6. If w_4 is not adjacent to x_1, then v is T_4-neighbor of w_1, and w_1 sends 1/2 to v, w_2 has exactly two vertices of degree at most 5 and sends 1/2 to v, and w_4 is not adjacent to any vertex of degree at most 5 other than v and sends 1 to v, thus ch_1(v) ≥ 6. The same argument holds true, if w_4 but not w_3 is adjacent to x_1.

If w_2 is adjacent to x_1 and x_2, and w_3 and w_4 are not adjacent to x_1 or x_2, then both of w_3 and w_4 send 1 to v, thus ch_1(v) ≥ 6. Hence, we can assume that none of w_2, w_3 is adjacent to x_1 and x_2.

If both, w_2 and w_3, are neighbors of one of x_1, x_2, say of x_1, then w_4 can not be adjacent to x_2, since otherwise G contains a subdivision of K_5 with main vertices v, w_1, w_2, w_3, w_4. By Lemma 5.3, w_4 can not be adjacent to two vertices of degree at most 5 other than x_1. If w_4 is adjacent to x_1 and to one more vertex x_3 of degree at most 5, then v is a T_4-neighbor of w_1 and w_4, and w_2, w_3 have exactly two neighbors v, x_1 of degree at most 5. Hence, each of w_1, w_2, w_3, w_4 sends 1/2 to v and we have ch_1(v) = 6. If w_4 has at most one neighbor of degree at most 5 other than v, then w_4 sends at lest 1/2 to v, and again we obtain ch_1(v) ≥ 6.

If w_2 is adjacent to one of x_1 and x_2, say to x_1, and w_3 is adjacent to x_2, then either w_4 has at most one neighbor of degree at most 5 other than v, or w_4 is adjacent to x_1 and x_2. In the latter case v is T_4-neighbor of w_1 and w_4, and w_2 and w_3 have exactly two neighbors of degree at most 5, thus every neighbor of v sends 1/2 to v and ch_1(v) = 6. In the first case w_4 sends at lest 1/2 to v, and again we obtain ch_1(v) ≥ 6.

If one of w_2, w_3, say w_2, is adjacent to exactly one of x_1, x_2, say to x_1, and w_3 is not adjacent to x_1 or x_2, then w_4 is adjacent to x_1, or w_4 has at most one neighbor of degree at most 5 other than v. In the latter case w_2 and w_4 send at least 1/2 to v and w_3 sends 1 to v, thus ch_1(v) ≥ 6. If w_4 is adjacent to x_1 and to a vertex of degree at most 5 other than v, x_1, then w_2 sends 1/2 and w_3 sends 1 to v. Hence, ch_1(v) < 6 is only possible, if one of w_1, w_4 has two T_4-neighbors other than v, which implies that x_1 is a T_4-neighbor of w_1 or w_4. Therefore, all faces containing x_1 are 3-faces, but G can not contain 3-faces (x_1, w_1, w_2) and (x_1, w_2, w_4), since d_G(w_2) = 7. Hence, there must exist a 3-face (x_1, w_1, w_4) which implies that w_1 is adjacent to w_4. By Lemma 5.3, we obtain that w_4 can not have a neighbor of degree at most 5 other than v, x_1, x_2. Now we can assume that w_1 has two T_4-neighbors x_1, x_2, since otherwise we can interchange the labeling of w_1 and w_4. Let y be the neighbor of x_1 other than w_1, w_2, w_4. Since all faces containing x_1 are 3-faces, y must be adjacent to w_2. Since x_2 is a T_4-neighbor of w_1, and x_2 is not adjacent to w_2 or w_3, there must be a neighbor of x_2 other than w_1, w_4 which is also adjacent to x_1, thus x_2 is adjacent to y. Now we obtain a subdivision of K_{3,3} with main vertices x_1, x_2, v, w_1, w_2, w_4 as a subgraph of G, a contradiction.

The last case we have to consider is that both vertices w_2, w_3 are not adjacent to x_1 or x_2, but then each of w_2, w_3 sends 1 to v and we have ch_1(v) ≥ 6.

Claim 4 For every vertex v ∈ V (G) with d_G(v) = 5 and ch_1(v) < 6, there is a bigface F of v.

Proof of Claim 4. By Lemma 5.2, v can not be adjacent to a vertex w of degree 4, since otherwise there are four vertices of degree 7 adjacent to v, and none of them can be adjacent to a vertex of degree at most 5 other than v, w, thus ch_1(v) > 6.

If v is adjacent to two vertices w_1, w_2 of degree 5, then v has three neighbors of degree 7 each of which is adjacent to no vertex of degree at most 6 other than v, w_1, w_2 by Lemma 5.2. Since the major vertices adjacent to v have no neighbor of degree 6, the condition of rule 13 holds for none of them, thus ch_1(v) ≥ 6.

If v is adjacent to a vertex w of degree 5 and to a vertex x of degree 6, then v has three neighbors of degree 7 each of which is adjacent to no vertex of degree at most 5 other than v, w by Lemma 5.4, thus ch_1(v) > 6.

Hence, we only have to prove the cases that v has exactly one neighbor of degree 5 and four neighbors of degree 7, or that all neighbors of v have degree at least 6.

We now consider the case that v has one neighbor w of degree 5 and four neighbors of degree 7. We assume that all faces containing v but not the edge vw are 3-faces. Let x_1, x_2, x_3, x_4 be the major vertices adjacent to v such that 3-faces (v, x_i, x_{i+1}) exist for 1 ≤ i ≤ 3. Since ch_1(v) < 6, there is one neighbor of v of degree 7 which is adjacent to a vertex of degree 3 or to two T_4-neighbors.

If one neighbor x_i of degree 7 is adjacent to a vertex y of degree 3, then there is one vertex x_j of degree 7 adjacent to v such that x_j is not adjacent to y but a neighbor x_k of x_j is adjacent to v and y. Hence, x_j has no neighbor of degree at most 5 other than v by Lemma 5.3, thus ch_1(v) ≥ 6.

Now we consider the case that a vertex adjacent to v has two T_4-neighbors y_1, y_2. If one of y_1, y_2, say y_1, is adjacent to all vertices x_1, ..., x_4, then G contains 3-faces (x_2, x_1, y_1), (x_2, y_1, x_3), (x_2, x_3, v), (x_2, v, x_1), a contradiction to d_G(x_2) = 7.

We first consider the case that one of the vertices x_1, x_4, say x_1, is adjacent to y_1 and y_2. Then x_2 has no neighbors of degree at most 5 other than v, y_1, y_2 by Lemma 5.3.

If x_2 is adjacent to both, y_1 and y_2, then x_3 has no neighbors of degree at most 5 other than v, y_1, y_2 by Lemma 5.3, but x_3 can not be adjacent to y_1 and y_2, since otherwise the graph induced by x_1, x_2, x_3, v, y_1, y_2 contains K_{3,3}. From ch_1(v) < 6 it follows that x_3 is adjacent to one of y_1, y_2, say to y_1. Then x_3 sends 1/2 to v, since the condition of Rule 10 does not hold, because y_1 is a T_4-vertex and therefore y_1 has four neighbors of degree 7. If x_4 has at most one neighbor of degree at most 5, then x_4 also sends at least 1/2 to v and we obtain ch_1(v) ≥ 6. If x_4 has two neighbors of degree at most 5, then y_1 must be one of them by Lemma 5.3, thus y_1 is adjacent to each of x_1, ..., x_4. Hence, x_2 is not adjacent to y_1 and y_2.

If x_2 is adjacent to exactly one of y_1, y_2, say to y_1, then x_2 sends 1/2 to v. Hence, x_3 must be adjacent to at least two vertices of degree at most 5 other than v. By Lemma 5.3, x_3 is not adjacent to three vertices of degree 5 other than v. Further, x_3 is not adjacent to exactly two vertices of degree 5 other than v, since otherwise x_3 sends at least 1/4 to v. In this case, x_4 can not send any amount to v which implies that x_4 has two T_4-neighbors, but that is impossible by Lemma 5.3.

Hence, x_3 is adjacent to one vertex of degree 4 and to one more vertex of degree at most 5 other than v, and by Lemma 5.3, x_3 is adjacent to y_1. If x_4 is adjacent to at most one vertex of degree at most 5 other than v, then each of x_2, x_4 sends at least 1/2 to v, else y_1 is adjacent to each of x_1, ..., x_4.

If x_2 is adjacent to none of y_1, y_2, then x_2 sends 1 to v, a contradiction. Hence, none of x_1, x_4 has two T_4-neighbors.

Now let one of x_2, x_3, say x_2, be adjacent to y_1 and y_2. Then x_1 and x_3 have no neighbors of degree at most 5 other than v, y_1, y_2. Each of x_1, x_3 must be adjacent to one of y_1, y_2 and one of x_1, x_3 must be adjacent to both, y_1 and y_2, because otherwise ch_1(v) ≥ 6.

Since we have already considered the case that x_1 is adjacent to x_1 and x_3, we can assume that x_3 is adjacent to y_1 and y_2, and x_1 is adjacent to one of y_1, y_2. In this case x_1 sends 1/2 to v, and x_4 also sends at least 1/2 to v (if x_4 has at most one neighbor of degree at most 5 other than v), or x_4 is adjacent to y_1 and y_2, but then the graph induced by x_2, x_3, x_4, v, y_1, y_2 contains K_{3,3}.

The only remaining case is that v has no neighbors of degree at most 5. We assume that all faces containing v are 3-faces, and we have to consider four cases for the number of major vertices adjacent to v.

Case 1: N_7(v) = 2.

Let w_1, w_2 be the major vertices adjacent to v. Since w_1 is adjacent to one vertex of degree 6 and to v, the vertex w_1 has no neighbor of degree at most 3, and w_1 has either one neighbor of degree 4 and no other neighbor of degree at most 5 other than v, or w_1 is adjacent to at most two vertices of degree 5 other than v by VAL. In both cases w_1 sends at least 1/2 to v by the discharging rules. The same holds for w_2, thus ch_1(v) ≥ 6.

Case 2: N_7(v) = 3.

Let w_1, w_2, w_3 be the major vertices and x_1, x_2 the vertices of degree 6 adjacent to v. If there is one vertex w_i ∈ {w_1, w_2, w_3} such that 3-faces (v, w_i, x_1) and (v, w_i, x_2) exist, then we assume that i = 1. By VAL, w_1 has no neighbor of degree at most 4 and at most one neighbor of degree 5 other than v. Hence, w_1 sends at least 1/2 to v. Again by VAL, w_2 has either exactly one neighbor of degree 4 and no other neighbor of degree at most 5 other than v, or w_2 has no neighbor of degree at most 4 and at most two neighbors of degree 5. In both cases w_2 sends at least 1/4 to v. The same holds for w_3, thus ch_1(v) ≥ 6.

Now we assume that there are 3-faces (v, w_1, w_2) and (v, w_2, w_3). Then w_1 and w_3 are adjacent to a vertex of degree 6. We can assume that one of w_1, w_3, say w_1, sends at most 1/3 to v, since otherwise ch_1(v) ≥ 6. By VAL, w_1 has either exactly one neighbor of degree 4 and no other neighbor of degree at most 5 other than v, or w_2 has no neighbor of degree at most 4 and at most two neighbors of degree 5.

If w_1 is adjacent to a vertex x of degree 4, then x must be adjacent to w_2 and to w_3, since otherwise the conditions of Rule 10 do not hold, and w_1 sends 1/2 to v. By Lemma 5.5, w_2 has no neighbor of degree at most 5 other than v, x, thus each of w_1, w_2, w_3 sends 1/3 to v and ch_1(v) = 6.

If w_1 is adjacent to no vertex of degree at most 4 and to at most one vertex of degree 5 other than v, then w_1 sends at least 1/2 to v, a contradiction.

If w_1 has two neighbors x_1, x_2 of degree 5, then w_2 has no neighbor of degree at most 5 other than v, x_1, x_2 by Lemma 5.5. If w_2 is adjacent to at most one of x_1, x_2, then w_2 sends at least 1/2 and each of w_1, w_3 sends at least 1/4 to v, thus ch_1(v) ≥ 6. Let w_2 be adjacent to x_1 and x_2. Then w_3 can not have a neighbor of degree 4 by Lemma 5.5. If w_3 has at most one neighbor of degree at most 5 other than v, then w_3 sends at least 1/2 and each of w_1, w_2 sends at least 1/4 to v, thus ch_1(v) ≥ 6. On the other hand, w_3 can not have two neighbors of degree 5 other than v, since otherwise x_1, x_2 must be these neighbors by Lemma 5.5, thus G contains a subdivision of K_5 with main vertices w_1, w_2, w_3, x_1, x_2.

Case 3: N_7(v) = 4.

Let w_1, ..., w_4 be the major vertices adjacent to v such that for 1 ≤ i ≤ 3, there are 3-faces (v, w_i, w_{i+1}). Then w_1 and w_4 are adjacent to a vertex of degree 6. We can assume that one of w_1, w_4, say w_1, sends at most 1/3 to v, since otherwise ch_1(v) ≥ 6. By VAL, w_1 has either exactly one neighbor of degree 4 and no other neighbor of degree at most 5 other than v, or w_1 has no neighbor of degree at most 4 and at most two neighbors of degree 5.

If w_1 is adjacent to a vertex x of degree 4, then x must be adjacent to two vertices of w_2, w_3, w_4, since otherwise the conditions of Rule 10 do not hold and w_1 sends 1/2 to v. If w_4 is one of these vertices, then none of w_1, ..., w_4 can have a neighbor of degree at most 5 other than v, x by Lemma 5.5, thus ch_1(v) > 6. If x is adjacent to w_2, w_3 but not to w_4, then w_4 is adjacent to no vertex of degree at most 4 and to at most one vertex of degree 5 other than v by Lemma 5.5, thus w_4 sends at lest 1/2 and each of w_1, w_2 sends at least 1/3 to v. Hence, w_1 and w_4 have no neighbor of degree 4.

If w_1 is adjacent to exactly one vertex of degree 5, then w_1 sends at least 1/2 to v, a contradiction. Hence, we can assume that w_1 is adjacent to two vertices x_1, x_2 of degree 5 other than v. By Lemma 5.5, w_2 has no neighbors of degree at most 5 other than v, x_1, x_2, thus each of w_1, w_2 sends at least 1/4 to v. Therefore, w_4 must send at most 1/3 to v which implies that w_4 must have two neighbors y_1, y_2 of degree 5 other than v. By Lemma 5.5, w_3 can not have a neighbor of degree at most 5 other than v, y_1, y_2, thus each of w_3, w_4 sends at least 1/4 to v and ch_1(v) ≥ 6.

Case 4: N_7(v) = 5.

Let w_1, ..., w_5 be the neighbors of v such that for 1 ≤ i ≤ 4, there are 3-faces (v, w_i, w_{i+1}). Since ch_1(v) < 6, there must be one neighbor of v, say w_1, such that w_1 does not send any amount to v. Hence, w_1 is adjacent to a vertex of degree 3 or w_1 has two T_4-neighbors.

If w_1 is adjacent to a vertex x of degree 3, then there is a vertex w_i ∈ {w_2, ..., w_5} such that w_i is not adjacent to x, but a neighbor of w_i is adjacent to x. Hence, w_i has no neighbor of degree at most 5 other than v by Lemma 5.3, thus w_i sends 1 to v.

Now we consider the case that w_1 is adjacent to two T_4-vertices x_1, x_2. Then Lemma 5.3 implies that w_2 and w_5 have no neighbors of degree at most 5 other than v, x_1, x_2. If one of w_2, w_5 is adjacent to none of x_1, x_2, then this vertex sends 1 to v, thus ch_1(v) ≥ 6. If both, w_2 and w_5 are adjacent to exactly one of x_1, x_2, then each of w_2, w_5 sends at least 1/2 to v, thus ch_1(v) ≥ 6. Hence, we can assume that w_2 is adjacent to x_1 and x_2. Now w_5 can not be adjacent to x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_5 contains K_{3,3}. By Lemma 5.3, w_3 has no neighbor of degree at most 5 other than v, x_1, x_2, but w_3 can not be adjacent to x_1 and x_2, since otherwise the graph induced by v, x_1, x_2, w_1, w_2, w_3 contains K_{3,3}. Hence, each of w_3, w_5 sends at least 1/2 to v, thus ch_1(v) ≥ 6, and the proof of Claim 4 is complete. �

Altogether we have ch_1(v) ≥ 6 for each vertex v of degree 6 or 7, and by Claims 1-4, either ch_1(w) ≥ 6, or w has at least ⌈6 − ch_1(w)⌉ bigfaces for each vertex w of degree 3, 4, or 5. By Lemma 5.8, every vertex v which is adjacent to a vertex of degree 2 does not send any amount to an other vertex, thus ch_1(v) = 7.

We construct a planar multigraph without 2-faces from G by inserting additional edges. For each face F which is a bigface of at least one vertex, we assume that F = (v^1_F , v^2_F , ..., v^{l(F )}_F ) where l(F ) is the length of F . If F is a bigface of exactly one vertex v, then we assume that v = v^1_F and we insert an edge v^1_F v^3_F . By VAL, d_G(v^3_F ) ≥ 3. If F is a bigface of each of v^{i1}_F , ..., v^{im}_F with m ≥ 2 and i_1 < i_2 < ... < i_m, then we insert edges v^{ik}_F v^{ik+1}_F for 1 ≤ k ≤ m − 1. The obtained planar multigraph is denoted by G_1. Although G_1 may contain multiple edges, it can not contain faces of length 2 by the definition of a bigface. For each vertex v of G we define n(v) to be the number of edges incident with v which are contained in E(G_1) but not in E(G). Further, we define new charges ch_2(v) = ch_1(v)+n(v) for every vertex v of G. It follows that ∑ v∈V (G) ch2(v) = ∑ v∈V (G) dG1 (v) and

ch_2(v) ≥ 6 for every vertex v with d_G(v) ≥ 3. Further, we have ch_2(v) ≥ 7 for every vertex v adjacent to a vertex of degree 2. We define G_2 to be the planar multigraph obtained from G_1 by removing all vertices of degree 2, and we define new charges ch_3(v) = ch_2(v) − 1, if v is in G adjacent to a vertex of degree 2, and ch_3(v) = ch_2(v) else. Then G_2 is a planar multigraph, and G_2 contains no 2-faces, because G is a simple graph, and G_1 is obtained from G by inserting edges each of which is incident with at least one minor vertex of G. Hence, for every vertex v of degree 2 of G_1, the neighbors of v are joined by at most one edge. By the construction of G_2 and ch_3, we have ∑ v∈V (G_2) ch3(v) = ∑ v∈V (G_2) dG2 (v)

and ch_3(v) ≥ 6 for every vertex v ∈ V (G_2). Hence, G_2 is a planar multigraph without 2-faces and with average degree at least 6, but such a multigraph can not exist by Euler’s formula, thus there is no 7-critical planar graph. �

Bibliography

[1] L. D. Andersen, On edge-colourings of graphs, Math. Scand. 40 (1977), 161–175

[2] K. Appel, W. Haken, Every planar map is four-colorable, Bull. Amer. Math. Soc.

82 (1976), 711–712

[3] L. W. Beineke, S. Fiorini, On small graphs critical with respect to edgecolourings, Discrete Math. 16 (1976), 109–121

[4] J. A. Bondy, Basic graph theory: paths and circuits. In: R. L. Graham, M.

Grötschel, L. Lovász (editors), Handbook of combinatorics, Elsevier, Amsterdam, 1995, Volume 1, 3–110

[5] G. Brinkmann, E. Steffen, 3- and 4-critical graphs of small even order, Discrete Math. 169 (1997), no. 1-3, 193–197

[6] A. G. Chetwynd, R. J. Wilson, The rise and fall of the critical graph conjecture, J. Graph Theory 7 (1983), 153–157

[7] A. G. Chetwynd, H. P. Yap, Chromatic index critical graphs of order 9, Discrete Math. 5 (1973), 15–20

[8] M. A. Fiol, 3-grafos criticos, Doctoral dissertation, Barcelona University, Spain (1980)

[9] S. Fiorini, On the chromatic index of outerplanar graphs, J. Comb. Theory (B) 18 (1975), 35–38

[10] S. Fiorini, R. J. Wilson, Edge-colourings of graphs. Research Notes in Mathematics, No. 16. Pitman, London (1977)

[11] M. K. Goldberg, Multigraphs with a chromatic index that is nearly maximal (Russian), Diskret. Analiz 23 (1973), 3–7, 72

[12] M. K. Goldberg, Construction of multigraphs with a constraint on the chromatic class Diskret. Analiz 30 (1977), 3–12

[13] M. K. Goldberg, Critical graphs with an even number of vertices, Bull. Acad. Sci.

Georgia, SSR 94 (1979), 25–27 [14] S. Grünewald, Chromatic-index critical multigraphs of order 20, J. Graph Theory 33 (2000), 240–245 [15] S. Grünewald, E. Steffen, Chromatic-Index Critical Graphs of Even Order, J.

Graph Theory 30 (1999), no. 1, 27–36 [16] T. Hoffman, J. Mitchem, E. Schmeichel, On edge-coloring graphs, Ars Combin. 33 (1992), 119–128 [17] I. Holyer, The NP-completeness of edge-coloring, SIAM J. Comput. 10 (1989), no.

4, 718–720 [18] I. T. Jakobsen, Some remarks on the chromatic index of a graph, Arch. Math.

(Basel) 24 (1973), 440–448 [19] I. T. Jakobsen, On critical graphs with chromatic index 4. Discrete Math. 9, (1974), 265–276 [20] T. Jensen, B. Toft, Graph coloring problems. Wiley, 1995, 190–209 [21] D. König, Über Graphen und ihre Anwendung auf Determinantentheorie und Mengenlehre, Math. Ann. 77 (1916), 453–465 [22] A. Kotzig, Aus der Theorie der endlichen regulären Graphen dritten und vierten Grades (Slovak), Časopis Pěst. Mat. 82 (1957), 76–92 [23] K. Kuratowski, Sur le problème de courbes gauches en topologie, Fund. Math. 15 (1930), 271–283 [24] L. Miao, G. Liu, An extension of one theorem of critical edge-chromatic graphs, Math. Appl. 12 (1999), no. 3, 69–71 [25] P. D. Seymour, On multi-colourings of cubic graphs, and conjectures of Fulkerson and Tutte, Proc. London Math. 38 (1979), 423–460 [26] P. D. Seymour, Problem. In: J. A. Bondy, U. S. R. Murty (editors), Graph theory and related topics, Academic Press, 1979, 367–368 [27] C. E. Shannon, A theorem on coloring the lines of a network, J. Math. Phys. 28 (1949), 148–151 [28] P. G. Tait, Remarks on the colourings of maps, Proc. Royal Soc. Edin. 10 (1880), 501–503, 729

[29] P. G. Tait, Note on a theorem in the geometry of position, Trans. Royal Soc. Edin.

29 (1898), 270–285

[30] V. G. Vizing, On an estimate of the chromatic class of an r-graph (Russian), Diskret. Analiz 3 (1964), 25–30

[31] V. G. Vizing, Critical graphs with given chromatic class (Russian) , Diskret. Analiz 5 (1965), 9–17

[32] H. P. Yap, Some Topics in Graph Theory. London Mathematics Society, Lecture Note Series 108, Cambridge University Press (1986), 1–87