Understanding Financial Markets from a General Equilibrium Perspective:

Uniqueness of Competitive Equilibria

Inauguraldissertation zur Erlangung des Grades eines Doktors der Wirtschaftswissenschaften (Dr. rer. pol.)

an der Fakultät für Wirtschaftswissenschaften der Universität Bielefeld

vorgelegt von Dipl.–Wirt. Math. Beate Pilgrim

Bielefeld January 2001

1. Gutachter: Prof. Dr. Thorsten Hens Institut für Empirische Wirtschaftsforschung Universität Zürich 2. Gutachter: Prof. Dr. Walter Trockel Institut für Mathematische Wirtschaftsforschung Universität Bielefeld

Acknowledgements

I would like to express my gratitude to all those who have contributed to the drawing up of this thesis, whether by academic, mental, or financial support.

At first I owe a debt of gratitude to Thorsten Hens: his comments, his advice, and several fruitful discussions with him were imperative for my work. He managed to continue his support despite the distance after he moved to Zurich. I am also obliged to Walter Trockel who acted as the second supervisor and had to made additional efforts after Thorsten Hens’ departure to Zurich.

I also wish to thank my fellow students from whom I obtained helpful comments and who were always open for discussions. Especially, I would like to mention Andreas Park as well as Sandra Güth, Carsten Köper, Sven Ludwig, and Thomas Siwik.

Karl Schmedders made valuable comments on the results concerning the uniqueness of competitive equilibria in incomplete markets models. I also profited from contributions by Julio Dávila when discussing overlapping generations models with him.

Without the mental and TeXnical support by my husband Jan Pilgrim this thesis would never have been completed. I am also indebted to my parents Renate and Dieter Voß as well as to my brother Wolfgang Voß who continuously encouraged and motivated me.

Financial support was provided through a scholarship of the DFG at the Graduiertenkolleg “Mathematische Wirtschaftsforschung” at the University of Bielefeld. Finally, I am grateful to my employer Reuters AG, Frankfurt, who showed extreme flexibility and therefore made it possible for me to finish this thesis after my leaving of university. I would like to thank my colleagues who had to stand in for me during my absence at work.

Beate Pilgrim, January 2001 iv

Contents

I Introduction 1

1 Introduction 3

2 The Finance GEI-Model 15 2.1 The Information Structure and the Commodity Space . . . . . 15 2.2 Characteristics of the Consumers . . . . . . . . . . . . . . . . 17 2.3 The Market Structure . . . . . . . . . . . . . . . . . . . . . . 25 2.4 Financial Markets Equilibria . . . . . . . . . . . . . . . . . . . 27 2.5 No Arbitrage . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.6 No-Arbitrage Equilibria . . . . . . . . . . . . . . . . . . . . . 32 2.7 Constrained Pareto-Efficiency . . . . . . . . . . . . . . . . . . 34

II On Uniqueness of Equilibria 37

3 Uniqueness in the Arrow-Debreu Model 39 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.2 Uniqueness of Arrow-Debreu Equilibria . . . . . . . . . . . . . 43 3.3 Local Uniqueness of Arrow-Debreu Equilibria . . . . . . . . . 44 3.4 Some Properties of Market Excess Demand . . . . . . . . . . . 46 3.5 How to Obtain Uniqueness . . . . . . . . . . . . . . . . . . . . 48 3.5.1 Existence of Explicit Pricing Formulas . . . . . . . . . 49 3.5.2 On the Existence of a Representative Consumer . . . . 58 3.5.3 How to Obtain Monotonicity . . . . . . . . . . . . . . . 59 3.5.4 How to Obtain the Property of Gross Substitution . . . 61 3.6 Overview for the Arrow-Debreu Model . . . . . . . . . . . . . 62

4 Uniqueness in the Finance GEI-Model 65 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.2 How to Transfer Results on Uniqueness . . . . . . . . . . . . . 69 4.2.1 Uniqueness of FM-Equilibria . . . . . . . . . . . . . . . 69 vi CONTENTS

4.2.2 Local Uniqueness of FM-Equilibria . . . . . . . . . . . 71 4.2.3 Some Properties of Market Demand for Assets . . . . . 73 4.2.4 How to Obtain Uniqueness . . . . . . . . . . . . . . . . 77 4.2.5 Overview for the GEI-Model . . . . . . . . . . . . . . . 85 4.3 Robustness of the Number of Equilibria . . . . . . . . . . . . . 86 4.3.1 Further Properties of the Set of Arbitrage-Free Prices . 88 4.3.2 Continuous Differentiability of Asset Demand . . . . . 97 4.3.3 Robustness of the Number of Equilibria . . . . . . . . . 99 4.4 Limits of Transferability . . . . . . . . . . . . . . . . . . . . . 102 4.4.1 Limits with Quasi-Linearity . . . . . . . . . . . . . . . 103 4.4.2 Limits with Cobb-Douglas Utility . . . . . . . . . . . . 107 4.4.3 Limited Risk Sharing . . . . . . . . . . . . . . . . . . . 110 4.5 Additional Results on Uniqueness . . . . . . . . . . . . . . . . 113 4.5.1 A Leading Example . . . . . . . . . . . . . . . . . . . . 114 4.5.2 Generalization of the Leading Example . . . . . . . . . 116

5 Uniqueness in the RPGEI-Model 119 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 5.2 Extension of the GEI-Model . . . . . . . . . . . . . . . . . . . 121 5.3 Limits of Transferability . . . . . . . . . . . . . . . . . . . . . 130 5.4 How to Transfer Results on Uniqueness . . . . . . . . . . . . . 132 5.4.1 Existence of Explicit Pricing Formulas . . . . . . . . . 134 5.4.2 How to Obtain Monotonicity . . . . . . . . . . . . . . . 137 5.4.3 How to Obtain the Property of Gross Substitution . . . 141 5.5 Overview for the RPGEI-Model . . . . . . . . . . . . . . . . . 142

III Existence of Sunspot Equilibria 145

6 Introduction 147 6.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 6.2 Related Literature . . . . . . . . . . . . . . . . . . . . . . . . 155 6.2.1 Two Extreme Cases . . . . . . . . . . . . . . . . . . . . 155 6.2.2 Sunspot Equilibria under First Period Consumption . . 157 6.2.3 Sunspot Equilibria without Consumption in the First Period . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7 On Mas-Colell’s Observation on Sunspots 167

CONTENTS vii

IV Arrow-Debreu and OLG-Theory 175

8 Introduction 177 8.1 Introductory Remarks . . . . . . . . . . . . . . . . . . . . . . 177 8.2 Related Literature . . . . . . . . . . . . . . . . . . . . . . . . 180

9 The Models and Their Parallels 189 9.1 The OLG-Model . . . . . . . . . . . . . . . . . . . . . . . . . 189 9.2 The (K + 1)-Modulo Exchange Economy . . . . . . . . . . . . 192 9.3 Identification of Equilibria . . . . . . . . . . . . . . . . . . . . 200

10 Mon. Stat. and Periodic Equilibria 203

V General Conclusion 215

11 OLG with Incomplete Markets 217 11.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 11.2 Multiple Mon. Stat. Equilibria . . . . . . . . . . . . . . . . . 220 11.3 Uniqueness of Mon. Stat. Equilibria . . . . . . . . . . . . . . 224

12 Conclusion 229

VI Appendix 233

A Some Mathematics 235 A.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235 A.1.1 Notations for Sets . . . . . . . . . . . . . . . . . . . . . 235 A.1.2 Notations for Vectors and Matrices . . . . . . . . . . . 236 A.1.3 Notations for Correspondences and Functions . . . . . 238 A.1.4 Other Notations . . . . . . . . . . . . . . . . . . . . . . 239 A.2 Mathematical Definitions . . . . . . . . . . . . . . . . . . . . . 239 A.2.1 Diagonal Dominance . . . . . . . . . . . . . . . . . . . 239 A.2.2 Continuity of Correspondences . . . . . . . . . . . . . . 240 A.3 Mathematical Theorems . . . . . . . . . . . . . . . . . . . . . 240

B Proofs 245 B.1 Proofs for Part II . . . . . . . . . . . . . . . . . . . . . . . . . 245 B.1.1 Proof of Lemma 4.27 . . . . . . . . . . . . . . . . . . . 245 B.1.2 Proof of Lemma 4.28 . . . . . . . . . . . . . . . . . . . 246 B.1.3 Proof of Lemma 4.33 . . . . . . . . . . . . . . . . . . . 247 viii CONTENTS

B.2 Proofs for Part IV . . . . . . . . . . . . . . . . . . . . . . . . 249 B.2.1 Proof of Lemma 9.6 . . . . . . . . . . . . . . . . . . . . 249 B.2.2 Proof of Lemma 9.12 . . . . . . . . . . . . . . . . . . . 250 B.2.3 Proof of Theorem 10.3 . . . . . . . . . . . . . . . . . . 251 B.2.4 Proof of Lemma 10.7 . . . . . . . . . . . . . . . . . . . 253 B.2.5 Proof of Proposition 10.8 . . . . . . . . . . . . . . . . . 254 B.2.6 Proof of Lemma 10.10 . . . . . . . . . . . . . . . . . . 255 B.2.7 Proof of Lemma 10.11 . . . . . . . . . . . . . . . . . . 257 B.2.8 Proof of Lemma 10.14 . . . . . . . . . . . . . . . . . . 259 B.2.9 Proof of Lemma 10.15 . . . . . . . . . . . . . . . . . . 260

Bibliography 261

List of Figures

2.1 The information structure. . . . . . . . . . . . . . . . . . . . . 16 2.2 Strict quasi-concavity and risk aversion. . . . . . . . . . . . . 20

3.1 A possible form of u^′. . . . . . . . . . . . . . . . . . . . . . . . 51 3.2 A possible form of (u^1)^′. . . . . . . . . . . . . . . . . . . . . . 53 3.3 A possible form of (u^2)^′. . . . . . . . . . . . . . . . . . . . . . 53 3.4 Conditions for uniqueness in the Arrow-Debreu model. . . . . 64

4.1 Conditions for uniqueness in the Finance GEI-model. . . . . . 87 4.2 Example for Lemma 4.28. . . . . . . . . . . . . . . . . . . . . 96 4.3 A possible form of (u^1)^′. . . . . . . . . . . . . . . . . . . . . . 111 4.4 A possible form of (u^2)^′. . . . . . . . . . . . . . . . . . . . . . 111

5.1 Conditions for uniqueness in the RPGEI-model. . . . . . . . . 143

8.1 A possible form of ϕ. . . . . . . . . . . . . . . . . . . . . . . . 183

9.1 Offer curve in the simple OLG-economy under Assumptions Grandmont 9.3. . . . . . . . . . . . . . . . . . . . . . . . . . . 194 9.2 The modulo exchange economy for the simple OLG-model. . . 195 x LIST OF FIGURES

Part I Introduction

1

Chapter 1

Introduction

In the past decade financial markets have experienced substantial growth on the one hand and rapid changes in their constitution on the other. As Eatwell, Milgate, and Newman (1992, p. IX) state “the last twenty years have seen unprecedented change in the world’s financial markets”. The bigger and more sophisticated markets become, the more important it is to obtain a thorough understanding of the underlyings of the financial system as a whole. Developing a sound and reliable theoretical model to explain market forces is an imperative prerequisite when researchers want to evaluate changes and analyze experienced developments.

The basic idea of financial markets is to provide the conditions for risk sharing and insurance. Changes in the institutional environment, in the sophistication and awareness of market participants as well as in technology are among the most important factors contributing to the past substantial developments of financial markets.

The institutional environment mainly describes the legal background of an economy and the respective financial markets. “Changes in regulation and taxation” initiated a growing variety of financial products (compare Eatwell, Milgate, and Newman (1992, p. IX)) because a substantial amount of capital has been released which is now seeking for investment opportunities. New products have to be designed in a way such that they correspond to the legal framework on the one hand, but on the other hand avoid from investor’s point of view “unnecessary” tax payments. It is essential to understand the underlyings of the system as a whole in order to evaluate which effects the introduction of such new products has. In addition, deregulation made it easier for companies to become listed in stock markets and obtain equity capital directly from investors instead of asking for credit at a commercial bank. Therefore, the number of companies listed at stock exchanges increased rapidly.

4 CHAPTER 1. INTRODUCTION

Competitive pressure made managers of business aware that all their resources need to be used efficiently. This especially includes the management of their cash flows and capital basis. Some — mainly large-sized — companies have even founded their own treasury departments and internal banks. Individual consumers have learnt about the potential gains one can earn on the stock markets and have hence turned to include stocks into their portfolios instead of restricting to plain savings accounts.

Technological progress makes it possible for market participants of all kinds to obtain information about companies, industries, and economies which enhances transparency of markets. In addition, technological progress lowers transaction costs and changes the possibilities and habits of trading, seen for example after the introduction of electronic trading systems like Xetra. Sophisticated computer software enables investors to find promising investment opportunities more easily and quickly. It especially gives the possibility of looking for arbitrage strategies, i.e. for investments which lead to a positive payoff, but cost nothing. This concept of arbitrage is formally defined in the context of general equilibrium models which build the framework I rely on and describe in this thesis. The assumptions for these models exclude arbitrage opportunities and hence lead to the no-arbitrage principle upon which most applied pricing formulas are based. Therefore, it is essential to understand what general equilibrium models can explain and, more importantly, what their limitations are.

A well-suited theoretical foundation for financial markets is given by general equilibrium theory which according to Mas-Colell, Whinston, and Green (1995, p. 511) is based upon two “central features”:

• the economy is seen as a “closed and interrelated system” where “equilibrium values of all variables of interest” are “simultaneously determined” and • the aim is to give a parsimonious modeling of reality.

More substantively, general equilibrium theory is the “determination of equilibrium prices and quantities in a system of perfectly competitive markets”.

The roots go back to Adam Smith (1776) who introduced the idea of an “invisible hand” balancing supply and demand in markets. The first mathematical formalization was given by Leon Walras (1874). He used an interdependent system of equations where each of them represents a single market. Kenneth Arrow and Gerard Debreu (1954) put this into a more satisfactory format which now is called Arrow-Debreu model and finds its most elegant presentation in Debreu’s “Theory of Value” (1959).

At first glance, the Arrow-Debreu model seems to be well-suited for modeling financial markets because (compare Hens (1995, p. 2))

• the price of one asset depends on the prices of the other assets;

• in general there is a large number of traders acting on a large number of markets;

• traders act as optimizing individuals not taking into account others’ welfare; they decide independently of each other;

• financial markets seem to be those markets for which the fiction of price setting by a “Walrasian auctioneer” is most realistic because a lot of trading is administered through auctions.

Originally, the Arrow-Debreu model was formulated in a static framework without uncertainty. Arrow (1953) and Debreu (1959, Chapter 7) however showed that time and uncertainty can be easily included without changing the power of the arguments, though their interpretation is based upon highly stylized and idealized assumptions: decisions and transactions all take place simultaneously, at the same starting-point. They are based on prices which clear future (contingent) markets. What makes these assumptions unrealistic is the fact that markets actually open in a sequential order in the sense that at successive calendar dates spot markets open for those goods available at these dates. In addition, there exist financial markets enabling income transfer across periods and across contingencies, in other words enabling (dis)savings and insurance.

The interpretation of the Arrow-Debreu model in this way is only valid under restrictive assumptions, namely

• a sufficiently rich market structure, called complete market structure and • a finite time horizon.

In this thesis I consider models referring to these assumptions and try to relate them with focus on the — later on explained — aspect of unique equilibrium.

The attempts to relax the first assumption have led to the so-called theory of general equilibrium with incomplete markets. In Part II I consider the property of a unique equilibrium in this environment. Taking into account this aspect I state parallels and differences to the Arrow-Debreu model.

6 CHAPTER 1. INTRODUCTION

If one includes uncertainty in the Arrow-Debreu model, but preserves the assumptions of a sufficiently rich market structure and a finite horizon, optimizing behavior of the agents assures that current prices uniquely determine forward and future prices because there cannot be any possibilities of arbitrage. But as soon as one deviates to incomplete markets or an infinite horizon, one has to add assumptions on price expectations, for example the assumption of correctly foreseen future prices. This aspect of perfect foresight is, for example, discussed with respect to the existence of so-called sunspot equilibria where people’s expectations about future prices differ even though the fundamentals of the economy are known. The existence of this kind of equilibria is considered in Part III where the focus is again on the coherence to multiple respectively unique equilibria in Arrow- Debreu economies. So-called overlapping generations models can be used to induce an infinite horizon. As is shown in Part IV, special equilibria of such models, namely stationary and periodic ones, can be identified with equilibria in the Arrow-Debreu world. This observation allows to apply the theory of unique equilibria in Arrow-Debreu economies to gain results on the special overlapping generations equilibria.

Financial markets are bounded to be incomplete. One can experience this everyday. Mas-Colell, Whinston, and Green (1995, p. 709) identify potential causes for incompleteness to be

• asymmetric information,

• transaction costs, and

• the problem of enforceability of contracts.

Hens (1995, Part II) points out that extending the Arrow-Debreu model to incomplete markets creates a well-suited foundation for the theory of finance and therefore for financial markets. One reason for this is the existence of equilibria which ensures the matching of all factors in a coherent way.

The beginning of the analysis of general equilibrium models with incomplete markets, for short GEI-models, can be dated back to Arrow (1953) who not only introduced uncertainty into general equilibrium theory, but also made the following far reaching observation: when spot markets are complete, a system of elementary securities for each future state is sufficient to obtain the same equilibrium allocations as are obtained with a complete set of contingent contracts for goods, i.e. contracts for each good in each state. An elementary security — now called Arrow-security — for some future state pays off one unit of account in this state and nothing otherwise.

Arrow (1953) implicitly assumed that agents correctly anticipate future variables which was first explicitly introduced in Radner’s (1972) work on “equilibrium of plans, prices, and price expectations”. This was followed by a long series of related papers, exhibiting waves of encouraging and disillusioning results. Excellent surveys can be found in Geanakoplos (1990), Magill and Shafer (1991), Magill and Quinzii (1996b), and recently Hens (1998).

Geanakoplos (1990, p. 3) identifies “five fundamental contributions to economic theory”:

• GEI-models enable an understanding of asset pricing and the importance of the asset span whenever short sales are allowed;

• they initiated the development of new existence proofs for general equilibrium, leading away from Brouwer’s Fixed Point Theorem and not relying on convexity;

• they clarified the existence of decisive differences between real and financial assets;

• they allow to comprehend default and bankruptcy as equilibrium;

• they lead away from the idea of market processes always generating Pareto-efficiency.

Even though the GEI-model allows for a far-reaching generalization of the Arrow-Debreu model, it sticks to an axiomatic foundation and “retains the simplicity, coherence and generality which are the hallmarks of the Arrow- Debreu construction” (Magill and Shafer’s (1991, p. 1524)).

In the first and second part of this thesis, I consider the GEI-model under further, but common restrictions:

• I consider a pure exchange economy and exclude any kind of production;^1

• there are only two periods;^2

• there is only a single commodity, interpreted as “money” or “total expenditure”;

• financial contracts pay off in this underlying commodity.

1This restriction is maintained for the whole thesis.

2The sunspot economies in Part III also refer to the two-period framework.

8 CHAPTER 1. INTRODUCTION

A GEI-model using these restrictions is called Finance GEI-model. These assumptions constitute strong limitations, even though they are quite common as I have already mentioned. They are however general enough to get essential insights and allow to include such cornerstones as the Capital Asset Pricing Model (CAPM).^3 I discuss the limitations of this approach in the introduction of the model in Chapter 2.

Incomplete markets economies in general assume a symmetric participation structure, i.e. each consumer is confronted with the same trading restrictions. This is very limiting: one can easily imagine that in reality different people get to know about different investment opportunities and not all investors are able to trade in the same markets. Some part of the literature (for example, Siconolfi (1989)) accounts for these shortcomings and allows for an asymmetric participation structure. I devote Chapter 5 to this aspect.

According to Mas-Colell, Whinston, and Green (1995, p. 590) “for a theorist, the best of all possible worlds is one in which the social situation being analyzed can be formalized in a manner that, on the one hand, is very parsimonious [...] and, on the other hand, manages to predict a unique outcome”. Hens (1995, p. 19) in addition remarks that “only if the number of equilibria is small, we can say that the general equilibrium model provides a reasonable ‘solution’ to the allocation problem” and “when the equilibrium is unique [...] one can say that prices provide a reasonable ‘theory of value’ of scarce resources” (Hens (1995, p. 29)). Kirman (1989) identifies the lack of uniqueness in general as one of the major criticisms on general equilibrium theory.

After clarifying the existence of equilibria, the next question is if they are unique, first locally, then globally. As indicated by the above quotations, without uniqueness the predictive power of a model is very limited. To illuminate this aspect, take an example from finance: in the CAPM the βpricing formula enables to determine the valuation of assets. However, this β refers to an underlying equilibrium. As soon as there are multiple equilibria, each of them corresponds to a β and therefore any statement on the valuation of an asset is practically worthless.

Uniqueness of the equilibrium is also a necessary prerequisite for comparative statics. Economists want to understand to what extent exogenous parameters influence the allocation of resources. As soon as the property of uniqueness is violated, it is not clear which equilibria before and after the change of parameters have to be compared, not to mention that even their number might have changed. This would require some mechanisms of selection, for example to keep, as close as possible, to the “old” equilibrium which

3Geanakoplos and Shubik (1989), for example, show how to embed the CAPM into a general equilibrium model.

only makes sense when the shocks to the economy are quite small. Hildenbrand and Kirman (1988, pp. 199 ff.) and Arrow and Hahn (1971, p. 207) claim that uniqueness is even a necessary prerequisite for comparative statics. “If, for a given vector of parameters, there is more than one solution to the model,” Kehoe (1985, p. 119) argues that “then the comparative statics method breaks down. Lacking conditions that guarantee uniqueness, we must resort to considerations of historical conditions and dynamic stability, which greatly complicate the analysis.” Arrow and Hahn (1971, p. 207) also point out that uniqueness is helpful when examining “dynamic behavior in general equilibrium models.”

All these explanations show that a sound foundation of finance, i.e. a thorough understanding of financial markets via general equilibrium theory, requires a full understanding of uniqueness. Regrettably, neither in the Arrow-Debreu model nor in the GEI-model global uniqueness of the equilibrium can be expected in general. In the Arrow-Debreu model and in the incomplete markets model considered in this thesis at least local uniqueness holds generically and the equilibrium set is finite. Nevertheless, finiteness can imply anything between one and a million equilibria, i.e. finiteness does not ensure a small number of equilibria. To obtain global uniqueness, additional assumptions on the economies are necessary. Even in the context of the CAPM, Nielsen (1988) gives an example that multiple equilibria may exist whereas in addition Bottazi, Hens, and Löffler (1998) prove that for any given number a CAPM-economy with this number of equilibria can be constructed. Further assumptions on risk aversion however can be found to ensure uniqueness in the CAPM (Dana (1999) and Hens, Laitenberger, and Löffler (2000)).

One can distinguish two different approaches for establishing additional conditions on economies which guarantee a unique equilibrium. Either one puts restrictions on the characteristics of each single individual or one puts restrictions on the society as a whole by some distributional assumptions on the individual characteristics, as it is done by Hildenbrand (1994) and Grandmont (1992). Originally, Grandmont’s (1992) results were interpreted with respect to a broad heterogeneity of consumers, but recently Hildenbrand (1998) showed the assumptions there to imply a kind of homogeneity. My focus in this thesis is on the first aspect, i.e. I consider the single individuals. As far as I know, the only one applying distributional assumptions in incomplete markets models is Laitenberger (1998).

In the Arrow-Debreu model, global uniqueness of equilibria has been vastly analyzed and is well-understood. Some good references are Arrow and Hahn (1971, Chapter 9) and Mas-Colell (1985, Chapter 5), (1991). For incomplete markets models there is much room for further research. Not long

10 CHAPTER 1. INTRODUCTION

ago Hens (1995, p. 54) stated that “no condition is known for which GEIequilibria are unique” where ‘no condition’ means ‘no reasonable condition’ since of course, for example, for a single consumer the equilibrium already was known to be unique. From this starting-point, more and more results in this field emerged, starting from Hens (1995) himself and going on with Becker (1995), Bettzüge (1997), (1998), and Detemple and Gottardi (1998). A complete presentation is given in Chapter 4.

Until now, however it is by no means clear to what extent the change of the market structure from a complete to an incomplete system influences uniqueness. This is what my research aims at. I prove that incompleteness of markets can create as well as destroy uniqueness of the equilibrium; I show that the incompleteness of markets eventually improves or worsens the structure of the model. Understanding the reasons for different numbers of equilibria is one part of understanding differences in the Arrow-Debreu model and in the incomplete markets model in general. The second aspect of these considerations is to develop an idea about how to find further sufficient conditions for uniqueness in GEI-models. Besides, I analyze the robustness of the number of equilibria with respect to a change in the asset structure where the changes are restricted to sustain the same dimension of the trading space. This analysis indicates that the beforehand presented conditions which guarantee a unique equilibrium can be weakened since currently many of them refer to special structures of the markets.

The idea of sunspots goes back to Jevons (1884) who tried to determine to what extent unobservable signals like sunspots influence the economic fundamentals and therefore have effects on prices. Today, the sunspot problem has changed to the question to what extent observable signals without any influence on economic fundamentals might have effects on prices. This question can be analyzed within the general equilibrium model: one considers some certain economic characteristics, but in addition there are some extrinsic events only creating uncertainty in people’s minds. So-called sunspot equilibria exist whenever this extrinsic uncertainty causes an allocation with consumption varying for the different extrinsic events.^4

Jevons (1884, p. 203) already observed “despondency, hopefulness, excitement, disappointment and panic” evolved by external events to cause fluctuations in prices. The “influence of mass psychology” is also stated by Keynes (1936, pp. 154/5) who presumes that an investor does not only decide on basis of the real value of an investment, but on the value the market

4This is the definition used in the standard framework with strictly risk averse consumers. Under weak risk aversion this seems to be not the right definition. Compare Chapter 6.

will give to it some time later. This value might change “as the result of a sudden fluctuation of opinion due to factors which do not really make much difference to the prospective yield; [...] the market will be subject to waves of optimistic and pessimistic sentiment, which are unreasoning and yet in a sense legitimate where no solid basis exists for a reasonable calculation”. Keynes (1936, p. 156) compares professional investment to taking part in a newspaper competition where the participants have to pick the six most beautiful people out of hundred photographs. That participant is winning who is closest to the average opinion. Competitors devote “intelligences to anticipating what average opinion expects the average opinion to be”.

Economists mostly agree that mass psychology has as much influence nowhere else than on financial markets. They apply such psychological reasoning to explain excess volatility^5 on the markets which finds much empirical evidence with more and more sophisticated methods of testing.^6 Sunspot theory is used as explanation of overreaction on financial markets (for example Cass (1989, p. 89)). It explains the importance of including expectations into investment decisions: “What is the best strategy for playing the stock market? Should one concentrate on fundamentals or should one instead focus on the psychology of the market? These are interesting questions for those who like to get rich on Wall Street” (Cass and Shell (1983, p. 193)).

Sunspot events are interpreted as states of minds which cannot be verified and therefore a specification of insurance contracts is not possible. It is therefore reasonable to assume that insurance markets are incomplete. This is necessary for the existence of sunspot equilibria and creates a link to incomplete markets models.

In general, as Shell (1987, p. 50) points out, “the absence of sunspot equilibria seems to be the exception rather than the rule”. The more important it is to understand conditions excluding the existence of sunspot equilibria: I present such conditions for a special situation which refers to the framework created by Mas-Colell (1992). The interesting point is that in this model the existence of a (non-trivial) sunspot equilibrium depends on the number of commodities. This observation is a further step in clarifying the relationship between multiplicity/uniqueness of competitive equilibria considered in Part II and the existence of sunspot equilibria: whereas Mas-Colell (1992) uses

5Excess volatility means that fluctuations in observed “prices are to large to be explained purely by changing views of fundamentals” (compare Blanchard and Fischer (1989, p. 234)).

6At first compare Shiller (1979) for bond markets and Shiller (1981) and LeRoy and Porter (1981) for stock markets, and secondly Mankiw, Romer, and Shapiro (1985) as well as Campbell and Shiller (1987) and West (1988) applying better elaborated methods of testing.

12 CHAPTER 1. INTRODUCTION

multiplicity of Arrow-Debreu equilibria to prove the existence of non-trivial sunspot equilibria, I prove it to be not sufficient.

Sunspot equilibria can be used to explain the rational expectations hypothesis whenever there are multiple equilibria. As Hens (1998, p. 192) points out the extrinsic states serve “as a coordination device of agents’ expectations”, i.e. in the light of GEI-models this means that people expect different equilibria for tomorrow associated with specific probabilities and financial markets make (restricted) insurance against “bad” realizations possible.

One problem with the financial markets models considered so far is the fact that they are all built on the hypothesis of a finite horizon and therefore include some “doomsday” when the economy stops to exist. This is by no means a realistic assumption and causes strange effects, especially with respect to long-lived assets like money. Nonetheless, it simplifies decision problems to a great extent. An infinite horizon can be modeled either by assuming consumers never to die (compare, for example, Magill and Quinzii (1994), (1996a)) or by accepting a life-cycle hypothesis leading to overlapping generations (for short OLG-) models which are in the focus of Part IV. A complete survey on overlapping generations is given by Geanakoplos and Polemarchakis (1991).

OLG-models are mostly applied to analyze consumers’ savings behavior. Saving becomes possible by the introduction of money which clearly is the most important asset. Nevertheless — as illuminated in the beginning — meanwhile people also buy and sell other financial products to obtain risk sharing. This point is taken into account by the introduction of uncertainty and sequentially incomplete markets into OLG-models as, for example, done by Schmachtenberg (1988), Cass, Green, and Spear (1992), and Gottardi (1996). In 1987, Geanakoplos (1987b, p. 778) stated that “the combination of the dynamic effects of the infinite horizon OLG-model with the burgeoning theory of incomplete markets under real uncertainty, [was] already on the agenda for next generation’s research”.

Gottardi (1996, p. 76) states that the assumption of a single consumer per generation is very restrictive for the application of a model on financial markets because then the asset structure plays a minor role. Much of the OLG-literature, however, refers to this limiting case. In contrast, in Part IV I consider quite general pure exchange overlapping generations models with sequentially complete markets. Understanding these models is the foundation for comprehension of OLG-models with incomplete markets. The focus of Part IV is on the existence and the number of monetary stationary equilibria and cycles. This aspect is related to the multiplicity of equilibria in certain Arrow-Debreu models and things come full circle since this is the beginning of my thesis.

One of the main aspects of this thesis is to clarify that all above mentioned competitive equilibrium models are closely related to each other with respect to uniqueness of equilibria.

Taking conditions for unique equilibria in the Arrow-Debreu model as the starting-point, one observes parallels to conditions for unique equilibria in incomplete markets and restricted participation models. Incompleteness of markets and restricted participation, however, are triggering off sunspot equilibria of which the existence in some parts is related to multiplicity of equilibria in the Arrow-Debreu model. In addition, the number of equilibria in some special kinds of Arrow-Debreu economies allows conclusions on the existence and number of stationary and periodic equilibria in overlapping generations economies which again can be related to the existence of sunspot equilibria.

As already indicated, this thesis is divided into five main parts. The first one, in addition to this introduction, contains a full description of the basic Finance GEI-model (Chapter 2) which lays the foundation for the following part. The model is presented in the introductory part because it can also be easily extended to the basic model of Part III and in addition includes some general definitions^7 and some interpretations. Nevertheless, to maintain all parts self-contained, in each of it a brief, but complete description of the respective model is given. Notations are as close to each other as possible.

Part II is devoted to the question of uniqueness of equilibria in different finite dimensional models. It starts (Chapter 3) with the consideration of unique equilibria in the Arrow-Debreu model which is presented as a special Finance GEI-model. Nearly all known restrictions on individual characteristics are summarized to lay the foundations for understanding uniqueness of equilibria in the Finance GEI-model considered in Chapter 4. I present a complete account of conditions which generate a unique equilibrium in the incomplete markets model and which are obtainable through transfer from the Arrow-Debreu theory. Furthermore, this chapter analyzes the robustness of the number of equilibria against perturbations of the asset structure, the limits of transferability, and the existence of additional results on uniqueness. Chapter 5 extends the results on unique equilibria to asymmetric market participation structures, i.e. to restricted participation economies. Beforehand, however, also the limits of this proceeding are shown.

The third part refers to the existence of sunspot equilibria with focus on finite models. It contains a description of the underlying model. After a

7Examples for this are definitions of special utility functions.

14 CHAPTER 1. INTRODUCTION

presentation of known results (Chapter 6) I prove Mas-Colell’s (1992) observation on the existence of so-called non-trivial sunspot equilibria to loose its validity if one considers a two-commodity economy. Mas-Colell (1992) explicitly excludes this because, as he says, he does not know what happens in this case. My result can be interpreted in the sense that even potential multiplicity of Arrow-Debreu equilibria is not sufficient for the existence of non-trivial sunspot equilibria.

Part IV considers the existence of monetary stationary and periodic OLGequilibria. It starts with a selective presentation of the corresponding literature (Chapter 8) and continues with the description of the OLG-model and specific related Arrow-Debreu economies (Chapter 9). Monetary stationary and cyclical equilibria can be identified with special Arrow-Debreu equilibria. Chapter 10 applies these results to gain knowledge about the existence and the number of these special OLG-equilibria, therefore using the theory of unique Arrow-Debreu equilibria as described in Chapter 3.

In the concluding Part V I consider the OLG-model with incomplete markets introduced by Gottardi (1996): Chapter 11 presents some startingpoints for analyzing this model by application of results from Parts II to IV and by this again emphasizes their close relation and interdependences. Chapter 12 summarizes the results of this thesis and gives an outlook for further research.

The Appendix VI contains the mathematical notations, definitions, and theorems (Appendix A) and omitted proofs (Appendix B).

Chapter 2

The Finance GEI-Model and Some Fundamentals

This chapter contains a description of the Finance GEI-model which is underlying the considerations in Chapters 3 and 4 and is extended for the analysis in Chapter 5. Besides it can be seen as a starting-point for the sunspot economies in Part III. In addition, here I give some general definitions and assumptions including their limitations. I broadly explain the underlying intuitions which the reader will probably miss in Parts III and IV and for which he is directed back to look here.

2.1 The Information Structure and the Commodity Space

General equilibrium theory according to Debreu (1959) distinguishes commodities on the one hand by their physical characteristics and their location, on the other hand by time and event of their availability. The GEI-model puts emphasis on this last aspects, i.e. on time and uncertainty.

I consider the standard GEI-model where uncertainty is resolved in a finite number of steps. Uncertainty is modeled by a finite number of “states of the world” à la Savage (1954). The information is described by partitions of the states of the world. A finer partition means more information. In the beginning none of the agents is aware of which state will materialize in the end such that the partition is given by one single set containing all states. At the end of all periods all agents observe which state realizes such that the partition is formed by those sets built up by each single state.

I do not give a formal modeling of this information structure because I restrict attention to the most simple such case in which there are just two

16 CHAPTER 2. THE FINANCE GEI-MODEL

periods, t = 0 and t = 1, which stand for today and tomorrow.

On numbering the states by s = 1, . . . , S, denoting by s = 0 the set {1, . . . , S} and by s = 1 the set {1}, by s = 2 the set {2}, etc., the information structure can be represented by the simple decision tree shown in Figure 2.1.

. . s = 0 s = 1

s = 2

s = S t = 0 t = 1

. .

. .

Figure 2.1: The information structure.

The restriction to two periods is simplifying and especially helpful as will become clear later on.

Regrettably, many applications of finance show their full richness only in a multiperiod or continuous trading context. Most assets are traded several times in between their date of issue and the date of terminal payoff. However, the two period model makes it possible to gain basic knowledge for understanding discrete time models with finite horizon as it is demonstrated at full length by Magill and Quinzii (1996b, Chapter 4) or briefly by Hens (1998, pp. 198–202).

I assume that there is only one commodity which is available in each future state s = 1, . . . , S of the world, but not today. The single commodity should be thought of as the aggregate commodity “expenditure” in that state. This simplification is built on the common assumption in finance that

2.2. CHARACTERISTICS OF THE CONSUMERS 17

the relative prices of the different commodities in each state have little influence on the financial decisions of the households. A justification is given by the assumption of fixed relative prices (Hicks-Leontief aggregation) or some separability of utility functions (Green-Nataf aggregation). The assumption of a single commodity enables to concentrate on the financial aspects of the model, i.e. on the allocation of income over time and uncertainty (compare Hens (1998)).

Therefore, the commodity space is the finite-dimensional Euclidean space R^S .

Later on, it will be shown that it is more general to assume non-availabi-lity of the commodity today than to assume availability: the second case can be modeled by the first one (cf. Section 2.3).

2.2 Characteristics of the Consumers

I restrict the economy to be an exchange economy. Hence, the only units of economic activity like trading and consumption are the consumers, also called households or agents. Having in mind a situation where a large number of traders endowed with certain incomes meet in order to insure among each other and share risk by trading assets, this limitation seems reasonable. If I allowed firms to exist and produce, there would arise many additional issues which would divert from the main purposes.^1

There is a discrete number I ∈ N of consumers i = 1, . . . , I.^2 The consumers are described by their consumption sets X^i ⊂ R^S , their possibly uncertain endowments ω^i ∈ R^S of commodities, and their tastes and risk attitudes represented by utility functions U^i : X^i → R.^3 Single consumption plans of a single consumer i are called x^i ∈ X^i. x = (x^1, . . . , x^I ) ∈

1Nevertheless, Kirman (1989) points out that even in the simple Arrow-Debreu model (which I explain later on as a specific restriction of the model introduced here) the introduction of production might change the outcome with respect to the property of uniqueness. For some conditions guaranteeing uniqueness in production economies compare Kehoe (1985). Besides consider Folkertsma (1991) who examines uniqueness in production economies under the assumption of constant returns to scale and no joint production. Therefore, he applies a method ascribed to Rader (1972) which allows to reduce such a production economy to an exchange economy.

2For simplicity I denote the number of agents and the set of agents by the same capital letter. I do the following convention: if there is a variable n which takes values 1, . . . , N ∈ N, then I define N := {1, . . . N}. N is the set of natural numbers without zero whereas N_0 includes zero.

3Note the following fact: upper indices are used for labeling the consumer while lower indices give the state of the world. For example, ω^i_s gives the endowment of consumer i if state s occurs tomorrow. ω^i is equal to the vector (ω^i_1, . . . , ω^i_S )^T .

18 CHAPTER 2. THE FINANCE GEI-MODEL

×i∈I X^i is an allocation.

The total endowment of the economy is called ω, that means

ω := ∑ i∈I ω^i.

A consumption allocation (x^i)_{i∈I} is feasible whenever ∑ i∈I x^i ≤ ω. I impose some standard assumptions on the characteristics of the economy. These are not the most general assumptions under which the model works. However, they are strong enough to facilitate the exposition and thus to focus on the aspects arising from the incompleteness of markets.

The following continuity assumptions are made for the whole exposition.

Assumption 2.1 (Continuity Assumptions) The agents’ characteristics satisfy the following properties:

1. X^i = R^S_+ for all i ∈ I;

2. ω^i ∈ R^S_{++} for all i ∈ I;

3. U^i : R^S_+ → R is continuous for all i ∈ I;

4. U^i : R^S_+ → R is strictly monotonic for all i ∈ I;

5. U^i : R^S_+ → R is strictly quasi-concave for all i ∈ I.

These assumptions are called Continuity Assumptions since they guarantee that agents’ demand is a continuous function of prices (compare Hens (1991, p. 28)).

Let me explain and comment on these assumptions:

Choosing X^i as the set of all non-negative commodity bundles is an easy, but standard way to guarantee that the consumption set is closed, convex, and bounded from below. These are typical requirements in the general equilibrium model according to Arrow and Debreu. Since I do not want to complicate the exposition, I take this common restriction.

As every consumer should be able to find a feasible consumption bundle without trading, choosing ω^i as an element of the consumption set seems reasonable. Moreover, I assume that whatever state of the world occurs tomorrow every agent will have some positive amount of resources, i.e. endowments are interior to the consumption sets. Boundary endowments might lead to discontinuities in agents’ demand functions which hinder equilibria to exist. Using appropriate restrictions on the structure of asset markets, Gottardi and Hens (1996) demonstrate how to overcome these difficulties in

2.2. CHARACTERISTICS OF THE CONSUMERS 19

proving existence of competitive equilibria. Since the main focus of this thesis is not on giving the most general existence theorem, but rather on finding conditions under which competitive equilibria are unique, I will not be concerned about boundary endowments. Nevertheless, some of the results on uniqueness of competitive equilibria which I will give later on remain valid under weaker assumptions on the endowments, but consideration of this fact — however complicating the exposition — would not give deeper insights.

What concerns the restriction to continuity, focusing on the uncertainty aspect of commodities, this assumption does not seem too restrictive.

The limitation on strictly monotonic utility functions is also common.

Definition 2.2 (Strict Monotonicity) A utility function U^i : R^S_+ → R is strictly monotonic if x, y ∈ R^S_+ with y > x^4 implies U^i(y) > U^i(x) .

Hence, the level of utility of a consumer with a strictly monotonic utility function increases as soon as the consumer gets some more consumption in one of the states without getting less consumption in any other state.

In the context of uncertainty, the quasi-concavity has to be interpreted as risk aversion of the consumer: he prefers a mixture of two feasible consumption bundles x and y to each of them.

Definition 2.3 (Strict Quasi-Concavity) A utility function U^i : R^S_+ → R is strictly quasi-concave if for each pair of vectors x, y ∈ R^S_+ with x ≠ y and all λ ∈ (0, 1) it is U^i(λx + (1 − λ)y) > min{U^i(x), U^i(y)}. Figure 2.2 illustrates this notion of risk aversion: consumption in two states is considered. x̃ = (x̃_1, x̃_2) and x̂ = (x̂_1, x̂_2) are two risky consumption bundles yielding the same level of utility. Since the utility function is strictly quasi-concave or equivalently the “no worse than” sets are strictly convex, any strict convex combination of x̃ and x̂ improves the consumer. In particular, the risk-free consumption bundle x̄ for which x̄_1 = x̄_2 gives a strictly higher level of utility than the risk-free bundle x^∗ which by construction delivers the same utility as the risky bundles x̃, x̂. For obvious reasons x^∗ is called the certainty equivalent. Finally, note that the amount x̄_1 − x^∗_1 gives a measure for the risk aversion of the agent.

4y > x is defined as y_s ≥ x_s for all s ∈ {1, . . . , S} and y_s > x_s for some s ∈ {1, . . . , S}. In contrast, y ≫ x means y_s > x_s for all s ∈ S and y ≥ x denotes y_s ≥ x_s for all s ∈ S.

20 CHAPTER 2. THE FINANCE GEI-MODEL

x_1 x_2

x̂_1 x̄_1 x^∗_1 x̃_1 x̂_2 x^∗_2 x̄_2 x̃_2 certainty line

45∘

Figure 2.2: Strict quasi-concavity and risk aversion.

Moreover, to obtain a differentiable system of equilibrium allocations Debreu (1972) initiated the following set of Differentiability Assumptions that have to be assumed in addition to the Continuity Assumptions 2.1.

Assumption 2.4 (Differentiability Assumptions) The agents’ characteristics fulfill the Continuity Assumptions 2.1 and additionally the following assumptions:

1. U^i : R^S_+ → R is infinitely often differentiable on R^S_{++} for all i ∈ I;

2. ∇U^i(x) ∈ R^{1×S}_{++} for all x ∈ R^S_{++} and all i ∈ I^5;

3. for all i ∈ I it is h · D^2U^i(x)h < 0 for all x ∈ R^S_{++} and all h ∈ R^S \{0} with ∇U^i(x)h = 0^6;

4. {x ∈ R^S_+ | U^i(x) ≥ U^i(x̄)} ⊂ R^S_{++} for all x̄ ∈ R^S_{++} and all i ∈ I.

5∇ denotes the gradient of a real function, i.e. the row vector of the first partial derivatives to each variable.

6D^2U^i(x) denotes the Hessian matrix of U^i at x where columns refer to first and rows to second partial derivatives, i.e. ( D^2U^i(x) ) ss̄ = ∂_{xs} ∂_{xs̄} U^i(x) with ∂ indicating partial derivatives.

2.2. CHARACTERISTICS OF THE CONSUMERS 21

The differentiability of a function is a technical assumption. 2.4.2 implies strict monotonicity of the utility function. 2.4.3 guarantees strict quasi-con-cavity. 2.4.4 assures that the indifference curves of the consumer through interior consumption bundles do not intersect the boundary of the consumption sets. Together with the strict positivity of the endowments it implies that consumers who maximize their utility choose strictly positive consumption bundles, i.e. consumption bundles in the interior of their consumption sets.

To illustrate Assumption 2.1 and 2.4 a bit more I consider the case of an expected utility function.

Definition 2.5 (Expected Utility Hypothesis) A utility function U^i : R^S_+ → R satisfies the expected utility hypothesis if there exists a probability measure ρ^i ∈ R^S_+ with ∑_S s=1 ρ^i_s = 1 and a von Neumann- Morgenstern utility function u^i : R_+ → R such that for all x ∈ R^S_+

U^i(x) = S∑ s=1 ρ^i_su^i(x_s). Assumption 2.4 requires the following standard assumptions on the von Neumann-Morgenstern utility function underlying an expected utility function.

Continuity and differentiability demand u^i : R_+ → R to be continuous respectively differentiable. Strict monotonicity implies u^i to be strictly increasing as well as to hold the belief that no state s is impossible, i.e. that ρ^i_s > 0, s = 1, . . . , S. Strict quasi-concavity requires u^i to be a strictly concave function.

Definition 2.6 (Strict Concavity) A utility function U^i : R^S_+ → R is strictly concave if for all x, y ∈ R^S_+ with x ≠ y and λ ∈ (0, 1) it is

U^i(λx + (1 − λ)y) > λU^i(x) + (1 − λ)U^i(y).

Besides to assure that indifference curves through interior consumption bundles do not intersect the boundary of the consumption space R^S_+ , one requires lim_{xs→0} u^{i′}(x_s) = ∞.

According to the expected utility hypothesis an agent’s preferences over risky consumption bundles can be conceptually separated into the agent’s beliefs over the likelihood of occurrence of the various states and a “utility out of consumption in the states”. The expected utility hypothesis can be given an axiomatic foundation in terms of fundamental axioms of choice, like the

22 CHAPTER 2. THE FINANCE GEI-MODEL

“sure thing principle” or the “state independence axiom”, first introduced by Savage (1954) for the case of a continuous state space. For an axiomatization well-suited for the framework of the standard GEI-model as displayed here see, for example, Wakker (1989) or Hens (1992). In this framework the sure thing principle requires that the choice between two consumption bundles x and y should not depend on the consumption in that subset of states in which x and y are identical. It can be demonstrated that this property holds true if and only if the utility function U^i is additively separable.

Definition 2.7 (Additive Separability) A utility function U^i : R^S_+ → R is additively separable if there exist utility functions u^i_s : R_+ → R, s = 1, . . . , S, such that for all x ∈ R^S_+ it is

U^i(x) = S∑ s=1 u^i_s(x_s). The state independence axiom requires the preferences for consumption within the states to be identical across the states, i.e. the “state utility functions” u^i_s, s = 1, . . . , S, only differ up to some positive monotonic transformations. To complete the characterization of expected utility, note that for an expected utility function the slope of the indifference curves is constant along the certainty line, and it is actually equal to the negative ratio of the likelihood of occurrence of the states according to the agent’s beliefs ρ^i_s. Hens (1992) has demonstrated that this property which he calls “weak homotheticity” together with the “sure thing principle” and the “state independence axiom” indeed characterize expected utility in a model with a continuum of consequences and a finite number of states as for example in the standard GEI-model.

The following measures for an agent’s risk aversion can be defined.

Definition 2.8 (Risk Aversion) For an expected utility function U^i(x) = ∑_S s=1 ρ^i_su^i(x_s)

1. the absolute risk aversion is defined as ARA^i(x_s) = − (u^i)^{′′}(x_s) (u^i)^′(x_s) for all x_s ∈ R_{++}

2. and the relative risk aversion is defined as RRA^i(x_s) = − x_s · (u^i)^{′′}(x_s) (u^i)^′(x_s) for all x_s ∈ R_{++} .

2.2. CHARACTERISTICS OF THE CONSUMERS 23

Whereas the concept of absolute risk aversion is appropriate to measure the “attitude toward risky projects whose outcomes are absolute gains or losses from current wealth”, the measure of relative risk aversion is applied to “evaluate risky projects whose outcomes are percentage gains or losses of current wealth” (Mas-Colell, Whinston, and Green (1995, p. 19)). As theoretically shown by Arrow (1970) and Pratt (1964), reasonable assumptions are a decreasing absolute and an increasing relative risk aversion: assume an investor is faced with a risky and a riskless asset and he has to decide how to divide a given income among the two. A decreasing absolute risk aversion means that with increasing wealth the amount hold of the risky asset increases; increasing relative risk aversion evokes the effect that if wealth as well as the size of the bet are increased proportionally, then the investor is less willing to accept the bet and invest in the risky asset. There is experimental evidence for decreasing absolute risk aversion (Levy (1994)). What concerns the relative risk aversion, Dalal and Arshanapalli (1993) provide empirical support for the assumption of a constant relative risk aversion whereas Levy (1994) has to reject the hypothesis of increasing relative risk aversion. Referring back to Figure 2.2 it is obvious that both notions of risk aversion determine the curvature of the agent’s indifference curves.

The definitions of risk aversion for general additively separable utility functions are similar, except for defining ARA^i_s and RRA^i_s in dependence on the corresponding state.

Utility functions which exhibit so-called “hyperbolic absolute risk aversion”, abbreviated HARA, are of particular importance for the structure of asset demand.

Definition 2.9 (Hyperbolic Absolute Risk Aversion) An expected utility function U^i(x) = ∑_S s=1 ρ^i_su^i(x_s) satisfies hyperbolic absolute risk aversion, HARA, if there exist some α^i ∈ R_+ , β^i ∈ R not equal to zero at the same time such that for all x_s ∈ R with α^i + β^ix_s > 0 it is − (u^i)^{′′}(x_s) (u^i)^′(x_s) = 1 α^i + β^ix_s . Hyperbolic absolute risk aversion is defined via a differential equation of the von Neumann-Morgenstern utility function u^i. Integration shows that u^i is then of the form

u^i(x_s) = (α^i+β^ix_s)^{1−1/βi} 1/β^i(1−1/β^i ) , if β i ≠ 0, β^i ≠ 1, −α^ie^{−xs/αi} , if β^i = 0, log(α^i + x_s), if β^i = 1,

(2.1)

which is defined on the domain α^i + β^ix_s > 0.

24 CHAPTER 2. THE FINANCE GEI-MODEL

Since HARA utility functions give a nice structure for financial markets models, I would like to include them in my analysis. However, not all the utility functions in the HARA class satisfy the Continuity and Differentiability Assumptions 2.1 and 2.4 without further qualifications.

For β^i = −1, for example, u^i(x_s) is quadratic, which leads to the meanvariance-criterion for investment underlying the CAPM. The problem is that quadratic utility functions have satiation points; hence, (strict) monotonicity does not hold on the entire non-negative reals. Assuming that aggregate endowments are not sufficient to push any single agent over his satiation point cures this problem.^7 Moreover, with quadratic preferences indifference curves may intersect the boundary of the consumption sets. Hence, differentiability of demand can only be guaranteed if the optimal consumption allocation is interior to the consumption set.

A different example is the case of the Cobb-Douglas utility functions which results for α^i = 0 and β^i = 1. In this case the Differentiability Assumptions 2.4 are satisfied except for the problem that the utility function is not defined on the boundary. Note, however, that with interior endowments for Cobb-Douglas utility functions the set of consumption bundles being at least as good as the initial endowments is strictly included in the interior of the consumption set. Hence, since trade is voluntary and agents act individually rational, again the problem is innocuous for demand.

As indicated by this last example, the class of HARA-functions is closely related to the class of homothetic utility functions which are a helpful device to obtain a unique equilibrium.

Definition 2.10 (Homogenous and Homothetic Utility Functions)^8 A utility function U^i : R^S_+ → R is homogeneous if there is some k > 0 such that for all x ∈ R^S_+ and λ > 0 it is U^i(λx) = λ^kU^i(x).

k is called the degree of homogeneity.

A utility function U^i : R^S_+ → R is homothetic if it represents the same preferences as some homogeneous utility function, i.e. there are some continuously differentiable m^i : R → R which is strictly monotonic and some

7Such an assumption is made, for example, by Geanakoplos and Shubik (1989) in the CAPM with quadratic utility. It requires that consumption sets are bounded from below, even though the consumption sets in the CAPM are normally unbounded.

8At this point I explicitly include monotonic transformations of utility functions because homotheticity is usually defined with respect to preferences instead of utility functions. The definition of homogeneity alone would not include representations U^i(x) = ∑_S s=1 ρ_s ln x_s of Cobb-Douglas preferences, but only U^i(x) = ∏_S s=1 x^{ρs}_s . Later on it will be necessary to distinguish between the two types of utility functions.

2.3. THE MARKET STRUCTURE 25

homogeneous V^i : R^S_+ → R such that for all x ∈ R^S_+ it is

U^i(x) = m^i ∘ V^i(x)

A further class of utility functions will be of special interest later on, namely the class of quasi-linear utility functions.

Definition 2.11 (Quasi-Linear Utility Functions) A utility function U^i : R^S_+ → R is quasi-linear (in the first state) if there exists some strictly concave function Ũ^i : R^{S−1}_+ → R such that^9

U^i(x) = x_1 + Ũ^i(x_{−1}).

Ũ i has to satisfy Assumption 2.4 on R^{S−1}_+ .

Obviously, a quasi-linear U^i does not satisfy Assumption 2.4. However, requiring endowments in the first state to be large, is sufficient to circumvent problems arising from this fact.

2.3 The Market Structure

The market structure in the model is a more general, more realistic one than in the standard Arrow-Debreu model: in each future state of the world there is a market for the consumption good, whereas in the Arrow-Debreu model markets open only once, namely today. The price of the commodity in state s is given by p_s ∈ R. Accordingly, let p ∈ R^S denote a spot price vector.

It seems reasonable to assume that the agents can insure themselves against some states of the world. Without any insurance tomorrow agents have to fulfill their budget constraints

p_sx^i_s ≤ p_sω^i_s for all s ∈ S.

Since utility functions are strictly monotonic, spot prices have to be positive and consumers choose x^i_s = ω^i_s for maximizing their utility within their budget constraints, i.e. they always choose the no-trade solution.

However, for example, if a consumer expects a very high endowment in state s̄ ∈ S and a very low endowment in state s̃ ∈ S, it should be able for him to give up something of the commodity in state s̄ to receive more in state s̃. To make this possible, J financial contracts j = 1, . . . , J are introduced which can be traded today and pay off tomorrow. The asset payoffs are

9x_{−1} := (x_2, . . . , x_S )^T , i.e. the first coordinate of the vector x is missing. The same definition is used with respect to other coordinates.

26 CHAPTER 2. THE FINANCE GEI-MODEL

described by the matrix A = (A_{sj})_{s∈S,j∈J} .^{10} A_{·j} = (A_{1j}, . . . , A_{Sj})^T describes asset j, whereas A_{s·} = (A_{s1}, . . . , A_{sJ} ) gives the payoffs of all assets in state s. Note that I only allow the existence of so-called real assets, i.e. of assets with payoff given in the underlying commodity. For a thorough discussion of nominal assets or assets with real and nominal components I refer to Magill and Quinzii (1996b, Chapter 7). Equilibria in an economy with nominal assets are equivalent to equilibria in an economy with real assets. There is, however, a dependence on spot price vectors which causes some kind of indeterminacy, but can be handled by the introduction of monetary policy. Therefore, it is legitimate to restrict to real assets.

q_j ∈ R is the price one has to pay or gets today for one unit of asset j. θ^i_j ∈ R is the amount of the same asset — depending on the sign — bought or sold by agent i.

If q = (q_1, . . . , q_J )^T ∈ R^J is the asset price vector and θ^i = (θ^i_1, . . . , θ^i_J )^T ∈ R^J is the portfolio chosen by consumer i, then he has to pay q · θ^i units of account today to get A_{s·}θ^i tomorrow if state s occurs.

Considering trade in financial markets, the agents’ budget restrictions accordingly become q · θ^i ≤ 0 (2.2) and p_sx^i_s ≤ p_sω^i_s + p_sA_{s·}θ^i for all s ∈ S.

(2.3)

Therefore, portfolios have to be self-financing and expenditures in some state cannot exceed the income of that state altered by the asset payoff. The role of asset trade is to transfer income across the states of period one.

Note that consumers do not have any asset endowment. However, this is implicitly contained in the commodity endowment: if θ̄^i is some asset endowment, substitute ω^i by ω̄^i := ω^i + Aθ̄^i.

Since utility functions are strictly monotonic such that consumption in each state is desirable, it is p_s > 0 for all s ∈ S because otherwise all consumers would demand infinitely much of the commodity when the corresponding state is realized. Therefore — because attention is restricted to real assets — p_s can be eliminated from (2.3) to obtain

x^i_s ≤ ω^i_s + A_{s·}θ^i for all s ∈ S.

(2.4)

10The first index marks the state and the second one the asset such that A_{sj} is the number of commodities asset j pays off in state s. In general, if an index whether for a matrix or a vector is given by a whole set, this means a restriction on those coordinates contained in the set. For example A_{S̃J̃} with S̃ ⊂ S and J̃ ⊂ J is the matrix (A_{sj} )_{s∈S̃,j∈J̃} .

2.4. FINANCIAL MARKETS EQUILIBRIA 27

Denote the budget sets by B^i (q), i.e.

B^i (q) = {x ∈ R^S_+ | ∃ θ ∈ R^J with q · θ ≤ 0 ∧ x_s ≤ ω^i_s + A_{s·}θ for all s ∈ S}. Note that in particular it is possible to incorporate the case of first period consumption into this model (compare Geanakoplos and Polemarchakis (1986)). In the case of first period consumption the budget constraints are given in the following way:

x^i_0 + q · θ^i ≤ ω^i_0

(the worth of today’s consumption plus savings is less than the worth of today’s endowment) and

x^i_s ≤ ω^i_s + A_{s·}θ^i for all s ∈ S

(the worth of tomorrow’s consumption is less than the worth of tomorrow’s endowment plus the portfolio payoff). Now choose Ã = ( 1 0 0 A ) and θ̃^i = ( x^i_0 − ω^i_0 θ^i ) . Then the budget constraints change to ( 1 q ) · θ̃^i ≤ 0 and x^i_s ≤ ω^i_s + Ã_{s·}θ̃^i for all s = 0, . . . , S.

Relabeling states shows the equivalence to a GEI-economy without first period-consumption.

Summarizing this gives the following description of a GEI-economy: GEI = {(U^i, ω^i)_{i∈I} , A}. A GEI-model in this form is often called Finance GEI-model. Even though it is based on a variety of assumptions it is sufficiently general to include cornerstones of finance like the static Capital Asset Pricing Model (compare Geanakoplos and Shubik (1989)).

2.4 Financial Markets Equilibria

The market structure defines the agents’ choice sets. Before equilibria can be defined, however, the agents still have to be given some objective function.

28 CHAPTER 2. THE FINANCE GEI-MODEL

For consumers the utility function is a natural objective function; that is to say, consumers are assumed to choose demand and portfolios “as if” they were maximizing utility. Now an equilibrium for the general equilibrium model with incomplete markets can be defined.

Definition 2.12 (Financial Markets Equilibrium I) A tuple (x^∗, θ^∗) ∈ R^{S×I}_+ × R^{J×I} and a price system q^∗ ∈ R^J constitute a financial markets equilibrium (abbreviated FM-equilibrium) if

1. (x^{∗i}, θ^{∗i}) maximizes U^i(x) on B^i (q^∗) for all i = 1, . . . , I; 2. ∑_I i=1 x^{∗i} = ∑_I i=1 ω^i; 3. ∑_I i=1 θ^{∗i} = 0.

B^i (q) is defined as a set of consumption plans. For ease of notation, I sometimes use it also as a set of consumption and portfolio plans where the portfolios finance the consumption plans.

2.12.1 requires all agents to be utility maximizers accepting the prices q^∗. 2.12.2 and 2.12.3 are the conditions for commodity respectively asset market clearing.

Since U^i is strictly monotonic, it is the best for the consumer to choose x in all components as large as possible. Therefore, tomorrow’s budget constraints are always fulfilled with equality. Hence, consumer’s maximization problem can be considered in the form

max_{x∈RS+} U^i(x) s.t. ∃ θ ∈ R^J with q · θ ≤ 0

(2.5)

∧ x_s = ω^i_s + A_{s·}θ for all s = 1, . . . , S.

This observation allows to eliminate x and rewrite the maximization problem as max_{θ∈RJ} U^i(ω^i + Aθ) s.t. q · θ ≤ 0 ∧ ω^i + Aθ ≥ 0.

(2.6)

Therefore, FM-equilibria can be alternatively defined as only consisting of portfolio allocations and asset price systems.

Definition 2.13 (Financial Markets Equilibrium II) A tuple θ^∗ ∈ R^{J×I} and a price system q^∗ ∈ R^J constitute a financial markets equilibrium if

1. θ^{∗i} = arg max_{θ∈R}J U^i(ω^i + Aθ) s.t. q^∗ · θ ≤ 0 ∧ ω^i + Aθ ≥ 0; 2. ∑_I i=1 θ^{∗i} = 0.

2.5. NO ARBITRAGE 29

2.5 No Arbitrage

A trading strategy with a positive payoff in some state which does not require any payments is called an “arbitrage” strategy. Equilibrium asset prices must be such that there are no opportunities for arbitrage. Under the assumptions I made on the model, appropriate formal concepts are as follows:

(NAC) There is no θ ∈ R^J such that q · θ ≤ 0 and A · θ > 0.

Sometimes it is helpful to use a stronger no-arbitrage condition than this one:

(SNAC) There is no θ ∈ R^J such that (_{−qT} A ) · θ > 0. This condition is stronger than (NAC) since it excludes not only arbitrage in the sense of “gaining tomorrow without paying today”, but also “getting money today without any paying tomorrow”.

There is a common assumption guaranteeing the equivalence of (NAC) and (SNAC). It assures that the consumer does always find a portfolio which is desirable in each future state. A consumer would demand infinitely much of such a portfolio if he were not restricted by his budget.

Assumption 2.14 (Existence of a Desirable Portfolio) There is a θ_A ∈ R^J such that Aθ_A > 0.

If θ_A did not cost anything, then — caused by the strict monotonicity of utility U^i — the consumer i would like to have infinitely much of this portfolio.

Lemma 2.15 (Equivalence of No-arbitrage Conditions) Under Assumption 2.14 (SNAC) and (NAC) are equivalent.

Proof:

(SNAC) ⇒ (NAC): Assume that (NAC) is violated. Then, there is θ̃ ∈ R^J such that q · θ̃ ≤ 0 and A · θ̃ > 0, i.e. especially (_{−qT} A )~ θ > 0, which contradicts (SNAC).

(NAC) ⇒ (SNAC): Assume that (SNAC) is violated. Then, either there is a θ̃ ∈ R^J with Aθ̃ > 0 and q · θ̃ ≤ 0 which contradicts (NAC), or there is θ̂ ∈ RJ with Aθ̂ = 0 and q · θ̂ < 0. Since θ_A ∈ RJ exists such that Aθ_A > 0, there must be an ε > 0 such that for θ̃ = θ̂ + εθ_A the inequalities Aθ̃ = Aθ̂ =0 + εAθ_A >0 > 0

and

30 CHAPTER 2. THE FINANCE GEI-MODEL q · θ̃ = q · θ̂ <0 + εq · θ_A ≤ 0 are fulfilled, again contradicting (NAC). □ If the model is used in the form of first period consumption, i.e. A = ( 1 0 0 Ǎ ) , then Assumption 2.14 is always satisfied. As will become clear later on (compare, for example, Proposition 4.20) including first period consumption into the model is not only helpful because of this aspect. It even seems to support uniqueness of equilibria.

A nice consequence of Assumption 2.14 lies in the fact that all consumers with strictly monotonic preferences exploit today’s budget.

Assume the contrary: there is a consumer i ∈ I who chooses a utility maximizing consumption plan x^i ∈ B^i (q), financed by the portfolio θ^i, such that today’s budget constraint is not fulfilled with equality, i.e.

x^i = arg max_{x∈RS+} U^i(x) s.t. ∃ θ^i ∈ R^J with q · θ^i ≤ 0

∧ x_s = ω^i_s + A_{s·}θ^i for all s = 1, . . . , S,

and the corresponding θ^i satisfies q · θ^i < 0. Because of Assumption 2.14 x̂^i, defined by

x̂^i = ω^i + A(θ^i + εθ_A)

is bigger than x^i (x̂^i > x^i), but also element of the budget set for ε > 0 such that q · θ + εq · θ_A ≤ 0. Since U^i is strictly monotonic, this is a contradiction to the maximizing property of x^i.

This observation together with the assumptions on utility functions (Assumption 2.4) guarantees sufficiency of the first order conditions for solving the maximization problem (2.6), i.e.

∇U^i(ω^i + Aθ^i)A − λ^iq^T = 0,

(2.7) q · θ^i = 0

(2.8)

2.5. NO ARBITRAGE 31

for all i ∈ I where λ^i > 0 is the Lagrangian multiplier. Together with the market clearing condition I∑ i=1 θ^i = 0

(2.9)

the so-called extended system is given which fully describes a financial markets equilibrium ((θ^i)_{i∈I} , q) (Definition 2.13).

A fundamental theorem of linear algebra says that (NAC) is equivalent to the requirement that the asset price vector q lies in the interior of the cone spanned by the rows of A, i.e.

There is π ∈ R^S_{++} such that q = A^T π.

(2.10)

This observation together with its relation to the agent’s utility maximization problem are contained in the following theorem.

Theorem 2.16 (Fundamental Theorem of Asset Pricing) For a GEI-economy {(U^i, ω^i)_{i∈I} , A}, satisfying Assumptions 2.1 and 2.14, the following conditions are equivalent:

(i) The consumer’s decision problem

max U^i(x) s.t. x ∈ B^i (q)

has a solution.

(ii) There are no arbitrage opportunities, i.e. (NAC) holds for q.

(iii) There is a vector of state prices π ∈ R^S_{++} satisfying (2.10) for q.

(iv) The consumer’s budget set B^i (q) is compact.

The proof is the same as in Magill and Quinzii (1996b, Theorem 9.3). One only has to take into account that under Assumption 2.14 the different noarbitrage conditions (NAC) and (SNAC) are equivalent (compare Lemma 2.15). The necessity of extending the proof comes from the fact that Magill and Quinzii (1996b) prove the theorem only under the assumption of first period consumption. The main idea of the proof consists in the application of a Separation Theorem.

By application of the Implicit Function Theorem on equations (2.7) and (2.8) one obtains a continuously differentiable demand function θ^i(q) on the set of arbitrage-free asset price systems, i.e. on

Q(A) := { q ∈ R^J | q = A^T π for some π ∈ R^S_{++} } . (2.11)

Define θ(q) := ∑_I i=1 θ^i(q) as market asset demand. FM-equilibrium price systems are then defined as zeros of market demand θ(q).

32 CHAPTER 2. THE FINANCE GEI-MODEL

2.6 No-Arbitrage Equilibria

The no-arbitrage principle characterizes the asset prices in a way that makes it possible to present the financial markets model in a form most similar to the Arrow-Debreu model. In the light of Theorem 2.16 the condition (2.10) can be applied to rewrite consumers’ budget sets in a way where the dependence on the asset prices q has changed to dependence on state prices such that for B^i (π) = {x ∈ R^S_+ | π · (x − ω^i) ≤ 0 and x − ω^i ∈< A >} with q^T = π · A the equality of B^i (π) and B^i (q) is known. Note that for notational convenience the same B^i is used, even though the budget sets are defined in different ways; the context will make clear to which set I refer.

According to these budget sets another equilibrium concept can be defined.

Definition 2.17 (No-Arbitrage Equilibrium) An allocation x^∗ ∈ R^{S×I}_+ and a state price vector π^∗ ∈ R^S_{++} constitute a no-arbitrage equilibrium (abbreviated: NA-equilibrium) if the following conditions hold:

1. x^{∗i} maximizes U^i(x) on B^i (π^∗) for all i = 1, . . . , I; 2. ∑_I i=1 x^{∗i} = ∑_I i=1 ω^i. 2.17.1 implies that all consumers show optimizing behavior whereas good market clearing is a consequence of 2.17.2.

Since one knows q = A^T π from the Fundamental Theorem of Asset Pricing 2.16 and θ^i is continuous on Q(A) individual (commodity) demand x^i(π) = ω^i + Aθ^i(A^T π) as solution of

max U^i(x) s.t. x ∈ B^i (π)

(2.12)

is a continuously differentiable function on R^S_{++} . Market demand is defined as x(π) := ∑_I i=1 x^i(π) with corresponding excess demand z(π) = x(π) − ω.

NA-equilibrium price systems are alternatively defined as zeros of market excess demand z(π).

Look at the presentation of B^i (π). If < A >= R^S , then obviously the incomplete markets model is equivalent to the Arrow-Debreu model. Therefore, the following distinction is very decisive.

Definition 2.18 (Complete and Incomplete Markets) If the market subspace < A > has full dimension, i.e. rank A = S, then asset markets are said to be complete. If the transfer possibilities are limited, i.e. rank A < S, then financial markets are incomplete.

2.6. NO-ARBITRAGE EQUILIBRIA 33

In the case of complete markets the equivalence to the Arrow-Debreu model allows to apply the results gained in that context. Especially, existence and Pareto-efficiency are known under quite general assumptions. Incomplete markets demand a thorough analysis of existence, efficiency, uniqueness, and so forth of equilibria.

In the following the terms Arrow-Debreu model and GEI-model with complete markets are used as synonyms.

The importance of the no-arbitrage equilibrium concept is the coincidence of its allocations with those of the financial markets equilibrium. This is implied by the following theorem.

Theorem 2.19 (Allocational Equivalence) Let the GEI-economy {(U^i, ω^i)^I_{i=1}, A} satisfy the Assumptions 2.1 and 2.14. Then, the following equivalence holds:

1. If (x^∗, θ^∗, q^∗) ∈ R^{S×I}_+ × R^{J×I} × R^J is FM-equilibrium, then (x^∗, π^∗) is NA-equilibrium for some π^∗ ∈ R^S_{++} with q^∗ = A^T π^∗.

2. If (x^∗, π^∗) ∈ R^{S×I}_+ × R^S_{++} is NA-equilibrium, then there is a θ^∗ ∈ R^{J×I} such that with q^∗ = A^T π^∗ ∈ R^J (x^∗, θ^∗, q^∗) is FM-equilibrium.

For a proof in the case of first period consumption again compare Magill and Quinzii (1996b, Proposition 10.3) which can be easily transferred to the more general case. The main idea consists in the application of the Fundamental Theorem of Asset Pricing (Theorem 2.16) with which one obtains the equality of B^i (q^∗) and B^i (π^∗) whenever q^∗ = A^T π^∗.

At this point it seems reasonable to do some comparative statics: what happens if new assets are introduced? To answer this question, it is essential to distinguish between redundant and non-redundant assets.

Consider first the introduction of redundant assets. In doing this it is especially helpful that π allows to evaluate any payoff stream that is a linear combination of the payoffs of the given assets j = 1, . . . , J. From (2.10) one observes that the price of a payoff stream in the market subspace must be a linear combination of the prices of the duplicating assets. The weights of the assets in the duplicating portfolio define the weights in the linear combination of the prices and (2.10) can be interpreted as a linear pricing rule. Therefore, taking a collection of assets which form a basis of the market subspace and knowing their prices, one is able to value any payoff stream in the market subspace, i.e. any duplicable (redundant) asset.

34 CHAPTER 2. THE FINANCE GEI-MODEL

Corollary 2.20 (Pricing of Redundant Assets) Let {(U^i, ω^i)^I_{i=1}, A} be a GEI-economy which satisfies Assumptions 2.1 and 2.14. If one of the assets is redundant, i.e. A^k = ∑ j∈J\{k} αj A j for some α_j ∈ R, j ∈ J\{k}, then in each FM-equilibrium asset prices q^∗ fulfill

q^∗_k = ∑ j∈J\{k} α_jq^∗_j .

Since equilibrium price systems have to be arbitrage-free, this corollary is a direct consequence of the Fundamental Theorem of Asset Pricing 2.16. Introducing a redundant asset leaves the no-arbitrage equilibrium unaffected. Trading the new asset is unnecessary, and its price can be determined by the linear pricing rule. Corollary 2.20 has shown how easy redundant assets can be added to any GEI-economy. Therefore, from now on assume that there are no redundant assets, i.e.

Assumption 2.21 (No Redundance of Assets) There are no redundant assets, i.e. rank A = J.

This assumption assures that for each consumption plan x^i satisfying x^i − ω^i ∈< A > there is a unique θ^i ∈ R^J with x^i = ω^i + Aθ^i.

In contrast to Corollary 2.20 the introduction of non-redundant assets leads to drastic changes of the equilibrium. As can be seen later on, even the number of equilibria might change.

The theory on uniqueness of equilibria would be a vacuous theory if such equilibria did not exist. However, the assumptions guarantee existence.

Theorem 2.22 (Existence of FM-Equilibria) In each GEI-economy {(U^i, ω^i)_{i∈I} , A}, satisfying Assumptions 2.1, 2.14, and 2.21 an FM-equilibrium exists (and therefore also an NA-equilibrium).

A proof is given, for example, in Magill and Quinzii (1996b, Proposition 10.4) for the model with first period consumption. Their proof — applying the well-known Cass-trick (Cass (1984)) to obtain the existence of an NAequilibrium — can be easily transferred to the general model. Hens (1991, p. 33) gives an alternative proof, directly referring to FM-equilibria. The basic mathematical tool in both cases is Brouwer’s Fixed Point Theorem.

2.7 Constrained Pareto-Efficiency

In the Arrow-Debreu model it is well-known that competitive equilibria are Pareto-efficient in the sense that there does not exist any reallocation of the

2.7. CONSTRAINED PARETO-EFFICIENCY 35

endowments such that at least one agent is improved and all the others do not become worse than with the equilibrium allocation. Regrettably, but intuitively, this result looses its validity when markets are incomplete.

Theorem 2.23 (Pareto-Inefficiency) Let the GEI-economy {(U^i, ω^i)_{i∈I} , A} satisfy Assumptions 2.4, 2.14, and 2.21. If there are at least two agents and financial markets are incomplete, i.e. J < S, then generically in endowments FM-equilibria are Pareto-inefficient.

If a property is generically satisfied in endowments, it is satisfied for almost all endowments. For an exact definition of genericity compare, for example, Mas-Colell (1985, Chapter 8).

A proof of Theorem 2.23 can be found in Magill and Quinzii (1996b, Corollary 11.8) which again has to be adapted for the model without first period consumption. The main idea is to show the generic distinctness of normalized utility gradients for equilibrium allocations by application of the Parametric Transversality Theorem.

Fortunately, the definition of Pareto-efficiency can be brought into line with the Finance GEI-model.

Definition 2.24 (Constrained Pareto-Efficiency) Given a GEI-economy {(U^i, ω^i)_{i∈I} , A} a feasible allocation (x^{∗i})_{i∈I} ∈ R^{S×I}_+ is constrained Pareto-efficient if x^{∗i} − ω^i ∈< A > and there is no other feasible allocation (x̃^i)_{i∈I} ∈ R^{S×I}_+ with x̃^i − ω^i ∈< A > and U^i(x̃^i) ≥ U^i(x^{∗i}) for all i ∈ I with at least one strict inequality.

For ease of exposition, sometimes not only consumption, but also portfolio allocations are called constrained Pareto-efficient. This is possible because the assumptions assure a one-to-one-correspondence between consumption and portfolio plans.

Theorem 2.25 (Constrained Pareto-Efficiency) If GEI = {(U^i, ω^i)_{i∈I} , A} satisfies Assumptions 2.4, 2.14, and 2.21, then FM-equilibria are constrained Pareto-efficient.

The proof is a transformation of the corresponding proof in Magill and Quinzii (1996b, Theorem 12.3). It is an indirect proof: Pareto-improvement contradicts market clearing and arbitrage-freeness at the same time.

If A_{·j} > 0 for some j ∈ J, a necessary and sufficient condition for (θ^i)_{i∈I} ∈ R^{J×I} to be constrained Pareto-efficient is to satisfy

∇U^1(ω^1 + Aθ^1)A_{·−j} ∇U^1(ω^1 + Aθ^1)A_{·j} = . . . = ∇U^I (ω^I + Aθ^I )A_{·−j} ∇U^I (ω^I + Aθ^I )A_{·j} . (2.13)

36 CHAPTER 2. THE FINANCE GEI-MODEL

This can be proved by maximizing one consumer’s utility under minimum wealth for the other consumers, market clearing, and attainability by asset trade.

From now on, Assumptions 2.4, 2.14, and 2.21 are always required and therefore not explicitly mentioned each time.

Part II

On Uniqueness of Competitive Equilibria in General Equilibrium Models

Chapter 3

On Uniqueness of Competitive Equilibria in the Arrow-Debreu Model

3.1 Introduction

The purpose of this chapter is to give an overview of various conditions on consumers’ characteristics in an Arrow-Debreu economy which imply uniqueness of the equilibrium. Understanding these conditions in the complete markets case of the GEI-model lays the foundations of the results for incomplete markets presented in the next chapter.

The Arrow-Debreu model is one of the most — if not the most — important contributions to general equilibrium theory and has had significant influence on mathematical economics (Geanakoplos (1987a, p. 59)).

The main object of general equilibrium theory is the allocation of resources between individuals, across time, under uncertainty, etc. As Geanakoplos (1987a, p. 60) states “the Arrow-Debreu model studies those allocations which can be achieved through the exchange of commodities at one moment in time.”

General equilibrium theory is part of the neoclassical theory which postulates individual rationality, market clearing, and rational expectations. The development of this theory is dated back to the second half of the 19th century, mainly to Walras (1874), even though the idea of an ‘invisible hand’ which equates demand and supply in an economy had already been existent since Smith (1776). Walras (1874) mathematically formalized this idea by a system of equations, each of it representing the market of a single commodity. This converts the mechanical equilibrium concept described by Poinsot

40 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

(1803) into a basic economic concept. The institution of markets, set up by economic agents, is in the focus of general equilibrium theory: one is interested in the “viability and efficiency” which are among “the oldest and most important questions of neoclassical economics” (Geanakoplos (1987a, p. 60)). The agents are only motivated by self-interest.

Already Walras (1874) himself identified the existence of an equilibrium as the major objective of general equilibrium theory. The Arrow-Debreu model was the first general equilibrium model which enabled a rigorous proof of existence. The model is built on a series of axioms of which “the selection was influenced by the possibility of making useful interpretations, but also by the facility with which results can be derived” (McKenzie (1987, p. 501)). Aside from existence of equilibria, optimality and local uniqueness are among the most important results.

As the name indicates, the main contributions for this model can be ascribed to Arrow and Debreu (Arrow (1951), Debreu (1951), Arrow and Debreu (1954)) who obtained the Nobel Price for economics for their work. One of the most accurate presentations of the model is given in Debreu (1959). Nevertheless, the model is sometimes called Arrow-Debreu-McKenzie model because McKenzie (1954), (1959) also axiomatized the model and proved existence of the equilibrium.

When analyzing the Arrow-Debreu model, convexity theory (with the separating hyperplane theorem) and Brouwer’s as well as Kakutani’s fixed point theorems have been discovered as basic mathematical tools for economics.

At the beginning, in the model commodities were only distinguished with respect to their physical properties such that the model was atemporal and did not allow for any time- and uncertainty aspects. However, more elaborated notions of commodities were developed: goods are distinguished by geographical location, temporal location (Hicks (1939)), its state of nature (Arrow (1953), Debreu (1959), Radner (1968)), and the ultimate consumer (Arrow (1969)). This allows to interpret equilibrium outcomes with respect to transportation costs, optimal allocation of risk, and externalities and public goods (Geanakoplos (1987a, p. 60)).

Considering financial markets as it is done in this thesis, the inclusion of time and uncertainty is imperative. It is realized by the notion of contingent commodities, i.e. commodities which can be traded contingent on time and states of nature (Arrow (1953), Debreu (1959)). An important aspect is to observe that even if the notion of commodities contains time and uncertainty aspects, one remains with a single budget constraint in the Arrow-Debreu model.

As Geanakoplos (1987a, p. 60) states, in reality one would never find a market for each pure Arrow-Debreu commodity, but groups of these com-

3.1. INTRODUCTION 41

modities are traded together. This leads to the more realistic consideration of incomplete markets which are considered in the next chapter. The importance of the Arrow-Debreu model is to serve as a benchmark.

Arrow (1953) is one of the seminal works about asset economies. He includes uncertainty into his commodity definition (which can be easily extended to also include time). “Optimal allocations of risk bearing” can be realized by what is meanwhile known as contingent commodity trading. But Arrow (1953) observed that to obtain an optimal allocation of risk it is more realistic that people trade securities. He proved that with a set of securities where each security pays off one unit of account if one special state of nature realizes and which are traded before uncertainty is resolved the same equilibrium allocations are obtained as if there were a complete system of contingent commodity markets. Proving this, he implicitly assumes perfect forecast on prices and requires complete spot markets. Consumers first trade the securities, then the state of nature is realized, and spot markets open where agents adjust their consumption bundles, therefore taking into account also their income from asset payoffs. From Arrow (1953) it becomes clear that even to obtain an optimal allocation of risk bearing it is not necessary to have claims on all contingent commodities, but this can be substituted by a reduced system of assets which are now called Arrow-securities. Arrow’s (1953) idea experiences different generalizations in the literature, for example Kreps (1968) and Magill and Shafer (1990). Since in this thesis it is assumed that all goods have the same physical properties and they are not distinguished by location, the richness of Arrow’s (1953) results goes by the board.

The importance of a unique equilibrium in a general equilibrium model was already pointed out by Walras (1874): the analysis of uniqueness and stability are the most important objectives in general equilibrium theory after the proof of existence and the demonstration of optimality properties. As will be argued later on, uniqueness is helpful for doing comparative statics which Walras (1874) also identified as a major aim.

Walras (1874) opinion is shared by many economists. For example, Kirman (1989, pp. 128/9) states that “the existence of such an equilibrium is a first and crucial test of [the model’s] consistency. Yet once this first test is passed we obviously wish to know more.” One of the major arising questions is to find out whether one “can [...] hope to proceed and obtain global uniqueness and stability.”

Three main reasons for the interest in uniqueness of the equilibrium can be named:

At first, general equilibrium models and therefore the Arrow-Debreu model are designed to explain and determine prices and the allocation of

42 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

resources. If a model displays multiple equilibria, this aim is only partially obtained. Pricing formulas referring to special equilibria as they are obtained in the CAPM are useless with multiple equilibria (Hens (1995)).

Secondly, meaningful comparative statics require a unique equilibrium. Comparative statics analyze in how far the exogenous parameters influence the equilibrium outcome. Therefore, equilibria for different constellations of the model parameters are compared with each other. Under multiplicity of equilibria it is difficult, if not even impossible, to identify the equilibria which have to be put in relation to each other (Kehoe (1985), Arrow and Hahn (1971)).

Thirdly, uniqueness of the equilibrium is often required for the examination of the dynamic behavior of a model (Arrow and Hahn (1971)).

A quotation of Schumpeter (1954, p. 969) summarizes the importance of uniqueness of the equilibrium in general equilibrium models.

“Multiple equilibria are not necessarily useless but, from the standpoint of any exact science, the existence of a ‘uniquely determined equilibrium (set of values)’ is, of course, of the utmost importance, even if proof has to be purchased at the price of very restrictive assumptions; without any possibility of proving the existence of uniquely determined equilibrium — or at all events, of a small number of possible equilibria — at however high a level of abstraction, a field of phenomena is really a chaos that is not under analytic control.”

The framework of this chapter is the no-arbitrage approach of the Finance GEI-model because as mentioned before this is totally equivalent to the Arrow-Debreu model when markets are complete.

The focus is on a summary of assumptions on the individual utility functions and endowments which are strong enough to guarantee a unique equilibrium and not on formulating all properties of market demand functions which assure uniqueness. Therefore, I only present those of these properties used later on to prove results in the first sense. Besides, I do not give detailed proofs, but only relevant references and sketches of proofs.

After defining uniqueness of the equilibrium in its different forms, I shortly present some well-known results on local uniqueness. Starting from some special properties of market excess demand functions, I give a complete overview of conditions at the individual level of economies which assure a unique equilibrium. At this point, the reader should have his eye on the last section of this chapter where a figure gives a summary.

3.2. UNIQUENESS OF ARROW-DEBREU EQUILIBRIA 43

As one special aspect I consider the fact that assuming the satisfaction of the expected utility hypothesis for some objective probability measure is not sufficient to obtain a unique equilibrium whenever one allows for aggregate risk. This gains some interest because it refers to the aspect of complete risk sharing which is of growing importance.

3.2 Uniqueness of Arrow-Debreu Equilibria

Consider a GEI-economy with complete markets, i.e. < A >= R^S . For simplification I name an NA-equilibrium under the assumption of complete markets an Arrow-Debreu equilibrium which is legitimate since B^i (π) describes the standard Arrow-Debreu budget set.

Definition 3.1 (Arrow-Debreu Equilibrium) A tuple x^∗ ∈ R^{S×I}_+ and a (state) price vector π^∗ ∈ R^S_{++} constitute an Arrow- Debreu equilibrium if the following conditions hold:

1. x^{∗i} = arg max U^i(x) s.t. π^∗ · (x − ω^i) ≤ 0 for all i = 1, . . . , I; 2. ∑_I i=1 x^{∗i} = ∑_I i=1 ω^i. To express this definition in terms of excess demand: an equilibrium price system π^∗ is defined as a zero of market excess demand, i.e. z(π^∗) = 0.

Returning to the asset structure A, the corresponding portfolio demands would be uniquely defined by

θ^{∗i} = A^{−1}(x^{∗i} − ω^i) for all i = 1, . . . , I,

and equilibrium asset prices by

q^∗ = A^T π^∗.

A GEI-economy GEI = {(U^i, ω^i)_{i∈I} , A} with < A >= R^S is called Arrow- Debreu economy and is shortly described as GE = {(U^i, ω^i)_{i∈I} }. This is legitimate because for different asset structures commodity allocations and state prices are the same and portfolio allocations can be easily converted.

Considering consumers’ maximization problems, one observes homogeneity of degree zero of excess demand in prices, i.e. z^i(π) = z^i(λπ) for all

44 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

λ > 0. Hence, if π^∗ is an equilibrium price system, this is the same for λπ^∗ with λ > 0. Without any price normalization there is always a continuum of equilibrium price systems! Therefore, a price normalization has to be defined, i.e. the restriction to a set P̂_{c,n} := {π ∈ R^S_{++}| π · n = c} for some n ∈ R^S_+ \{0} and c > 0.

Definition 3.2 (Local Uniqueness of Arrow-Debreu Equilibria) Given GE = {(U^i, ω^i)_{i∈I} }, an Arrow-Debreu equilibrium (x^∗, π^∗) ∈ R^{S×I}_+ × P̂_{c,n} is locally unique if there is some ϵ > 0 such that ‖π − π∗‖ < ϵ and π ∈ P̂_{c,n} imply z(π) ≠ 0.

In this context ‖.‖ is an arbitrary vector norm on R^S .

Local uniqueness is a very helpful property, but nevertheless it is much more convenient if equilibria are globally unique.

Definition 3.3 (Global Uniqueness of Arrow-Debreu Equilibria) Given GE = {(U^i, ω^i)_{i∈I} }, an Arrow-Debreu equilibrium (x^∗, π^∗) ∈ R^{S×I}_+ × P̂_{c,n} is globally unique if there is no other π ∈ P̂_{c,n} with z(π) = 0.

Since the main focus of this thesis is on global uniqueness, the term “uniqueness” always refers to the global aspect.

3.3 Local Uniqueness of Arrow-Debreu Equilibria

Remember that equilibrium price systems have to be zeros of market excess demand, i.e.

z(π^∗) = 0

(3.1)

if π^∗ is an equilibrium price system. Assume the numeraire price normalization π^∗_1 = 1, i.e. c = 1 and n = e^1 where e^s for s ∈ S is the sth unit vector. From now on define P̂ as normalization with respect to 1 and the first unit vector. Walras’ Law (π · z(π) = 0) allows to reduce the system (3.1) by one equation to

z_{−1}(π^∗) = 0

(3.2)

3.3. LOCAL UNIQUENESS OF ARROW-DEBREU EQUILIBRIA 45

on which the Implicit Function Theorem can be applied and therefore local uniqueness is obtainable whenever the normalized Jacobian has maximal rank, i.e. whenever rank ∂_{π−1} z_{−1}(π^∗) = S − 1. Definition 3.4 (Regularity) The economy GE = {(U^i, ω^i)_{i∈I} } is regular if for all π^∗ ∈ P̂ with z(π^∗) = 0 it is rank ∂_{π−1} z_{−1}(π^∗) = S − 1 (or equivalently rank D_πz(π^∗) = S − 1 for all π^∗ ∈ R^S_{++} with z(π^∗) = 0).

If one parameterizes Arrow-Debreu economies via endowment vectors whereas one takes utility functions as fixed, the application of the Parametric Transversality Theorem delivers generic regularity as a result of so-called local controllability. This is the main content of Debreu (1970).

Theorem 3.5 (Generic Regularity) Given (U^i)_{i∈I} , for almost every endowment vectors (ω^i)_{i∈I} ∈ R^{S×I}_{++} the economy GE = {(U^i, ω^i)_{i∈I} } is regular.

This theorem allows generically to apply the Implicit Function Theorem on the system (3.2) and therefore to obtain local uniqueness of the equilibria. If the GE-economy is regular, the index of an Arrow-Debreu equilibrium is defined as index (π^∗) = sign | | | | −D_πz(π^∗) π^∗ −π^{∗T} 0 | | | | where |.| denotes the determinant of the included matrix.

The following theorem was given by Dierker (1972).

Theorem 3.6 (Index Theorem) If GE = {(U^i, ω^i)_{i∈I} } is a regular economy and E_{c,n} := { π ∈ P̂_{c,n}| z(π) = 0 } is the set of normalized equilibrium price systems, then ∑ π∈E_{c,n} index (π) = +1.

Therefore, the number of normalized equilibria in an Arrow-Debreu economy has to be odd and a sufficient condition for uniqueness of the equilibrium is to assure all indices of an economy to be positive.

The proof of the theorem is mainly based on the Poincaré-Hopf Theorem.

46 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

3.4 Some Properties of Market Excess Demand

At least since Sonnenschein (1973), Debreu (1974), and Mantel (1974) it is known that in addition to continuity, Walras’ Law, and Homogeneity no additional properties are always satisfied by the market excess demand function. Nevertheless, some excess demand functions exhibit special structures assuring, for example, uniqueness. The most basic property is the Weak Axiom of Revealed Preferences.

Definition 3.7 (Weak Axiom of Revealed Preferences) The excess demand function z : R^S_{++} → R^S satisfies the Weak Axiom of Revealed Preferences (WARP) if π · z(π̃) ≤ 0 ⇒ π̃ · z(π) > 0 (3.3)

for all π, π̃ ∈ R^S_{++} with z(π) ≠ z(π̃).

A sufficient condition for this is given by [π · v = 0, z(π) · v = 0] ⇒ v · D_πz(π)v < 0 (3.4)

for all v ∈ R^S \{0} and π ∈ R^S_{++} . Allowing that the inequality is weak, the condition is also necessary, i.e. WARP ⇒ v · D_πz(π)v ≤ 0 (3.5)

for all v ∈ R^S , π ∈ R^S_{++} with z(π) · v = 0. For a proof compare Mas-Colell (1985, Proposition 5.7.3).

The definition of the Weak Axiom of Revealed Preferences was chosen under the consideration of the Differentiability Assumptions 2.4.

The idea underlying this property comes from individual excess demand functions which always satisfy this axiom. As soon as a consumer chooses a consumption bundle x(π) even though he can afford also x(π̃), x(π) has to be better for him than x(π̃). Since he chooses x(π̃) at prices π̃, consistency of decisions is only given when he cannot afford x(π) at prices π̃.

Regrettably, WARP is not an additive property: even though individual excess demand functions satisfy the axiom, this need not to be true for market excess demand (compare Hicks (1956)).

A stronger property for excess demand functions is monotonicity.

Definition 3.8 (Monotonicity with Normalizing Vector) Let n ∈ R^S_+ \{0}. The excess demand function z : R^S_+ → R^S is monotone with respect to n if (π − π̃) · [z(π) − z(π̃)] < 0 (3.6)

for all π, π̃ ∈ R^S_{++} with (π − π̃) · n = 0 and z(π) ≠ z(π̃).

3.4. SOME PROPERTIES OF MARKET EXCESS DEMAND 47

Note that for distinction I use the term “monotone” in contrast to the term “monotonic” in the sense of Definition 2.2.

A sufficient condition for monotonicity with respect to n is given by the strict form v · n = 0 ⇒ v · D_πz(π)v < 0 (3.7)

for all v ∈ R^S \{0} and π ∈ R^S_{++} . Again a necessary condition is given by v · n = 0 ⇒ v · D_πz(π)v ≤ 0 (3.8)

for all v ∈ R^S and π ∈ R^S_{++} . These statements can also be found in Mas- Colell (1985, Proposition 5.7.3).

In addition, Mas-Colell (1985, p. 216) demonstrates that it is really necessary to restrict price systems π by normalization since otherwise monotonicity would never be fulfilled. In contrast to WARP, monotonicity passes from individual to market excess demand, but only if the underlying normalizing vector is the same for all individuals. The economic interpretation for WARP and monotonicity is that these properties assure demands to move in opposite directions of prices. For WARP this only has to be true for compensated price changes in the sense that v · z(π) = 0 (compare Mas-Colell (1985, p. 217)).

Proposition 3.9 (Uniqueness for Monotonicity and WARP) Suppose GE = {(U^i, ω^i)_{i∈I} } such that market excess demand satisfies monotonicity or WARP. If the economy is regular, it has a unique Arrow-Debreu equilibrium.

Given the strong differentiable versions of monotonicity and WARP, Mas- Colell (1985, p. 216) proves a chain of implications:

Monotonicity ⇒ WARP ⇒ positive index for all equilibria

which proves uniqueness because of the Index Theorem 3.6.

Given monotonicity and WARP in their weak forms, Mas-Colell (1985, Proposition 5.7.2) proves monotonicity to imply WARP. WARP, however, assures convexity of the normalized equilibrium price set (compare Mas-Colell, Whinston, and Green (1995, p. 609)) which under local uniqueness implies global uniqueness.

A last property helpful when considering uniqueness of the equilibrium is the strict gross substitution property which requires demand for a commodity to be strictly increasing in other commodities’ prices and strictly decreasing in its own price.

48 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

Definition 3.10 (Strict Gross Substitution) The excess demand function z : R^S_{++} → R^S satisfies the property of strict gross substitution whenever the Jacobian matrix has strictly positive offdiagonal elements and strictly negative diagonal elements.

The definition of the weak gross substitution property is nearly the same, but allows that elements of the matrix are zero.

Arrow and Hahn (1971) give different proofs for strict gross substitution to imply uniqueness. One idea (compare Arrow and Hahn (1971, Chapter 9, Corollary 7)) is to do an indirect proof: assuming the existence of two equilibrium price systems π^∗ and π^{∗∗}, they can be normalized such that π^∗ ≤ π^{∗∗} and they are equal in (at least) one state. This leads to a contradiction with market clearing when applying strict gross substitution for this state.

Proposition 3.11 (Uniqueness for Strict Gross Substitution) Suppose GE = {(U^i, ω^i)_{i∈I} } such that market excess demand satisfies the property of strict gross substitution. Then the economy has a unique Arrow- Debreu equilibrium.

Monotonicity and gross substitution are equivalent if there are only two states, i.e. S = 2. For relations between gross substitution and the Weak Axiom of Revealed Preferences compare Kehoe and Mas-Colell (1982) and Kehoe (1985).

3.5 How to Obtain Uniqueness

When searching for conditions on the consumers’ characteristics guaranteeing a unique equilibrium I apply four different approaches. The reader will observe that these overlap in the sense that some proofs can be done in different manners.

The first approach is to derive an explicit pricing formula from equilibrium conditions. There are only quite a few economies which allow to proceed in this way, but they are extremely nice to handle.

The second approach is to prove the existence of a representative consumer, i.e. it is possible to prove the existence of a utility function and endowments such that an Arrow-Debreu economy with a single consumer defined hereby has the same market excess demand function as the original economy. If the characteristics of the representative consumer can be explicitly given, one also obtains an explicit pricing formula, namely the (normalized) gradient of his utility in his endowments.

Since individual excess demand functions satisfy WARP, existence of a representative consumer implies WARP for market excess demand. This is

3.5. HOW TO OBTAIN UNIQUENESS 49

also true if market excess demand is monotone with respect to some normalizing vector. Therefore, the third approach proving uniqueness via monotonicity is linked to the second one.

The last approach is to work with the gross substitution property. Figure 3.4 at the end of this chapter demonstrates among other things the links between the different approaches.

3.5.1 Existence of Explicit Pricing Formulas

No-Trade Equilibrium

Clearly, the simplest pricing formula is obtainable whenever a priori any trade is excluded. Imagine the situation where all consumers are identical in utility Ū as well as in endowments ω̄. Then, it is no question to state the pricing vector to be collinear to ∇Ū(ω̄). If the chosen normalization is P̂, the normalized equilibrium price system is π^{∗T} = 1 ∂_{x1}Ū(ω̄) ∇Ū(ω̄). However, this constitutes only a special case of the situation where the endowment distribution is Pareto-efficient.

Proposition 3.12 (Uniqueness for Pareto-Efficient Endowments) Given GE = {(U^i, ω^i)_{i∈I} } with (ω^i)_{i∈I} a Pareto-efficient allocation, the notrade equilibrium is the unique equilibrium with equilibrium price system π^∗ ∈ P̂ collinear to ∇U i(ωi) for all i ∈ I.

The proof is very simple. Mas-Colell, Whinston, and Green (1995, Proposition 17.F.5) show that as soon as (ω^i)_{i∈I} constitutes an Arrow-Debreu equilibrium allocation, it has to be unique because otherwise the convex combination of this equilibrium with an alternative one would be an improvement. However, if (ω^i)_{i∈I} is Pareto-efficient it has to be an equilibrium because in an equilibrium each individual i behaves individually rational and no one would choose an alternative plan which worsens his situation in comparison to ω^i. The pricing formula follows from first order conditions for the maximization problem.

Complete Risk Sharing

Risk sharing is a fascinating idea which found many powerful applications in insurance markets. It finds its microeconomic foundation in different economic models. Most of them are based on the expected utility hypothesis (compare, for example, Borch (1962)).

50 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

A foundation of phenomena like risk sharing is only sound for a unique competitive equilibrium by which the allocation in the markets is explained. As it is well-known, uniqueness is satisfied for the case of no aggregate risk and complete markets.

A large part of the literature in risk sharing excludes aggregate risk (compare Malinvaud (1972), (1973) and Levine and Zame (1999)) where aggregate risk is defined in different ways. The definition applied here is the most common one (compare, for example, Magill and Quinzii (1996b)) which defines aggregate risk as fluctuations of aggregate endowments.

Proposition 3.13 (Uniqueness with Complete Risk Sharing) Assume GE = {(U^i, ω^i)_{i∈I} } such that all consumers satisfy the expected utility hypothesis with respect to an objective probability measure ρ̄ ∈ P̂_{1,1I}^1, i.e.

U^i(x) = S∑ s=1 ρ̄_su^i(x_s)

for some u^i : R_+ → R infinitely often differentiable, strictly monotonic, and strictly concave with lim_{xs→0}(u^i)^′(x_s) = ∞. If there is no aggregate risk, i.e.

ω = ω̄1I

for some ω̄ ∈ R_{++} , the economy is characterized by a unique Arrow-Debreu equilibrium and normalizing price systems to the unit simplex leads to π^∗ = ρ̄.

Economists, Cass and Shell (1983, p. 209) for example, ascribe this result to Malinvaud (1972), (1973) who — among other things — considers Paretoefficient allocations in a similar framework. As soon as an allocation is risky, it could not be Pareto-efficient since averaging over states with weighting by the objective probability measure improves consumers because of strict concavity: each Pareto-efficient allocation has to be totally riskless. π^∗ = ρ̄ follows directly from first order conditions for the maximization problems.

Recently the consequences of aggregate risk have become a central question in (financial) economics (compare Tesar (1993), Townsend (1995), Heaton and Lucas (1996), and Crès and Rossi (2000)). Therefore, it is interesting to know whether Proposition 3.13 also holds without the assumption of a riskless aggregate endowment, i.e. without ω = ω̄1I for some ω̄ ∈ R_{++} . In the following it is shown by means of an example that deviating to aggregate risk might lead to multiple equilibria. This is the same for giving up the assumption of complete markets, but this topic is placed in Section 4.4.3.

1P̂_{1,1I} is the interior of the unit simplex.

3.5. HOW TO OBTAIN UNIQUENESS 51

Consider an Arrow-Debreu economy with I = 2 consumers and S = 2 states. The consumers are characterized by endowments

ω^1 = 4 3 ( 1 1 ) and ω^2 = 2 3 ( 1 4 ) . (3.9)

Obviously, only the second consumer is directly confronted with uncertainty, whereas uncertainty happens to the first consumer only indirectly via the other’s endowment.

Both consumers profit in the same way by consumption of the good, i.e. there is a common utility function

u : R_+ → R

(3.10)

with u^i = u for i = 1, 2. Additionally to the standard assumptions, I restrict u via some values of its first derivative, namely (see Figure 3.1)

u^′(^5_6 ) = 24, u^′(1) = 5, u^′(1^1_6 ) = 4, u^′(1^1_3 ) = 3, u^′(2) = 2^1_2 , u^′(2^2_3 ) =^1_2 .

(3.11)

24

12

6 3 1 2 3 u^′

x^i_s

Figure 3.1: A possible form of u^′.

Obviously, these values of the derivative are compatible with the Assumption 2.4 on U^i, i = 1, 2, and the implied requirements on u.

Both consumers take the two states of the world for equally likely to occur, i.e. both states have the same objective probability ρ̄_1 = ρ̄_2 = 1/2.

52 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

I claim that the economy defined in this way has at least the following two equilibria:

x^{∗1} = x^{∗2} = ( 1 2 ) , π^∗ = ( 2 1 ) , (3.12)

x̂^1 = 1 6 ( 7 16 ) , x̂^{∗2} = 1 6 ( 5 8 ) , π̂ = ( 8 1 ) . (3.13)

Market clearing is obvious. To verify the maximization condition, remember first order conditions for i ∈ I:

ρ̄_1u^′(x^i_1) − λ^iπ_1 = 0,

(3.14) ρ̄_2u^′(x^i_2) − λ^iπ_2 = 0,

(3.15) π · (x^i − ω^i) = 0

(3.16)

where λ^i > 0 is the Lagrangian multiplier. Substitute the values of (3.9), (3.11)–(3.13) into (3.14)–(3.16) to obtain the following system of equations: 1 2 · 5 − λ^{∗1} · 2 = 0, 1 2 · 2^1_2 − λ^{∗1} · 1 = 0, 2 · (−^1_3 ) + 1 ·^2_3 = 0, 1 2 · 5 − λ^{∗2} · 2 = 0, 1 2 · 2^1_2 − λ^{∗2} · 1 = 0, 2 ·^1_3 + 1 · (−^2_3 ) = 0, 1 2 · 4 − λ̂^1 · 8 = 0, 1 2 ·^1_2 − λ̂^1 · 1 = 0, 8 · (−^1_6 ) + 1 · 1^1_3 = 0, 1 2 · 24 − λ̂^2 · 8 = 0, 1 2 · 3 − λ̂^2 · 1 = 0, 8 ·^1_6 + 1 · (−1^1_3 ) = 0.

(3.17)

This system is solved for λ^{∗1} = λ^{∗2} = 1^1_4 and λ̂^1 =^1_4 , λ̂^2 = 1^1_2 . Therefore, the equilibrium properties are proved.

Note that the example is constructed in a way such that there has to be a change in the sign of the third derivative of u. The sign of the third derivative can be interpreted with respect to precautionary saving and prudence (cf. Kimball (1990)). The importance of these concepts in the context of noninsurable idiosyncratic risk was pointed out by Franke et al. (1992) and Weil (1992).

Nevertheless, by deviating from the assumption of identical preferences the example can be modified such that the third derivatives are strictly positive. All the data of the example remain the same, but (3.11) is substituted by (compare Figures 3.2 and 3.3)

(u^1)^′(1^1_6 ) = 4, (u^1)^′(1^1_5 ) = 3^1_2 , (u^1)^′(2^2_3 ) =^1_2 , (u^1)^′(3) =^{14}_{50} , (u^2)^′(^4_5 ) = 62^1_2 , (u^2)^′(^5_6 ) = 24, (u^2)^′(1) = 5, (u^2)^′(1^1_3 ) = 3.

3.5. HOW TO OBTAIN UNIQUENESS 53

x u^{1′}

1 2 3 4

1 2 3 4 5

Figure 3.2: A possible form of (u^1)^′.

x u^{2′}

10 20 30 40

0.3 0.6 0.9 1.2 1.5

50 60 70

Figure 3.3: A possible form of (u^2)^′.

54 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

The values are compatible with u^1, u^2 satisfying the standard assumptions and having a strictly positive third derivative, presumably even showing decreasing absolute risk aversion in the sense of Arrow and Pratt (Arrow (1970) and Pratt (1964)).

The equilibrium (x̂^1, x̂^2, π̂) with the Lagrangian multipliers λ̂^1, λ̂^2 is preserved. A second equilibrium is given by

x̄^1 = 1 5 ( 6 15 ) , x̄^2 = 1 5 ( 4 5 ) , π̄ = 1 2 ( 25 2 )

where λ̄^1 =^7_{50} and λ̄^2 = 2^1_2 .

Multiplicity of competitive equilibria when there is aggregate risk has recently also been demonstrated by Crès and Rossi (2000). Their model is directly based on Malinvaud (1973). Therefore, they allow that different states are realized for different consumers. Consumers do not differ in their characteristics (utility functions are not of the expected utility type), but only in the state realized for them. Besides, multiple commodities exist. Within this context according to Malinvaud (1972), (1973) no aggregate risk means that the proportion of consumers in each state is a priori fixed and endowments for each consumer only depend on his “own” state. Crès and Rossi (2000) however allow that endowments in one special commodity depend also on other consumers’ state realizations, nevertheless they assume that this “collective component of risk” vanishes at the aggregate level. Within their framework they implicitly show the multiplicity of equilibria because they demonstrate the possible existence of asymmetric equilibria (in addition to a symmetric equilibrium).

My example can also be given an intertemporal interpretation. Imagine s = 1 respectively 2 realizes in the first respectively second period. Then, multiplicity of competitive equilibria can be interpreted as multiplicity of competitive interest rates - a result which can be traced back at least to Fisher (1907).^2

It would be interesting to know which kind of assumptions may be sufficient to obtain a unique Arrow-Debreu equilibrium even for aggregate risk. One example, as Hens and Löffler (1995) point out, is the assumption of a relative risk aversion less than one (Proposition 3.19). Similarly, new results might be found using the notion of “risk vulnerability” (compare Gollier and Pratt (1996)) or Ross’ (1981) conditions on decreasing risk aversion.

2I am grateful to John Geanakoplos for pointing out this historical result.

3.5. HOW TO OBTAIN UNIQUENESS 55

Quadratic Utility

If utility functions do not only satisfy the expected utility hypothesis with respect to an objective probability measure, but even are quadratic, then there is a unique Arrow-Debreu equilibrium despite aggregate risk.

Proposition 3.14 (Uniqueness with Quadratic Utility) Assume GE = {(U^i, ω^i)_{i∈I} } such that all consumers satisfy the expected utility hypothesis with respect to an objective probability measure ρ̄ ∈ P̂_{1,1I} and state utility is quadratic, i.e.

U^i(x) = S∑ s=1 ρ̄_s(x_s − 1 2 γ^ix^2_s).

(3.18)

If γ^i ∈ ( 0, min_{s∈S}^1_{ωs} ) , then the economy is characterized by a unique interior Arrow-Debreu equilibrium and normalizing the first state price to one leads to π^{∗T} = 1, ρ̄_2 (∑_I i=1 1 γ^i − ω2 ) ρ̄_1 (∑_I i=1 1 γ^i − ω1 ), . . . , ρ̄_S (∑_I i=1 1 γ^i − ωS ) ρ̄_1 (∑_I i=1 1 γ^i − ω1 ) .

Note that x_s −^1_2 γ^ix^2_s in (3.18) is a HARA-function which can be easily transferred to the form (2.1).

The assumptions on (γ^i)_{i∈I} and ω together with the form of (U^i)_{i∈I} assure strict monotonicity of utility. Strict concavity therefore guarantees the first order conditions to be necessary for utility maximization whenever consumption plans are in the interior of the consumption set. The idea of the proof is to apply individual first order conditions. Normalizing π^∗_1 = 1 allows to eliminate the Lagrangian multipliers from these equations. Division by γ^i and summing up over all individuals leads to the pricing formula given in the proposition because one can apply market clearing.

Note that equilibrium prices are totally independent of the distribution of income and risk aversion among consumers. Besides without aggregate risk the equilibrium pricing formula is the same as in the last Proposition 3.13 (except for normalization).

On Cobb-Douglas Utility

Another class of utility functions satisfying the expected utility hypothesis (and even exhibiting hyperbolic absolute risk aversion) is the class of Cobb- Douglas utility functions. In the framework of the Arrow-Debreu model they

56 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

are widely used because they enable explicit computation of demand functions and equilibrium prices without any further restrictions on probability measures and endowments.

Proposition 3.15 (Uniqueness with Cobb-Douglas Utility) Assume GE = {(U^i, ω^i)_{i∈I} } such that all consumers satisfy the expected utility hypothesis and state utility is logarithmic, i.e.

U^i(x) = S∑ s=1 ρ^i_s ln x_s.

(3.19)

Then the economy is characterized by a unique Arrow-Debreu equilibrium and normalizing the first state price to one leads to

π^∗_{−1} = − ∑_I i=1 ρ^i_2ω^{iT}_{−1} . . ∑_I i=1 ρ^i_S ω^{iT}_{−1} − ω_2 ... ω_S

−1 ∑_I i=1 ρ^i_2ω^i_1 . . ∑_I i=1 ρ^i_S ω^i_1 .

Proof: The properties of (U^i)_{i∈I} assure first order conditions to be necessary and sufficient for utility maximization under budget constraints. Simple calculations lead to demand functions

x^i_s(π) = ρ^i_s π · ω^i π_s for all i ∈ I, s ∈ S. From market clearing one therefore obtains the system of linear equations I∑ i=1 ρ^i_s(π · ω^i) − I∑ i=1 π_sω^i_s = 0 for all s ∈ S,

which can be rewritten as ∑_I i=1 ρ^i_1ω^{iT} . . ∑_I i=1 ρ^i_S ω^{iT} − ω_1 0 ... 0 ω_S π = 0. (3.20)

From Theorem 2.22 there has to be some strictly positive solution π^∗. Since the entries of the first matrix in (3.20) are strictly positive and the second matrix is a diagonal one with strictly positive diagonal entries, [. . .] is a strict gross substitute matrix, i.e. has strictly positive off-diagonal and strictly negative diagonal entries. Therefore, eliminating the first column and the

3.5. HOW TO OBTAIN UNIQUENESS 57

first row from [. . .] results in a matrix which has a row dominant diagonal^3

because (3.20) implies ∑_I i=1 ρ^i_2(0, ω^i_3, . . . , ω^i_S ) . . ∑_I i=1 ρ^i_S (ω^i_2, . . . , ω^i_{S−1}, 0) π^∗_{−1}

= π^∗_2 (ω_2 − ∑_I i=1 ρ^i_2ω^i_2) . . π^∗_S (ω_S − ∑_I i=1 ρ^i_S ω^i_S) − π^∗_1 ∑_I i=1 ρ^i_2ω^i_1 . . ∑_I i=1 ρ^i_S ω^i_1 < π^∗_2 (ω_2 − ∑_I i=1 ρ^i_2ω^i_2) . . π^∗_S (ω_S − ∑_I i=1 ρ^i_S ω^i_S) = π^∗_2 |ω_2 − ∑_I i=1 ρ^i_2ω^i_2| . . π^∗_S |ω_S − ∑_I i=1 ρ^i_S ω^i_S | .

A matrix with a row dominant diagonal is invertible because obviously

its transposed has a column dominant diagonal. Following Murata (1977,

Theorem 21 and Theorem 24) this transposed is invertible and therefore

also the original matrix. Because of Walras’ Law the first line of (3.20) is

redundant. Therefore, normalizing π^∗_1 = 1, it is equivalent to ∑_I i=1 ρ^i_2ω^{iT}_{−1} . . ∑_I i=1 ρ^i_S ω^{iT}_{−1} − ω_2 ... ω_S π^∗_{−1} = − ∑_I i=1 ρ^i_2ω^i_1 . . ∑_I i=1 ρ^i_S ω^i_1 or

π^∗_{−1} = − ∑_I i=1 ρ^i_2ω^{iT}_{−1} . . ∑_I i=1 ρ^i_S ω^{iT}_{−1} − ω_2

. .. ω_S

−1 ∑_I i=1 ρ^i_2ω^i_1 . . ∑_I i=1 ρ^i_S ω^i_1 . □ If one wants to obtain uniqueness and is not interested in an explicit

pricing formula, one can stop with equation (3.20): from Theorem 2.22 one

knows the existence of a solution for this equation; from Theorem 3.6 one

knows generic local uniqueness of equilibria after normalization. Therefore,

because the set of solutions of (3.20) is a linear subspace of R^S and corre-

sponds to the non-normalized equilibrium price set, generically it has to be

of dimension one which is equivalent to a unique (normalized) equilibrium

price system.

3For a definition compare Appendix A.2.1.

58 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

Note that Cobb-Douglas utility functions evoke the gross substitution property of individual and therefore market demand such that also Proposition 3.11 can be applied. Besides the functions are homothetic such that under further restrictions uniqueness can be obtained with the Proposition 3.16 in the next section.

3.5.2 On the Existence of a Representative Consumer

The existence of a representative consumer is extremely comfortable because it allows to use his preferences as a measure of social welfare (compare Mas- Colell, Whinston, and Green (1995)). A thorough discussion of the question when market demand is a consumer demand can be found in Shafer and Sonnenschein (1982) who refer for this topic to their predecessors Antonelli (1886), Gorman (1953), Nataf (1953), Eisenberg (1961), Chipman (1974), and Chipman and Moore (1976). To summarize those results important for my interest on uniqueness of Arrow-Debreu equilibria: as soon as consumers preferences are either identical homothetic or homothetic and endowments are collinear^4, there exists a representative consumer.

Therefore, since demand of a single (here the representative) consumer satisfies WARP, uniqueness of the Arrow-Debreu equilibrium is obtained.

Proposition 3.16 (Uniqueness for Homotheticity) Suppose GE = {(U^i, ω^i)_{i∈I} } such that all U^i, i = 1, . . . , I, are homothetic, then there is a unique Arrow-Debreu equilibrium whenever either all U^i are identical or the endowments (ω^i)_{i∈I} are collinear, i.e. there is some vector δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I.

The idea of the proofs for the existence of a representative consumer are simple (compare Shafer and Sonnenschein (1982, Theorem 2 and Theorem 4)). For identical homothetic utility functions one applies that all consumers are characterized by the same demand function which is linear in income such that a representative consumer is described by the given utility function and his endowment is the aggregate endowment, i.e. his characteristics are independent of the income distribution. For homothetic preferences and collinear endowments one can prove that a representative consumer is given by utility U(x) = max_{x∈RS+} ∏ i∈I ( U^i(x^i) )_δi s.t. ∑ i∈I x^i = x

4Collinear endowments imply a price independent distribution of relative wealth in an economy.

3.5. HOW TO OBTAIN UNIQUENESS 59

and his endowments are the aggregate endowments. The main point of the proof is to show that a consumer with these characteristics chooses the x^i, i = 1, . . . , I, in a way such that they not only satisfy his own budget restrictions, but also those of the single consumers.

Regrettably, it is not clear which are necessary or sufficient conditions for the existence of a representative consumer. From the results of Sonnenschein (1973), Debreu (1974), and Mantel (1974) it is known for a long time that in general market excess demand cannot be represented by a single consumer’s excess demand. Mantel (1976) proves that even restricting market excess demand to come from individuals with homothetic preferences (which are not identical) is not sufficient. Kirman and Koch (1986) on the other hand show that also for an economy in which consumers are characterized by identical utility functions and collinear endowments there does not necessarily exist a representative consumer. In other words: neither identical preferences combined with collinear endowments nor homotheticity alone are sufficient to obtain the Weak Axiom of Revealed Preferences to be satisfied by market excess demand.

However, Shafer (1977, p. 1178) points out that homotheticity is not necessary under the assumption of two states where WARP and the so-called Strong Axiom of Revealed Preferences (SARP) are equivalent. For S ≥ 3 compare Shafer and Sonnenschein (1982, Example 5).

3.5.3 How to Obtain Monotonicity

Quasi-Linear Utility

There is a further class of utility functions which assures a unique Arrow- Debreu equilibrium, namely the class of quasi-linear utility functions. Let me emphasize that I defined quasi-linearity with respect to the first state. As soon as one deviates from this such that linearity is given with respect to different states for different consumers, the uniqueness property might fail as follows from Mas-Colell, Whinston, and Green (1995, Example 15.B.2).

Proposition 3.17 (Uniqueness for Quasi-Linearity) Assume GE = {(U^i, ω^i)_{i∈I} } such that U^i is quasi-linear for all i ∈ I, i.e. there exist some strictly concave functions Ũ^i : R^{S−1}_+ → R, i = 1, . . . , I, such that

U^i(x) = x_1 + Ũ^i(x_{−1})

and all Ũ^i satisfy Assumption 2.4 on R^{S−1}_+ . Then, the economy displays a unique Arrow-Debreu equilibrium if endowments in state one are sufficiently large for all consumers.

60 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

The idea of the proof is to show monotonicity of individual demand functions with respect to the normalizing vector e^1. Because the normalizing vector is the same for all consumers, monotonicity is additive and Proposition 3.9 can be applied.

Monotonicity for individual demand can be deferred in the following way: solving budget constraints to state 1 consumption x^i_1, it is possible to eliminate x^i_1 from the maximization problem. By application of the Implicit Function Theorem on the corresponding first order conditions one obtains the Jacobian D_πz_{−1}(π). One observes negative definiteness of ∂_{π−1} z_{−1}(π) because of strict concavity of Ũ^i. First order conditions however are necessary and sufficient: when maximizing without any restrictions on state 1 consumption, the assumptions on Ũ^i and ω^i imply necessity and sufficiency. It can be shown that given large ω^i_1 state 1 consumption is always chosen strictly positive such that it does not matter if it is restricted from below by zero.

Quasi-linear utility functions gain special interest for partial equilibrium analysis (compare, for example, Mas-Colell, Whinston, and Green (1995, Chapter 10)). In this context it may be reasonable not to restrict consumption in the state of linearity.

The Mitjushin-Polterovich Coefficient

Given a strictly concave utility function U^i, the Mitjushin-Polterovich coefficient is a measure for the curvature of the indifference curves: MP_U i (x) := − x^T D^2U^i(x)x ∇U^i(x)x for all x ∈ R^S_{++} \{0}.

If U^i in addition satisfies the expected utility hypothesis, an upper bound for the Mitjushin-Polterovich coefficient is equivalent to an upper bound for the relative risk aversion (compare Mas-Colell (1991, p. 283)). If U^i is homogeneous of degree k with k ∈ (0, 1), its corresponding Mitjushin-Polterovich coefficient is 1 − k.

Given a strictly concave utility function with a Mitjushin-Polterovich coefficient less than 4, individual demand is monotone with respect to the endowment vector. The original proof is given by Mitjushin and Polterovich (1978), but can be also found in Mas-Colell (1991, Theorem 1) and Hildenbrand (1994, Appendix 4). The main idea is to prove monotonicity of the inverse demand function and not of demand itself. Note that the original proof considers consumers with a fixed income and not with income depending on prices.

3.5. HOW TO OBTAIN UNIQUENESS 61

Proposition 3.18 (Uniqueness via Mitjushin-Polterovich) Given GE = {(U^i, ω^i)_{i∈I} } such that all U^i are strictly concave and MP_U i (x) < 4 for all x ∈ R^S_+ \{0}, i ∈ I, the economy has a unique Arrow-Debreu equilibrium if endowments are collinear, i.e. there is some δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I.

The monotonicity property is additive since the normalizing vectors (ω^i)_{i∈I} are collinear. Uniqueness follows from Proposition 3.9.

Mas-Colell (1991, Example 1) proves 4 to be the “magic” number in the proposition. Kannai (1989) points out that it is sufficient to choose the representation of preferences which is the least concave.

3.5.4 How to Obtain the Property of Gross Substitution

Another class of Arrow-Debreu economies allows to obtain uniqueness of the equilibrium via gross substitution of market demand. Once again, utility functions which fulfill the expected utility hypothesis are considered.

Hens and Löffler (1995) prove that market demand satisfies the property of strict gross substitution whenever consumers have a constant absolute risk aversion, complete risk sharing in the equilibrium is given (compare p. 50), or the relative risk aversion is less or equal to one. In the first two situations the property of strict gross substitution is directly shown for market demand whereas in the latter case it is demonstrated via individual demand to satisfy this property. Both proofs strongly refer to the Jacobian of the Lagrangian multipliers as functions of prices. The second one even applies strict gross substitution for λ^i(π), i ∈ I.

Proposition 3.19 (Uniqueness from Gross Substitution) Given GE = {(U^i, ω^i)_{i∈I} } such that utility functions (U^i)_{i∈I} satisfy the expected utility hypothesis, there is a unique Arrow-Debreu equilibrium if one of the following conditions is satisfied:

1. consumers have constant absolute risk aversion, i.e. for all i ∈ I it is

ARA^i(x_s) = c^i for all x_s ∈ R_{++}

where c^i > 0;

2. complete risk sharing holds in the equilibrium;

3. consumers have a relative risk aversion less or equal to one, i.e. for all i ∈ I it is RRA^i(x_s) ≤ 1 for all x_s ∈ R_{++} .

62 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

Hens and Löffler (1995) show that the last condition can be relaxed to

(x_s − ω^i_s)ARA^i(x_s) < 1 for all i ∈ I, x_s ∈ R_{++}

(3.21)

such that the size of endowments contributes to the determinacy of the equilibrium. Besides, it is sufficient if utility functions are additively separable and condition (3.21) is satisfied for each state utility function.

Note that when complete risk sharing is given in the equilibrium, Hens and Löffler (1995) only prove the property of strict gross substitution to hold in equilibrium. Even though gross substitution does not hold in general, this is sufficient for a unique equilibrium (compare Mas-Colell (1985, Example 5.7.9)).

3.6 Overview of Conditions for Uniqueness in the Arrow-Debreu Model

Figure 3.4 at the end of this section provides an overview of well-known conditions which guarantee a unique equilibrium in an Arrow-Debreu economy or equivalently in a GEI-economy with complete markets. It has to be read as described below:

- - ->: Following a broken arrow starting at the top, one crosses different conditions which all together guarantee either a special property for market demand (demand can be interpreted as the demand of a representative consumer, monotonicity with respect to a normalizing vector, gross substitution) or an explicit equilibrium pricing formula (which depends on the parameters of the economy) such that the equilibrium is unique.

Example 3.20 Looking on the right broken arrow one recognizes that as soon as all consumers are characterized by identical utility functions and endowments there exists a representative consumer and an explicit pricing formula. For such an economy the equilibrium price system is unique.

—–>: Non-broken arrows indicate implications which hold in general. They allow to obtain additional conclusions. Some of these arrows are labeled with supplementary information, meaning that the implication holds only under this additional restriction.

Example 3.21 Cobb-Douglas utility functions are homothetic. Besides for these functions relative risk aversion is defined and (less or) equal to one.

3.6. OVERVIEW FOR THE ARROW-DEBREU MODEL 63

This in addition implies strict concavity and a Mitjushin-Polterovich coefficient less than four.

Since Cobb-Douglas utility functions are homothetic supplementary to the existence of a pricing formula one knows that a representative consumer exists as soon as the utility functions are identical across all consumers or endowments are collinear. Under collinear endowments monotonicity can also be derived from the size of the Mitjushin-Polterovich coefficient.

Naturally, Figure 3.4 cannot contain each implication and conclusion and I do not claim completeness. For example, grouping all U^i to be identical with all ω^i to be identical would imply Pareto-efficiency of the endowment distribution. Besides, utility classes overlap, for example, some homothetic utility functions satisfy the expected utility hypothesis. Including all these details would divert from the essential.

Nevertheless, Figure 3.4 visualizes a great part of the content of this chapter and might be helpful when examining uniqueness of equilibria. Note that I did not include negative results like the fact that with aggregate risk utility functions which satisfy the expected utility hypothesis with respect to an objective probability measure do not guarantee a unique equilibrium. There would not even be a chance of partial completeness!

64 CHAPTER 3. UNIQUENESS IN THE ARROW-DEBREU MODEL

Figure 3.4: Conditions for uniqueness in the Arrow-Debreu model.

Chapter 4

On Uniqueness of Competitive Equilibria in the Finance GEI-Model

4.1 Introduction

As already mentioned before, not only for the Arrow-Debreu model itself, but also for the more general model with incomplete markets it is an important topic to examine uniqueness of the equilibrium. Because the Arrow-Debreu model constitutes a special case of the incomplete markets model, one presumes close relationships between conditions generating a unique equilibrium in both models. However, until now it is not totally clarified what the parallels and differences in the results are. In this chapter I drive on research in this field.

Whereas Arrow-Debreu theory studies the interactions on perfectly competitive commodity markets and the pricing of commodities, general equilibrium theory with incomplete markets (GEI-theory) includes the interactions of perfectly competitive asset markets and asset pricing into its analysis. The main point in GEI-theory is the “division of roles between spot markets for allocating real goods and financial markets for redistributing income and sharing risks” (Magill and Shafer (1991, p. 1576)). Markets are complete if “every agent is able to exchange every good either directly or indirectly with every other agent” (Wilson (1987, p. 759)), otherwise they are incomplete.

General equilibrium theory with incomplete (asset) markets constitutes a framework for the microeconomic analysis of several fields. Take, for example, “financial economics [which] is fundamentally concerned with the pricing of securities, and [...] macroeconomics [which] is fundamentally concerned

66 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

with the real effects of monetary assets. [...] The flexibility of allowing any asset structure permits the GEI model to incorporate as special cases many of the macroeconomic and financial models that seemed to be orthogonal to the microeconomic tradition as expressed in the Arrow-Debreu model” (Geanakoplos (1990, pp. 1/2)). Magill and Shafer (1991, p. 1524) state that “a microeconomic foundation for macroeconomics may ultimately come from a more concrete version of general equilibrium theory [than the Arrow-Debreu model] in which there is trading on real and financial markets, where nominal contracts and money enter in an essential way, but where the ability to trade into the future is limited by the incompleteness of markets and by the willingness or inability of agents to make more than limited commitments into the future”.

Similarly to the Arrow-Debreu model, the general equilibrium model with incomplete markets stands out due to its precise axiomatic foundation. It retains the basic assumptions of optimizing agents, rational expectations, independent taking of decisions, and clearing of perfectly competitive markets. But it allows for missing markets and multiple budget constraints.

The analysis of GEI-models evoked new mathematical tools of which many have to be categorized to differential topology. To name a key word think of ‘Grassmanian manifolds’.

Seminal works on asset economies are given by Arrow (1953) and Diamond (1967), even though Geanakoplos (1990, p. 5) states that “the archetype GEI model, with multiple commodities and incomplete asset markets, was first formulated by Radner (1972).” He formally introduced the concept of ‘common expectations’ which has been implicitly applied by Arrow (1953) already: agents “associate the same (future) prices to the same events” (Radner (1972, p. 289), even though the subjective probabilities for future events might differ. Radner (1972) gives a first proof for the existence of such equilibria, but his equilibrium concept includes short sales constraints on agents’ portfolio holdings. When considering an economy with production, he brings up the question of how to define firms’ objective functions since in general in GEI-models profit maximization is not unambiguously defined.

Drèze (1974) and Grossman and Hart (1979) offer two different criteria to tackle this problem. Whereas in Drèze’s (1974) concept firms take care of the interest of their final shareholders, Grossman and Hart (1979) propose to look on the interest of the original shareholders. Both of them allow transfer payments.

The existence problem is also considered by Hart (1975) who gives an example for non-existence of GEI-equilibria in a multigood model where asset payoffs depend on spot prices. The example is built on the fact that without short sales constraints changes of the spot prices might cause changes in the

4.1. INTRODUCTION 67

rank of the payoff matrix which leads to discontinuous demand functions. Bounds on short sales are identified to guarantee the existence of equilibria which however depend on these bounds.

Literature overcomes the problem by two solutions. The first branch of literature restricts attention to those asset structures which cannot change their rank. This is obtained by requiring payoffs to be either in units of account (compare Cass (1984), Werner (1985), Duffie (1987)) or in a numeraire commodity (Geanakoplos and Polemarchakis (1986)). These results suggested “that the GEI model could be put on the same rigorous footing as the Arrow-Debreu model” (Geanakoplos (1990, p. 12)).

The second branch of literature considers general asset structures, but observes discontinuities to be exceptional and therefore proves generic existence of GEI-equilibria (Duffie and Shafer (1985), (1986), Geanakoplos and Shafer (1990), Hirsch, Magill, and Mas-Colell (1990), and Husseini, Lasry, and Magill (1990)). These papers use the mathematical concept of Grassmanian manifolds to circumvent the problems arising form the change of rank of the payoff matrix. The approach is to prove by extensive use of differential topology the existence of so-called pseudo-equilibria which almost always coincide with the GEI-equilibria. The basic idea of the auxiliary concept of pseudo-equilibria is to extend the notion of (no-arbitrage) equilibria by a further variable, namely the space of income transfers where redistribution of income can take place within the so-defined possibilities and to require the asset span to be a subspace of the space of income transfers.

Note that both branches of literature apply the concept of no-arbitrage which is the basic concept of finance.

Aside to the problem of existence of equilibria, it is natural to ask for their efficiency. It suggests itself that GEI-equilibria are in general not Pareto-efficient: a central planner who can redistribute income arbitrarily in general will choose allocations which are not obtainable by trading in the existent markets. At first glance, it seems to be sufficient to adapt the definitions of Pareto-efficiency to constrained Pareto-efficiency where the central planner is restricted to those allocations obtainable via market interactions. But Hart (1975) gives a counterexample of a GEI-economy with multiple commodities where one GEI-equilibrium Pareto-dominates another. Under special restrictions on the number of consumers in comparison to the number of commodities and states, Geanakoplos and Polemarchakis (1986) prove that generically in endowments and utilities a central planner who is allowed to intervene in the first period and induce agents to hold non-maximizing portfolios can give rise to an improvement in comparison to the equilibrium allocation. The intuition is given by the fact that redistribution of assets not only causes a redistribution of wealth, but also a change of rela-

68 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

tive prices. Mas-Colell (1987) proves that the restriction on the number of consumers is not necessary when allowing transfers between agents in the first period. Geanakoplos et al. (1990) prove generically in endowments constrained Pareto-inefficiency for production economies.

A central observation in general equilibrium theory with incomplete markets is the necessity of distinction between real assets on the one hand and nominal ones on the other. When assets payoff in a numeraire, Geanakoplos and Polemarchakis (1986) prove equilibria to be locally unique such that there is no real indeterminacy. With nominal assets one obtains that generically in endowments there is real indeterminacy (Geanakoplos and Mas-Colell (1989), Balasko and Cass (1989)) which leads to the introduction of money into the model.

In this thesis I restrict attention to the Finance GEI-model, i.e. the GEImodel with the additional restrictions of

• a pure exchange economy,

• two periods,

• one commodity, and

• assets which pay of in the underlying commodity.

Even though this is quite restrictive since several of the above-mentioned results cannot be observed in this framework, it is nevertheless general enough to get basic insights without unnecessarily complicating the analysis. As Magill and Shafer (1991, p. 1607) state, “the one good model can be viewed as the basic equilibrium model of finance.” Whereas GEI-theory mainly analyzes the “qualitative properties [...] of equilibrium allocations [...] qualitative properties of the asset prices [are] the domain of finance” (Magill and Shafer (1991, p. 1607). The no-arbitrage principle strongly relates both kinds of analysis.

The study of uniqueness in the Finance GEI-model done in this chapter can be divided into several parts.

The first aim of this chapter is to describe the latest developments in studies on individual conditions guaranteeing a unique equilibrium. Therefore, I start with a thorough definition of local and global uniqueness for the different equilibrium concepts in the GEI-model and some basic results. In correspondence to Chapter 3, I recall some properties of market demand which lead to a unique equilibrium. A new result here is the fact that monotonicity is satisfied independently of the chosen representation of the asset span. Only the considered vector of normalization changes. The presented

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 69

properties of demand functions have been applied to find conditions on the individual characteristics and asset structures for which equilibria are unique (Subsection 4.2.4). The presentation of the properties of demand functions and their application on uniqueness results in GEI-models is close to the presentation in Hens, Schmedders, and Voß (1999), even though I choose a classification of the uniqueness results which in some parts is different from theirs and I add some points. In the end I give a diagram visualizing all these results which is helpful when checking for a GEI-economy whether it has a unique equilibrium. During this whole section I stay in analogy to the last chapter.

In Section 4.3 I clarify in how far — when the dimension of the asset span remains fixed — it is possible to perturb the asset structure without changing the number of equilibria. This observation is important with regard to the second section because it implies that conditions given there are too restrictive. It also lays the foundations for Sections 4.4 and 4.5. On the one hand I consider the limits of transferability from the Arrow-Debreu model to incomplete markets models: switching from complete to incomplete markets might lead from a unique to multiple equilibria. On the other hand the reverse is also true: incompleteness of markets might create uniqueness of the equilibrium. In the light of Section 4.3, most of the examples used for proofs in Sections 4.4 and 4.5 are known to be not exceptional. These observations on non-equivalence of uniqueness of competitive equilibria in complete and in incomplete markets models give some insight in the consequences of different asset structures on the equilibria which might motivate the reader to think of further extensions of Section 4.2.

4.2 How to transfer the Results on Uniqueness from Complete to Incomplete Markets

4.2.1 Uniqueness of FM-Equilibria

The first point is to start with a definition of a unique competitive equilibrium for GEI-economies. Therefore, it is possible to work with the financial markets or no-arbitrage equilibrium concept. It will become clear that it is more convenient to refer to the first one since the definition there can be done with respect to the price systems.

Obviously, as becomes clear from (2.5) and (2.7)/(2.8) individual and market demand functions are homogeneous of degree zero in asset prices. This means — in correspondence to the Arrow-Debreu model — that as soon as q^∗ ∈ Q(A) constitutes an equilibrium price system, this is also true for λq^∗

70 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

whenever λ > 0. An appropriate price normalization has to be defined. This was simple for the Arrow-Debreu model since prices there are always strictly positive. For incomplete markets one has to assure that a normalizing vector n ∈ R^J satisfies q · n > 0 for all q ∈ Q(A), (4.1)

i.e. the normalizing vector has to include an acute angle with each arbitragefree asset price system q. Define Q̂_{c,n}(A) = {q ∈ Q(A)| q · n = c} where c > 0 and Q̂(A) := Q̂_{1,e}1 (A) whenever A_{·1} > 0.

In correspondence to the Arrow-Debreu model local and global uniqueness have to be distinguished.

Definition 4.1 (Local Uniqueness of FM-Equilibria) Given GEI = {(U^i, ω^i)_{i∈I} , A}, an FM-equilibrium (θ^∗, q^∗) ∈ R^{J×I} × Q̂_{c,n}(A) is locally unique if there is some ϵ > 0 such that ‖q −q^∗‖ < ϵ and q ∈ Q̂_{c,n}(A) imply θ(q) ≠ 0.

‖.‖ is an arbitrary vector norm on R^J .

Definition 4.2 (Global Uniqueness of FM-Equilibria) Given GEI = {(U^i, ω^i)_{i∈I} , A}, an FM-equilibrium (θ^∗, q^∗) ∈ R^{J×I} × Q̂_{c,n}(A) is globally unique if there is no other q ∈ Q̂_{c,n}(A) with θ(q) = 0.

Again, the term “uniqueness” alone refers to the global aspect.

The number of FM-equilibria can be defined via normalized equilibrium price systems, i.e. for given c ∈ R_{++} and n ∈ R^J satisfying condition (4.1) the number of FM-equilibria is ♯{q ∈ Q̂_{c,n}(A)| θ(q) = 0}. Because of the allocational equivalence given in Theorem 2.19 the careful reader becomes aware of two further aspects.

Proposition 4.3 (Independence of the Representation) Consider two economies GEI = {(U^i, ω^i)_{i∈I} , A} and GEI = {(U^i, ω^i)_{i∈I} , Ã} with < A >=< Ã >. Then, both economies are characterized by the same number of equilibria.

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 71

The importance of the proposition comes from the fact that it allows to choose always that representation of the asset span which is most suitable. For example, under Assumption 2.14 it is possible to use a representation Ã ∈ RS×J with < A >=< Ã > and Ã_{·1} > 0 which allows application of the normalizing vector e^1 (compare condition (4.1)). Proposition 4.3 follows directly from the equivalence of uniqueness between FM- and NA-equilibria such that not only the number of equilibria is the same, but even the consumption allocations at the equilibria.

Proposition 4.4 (Same Equilibrium Number) GEI = {(U^i, ω^i)_{i∈I} , A} has the same number of FM-equilibria as of NAequilibria.

The number of NA-equilibria has to be defined in terms of consumption allocations, i.e. it is the number of feasible allocations which together with some state price system π ∈ R^S_{++} form an NA-equilibrium. If this number is equal to one, there is a unique NA-equilibrium. I omit a formal definition because it would be notationally costly, but not more informative. It is not possible to define uniqueness of NA-equilibrium in terms of equilibrium price systems normalized in the standard way, because for the same commodity allocation there may exist multiple state price vectors because x^i(π^∗) = x^i(π̃) for some π^∗, π̃ ∈ R^S_{++} which satisfy A^T π^∗ = A^T π̃, i.e. which generate the same asset price system.

The last proposition can be directly derived from the allocational equivalence in Theorem 2.19.

Let me finish with the remark that — as will become clear later on — uniqueness sometimes can be proven only with respect to some special normalization, but as soon as it holds for this special one it holds for all.

4.2.2 Local Uniqueness of FM-Equilibria

For GEI-economies generically local uniqueness of FM-equilibria as well as the Index Theorem hold. Even though the idea of the proof is nearly the same as in the Arrow-Debreu model (compare Section 3.3), one has to circumvent one problem: asset demand does not satisfy the “inward pointing vectorfield” property used for application of the Poincaré-Hopf Theorem when markets are complete. An “equivalent inward pointing vectorfield”, however, is given in Hens (1991, Lemma 5).

72 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Definition 4.5 (Regularity) The economy GEI = {(U^i, ω^i)_{i∈I} , A} is regular if for all q^∗ ∈ Q(A) with θ(q^∗) = 0 it is rank D_qθ(q^∗) = J − 1. (4.2)

If the price normalization e^1 satisfies condition (4.1), (4.2) can be substituted by rank ∂_{q−1} θ_{−1}(q^∗) = J − 1 (4.3)

for all q^∗ ∈ Q̂(A) with θ(q^∗) = 0.

Theorem 4.6 (Generic Regularity) Given GEI = {(U^i, ω^i)_{i∈I} , A}, let ω̃^ī be the rest of ω^ī left after projecting ω^ī on < A > for some consumer ī ∈ I.^1 Then, for almost every θ̄ ∈ {θ ∈ R^J | ω̃^ī + Aθ ≫ 0} the economy is regular.

A complete proof via the Parametric Transversality Theorem is given in Hens (1991, Proposition 4). This result together with the Implicit Function Theorem leads to generic local uniqueness of FM-equilibria. Defining the index of an FM-equilibrium as index (q^∗) = sign | | | | −D_qθ(q^∗) q^∗ −q^{∗T} 0 | | | | one obtains the Index Theorem for incomplete markets.

Theorem 4.7 (Index Theorem) Given the regular economy GEI = {(U^i, ω^i)_{i∈I} , A} and the normalized equilibrium price set E_{c,n}(A) = {q ∈ Q̂_{c,n}(A)| θ(q) = 0} for some c > 0 and n ∈ R^J which satisfy (4.1), it is ∑ q∈Ê_{c,n}(A) index (q) = +1.

For a proof via Poincaré-Hopf Theorem compare Hens (1991, Theorem 2).

1There is some θ̃^ī ∈ R^J such that ω^ī = ω̃^ī + Aθ̃^ī.

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 73

4.2.3 Some Properties of Market Demand for Assets

Not only for the Arrow-Debreu model, but also for the GEI-model it is known that in general market demand (for assets) does not satisfy any other properties than continuity, homogeneity, and Walras’ Law. However, in line with the Arrow-Debreu model it is possible to define WARP, monotonicity, and the property of gross substitution. Nevertheless, at some points caution is advisable.

A property satisfied by all individual demand functions for assets is the Weak Axiom of Revealed Preferences.

Definition 4.8 (Weak Axiom of Revealed Preferences) The demand function θ : Q(A) → R^J satisfies the Weak Axiom of Revealed Preferences (WARP) if q · θ(q̃) ≤ 0 ⇒ q̃ · θ(q) > 0 (4.4)

for all q, q̃ ∈ Q(A) with θ(q) ≠ θ(q̃).

This property implies negative semidefiniteness of the Jacobian matrix of θ on the orthogonal space with respect to θ, i.e. v · D_qθ(q)v ≤ 0 (4.5)

for all v ∈ R^J and q ∈ Q(A) such that θ(q) · v = 0. Requiring the inequality to be strict on the orthogonal space with respect to q and θ(q) it is a sufficient condition, i.e. ( [q · v = 0, θ(q) · v = 0, v ≠ 0] ⇒ v · D_qθ(q)v < 0 ) ⇒ W ARP. (4.6)

The proof is analogue to Mas-Colell, Whinston, and Green (1995, Sections 2.F and 17.F).

Since it is known that this property not necessarily transfers from individual to market demand, consider the stronger property of monotonicity.

Definition 4.9 (Monotonicity with Normalizing Vector) Let n ∈ R^J such that q · n > 0 for all q ∈ Q(A). The asset demand function θ : Q(A) → R^J is monotone with respect to n if (q − q̃) · [θ(q) − θ(q̃)] < 0 (4.7)

for all q, q̃ ∈ Q(A) with (q − q̃) · n = 0 and θ(q) ≠ θ(q̃).

74 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Considering the differential version of monotonicity, a necessary condition is given by v · n = 0 ⇒ v · D_qθ(q)v ≤ 0 (4.8) for all v ∈ R^J and q ∈ Q(A) which is also sufficient in its strong version, i.e. v · n = 0 ⇒ v · D_qθ(q)v < 0 (4.9) for all v ∈ R^J \{0} and q ∈ Q(A). For a proof transfer Mas-Colell (1985, Proposition 5.7.3 (iii)) to the GEI-model.

The interpretation of these properties is the same as with complete markets, i.e. they assure demands to move in opposite directions of prices, for WARP with the restriction to compensated price changes. Note that monotonicity behaves nice in the sense that it is an additive property whenever the normalizing vector is the same for all individuals.

An interesting observation is given by the fact that if monotonicity is satisfied by market demand for some asset matrix, it is satisfied independently of the chosen representation of the asset span. Only the normalizing vector changes.

Proposition 4.10 (Monotonicity and Representation) Consider two economies GEI = {(U^i, ω^i)_{i∈I} , A} and GEI = {(U^i, ω^i)_{i∈I} , Â} where < A >=< Â > with corresponding market demand functions θ : Q(A) → R^J and θ̂ : Q(Â) → R^J . Then, θ is monotone with respect to n ∈ R^J if and only if θ̂ is monotone with respect to n̂ = M^{−1}n with M ∈ R^{J×J} being the invertible matrix such that AM = Â. Proof: The dependence between individual demand functions for the two economies is given by

θ^i(q) = arg max_{θ∈RJ} U^i(ω^i + Aθ) s.t. q · θ = 0 ∧ ω^i + Aθ ≥ 0

= arg max_{θ∈RJ} U^i(ω^i + AMM^{−1}θ) s.t. q · MM^{−1}θ = 0 ∧ ω^i + AMM^{−1}θ ≥ 0 = M [ arg max_{θ̂∈RJ} U^i(ω^i + Âθ̂) s.t. (q · M)θ̂ = 0 ∧ ω^i + Âθ̂ ≥ 0 ]

= Mθ̂^i(M^T q) which transfers to market demand. Besides

M^T Q(A) = M^T {q ∈ R^J | q = A^T π for some π ∈ R^S_{++} } = M^T {q ∈ R^J | M^T q = M^T A^T π for some π ∈ R^S_{++} } = M^T {(M^T )^{−1}q̂ ∈ R^J | q̂ = Â^T π for some π ∈ R^S_{++} } = Q(Â)

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 75

where the product of a matrix and a set is defined as the set consisting of all elements equal to an element of the original set multiplied with the matrix. Now observe (q − q̃) · [θ(q) − θ(q̃)] < 0 ∀ q, q̃ ∈ Q(A) s.t. (q − q̃) · n = 0 ∧ θ(q) ≠ θ(q̃) ⇔ (q − q̃) · M [ M^{−1}θ(q) − M^{−1}θ(q̃) ] < 0 ∀ M^T q, M^T q̃ ∈ M^T Q(A) s.t. (q − q̃) · MM^{−1}n = 0 ∧ M^{−1}θ(q) ≠ M^{−1}θ(q̃) ⇔ (M^T q − M^T q̃) · [ θ̂(M^T q) − θ̂(M^T q̃) ] < 0 ∀ M^T q, M^T q̃ ∈ Q(Â) s.t. (M^T q − M^T q̃) · n̂ = 0 ∧ θ̂(M^T q) ≠ θ̂(M^T q̃) ⇔ (q̂ − ^̃q) · [ θ̂(q̂) − θ̂(^̃q) ] < 0 ∀ q̂, ^̃q ∈ Q(Â) s.t. (q̂ − ^̃q) · n̂ = 0 ∧ θ̂(q̂) ≠ θ̂(^̃q).

□ In analogy to the Arrow-Debreu model, monotonicity with respect to some normalizing vector implies WARP, and it does not make any difference if the original versions are taken or the differentiable ones. The proofs are simple transformations of Mas-Colell (1985, Propositions 5.7.3 (i) and 5.7.1). WARP implies uniqueness of the FM-equilibrium (under the additional requirement of regularity). This follows by application of the Index Theorem 4.7 or from convexity of the normalized equilibrium price set.

Proposition 4.11 (Uniqueness for Monotonicity and WARP) Suppose GEI = {(U^i, ω^i)_{i∈I} , A} such that market demand for assets satisfies monotonicity or WARP. If the economy is regular, it has a unique FM-equilibrium.

The last property to consider is the property of strict gross substitution. Regrettably, for incomplete markets models it looses much of its power with respect to uniqueness of FM-equilibria.

Definition 4.12 (Strict Gross Substitution) The demand function θ : Q(A) → R^J satisfies the property of strict gross substitution whenever the Jacobian matrix has strictly positive off-diagonal elements and strictly negative diagonal elements.

76 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Again the property of weak gross substitution is the same except for allowing that entries of the matrix are zero.

The gross substitution property depends on the chosen representation of the asset span. For an example assume there are two states S = 2 and two assets J = 2. Now consider the matrices A = ( 1 0 0 1 ) and Â = ( 1 0 0 −1 )

which generate the same asset span. Since A · ( 1 0 0 −1 ) = Â, one knows from the proof of Proposition 4.10 that

θ_A(q) = ( 1 0 0 −1 ) θ_Â( ( 1 0 0 −1 ) q) (4.10)

and if q ∈ Q(A), then q̂ = ( 1 0 0 −1 ) q = ( q_1 −q_2 ) ∈ Q(Â). From differen-

tiation of (4.10) with respect to q one obtains Dθ_A(q) = ( 1 0 0 −1 ) Dθ_Â(q̂) ( 1 0 0 −1 )

which is equivalent to ( 1 0 0 −1 ) Dθ_A(q) ( 1 0 0 −1 ) = Dθ_Â(q̂). Now assume Dθ_A(q) has strictly negative diagonal and strictly positive offdiagonal entries. Then the last equation implies that Dθ_Â(q̂) has only strictly negative entries which contradicts the gross substitution property for demand θ_Â.

To obtain uniqueness in the same way as in the Arrow-Debreu model, it has to be assured that Q(A) ⊆ R^S_{++} which requires A > 0. Even under consideration of Proposition 4.3 this is a very strong restriction as becomes clear from such a simple example like (compare Hens, Schmedders, and Voß (1999, p. 174)) A = 1 0 0 1 0 −1 .

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 77

Proposition 4.13 (Uniqueness for Strict Gross Substitution) Suppose GEI = {(U^i, ω^i)_{i∈I} , A} with A > 0 such that market demand satisfies the property of strict gross substitution. Then the economy has a unique FM-equilibrium.

The proof is similar to the one with complete markets, given by Arrow and Hahn (1971, Chapter 7, Corollary 9). However, it needs some further considerations about the underlying finite sequence of prices because one has to take care that it has to stay within the no-arbitrage price set Q(A). For a thorough treatment see Voß (1997).

For J = 2 and A > 0 asset demand is monotone with respect to first and second unit vectors if and only if it satisfies the property of gross substitution. This follows because both properties require negative diagonal elements and therefore because of Walras’ Law also strictly positive off-diagonal elements.

4.2.4 How to Obtain Uniqueness

Existence of Explicit Pricing Formulas

No-Trade Equilibrium Obviously, not only for complete markets, but also for incomplete markets the simplest pricing formula is given when each equilibrium has to be no-trade equilibrium.

This is clear if there does not exist any asset or only one. With no asset there cannot be any trade because there is nothing to exchange. For a single asset Assumption 2.14 assures either all consumers to demand or to supply the asset.

These two cases as well as the one of identical consumers constitute economies with constrained Pareto-efficient endowments. More generally, the following proposition holds.

Proposition 4.14 (Uniqueness for Constrained Pareto-Efficiency) Given GEI = {(U^i, ω^i)_{i∈I} , A} with (ω^i)_{i∈I} a constrained Pareto-efficient allocation, the no-trade equilibrium is the unique equilibrium with equilibrium price system q^∗ ∈ Q(A) collinear to (∇U^i(ω^i)A)^T for all i ∈ I.

Proof: Because of Assumption 2.14 and Proposition 4.3 assume without loss of generality A_{·1} > 0. Then for q^T = ( 1,^{∇U 1(ω1)A·2} ∇U^1(ω^1)A_{·1} , . . . ,

∇U^1(ω^1)A_{·J} ∇U^1(ω^1)A_{·1} ) the equilibrium properties are obvious.

Assume, there is another equilibrium allocation (θ̃^i)_{i=1,...,I} with corresponding price system q̃, then the no-trade allocation (θ^i = 0)_{i=1,...,I} also

78 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

satisfies the budget constraints. Therefore, it is

U^i(ω^i + Aθ̃^i) ≥ U^i(ω^i) for all i = 1, . . . , I.

(4.11)

Since the no-trade allocation is constrained Pareto-efficient, this implies

U^i(ω^i + Aθ̃^i) = U^i(ω^i) for all i = 1, . . . , I.

(4.12)

Therefore, together with rank A = J and strict quasi-concavity of U^i, i = 1, . . . , I, one obtains a contradiction for θ̃^i ≠ 0 because each strict convex combination of ω^i + Aθ̃^i and ω^i = ω^i + Aθ^i (or equivalently of θ̃^i and θ^i) would improve the consumer. □ A nice property with respect to constrained Pareto-efficiency for an asset structure A admits conclusions on constrained Pareto-efficiency for asset structures which allow trade in a subspace of the original one.

Lemma 4.15 (Implications of Constrained Pareto-Efficiency) If (θ^i)_{i=1,...,I} ∈ R^{J×I} with θ^i = 0 for all i = 1, . . . , I, i.e. the no-trade allocation, is constrained Pareto-efficient in the GEI-economy {(U^i, ω^i)_{i=1,...,I} , A} where A ∈ R^{S×J} and A_{·1} > 0, then this is also true for all {(U^i, ω^i)_{i=1,...,I} , Ã} with Ã ∈ R^{S×J̃} where J̃ ≤ J, Ã_{·1} > 0^2, < Ã >⊆< A > and the no-trade allocation is (θ̃^i)_{i=1,...,I} ∈ R^{J̃ ×I} with θ̃^i = 0 for all i = 1, . . . , I.

Proof: Since < Ã >⊆< A >, for Ã_{·k}, k = 1, . . . , J̃, there is some c_{·k} ∈ R^J with Ã_{·k} = ∑_J j=1 c_{jk}A_{·j}. Therefore, for all k = 1, . . . , J̃ one gets

∇U^1(ω^1)Ã_{·k} ∇U^1(ω^1)Ã_{·1} = ∑_J j=1 c_{jk}∇U^1(ω^1)A_{·j} ∑_J j=1 c_{j1}∇U^1(ω^1)A_{·j}

(4.13)

= ∑_J j=1 c_{jk}^{∇U i(ωi)A·j ·∇U 1(ω1)A·1} ∇U^i(ω^i)A_{·1} ∑_J j=1 c_{j1}^{∇U i(ωi)A·j ·∇U 1(ω1)A·1} ∇U^i(ω^i)A_{·1} = ∑_J j=1 c_{jk}∇U^i(ω^i)A_{·j} ∑_J j=1 c_{j1}∇U^i(ω^i)A_{·j} = ∇U^i(ω^i)Ã_{·k} ∇U^i(ω^i)Ã_{·1} for all i = 2, . . . , I

where the second equality follows from constrained Pareto-efficiency in the economy {(U^i, ω^i)_{i=1,...,I} , A}. □ 2It would be sufficient to demand Ãθ̃ > 0 for some θ̃ ∈ R^{J̃} .

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 79

Combining Proposition 4.14 and Lemma 4.15 leads to a further result on uniqueness of FM-equilibria.

Proposition 4.16 (Inclusion Property) If GEI = {(U^i, ω^i)_{i=1,...,I} , A} with A ∈ R^{S×J} and A_{·1} > 0 is characterized by the unique (constrained Pareto-efficient) no-trade equilibrium, this is also true for all economies GEI = {(U^i, ω^i)_{i=1,...,I} , Ã}, Ã ∈ R^{S×J̃} with J̃ ≤ J, Ã_{·1} > 0 and < Ã >⊆< A >. Constrained Pareto-efficiency might induce a reduction of the number of equilibria for incomplete markets in comparison to complete markets. Compare Section 4.5.

Complete Risk Sharing As pointed out in Section 3.5.1 the idea of risk sharing in equilibrium models is recently extended from complete to various incomplete markets models. Regrettably, as soon as trading possibilities are restricted, it becomes much more difficult to obtain complete risk sharing in equilibrium. In addition to the requirements when markets are complete (satisfaction of the expected utility hypothesis and no aggregate risk) the commodity endowments have to be substituted by asset endowments, i.e. commodity endowments have to be elements of the asset span. What happens without this additional assumption is examined in Section 4.4.3.

Proposition 4.17 (Complete Risk Sharing) Let an economy GEI = {(U^i, ω^i)_{i=1,...,I} , A} with A_{·1} > 0 be given such that for all i = 1, . . . , I the expected utility hypothesis is satisfied, i.e.

U^i(x) = S∑ s=1 ρ̄_su^i(x_s),

where u^i satisfies standard assumptions and ρ̄ ∈ P̂_{1,1I} is an objective probability measure. Endowments are spanned, i.e.

ω^i = Aθ^i_ω for some θ^i_ω ∈ R^J .

If ω is riskless (i.e. ω = ω̄1I for some ω̄ ∈ R_{++} ), the economy has a unique FM-equilibrium where normalizing the first asset price to one, one obtains the pricing formula q^{∗T} = ( 1, ∑_S s=1 ρ̄_sA_{s2} ∑_S s=1 ρ̄_sA_{s1} , . . . , ∑_S s=1 ρ̄_sA_{sJ} ∑_S s=1 ρ̄_sA_{s1} ) .

80 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Proof: There is exactly one normalized equilibrium price system q^∗ such that the corresponding allocation is riskless. This follows because then first order conditions (2.7) determine price-ratios to be q_j q_1 = ∑_S s=1 ρ̄_sA_{sj} ∑_S s=1 ρ̄_sA_{s1} , j ∈ {1, . . . , J}. (4.14)

Note that the assumptions on the economy imply that all equilibrium allocations are riskless. Suppose not. Let (x̂^i)_{i=1,...,I} be the corresponding allocation with x̂^i = A(θ^i_ω + θ̂^i) for some θ̂^i ∈ R^J , i = 1, . . . , I, with ∑_I i=1 θ̂i = 0. Strict

concavity of u^i, i = 1, . . . , I, assures that x^{∗i} = (∑_S s=1 ρ̄_sx̂^i_s ) 1I, i = 1, . . . , I, improves all consumers and at least one of them strictly. Since I∑ i=1 x^{∗i} = I∑ i=1 (_S ∑ s=1 ρ̄_sx̂^i_s ) 1I = S∑ s=1 ρ̄_s (_I ∑ i=1 x̂^i_s ) 1I = S∑ s=1 ρ̄_sω_s1I = ω̄1I and x^{∗i} = S∑ s=1 ρ̄_sA_{s·}(θ^i_ω + θ̂^i)1I = ω^i + Aθ^{∗i}

with θ^{∗i} =^1_{ω̄} ∑_S s=1 ρ̄_sA_{s·}(θ^i_ω + θ̂^i) (∑_I i=1 θ^i_ω ) − θ^i_ω, this contradicts the constrained Pareto-efficiency of equilibria. □ Note that asset prices refer to the expected asset payoffs and are independent of aggregate endowments as well as of the endowment distribution.

Quadratic Utility Even though with incomplete markets utility functions which satisfy the expected utility hypothesis with respect to an objective probability measure do not allow any more an explicit pricing formula in spite of no-aggregate risk (compare Section 4.4.3), under the restriction to quadratic utility an explicit pricing formula remains to exists. This is important because quadratic utility can be interpreted as a special form of mean-variance utility in the framework of the CAPM.

Proposition 4.18 (Uniqueness with Quadratic Utility) Assume GEI = {(U^i, ω^i)_{i∈I} , A} with A_{·1} > 0 such that all consumers satisfy the expected utility hypothesis with respect to an objective probability measure ρ̄ ∈ P̂_{1,1I} and state utility is quadratic, i.e.

U^i(x) = S∑ s=1 ρ̄_s(x_s − 1 2 γ^ix^2_s).

(4.15)

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 81

If γ^i ∈ ( 0, min_{s∈S}^1_{ωs} ) , then the economy is characterized by a unique interior FM-equilibrium and normalizing the first asset price to one leads to

q^{∗T} = 1, ∑_S s=1 ρ̄_sA_{s2} (∑_I i=1 1 γ^i − ωs ) ∑_S s=1 ρ̄_sA_{s1} (∑_I i=1 1 γ^i − ωs ), . . . , ∑_S s=1 ρ̄_sA_{sJ} (∑_I i=1 1 γ^i − ωs ) ∑_S s=1 ρ̄_sA_{s1} (∑_I i=1 1 γ^i − ωs ) .

The combined restrictions on (γ^i)_{i∈I} and ω again assure strict monotonicity of utility functions in the relevant domain. Together with strict concavity this leads to sufficiency of first order conditions for the maximization property of interior FM-equilibria. Normalizing the first asset price to one and using this to eliminate the Lagrangian multipliers from first order conditions, with the market clearing property one obtains the pricing formula after some divisions and summations.

The equilibrium prices here are also independent of the distribution of endowments and risk aversion. Note that without aggregate risk prices are equal to the expected asset payoff (after renormalization) which corresponds to Proposition 4.17.

Existence of a Representative Consumer

To assure the existence of a representative consumer, in the GEI-model apart from homothetic preferences additional restrictions on consumers’ endowments are necessary. First results in this field are given by Detemple and Gottardi (1998) who prove the transferability of the Arrow-Debreu results to incomplete markets models whenever utility functions are identical and endowment vectors (ω^i)_{i∈I} are elements of the asset span, i.e. commodity endowments are substituted by asset endowments. A further possibility to obtain a representative consumer is to assume identical homothetic utility functions for all consumers and collinearity of the vectors (ω^i)_{i∈I} . Only considering homotheticity without the restriction to identical utility functions requires spanning and collinearity of the endowment vectors.

Proposition 4.19 (Uniqueness for Homotheticity) Suppose the economy GEI = {(U^i, ω^i)_{i∈I} , A} such that all U^i, i = 1, . . . , I, are homothetic, then there is a unique FM-equilibrium whenever one of the following conditions is fulfilled:

1. all U^i, i = 1, . . . , I, are identical and ω^i ∈< A > for all i ∈ I;

2. all U^i, i = 1, . . . , I, are identical and endowments (ω^i)_{i∈I} are collinear, i.e. there is some vector δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I;

82 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

3. endowments (ω^i)_{i∈I} are spanned and collinear, i.e. ω^i ∈< A > for all i ∈ I and there is some vector δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I.

Under the first and the second conditions the existence of a representative consumer can be proved by simple transformations of the maximization problems of the consumers. For the third condition in addition the application of the results from Chipman (1974) on homotheticity and representative consumers in the Arrow-Debreu model is necessary. Therefore, WARP is satisfied. Compare Detemple and Gottardi (1998) and Voß (1997).

How to Obtain Monotonicity

Quasi-Linear Utility Modeling first period consumption, quasi-linearity of utility with respect to today’s consumption assures a unique equilibrium. It does not seem too strange to give utility of today’s consumption this special form.

In Section 4.4.1 it will be demonstrated that deviating from first period consumption might destroy uniqueness of the equilibrium.

Proposition 4.20 (Uniqueness for Quasi-Linearity) Assume GEI = {(U^i, ω^i)_{i∈I} , A} such that U^i is quasi-linear for all i ∈ I, i.e. there exists some strictly concave function Ũ^i : R^{S−1}_+ → R with

U^i(x) = x_1 + Ũ^i(x_{−1})

and Ũ^i satisfies Assumption 2.4 on R^{S−1}_+ . If A models first period consumption, i.e. A = ( 1 0 0 Ǎ )

for some Ǎ ∈ R^{(S−1)×(J−1)} with rank Ǎ = J − 1, the economy displays a unique FM-equilibrium whenever today’s endowments are sufficiently large.

Under these special restrictions on the asset structure and endowments individual demand functions are monotone with respect to the first unit vector e^1, i.e. when normalizing the price of today’s consumption to be one: the normalized Jacobian of asset demand is negative definite. Because of strict concavity of Ũ^i, this can be proved by the Implicit Function Theorem from first order conditions (2.7) after eliminating demand for the first asset, i.e. for today’s commodity excess demand, with the help of (2.8). Endowments today have to be sufficiently large to assure necessity of first order conditions for maximization. For details compare Voß (1997, Satz 4.17).

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 83

The Mitjushin-Polterovich Coefficient For complete markets it is possible to obtain monotonicity of individual demand functions by restricting the risk aversion of each consumer with help of the so-called Mitjushin-Polterovich coefficient. At least under the assumption of spanned endowments one should expect this result to hold also with incomplete markets because this additional assumption closely relates the GEI-model to the Arrow-Debreu model via some transformation of the underlying space.

Proposition 4.21 (Uniqueness via Mitjushin-Polterovich I) Given GEI = {(U^i, ω^i)_{i∈I} , A} such that all U^i are strictly concave and MP_U i (x) < 4 for all x ∈ R^S_{++} \{0}, i ∈ I, the economy has a unique FM-equilibrium if endowments are elements of the asset span and collinear, i.e. if there is some δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I and ω ∈< A >. A proof is given in Hens (1995, p. 168). Spanned endowments can be understood as asset endowments (θ̄^i)_{i∈I} . Therefore, the idea is to transform consumers’ maximization problems (2.6) into

max_{θ̂∈RJ} W^i(θ̂) s.t. q · θ̂ = q · θ̄^i ∧ Aθ̂ ≥ 0

where W^i(θ̂) = U^i(Aθ̂). This new function is characterized by the same Mitjushin-Polterovich coefficient as the original utility U^i. Even though within the new framework not all requirements of the Mitjushin-Polterovich Theorem are fulfilled, the proof via monotonicity of the inverse demand function can be transferred (compare Voß (1997, Satz 4.2.5)). Collinearity of (ω^i)_{i∈I} respectively (θ̄^i)_{i∈I} therefore guarantees monotonicity of market demand.

As soon as utility satisfies the expected utility hypothesis, Bettzüge (1998) proves the theorem to hold without the restriction to spanned endowments. He requires the existence of a so-called fundamental set, i.e. a set R ⊆ S with ♯R = J such that A_{R·} is invertible and A_{S\R·}(A_{R·})^{−1} ≥ 0. Whenever

ω^i_s − A_{s·}(A_{R·})^{−1}ω^i_R ≥ 0

(4.16)

for all s ∈ S\R and i ∈ I, consumers’ maximization problems can be reduced: they only have to decide about consumption in states s ∈ R and the “new” utility is a function of these variables. Demand functions defined hereby are monotone if and only if this is true for original asset demand. However,

84 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

on the reduced decision problem, the Mitjushin-Polterovich Theorem can be applied: the expected utility structure of U^i assures the “new” utility to have a sufficiently small Mitjushin-Polterovich coefficient. Because of collinear endowments monotonicity is additive.

Proposition 4.22 (Uniqueness via Mitjushin-Polterovich II) Given GEI = {(U^i, ω^i)_{i∈I} , A} such that all U^i satisfy the expected utility hypothesis and MP_U i (x) < 4 for all x ∈ R^S_{++} \{0}, i ∈ I, the economy has a unique FM-equilibrium if there exists some fundamental set R ⊆ S satisfying (4.16) and endowments are collinear, i.e. there is some δ ∈ P̂_{1,1I} with ω^i = δ_iω for all i ∈ I.

Let me remark that collinearity of (ω^i)_{i∈I} can be weakened to collinearity of ((ω^i_s)_{s∈R})_{i∈I} which is an interesting point because this requirement is weaker than for complete markets. Besides the expected utility hypothesis can be replaced by additive separability.

Small Relative Risk Aversion and Two Assets For complete markets a relative risk aversion less or equal to one is sufficient to obtain that market demand satisfies the property of strict gross substitution and therefore that there is a unique equilibrium. Regrettably, for incomplete markets this property fails. Nevertheless, when there are only two assets, it is possible to choose the approach of monotonicity.

Proposition 4.23 (Uniqueness with RRA^i ≤ 1 and 2 Assets) Assume GEI = {(U^i, ω^i)_{i∈I} , A} with only two assets (J = 2) and A_{·1} > 0. If all U^i satisfy the expected utility hypothesis with

RRA^i(x_s) ≤ 1 for all x_s ∈ R_{++} ,

the economy has a unique FM-equilibrium.

Correspondingly to complete markets, the assumption of expected utility can be relaxed to additive separability. Besides the condition on the relative risk aversion can be relaxed to a condition on absolute risk aversion influenced by the size of endowments (compare (3.21)).

A proof of the proposition was initiated by Becker (1995) and extended by Bettzüge (1997). The idea is to normalize the price of the first asset to one, use the budget constraint to eliminate demand for the first asset, and then consider the first order conditions. Application of the Implicit Function

4.2. HOW TO TRANSFER RESULTS ON UNIQUENESS 85

Theorem leads to monotonicity of individual demand for the second asset whenever the relative risk aversion is less or equal to one. This transfers to market demand.

Moreover, under the restriction to A > 0 the property of strict gross substitution can be proved for individual and market demand by direct computation of the Jacobian (compare Voß (1997, Satz 4.4.3)).

How to Obtain the Property of Gross Substitution

Under a small relative risk aversion for more than two assets, until now it has only been possible to formulate those extremely restrictive conditions on the asset structure given in the next proposition such that a unique equilibrium is guaranteed. As will be presented in Section 4.4.2 even with Cobb-Douglas utility functions not only the property of gross substitution, but even uniqueness might fail.

Consider so-called weakly separating matrices, i.e. asset structures where for each state s ∈ S there is exactly one asset j ∈ J which has a payoff unequal to zero.

Proposition 4.24 (Uniqueness with RRA^i ≤ 1 and Special A) Assume GEI = {(U^i, ω^i)_{i∈I} , A} such that A is weakly separating or J = 2. If A is non-negative and all U^i satisfy the expected utility hypothesis with

RRA^i(x_s) ≤ 1 for all x_s ∈ R_{++} ,

the economy has a unique FM-equilibrium.

The special structure of the economy enables direct computation of the Jacobians of individual asset demands. With the restrictions on relative risk aversions it is possible to fix the signs of the different contained terms (compare Voß (1997, Satz 4.3.3 and Satz 4.4.3)). Again it is possible to relax the assumption on the utility functions, but since the restrictions on the asset structure are so strong, I do not want to go further into details. Remember that Proposition 4.3 allows to weaken the assumptions on A a little bit.

4.2.5 Overview of Conditions for Uniqueness in the Finance GEI-Model

Figure 4.1 provides an overview of conditions which guarantee a unique FMand therefore also NA-equilibrium in the GEI-model. It has to be read in the same way as the corresponding Figure 3.4 for complete markets (compare Section 3.6). Besides it is subjected to the same limitations.

86 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Since complete markets constitute a special case for the GEI-model, actually Figure 3.4 would have to be contained in Figure 4.1 given here. However, I omitted those conditions which are only valid with complete markets to preserve clarity.

Besides I decided to assume A_{·1} to be positive because otherwise it would become quite difficult to handle price normalization. In addition, the reader has to take care of the fact that it is sufficient if one of the representations of the asset span fits in the scheme (compare Proposition 4.3).

4.3 Robustness of the Number of Competitive Equilibria against Perturbations of the Asset Structure

In the next section I give examples where although consumers’ characteristics remain the same there might be a change from a unique to multiple equilibria when switching from complete to incomplete markets, i.e. when the dimension of the asset span changes. As well, for different incomplete asset structures of the same dimension the number of equilibria might vary. Section 4.5 proves by means of an example that changing from complete to (non-trivial) incomplete markets might also cause to switch from multiple to a unique equilibrium.

All these examples would not be very interesting if they were exceptional: but this section proves the examples to be robust against some changes of the asset structure. The general question is to what extent changes of the asset structure are possible without changing the number of equilibria. One reason why I attach importance to this question consists in the fact that it allows to get some understanding for the influence of the asset structure on the number of equilibria: the long-term aim is to use this understanding for establishing more general sufficient conditions for a unique equilibrium than given in the second section of this chapter, i.e. than those results known up to now in this topic; most of the propositions require some special structure for the asset matrix whether this is in combination with restrictions on endowments (compare, for example, Proposition 4.21) or not (compare, for example, Proposition 4.24). The robustness result of this chapter clarifies that one can weaken these assumptions.

The main outcome of this section is the following one: starting with a regular Finance GEI-economy, one can allow that the asset structure is perturbed a little bit without changing the number of equilibria or — even stronger — such that equilibrium prices move continuously! The only re-

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 87

Figure 4.1: Conditions for uniqueness in the Finance GEI-model.

88 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

strictions on the direction of perturbation are to remain with a desirable portfolio and with the same rank of the asset matrix, i.e. the same number of assets. This fact corresponds to intuition if the closure of the set of normalized arbitrage-free asset prices constitutes a continuous correspondence of the asset matrix, but I prove it to be even true with discontinuous pricecorrespondences. Up to my knowledge even for the first case there is no general proof of this fact in the literature.

One interim result in the proof gives a kind of “continuous differentiability” of market asset demand as a function of the asset matrix and asset prices which is a simple conclusion from an application of the Implicit Function Theorem.^3 A second important observation on the way to the main result is given by the following fact: although arbitrage-free normalized price-sets are open and sometimes unbounded, for equilibrium considerations it is possible to restrict attention to some compact subset which is even continuous in the asset structure.

This section is organized as follows: in the next subsection I describe some extensions of notation for the underlying Finance GEI-model. Within this framework I thoroughly investigate the normalized arbitrage-free price set and its dependence on the asset structure. Afterwards I give a short proof of “continuous differentiability” of individual and market asset demand with respect to the asset matrix and asset prices. The third subsection uses this property to get continuity of equilibrium prices in “regular” asset structures because one can restrict attention to a compact subset of arbitrage-free asset prices which allows to apply uniform continuity.

4.3.1 Further Properties of the Set of Arbitrage-Free Prices

Recall the system of first order conditions given as necessary and sufficient conditions for consumers’ maximization problems, i.e.

(2.7) ∇U^i(ω^i + Aθ^i)A − λ^iq^T = 0, (2.8) q · θ^i = 0

for all i ∈ I where λ^i > 0 is the Lagrangian multiplier. Up to now, I considered a solution of this system (θ^i(q), λ^i(q)) ∈ R^J × R_+ as a function on Q(A) and assumed A to be fixed. However, since I want to clarify the

3One has to be careful: the range of definition of this function is neither open nor connected such that for some elements the derivatives have to be restricted in some directions and continuous differentiability in the common sense is obtained only on small open subsets.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 89

dependence on the asset structure, from now on it is sometimes convenient to write (θ^i(q, A), λ^i(q, A)) ∈ R^J × R_+ . I do not use different notations because the context clarifies whether the asset structure A is fixed or not, i.e. whether (θ^i(q), λ^i(q)) or (θ^i(q, A), λ^i(q, A)) is the right notation.

If there is some j̄ ∈ {1, . . . , J} with A_·¯_j > 0, a possible price normalization is given by q¯_j = 1 such that asset j is numeraire asset. Because of Proposition 4.3, under Assumption 2.14 it is no restriction to assume A_·¯_j > 0 since for each A satisfying this assumption one can find an asset matrix Ã satisfying rank Ã = J and Ã_·¯_j > 0 with < A >=< Ã >. Therefore Assumption 2.14 can be substituted by

Assumption 4.25 (Some Asset with Positive Payoff) A ∈ R^{S×J} satisfies A_{·1} > 0.

This means that the first asset is always desirable because its payoff is positive.

Under this assumption one can restrict attention to the following projection of the normalized arbitrage-free asset price set: Q_{norm}(A) := {q̂ ∈ R^{J−1} | ( 1 q̂ ) = A^T π for some π ∈ R^S_{++} }.

Q_{norm}(A) is the projection of Q̂(A) on R^{J−1} .

Later on, it will become clear that — when investigating perturbations of the asset matrix — I have to distinguish three different classes of matrices:

(I) A ∈ R^{S×J} , satisfying Assumption 4.25 with A_{·1} ≫ 0;

(II) A = ( 1 0 0 Ǎ ) ∈ R^{S×J} where Ǎ ∈ R^{(S−1)×(J−1)} with rank Ǎ = J − 1, i.e. A models first period consumption;^4

(III) A ∈ R^{S×J} , satisfying Assumption 4.25 with A_{·1} > 0, but not A_{·1} ≫ 0.

Case (III) includes case (II). However, to remain within the framework of first period consumption later on I will have to define perturbations in case (II) different from those in case (III).

Define S^+(A_{·1}) := {s ∈ {1, . . . , S}| A_{s1} > 0}, S^0(A_{·1}) := {s ∈ {1, . . . , S}| A_{s1} = 0}

4For simplicity I numerate the rows of Ǎ by 2, . . . , S and the columns by 2, . . . , J.

90 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

such that S^+(A_{·1}) ∪ S^0(A_{·1}) = {1, . . . , S}.

With these definitions alternative representations of the normalized arbitrage-free asset price sets can be given which highlight the structure of these sets. Distinguish the classes of matrices: (I) Q_{norm}(A) = {q̂ ∈ R^{J−1} | ( 1 q̂ ) = A^T π for some π ∈ R^S_{++} }

= {q̂ ∈ R^{J−1} | q̂ = A^T_{·(−1)}π ∧ 1 = S∑ s=1 A_{s1}π_s =:_{μs} for some π ∈ R^{S++} }

= {q̂ ∈ R^{J−1} | q̂ = S∑ s=1 μ_s A_{s1} A^T_{s(−1)} for some μ ∈ P̂_{1,1I}} = int ( conv { 1 A_{11} A^T_{1(−1)}, . . . , 1 A_{S1} A^T_{S(−1)}} )

where int defines the interior of a set^5 and conv denotes the convex hull, i.e. the smallest convex set containing^1_{A11} A^T_{1(−1)}, . . . ,^1_{AS1} A^T_{S(−1)}. Obviously, Q_{norm}(A) is the interior of a convex polytop.

(II) Q_{norm}(A) = {q̂ ∈ R^{J−1} | ( 1 q̂ ) = ( 1 0 0 Ǎ^T ) π for some π ∈ R^S_{++} }

= {q̂ ∈ R^{J−1} | q̂ = Ǎ^T π̃ for some π̃ ∈ R^{S−1}_{++} } = S∑ s=2 {μ_sǍ^T_{s·}| μ_s ∈ R_{++} }, i.e. Q_{norm}(A) is either the interior of a convex polyeder with q̂ = 0 being element of the boundary or the whole space R^{S−1} .^6

5In contrast cl denotes the closure of a set. 6The sum of two sets R, W ⊆ R^N is defined as R + W := {x ∈ R^N | ∃ r ∈ R, w ∈ W with x = r + w}.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 91

(III) Q_{norm}(A) = {q̂ ∈ R^{J−1} | ( 1 q̂ ) = A^T π for some π ∈ R^S_{++} }

= {q̂ ∈ R^{J−1} | q̂ = A^T_{·(−1)}π ∧ 1 = ∑ s∈S^+(A_{·1})

A_{s1}π_s for some π ∈ R^S_{++} } = {q̂ ∈ R^{J−1} | q̂ = ∑ s∈S^+(A_{·1}) μ_s A_{s1} A^T_{s(−1)} + ∑ s∈S^0(A_{·1}) μ_sA^T_{s(−1)} for some μ ∈ R^S_{++} with ∑ s∈S^+(A_{·1})

μ_s = 1}

= int ( conv {( 1 A_{s1} A^T_{s(−1)} ) s∈S^+(A_{·1}) })

+ ∑ s∈S^0(A_{·1}) {μ_sA^T_{s(−1)}| μ_s ∈ R_{++} },

i.e. Q_{norm}(A) is either the interior of a convex polyeder where the extremal directions are contained in {A^T_{s(−1)}| s ∈ S^0(A_{·1})}, or it is the whole space R^{J−1} .

Define E_{norm}(A) := {q̂^∗ ∈ Q_{norm}(A)| ∃ (θ^{∗i})_{i=1,...,I} with ( (θ^{∗i})_{i=1,...,I} , ( 1 q̂^∗ )) being an FM-equilibrium}

as the set of normalized equilibrium price vectors. Remember that the GEI-economy exhibits a unique normalized financial markets equilibrium if ♯E_{norm}(A) = 1. Note that the notation does not take into account the dependence on utility functions and endowments. This is because here I am only interested in the effect of changing the asset structure while consumers’ characteristics remain fixed.

At first I have to specify the idea of perturbation of the asset matrix. Therefore, I define the maximum norm for a matrix M ∈ R^{N×L} by ‖M‖_{max} := max {|M_{nl}| | n ∈ {1, . . . , N}, l ∈ {1, . . . , L}} . The same notation is used for all N, L ∈ N. Besides, notice that for L = 1 or N = 1 one obtains a vector norm.

92 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

An ϵ-neighborhood of some M̄ ∈ R^{N×L} is defined as V_ϵ(M̄) := {M ∈ R^{N×L} | ‖M̄ − M‖_{max} < ϵ}. Let Ā ∈ R^{S×J} and ϵ > 0. An asset matrix A ∈ R^{S×J} is an ϵ-perturbation of Ā if and only if ‖Ā − A‖ < ϵ or equivalently A ∈ V_ϵ(Ā), i.e. A differs in each entry by less than ϵ from the corresponding entry of Ā. Therefore, the set of all ϵ-perturbations of Ā is given by the ϵ-neighborhood of Ā.

Before I start with a detailed proof of the main theorem of this section (Theorem 4.34) let me give a brief outline.

To obtain robustness of the equilibrium price set against perturbations of the asset matrix, at first these perturbations are restricted such that the perturbed matrices display the same rank as the “original” one and their span remains to contain a desirable portfolio.^7 Then, the Implicit Function Theorem is applied to obtain an asset demand function on the — beforehand defined — reduced set of asset matrices and their no-arbitrage price systems which is continuously differentiable.^8 The same theorem is used a second time to get local uniqueness and lower hemi-continuity of equilibrium price sets under a further restriction of perturbations.^9 Besides, it is possible to reduce no-arbitrage price sets to a compact subset which has to contain all additional equilibrium price systems, but none of the “old” ones.^{10} The compact price set allows to apply the Maximum Theorem on the function defined by the maximum norm of asset demand and restrict perturbations^{11} such that this function is bounded away from zero and takes its minimum.

To summarize, the proof of Theorem 4.34 can be divided into three main steps:

1. the proof of “continuous differentiability” of asset demand on some subset of its whole range;

2. the proof of lower hemi-continuity of the equilibrium price correspondence, i.e. perturbations of the asset matrix can be restricted such that for each equilibrium price systems of the “original” matrix there is some “nearby” equilibrium price system of the “new” matrix;

3. the proof of upper hemi-continuity of the equilibrium price correspondence, i.e. perturbations can be restricted further such that in addition

7This induces the definitions of ϵ_1 and ϵ_2 in the following proof. 8Within this context ϵ_4 and ϵ_5 will be defined. 9Compare ϵ_6.

10Compare the definitions of ϵ_7, ϵ_8, ϵ_9, and ϵ_{10} of which some are only used in the proofs presented in the appendix.

11Compare definition of ϵ_{11}.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 93

to the equilibrium price systems obtained by the second step no other equilibrium price systems arise.

One problem in the consideration of ϵ-perturbations of some matrix Ā satisfying 2.14 respectively 4.25 consists in the fact that the set of all asset matrices satisfying these assumptions is not an open subset of R^{S×J} . Therefore, it might happen that for given Ā one cannot specify an ϵ > 0 such that for all A ∈ V_ϵ(Ā) Assumption 2.14 respectively 4.25 is satisfied.

Example 4.26

Take the asset matrix Ā = 1 0 0 1 0 0 which satisfies Assumption 2.14 as well

as Assumption 4.25. For all ϵ > 0 one observes A = 1 0 0 1 −^ϵ_2 −^ϵ_2 ∈ V_ϵ(Ā) even though 2.14 respectively 4.25 are violated.

Assume Ā satisfies Assumptions 2.21 and 4.25. Let me first start with the assumption of a maximal rank. If rank Ā = J, there has to be some subset G ⊆ {1, . . . , S} with ♯G = J such that rank Ā_{G·} = J or equivalently that the determinant of this matrix is unequal to zero. Therefore, one can define an ϵ_1-neighborhood of Ā_{G·} such that the determinant of all J × J-dimensional matrices in this neighborhood is unequal to zero, i.e. the matrices satisfy rank = J. This implies for all A ∈ V_{ϵ1} (Ā) the property rank A = J.

Now consider Assumption 4.25, i.e. A_{·1} > 0. Here one has to distinguish the cases (I) to (III) for Ā.

(I) Choose ϵ_2 ∈ (0, min{ϵ_1, Ā_{11}, . . . , Ā_{S1}}). Then all A ∈ V_{ϵ2} (Ā) satisfy Assumptions 2.21 and 4.25 and ϵ-perturbations do not have to be restricted.

(II) Modeling first period consumption only those ϵ-perturbations of Ā seem to make sense which make it possible to stay within this framework, i.e. one only perturbs the matrix Ǎ and all the other entries of Ā remain fixed. Choose ϵ_2 > 0 such that for all Ȧ ∈ V_{ϵ2} (Ǎ) it is rank Ȧ = J − 1. The existence of such an ϵ_2 > 0 follows from the explanations given above for Assumption 2.21.

Define the set of all restricted ϵ-perturbations as {A ∈ R^{S×J} | A = ( 1 0 0 Ȧ ) with Ȧ ∈ V_ϵ(Ǎ)}.

94 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Choosing ϵ = ϵ_2 all restricted ϵ-perturbations of Ā model first period consumption and satisfy Assumptions 2.21 and 4.25.

(III) Choose ϵ_2 ∈ (0, min{ϵ_1, min{A_{s1}| s ∈ S^+(Ā_{·1})}} and define the set of all restricted ϵ-perturbations of Ā as {A ∈ R^{S×J} | A_{s1} = 0 ∀ s ∈ S^0(Ā_{·1}) ∧ ‖Ā − A‖_{max} < ϵ}. With ϵ = ϵ_2 all restricted ϵ-perturbations satisfy Assumptions 2.21 and 4.25.

In the general Finance GEI-model an asset matrix Ā does not satisfy Assumption 4.25, but only Assumption 2.14. Assume Āθ¯_A > 0 where without loss of generality θ¯_{A1} ≠ 0. Then for Ã(Ā) := Ā (θ_Ā, e^2, . . . , e^J ) . (4.17)

the Assumption 4.25 is satisfied and since < Ā >=< Ã(Ā) > for the corresponding GEI-economies there is a one-to-one correspondence between the equilibria (compare Proposition 4.3 and Theorem 2.19). Therefore — since attention will be restricted to Assumption 4.25 and the above-defined (restricted) perturbations of matrices satisfying this assumption — the following point has to be clarified:

Lemma 4.27 Having defined a set of (restricted) ϵ̃-perturbations of Ã(Ā), there is an ϵ and restricted ϵ-perturbations of Ā such that the attainable matrices A satisfy Ã(A) to be (restricted) ϵ̃-perturbations of Ã(Ā).

Proof: The proof which requires distinction of the three types of matrices is deferred to Appendix B.1.

Now assume a GEI-economy { (U^i, ω^i)_{i=1,...,I} , Ā } is given where Ā satisfies Assumption 4.25. The long-term aim is to investigate whether one is able to define some set of (restricted) ϵ-perturbations of Ā such that all elements A satisfy ♯E_{norm}(A) = ♯E_{norm}(Ā), i.e. the number of normalized equilibria for the perturbed asset structure is the same as for the original one.

To avoid the necessity of distinction of cases (I) to (III) all the time, I define

C̄ :=

Ā, if Ā satisfies case (I); Ǎ, if Ā satisfies case (II); (Ā_{sj})_{(s,j)∈{1,...,S}×{1,...,J}\{(s,1)| s∈S}0_(¯_{A·1)}}, if Ā satisfies case (III);

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 95 and R :=

R^{S×J} , if Ā satisfies case (I); R^{(S−1)×(J−1)} , if Ā satisfies case (II); R^{♯S+ (Ā·1)} × R^{S×(J−1)} , if Ā satisfies case (III).

Notice that for case (III) C̄ does not have the form of a matrix, but looks as follows:

C̄ = (C̄_{·1}, C̄_{·(−1)}) where C̄_{·(−1)} = Ā_{·(−1)} is an S × (J − 1) matrix and C̄_{·1} = (Ā_{s1})_{s∈S}+_(¯_{A·1)} is a column vector with ♯S^+(Ā_{·1}) < S entries. For simplification I transfer indexation from A to C.

With this notation all (restricted) ϵ_2-perturbations in the different cases can be summarized by V_{ϵ2} (C̄) := {C ∈ R| ‖C̄ − C‖_{max} < ϵ_2} where ϵ_2 > 0 was specified before. Analogously, I define the reverse direction, i.e. (I) A_{sj} (C) := C_{sj} ∀ (s, j) ∈ {1, . . . , S} × {1, . . . , J}; (II)

A_{sj}(C) :=

1, if (s, j) = (1, 1), 0, if (s, j) ∈ ({1} × {2, . . . , J}) ∪ ({2, . . . , S} × {1}) , C_{sj}, else;

(III) A_{sj}(C):= { C_{sj}, if (s, j) ∈{1, . . . , S}×{1, . . . , J}\{(s, 1)| s ∈ S^0(Ā_{·1})}, 0, else;

where A(C̄) = Ā and A(V_{ϵ2} (C̄)) is the set of all (restricted) ϵ_2-perturbations of Ā. From now on take asset demand as a function of q̂ and C, i.e. θ̃(q̂, C) := θ(1, q̂, A(C)). Correspondingly, it is Q̃_{norm}(C) := Q_{norm}(A(C)) such that θ̃ is defined on D_{ϵ2} where D_{ϵ2} := {(q̂, C) ∈ R^{J−1} × R| ‖C̄ − C‖_{max} < ϵ_2 ∧ q̂ ∈ Q̃_{norm}(C)}.

96 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

D_{ϵ2} is an open connected set in R^{J−1} × R. This is a consequence of the following lemma because Q̃_{norm}(C) is an open convex set in R^{J−1} for all C ∈ V_{ϵ2} (C̄).

Lemma 4.28 Let K ⊆ Q̃_{norm}(C̄) be a compact set. Then, there is an ϵ_3 ∈ (0, ϵ_2] such that for all C ∈ V_{ϵ3} (C̄) it is K ⊆ Q̃_{norm}(C).

Proof: See Appendix B.1.

Take, for example, case (II) with S = 4 and J = 3 such that

Q̃_{norm}(C̄) = {q̂ ∈ R^2 | q̂ = C̄^T π for some π ∈ R^3_{++} }.

The intuition for the lemma is given by Figure 4.2 where

Ā =

1 0 0 0 1 4 0 2 1 0 4 1 or C̄^T = ( 1 2 4 4 1 1 ) .

q_3

q_2

ĀT_{4(−1)}

ĀT_{3(−1)}

Ā_{2(−1)} K

Figure 4.2: Example for Lemma 4.28.

The shaded area defines Q̃_{norm}(C̄). It is obvious that small perturbations of C̄ are possible such that K remains within the area defined by convex combinations of positive multiples of the row vectors of C.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 97

Note that in case (II) and (III) the correspondence cl ( Q̃_{norm}(C) ) need not be continuous in C̄.^{12}

Example 4.29

Again take Ā = 1 0 0 1 0 0 . Therefore it is C̄_{case(II)} = ( 1 0 ) and C̄_{case(III)} =

1, 0 1 0 . Observe cl ( Q̃_{norm}(C̄_{case(II)} ) = cl ( Q̃_{norm}(C̄_{case(III)} ) = R_+ .

On the other hand for C_{case(II)} =

(_1 −ϵ ) and C_{case(III)} = 1, 0 1 −ϵ it is cl ( Q̃_{norm}(C_{case(II)}) ) = cl ( Q̃_{norm}(C_{case(III)}) ) = R for ϵ > 0 arbitrarily small.

Note that in case (I) the correspondence cl ( Q̃_{norm}(C) ) is continuous in C̄ because the convex hull of a finite number of points is continuous in the coordinates of these points. For cases (II) and (III) one observes that even if one excludes such strange matrices with Ā_{s·} = 0 for some s ∈ {1, . . . , S} the correspondence cl ( Q̃_{norm}(C) ) is not continuous in C̄ because the set is unbounded and changing C̄ to C might change the extremal directions such that points on such an extremal ray are arbitrarily far away from cl ( Q̃_{norm}(C̄) ) if their distance to the origin is sufficiently large.

4.3.2 Continuous Differentiability of Asset Demand

With respect to the first order conditions (2.7) and (2.8) define F^i(θ^i, λ^i, q̂, C) := ( ∇U^i(ω^i + A(C)θ^i)A(C) − λ^i (_1 q̂ ) (1, q̂^T ) θ^i )

where one knows (compare, for example, Hens (1991)) that for all (^̆q, C̆) ∈ D_{ϵ2} (C̄) there is some θ̆^i ∈ R^J and λ̆^i ∈ R_{++} solving F^i(θ^i, λ^i, ^̆q, C̆) = 0. (4.18)

12For the concept of continuous correspondences I refer to Takayama (1974, p. 151). Compare the Appendix A.2.2 for a summary.

98 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Since D_{ϵ2} (C̄) is an open set in R^{J−1} ×R, it is obvious that for all (θ̆^i, λ̆^i, ^̆q, C̆) with F^i(θ̆^i, λ̆^i, ^̆q, C̆) = 0 there is an open neighborhood on which F^i is continuously differentiable. Therefore, the Implicit Function Theorem can be applied: for all (^̆q, C̆) ∈ D_{ϵ2} (C̄) there exist ϵ_4, ϵ_5 > 0 such that there is a continuously differentiable function

(θ̃^i, λ̃^i) : V_{ϵ4} (^̆q, C̆) → V_{ϵ5} (θ̆^i, λ̆^i)

with F^i(θ̃^i(q̂, C), λ̃^i(q̂, C), q̂, C) = 0. One only has to prove ∂_θi_{,λ}i F^i(θ̆^i, λ̆^i, ^̆q, C̆) := ( A^T (C̆)D^2U^i(ω^i + A(C̆)θ̆^i)A(C̆) −

(_{1˘} q̂ ) ( 1, ^̆q^T ) 0 )

to be invertible which follows from strict quasi-concavity of U^i and the assumption of non-redundant assets (Assumption 2.21).

Therefore, since D_{ϵ2} is connected, first order conditions (2.7) and (2.8) define a continuously differentiable function

θ̃^i : D_{ϵ2} (C̄) → R^J .

Continuous differentiability is an additive property such that θ̃(q̂, C) := ∑_I i=1 θ̃i(q̂, C) is also continuous differentiable on D_{ϵ2} (C̄).

Proposition 4.30 (Continuous Differentiability of Asset Demand) For each GEI-economy {(U^i, ω^i)_{i=1,...,I} , Ā} where Ā satisfies the Assumption 4.25, there is an ϵ_2 > 0 such that market demand for assets

θ̃ : D_{ϵ2} (C̄) → R^J

is continuously differentiable.

Remark 4.31 It would be nice to have the differentiability of asset demand θ(q̂, A) on the whole set D := {(q̂, A) ∈ R^{J−1} × R^{S×J} | rank A = J, A_{·1} > 0 ∧ q̂ ∈ Q_{norm}(A)}. However, as already mentioned, this set is not open. Therefore, aiming at application of the Implicit Function Theorem it is at least necessary to restrict to the set D̃ := {(q̂, A) ∈ R^{J−1} × R^{S×J} | rank A = J, A_{·1} ≫ 0 ∧ q̂ ∈ Q_{norm}(A)}.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 99

Even this restriction is not sufficient to obtain a continuous function θ(q̂, A) defined on D̃ because Ã := {A ∈ R^{S×J} | rank A = J ∧ A_{·1} ≫ 0} is not connected as can be proved with a simple example: assume S = J and take two different matrices Â, Ǎ ∈ Ã with det(Â) > 0 and det(Ǎ) < 0. Since the determinant function is continuous in the entries of the matrix, for each continuous path connecting Â and Ǎ there has to be some element of the path with determinant value equal to zero. This contradicts the assumption on the rank.

4.3.3 Robustness of the Number of Equilibria

Under the normalization used in this section regularity of asset demand requires rank ∂_{q̂}θ_{−1}(1, q̂, Ā) = J − 1 for all q̂ ∈ E_{norm}(Ā). For given regularity the set of normalized equilibrium price systems is finite, i.e. E_{norm}(Ā) = {q̂^{∗1}, . . . , q̂^{∗N} } for some N ∈ N.

Because of Walras’ Law, i.e. (1, q̂^T )θ̃(q̂, A(C)) = 0, to investigate equilibrium properties of a price system it is sufficient to test for the clearing of J − 1 asset markets, i.e.

F̃ (q̂, C) := θ̃_{−1}(q̂, C) = 0. (4.19)

This function F̃ : D_{ϵ2} → R^{J−1} is continuously differentiable and satisfies F̃ (q̂∗1, C̄) = . . . = F̃ (q̂∗N , C̄) = 0. Additionally — because of regularity — the matrices ∂_{q̂}F̃ (q̂^{∗n}, C̄) = ∂_{q̂}θ̃_{−1}(q̂^{∗n}, C̄) = ∂_{q̂}θ_{−1}(1, q̂^{∗n}, Ā), n = 1, . . . , N, are invertible which allows to apply the Implicit Function Theorem on equation (4.19) for C̄ and all q̂^{∗n}, n = 1, . . . , N: there exist δ^n > 0 and ϵ^n ∈ (0, ϵ_2) such that there are continuously differentiable equilibrium price functions

q̂^n_∗ : V_ϵn (C̄) → V_δn (q̂^{∗n})

with F̃ (q̂^n_∗ (C), C) = θ̃_{−1}(q̂^n_∗ (C), C) = 0 for all C ∈ V_ϵn (C̄) and for given C ∈ V_ϵn (C̄) the price system q̂^n_∗ (C) is the only element of V_δn (q̂^{∗n}) which satisfies equation (4.19).

With ϵ_6 := min{ϵ^n| n = 1, . . . , N} this implies ♯E_{norm}(Ā) ≤ ♯E_{norm}(A(C))

100 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

for all C ∈ V_{ϵ6} (C̄), i.e. for all (restricted) ϵ_6-perturbations of Ā the corresponding GEI-economy is characterized by at least the same number of equilibria as the starting economy. Even stronger: there exist continuously differentiable equilibrium price paths!

Theorem 4.32 (Lower Hemi-Continuity of Equilibrium Prices)^{13} For all regular GEI-economies {(U^i, ω^i)_{i=1,...,I} , Ā} which satisfy Assumption 4.25 there exists some ϵ > 0 such that all GEI-economies {(U^i, ω^i)_{i=1,...,I} , A} with A (restricted) ϵ-perturbation of Ā (C ∈ V_ϵ(C̄)) satisfy ♯E_{norm}(Ā) ≤ ♯E_{norm}(A). If E_{norm}(Ā) = {q̂^{∗1}, . . . , q̂^{∗N} }, there are continuously differentiable functions q̂^n_∗ : V_ϵ(C̄) → V_δ(q̂^{∗n}), n = 1, . . . , N, for some δ > 0 with {q̂^1_∗ (C), . . . , q̂^N_∗ (C)} ⊆ E_{norm}(A(C)) whenever C ∈ V_ϵ(C̄).

In other words: the set E_{norm}(A(C)) is a lower hemi-continuous correspondence in C̄. At this point it seems to be interesting to know whether E_{norm}(A(C)) is also upper hemi-continuous and therefore continuous in C̄. It will be shown that this is even true for those market structures for which the set cl(Q̃_{norm}(C)) is not upper hemi-continuous.

Lemma 4.33 There is some ϵ_{10} ∈ (0, ϵ_6) and a compact set Q^H ⊂ R^{J−1} such that whenever C ∈ cl(V_{ϵ10} (C̄)) • Q^H ⊆ Q̃_{norm}(C) ∩ Q̃_{norm}(C̄), • for all equilibrium price systems q̂^∗(C) with respect to C which satisfy q̂^∗(C) ∉ {q̂^1_∗ (C), . . . , q̂^N_∗ (C)} it is q̂^∗(C) ∈ Q^H , • and θ̃_{−1}(q̂, C̄) ≠ 0 for all q̂ ∈ Q^H .

Proof: See Appendix B.1.

Since θ̃_{−1} : D_{ϵ2} → R^{J−1} is continuous, this is also true for ‖θ̃_{−1}(., .)‖_{max} on Q^H × cl(V_{ϵ10} (C̄)) because Q^H ⊆ Q̃_{norm}(C) when C ∈ cl(V_{ϵ10} (C̄)). Defining

m := min_{q̂∈QH} ‖θ̃_{−1}(q̂, C̄)‖_{max}

13By application of Lemma 4.27 this theorem can be transferred for more general matrices satisfying Assumption 2.14.

4.3. ROBUSTNESS OF THE NUMBER OF EQUILIBRIA 101

it is m > 0 because ‖θ̃_{−1}(q̂, C̄)‖_{max} is a continuous function on a compact set which takes its minimum, but is unequal to zero. Since ‖θ̃_{−1}(., .)‖_{max} is a continuous function on a compact set, there is some ϵ_{11} > 0 such that C ∈ V_{ϵ11} (C̄) implies | |‖θ̃−1(q̂, C)‖max − ‖θ̃−1(q̂, C̄)‖max | | < m for all q̂ ∈ Q^H and therefore ‖θ̃_{−1}(q̂, C)‖_{max} ≠ 0 for all q̂ ∈ Q^H . Together with the last theorem one obtains:

Theorem 4.34 (Robustness of the Number of Equilibria)^{14} For all regular GEI-economies {(U^i, ω^i)_{i=1,...,I} , Ā} satisfying Assumption 4.25 there exists some ϵ > 0 such that all GEI-economies {(U^i, ω^i)_{i=1,...,I} , A} with A (restricted) ϵ-perturbation of Ā (C ∈ V_ϵ(C̄)) satisfy ♯E_{norm}(Ā) = ♯E_{norm}(A). One could think about doing the proof of this theorem not in the way I do it, but via the so-called Grassmanian manifolds which are used in different proofs of existence of equilibria in GEI-models because they allow to circumvent the problem of a change in the rank of the matrix of income transfers.^{15} I chose another approach for different reasons.

The first one is that the concept of Grassmanians takes into account changing rank of the matrix of income transfers, but not the existence of a desirable portfolio. This is why existence proofs using Grassmanians either assume first period consumption when a parameterization of the economy by consumers’ characteristics is given or — when the economy is defined via a market demand function — assume Walras’ Law which implicitly requires the existence of a desirable portfolio.

The second argument against the usage of Grassmanians is that for considerations of uniqueness of equilibria it is more appropriate to work with the concept of financial markets equilibrium instead of the no-arbitrage equilibrium. But application of the concept of Grassmanians requires the noarbitrage equilibrium concept. This is especially because a no-arbitrage equilibrium is independent of the asset matrix itself, but only depends on the space of income transfers, and the considered Grassmanians are sets of spaces of income transfers with given dimension. In contrast, for financial

14By application of Lemma 4.27 this theorem can be transferred for more general matrices satisfying Assumption 2.14.

15The Grassmanian manifold G_{K,N} is the set of all N-dimensional linear subspaces of R^K .

102 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

markets equilibria asset demand and asset prices strongly depend on the representation of the space of income transfers.

It would be more interesting to examine the consequences of perturbations allowing changes of the dimension of the trading space than to investigate perturbations within the set of asset structures with constant dimension. The main problem within this context consists in defining a suitable concept of small perturbations: the examples in Sections 4.4 and 4.5 demonstrate that as soon as the market structure changes from S − 1 assets to complete markets and vice versa the number of equilibria might change. It does not matter how large the entries of the additional asset are, the decisive point is the introduction of a new direction and it does not play any role which new (non-redundant) asset is introduced. This question leaves much scope for further research.^{16}

4.4 Limits of Transferability

When examining uniqueness of the equilibrium in incomplete markets models, one point is to check the limits of transferability from complete markets. In this section I refer to three different aspects.

The first one is quasi-linearity of utility. From Proposition 4.20 it is known that quasi-linearity is sufficient for a unique equilibrium whenever first period consumption is modeled. The example I give here proves non-sufficiency of quasi-linearity for uniqueness of the equilibrium with incomplete markets in general. It stands out due to its simplicity because it is built on Kehoe’s (1991, p. 2066) well-established example on multiple Arrow-Debreu equilibria. I explicitly give consumers’ characteristics and the asset structure.

The second aspect of this section is to check what happens with Cobb- Douglas utility when markets are incomplete. I refer to an example given in Hens, Schmedders, and Voß (1999) where a computer algorithm is developed to compute “approximate” characteristics of an economy with multiple equilibria.

In the third part I demonstrate that even though all consumers satisfy the expected utility hypothesis with respect to an objective probability measure

16Cass and Citanna (1998) introduce a concept of “small” perturbations of the asset structure which allows changes in the rank of the matrix. They start with the introduction of either a redundant asset or one which is not traded and then vary the yield of this asset such that it becomes non-redundant respectively is traded. But Cass and Citanna’s (1998) considerations strongly depend on a sufficient incompleteness of markets such that their concept also does not seem to be suitable for general situations, including the one with incompleteness of only one degree.

4.4. LIMITS OF TRANSFERABILITY 103

and there is no aggregate risk, there might exist multiple equilibria. The reason is that restricted trading hinders consumers from total risk sharing.

These examples examine restrictions on consumers’ characteristics which are established to guarantee a unique Arrow-Debreu equilibrium. Since the only change is made for the asset structure while consumers’ characteristics remain the same, the examples stress the decisive influence which the market structure has on uniqueness and multiplicity of equilibria. Regrettably, the results are quite destructive because they give the impression that it is much more difficult to obtain a unique equilibrium when markets are incomplete than when they are complete.

This section and the next one show that actual incompleteness of markets may evoke effects which are contrary to the well-known results for complete markets. They demonstrate once more how extremely cautious one has to be about transferring results between complete and incomplete markets models, even if one restricts attention to the simplest model.

Kehoe (1991) proposes his example to be quite helpful in testing computational algorithms for Arrow-Debreu equilibria. I emphasize that the examples presented here are quite helpful when testing computational algorithms for incomplete markets models: many of these algorithms are based on algorithms for the Arrow-Debreu model. Therefore, one should test the undertaken changes with examples stressing the differences between the models.

4.4.1 Limits with Quasi-Linearity

In this section I construct a GEI-economy with two consumers (I = 2) and three states (S = 3) which proves non-sufficiency of quasi-linearity for a unique equilibrium even though this follows in the Arrow-Debreu model.

Consumers are symmetrical to each other. Whereas utility is linear in state 1-consumption, for the other two states it is of CES-type, i.e.

U^i(x) = x_1 + 3∑ s=2 a^i_s (x^{bi}_s − 1) b^i with a^1_2 = a^2_3 = 1024, a^1_3 = a^2 = 1, and b^1 = b^2 = −4. Consumers’ endowments are given by

ω^1 = (14, 12, 1)^T ∧ ω^2 = (14, 1, 12)^T .

When markets are complete, from Proposition 3.17 one knows the existence of a unique Arrow-Debreu equilibrium because in this case market demand is monotone.

104 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Now consider the incomplete asset structure

Ā = 0 0 1 0 0 1 .

Substitution of tomorrow’s budget constraints x = ω^i+Aθ and substitution of θ̂_1 := ωi_2 + θ_1 and θ̂_2 := ωi_3 + θ_2 transform consumers’ maximization problems to max_{θ̂∈R}2_+ ω^i_1 + [ ∑_3 s=2 a^i_s^{(θ̂b} i s−1−1) b^i ] s.t. q · θ̂ = q · (_ωi_2

ω^i_3 ) . (4.20)

This is equivalent to the consumers’ maximization problems in Kehoe’s (1991, p. 2066) multiplicity-example. Moreover, market clearing conditions are equivalent as well. Therefore, the number of equilibria is also the same. According to Kehoe (1991, p. 2066) the equilibria are defined by

θ̂^{a1} = ( 8.631 1.429 ) , θ̂^{a2} = ( 4.369 11.571 ) , q^a = ( 0.1129 0.8871 ) ; θ̂^{b1} = ( 10.4 2.6 ) , θ̂^{b2} = ( 2.6 10.4 ) , q^b = ( 0.5 0.5 ) ; θ̂^{c1} = ( 11.571 4.369 ) , θ̂^{c2} = ( 1.429 8.631 ) , q^c = ( 0.8871 0.1129 ) . Hence, an example has been found where the incompleteness of markets causes multiplicity of equilibria. However, the example would be very weak if multiplicity did hinge on the zero-row of the asset matrix for exactly that state for which utility functions are quasi-linear with respect to the corresponding consumption.

With reference to Section 4.3 the asset structure Ā is of type (III) and allows only restricted perturbations. If the three known equilibria of the economy GEI = {(U^i, ω^i)_{i∈I} , Ā} are regular^{17}, Theorem 4.32^{18} implies that the result is robust against restricted perturbations of Ā, i.e. there is some ϵ > 0 such that for all A ∈ {A ∈ R^{S×J} | A_{11} = A_{31} = 0 ∧ ‖A − Ā‖_{max} < ϵ} 17Regularity of a single equilibrium price system is defined as the determinant of the Jacobian of market demand having maximal rank for this price system.

18To be more precise, this theorem has to be adapted in the following way: for a set of regular equilibria with respect to Ā an ϵ > 0 can be defined such that for (restricted) ϵ-perturbations of Ā the corresponding economies have at least the number of equilibria as are contained in the set.

4.4. LIMITS OF TRANSFERABILITY 105

the economy GEI = {(U^i, ω^i)_{i∈I} , A} has multiple equilibria even though GE = {(U^i, ω^i)_{i∈I} } is characterized by a unique Arrow-Debreu equilibrium. Regularity of the three equilibria in GEI = {(U^i, ω^i)_{i∈I} , Ā} however follows directly from Kehoe’s example (1991, p. 2066) since he proves “his” second equilibrium to be regular and it is straightforward to show regularity of the other two equilibria.

Remark 4.35

1. It can be shown that endowments ω^i_1 = 14, i = 1, 2, are sufficiently large to guarantee x^i_1 ≫ 0, i = 1, 2, in the relevant domain of feasible allocations for complete as well as for incomplete markets. Therefore, no problems arise because of corner solutions.

2. Since it is not clarified whether GEI = {(U^i, ω^i)_{i∈I} , Ā} admits more than the three established equilibria and hence it is not known whether further non-regular equilibria exist, Theorem 4.34 cannot be applied: the number of equilibria might change as a consequence of perturbing the asset structure. The only thing to be sure is the fact that there are at least three equilibria, i.e. multiplicity is guaranteed.

3. The example is also robust against perturbations of consumers’ characteristics a^i_s, b^i, i = 1, 2, s = 2, 3.

The intuition behind the example is very simple: whereas individual asset demand functions are monotone with respect to the same normalizing vector when markets are complete, this property fails to hold for the considered incomplete asset structure.

To illuminate a little bit to what extent different asset structures effect the number of equilibria restrict attention to matrices of the form

A(β) := 0 β 1 0 0 1 with arbitrary β ∈ R. For considerations of the number of equilibria this is equivalent to varying the second asset in

A = 0 1 0 , A_{·2} .

106 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

since the number of equilibria does not depend on the asset matrix itself, but on its span (Proposition 4.3). Because of symmetry of the example with respect to states 2 and 3 the same can be done for varying the first asset in A = A_{·1}, 0 0 1 From the first considerations in this section one knows that for β close or equal to zero there are multiple equilibria which excludes market asset demand to be monotone for any normalizing vectors. For β → ∞ one observes collinearity between

lim_{β→∞} A_{·2}(β) and 1 0 0 . For the asset matrix

Ā(∞) := 0 1 1 0 0 0 however the function θ_1(q_1, 1, Ā(∞))^{19} is strictly decreasing in q_1 (eliminate state 3 from the maximization problem and then apply Proposition 4.20^{20}) which implies uniqueness of the equilibrium. Since equilibria for Ā(∞) are regular, because of Proposition 4.3 and Theorem 4.34 for large β ∈ R equilibria are unique. Besides the Implicit Function Theorem does not only assure continuity of the demand functions in prices and parameter β ∈ R for β large, but also continuous differentiability. Therefore, demand for the first asset is strictly monotone in its own price for large β ∈ R.^{21}

Let me finish the considerations of the first example with some further remarks:

Remark 4.36

1. Obviously, the monotonicity behavior of market demand for given A(β) depends on the size of β.

2. If the market demand function for given A(β) is monotone with respect to some normalizing vector, then the market demand for other asset

19Here, the price of the second asset is normalized to one. 20Note that the proposition is formulated for an economy with (¯ A_{(−3)2}(∞), Ā_{(−3)1}(∞) ) , but it is intuitive how to reformulate it to be appropriate at this point.

21One can apply the same reasoning for β → −∞, but another price normalization has to be chosen.

4.4. LIMITS OF TRANSFERABILITY 107

matrices with the same span is also monotone. Merely the normalizing vector changes (compare Proposition 4.10).

3. For β = −244/243 the allocation (ω^1, ω^2) is constrained Pareto-efficient with respect to A(β) such that the equilibrium, namely the no-trade equilibrium, is unique (compare Section 2.7 and Proposition 4.14).

The example given in this section is one of the easiest to imagine which proves the possibility of multiple equilibria for incomplete markets in spite of a unique Arrow-Debreu equilibrium. However, it would be interesting to know what happens under the expected utility hypothesis. Therefore, I refer to the following two subsections. Regrettably, examples given there violate Assumption 2.14 (Subsection 4.4.2) respectively are built on utility functions which are only implicitly defined by fixing some values of their first derivatives (Subsection 4.4.3).

4.4.2 Limits with Cobb-Douglas Utility

One possibility to prove multiplicity of equilibria is to compute an equilibrium with a negative index because the Index Theorem 3.6/4.7 requires the existence of at least one equilibrium with a positive index. However, standard computational methods are bound to compute equilibria with a positive index (compare Mas-Colell (1985)).

The example in Hens, Schmedders, and Voß (1999) is constructed by a new method to compute multiple equilibria. The main interest is to find out whether some class of economies, namely economies with Cobb-Douglas utility functions, admits multiple equilibria. The trick is to take the data of two prospective equilibria as given and use them to compute by means of a homotopy algorithm characteristics of an economy displaying these two equilibria. For a description of the algorithm compare Hens, Schmedders, and Voß (1999, Section 5). The homotopy path is defined via transition from the first to the second equilibrium. Notice that Cobb-Douglas preferences allow to simplify the extended system (2.7), (2.8), and (2.9) which constitutes the basis for the algorithm.

As pointed out in Section 3.5.1, when markets are complete an explicit pricing formula is given. Besides, market demand satisfies the property of strict gross substitution (Section 3.5.4). For incomplete markets this property fails and there does not exist an explicit pricing formula. As the following example (compare Hens, Schmedders, and Voß (1999, Example 4.2)) demonstrates, even the uniqueness of the equilibrium breaks down, i.e. all the merits of Cobb-Douglas preferences get lost when switching from complete to incomplete markets.

108 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Assume two agents are characterized by utility functions

U^1(x^1) = 0.1 ln x^1 + 0.2 ln x^1_2 + 0.3 ln x^1_3 + 0.1 ln x^1_4 + 0.3 ln x^1_5, U^2(x^1) = 0.3 ln x^2_1 + 0.2 ln x^2 + 0.1 ln x^2_3 + 0.3 ln x^2_4 + 0.1 ln x^2_5,

and endowments

ω^1 =

1.5942379526 · 10^{−2} 2.9374491276 · 10^{−3} 6.1116956313 · 10^{−2} 2.6125379370 · 10^{−1} 1.3112543254 · 10^{−1}

, ω^2 =

6.5484744962 · 10^{−3} 6.1159308802 · 10^{−2} 4.6047779430 · 10^{−3} 7.1874620630 · 10^{−1} 7.6887456746 · 10^{−1} .

The asset structure is given by

A = 1 0 0 0 1 0 0 0 1 1 5.7551080261 −11.211070031 −49.735960347 −14.564562225 1.4276396811 .

This economy has at least the three equilibria:

(x̄^1, x̄^2, θ̄^1, θ̄^2, q̄) = ( 3.1569068369 · 10^{−3} 2.0847535004 · 10^{−2} 5.6794692704 · 10^{−2} 4.0 · 10^{−1} 5.0 · 10^{−1} , 1.9333947185 · 10^{−2} 4.3249222926 · 10^{−2} 8.9270415519 · 10^{−3} 5.8 · 10^{−1} 4.0 · 10^{−1} ,

−1.2785472689 · 10^{−2} 1.7910085876 · 10^{−2} −4.3222636089 · 10^{−3} , 1.2785472689 · 10^{−2} −1.7910085876 · 10^{−2} 4.3222636089 · 10^{−3} , 1 1.1 1.6 ) ;

(x̂^1, x̂^2, θ̂^1, θ̂^2, q̂) = ( 3.2964558373 · 10^{−3} 1.6548013477 · 10^{−2} 5.2816066068 · 10^{−2} 4.2 · 10^{−1} 5.5 · 10^{−1} , 1.9194398185 · 10^{−2} 4.7548744453 · 10^{−2} 1.2905668188 · 10^{−3} 5.6 · 10^{−1} 3.5 · 10^{−1} ,

−1.2645923689 · 10^{−2} 1.3610564349 · 10^{−2} −8.3008902451 · 10^{−3} , +1.2645923689 · 10^{−2} −1.3610564349 · 10^{−2} +8.3008902451 · 10^{−3} ,

4.4. LIMITS OF TRANSFERABILITY 109 1 1.6 1.1 ) ;

(x̃^1, x̃^2, θ̃^1, θ̃^2, q̃) = ( 5.53593779 · 10^{−3} 2.98288576 · 10^{−3} 4.72273200 · 10^{−2} 4.06826530 · 10^{−1} 6.28208646 · 10^{−1} , 1.69549162 · 10^{−2} 6.11138722 · 10^{−2} 1.84944143 · 10^{−2} 5.73173470 · 10^{−1} 2.71791354 · 10^{−1} ,

−1.04064417 · 10^{−2} 4.54366309 · 10^{−5} −1.38896363 · 10^{−2} , 1.04064417 · 10^{−2} −4.54366309 · 10^{−5} 1.38896363 · 10^{−2} , −1 11.3031102 0.786198913 ) . Note that the asset matrix does not satisfy the assumption of a desirable portfolio, i.e. Assumption 2.14. However, this “defect” is innocuous since all consumers still satisfy their budget constraints with equality if at least one of the assets has a strictly positive price (compare Hens, Schmedders, and Voß (1999, Lemma 5.1)). This allows to work with the first order conditions (2.7) and (2.8). Otherwise one would have to apply the Kuhn-Tucker conditions (compare Mas-Colell, Whinston, and Green (1995, Theorem M.K.2)).

The Lagrangian multipliers are given by

λ̄1 = 3.6, λ̄2 = 2.085, λ̂1 = 3.445, λ̂2 = 1.955, λ̃1 = 5.4417381, λ̃2 = 8.19317872 · 10−2.

Computation of the determinants of the Jacobians at the equilibria shows regularity and the first and third equilibrium to have a positive index while the second one has a negative index. Since neither Assumption 4.25 nor the weaker Assumption 2.14 is satisfied, it is by no means sure whether Theorem 4.32 can be applied to show robustness of this example against perturbations of the asset structure.

The characteristics of the economy here are only approximations: the iteration via the algorithm was used until a maximal error of 2.84 · 10^{−14} for fulfillment of the extended system was obtained.

Up to now it could not be clarified what is the intuition for the failure of uniqueness with Cobb-Douglas utility when markets are incomplete. It was conspicuous that many starting-points for the algorithm (each consisting of

110 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

two FM-equilibria) failed to deliver a Cobb-Douglas economy with multiple equilibria which gives a hint that Propositions 4.23 and 4.24 can be extended to more general cases.

4.4.3 Limited Risk Sharing

Since incomplete markets are much more realistic than complete markets, it seems reasonable to try to extend the idea of complete risk sharing from the Arrow-Debreu model to GEI-economies. However, as expected, a limitation of trading possibilities stops complete risk sharing when utility satisfies the expected utility hypothesis with respect to an objective probability measure and there is no aggregate risk. Even worse, the following example demonstrates that deviating from complete to incomplete markets might cause multiplicity of equilibria. This can be explained by the fact that with incomplete markets constrained Pareto-efficient allocations need not be co-monotone.^{22} Look at an economy with I = 2 consumers, S = 3 states, and J = 2 assets. Consumers are now characterized by endowments

ω^1 = 1 4 4 23 6 and ω^2 = 1 4 36 17 34 . (4.21)

such that aggregate endowment ω = (10, 10, 10)^T is riskless.

The objective probability measure is given by

ρ̄ = 1 9 1 6 2 (4.22)

and the von Neumann-Morgenstern utility functions satisfy the standard assumptions. Furthermore, fix the following values of the first derivatives (see Figures 4.3 and 4.4):

(u^1)^′(3) = 20, (u^1)^′(3^1_2 ) = 4, (u^1)^′(3^3_4 ) = 3^2_3 , (u^1)^′(4^3_4 ) = 3^1_3 , (u^1)^′(5) = 1, (u^1)^′(5^1_2 ) =^1_2 .

(4.23)

(u^2)^′(4^1_2 ) = 3^1_4 , (u^2)^′(5) = 3, (u^2)^′(5^1_4 ) = 2^5_6 , (u^2)^′(6^1_4 ) = 2^1_4 , (u^2)^′(6^1_2 ) = 1^1_4 , (u^2)^′(7) =^1_2 .

(4.24)

22An allocation (x̄^i)_{i∈I} ∈ R^{S×I}_+ is co-monotone if for each tuple s, s^′ ∈ S whenever x̄^i_s ≥ x̄^i_s′ for some consumer i ∈ I, then it is x̄^h_s ≥ x̄^h_s′ for all h ∈ I. This implies ω_s ≥ ω_s′ such that without aggregate risk it has to be x̄^h_s = x̄^h_s′ for all s, s^′ ∈ S. Since Pareto-efficient and hence Arrow-Debreu equilibrium allocations are co-monotone (cf. Borch (1962)), they have to be riskless and therefore first order conditions uniquely determine the equilibrium price system with complete markets.

4.4. LIMITS OF TRANSFERABILITY 111

x u^{1′}

5 10 15 20

1 2 3 4 5 Figure 4.3: A possible form of (u^1)^′.

u^{2′}

x

4 3 2 1

1 2 3 4 5 6 7 Figure 4.4: A possible form of (u^2)^′.

112 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Observe that these values are compatible with the standard assumptions on u^i, i = 1, 2. Again (compare Section 3.5.1) there is a change in the sign of the third derivative of u^i.

Trade in this economy is restricted by the asset structure

A = 3 2 0 1 0 −2 , (4.25)

i.e. asset markets are incomplete.

If an economy is characterized by these data, there are at least the following two equilibria:

x^{∗1} = 1 4 12 15 22 , x^{∗2} = 1 4 28 25 18 , θ^{∗1} = −θ^{∗2} = ( 2 −2 ) and q^∗ = ( 1 1 ) , (4.26)

x̂^1 = 1 4 20 19 14 , x̂^2 = 1 4 20 21 26 , θ̂^1 = −θ̂^2 = ( 2 −1 ) and q̂ = ( 1 2 ) (4.27)

where the first asset price is normalized to one.

Market clearing properties are obvious and one easily computes x^i = ω^i +Aθ^i, i = 1, 2, for the^∗- and the ^-equilibrium. To check the maximization condition substitute the values of (4.21)–(4.27) into the first order conditions (2.7) and (2.8) to obtain the following system of equations:

i = 1,^∗-equilibrium:

1 · 20 · 3 − λ^{∗1} · 1 = 0,

1 · 20 · 2 + 6 · 3 2 3 · 1 + 2 · 1 2 · (−2) − λ^{∗1} · 1 = 0,

1 · 2 + 1 · (−2) = 0;

i = 1, ^-equilibrium:

1 · 1 · 3 − λ̂^1 · 1 = 0,

1 · 1 · 2 + 6 · 3 1 3 · 1 + 2 · 4 · (−2) − λ̂^1 · 2 = 0,

1 · 2 + 2 · (−1) = 0;

4.5. ADDITIONAL RESULTS ON UNIQUENESS 113

i = 2,^∗-equilibrium: 1 · 1 2 · 3 − λ^{∗2} · 1 = 0, 1 · 1 2 · 2 + 6 · 2 1 4 · 1 + 2 · 3 1 4 · (−2) − λ^{∗2} · 1 = 0,

1 · (−2) + 1 · 2 = 0;

i = 2, ^-equilibrium:

1 · 3 · 3 − λ̂^2 · 1 = 0,

1 · 3 · 2 + 6 · 2 5 6 · 1 + 2 · 1 1 4 · (−2) − λ̂^2 · 2 = 0,

1 · (−2) + 2 · 1 = 0.

This system is solved for λ^{∗1} = 60, λ̂^1 = 3, λ^{∗2} = 1^1_2 , and λ̂^2 = 9. Therefore, the equilibrium properties are proved.

Note that nothing else than the derivatives (4.23) and (4.24) is fixed for von Neumann-Morgenstern utility functions. Therefore, it is not possible to compute the Jacobians of market demand and check their determinants for equilibrium price systems. Therefore, no statement about regularity is possible. However, since such a few restrictions are put on utility functions, it should be possible for each endowment allocation (ω^i)_{i∈I} to find a utility function exhibiting these derivative values such that the given two equilibria are regular. This allows to obtain robustness of the multiplicity against (restricted) perturbations of the asset structure (Theorem 4.32).

4.5 Additional Results on Uniqueness with Incomplete Markets

Section 4.4 contains negative results with respect to incomplete markets because it demonstrates that conditions on utility functions like quasi-linearity, Cobb-Douglas preferences, or the expected utility hypothesis under objectivity together with no aggregate risk alone are not sufficient for a unique FMequilibrium. This section takes the other way around: there exist economies such that the equilibrium with incomplete markets is unique though there are multiple Arrow-Debreu equilibria. This is obvious when the asset matrix contains none or only one asset because assets cannot be exchanged between consumers a priori. To avoid this trivial case, the following examples are based on more than one asset.

The idea is to exploit the power of constrained Pareto-efficiency (compare Section 2.7). I start with a leading example which again is built on Kehoe’s

114 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

(1991, p. 2066) well-established example of multiple Arrow-Debreu equilibria (Subsection 4.5.1). This is generalized in Subsection 4.5.2.

4.5.1 A Leading Example

Consider an economy with I = 2 agents and S = 3 states. Consumers are characterized by CES-utility functions

U^i(x) = 3∑ s=1 a^i_s (x^{bi}_s − 1) b^i with a^1 = (1024, 1/2, 1/2), ω^1 = (12, 1, 1)^T , b^1 = −4 and a^2 = (1, 512, 512), ω^2 = (1, 12, 12)^T , b^2 = −4. In contrast to Kehoe (1991) there is a third good which for each consumer has the same value as the second one. The second and the third good sum up in weight to Kehoe’s (1991) second one.

Hence, for complete markets, one gets multiple equilibria in the same manner as in Kehoe (1991, p. 2066) since the second and the third state can be merged. The equilibria are the following ones:^{23}

x̂^1 =

8.631 1.429 1.429

, x̂^2 =

4.369 11.571 11.571 , π̂ = 0.1129 0.44355 0.44355 ;

x^{∗1} =

10.4 2.6 2.6 , x^{∗2} = 2.6 10.4 10.4 , π^∗ = 0.5 0.25 0.25 ;

x̄^1 =

11.571 4.369 4.369

, x̄^2 =

1.429 8.631 8.631 , π̄ = 0.8871 0.05645 0.05645 . From now on, consider incomplete markets. In the first step, focus on

Ā = 1 1 1 0 0 1 which obviously shows also a kind of symmetry with respect to states 2 and 3. Hence, even though there are two different assets, the situation is the same as with a single asset because — as I will show — there is no trade. The

23Apply the price normalization π_1 + π_2 + π_3 = 1, i.e. π ∈ P̂_{1,1I}.

4.5. ADDITIONAL RESULTS ON UNIQUENESS 115

reason for this is that both assets allow very similar trading opportunities. Therefore, after proving uniqueness of equilibria for Ā, I apply Theorem 4.34 to consider perturbations of Ā.

Assume the asset structure Ā. The only possible equilibrium is the notrade equilibrium θ^{∗1} = θ^{∗2} = 0 with q^∗_1 = q^∗_2 : symmetry of both consumers’ utility functions and endowments according to states 2 and 3 and the particular asset structure Ā imply that for q_1 > q_2 both consumers demand for the second and supply the first one and vice versa for q_2 > q_1.

The intuition behind this example is very simple: the incomplete asset structure

Ā = 1 1 1 0 0 1 is chosen such that the endowment distribution is constrained Pareto-efficient (but not Pareto-efficient!) which causes uniqueness of the equilibrium (compare Proposition 4.14). One easily computes that for all ᾱ ∈ R_+ the asset structure A = ᾱ ᾱ 1 0 0 1 causes the same effect.

Ā is an asset matrix which enables a portfolio with a strictly positive payoff. Therefore, instead of Ā one can consider the matrix

Ã = 2 1 1 0 1 1 .

Defining a set of ϵ-perturbations of Ã, one can define a set of ϵ̄-perturbations of Ā of which the elements can be represented as ϵ-perturbations of Ã (compare Lemma 4.27).

Because of Proposition 4.3 not only Ā, but also Ã evokes the unique no-trade equilibrium. No-trade equilibria, however, are regular (compare Lemma 4.37 in the next section) such that Theorem 4.34 assures the existence of an ϵ > 0 with all ϵ-perturbations of Ã and therefore all ϵ̄-perturbations of Ā being characterized by a unique equilibrium.

The example is robust against perturbations of the asset matrix even though the endowment distribution then stops to be constrained Paretoefficient. The intuition for uniqueness of the equilibrium to remain is the fact that the allocation (ω^1, ω^2) is very “close” to the set of constrained Paretoefficient allocations which causes a “small” chance for the existence of multiple equilibria.

116 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

4.5.2 Generalization of the Leading Example

When generalizing the idea of the leading example, the number of consumers has to be less than the number of states which might give a hint that one has to put attention on this relation when looking for sufficient conditions for a unique equilibrium. I state that the no-trade equilibrium is always regular such that the results from Theorem 4.34 can be applied: for each fixed number of assets smaller than or equal to one plus the difference between number of states and consumers there exists a non-exceptional subset of all allowed asset matrices where the corresponding GEI-economy is described by a unique equilibrium. A remarkable point consists in the fact that — no matter which utility functions and endowments are assumed — for each strictly positive asset an asset matrix can be constructed containing this asset and generating a non-trivial GEI-economy with unique equilibrium.

For this subsection the fulfillment of Assumption 4.25 is required. Therefore, price normalization with respect to the first unit vector, i.e. restricting prices to be elements of Q̂(A), is possible such that the first asset is numeraire asset.

Now, assume there is an Arrow-Debreu-economy {(U^i, ω^i)_{i=1,...,I} } with multiple equilibria. According to Proposition 3.12 this implies that the notrade allocation cannot be Pareto-efficient, i.e. there have to be two con- sumers i, h ∈ {1, . . . , I} with ∇U^i(ω^i) ‖̸ ∇U^h(ω^h) (4.28)

where without loss of generality i = 1. Now define A^T_{·1} = (1, . . . , 1) ≫ 0. Assume ∇U^i(ω^i)A_{·1} = 1 for all i = 1, . . . , I without loss of generality. Otherwise multiplication of U^i with a positive constant is possible. According to equation (2.13) a sufficient condition for (θ^i)_{i=1,...,I} , θ^i = 0 for all i = 1, . . . , I to be constrained Pareto-efficient for some matrix A = (A_{·1}, A_{·(−1)}) is given by

∇U^1(ω^1)A_{·(−1)} = . . . = ∇U^I (ω^I )A_{·(−1)}

(4.29)

or equivalently

∇U^1(ω^1) − ∇U^2(ω^2) . . ∇U^1(ω^1) − ∇U^I (ω^I ) :=H A_{·(−1)} = 0.

(4.30)

Together with Proposition 4.14 this implies a unique (no-trade) equilibrium for GEI = {(U^i, ω^i)_{i=1,...,I} , A}.

4.5. ADDITIONAL RESULTS ON UNIQUENESS 117

It has to be clarified under which conditions a solution A_{·(−1)} ∈ R^{S×(J−1)} for equation (4.30) exists. Obviously, each A_{·j}, j = 2, . . . , J has to be in the null space C of H: C := {a ∈ R^S | Ha = 0}. Therefore, considering that A_{·1} is in C, it is possible to find a solution for equation (4.30) with rank A = J if and only if dim C ≥ J. Because of condition (4.28) dim C < S. For I = 2 one observes dim C = S − 1, i.e. it would be possible to construct a counterexample for all J < S! In general it is dim C ≥ max{1, S − (I − 1)}, (4.31)

i.e. if S − (I − 1) ≥ 2 or equivalently S > I, then one is able to construct a non-trivial counterexample for all J ∈ {2, . . . , S − I + 1}.^{24}

Note that for S ≤ I any solution unequal to A_{·1} only exists in the exceptional case where I − S + 1 consumers can be eliminated from equation (4.30) because they are characterized by the same marginal utility for their endowment as some other consumer.

The examples would not be very interesting if they only depend on constrained Pareto-efficiency of the endowment. However, from Theorem 4.34 it follows that as soon as one has found a GEI-economy {(U^i, ω^i)_{i=1,...,I} , A} with unique no-trade equilibrium, then A can be disturbed a little bit without changing the uniqueness property, but leaving the no-trade equilibrium. Therefore, one needs the following lemma.

Lemma 4.37 (Regularity of No-Trade Equilibria) If GEI = {(U^i, ω^i)_{i=1,...,I} , A} is characterized by the unique no-trade equilibrium, then this equilibrium is regular, i.e. the normalized Jacobian of market demand is regular.

Proof: The Jacobian of an individual demand function can be split into two matrices for the substitution respectively income effect. Since there is no trade, the income effect is zero such that only the Slutzky-matrix remains which is negative definite on the orthogonal space for q, q^⊥ := { v ∈ R^J | q^T v = 0 } . Adding up these individual Jacobians, one ends up with a negative definite Jacobian of market demand on q^⊥. □ Now, application of Theorem 4.34 for regular GEI-economies with A_{·1} ≫ 0 delivers:

24For J = 1 it is trivial because there cannot be any trade a priori.

118 CHAPTER 4. UNIQUENESS IN THE FINANCE GEI-MODEL

Proposition 4.38 (Limits of Transferability) Let {(U^i, ω^i)_{i=1,...,I} } be an Arrow-Debreu economy where S > I^{25} and which displays multiple equilibria, then there exists a non-exceptional set of Jdimensional asset matrices, 2 ≤ J ≤ S − I + 1, which enable a portfolio with strictly positive payoff and for which the GEI-economy {(U^i, ω^i)_{i=1,...,I} , A} displays a unique equilibrium.

Non-exceptional means that small arbitrary changes in arbitrary entries of the asset matrix do not change the uniqueness property.^{26}

Having a further look on the proof of this result, especially the construction method of the counterexamples, one observes that instead of A^T_{·1} = (1, . . . , 1)^T it is possible to take any other strictly positive vector^{27}, which means that each strictly positive asset can be part of a matrix generating a counterexample! This observation is quite important because it emphasizes that not the single assets are important, but their interaction. Having constructed a counterexample with a specified matrix A ∈ R^{S×J} where J < S it is always possible to define a vector Ã_{·1} ∉< A >, but being strictly positive such that for an Ã which is constructed by starting with Ã_{·1} it is < Ã >≠< A >.

25This is a quite restrictive assumption, but it becomes weaker if one interprets i = 1, . . . , I not as single consumers, but types of consumers.

26In other words: for a given Arrow-Debreu economy {(U^i, ω^i)_{i=1,...,I} } with multiple equilibria the set of S ×J matrices generating corresponding GEI-economies with multiple equilibria is not generic in the set of all S × J matrices with rank = J and the first asset being positive.

27If one does not want to admit disturbances in any direction, it is even sufficient to demand A_{·1} > 0.

Chapter 5

On Uniqueness of Competitive Equilibria in Restricted Participation Economies

5.1 Introduction

In this chapter it will be clarified in how far the results on a unique equilibrium can be transferred from the Finance-GEI to restricted participation economies. This is the natural step after extending Arrow-Debreu results to incomplete markets.

Restricted participation (RPGEI-) economies are a generalization of the incomplete markets economies. The basic situation is the same: the economy is a multiperiod economy where in the beginning it is unknown which states of nature will be realized in the future. Consumers can trade without any restrictions on spot markets, but trade on financial markets — which allows transfers between periods and states — is restricted. Whereas in the incomplete markets economies all consumers are subjected to the same constraints, in restricted participation economies the constraints might be asymmetric among consumers. Polemarchakis and Siconolfi (1997, p. 289) explain that “participation is restricted when some reallocations of revenue are not attainable by some individuals at some commodity prices.” The Arrow-Debreu and GEI-models are special RPGEI-models.

Allowing for asymmetric constraints is motivated by the observation that “households may face different opportunities to transfer wealth between spot markets” (Siconolfi (1989, p. 273). Location problems and asymmetric information experience a better modeling than with symmetric constraints.

120 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Two seminal papers have to be named in the context of restricted participation which arose nearly at the same time: Siconolfi (1989) and Balasko, Cass, and Siconolfi (1990).

Siconolfi (1989) presents a quite general proof of existence for equilibria in a two-period restricted participation economy where assets pay off in units of account. In addition to standard assumptions on preferences and endowments he requires nothing else than some regularity assumptions on the trading restrictions. The paper is a generalization of Siconolfi (1986). Siconolfi (1989, p. 274) himself states that his result can be easily extended to arbitrary multiperiod models if the payments of assets which are traded at different dates do not overlap.

Balasko, Cass, and Siconolfi (1990) also consider two-period economies with asset payoffs denominated in units of account. They put linear homogeneous constraints on asset trading of the agents to obtain that generically in endowments the restricted participation economies display real indeterminacy as has been already observed for incomplete markets economies (Geanakoplos and Mas-Colell (1989), Balasko and Cass (1989)). An example of a three-period economy is given with assets, traded at different dates and having overlapping payoffs, for which no equilibrium exists.

Generic existence of equilibria under restricted participation is proved by Polemarchakis and Siconolfi (1997) for economies where assets pay off in commodities. Similarly to incomplete markets economies, within this framework existence problems arise because of discontinuities in the attainable reallocations. But asymmetric constraints in addition cause these discontinuities to differ among individuals. Nevertheless, Polemarchakis and Siconolfi (1997) are able to transfer the concept of pseudo-equilibria and proof their existence. Generically in endowments, assets, and trading constraints these pseudo-equilibria coincide with restricted participation equilibria.

Benveniste (1987) defines an economy for which in spite of restricted participation he characterizes when financial markets are essentially complete such that Arrow-Debreu equilibrium allocations are attainable.

Some part of the incomplete markets literature also considers economies where asymmetric information structures across consumers are modeled explicitly. As Polemarchakis and Siconolfi (1993) and Cass and Villanacci (2000) prove, the existence of fully non-revealing and partially revealing equilibria in such economies can be traced back to the existence of equilibria in restricted participation economies.

After a short presentation of the model including some considerations about constrained Pareto-efficiency I show by means of two simple examples that in general symmetric and asymmetric participation structures influence

5.2. EXTENSION OF THE GEI-MODEL 121

the number of equilibria. Nevertheless I am able to formulate sufficient conditions for a unique restricted participation equilibrium which allow asymmetric market participation (compare the overview given in Figure 5.1 at the end of this chapter). Note that for restricted participation economies I change the order of presentation in comparison to Arrow-Debreu and GEI-economies. This is because the limitations of transferability in Section 5.3 give some insight in problems of price normalization arising in the RPGEI-framework which is an important point when considering uniqueness of equilibria.

5.2 Restricted Participation Extension of the Finance GEI-Model

The model I consider is a special version of the equilibrium model with asymmetric constraints on portfolio holdings and incomplete financial markets for which Siconolfi (1989) proves the existence of an equilibrium. In contrast to Siconolfi (1989) I have to restrict attention to one-commodity economies. This seems reasonable because all results on uniqueness in the models with symmetric participation refer to this special case (compare Chapter 4). Siconolfi (1989) considers assets which pay off in units of account, but this transfers to real assets if there is only a single commodity. The model which I consider is narrower than Siconolfi’s (1989) since I only look on special linear subspaces of the trading space as individual restrictions: consumers are allowed to trade arbitrary quantities of assets contained in a subset of all assets. Otherwise, it would not be possible to apply first order conditions as necessary conditions for maximization which nearly all known results on uniqueness in complete and incomplete markets models require.

In one point I am more general than Siconolfi (1989): I do not require consumption today. With the same arguments as on page 27 for the Finance GEI-model consumption today can be included in this model. I am sure that Siconolfi’s (1989) result on existence remains valid in this model. Nevertheless, note that all the results can be reformulated for the model with consumption today. Merely the second example in Section 5.3 does not fit to that framework.^1

In contrast to the GEI-model, for each agent i ∈ I a trading set J^i ⊆ J is defined. Consumers are not allowed to trade all existing assets, but only those contained in J^i. This means that they have to choose a portfolio plan

1Polemarchakis and Siconolfi (1997, pp. 305/6) state that existence might fail without first period consumption, but their example does not satisfy the assumptions I establish below.

122 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

θ^i ∈ T^i := {θ ∈ R^J | θ_j = 0 ∀ j ∈ J\J^i}. (J^1, . . . , J^I ) ∈ ×_{i∈I} P(J) is called the participation structure. Here P(J) denotes the power set of J, i.e. the set of all subsets of J. If J^i = J^h for all i, h ∈ I the model is equivalent to the Finance GEI-model and the participation structure is called symmetric, otherwise asymmetric.

To summarize, a restricted participation economy is defined by RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A}. In addition to the Differentiability Assumptions 2.4 I impose the following assumptions on the asset matrix and the participation structure. Assumption 5.1 (RPGEI-Assumptions) For a restricted participation economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} the following properties are fulfilled:

1. For all j ∈ J there exists some i ∈ I such that j ∈ J^i.

2. There is no partition K^1, K^2 ⊆ J with K^1 ∪ K^2 = J and K^1 ∩ K^2 = ∅ such that for all i ∈ I either J^i ⊆ K^1 or J^i ⊆ K^2.

3. For all i ∈ I there is some θ ∈ T^i such that Aθ > 0.

4. For all i ∈ I it is rank A^i = ♯J^i where A^i := (A_{sj})_{s∈S,j∈J} i . The first assumption assures that all assets are tradable by at least one consumer. Otherwise, the price of such an asset would not be determined. One could redefine each economy such that this assumption is satisfied.^2 The second assumption prevents the economy from falling into subeconomies. If is not satisfied, one can work with each subeconomy on its own.^3

The third assumption is needed to assure non-satiation of individual asset demand which follows together with strict monotonicity of the utility functions.^4 It generalizes Assumption 2.14 to RPGEI-economies.

The last assumption is imposed to uniquely determine individual asset demand. Otherwise in equilibrium consumers would be indifferent between different portfolios.^{5 6} It is the generalization of Assumption 2.21 according to the RPGEI-extensions of the model.

2This assumption corresponds to Siconolfi’s (1989) Assumption A4. 3In Siconolfi (1989) this assumption is always satisfied because his model includes first period consumption.

4Again, in Siconolfi (1989) this assumption follows from first period consumption. 5Compare Assumption A5. in Siconolfi (1989).

6Balasko, Cass, and Siconolfi (1990) show how to reduce a restricted participation economy which does not satisfy this assumption to one which does and displays the same equilibrium spot prices and allocations.

5.2. EXTENSION OF THE GEI-MODEL 123

Under these assumptions each consumer’s decision problem in this new context is given by max x∈R^S_+,θ∈T^i U^i(x) s.t. q · θ = 0 ∧ x = ω^i + Aθ

(5.1)

which can be rewritten as

max_{θ∈Ti} U^i(ω^i + Aθ) s.t. q · θ = 0 ∧ ω^i + Aθ ≥ 0.

(5.2)

Its solution is a continuous function θ^i(q) on the set of individually arbitragefree asset prices^7

Q^i(A) := {q ∈ R^J | ̸∃ θ̃^i ∈ T^i s.t. ( −q^T A ) θ̃^i > 0}. As becomes clear from the considerations in Siconolfi (1989) on the set of no-arbitrage prices, under the Assumption 5.1 the no-arbitrage set in the Finance GEI-model is a subset of the one here, i.e. Q(A) = { q ∈ R^J | q = A^T π for some π ∈ R^S_{++} }

⊆ I⋂ i=1 { q ∈ R^J | q_J i = A^{iT} π^i for some π^i ∈ R^S_{++} }

= I⋂ i=1 { q ∈ R^J | ̸∃ θ̃^i ∈ R^{♯J i} with ( −q^T_{J i} A^i ) θ̃^i > 0 }

:= Q^R(A)

where the penultimate equality follows on the individual level in the same way as in the Finance GEI-model.

To simplify notation define

θ̂^i(q_{J i} ) := arg max θ∈R^{♯Ji} U^i(ω^i + A^iθ) s.t. q_J i · θ = 0 ∧ ω^i + A^iθ ≥ 0.

The coordinates of θ̂^i are denoted by j ∈ J^i.

Obviously it is

θ^i_j (q) = { 0, if j ∈ J\J^i, θ̂i_j(q_{J i} ), if j ∈ J i.

7The proof is analogue to Hens (1991, Proposition 2).

124 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Definition 5.2 (RPGEI-Equilibrium I) A tuple ( (x^{∗i}, θ^{∗i})_{i∈I} ) ∈ ×i∈I^(R^S_+ × T^{i)} and a price system q^∗ ∈ R^J consti-

tute an RPGEI-equilibrium if

1. (x^{∗i}, θ^{∗i}) solves the maximization problem (5.1) with q = q^∗ for all i = 1, . . . , I; 2. ∑_I i=1 x^{∗i} = ∑_I i=1 ω^i; 3. ∑_I i=1 θ^{∗i} = 0.

Since strict monotonicity and Assumption 5.1 assure a one-to-one-corre-spondence between consumption and portfolio plans, most of the time I omit consumption plans and consider the maximization problem in the form (5.2).

Definition 5.3 (RPGEI-Equilibrium II) A tuple (θ^{∗i})_{i∈I} ∈ ×_{i∈I} T^i and a price system q^∗ ∈ R^J constitute an RPGEIequilibrium if

1. (θ^{∗i}) solves the maximization problem (5.2) with q = q^∗ for all i = 1, . . . , I; 2. ∑_I i=1 θ^{∗i} = 0.

Individual and market demand are obviously homogeneous of degree zero in asset prices. Therefore, if q^∗ is an equilibrium price system, this is also true for λq^∗ with λ > 0. Within the restricted participation framework price normalization becomes more difficult. Therefore, let me start with the following definition of a unique RPGEI-equilibrium.

Definition 5.4 (Global Uniqueness of RPGEI-Equilibria) Given the economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A}, an equilibrium (θ^∗, q^∗) ∈

(×i∈I T^i ) × R^J is globally unique if there is no other portfolio allocation^¯θ ∈ ×i∈I T^i with^{∑I}_{i=1}^¯θ^i = 0 such that there exists a common q̄ ∈ R^J for which

each consumer solves (5.2) with θ̄^i.

If Assumption 5.1.4 is violated, the definition has to be done with respect to consumption allocations.

Concerning price systems, one has to be cautious: not in all restricted participation economies a conventional price normalization is possible (compare the second example in the next section). However, under some additional assumptions on the asset and the participation structure the normalization

Q̂^R_{1,ej} (A) := {q ∈ Q^R(A) | q · e^j = q_j = 1}

5.2. EXTENSION OF THE GEI-MODEL 125

can be applied. It is defined with respect to some numeraire asset j ∈ J, for example if A > 0. Moreover, one can take Q̂^R_{1,e}¯_j (A) if there is some j̄ ∈ J such that A_{·j̄} > 0 and j̄ ∈ J^i for all i ∈ I. Under these additional assumptions a unique equilibrium allocation is equivalent to the existence of a unique normalized equilibrium price system.

The definitions of the Weak Axiom of Revealed Preferences and monotonicity with respect to some normalizing vector basically remain the same as in the GEI-model and also the implications of these properties for the uniqueness of the equilibria. Merely, the domain changes: for individual demand functions it is Q^i(A), for market demand Q^R(A). These sets are also open and convex. Obviously, individual demand functions only satisfy the properties in their weak versions whenever J^i ⊂ J.

In Section 5.4 it is demonstrated which strong restrictions on the participation structures are necessary to obtain WARP and monotonicity for market demand whenever the participation structures are asymmetric.

In the same way as for the Finance GEI-model the notion of Paretoefficiency has to be adapted to the restricted participation framework: reallocations should only be allowed within the possibilities given by the trading sets (J^i)_{i∈I} .

Definition 5.5 (Constrained Pareto-Efficiency) Given an economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A}, a feasible allocation x^∗ ∈ R^{S×I}_+ is constrained Pareto-efficient if for all i ∈ I it is x^{∗i} − ω^i = Aθ^{∗i} for some θ^{∗i} ∈ T^i with ∑_I i=1 θ^{∗i} ≤ 0 and there is no other feasible allocation x̌ ∈ R^{S×I}_+ with x̌^i − ω^i = Aθ̌^i for some θ̌^i ∈ T^i with ∑_I i=1 θ̌i ≤ 0 such that U^i(x̌^i) ≥ U^i(x^{∗i}) for all i ∈ I with at least one strict inequality.

The corresponding portfolio allocations are also called constrained Paretoefficient. Under some further restrictions one can prove constrained Paretoefficiency of RPGEI-equilibria.

Theorem 5.6 (Constr. Pareto-Efficiency of RPGEI-Equilibria) Given an economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} with J^1 = J or A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i, the RPGEI-equilibria are constrained Pareto-efficient.

The proof of the GEI-model via the no-arbitrage condition (compare Magill and Quinzii (1996b, Theorem 12.3) cannot be transferred since price systems stop to be arbitrage-free and one only knows that they are individually arbitrage-free. An alternative proof is possible when the assumptions for differentiability are satisfied (compare Magill and Quinzii (1996b, p. 105)). Therefore, the following two lemmas are helpful which also establish easily verifiable conditions for constrained Pareto-efficiency and can be applied for the proofs of Lemma 5.11 and Proposition 5.12.

126 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Lemma 5.7 (Alternative Def. of Constr. Pareto-Efficiency) Given RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} with either J^1 = J or A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i or A > 0, an allocation x̄ = (x̄^i)_{i∈I} ∈ R^{S×I}_+ is constrained Pareto-efficient if and only if there is some tuple (k̄^i)_{i=2,...,I} ∈ R^{I−1}_{++} such that x̄ solves max x∈R^{S×I}_+ U^1(x^1) | | | | | U^i(x^i) ≥ k̄^i for all i = 2, . . . , I;

x^i = ω^i + Aθ^i for some θ^i ∈ T^i for all i ∈ I; ∑_I i=1 θ^i = 0 . (5.3)

Proof:

⇒: Define k̄^i = U^i(x̄^i) for all i = 2, . . . , I. Since (x̄^i)_{i∈I} is constrained Paretoefficient, there exist θ̄^i ∈ T^i with x̄^i = ω^i + Aθ̄^i and ∑ i∈I θ̄i = 0 because of Assumption 5.1 and strict monotonicity of U^i, i = 1, . . . , I. Now, assume x̄ is not maximizer of (5.3), i.e. there is x̂ ∈ R^{S×I}_+ satisfying the constraints of (5.3) with

U^1(x̂^1) > U^1(x̄^1).

Then x̂ is a reallocation of x̄ with at least the same utility for all i = 2, . . . , I, but higher utility for i = 1 which contradicts constraint Pareto-efficiency.

⇐: Assume x̄ solves the maximization problem (5.3) for (k̄^2, . . . , k̄^I ), but is not constrained Pareto-efficient. Let x̂ ∈ R^{S×I}_+ be the constrained Paretoimprovement within the trading sets where

U^h(x̂^h) > U^h(x̄^h) for some h ∈ I,

(5.4) U^i(x̂^i) ≥ U^i(x̄^i) for all i ∈ I.

(5.5)

If (5.4) is satisfied for h = 1, x̄ is not maximizer of (5.3) because (5.5) implies U^i(x̂^i) ≥ U^i(x̄^i) ≥ k̄^i for i = 2, . . . , I and the other constraints in (5.3) are part of the definition of constrained Pareto-efficiency. Therefore assume U^1(x̂^1) = U^1(x̄^1).

1. J^1 = J: Because of Assumption 5.1.3 there is some θ̄^h ∈ T^h with Aθ̄^h > 0. Choose ϵ > 0 sufficiently small such that x̂^h − ϵAθ̄^h ≫ 0^8 and U^h(x̂^h − ϵAθ̄^h) > U^h(x̄^h) ≥ k̄^h. Then, x̃ ∈ R^{S×I}_+ with x̃^1 = x̂^1 + ϵAθ̄^h, x̃^h = x̂^h − ϵAθ̄^h, x̃^i = x̂^i for all i ≠ 1, h satisfies the constraints of (5.3), but assures U^1(x̃^1) > U^1(x̄^1) which contradicts the maximization property.

8The assumptions on U^h and ω^h assure x̂^h ≫ 0.

5.2. EXTENSION OF THE GEI-MODEL 127

2. A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i: This can be proved analogously to the first case because θ̄^h = e^{j̄} ∈ T^1 ∩ T^h and Ae^{j̄} = A_·¯_j > 0.

3. A > 0: There exists a chain of consumers i_1, . . . , i_N , N ∈ N, such that i_1 = h, i_2, . . . , i_{N−1} ∈ I\{1}, i_N = 1 and there is some j̄_n ∈ J^{in} ∩ J^{in+1} for all n ∈ {1, . . . , N − 1}. Therefore, the idea of the first case can be extended in the sense that consumer i_n gives a little bit of the positive asset j̄_n to consumer i_{n+1} with receiving at least utility k̄^{in} for n < N and the last consumer i_N = 1 receiving more than U^1(x̄^1). This contradicts the maximization property. □ This lemma is used to prove the following one.

Lemma 5.8 (Alternative Def. for Constr. Pareto-Efficiency)

1. Given RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} with A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i, an allocation x̄ = (x̄^i)_{i∈I} ∈ R^{S×I}_+ is constrained Pareto-efficient if and only if x̄^i = ω^i + Aθ̄^i for some θ̄^i ∈ T^i, i = 1, . . . , I, where ∑ i∈I θ̄i = 0 and ∇U^i(ω^i + Aθ^i)A_{·j} ∇U^i(ω^i + Aθ^i)A_·¯_j = ∇U^h(ω^h + Aθ^h)A_{·j} ∇U^h(ω^h + Aθ^h)A_·¯_j

(5.6)

for all i, h ∈ I × I and j ∈ J^i ∩ J^h.

2. Given RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} with J^1 = J, an allocation x̄ = (x̄^i)_{i∈I} ∈ R^{S×I}_+ is constrained Pareto-efficient if and only if x̄^i = ω^i+Aθ̄^i for some θ̄^i ∈ T^i , i = 1, . . . , I, where ∑ i∈I θ̄i = 0 and ∇U^1(ω^1 + Aθ^1)A_{·j} ∇U^1(ω^1 + Aθ^1)Aθ̃^i = ∇U^i(ω^i + Aθ^i)A_{·j} ∇U^i(ω^i + Aθ^i)Aθ̃^i (5.7)

for all i ∈ I\{1} and j ∈ J^i where θ̃^i ∈ T^i such that Assumption 5.1.3, i.e. Aθ̃^i > 0, is satisfied.

Proof: Instead of constrained Pareto-efficiency consider the maximization condition (5.3) of the last lemma. From the proof of the lemma it becomes clear that the maximizer will satisfy all constraints with equality. The corresponding Lagrangian function is

128 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL L(x^1, . . . , x^I , θ^1_J 1 , . . . , θ^I_J I , α̃^2, . . . , α̃^I , π^1, . . . , π^I , q_1, . . . , q_J ) = U^1(x^1) − I∑ i=2 α̃^i ( U^i(x^i) − k̄^i ) − S∑ s=1 I∑ i=1 π^i_s ( x^i_s − ω^i_s − A_{sJ} i θ^i_J i )

− J∑ j=1 q_j ∑ i:j∈J^i θ^i_j where α̃^i, π^i_s, q_j are the Lagrangian multipliers. Because of strict quasiconcavity of U^i, i ∈ I, and the other assumptions on the economy the maximization property is equivalent to fulfillment of the first order conditions: ∇U^1(x^1) − π^{1T} = 0;

(5.8) α^i∇U^i(x^i) − π^{iT} = 0, i = 2, . . . , I; (5.9) ∑ s∈S π^i_sA_{sj} − q_j = 0, i ∈ I, j ∈ J^i; (5.10)

U^i(x^i) − k̄^i = 0, i = 2, . . . , I;

(5.11) x^i − ω^i − A^iθ^i_J i = 0, i = 1, . . . , I; (5.12) ∑ i:j∈J^i θ^i_j = 0, j = 1, . . . , J. (5.13)

Here is α^i = −α̃^i for i ≠ 1.

⇒: Substitute (5.8) and (5.9) in (5.10) to obtain α^i∇U^i(x^i)A_{·j} = q_j for all i ∈ I, j ∈ J^i where α^1 = 1. This leads to the following implications for x̄ = (x̄^i)_{i∈I} :

1. A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i: ∇U^i(x̄^i)A_{·j} ∇U^i(x̄^i)A_·¯_j = q_j q¯_j whenever j ∈ J^i;

2. J^1 = J: ∇U^i(x̄^i)A_{·j} ∇U^i(x̄^i)Aθ̃^i = q_j q · θ̃^i whenever i ∈ I\{1} and j ∈ J^i. Note q · θ̃^i ≠ 0 because Aθ̃^i > 0. Besides concerning i = 1 it follows for θ̂ ∈ R^J with q · θ̂ ≠ 0 (i.e. especially for θ̃^i, i = 2, . . . , I) that ∇U^1(x̄^1)A_{·j} ∇U^1(x̄^1)Aθ̂ = q_j q · θ̂ .

5.2. EXTENSION OF THE GEI-MODEL 129

The remaining points are obvious.

⇐: Define k̄^i = U^i(x̄^i) for i = 2, . . . , I. Therefore, x̄ = (x̄^i)_{i∈I} and (θ̄^i_{J i} )_{i∈I} satisfy equations (5.11)–(5.13) such that it remains to prove (5.8)–(5.10).

1. A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i: Define q_j = ∇U^1(x̄^1)A_{·j} for all j ∈ J^1, α^1 = 1 and α^i =^{∇U 1(x̄1)A·j̄}

∇U^i(x̄^i)A_·¯_j for all i ∈ I\{1}. Now choose inductively for all i ∈ I\{1} q_j = α^i∇U^i(x̄^i)A_{·j} for all j ∈ J^i\ i−1⋃ h=1 J^h. With π^{iT} = α^i∇U^i(x̄^i) for all i ∈ I equations (5.8)–(5.10) follow from (5.6).

2. J^1 = J: Define π^{1T} = ∇U^1(x̄^1). For j ∈ J^1 = J and i ∈ I\{1} take

q_j = ∇U^1(x̄^1)A_{·j},

α^i = q · θ̃^i ∇U^i(x̄^i)Aθ̃^i , π^{iT} = α^i∇U^i(x̄^i).

Equations (5.8) and (5.9) are obvious as well as (5.10) for i = 1. Besides for i ≠ 1 and j ∈ J^i π^{iT} A_{·j} = α^i∇U^i(x̄^i)A_{·j} = q · θ̃^i ∇U^i(x̄^i)Aθ̃^i ∇U^i(x̄^i)A_{·j} = q · θ̃^i · ∇U^1(x̄^1)A_{·j} ∇U^1(x̄^1)Aθ̃^i = ∇U^1(x̄^1)A_{·j} = q_j where the third equality follows from (5.7) and the fourth and the fifth one from definition of q_j . □ This lemma allows to prove Theorem 5.6: first order conditions for consumers’ maximization problems implying conditions (5.6) respectively (5.7) together with market clearing allow to apply Lemma 5.8.

130 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

5.3 Limits of Transferability from GEI-Econo-mies to RPGEI-Economies

In this section I give two simple examples which have the following somewhat surprising features:

1. There are multiple equilibria in the restricted participation economy with asymmetric participation, but there is no symmetric participation structure with multiple equilibria.

2. There is a unique equilibrium in the restricted participation economy with asymmetric participation, but none of the economies with a symmetric participation structure equal to one of the individual participation structures or the union of all individual participation structures has to have a unique equilibrium.

The examples I present in the following are really quite simple. Nevertheless, they illuminate the effects of asymmetric participation on the uniqueness of equilibria.

To prove the first point, consider a restricted participation economy with I = 4 consumers and S = 2 states.

Consumers i = 1 and i = 2 are characterized by utility functions U : R^2_+ → R respectively V : R^2_+ → R satisfying the expected utility hypothesis with respect to an objective probability measure. Their endowments ω^1 and ω^2 ∈ R^2_{++} are chosen such that the corresponding Arrow-Debreu economy displays multiple equilibria.^9

Consumers i = 3 and i = 4 are characterized by the same utility functions U : R^2_+ → R respectively V : R^2_+ → R, but their endowments are permuted such that ω^3 = (ω^1_2, ω^1 )^T and ω^4 = (ω^2 , ω^2_1)^T . Now define A = ( 1 0 0 0 1 2 ) . Then, for all symmetric participation structures (i.e. there is some J̃ ⊆ {1, 2, 3} such that for all i ∈ I it is J^i = J̃) there is a unique equilibrium:

If J̃ ∈ {{1, 2}, {1, 3}}, uniqueness follows because the model is equivalent to an Arrow-Debreu economy with a riskless aggregate endowment where consumers are characterized by expected utility functions with respect to the same objective probability measure (compare Proposition 3.13).

9For an example of such an economy compare page 51 ff.

5.3. LIMITS OF TRANSFERABILITY 131

If |J̃| ≤ 1, then because of A > 0 and individual arbitrage-freeness each kind of trade is excluded such that the no-trade equilibrium is the unique equilibrium.

If J̃ = {1, 2, 3}, the symmetric restricted participation structure does not satisfy Assumption 5.1.4. Nevertheless with the same argument as in the first case, the equilibrium commodity allocation is unique (not the portfolio allocation!).

If J̃ = {2, 3}, this is equivalent to symmetric participation structures J̃ = {2} or J̃ = {3} because of asset redundancy.

However, for the asymmetric participation structure given by J^1 = J^2 = {1, 2} and J^3 = J^4 = {1, 3} there are multiple equilibria in Q̂^R_{1,e1} (A): let (x^{∗1}, x^{∗2}, π^∗) and (x̂^1, x̂^2, π̂) with π^∗_1 = π̂_1 = 1 be two different equilibria of the Arrow-Debreu economy defined by the first two consumers and let (x̄^3, x̄^4, π̄) with π̄_1 = 1 be an equilibrium of the Arrow-Debreu-economy defined by consumers 3 and 4. Then, (x^{∗1}, x^{∗2}, x̄^3, x̄^4) with the corresponding portfolio allocations and q^∗ = (1, π^∗_2 , 2π̄_2)^T constitute an equilibrium with respect to normalization Q̂^R_{1,e}1 (A) as well as (x̂^1, x̂^2, x̄^3, x̄^4) with the corresponding portfolio allocations and q^∗ = (1, π̂_2, 2π̄_2)^T . The intuition is that for these two equilibria the RPGEI-economy falls into two subeconomies which are related by the first normalized state.

Now, consider the reverse direction: even though there is a unique equilibrium for an asymmetric participation structure, all symmetric participation structures defined by one of the individual trading sets evoke multiple equilibria.

Let (U^i, ω^i)_{i=1,2} be an Arrow-Debreu-economy with three different normalized equilibria

(x^{∗1}, x^{∗2}, π^∗); (x̂^1, x̂^2, π̂); (x̄^1, x̄^2, π̄)

with π^∗_1 = π̂_1 = π̄_1 = 1 and x^{∗1} < x̂^1 < x̄^1.^{10} Note that I have not specified the number of states/commodities. Define

A_{·1} = ω^1 − x^{∗1}; A_{·2} = ω^1 − x̂^1; A_{·3} = ω^1 − x̄^1.

The assumptions on the equilibrium allocations assure that for participation structures with J^i ∈ {{1, 2}, {1, 3}, {2, 3}} for all i ∈ I the Assumptions 5.1.2–5.1.4 are satisfied. Especially the existence of multiple equilibria implies

10For example, this is satisfied by the example given in Kehoe (1991, p. 2066). Hens and Pilgrim (2001, Lemma 1) note that this is true for each two-consumer Arrow-Debreu economy with multiple equilibria where consumers are characterized by additively separable utility functions.

132 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

that there has to be trade in the equilibria and equilibrium allocations are unequal to the endowments. This implies A_{·j} ≠ 0 for all j ∈ J.

If J^1 = {1, 2} and J^2 = {1, 3} Assumption 5.1.1 is satisfied and the only asset which can be traded in the restricted participation economy is the first asset. Therefore, there is a unique equilibrium with commodity allocations given by the first Arrow-Debreu equilibrium, portfolio plans θ^1 = −θ^2 = (−1, 0, 0)^T where the price of the first asset is zero and the other asset prices do not matter. Note that this is not the no-trade equilibrium!

However, for the symmetric participation structures where all consumers are characterized by the same trading set J̃ ∈ {{1, 2}, {1, 3}, {1, 2, 3}}^{11} one easily computes the existence of the^∗- and the ^- respectively the^∗- and the ¯- respectively the^∗-, the ^- and the ¯-equilibrium allocations, corresponding portfolio allocations, and asset price systems q defined by q_j = π · A_{·j} for j ∈ J̃.^{12}

5.4 How to Transfer the Results on Uniqueness from GEI- to RPGEI-Economies

In this section I give sufficient conditions to guarantee a unique restricted participation equilibrium. Attention is directed to asymmetric participation structures. For symmetric participation structures the results from Chapter 4 can be applied because then the RPGEI-economy is equivalent to a GEI-economy. This is contained in the following proposition which requires restrictive properties of the participation structure.

Proposition 5.9 (Coherency to the GEI-Model) Given the economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} such that there is some J̄ ⊆ J with J^i ∩ ⋃ h∈I\{i} J^h = J̄

for all i ∈ I and A_·¯_j > 0 for some j̄ ∈ J̄, the restricted participation economy has a unique equilibrium if and only if the Finance GEI-economy given by {(U^i, ω^i)_{i∈I} , (A_{·j})_{j∈}¯_J } has a unique equilibrium.

11Clearly for J̃ = {1, 2} respectively J̃ = {1, 3} Assumption 5.1.1 is not satisfied, but here I am interested in the corresponding GEI-economies.

12For J̃ = {1, 2, 3} the portfolio demands are not necessarily uniquely determined because A_{·1}, A_{·2}, A_{·3} might be linearly dependent.

5.4. HOW TO TRANSFER RESULTS ON UNIQUENESS 133

A_·¯_j > 0 is no strong restriction since J̄ ⊆ J^i for all i ∈ I allows to substitute A_·¯_J by A_·¯_J M for some invertible J̄ ×J̄-matrix M without changing the number of equilibria. This is the same as with Proposition 4.3.

The condition on the participation structure requires the existence of a set of assets which can be traded by all consumers and all the other existing assets can be traded by exactly one consumer. Therefore, a priori it is clear that there cannot be any trade of these additional assets.

The result is quite obvious. Therefore I only give a proof for the case where it is sufficient to look at first order conditions to solve consumers’ maximization problems.^{13}

Proof: It is possible to apply the price normalization q¯_j = 1 for the restricted participation as well as the Finance GEI-economy.

For the restricted participation economy ( (θ^{iR})_{i∈I} , q^R ) ∈ R^{J×I} × R^J is equilibrium if and only if

∇U^i(ω^i + Aθ^{iR})A_{·j} − λ^{iR}q^R_j = 0 for all (i, j) ∈ I × J with j ∈ J^i,

(5.14) q^R · θ^{iR} = 0 for all i ∈ I,

(5.15) θ^{iR}_j = 0 for all (i, j) ∈ I × J with j ∈ J\J^i,

(5.16) ∑ i∈I θ^{iR}_j = 0 for all j ∈ J,

(5.17)

where λ^{iR}, i = 1, . . . , I, are the Lagrangian multipliers. Because of the restriction on the participation structure (5.16) and (5.17) can be substituted by θ^{iR}_j = 0 for all (i, j) ∈ I × J with j ∈ J\J̄,

(5.18) ∑ i∈I θ^{iR}_j = 0 for all j ∈ J̄.

(5.19)

(5.18) allows the substitution of (5.14) and (5.15) by

∇U^i(ω^i + A_·¯_J θ^{iR}_{J̄} )A_{·j} − λ^{iR}q^R_j = 0 for all (i, j) ∈ I×J with j ∈ J^i,

(5.20) q^R_{J̄} · θ^{iR}_{J̄} = 0 for all i ∈ I,

(5.21)

where the subscript J̄ denotes the restriction to J̄.

For the Finance GEI-economy ( (θ^{iF} )_{i∈I} , q^F ) ∈ R^{♯J̄ ×I} ×R^{♯J̄ 14} is equilibrium if and only if

13All the results on uniqueness in the Finance GEI-model given in Chapter 4 are formulated under these conditions.

14For simplicity the coordinates are denoted by the elements of J̄.

134 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

∇U^i(ω^i + A_·¯_J θ^{iF} )A_{·j} − λ^{iF} q^F_j = 0 for all (i, j) ∈ I × J̄,

(5.22) q^F · θ^{iF} = 0 for all i ∈ I,

(5.23) ∑ i∈I θ^{iF}_j = 0 for all j ∈ J̄,

(5.24)

for Lagrangian multipliers λ^{iF} , i = 1, . . . , I. With θ^{iR} = { θ^{iF}_j for j ∈ J̄, 0 for j ∈ J\J̄, λ^{iR} = λ^{iF} , q^R_j = { q^F_j for j ∈ J̄, 1 λ^{iF} ∇U i(ω^i + A_·¯_J θ^{iF} )A_{·j} for j ∈ ( J\J̄ ) ∩ J^i, the content of the proposition follows. □ In addition, there are results on the uniqueness of restricted participation equilibria which are not directly built on the GEI-results.

5.4.1 Existence of Explicit Pricing Formulas

No-Trade Equilibrium

The simplest case to imagine is the one where all U^i and ω^i are identical such that there is no incentive for trading. This can be seen as special case of constrained Pareto-efficient endowments. According to Lemma 5.8 a necessary and sufficient condition when A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i is given by ∇U^i(ω^i)A_{·j} ∇U^i(ω^i)A_·¯_j = ∇U^h(ω^h)A_{·j} ∇U^h(ω^h)A_·¯_j

(5.25)

for all (i, h) ∈ I × I and j ∈ J^i ∩ J^h or when J^1 = J by

∇U^1(ω^1)A_{·j} ∇U^1(ω^1)Aθ̃^i = ∇U^i(ω^i)A_{·j} ∇U^i(ω^i)Aθ̃^i (5.26)

for all i ∈ I\{1} and j ∈ J^i where θ̃^i ∈ T^i such that Assumption 5.1.3, i.e. A^iθ̃^i_{J i} > 0, is satisfied. The chance for fulfillment of these equations is bigger than the one for the corresponding equations for GEI = {(U^i, ω^i)_{i∈I} , A}.

5.4. HOW TO TRANSFER RESULTS ON UNIQUENESS 135

Proposition 5.10 (Uniqueness for Constrained Pareto-Efficiency) Given the economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} with either J^1 = J or A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i and (ω^i)_{i∈I} constrained Pareto-efficient, there is a unique RPGEI-equilibrium, namely the no-trade equilibrium. For J^1 = J normalization q · θ̃^1 = 1 delivers

q^∗_j =

∇U^1(ω^1)A_{·j} ∇U^1(ω^1)Aθ̃^1

and for the second case normalization q^∗_{j̄} = 1 delivers

q^∗_j = ∇U^i(ω^i)A_{·j} ∇U^i(ω^i)A_·¯_j

for all i ∈ I with j ∈ J^i.

The proof is the same as the one for Proposition 4.14 because trading sets T^i are linear subspaces of R^J and contain θ^i = 0.

The analogue to Lemma 4.15 is given in the following way. Note that one cannot switch to alternative representations of the asset span < A > because the participation structure depends on A.

Lemma 5.11 (Implications of Constrained Pareto-Efficiency) If the no-trade allocation (ω^i)_{i∈I} is constrained Pareto-efficient in RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A}, this also true for ~RP GEI = {(U^i, ω^i, J̃^i)_{i∈I} , A_·~_J } where J̃ ⊆ J and for all i ∈ I it is J̃ i ⊆ J i ∩ J̃. RP GEI and ~RP GEI both have to satisfy Assumption 5.1 and either J^1 = J respectively J̃^1 = J̃ or A_·¯_j > 0 for some j̄ ∈ ⋂ i∈I J^i respectively Ã_·~_j > 0 for some j̃ ∈ ⋂ i∈I J̃ i. This follows because the possibilities of reallocation in ~RP GEI constitute a subset of those in RP GEI. Apply Lemma 5.8 and transfer the proof of Lemma 4.15.

Proposition 5.12 (Inclusion Property) If the economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} is characterized by the unique (constrained Pareto-efficient) no-trade RPGEI-equilibrium, this is also true for ~ RP GEI = {(U^i, ω^i, J̃^i)_{i∈I} , A_·~_J } whenever RP GEI and ~RP GEI satisfy the conditions given in the previous lemma.

Complete Risk Sharing

To obtain complete risk sharing in equilibria, in addition to the conditions for the Arrow-Debreu model in RPGEI-economies one needs the assumption of “individually spanned” endowments.

136 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Proposition 5.13 (Complete Risk Sharing) Let an economy RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} be given such that for all i = 1, . . . , I the expected utility hypothesis is satisfied, i.e.

U^i(x) = S∑ s=1 ρ̄_su^i(x_s),

where u^i satisfies standard assumptions and ρ̄ is an objective probability measure. Endowments are individually spanned, i.e.

ω^i = Aθ^i_ω for some θ^i_ω ∈ T^i .

If ω is riskless (i.e. ω = ω̄1I for some ω̄ ∈ R_{++} ) and ∑_I i=1 θ^i_ω ∈ T^i for all i ∈ I, the equilibrium is unique. With price normalization q · ∑_I i=1 θ^i_ω = ω̄ one obtains the pricing formula q^{∗T} = (_S ∑ s=1 ρ̄_sA_{s1}, . . . , S∑ s=1 ρ̄_sA_{sJ} ) . Note that the pricing formula is independent of the participation structure and therefore equal to the GEI-formula.

Proof: There is exactly one normalized equilibrium price system q^∗ such that the corresponding allocation is riskless. This follows because in this case first order conditions for (5.2) determine prices to satisfy q_j ω̄ = q_j q · ∑_I i=1 θ^i_ω = ∑_S s=1 ρ̄_sA_{sj} ∑_S s=1 ρ̄_sA_{s·} ∑_I i=1 θ^i_ω = ∑_S s=1 ρ̄_sA_{sj} ω̄ (5.27)

whenever j ∈ J^i for some i ∈ I. Then Assumption 5.1 implies this relation for arbitrary j ∈ J. The assumptions on the economy imply that all equilibrium allocations are riskless. Suppose not. Let (x̂^i)_{i=1,...,I} be the corresponding allocation with x̂^i = A(θ^i_ω + θ̂^i) for some θ̂^i ∈ T^i, i = 1, . . . , I, with ∑_I i=1 θ̂i = 0. Strict concavity of u^i, i = 1, . . . , I, assures that x^{∗i} = (∑_S s=1 ρ̄_sx̂^i_s ) 1I, i = 1, . . . , I, improves all consumers and at least one of them strictly. Since I∑ i=1 x^{∗i} = I∑ i=1 (_S ∑ s=1 ρ̄_sx̂^i_s ) 1I = S∑ s=1 ρ̄_s (_I ∑ i=1 x̂^i_s ) 1I = S∑ s=1 ρ̄_sω_s1I = ω̄1I and x^{∗i} = S∑ s=1 ρ̄_sA_{s·}(θ^i_ω + θ̂^i)1I = ω^i + Aθ^{∗i}

5.4. HOW TO TRANSFER RESULTS ON UNIQUENESS 137

with θ^{∗i} =^1_{ω̄} ∑_S s=1 ρ̄_sA_{s·}(θ^i_ω +θ̂^i) ∑_I i=1 θ^i_ω −θ^i_ω, this contradicts the constrained Pareto-efficiency of RPGEI-equilibria because θ^{∗i} ∈ T^i for all i ∈ I and ∑_I i=1 θ^{∗i} = 0. □ The reasoning on uniqueness of FM-equilibria via quadratic utility or homothetic preferences (existence of a representative consumer) cannot be transferred to RPGEI-economies with asymmetric participation structures. Therefore, I go on with the property of monotonicity.

5.4.2 How to Obtain Monotonicity

Those results on uniqueness in the GEI-model which are built on the Mitjushin-Polterovich coefficient do no longer hold in the RPGEI-framework with asymmetric participation structures. Even the additional assumption of individually spanned endowments is not helpful, because it implies monotonicity of individual demand θ̂^i(q_J i ) with respect to the spanning vector (θ̄^i_ω)_J i , but for asymmetric participation structures collinearity of (θ̄^i_ω)_{i∈I} never holds and therefore market demand cannot be proved to be monotone. Also under the expected utility hypothesis — even for the existence of fundamental sets with respect to individual trading sets — monotonicity of market demand cannot be shown because individual demand functions are not monotone with respect to the same normalizing vector. Therefore, it remains to check what happens for quasi-linear utility or two assets and a small relative risk aversion.

Proposition 5.14 (Uniqueness for Quasi-Linearity) Assume RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} such that U^i is quasi-linear for all i ∈ I, i.e. there exists some strictly concave function Ũ^i : R^{S−1}_+ → R such that

U^i(x) = x_1 + Ũ^i(x_{−1})

and Ũ^i satisfies Assumption 2.4 on R^{S−1}_+ . If A models first period consumption, i.e. A = ( 1 0 0 Ǎ )

for some Ǎ ∈ R^{(S−1)×(J−1)} and for all consumers it is 1 ∈ J^i, the economy exhibits a unique RPGEI-equilibrium whenever today’s endowments are sufficiently large.

138 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Proof^{15}: Since 1 ∈ J^i for all i ∈ I and A_{·1} > 0 the first asset can be taken as a numeraire and price normalization Q̂^R_{1,e}1 (A) can be applied. Therefore, each consumers maximization problem can be rewritten as max θ_{−1}∈R^{J−1} ω^i_1 − q_{−1} · θ_{−1} + Ũ^i(ω^i_{−1} + Ǎθ_{−1})

s.t. ω^i_1 − q_{−1} · θ_{−1} ≥ 0, ∧ ω^i_{−1} + Ǎθ_{−1} ≥ 0, ∧ θ_j = 0 for j ∈ J\J^i.

Assumptions 5.1 and 2.4 assure that tomorrow’s consumption plans are chosen to be strictly greater than 0. Therefore, w.l.o.g. the restriction ω^i_{−1} + Ǎθ_{−1} ≥ 0 can be omitted.

At first consider the maximization problem also without the restriction ω^i_1 − q_{−1} · θ_{−1} ≥ 0. Strict concavity of Ũ^i then assures sufficiency of the following (first order) conditions for maximization (together with θ^i_j = 0 for j ∈ J\J^i): q_j = ∇Ũ^i(ω^i_{−1} + Ǎθ^i_{−1})Ǎ_{·j} for all j ∈ J^i\{1}.

Since θ^i_j , j ∈ J\J^i is fixed to zero, the differential form is for Ǎ^i = (Ǎ_{·j})_{j∈J} i_{\{1}} given by dq_J i_{\{1}} = (Ǎ^i)^T D^2Ũ^i(x^i_{−1})Ǎ^idθ̂^i_{−1}( ( 1 q_J i_{\{1}} ) ) where H^i := (Ǎ^i)^T D^2Ũ^i(x^i_{−1})Ǎ^i is negative definite because Ũ^i is strictly concave and there are no redundancies in Ǎ^i. Therefore, H^i has a negative definite inverse (H^i)^{−1} and it is ∂_{qJi\{1}}θ̂^i_{−1}( ( 1 q_J i_{\{1}} ) ) = (H^i)^{−1}

which implies negative semi-definiteness of ∂_{q−1} θ^i_{−1}(

(_1 q_{−1} ) ). To prove that θ( ( 1 q_{−1} ) ) = ∑ i∈I θ^i( ( 1 q_{−1} ) ) = 0

has a unique solution q_{−1}, it is sufficient to prove the negative definiteness of ∂_{q−1} θ_{−1}(

(_1 q_{−1} ) ) = ∑ i∈I ∂_{q−1} θ^i_{−1}( (_1 q_{−1} ) ). Therefore, take some arbitrary v ∈

15This proof is a transformation of the corresponding proof for GEI-economies given in Voß (1997, Satz 4.1.7).

5.4. HOW TO TRANSFER RESULTS ON UNIQUENESS 139

R^{J−1} \{0}. Since v ≠ 0 and each j ∈ J can be traded by at least one consumer, there has to be some h̄ ∈ I with

v^T ∂_{q−1} θ^{h̄}_{−1}( ( 1 q_{−1} ) )v < 0. Together with the negative semidefiniteness of the normalized Jacobian of all other individual demand functions this proves negative definiteness of the normalized Jacobian of market demand.

In addition, a sufficiently large first period endowment for each consumer allows to restrict ex post first period consumption to be non-negative without changing the equilibria.

From first order conditions and budget constraints one obtains

x^i_1 = ω^i_1 − q_{−1} · θ^i_{−1} = ω^i_1 − q_J i_{\{1}} · θ^i_J i_{\{1}} = ω^i_1 − ∇Ũ^i(x^i_{−1})Ǎ^iθ^i_J i_{\{1}} = ω^i_1 − ∇Ũ^i(x^i_{−1})(x^i_{−1} − ω^i_{−1}).

Since x^i_{−1} ≥ 0 for all i ∈ I, one knows for all attainable commodity allocations

0 ≤ x^i_{−1} ≤ ω_{−1} := ∑ i∈I ω^i_{−1}.

Therefore, together with strict monotonicity of Ũ^i this implies

x^i_1 ≥ ω^i_1 − ∇Ũ^i(x^i_{−1}) ∑ h∈I\{i} ω^h_{−1}. (5.28)

If I(ω^i_{−1}) is consumer i’s indifference curve through ( 0 ω^i_{−1} ) and S(ω^i_{−1}) :=

I(ω^i_{−1}) ∩ ({0} × R^{S−1}_+ ), the assumptions on Ũ^i guarantee S(ω^i_{−1}) ⊆ {0} × R^{S−1}_{++} . The set H(ω^i_{−1}) := { y ∈ R^{S−1}_+ | ∃ z ∈ S(ω^i_{−1}) with z_{−1} ≤ y ≤ ω_{−1} } obviously is compact such that in this set there is a maximizer m̄^i of the continuous function ∇Ũ^i(y) ∑ h∈I\{i} ω h −1. Now assume

∇Ũ^i(m̄^i) ∑ h∈I\{i} ω^h_{−1} < ω^i_1,

(5.29)

i.e. first period endowment is sufficiently large. If x^i_1 were negative, strict monotonicity of U^i and ω^i_1 > 0 together with attainability would imply x^i_{−1} ∈

140 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

H(ω^i_{−1}). Then (5.28) and (5.29) assure x^i_1 > 0 which is a contradiction. □ Other results on the uniqueness of restricted participation equilibria are obtainable in economies where consumers are characterized by expected utility functions. Here, the results are very close to the results on uniqueness under symmetric participation. The reason is that the proof in the Finance GEI-model either applies monotonicity with respect to the normalizing vector e^1 which is independent of consumers’ endowments or the property of strict gross substitution for individual demand functions which implies the weak gross substitution property of market demand in the restricted participation economy. A priori this is not sufficient for a unique restricted participation equilibrium. However, since each asset is traded by at least one consumer, uniqueness can nonetheless be proved.

Proposition 5.15 (Uniqueness with RRA^i ≤ 1 and 2 Assets) Assume RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} where ♯J^i ≤ 2 for all i ∈ I and there is some j̄ ∈ J with A_·¯_j > 0 and j̄ ∈ ⋂ i∈I J^i. If (U^i)_{i∈I} satisfy the expected utility hypothesis with

RRA^i(x_s) ≤ 1 for all x_s ∈ R_{++} ,

the economy has a unique RPGEI-equilibrium.

Within this framework the assumption of expected utility can also be weakened to additive separability. Besides notice the possibility of restrictions on absolute risk aversion (compare (3.21)).

This proposition especially includes the case of first period consumption. Proof: W.l.o.g. j̄ = 1. Then, from the Finance GEI-model one obtains for all i ∈ I with ♯J^i = 2 (compare Bettzüge (1997)) ∂_{qj} θ^i_j (q) < 0 for j ∈ J^i\{1} and all the other entries in the normalized Jacobian of individual demand ∂_{q−1} θ^i_{−1}(q) are equal to zero. If there is some i ∈ I with ♯J^i = 1, the normalized Jacobian obviously only has entries equal to zero. Since for all j ∈ J there is some i ∈ I such that j ∈ J^i, the normalized Jacobian of market demand ∂_{q−1} θ_{−1}(q) = ∑ i∈I ∂_{q−1} θ^i_{−1}(q) is a diagonal matrix with strictly negative diagonal elements which is negative definite. This is a sufficient condition for a unique normalized RPGEI-equilibrium price system. □

5.4. HOW TO TRANSFER RESULTS ON UNIQUENESS 141

5.4.3 How to Obtain the Property of Gross Substitution

Working with the property of gross substitution whenever the relative risk aversion is sufficiently small, does not necessarily require restrictions on the participation structure if one imposes some strong assumptions on the asset structure.

Proposition 5.16 (Uniqueness with RRA^i ≤ 1 and Special A) Assume RP GEI = {(U^i, ω^i, J^i)_{i∈I} , A} such that for all i ∈ I U^i satisfies the expected utility hypothesis with

RRA^i(x_s) ≤ 1 for all x_s ∈ R_{++} .

There is a unique RPGEI-equilibrium if one of the following conditions is satisfied:.

1. ♯J^i ≤ 2 and A > 0;

2. A > 0 is weakly separating, i.e. for each s ∈ S there is exactly one j ∈ J such that A_{sj} > 0.

Proof: From results in the Finance GEI-model (compare Voß (1997)) one knows that for all i ∈ I the matrix ∂_{qJi} θ^i_{J i} (q) is a matrix with strictly negative diagonal and strictly positive off-diagonal elements. Therefore, for the Jacobian of market demand it is ∂_{qk} θ_j < 0 for j = k;

> 0 for j ≠ k and there is some i ∈ I such that j, k ∈ J^i; = 0 for j ≠ k and there is no i ∈ I such that j, k ∈ J^i.

Now, assume there are two different equilibrium price systems^{16} q̃ and q^∗. Then, since A > 0, it is possible to normalize q̃ and q^∗ such that 0 ≪ q^∗ < q̃ and the smallest entry for both vectors is 1. W.l.o.g. let q^∗_1 = q̃_1 = 1; otherwise renumerate the assets and redefine the participation structure. Now define K̃ := {k ∈ J | q^∗_k = q̃_k} and k̄ := min{k ∈ K̃ | ∃ j ∈ J\K̃ with j, k ∈ J^i for some i ∈ I}. Assumption 5.1.2 guarantees the existence of k̄: there is no disjoint partition K̃, J\K̃ of J such that for all i ∈ I either J i ⊆ K̃ or J i ⊆ J\K̃. Define j̄ := min{j ∈ J\K̃ | k̄, j ∈ J^i for some i ∈ I}. 16The assumptions on the economy allow to define a unique equilibrium via asset prices.

142 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Take a finite sequence of price systems p^1, . . . , p^N in the set Q̂^R_{1,e1} (A) such that p^1 = q^∗, p^N = q̃ and p^n ≤ p^{n+1} for all n ∈ {1, . . . , N − 1} and p^n and p^{n+1} are different in one coordinate. If A > 0 and A is weakly separating define (p^n)_{n∈N} by coordinatewise rising of q^∗ to q̃. If A > 0, but not weakly separating, it might be that one has to choose a sequence with more elements to assure to stay in the set of individually arbitrage-free price systems. This is possible because according to Siconolfi (1989) the set is open and convex.^{17} Because of the definition of j̄ there has to be some n ∈ N such that p^n_{j̄} < p^{n+1}_{j̄} and p^n_j = p^{n+1}_j for all j ∈ J\{j̄}.

Let p^{n̄} be an element of the sequence (p^n)_{n∈N} which satisfies these properties. Then because of k̄ ∈ K̃ and j̄, k̄ ∈ J^i for some i ∈ I and j̄ ≠ k̄

0 = θ¯_k(p^1) ≤ θ¯_k(p^{n̄}) < θ¯_k(p^{n̄+1}) ≤ θ¯_k(p^N ) = 0

which gives a contradiction. □ 5.5 Overview of Conditions for Uniqueness in the RPGEI-Model

The following figure presents in analogy to Figures 3.4 and 4.1 conditions on the economies’ characteristics guaranteeing a unique RPGEI-equilibrium. However, it does not take into account Proposition 5.9: for symmetric participation structures I refer to Figures 3.4 and 4.1. The additional economies covered by Proposition 5.9 are identical to GEI-economies except for the existence of further assets where each of them is only traded by exactly one consumer. Therefore, I also refer to the figures mentioned before.

17Compare Voß (1997) for a thorough discussion in the Finance GEI-model.

5.5. OVERVIEW FOR THE RPGEI-MODEL 143

Figure 5.1: Conditions for uniqueness in the RPGEI-model.

144 CHAPTER 5. UNIQUENESS IN THE RPGEI-MODEL

Part III

Multiplicity of Competitive Equilibria and the Existence of Sunspot Equilibria

Chapter 6

Introduction

The purpose of this part is to clarify the relationship between multiplicity of competitive equilibria and the existence of sunspot equilibria. The analysis is built up in the framework given in Mas-Colell’s (1992) famous paper which relates multiplicity of Arrow-Debreu equilibria to the existence of sunspots in a two-period market economy extended for extrinsic uncertainty. His methodology allows to prove the existence of non-trivial sunspot equilibria under the assumption of three or more commodities. In this part I prove that under additive separability of utility functions his result does no longer hold when considering only two commodities. As will become clear later on, this observation puts some light on the fact that even potential multiplicity of competitive equilibria might not be sufficient for the existence of sunspot equilibria. This aspect of “potential multiplicity” has been illuminated recently by Gottardi and Kajii (1999) who prove a kind of generic existence of sunspot equilibria, but who in contrast to Mas-Colell (1992) — and therefore also to me — consider a sunspot economy with first period consumption.

Economic fluctuations can be partly, but not totally explained by changes in the economic fundamentals. Even extensions of equilibrium models by, for example, irrational expectations or asymmetric information are not sufficient to account for the volatility of prices observed “in reality”. At this point, the analysis of sunspot equilibria allows to search for further reasons, namely a kind of psychological ones.

Take an economy evolving over time in which uncertainty affects the economic fundamentals like agents’ preferences and endowments. This kind of uncertainty is considered as intrinsic uncertainty and clearly causes fluctuations in economic activity. If there are additional exogenous random events which do not have any influence on the economic fundamentals, this kind of uncertainty is called extrinsic. Such events are commonly referred to as sunspot events. The sunspot theory takes these events to explain additional

148 CHAPTER 6. INTRODUCTION

fluctuations in economic activity.

If all agents believed only in the economic fundamentals and knew all the others to share this opinion, this approach would be unfounded. However, if everybody takes care of the sunspot events, this behavior can be shown to be self-enforcing. The “sunspot explanation is that not only fundamentals matter because everybody might believe that not only fundamentals matter” (Hens (1991, p. 62)).

The literature distinguishes various kinds of general equilibrium models with sunspots, whether with finite or infinite horizon, whether with complete or incomplete markets and so on. A complete overview is given by Chiappori and Guesnerie (1991) who however mainly consider an infinite horizon framework. For a survey on two-period economies as they are examined in this part compare Hens (1998, Section 9).

I restrict my attention to a finite, namely two-period model with no intrinsic, but only extrinsic uncertainty. Besides I mainly consider real assets and only touch on nominal assets. In the model which I apply there is no first period consumption such that a priori efficient allocations are obtainable without trading the assets.

After a presentation of the underlying model, I give an overview of the literature on the existence of sunspot equilibria in frameworks related to the one defined by Mas-Colell (1992) and therefore to my own. The main point thereafter is to prove the non-existence of sunspot equilibria for some special economies built up on Arrow-Debreu economies displaying arbitrary many equilibria.

6.1 The Model

It would be possible to describe the model underlying this part as a sunspot extension of the basic Finance GEI-model described in Chapter 2. However, to maintain this part essentially independent and separate from the rest, I give a complete description of the model.

Consider a two-period competitive exchange economy. Uncertainty arises because tomorrow one of a finite number of states s ∈ S := {1, . . . , S}^1, (S ≥ 2) — so-called sunspot events — realizes with a given publicly known probability ρ̄_s where ρ̄ ∈ P̂_{1,1I} := {ρ ∈ R^S_{++} | ∑_S s=1 ρ_s = 1}. Uncertainty is only extrinsic, i.e. economic fundamentals are independent of these states.

1Correspondingly to the notations introduced in the other parts, I define a set N := {1, . . . , N} if there is a variable n taking values 1, . . . , N where N ∈ N := {1, 2, . . .}.

6.1. THE MODEL 149

There are L physically distinguishable commodities l ∈ L := {1, . . . , L} in each future spot. Assume L ≥ 2.^2 In each future spot there is a complete system of commodity markets. Price systems for each of these market systems are called p_s ∈ R^L_{++} where p_s := (p_{s1}, . . . , p_{sL})^T and the collection of all spot price systems is p^T := (p^T_1 , . . . , p^T_S ) ∈ R^{SL}_{++} .

A finite number of households/consumers i ∈ I := {1, . . . , I} is active on these markets. These households are characterized by their consumption sets R^{SL}_+ , their utility function Û^i : R^{SL}_+ → R, and endowments ω̂^i ∈ R^{SL}_+ where these characteristics satisfy Assumption 2.4, i.e. utility functions are infinitely often continuously differentiable, strictly monotonic, strictly quasiconcave, and indifference curves do not intersect the boundary of R^{SL}_+ , and endowments are strictly positive. What makes this economy a sunspot economy with only extrinsic uncertainty, are the following assumptions.

Assumption 6.1 (Sunspot Assumptions)

1. Utility functions Û^i : R^{SL}_+ → R, i = 1, . . . , I, are of the expected utility type with respect to ρ̄, i.e. there are some strictly concave U^i : R^L_+ → R, i = 1, . . . , I, satisfying Assumption 2.4 with

Û^i(x) =^S ∑ s=1 ρ̄_sU^i(x_s).

2. For all i ∈ I there is some ω^i ∈ R^L_{++} such that ω̂^{iT} = (ω^{iT} , . . . , ω^{iT} ).

In other words: endowments are independent of state realization and utility is the same for each spot. Allowing not only the existence of extrinsic, but also of intrinsic uncertainty, one would introduce a further level of distinction of commodities between the level of extrinsic uncertainty and the level of physical properties of the commodities.

As before, individual consumption plans are denoted by x^i ∈ R^{SL}_+ . The notational convention is x^{iT} := (x^{iT}_1 , . . . , x^{iT}_S ) with x^i_s ∈ R^L_+ for all s ∈ S and x^{iT}_s := (x^i_{s1}, . . . , x^i_{sL}) where x^i_{sl} ∈ R_+ for (s, l) ∈ S × L. The same indexation is used for ω̂^i.

The Arrow-Debreu economy GE = {(U^i, ω^i)_{i∈I} } underlying this sunspot economy is called the corresponding certainty economy. Observe that the model chosen here assumes complete markets for the underlying economy.

In addition to future spot markets for commodities, today there open markets for some assets j ∈ J := {1, . . . , J}. These assets pay off tomorrow

2For L = 1 one obtains a special form of the Finance GEI-model given in Chapter 2.

150 CHAPTER 6. INTRODUCTION

where their payoff is described by V (p) ∈ R^{S×J} .^3 What concerns the asset matrix, the literature on sunspots can be distinguished along the following lines:

• There is some matrix A ∈ R^{L×J} such that V_{s·}(p) = p_s · A for all s ∈ S and p ∈ R^{SL}_{++} , i.e. there exists some sunspot-independent real asset structure.

• There is some matrix Ã ∈ R^{SL×J} such that V_{s·}(p) = p_s · Ã_s for all s ∈ S and p ∈ R^{SL}_{++} where Ã_s := (Ã_{(s−1)L+l,j} )_{l∈L,j∈J} , i.e. there exists some real asset structure which might be sunspot-dependent.

• V (p) models nominal assets, i.e. there is some V̄ ∈ R^{S×J} such that V (p) = V̄ for all p ∈ R^{SL}_{++} .

For simplicity put the following assumption on the asset structure of which the importance becomes clear by the considerations in Part II.

Assumption 6.2 (Sunspot Asset Structure) For all p ∈ R^{SL}_{++} the matrix V (p) satisfies V (p)θ̄ > 0 for some θ̄ ∈ R^J .

In correspondence with the Finance GEI-model asset demand of individual i is denoted by θ^i ∈ R^J with θ^i := (θ^i_1, . . . , θ^i_J )^T . Asset prices are called q := (q_1, . . . , q_J )^T .

To summarize, a sunspot economy is defined as SE := {(Û^i, ω̂^i)_{i∈I} , V } where individual characteristics satisfy Assumption 6.1 and the asset structure Assumption 6.2.

Given spot prices p_s ∈ R^L_{++} , s = 1, . . . , S,^4 and asset price system q ∈ R^J , each consumer i is confronted with the decision problem max x∈R^{SL}_+ ,θ∈R^J ∑_S s=1 ρ̄_sU^i(x_s) s.t. q · θ = 0 (6.1) ∧ p_s · x_s = p_s · ω^i + V_{s·}(p)θ, s = 1, . . . , S where equalities in the constraints follow from the assumptions on utility functions, endowments, and the asset structure.

With respect to this maximization problem different types of equilibria are defined in a sunspot economy.

3For simplicity I sometimes write V . 4As before p^T := (p^T_1 , . . . , p^T_S ) ∈ R^{SL}_{++} .

6.1. THE MODEL 151

Definition 6.3 (Equilibria) Take a sunspot economy SE = {(Û^i, ω̂^i)_{i∈I} , V } which satisfies Assumptions 6.1 and 6.2.

1. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a competitive equilibrium if (a) for all i ∈ I (x^{∗i}, θ^{∗i}) solves (6.1) with respect to (p^∗, q^∗); (b) ∑_I i=1 x^{∗i}_s = ∑_I i=1 ω^i for all s ∈ S; (c) ∑_I i=1 θ^{∗i} = 0.

2. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a sunspot equilibrium if (a) it is a competitive equilibrium and (b) there is some i ∈ I such that x^i_s′ ≠ x^i_s′′ for some (s^′, s^{′′}) ∈ S × S.

3. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a non-sunspot equilibrium if (a) it is a competitive equilibrium and (b) for all i ∈ I and all (s^′, s^{′′}) ∈ S × S it is x^i_s′ = x^i_s′′ .

4. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a trivial equilibrium if (a) it is a competitive equilibrium and (b) for all s ∈ S (x^∗_s, p^∗_s) is Arrow-Debreu equilibrium for the certainty economy GE = {(U^i, ω^i)_{i∈I} }.

5. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a non-trivial equilibrium if (a) it is a competitive equilibrium and (b) there is some s ∈ S such that (x^∗_s, p^∗_s) is not Arrow-Debreu equilibrium for the certainty economy GE = {(U^i, ω^i)_{i∈I} }.

6. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ ×R^{J×I} ×R^{SL}_{++} ×R^J is a randomization equilibrium if (a) it is a competitive equilibrium and (b) there is some Arrow-Debreu economy such that for all s ∈ S (x^∗_s, p^∗_s) is Arrow-Debreu equilibrium for this economy.

152 CHAPTER 6. INTRODUCTION

7. (x^∗, θ^∗, p^∗, q^∗) ∈ R^{SL×I}_+ × R^{J×I} × R^{SL}_{++} × R^J is a non-randomization equilibrium if

(a) it is a competitive equilibrium and

(b) there is no Arrow-Debreu economy such that for all s ∈ S (x^∗_s, p^∗_s) is Arrow-Debreu equilibrium for this economy.

Definition 6.3.2 is the standard definition for sunspot equilibria (compare, for example, Cass and Shell (1983)). Excluding first period consumption, the assumptions on consumers’ characteristics and the asset structure assure that this is equivalent to defining a sunspot equilibrium as a competitive equilibrium with sunspot-contingent commodity prices or ex-post utilities.

But Barnett and Fisher (2000) consider a sunspot economy where consumers are only weakly risk averse. In this framework one easily constructs an example where sunspots matter in the sense of Definition 6.3.2, i.e. equilibrium allocations are sunspot-dependent, but generate the same ex ante-utility as some sunspot-independent equilibrium allocation and are ex ante-Pareto-efficient. This trivial example motivates an alternative definition of sunspot equilibria as a competitive equilibrium which is not ex ante-Pareto-efficient.^5 In the standard framework this definition is equivalent to Definition 6.3.2, but one should have in mind the example given by Guesnerie and Laffont (1990): allowing utility functions to be non-concave, there exists a sunspot economy with a unique competitive equilibrium which displays sunspot-dependent allocations and Pareto-dominates all sunspot-independent allocations. Therefore, according to the standard definition sunspots would matter, but the new definition would imply sunspots not to matter, i.e. without risk-aversion the new definition would not be appropriate.

The existence of a competitive equilibrium for a given sunspot economy is closely related to the existence of competitive equilibria in a general equilibrium model with incomplete markets. For a survey on this see Hens (1998, Section 5). However, the main point of this part of my thesis is the existence of sunspot equilibria. This is in many respects related to multiplicity of Arrow-Debreu equilibria via the equilibrium concepts 4. and 6. However, it will become clear that for the existence of sunspot equilibria the approach via multiple Arrow-Debreu equilibria is not always the best one.

5If there is first period consumption (compare the end of this section) this definition has to be adapted in the sense that a sunspot equilibrium is a competitive equilibrium where no (ex ante-) reallocation of future consumption plans exists which improves at least one consumer and worsens no-one.

6.1. THE MODEL 153

Some part of the sunspot literature refers to the case of first period consumption. Therefore, commodity and consumption spaces are of dimension (S + 1)L. Spot s = 0 refers to today. Assumption 6.1 is adapted in the following way.

Assumption 6.4 (Sunspot Ass. with First Period Consumption)

1. Utility functions Û^i : R^{(S+1)L}_+ → R, i = 1, . . . , I, are given such that there are some ρ̄ ∈ R^S_{++} with ∑ s∈S ρ̄_s = 1 and some strictly concave U^i : R^{2L}_+ → R, i = 1, . . . , I, which satisfy Assumption 2.4, with

Û^i(x) =^S ∑ s=1 ρ̄_sU^i(x_0, x_s),

i.e. utilities are no longer additively separable with respect to consumption today. One has a kind of adjusted expected utilities.

2. For all i ∈ I there are some ω^i_0 ∈ R^L_{++} and some ω^i ∈ R^L_{++} such that ω̂^{iT} = (ω^{iT}_0 , ω^{iT} , . . . , ω^{iT} ), i.e. endowments today may differ from those of tomorrow.

Under first period consumption the certainty economy is defined as GE = {( U^i, (ω^i_0, ω^i) ) i∈I }

where the underlying consumption space is 2L-dimensional. The adaptation of the equilibrium definitions (Definition 6.3) is straightforward.

As soon as one introduces first period consumption into the sunspot economy, generically in (certainty) endowments (ω^i_0, ω^i)_{i∈I} it is not possible to obtain a Pareto-efficient allocation in the sunspot economy without trading assets. This kind of inefficiency induces consumers to use those assets which are designed for insurance against extrinsic uncertainty about tomorrow for income transfer between today and tomorrow and therefore reduce inefficiency. The asset trade itself creates sunspot-dependence of the allocations (which is obvious when assets’ payoffs are sunspot-dependent).

It will become clear later on, especially from comparison of the results given by Gottardi and Kajii (1999) with my own, that the introduction of first period consumption might influence the existence of sunspot equilibria. The basic idea that first period consumption generically creates some activity of (dis)saving was developed by Cass (1989), (1992).

154 CHAPTER 6. INTRODUCTION

This observation motivates the following definition.

Definition 6.5 (Efficient Spot Markets) Distinguish whether the sunspot economy models first period consumption or not.

1. A sunspot economy SE = {(Û^i, ω̂^i)_{i∈I} , V } which satisfies Assumptions 6.1 has efficient spot markets if there is some Pareto-efficient allocation (x̂^i)_{i∈I} ∈ R^{SL×I}_+ which is attainable by trading only on spot markets and not on asset markets, i.e. there is some p̂ ∈ R^{SL}_{++} such that

(a) for all i ∈ I it is

x̂^i = arg max_{x∈RSL+} Û^i(x) s.t. p̂_s · x_s = p̂_s · ω^i ∀ s ∈ S,

(b)_I ∑ i=1 x̂^i = I∑ i=1 ω^i. 2. A sunspot economy SE = {(Û^i, ω̂^i)_{i∈I} , V } which satisfies Assumptions 6.4 has efficient spot markets if there is some Pareto-efficient allocation (x̂^i)_{i∈I} ∈ R^{(S+1)L×I} + which is attainable by trading only on spot markets and not on asset markets, i.e. there is some p̂ ∈ R^{(S+1)L}_{++} such that

(a) for all i ∈ I it is

x̂^i = arg max x∈R^{(S+1)L} + Û^i(x) s.t. p̂_0 ·x_0 = p̂_0 ·ω^i_0 ∧ p̂_s·x_s = p̂_s·ω^i ∀ s ∈ S,

(b)_I ∑ i=1 x̂^i = I∑ i=1 ω^i. Otherwise the economies have inefficient spot markets.

The existence of sunspot equilibria in a sunspot economy with incomplete markets is a much stronger result when spot markets are efficient than when they are not. This is because in the first case extrinsic uncertainty can be identified as the only reason for asset trading and therefore for sunspots to matter whereas in the second case assets are traded for income transfer (i.e. because of inefficient spot markets) and insurance against extrinsic uncertainty such that it is not clear which is the main driving force.

6.2. RELATED LITERATURE 155

Under efficient spot markets the existence of sunspot equilibria is much more problematic from a social point of view since theoretically society could end up with a Pareto-efficient allocation on its own, but people’s expectations create Pareto-inefficiency.

6.2 Multiplicity of Arrow-Debreu Equilibria and the Existence of Sunspots — Related Literature

The existence of sunspot equilibria is a widely examined question in the literature. Different starting-points have to be distinguished: on the one hand there are the two extreme cases with no asset respectively full insurance against intrinsic and extrinsic uncertainty. On the other hand economists consider the more interesting intermediate case of incomplete markets where some asset trade is possible. When assets are nominal, the existence of sunspot equilibria is closely related to the indeterminacy of equilibria in standard incomplete markets models; when assets are real, economists want to clarify the relation to multiplicity of Arrow-Debreu equilibria.

6.2.1 Two Extreme Cases

Let me first start with those sunspot economies where there are no assets which allow to insure against intrinsic and extrinsic uncertainty. This assumption is quite unrealistic, but nevertheless should be mentioned. Whenever J = 0, a sunspot economy falls into Arrow-Debreu economies and the equilibria of the sunspot economy consist of a combination of the corresponding Arrow-Debreu equilibria. Therefore, within the framework considered in this part, that is when only extrinsic uncertainty is considered, this gives the following result.

Proposition 6.6 (No Assets and the Existence of Sunspot Equil.) Given a sunspot economy SE = {(Û^i, ω̂^i)_{i∈I} } satisfying Assumption 6.1, the competitive equilibria can all be decomposed into Arrow-Debreu equilibria of the underlying certainty economy GE = {(U^i, ω^i)_{i∈I} } such that they are all trivial randomization equilibria. Sunspot equilibria therefore exist if and only if the certainty economy GE is characterized by multiple Arrow-Debreu equilibria.

This proposition clarifies a general problem arising under sequential market economies: GE- and GEI-models assume all consumers to have common

156 CHAPTER 6. INTRODUCTION

future price expectations. However, as soon as there exist multiple equilibria, a priori this is no longer justified. According to Hens (1998, p. 192), this can be solved by using “extrinsic, publicly observed states [...] as a coordination device of agents’ expectations”.

Now take the other polar case: assume that markets are complete, i.e. complete insurance against intrinsic as well as extrinsic uncertainty is possible. This property assures competitive equilibria to be Pareto-efficient. As is known from Cass and Shell (1983) with the underlying objective probability measure assumed in sunspot economies, these equilibrium allocations have to be sunspot-independent. Otherwise — because of strict concavity of utility functions — a Pareto-improvement would be possible by giving each consumer in each state the same probability weighted mixture of the different sunspot-dependent consumption plans. The same idea is underlying Proposition 3.13.

Proposition 6.7 (Cass and Shell (1983)) Given an economy SE = {(Û^i, ω̂^i)_{i∈I} , V } satisfying Assumption 6.1 such that < V (p) >= R^S for all equilibrium price systems p ∈ R^{SL}_{++}, the economy does not display any sunspot equilibrium.

Cass and Shell (1983, Proposition 3) only consider the case of two sunspot states. This can be easily extended to the more general case of an arbitrary finite number of sunspot states.

The importance of an objective probability measure is stressed by Cass and Shell (1983, p. 208) and Shell (1987, p. 549).

A large part of Cass and Shell’s (1983) results considers a complementary situation where markets are also complete, but market participation of some consumers is restricted. Under such assumptions it is relatively simple to prove the existence of sunspot equilibria, for example if all consumers are excluded from asset trade (compare the first polar case) respectively — to obtain an asymmetric participation structure — all except for a single one are excluded from asset trade (compare Cass and Shell (1983, Observations 1 and 2)).

Cass and Shell (1983) also demonstrate for the case of complete markets that under restricted participation multiplicity of equilibria in the underlying certainty economy is not necessary for the existence of sunspot equilibria, i.e. sunspot equilibria do not necessarily have to be trivial randomization equilibria. The basic idea of their example is to exclude one single consumer from participation in asset markets. Starting from non-proportional spot price systems they construct equilibrium allocations and endowments which allow the existence of an objective probability measure and of additively separable utility functions which satisfy a condition on absolute risk aversion

6.2. RELATED LITERATURE 157

similar to (3.21). This condition assures a unique Arrow-Debreu equilibrium in the certainty economy.

6.2.2 Sunspot Equilibria under First Period Consumption

When considering incomplete markets models, one clearly is not interested in these polar cases, but in some intermediate ones which allow to clarify the following point: with symmetric market participation for all consumers not only multiplicity of Arrow-Debreu equilibria in the certainty economy is a driving force for sunspot equilibria, but also the incompleteness of markets. Two frameworks have to be distinguished: either there is first period consumption in the economy or it is excluded. As explained before, to clarify the effects of incomplete insurance against uncertainty on the existence of sunspot equilibria, the second approach is more appropriate than the first one, even though research started with including today’s consumption. The first contributions assumed nominal assets and then later on also real assets were examined.

Nominal Assets

Let me start with the consideration of nominal assets: the earliest result was given by Cass’ (1989) “leading example”. He assumes a very simple framework including first period consumption. Cass (1989) excludes intrinsic uncertainty and restricts extrinsic uncertainty to two sunspot states.^6 Only two consumers are alive who can trade a single commodity and a single asset. The asset is a nominal bond with positive payoff (also called inside money), i.e. V (p) = 1I^7. The relation between income from asset payoff and from commodity trading in sunspot states strongly depends on the respective level of spot prices. Therefore, different levels of spot prices generate different allocations in the different sunspot states and hence sunspot equilibria. Cass’ (1989) takes an inverse point of view: he fixes the current level of prices and varies the asset payoff in the different sunspot states. A necessary requirement for Cass’ (1989) proof is an incentive for saving/dissaving by consumers, i.e. ∂_{x0} U^1(ω^1) ∂_{x1} U^1(ω^1) ≠ ∂_{x0} U^2(ω^2) ∂_{x1} U^2(ω^2) . (6.2)

6As soon as this allows the existence of sunspot equilibria, this can be easily extended to an arbitrary finite number of sunspots.

7As beforehand, the vector 1I is defined by 1I := (1, . . . , 1)^T .

158 CHAPTER 6. INTRODUCTION

This condition assures that the sunspot economy has inefficient spot markets.

Proposition 6.8 (Cass (1989)) Assume an economy SE = {(Û^i, ω̂^i)_{i∈I} , V } satisfying Assumption 6.4 with S = I = 2, L = 1, and V (p) = 1I where inequation (6.2) is fulfilled. Then, there exist some sunspot equilibria.

With first period consumption it is sufficient to assume the existence of a single commodity because it can be exchanged with respect to time.

Before Cass (1989) proves the result in the way described above, he shows the equivalence between non-sunspot equilibria of this economy and monetary equilibria in a monetary economy which is equivalent to a twocommodity Arrow-Debreu economy.

Cass’ (1989) result can be interpreted in the sense that generically with respect to endowment distributions of the certainty economy the set of equilibrium allocations contains a one parameter family of allocations.

Siconolfi (1991) extends Cass’ (1989) statement for an arbitrary finite number of extrinsic states of uncertainty, of commodities, and of assets as well as of consumers. Therefore, at first he proves under the assumption of one single asset — inside money — and two extrinsic states that generically in endowments (i.e. whenever endowments are Pareto-inefficient in the certainty economy and the sunspot economy has inefficient spot markets) the asset is traded. This allows the application of Cass’ (1989) results, even for more than a single commodity. The equilibrium allocations generated in this way can be embedded into Siconolfi’s (1991) more general sunspot economy. The only requirements for this are a nominal asset structure V̄ with J < S, V̄ θ̄ ≫ 0 for some θ̄ ∈ RJ where V̄ is in general position, i.e. each set of J arbitrary rows is linearly independent.

Cass (1992) himself and Suda, Tallon, and Villanacci (1992) use the same idea, namely the indeterminacy of equilibria with nominal assets. The aim of these two papers was to come closer to the results of Geanakoplos and Mas-Colell (1989) respectively Balasko and Cass (1989) who prove the indeterminacy of equilibria for incomplete markets models with nominal assets, but in comparison to Cass (1989) and Siconolfi (1991) a more severe real indeterminacy of dimension S − 1 respectively S − J. The decisive point for the sunspot economy is the fact that endowments cannot be perturbed arbitrarily because Assumptions 6.1/6.4 have to remain satisfied. Whereas Cass (1992) himself adjusts endowment perturbations to this context, Suda, Tallon, and Villanacci (1992) deviate to perturbations of the utility functions.

Consider the results from Cass (1992). In his sunspot economy with first period consumption the numbers of states for extrinsic uncertainty, commodities, and consumers are arbitrary, but finite. Cass (1992) now allows

6.2. RELATED LITERATURE 159

the existence of more than one nominal asset, but requires to have inside money, i.e. 1I ∈ V̄ , and excludes redundant assets, i.e. rank V̄ = J.

The basis for Cass’ (1992) result is built by two points:

• The Cass’ (1984) trick is applied where one consumer is allowed to trade without any restrictions and is only implicitly restricted by the restrictions of the other consumers. This trick was already applied in Cass’ (1989) “leading example”.

• In analogy to the “leading example”, instead of considering different spot price levels Cass (1992) fixes one level and varies the asset payoff: description of the equilibria by the extended system, i.e. the system of first order conditions and market clearing equations, gives price systems/price levels in dependence on the Lagrangian multipliers. Cass (1992) switches from this dependence to dependence of asset payoff on the Lagrangian multipliers.

Cass’ (1992) proof can be divided into three steps: the first one is to identify non-sunspot equilibria with the Arrow-Debreu equilibria of the corresponding certainty economy. The second point is to show that generically in endowments of the certainty economy non-sunspot equilibria use asset markets (since the economy has inefficient spot markets) and are regular. These results allow to prove that generically in endowments of the certainty economy equilibrium allocations are indeterminate with degree S − J.

Proposition 6.9 (Cass (1992)) Assume some economy SE = {(Û^i, ω̂^i)_{i∈I} , V̄ } satisfying Assumption 6.4 with nominal asset structure V̄ ∈ R^{S×J} where J < S, rank V̄ = J, and V̄_{·1} = 1I. Generically in the endowments of the certainty economy (ω^i_0, ω^i)_{i∈I} , there exists a sunspot equilibrium. The dimension of the set of sunspot equilibrium allocations is equal to S − J.

The dimension of indeterminacy is — as in Balasko and Cass (1989) — equal to the deficiency of markets.

Besides the result is in line with Siconolfi and Villanacci (1991) who do not consider a sunspot economy, but an economy facing the same problems: they assume an Arrow-Debreu economy without aggregate risk such that ∑ i∈I ω^i_s = ∑ i∈I ω^i_{s̄} for all s, s̄ ∈ S. Within this context similar problems arise as within a sunspot economy since endowments cannot be perturbed arbitrarily.

Suda, Tallon, and Villanacci (1992) also consider generic real indeterminacy of equilibrium allocations in sunspot models. However, since they work with the space of utility functions, they obtain a more severe result than

160 CHAPTER 6. INTRODUCTION

Cass (1992) and especially than Cass (1989) respectively Siconolfi (1991), namely an indeterminacy of degree S − 1 which is independent of the degree of deficiency.

Proposition 6.10 (Suda, Tallon, and Villanacci (1992)) Assume an economy SE = {(Û^i, ω̂^i)_{i∈I} , V̄ } satisfying the Sunspot Assumptions with First Period Consumption 6.4. If the nominal asset structure models only inside money, i.e. V̄ = 1I, generically in utility functions there exists a sunspot equilibrium. The dimension of the set of sunspot equilibrium allocations is S − 1.

The idea of perturbing utility functions uses a technique developed by Kajii (1997). This idea is also used by Gottardi and Kajii (1999) when proving the generic existence of sunspot equilibria with real assets. Therefore, there are some parallels between the different cases.

Suda, Tallon, and Villanacci (1992) prove the equivalence between the competitive equilibria of their sunspot economy and the equilibria of some numeraire asset model where — in analogy to Cass (1992) — the basic idea is to work with different levels of prices for the spot markets. Since the second step is to prove generically in utility functions trading of the numeraire asset (i.e. generic inefficiency of spot markets), equilibrium allocations have to vary in the different spot markets and the competitive equilibria have to be sunspot equilibria. The proof of generic indeterminacy is done within the numeraire asset model.

Perturbing utility functions is also applied by Pietra (1992) when proving real indeterminacy of sunspot equilibrium allocations. However, like Cass (1992) he only obtains a degree S −J, i.e. the degree of deficiency of markets.

Real Assets

Now let me turn to the case of real assets. The existence of sunspot equilibria for given nominal asset structures in principle follows from the indeterminacy of the equilibria such that as soon as one wants to check the consequences of multiplicity, the important considerations are for real asset structures. Nevertheless, the results of Gottardi and Kajii (1999) show some parallels between the basic ideas to prove the existence of sunspot equilibria for nominal and real assets.

Gottardi and Kajii (1999) consider the dependence between multiplicity of Arrow-Debreu equilibria and the existence of sunspot equilibria in an economy with real sunspot-independent asset structures. Their main point is to prove that generically in utility functions and endowments there exists an open set of real sunspot-independent assets which generate regular sunspot

6.2. RELATED LITERATURE 161

equilibria. This implies multiple non-sunspot equilibria not to be necessary for the existence of sunspot equilibria. Especially the corresponding certainty economy must not have multiple equilibria for the sunspot economy to have sunspot equilibria.

Intrinsic uncertainty is excluded by Gottardi and Kajii (1999). The first commodity is taken as a numeraire.

Proposition 6.11 (Gottardi and Kajii (1999)) In the framework of sunspot economies satisfying Assumption 6.4 with S = 2, J = 1, and L ≥ 2, for a generic choice of utility functions and endowments there exists an open set of asset vectors A ∈ R^L such that the generated sunspot economy with V_{s1}(p) = p_s · A displays regular sunspot equilibria.^8 One should be conscious that in the same way as in Cass (1992) first period consumption is the driving force for the existence of sunspot equilibria: the proof is built on certainty economies for which equilibria include income transfer between today and tomorrow such that spot markets are inefficient.

The restriction S = 2 can be taken without loss of generality since the sunspot equilibria obviously can be extended to sunspot equilibria of an economy with more sunspot states.

Considering the space of utility functions, endowments, and asset structures the result breaks down: sunspot equilibria no longer have to exist generically in this space. This point is clarified with the help of Pareto-efficient endowments.

To illuminate the non-necessity of multiple Arrow-Debreu equilibria in the certainty economy, let me formulate the content of the proposition in another way: their are no robust conditions on the certainty economy which exclude sunspot equilibria. However, since certainty economies with a unique equilibrium constitute an open set in the set of all certainty economies, these economies have to exhibit sunspot equilibria generically for suitable asset choice. Therefore, multiplicity of certainty equilibria is not necessary for the existence of sunspot equilibria. This reasoning has to be put in its true light: one could not have expected the multiplicity of Arrow-Debreu equilibria in the certainty economy to be the decisive point for the existence of sunspot equilibria under the assumption of first period consumption: the sunspot economy has inefficient spot markets such that without asset trade the Arrow-Debreu equilibria (or to be more precise: their extensions to nonsunspot equilibria) are not obtainable and sunspot equilibria cannot be trivial randomization equilibria. In my opinion the main point of Gottardi and Kajii (1999) is the fact that they transfer the argument made by Cass (1989), (1992) from nominal to real asset structures.

8Regularity refers to the maximal dimension of the Jacobian of excess demand.

162 CHAPTER 6. INTRODUCTION

However, it is no question that those Arrow-Debreu economies with the same utility as in the certainty economy, but endowments equal to the sum of original endowment and returns from asset holding must display multiple equilibria. To say it with Gottardi and Kajii (1999, p. 715) “that is, there have to be multiple future spot equilibria after some reallocation of resources and the sunspot equilibrium is ‘randomizing’ over them”. They call this property “potential multiplicity”.

The idea of the proof for Proposition 6.11 is to work with some auxiliary economy which is equivalent to the original one except for asset payoff. The asset now pays off in the numeraire commodity in dependence on the sunspot state. As long as this asset is traded^9, income and equilibrium allocations depend on sunspot states. This is the same for price systems if some special kinds of utility functions are excluded. Now, it is possible to define some commodity bundle A such that p_s · A, s = 1, 2, generates the asset payoff of the auxiliary economy. Since the equilibria of the auxiliary economy and the competitive equilibria of the sunspot economy correspond to each other, generating sunspot-dependent equilibria in the auxiliary economy leads to sunspot equilibria in the sunspot economy. The last step is to prove regularity of the sunspot equilibria.

The proof is built on perturbations of utility functions developed by Kajii (1997).

First period consumption has to be interpreted similarly to intrinsic uncertainty since both aspects can be seen as reason for trading assets which are designed for insurance against extrinsic uncertainty and therefore as one driving force for the mattering of sunspots.

The most important contribution concerning intrinsic uncertainty is done by Guesnerie and Laffont (1990) who consider a relatively simple underlying economy with only two consumers, two commodities, and two states of intrinsic uncertainty. Both consumers are characterized by expected utility with an objective probability measure. Since Guesnerie and Laffont (1990) only allow that a single asset exists which models a kind of future contract on the first commodity (uncontingent delivery of commodity one), each kind of asset trade is prevented and the economy falls into two separate Arrow- Debreu economies. Guesnerie and Laffont (1990) assume at least one of these economies to have multiple Arrow-Debreu equilibria and therefore the incomplete markets economy to have multiple equilibria. Until now, there is only intrinsic uncertainty.

Now they extend the economy by two states of extrinsic uncertainty and assure the possibility of complete insurance against extrinsic uncertainty by

9This point was also decisive when considering nominal assets.

6.2. RELATED LITERATURE 163

allowing to trade the asset contingent on extrinsic states. The beforehand constructed incomplete markets equilibria can be easily extended to competitive non-sunspot equilibria. Guesnerie and Laffont (1990) prove all nonsunspot equilibria — assume there are N where one knows N > 1 — to have a positive index and therefore together with the Poincaré-Hopf Theorem and the Index Theorem the existence of further N − 1 sunspot equilibria follows.

6.2.3 Sunspot Equilibria without Consumption in the First Period

Without first period consumption and intrinsic uncertainty it is much more difficult to construct non-trivial sunspot equilibria, at least when assets pay off in commodities. As soon as the certainty economy displays multiple Arrow-Debreu equilibria, these can be easily extended to trivial randomization sunspot equilibria.

Let me start with sunspot-contingent assets since for sunspot-independent asset structures simple argumentation makes clear that as soon as the certainty economy exhibits a unique equilibrium and this remains true for each redistribution of endowments, the existence of sunspot equilibria is prevented. The question is whether under the assumption of unique spot market equilibria the existence of sunspot equilibria can be proved when sunspot-contingent asset structures are allowed. As Mas-Colell (1992) and Hens and Pilgrim (2001) point out, this would demonstrate that not all sunspot equilibria can be interpreted as coordinating expectations about spot prices.

Hens and Pilgrim (2001) prove under admittance of sunspot-dependence the following result:

Proposition 6.12 (Hens and Pilgrim (2001)) Let SE = {(Û^i, ω̂^i)_{i∈I} , V } be a sunspot economy satisfying Assumptions 6.1 and 6.2. If there are I = 2 consumers being characterized by additively separable utility functions (or some strictly monotonic, concave transformations of them) and a real (sunspot-dependent or not) asset structure such that for all endowment distributions attainable through asset trading spot market equilibria are unique, the economy does not have any sunspot equilibrium.

The idea of the proof is to establish relations between the existence of sunspot equilibria and the occurrence of (different versions of) the transfer paradox by the examination of “order crossing” of the Lagrangian multipliers for the different spot market equilibria. The transfer paradox itself is already related to the multiplicity of equilibria (compare, for example, Trannoy (1986)).

164 CHAPTER 6. INTRODUCTION

While Hens and Pilgrim (2001) give a framework with sunspot-contingent asset structures where multiplicity of spot market equilibria for some attainable endowment distributions is a necessary condition for the existence of sunspot equilibria, I prove it to be not sufficient in a framework with sunspot-independent asset structures.^{10}

However, Mas-Colell (1992) demonstrates for a sunspot economy without first period consumption that under the assumption of “potential multiplicity” an asset structure and an endowment distribution can be found such that some sunspot equilibrium exists randomizing over those multiple equilibria. Proposition 6.13 (Mas-Colell (1992)) Given an Arrow-Debreu economy GE = {(U^i, ω^i)_{i∈I} } where I = 2 with at least three (and therefore multiple) equilibria where the corresponding price systems are linearly independent, under the assumption S > 2 there exists some redistribution of endowments and two positive real assets A_{·1}, A_{·2} ∈ R^L_+ such that the sunspot economy characterized by these “new” endowments, utility functions (U^i)_{i∈I} , and the asset structure V defined by V_{s·}(p) = p_s · (A_{·1}, A_{·2}) has a non-trivial sunspot equilibrium.

With the requirement of three linearly independent price systems this proposition implicitly assumes L > 2. I consider the case L = 2 in the next chapter where I prove that it behaves differently.

Without loss of generality Mas-Colell (1992) assumes that there are three extrinsic states of uncertainty S = 3 which arise with equal probability ρ̄_s =^1_3 , s = 1, 2, 3. Since there are two consumers and three equilibria, six Lagrangian multipliers λ^i_s, i = 1, 2, s = 1, 2, 3^{11}, are defined for the budget constraints in the Arrow-Debreu economy. Taking a vector a ∈ R^3 such that 3∑ s=1 λ^i_sa_s = 0, i = 1, 2,

(6.3)

because of linear independence of the equilibrium price systems there exists some r ∈ R^L \{0} with p_s · r = a_s, s = 1, 2, 3. (6.4) This vector r can be written as difference of two positive vectors A_{·1}, A_{·2} ∈ R^L_+ . Now take ω̂^1, ω̂^2 with ω̂^1_s = ω^1 + r, ω̂^2_s = ω^2 − r, s = 1, 2, 3.^{12} For the

10The reader should be conscious that it is never possible to obtain multiplicity for all endowment distributions. For example, take Pareto-efficient allocations which always exist (compare Proposition 3.12).

11Notice that at first s is used for numbering the equilibria.

12The vectors a and therefore r can be chosen sufficiently small in their entries to guarantee these endowment vectors to be positive.

6.2. RELATED LITERATURE 165

equilibrium prices p^{∗T} = (p^T_1 , p^T_2 , p^T_3 ) and q^{∗T} = (1, 1), the generated sunspot economy with real sunspot-independent asset structure defined by (A_{·1}, A_{·2}) evokes first order conditions mainly equivalent to the collection of the Arrow- Debreu first order conditions. Choose θ^1 = −θ^1_2 = −θ^2_1 = θ^2 = −1. The only difference is given by an additional equation which is by (6.4) equivalent to (6.3).

Roughly spoken, a sunspot economy is constructed such that the endowment distribution induced by asset trading is the one of the starting Arrow-Debreu economy.

Mas-Colell’s (1992) result has to be interpreted as follows: if consumers take care of sunspot events and insurance against these events is restricted, then this behavior is self-enforcing and leads to a from a social point of view unwelcome situation which could be improved by some central authority. In this framework people’s expectations in combination with incomplete insurance can be identified as the only reason for the non-desirable outcome.

166 CHAPTER 6. INTRODUCTION

Chapter 7

On Mas-Colell’s (1992) First Observation on Sunspots

Gottardi and Kajii (1999, p. 723) state that there is little relation between the existence of sunspot equilibria and the multiplicity of non-sunspot equilibria, or the multiplicity of spot market equilibria. However, as explained in the last section, Gottardi and Kajii’s (1999) results on the (in)dependency of the existence of sunspot equilibria on the multiplicity of Arrow-Debreu equilibria have to be assessed in the knowledge that their framework includes first period consumption. Nonetheless, they explain “potential multiplicity” for some distribution of initial endowments to be a necessary condition for the existence of sunspot equilibria and prove this to be generically satisfied within their framework. They realize that “no other condition [than the lack of potential multiplicity] on the agents’ preferences and endowments can be found which ensures the economy [to be] immune from sunspots.”

This is my starting-point: I give conditions built up in Mas-Colell’s (1992) sunspot framework which allow “potential multiplicity”, but leave the economy immune from sunspots.

Mas-Colell (1992, p. 469) himself states that he does not know what happens with his result in a two-commodity framework: “We do not know if there is an example with l = 2.” I take his model and prove that his result breaks down with only two goods and additively separable utility functions displaying non-decreasing relative risk aversion, even if one allows the existence of more than two consumers. I think it is very interesting to observe this point because on the one hand it contradicts intuition and on the other hand my assumptions include famous examples of multiple Arrow-Debreu equilibria (for example, Kehoe (1991)) which one would otherwise expect to be useful for constructing explicit examples of non-trivial sunspot equilibria. It is well-known that in many economic models the two-commodity case be-

168 CHAPTER 7. ON MAS-COLELL’S OBSERVATION ON SUNSPOTS

haves in another way than the “more than two”-commodity case. Mas-Colell’s (1992) positive existence results are built up in a two-person framework. My non-existence result however is valid for an arbitrary number of consumers. I stress this fact because there are examples of two-commodity economies where the two-person case evokes special effects (cf. the transfer paradox in Balasko (1978) and Polemarchakis (1983)). If I assumed that there are only two consumers, it would be sufficient to restrict utility by additive separability and nothing else.

At first glance my result seems to contradict the one of Gottardi and Kajii (1999). However, one observes

• that additive separability is no robust property in the set of utility functions and

• that — following the idea developed by Cass (1989), (1992) — Gottardi and Kajii (1999) consider sunspot economies including first period consumption such that there is some incentive for saving/dissaving which might be stronger than the negative consequences of the inefficiency caused by sunspot-dependent allocations.

I exactly consider the framework of Mas-Colell (1992), except for the restriction to L = 2 commodities and allowing the existence of an arbitrary finite number of consumers. This means I assume an economy with no intrinsic uncertainty where restricted insurance against extrinsic uncertainty is possible with the help of a real sunspot-independent asset structure.

Proposition 7.1 Assume a sunspot economy SE = {(Û^i, ω̂^i)_{i∈I} , V } satisfying Assumption 6.1 with exactly L = 2 commodities and a real sunspotindependent asset structure, i.e. there is some A ∈ R^{2×J} with Aθ̄ > 0 for some θ̄ ∈ R^J such that V_{s·}(p) = p_s ·A. If the state utility functions (U^i)_{i∈I} are additively separable and display non-decreasing relative risk aversion, then there is no non-trivial sunspot equilibrium.

Proof: Let ω ∈ R^2_{++} be some fixed total endowment and

U^i(x) = u^i_1(x_1) + u^i_2(x_2), i = 1, . . . , I,

some utility functions where u^i_l exhibits non-decreasing relative risk aversion. Assume there is an endowment distribution ω̂^1, . . . , ω̂^I ∈ R^{S2}_{++} satisfying the sunspot assumptions with ∑_I i=1 ω^i = ω and an asset structure A ∈ R^{2×J} with Aθ̄ > 0 for some θ̄ ∈ R^J which admit a non-trivial sunspot equilibrium (x^∗, θ^∗, p^∗, q^∗). Then, the Arrow-Debreu economy (U^i, ω̃^i)_{i=1,...,I} with ω̃^i = ω^i + Aθ^{∗i}, i = 1, . . . , I, has the following S equilibria. Without loss of generality allocations in each state differ; otherwise merge the different states:

(x^{∗1}_1 , . . . , x^{∗I}_1 , p^∗_1); . . . ; (x^{∗1}_S , . . . , x^{∗I}_S , p^∗_S). The sunspot economy has to include at least 3 sunspot states. If S = 2, to avoid the well-known case of extrinsic completeness (compare Proposition 6.7), the asset structure would have to be restricted to a single asset (or collinear assets) which — under the assumption of no first period consumption — excludes any asset trade and therefore only allows the existence of trivial sunspot equilibria.

Normalize p^∗_{s2} = 1 for all s ∈ S. The Lagrangian multipliers which correspond to the equilibria in the Arrow-Debreu economy are called λ^i_s, s ∈ S, i ∈ I. Non-triviality implies Aθ^{∗i} ≠ 0 for some i ∈ {1, . . . , I}. Normalize q^∗_1 = 1.^1 Then, q^∗ · θ^{∗i} = 0 implies θ^{∗i}_1 = −q^∗_{−1}θ^{∗i}_{−1} and therefore Aθ^{∗i} = (A_{·(−1)} − Â(q^∗))θ^{∗i}_{−1} where A_{·(−1)} = (A_{·2}, . . . , A_{·J} ) and Â(q^∗) = (q^∗_2 A_{·1}, . . . , q^∗_J A_{·1}). Because of non-triviality of the sunspot equilibrium there has to be some j̄ ∈ {2, . . . , J} such that r := A_·¯_j − q^∗_{j̄} A_{·1} ≠ 0.

The first order conditions for the Arrow-Debreu equilibria are of the following form: for all s ∈ S it is

u^i_1^′(x^{∗i}_{s1}) − λ^i_sp^∗_{s1} = 0, u^i_2^′(x^{∗i}_{s2}) − λ^i_s = 0, p^∗_s · (x^{∗i}_s − ω̃^i) = 0.

Without loss of generality it is p^∗_1 < . . . < p^∗_S . Assume, there are two consumers h̄, ĥ ∈ {1, . . . , I} such that x^{∗h̄}_{12} < . . . < x^{∗h̄}_{S2}, (7.1a) x^{∗ĥ}_{12} > . . . > x^{∗ĥ}_{S2}, (7.1b)

which because of strict concavity of U^i implies λ^{h̄}_1 > . . . > λ^{h̄}_S , (7.2a) λ^ĥ_1 < . . . < λ^ĥ_S . (7.2b)

1This is possible without loss of generality because in the equilibrium one of the asset prices has to be unequal to zero. If necessary, renumerate the assets and switch from A to −A.

170 CHAPTER 7. ON MAS-COLELL’S OBSERVATION ON SUNSPOTS

The first order conditions for consumer i’s maximization problem in the sunspot economy are given by

ρ̄_su^i_1^′(x^{∗i}_{s1}) − λ̂^i_sp^∗_{s1} = 0, s = 1, . . . , S;

(7.3a) ρ̄_su^i_2^′(x^{∗i}_{s2}) − λ̂^i_s = 0, s = 1, . . . , S;

(7.3b)

p^∗_s · (x^{∗i}_s − ω^i − (A_{·(−1)} − Â(q^∗))θ^{∗i}_{−1}) = 0, s = 1, . . . , S;

(7.3c) S∑ s=1 λ̂^i_sp^∗_s · (A_{·j} − Â(q^∗)_{·j}) = 0, j = 2, . . . , J. (7.3d)

Obviously λ̂^i_s = ρ̄_sλ^i_s for all s ∈ S and i = 1, . . . , I. Then, equation (7.3d) for i = h̄, ĥ and j̄ can be rewritten as ( λ^{h̄}_1 . . . λ^{h̄}_S λ^ĥ_1 . . . λ^ĥ_S ) ρ̄_1

. .. ρ̄_S p^∗_{11} 1 . . p^∗_{S1} 1 ( r_1 r_2 ) = 0 (7.4)

where r := A_·¯_j − Â(q^∗)_·¯_j. Only r_1 and r_2 can take negative values. Therefore, since r ≠ 0, this equation implies r_1 · r_2 < 0. W.l.o.g. r_2 < 0, r_1 > 0. Then

p^∗_{11}r_1 + r_2 < . . . < p^∗_{S1}r_1 + r_2.

Take s̄ ∈ S such that

p^∗_{11}r_1 + r_2 < . . . < p^∗_{s̄1}r_1 + r_2 < 0 ≤ p^∗_{(s̄+1)1}r_1 + r_2 < p^∗_{S1}r_1 + r_2.

Define a_s by

a_s := −ρ̄_s(p^∗_{s1}r_1 + r_2) for s ≤ s̄, a_s := ρ̄_s(p^∗_{s1}r_1 + r_2) for s > s̄,

where (a_1, . . . , a_{s̄})^T > 0 and (a_{s̄+1}, . . . , a_S )^T ≥ 0. Then, equation (7.4) is equivalent to ( λ^{h̄}_1 . . . λ^{h̄}_{s̄} λ^ĥ_1 . . . λ^ĥ_{s̄} ) a_1 . . a_{s̄} = ( λ^{h̄}_{s̄+1} . . . λ^{h̄}_S λ^ĥ_{s̄+1} . . . λ^ĥ_{S̄} ) a_{s̄+1} . . a_S (7.5)

where without loss of generality λ^{h̄}_{s̄+1} = λ^ĥ_{s̄+1} because otherwise consumer ĥ’s utility can be multiplied with a positive constant. Substracting these two equations together with conditions (7.2a) and (7.2b) implies s̄∑ s=1 (λ^{h̄}_s − λ^ĥ_s ) >0 · a_s >0 = S∑ s=s̄+1 (λ^{h̄}_s − λ^ĥ_s ) ≤0 · a_s ≥0 , (7.6) which displays a contradiction. Therefore, there cannot exist any vector r ≠ 0 satisfying (7.4), i.e. there is no asset structure A ∈ R^{2×J} which admits a non-trivial sunspot equilibrium.

It remains to prove the existence of two consumers h̄, ĥ for whom (7.1a) and (7.1b) are satisfied. Therefore, define excess demand functions z^i(p_{s1}) := arg max_{z∈R2+−ωi} U^i(ω^i + z) s.t. p_{s1}z_1 + z_2 = 0.

Then, (7.1a) and (7.1b) are equivalent to z^{h̄}_2 (p_{11}) < . . . < z^{h̄}_2 (p_{S1}),

(7.7a) z^ĥ_2 (p_{11}) > . . . > z^ĥ_2 (p_{S1}).

(7.7b) Grandmont’s (1985, Lemma 1.2) results assure^2 z^i_1^′(p_{s1}) < 0, if z^i_2(p_{s1}) ≤ 0,

(7.8a) z^i_2^′(p_{s1}) > 0, if z^i_1(p_{s1}) ≤ 0.

(7.8b) This follows from

z^i_1^′(p_{s1}) = + u^i_2^′(ω^i_2 + z^i_2(p_{s1})) + z^i_2(p_{s1}) · u^i_2^{′′}(ω^i_2 + z^i_2(p_{s1})) u^i_1^{′′}(ω^i_1 + z^i_1(p_{s1})) + (p_{s1})^2u^i_2^{′′}(ω^i_2 + z^i_2(p_{s1})) , z^i_2^′(p_{s1}) = − u^i_1^′(ω^i_1 + z^i_1(p_{s1})) + z^i_1(p_{s1}) · u^i_1^{′′}(ω^i_1 + z^i_1(p_{s1})) u^i_1^{′′}(ω^i_1 + z^i_1(p_{s1})) + (p_{s1})^2u^i_2^{′′}(ω^i_2 + z^i_2(p_{s1})) . Besides it is z^i_2(p_{s1}) ≤ 0 ⇔ z^i_1(p_{s1}) ≥ 0.

(7.9) Observe the following equivalences when z^i_1(p_{s1}) > 0: z^i_2^′(p_{s1}) = (resp. <, >) 0 ⇔ u^i_1^′(ω^i_1 + z^i_1(p_{s1})) + z^i_1(p_{s1}) · u^i_1^{′′}(ω^i_1 + z^i_1(p_{s1})) = (resp. <, >) 0 ⇔ −^{ui1′′(ωi1+zi1(ps1))} u^i_1^′(ω^i_1+z^i_1(p_{s1})) (ω i 1 + z^i_1(p_{s1})) = (resp. >, <) ω^i_1 + z^i_1(p_{s1}) z^i_1(p_{s1}) ⇔ RRA^i_1(ω^i_1 + z^i_1(p_{s1})) = (resp. >, <) ω^i_1 + z^i_1(p_{s1}) z^i_1(p_{s1})

(7.10)

2Grandmont (1985) restricts z^i_1 to be less or equal to zero, but nevertheless his results can be transferred to the context here.

172 CHAPTER 7. ON MAS-COLELL’S OBSERVATION ON SUNSPOTS

where RRA^i_1 is the relative risk aversion of consumer i with respect to good 1. The left-hand side of equation (7.10) is non-decreasing in ω^i_1 + z^i_1(p_{s1}) or equivalently in z^i_1(p_{s1}) whereas the right-hand side is strictly decreasing in z^i_1(p_{s1}) to the lower bound 1. Therefore, there is either a unique value z̄^i_1 such that z^i_2^′(p_{s1}) = 0 if z^i_1(p_{s1}) = z̄^i_1 and z^i_2^′(p_{s1}) < 0 if z^i_1(p_{s1}) > z̄^i_1 or z^i_2^′(p_{s1}) never gets zero which implies strict monotonicity of z^i_2(p_{s1}).

Now define p̄^i_1 by z^i_1(p̄^i_1) = z̄^i_1. p̄^i_1 is uniquely determined if z^i_1(p_{s1}) is strictly decreasing for z^i_1(p_{s1}) ≥ 0. This follows from (7.9) and (7.8a). Therefore, it is

z^i_2^′(p_{s1}) > 0 for p_{s1} > p̄^i_1,

(7.11a) z^i_2^′(p_{s1}) < 0 for p_{s1} < p̄^i_1.

(7.11b)

Because of market clearing in the equilibria, there has to be some h̄ ∈ {1, . . . , I} with z^{h̄}_2 (p_{11}) < z^{h̄}_2 (p_{21}).

Either p̄^{h̄}_1 does not exist, then z^{h̄}_2 (p_{s1}) is increasing and therefore (7.7a). Or since it is (7.11a) and (7.11b), this implies p_{21} > p̄^{h̄}_1 and therefore p_{s1} > p̄^{h̄}_1 for all s ∈ {2, . . . , S}. Then, from (7.11a) it follows (7.7a).

On the other hand — again as a consequence of market clearing — there exists some ĥ ∈ {1, . . . , I} with

z^ĥ_2 (p_{(S−1)1}) > z^ĥ_2 (p_{S1}).

Because of (7.11a) and (7.11b) this implies p_{(S−1)1} < p̄^ĥ_1 and therefore p_{s1} < p̄^ĥ_1 for all s ∈ {1, . . . , S − 1}.^3 Then (7.11b) assures (7.7b). □ Remark 7.2

1. The main idea of the proof is to show the inconsistency of some existing ordering of the Lagrangian multipliers in Arrow-Debreu economies (exhibiting a kind of “order crossing”) under additive separability of utility functions on the one hand with the special restrictions on the ordering of Lagrangian multipliers at a non-trivial sunspot equilibrium on the other hand.

2. For I = 2 the additional restriction to non-decreasing relative risk aversion is not necessary because in an Edgeworth-box economy (twoconsumer two-commodity Arrow-Debreu exchange economy) where consumers are characterized by additively separable utility functions the

3p̄^ĥ_1 has to exist because otherwise ĥ’s demand for good 2 has to be strictly increasing.

ordering of the Lagrangian multipliers corresponding to the different equilibria is always inverse, i.e. λ^{3−i}_1 > . . . > λ^{3−i}_S , λ^i_1 < . . . < λ^i_S for i = 1 or i = 2.

3. For I = 2 it is obvious that this result remains valid if consumers’ utility functions are strictly monotonic, concave transformations of additively separable utilities because considering Pareto-efficiency in the Edgeworth-box clarifies the equilibrium allocations of both commodities to move in the same direction.

4. For a theoretical justification of non-decreasing relative risk aversion in the context of uncertainty compare Arrow (1970, Chapter 3), for empirical evidence see Dalal and Arshanapalli (1993). For example, the important class of CES-utility satisfies this assumption.

5. The proof applies results from Grandmont (1985) which he developed in the framework of overlapping generations models.

6. If the relative risk aversion of a consumer is less or equal to one, equation (7.10) does not have any solution. Therefore, this consumer’s demand for good 2 is strictly increasing. Obviously, all individual demand functions are strictly monotone if relative risk aversion is bounded above by one for all consumers. This, however, contradicts multiplicity of equilibria in the Arrow-Debreu economy (U^i, ω̃^i)_{i=1,...,I} such that at least for one consumer relative risk aversion has to exceed one.^4

Regrettably, until now, I have not been able to find out how important the additive separability of utility functions is. I strongly conjecture that this assumption can at least be weakened to the assumption of normal goods. However, I have not been successful in proving the inverse ordering of Lagrangian multipliers of different consumers when deviating from the assumption of additive separability. Nevertheless, I conjecture that my result does not hold without any restrictions on utility functions in addition to the standard ones.

Let me summarize and comment on results on the existence of sunspot equilibria whenever the asset structure is real:

4For results on the uniqueness of equilibria as a consequence of a relative risk aversion less or equal to one compare Proposition 3.19.

174 CHAPTER 7. ON MAS-COLELL’S OBSERVATION ON SUNSPOTS

1. Under first period consumption it is known from Gottardi and Kajii (1999) that with a sunspot-independent asset structure sunspot equilibria might exist even though the underlying certainty economy has a unique equilibrium, i.e. multiplicity of Arrow-Debreu equilibria in the certainty economy is no necessary condition for the existence of sunspot equilibria. But one should notice that their proof would not work without the assumption of first period consumption and it is not clear whether the result remains true without first period consumption. Nevertheless, I presume that it can be verified because also Cass and Shell (1983) in their two period-framework with restricted participation obtain the existence of a sunspot equilibrium, even though the certainty economy has a unique equilibrium.

2. For sunspot-independent asset structures “potential multiplicity” is a necessary condition for the existence of sunspot equilibria. Without first period consumption for economies with two consumers and more than two commodities Mas-Colell (1992) shows how to apply this condition to obtain the existence of non-trivial sunspot equilibria. Under first period consumption “potential multiplicity” is generically in utility functions and endowments satisfied and admits an open set of assets generating sunspot equilibria (Gottardi and Kajii (1999)).

3. However, as I proved in this section, for sunspot-independent asset structures in general “potential multiplicity” is no sufficient condition for the existence of any sunspot equilibrium. Therefore, take a twocommodity sunspot economy with an underlying certainty economy where the utility functions are additively separable and show nondecreasing relative risk aversion. If the certainty economy has a unique equilibrium, the sunspot economy neither allows the existence of trivial nor — according to Proposition 7.1 — of non-trivial sunspot equilibria, even though there might be endowment distributions for which multiple equilibria exist.

Starting with a Pareto-efficient distribution of endowments, sunspot equilibria obviously never exist. However, this is a trivial case. My result is more general since it gives conditions such that for all starting distributions no non-trivial sunspot equilibria exist.

Part IV How to use Arrow-Debreu Theory for OLG-Theory

Chapter 8

Introduction

In this part I identify competitive Arrow-Debreu equilibria of certain symmetric Arrow-Debreu economies with monetary stationary and cyclical equilibria of OLG-models. This allows to apply the theory of uniqueness in Arrow-Debreu models — summarized in Chapter 3 — to gain results on the existence and the number of this special kind of OLG-equilibria. The OLGmodel is a simple model which allows an infinite time horizon by establishing life-cycles.

8.1 Introductory Remarks

The overlapping generations model — abbreviated OLG-model — is often described as a workhorse of macroeconomics (for example Mas-Colell, Whinston, and Green (1995, p. 769) and Blanchard and Fischer (1989, p. XI)). It serves as a basis for monetary theory and public finance.^1

The identification of Arrow-Debreu equilibria of certain symmetric Arrow- Debreu economies with monetary stationary and cyclical equilibria of OLGmodels is one further step in connecting micro- with macroeconomics as well as static with dynamical models. Many economists (for example Mas-Colell (1991)) presume close relations between unique Arrow-Debreu equilibria in static Arrow-Debreu economies on the one hand and stationary equilibria in dynamic economies on the other hand. This gives rise to great hopes that Arrow-Debreu theory can be applied to obtain results in dynamic models.

When elaborating this part, I only had knowledge of one result in this topic, namely Balasko and Ghiglino (1995) who identified two-cycles in the

1According to Balasko and Shell (1980, pp. 281/2) the reason is that “the overlappinggenerations model is the only natural model in which money is permitted to serve as a store of value”.

178 CHAPTER 8. INTRODUCTION

simplest overlapping generations model (one consumer who lives for two periods and one commodity in each period) with the Arrow-Debreu equilibria of a symmetric two-consumer two-commodity Arrow-Debreu economy. I generalize their results for arbitrary cycles in general overlapping generations models, that is in OLG-models without any other restriction than finiteness on the number of consumers, periods of life, and commodities. This allows to apply the theory of uniqueness of Arrow-Debreu equilibria presented in Chapter 3 to obtain a series of statements on the existence and number of monetary stationary and periodic OLG-equilibria. Some of these results are new, some of them are already well-known, but undergo a new simple proof.

Simultaneously and independently Tuinstra and Weddepohl (1999) have developed the same generalization of Balasko and Ghiglino (1995). However, their main focus is on finding OLG-models with two respectively three generations displaying different kinds of equilibrium cycles. In my survey on related literature I present their results in detail and contrast them to my own ones.

This part is built up as follows: after finishing this short introduction by pointing out the importance of OLG-models for economics and explaining the interest in cyclical equilibria, the next section is devoted to already existing literature. Since there is a plenty of this, I have to make a very selective subjective choice. I decided to start with the seminal paper by Samuelson (1958), to go on with the path-breaking results on the existence of cycles given by Gale (1973), Benhabib and Day (1982), and Grandmont (1985), and to continue with some results by Kehoe, Levine, and their co-authors (1984a), (1984b), (1985), (1990), (1991) who did important work on general overlapping generations models with some results close to my own ones. Besides I mention Ghiglino and Tvede (1995) because I extend one of their results on Pareto-efficient endowments. Of course, the results by Balasko and Ghiglino (1995) and Tuinstra and Weddepohl (1999) should not be missed.^2 Chapter 9 contains a description of the underlying OLG-model and the corresponding Arrow-Debreu exchange economies. The periodic OLG-equilibria and the Arrow-Debreu equilibria are related to each other and the structure of the set of Arrow-Debreu equilibria is illuminated. Chapter 10 applies these ideas to obtain results on the existence and the number of stationary and periodic OLG-equilibria with the help of Chapter 3. To maintain a self-contained train of thought, a large part of the proofs is deferred to Appendix B.2.

The basic structure of OLG-models consists in the fact that at any time individuals of different generations are alive and can trade with each other. Therefore, each generation trades with different generations in different peri-

2Even for these few papers it is not possible to give their whole contents!

8.1. INTRODUCTORY REMARKS 179

ods of its life while there are unborn generations with preferences not taken care of during the current trading. Blanchard and Fischer (1989, p. 91) call this “life-cycles hypothesis”.

A large part of the literature refers to the simple OLG-model where agents are only alive for two periods and where there is only one commodity per period. One reason is computational simplicity. Conceptually the generalization does not impose any problems, but computational simplicity gets lost. Hence, one advantageous aspect of my approach is to enable computation of stationary and cyclical OLG-equilibria by computation of Arrow-Debreu equilibria.

An important aspect of the OLG-model lies in the fact that it allows to extend the economic system indefinitely into the future while it does not require the agents to have perfect foresight up to infinity and does not force “the doomsday problem onto the agents in the economy or onto some representative individual” (Benhabib and Day (1982, p. 37)). The model allows a double infinity of consumers and commodities without making individual decision problems difficult to handle. It stands in contrast to those models where agents live infinitely long.^3

One main purpose of macroeconomics and therefore of the application of OLG-models is to understand the existence and persistence of economic fluctuations and explain output, employment, and price movements. A systematic study of business cycles should lead to a clarification of lengths, contractions, expansions as well as the amplitude of fluctuations in the behavior of economic variables. One has to distinguish different kinds of cycles: those caused by exogenous shocks and those coming into being without any exogenous influence. Following Grandmont (1985) these last ones to which I restrict my attention are called endogenous cycles. Their existence is important because it explains observed economic fluctuations without any “ad hoc assumptions [on] cycles [...] due to exogenous shocks” (Grandmont (1985, p. 996)). According to Grandmont (1985) these cycles give the government the chance of some countercyclical policies which stabilize the economy. Since there is a large dimension of indeterminacy of OLG-equilibria^4 (compare, for example, Kehoe and Levine (1990)), economists value stationary and periodic OLG-equilibria as means to reduce the dimension of indeterminacy (for example, Blanchard and Fischer (1989, p. 261)) and the periodic OLG-

3Compare the introductory description of Ramsey economies given in Blanchard and Fischer (1989, Chapter 2).

4Existence of OLG-equilibria itself was shown much earlier. For example, a quite general proof — at least in OLG-exchange economies which I consider — is given by Balasko, Cass, and Shell (1980) who work with so-called “truncated economies”, that is they cut the OLG-economy at some time t and let t go to infinity.

180 CHAPTER 8. INTRODUCTION

equilibria as a generalization of steady states (for example, Azariadis (1993, p. 85)).

8.2 Related Literature

Samuelson’s (1958) paper can be seen as the seminal work on OLG-models. It initiates a lot of discussion and asks for extensions aiming at different aspects, but most of it in line with Samuelson (1958) himself on optimality of stationary (or steady state)^5 equilibria.^6 Even though Samuelson (1958) does not refer to cycles on which I focus, I think it is important to recall his results because his paper is the basis for all following ones on overlapping generations.

Samuelson (1958) considers similar problems in a two- and a three-period OLG-framework with one representative consumer for each generation. The model is a simple production economy where consumers produce exactly one unit of the non-storable single commodity when young (and middle-aged). This can be reinterpreted as a pure exchange economy where consumers get an endowment when young (and middle-aged), i.e. during the working time, but get nothing when old, i.e. after retirement. Since agents want to consume during their whole life, they would like to transfer income between the different periods.

Samuelson (1958) assumes a stationary economy except for population growth and only considers those OLG-equilibria with constant interest rates. Allowing exchange between present and future goods, i.e. under the introduction of fiat money, his first point is to prove equality of one equilibrium interest rate and the growth rate which even constitutes a socially optimal solution. Samuelson (1958) observes in the three-period model that middleaged not necessarily pay to the young generation which will pay for them during retirement, but to the old one. The analogue in the two-period framework is that for a young generation there is nobody to bribe to make provision for the time of retirement. An alternative is the autarky equilibrium where everybody consumes immediately his income. Samuelson (1958) states the surprising fact that even when everybody is allowed to trade on each market, the social optimum is generically not obtained because without money the

5This means that individual consumption plans are constant over time. When there is no population growth, stationary equilibria are those where prices are also constant over time whereas under population growth price movements reflect this change.

6To mention some of this literature take Lerner (1959), Cass and Yaari (1966), and Shell (1971). Diamond (1965) extends Samuelson’s (1958) model to include non-trivial production.

8.2. RELATED LITERATURE 181

double coincidence of wants is missing. An example demonstrates that there is even no local convergence against the social optimum.

For Samuelson (1958, p. 479) the function “of money [is] a social compact that can provide optimal old age social security”. He states that even though money cannot be directly consumed, it is “something to hold and to carry over into retirement age” (Samuelson (1958, p. 482)).

Gale (1973) is one of the first economists who discovers the existence of endogenous cycles in OLG-models. The model he considers is an n-period generalization of Samuelson’s (1958), but directly formulated as pure exchange economy. In some parts it includes bequests.

Gale (1973) proves the general existence of two kinds of steady states: the so-called “golden rule paths” where the interest rate equals the growth rate of population and the so-called “balanced paths” where indebtedness of the society is zero.^7 An important insight by Gale (1973) is the necessity of distinction between the “classical” and the “Samuelson” case, that means whether society as a whole is debtor or creditor at the golden rule steady state.

In the two-period framework Gale (1973) proves under separable or homothetic utility functions that in the classical case the forward dynamic system is determinate in the sense that consumption of the current generation is determined from consumption of the past generations.^8 Gale (1973) conjectures that in the classical case the golden rule steady state is stable whereas in the Samuelson case this is true for the balanced steady state. This result is proved for the two-period framework. The golden rule steady state is often called monetary steady state because except for non-generic situations it requires income transfer between different generations enabled by the introduction of fiat money.

Gale (1973) considers three two-period examples, one of them with quadratic utility (with different factors of risk aversion for the different periods of consumption) for which he demonstrates the existence of a two-cycle. He identifies this property to be independent of expectations and to be caused by the equilibrium price mechanism.

Benhabib and Day (1982) consider a two-period OLG-model with one consumer type and one commodity in each period. They establish conditions leading to “erratic dynamics” or chaos which means that there exist trajectories (sequences of equilibrium consumption bundles) which are bounded, but

7This corresponds to Samuelson’s (1958) autarky equilibrium whereas the golden rule path is his social optimum.

8Compare Assumptions Gale 9.4 later on.

182 CHAPTER 8. INTRODUCTION

never converge to a stationary or periodic equilibrium.

Following Gale (1973), Benhabib and Day (1982) assume separable or homothetic utility functions such that in the classical case forward perfect foresight dynamics are uniquely determined, i.e. consumption of the young in period t is a function f of consumption of the young in period t − 1.

Benhabib and Day (1982) apply a theorem^9 by Li and Yorke (1975, Theorem 1)^{10} which under special conditions on the function f guarantees erratic behavior as well as the existence of cycles of arbitrary length. Benhabib and Day’s (1982) main success is to establish conditions on the “constrained marginal rate of substitution”^{11} which assure f to satisfy the assumptions of Li and Yorke’s (1975) theorem. This result is applied to construct three different robust examples of two-period OLG-economies displaying chaos as well as cycles of arbitrary length.^{12}

Grandmont (1985) is the first who systematically studies endogenous business cycles. The underlying model is a simple overlapping generations model without population growth, i.e. there is a single consumer living for two periods and a single commodity in each period. Grandmont (1985) himself reformulates the simple production economy in terms of a pure exchange economy. Requiring an additively separable utility function which satisfies standard assumptions and a strictly positive endowment vector such that the quotient of first and second life-period marginal utility at the endowment point is less than one (this value is called θ̄)^{13}, he assures to be in the Samuelson case and systematically studies individuals’ offer curves. This enables him to characterize the dynamics in the OLG-model by a function ϕ (compare Figure 8.1) in some θ which is the quotient between today’s price and the one expected for tomorrow. θ − 1 is the expected real interest rate.

θ_{t−1} = ϕ(θ_t)

defines uniquely a backward perfect foresight dynamic.

The graph of ϕ is closely related to the relative risk aversion with respect to utility of consumption when old.^{14}

9Benhabib and Day (1982) call it Chaos Theorem.

10An analogue for higher dimensional systems, for example necessary when considering more periods of life, can be found in Diamond (1976).

11This is derived from utility functions and endowments. 12Notice that all utility functions are linear in the consumption when old. 13For these assumptions compare Assumptions Grandmont 9.3.

14One should be conscious that interpreting the quotient of second and first derivative of a utility function as a measure of risk aversion is only possible when there is uncertainty (compare Arrow (1970) and Pratt (1964)). Nevertheless, Grandmont (1985) himself ap-

8.2. RELATED LITERATURE 183 θ_{t−1}

θ_t 45^∘ ϕ(θ_t)

Figure 8.1: A possible form of ϕ.

Most important for my considerations are Grandmont’s (1985) results on the existence of periodic equilibria. According to him, the main reason for the existence of cycles is the conflict between the wealth effect on the one hand and the intertemporal substitution effect on the other hand, both caused by changes in the interest rate. Having a look on Figure 8.1, this requires a significant hump of ϕ. If the “old” relative risk aversion RRA_1 is less than one, a hump and therefore cycles are excluded. If the supremum of RRA_1 is bigger than 1 and the risk aversion itself is non-decreasing, a hump exists. A necessary condition for the existence of two-cycles in this last case is given by ϕ^′(1) < 0^{15}, a sufficient one by ϕ^′(1) < −1. This last condition is satisfied if the relative risk aversion at stationary consumption when old (RRA_1(c_1(1))) is bigger than two times the relative risk aversion at stationary consumption when young (RRA_0(c_0(1))) multiplied by the quotient^{c1(1)}_{c1(1)−ω1} where c_1(1) is the consumption and ω_1 the endowment when old. The intuition is that the old must have a sufficiently high risk aversion.

The coexistence of cycles of different lengths follows from the application of Sarkowski’s Theorem (compare, for example, Grandmont (1986, Theorem 1)) on ϕ. The main point consists in the fact that ϕ can be restricted to map from a real interval into itself.

Sarkowski’s ordering of all positive integers first contains all odd integers from 3 onwards, then the powers of 2 times these odd integers, and at last

plies the term of “risk aversion” even though he states that it should be interpreted as a measure of degree of concavity.

151 corresponds to the monetary stationary equilibrium.

184 CHAPTER 8. INTRODUCTION

the powers of 2 backwards, i.e. 3 >_S 5 >_S 7 >_S . . .

>_S 2 · 3 >_S 2 · 5 >_S 2 · 7 >_S . . . . . . >_S 2^n · 3 >_S 2^n · 5 >_S 2^n · 7 >_S . . . . . . >_S . . . >_S 2^m >_S . . . >_S 2 >_S 1.

Sarkowski’s Theorem implies that as soon as the simple OLG-model (or equivalently ϕ) displays a cycle of length k, it also displays cycles of length k^′ for all k^′ with k >_S k^′. This result determines the order with which cycles of different length appear and especially assures that as soon as a three-cycle exists cycles of arbitrary length coexist.^{16}

Sufficient conditions for three-cycles are given by ϕ^3(θ) ≤ θ for some θ ∈ (θ̄, 1) or ϕ^3(θ) ≥ θ for some θ > 1. Besides Grandmont establishes that generically there is an even number of three-cycles.

Under non-decreasing relative risk aversion RRA_1 and sup RRA_1 > 1, Grandmont (1985) gives conditions on marginal utilities and endowments which assure the existence of three-cycles. This is applied to prove that for constant elasticity, 0 < ω_1 < 1, and ω_0 + ω_1 > 1/ω_1 a sufficiently high risk aversion for “old” consumption implies the existence of a three-cycle.

That observation leads Grandmont (1985) to a computer experiment on a constant elasticity example where the “old” relative risk aversion is continuously increased which evokes “traders’ offer curves [to] become[. . . ] more and more humpy [and] more and more cycles appear” (Grandmont (1985, p. 1029)). Underlying this experiment is the idea of bifurcation which is an important tool for the examination of dynamical systems.^{17}

Grandmont (1985) also obtains interesting statements on the stability of cycles which — no question — is the next step after understanding the conditions for their existence. Nevertheless, since my own contribution concentrates only on existence, I omit Grandmont’s (1985) work on this topic.

Kehoe and Levine (1984a), (1984b), (1985), (1990) did enormous work on the generalized overlapping generations model where all these papers are

16Devaney (1989, p. 62) states the additional implication that as soon as there exists some periodic point of an order not equal to a power of two, then there have to exist infinitely many periodic points. The converse result also holds: if there is a finite number of periodic points, they all have to be of order equal to a power of two.

17The idea is to make the function ϕ describing the dynamical system dependent on a parameter λ which models some exogenous influences. A bifurcation arises at some point whenever the dynamic behavior changes, i.e. for example if a new cycle appears. For an introductory description compare Devaney (1989, § 1.12) or Azariadis (1993, Chapter 8).

8.2. RELATED LITERATURE 185

closely related to each other. Even though most of this work is on the (in)determinacy of OLG-equilibria, some of their results overlap with my own ones. To summarize briefly their results on indeterminacy they prove that in general for balanced as well as for monetary steady states OLGeconomies might exhibit large degrees of indeterminacy (Kehoe and Levine (1984b), (1985), (1990)), but under further restrictions like intertemporal separability (Kehoe and Levine (1984a)) this breaks down to determinacy of balanced steady states and one dimension of indeterminacy for monetary steady states which is the analogue to the simple overlapping generations model. One degree of indeterminacy of the monetary steady state (the only one in the simple OLG-model) can be eliminated by price normalization or equivalently by fixing the value of money. Kehoe and Levine’s considerations on equilibrium paths near steady states are mainly based on linearizations of equilibrium conditions at the steady states.

Most of the work allows the consideration of many goods and many consumers. Large parts put no other restriction on life-periods than finiteness or at least — if the number of periods is restricted to be two — Kehoe and Levine prove how to generalize their results. In Kehoe and Levine (1984b) a method applicable for most purposes is described where an n + 1-period model is reduced to a two-period model by grouping n periods into a single one. However, this proceeding requires to have no restrictions on the number of agents and commodities. Besides, it is not applicable for the consideration of stationary equilibria and cycles. What distinguishes Kehoe and Levine’s work from other approaches, is the fact that consumers are not characterized by utility functions and endowments, but whole generations are described by two excess demand functions for the different periods.

The main reason why I mention Kehoe and Levine’s work is the paper in which they develop some regularity theory for OLG-models (Kehoe and Levine (1984b)) which in some parts contains results for which my approach gives another view. They prove for general overlapping generations models the existence of a monetary and a balanced steady state. In both cases the way of proof is to put OLG-excess demand functions at the steady states down to excess demand functions of a static economy which allows application of Brouwer’s Fixed Point Theorem to obtain both kinds of steady states. Kehoe and Levine (1984b) formulate some regularity assumptions based on these static economies (which they prove to be generically satisfied in the topological space of excess demand functions), allowing the application of the Index Theorem and therefore generically leading to odd numbers of monetary and balanced steady states.

Besides Kehoe, Levine, and their coauthors (Kehoe et al. (1991)) consider the consequences of gross substitution of excess demand functions in so-called

186 CHAPTER 8. INTRODUCTION

“large-square economies”^{18} and especially in general overlapping generations models. For these last models they demonstrate balanced steady states to be unique and for monetary states they prove uniqueness respectively one dimension of indeterminacy depending on whether one fixes the nominal debt that passes between generations or not. Besides, their results on convergence against steady states imply the non-existence of equilibrium cycles whenever demand satisfies the property of gross substitution.

Ghiglino and Tvede (1995) consider a general overlapping generations pure exchange economy, but restricted to two periods. Within this framework they prove the following result: generically in the set of economies described by utility functions and endowments and displaying an optimal no-trade equilibrium, there exists a neighborhood of the endowments such that all economies with the same utility functions and endowments out of this neighborhood are characterized by a globally unique balanced and a globally unique golden rule steady state. The line of proof is to show coincidence of balanced and golden rule steady state when endowments are optimal, then demonstrate local uniqueness for sufficiently small neighborhoods of the endowments, and use some results on convergence to obtain the global property. The restriction to a generic set is necessary because of the consideration of balanced steady states.

To the best of my knowledge, Balasko and Ghiglino (1995) are the first contributing to the identification of periodic OLG-equilibria and Arrow-De-breu equilibria. The model they consider is the simple overlapping generations model with one commodity and a single two-period living consumer without any population growth. They show that whenever the wealth expansion path defined for equal prices, i.e. the image of the Engel function for equal prices^{19}, displays at least one point with a slope less than one, there is an open set of endowments for which the OLG-economy has a two-cycle. Balasko and Ghiglino (1995, p. 566) interpret this property as “mild form of impatience” and contrast it to requirements like high relative risk aversion for the old (compare Grandmont (1985)). The basic idea is to describe OLG-dynamics by young people’s excess supply of which the properties are related to those of the offer curve. This allows to prove the above mentioned

18These are general exchange economies with no restrictions on the number of consumers and commodities.

19The Engel function for equal prices is consumer’s demand as a function of income when prices are fixed to (1, 1). Balasko and Ghiglino (1995) themselves verbally require the slope condition for the Engel curve, but actually prove their result for the slope condition with respect to the wealth expansion path.

8.2. RELATED LITERATURE 187

result for endowments not restricted to be non-negative. However, endowments can be translated to be positive and utility functions can be redefined such that the result remains to hold. This is true even if utility is of the discounted utility type: for each given discount rate δ < 1 there exists an open set of utility functions and an open set of positive endowments such that the corresponding simple OLG-economy exhibits two-cycles.

The relationship between young consumer’s supply and the offer curve leads Balasko and Ghiglino (1995) to the construction of a two-consumer twogood symmetric Arrow-Debreu economy where the first agent is characterized by the given OLG-utility and -endowments whereas the second has the inverse characteristics. Mainly by geometric arguments Balasko and Ghiglino (1995) conclude that there is a bijection between the two-cycles of the OLG-model and multiple equilibria of the Arrow-Debreu economy.

Tuinstra and Weddepohl (1999) study monetary stationary and cyclical OLG-equilibria with the help of a special Arrow-Debreu economy of which the construction is made along the lines of Balasko and Ghiglino (1995), i.e. they take the same starting-point as I do in this part. At first modeling a single-consumer single-commodity OLG-economy cycles of length bigger than or equal to the length of the life-cycle are reproduced in an Arrow- Debreu economy with as many consumers and goods as the length of the equilibrium cycle where preferences and endowments undergo a right round shift. This way of construction is used to find three different examples of OLG-economies displaying equilibrium cycles:

1. There is a three-period pure exchange OLG-model where consumers are characterized by CES-utility which exhibits two-, three- and fourcycles.

2. There is a two-period pure exchange OLG-model with CARA-utility functions defining consumers which allows the existence of three-cycles and hence — because of Sarkowski’s Theorem — of cycles of arbitrary length. This result is closely related to Grandmont’s (1985) statements on this class of utility functions except for the fact that he considers the Samuelson case whereas Tuinstra and Weddepohl’s (1999) example is for the classical one.

3. Besides a two-period OLG-economy with capital along the lines of Reichlin (1986)^{20} is constructed for which also via the Arrow-Debreu

20Reichlin (1986), Farmer (1986), Jullien (1988), and Benhabib and Laroque (1988) study the emergence of endogenous cycles and chaos in OLG-economies with production.

188 CHAPTER 8. INTRODUCTION

approach the existence of a three-cycle and therefore of cycles of arbitrary length can be proved.

However, Tuinstra and Weddepohl (1999) do not make any claims on the general existence of (multiple) stationary equilibria and cycles. In contrast to them, I apply the same approach not to construct specific examples, but to gain some general results on these kind of OLG-equilibria. In my eyes this exploits the power of this new identification result much more, even though it surely leaves much room for further research. My considerations force me to a deeper study of the equilibrium set in the symmetric exchange economies.

In general, Tuinstra and Weddepohl (1999) restrict their considerations to a single agent and a single commodity, but do a short digression on generalizing each of these aspects separately. In contrast I directly work on the most general model except for including population growth which Tuinstra and Weddepohl (1999) also consider in their digression.

Chapter 9

The Models and Their Parallels

The OLG-model itself as well as particularly the special exchange economies described in the next section are related to the model described in Chapter 2. Nevertheless, essential differences prevent me from extending the model given there to this new framework. Instead I provide a self-contained description. Of course, the reader should have an eye on Chapter 2 for interpretations and some basic definitions. I leave this part understandable on its own, but nevertheless choose notations as close as possible to the other parts.

9.1 The OLG-Model

The analyzed stationary overlapping generations model is a quite general pure exchange economy without population growth.

There are I different types of consumers, i = 1, . . . , I^{1 2}, who live for N +1, N ∈ N^3 periods. In each period, there are L commodities, l = 1, . . . , L. I distinguish consumers by the period in which they are born, i.e. generation t ∈ Z^4 consists of I different types of consumers all born at date t and living until date t + N.^5 At each date the same number of consumers is born. At

1As before for ease of notation I always denote the set as well as the number of its elements with the same capital letter, i.e. H := {1, . . . , H}. If 0 is included, I write H̃ := {0, . . . , H}. 2The first introducing heterogeneity of consumers within OLG-generations were Cass, Okuno, and Zilcha (1979) who consider Pareto-optimality of stationary equilibria in this new framework. 3N_0 := {0, 1, 2, . . .}, N := {1, 2, . . .}, and N_{>m} := {n ∈ N|n > m}. 4This means that time extends indefinitely into the past and into the future. In contrast, it is often assumed that the economy starts at some time t = 0. For a discussion of the relations between the different approaches compare Geanakoplos (1987b).

5Most of the literature on overlapping generations applies such discrete time models, but for example Blanchard (1985) considers a continuous time model where people die

190 CHAPTER 9. THE MODELS AND THEIR PARALLELS

date t there are N + 1 generations alive.

Consumers are denoted (i, t) ∈ I × Z where i describes their type and t the date of birth. Consumer (i, t) is characterized by time-independent endowments

ω^i = ω^i_0 . . ω^i_N ∈ R^{(N+1)L} ++ and utility functions

U^i : R^L_+ × . . . × R^L_+ N+1 → R (c_0, . . . , c_N ) → U^i(c_0, . . . , c_N ) which are infinitely often differentiable, strictly monotonic, strictly quasiconcave, and the indifferent sets are bounded away from the boundary of the consumption set, i.e. ∂R^{(N+1)L}_+ . Utility functions therefore satisfy Assumption 2.4. c^i_0, . . . , c^i_N ∈ R^L_+ denote consumer i’s consumption plans for the respective periods of his life. Whereas lower indices label the periods of life (and commodities), upper indices refer to the type of consumer and the date of birth. The whole economy is described by^6 OLG = { I, N, L; (U^i, ω^i)_{i∈I} } . Notice that attention is restricted to a pure exchange economy even though this is a serious, but nevertheless well-accepted simplification.^7 Let p^t ∈ R^L_{++} denote the commodities’ prices at date t. Under the assumption of perfect foresight a consumer (i, t) then has to solve the following maximization problem: max c_0,...,c_N ∈R^L_+ U^i(c_0, . . . , c_N )

(9.1)

s.t. p^t · c_0 + . . . + p^{t+N} · c_N = p^t · ω^i_0 + . . . + p^{t+N} · ω^i_N .

The assumption of perfect foresight is common in the OLG-framework. Nevertheless, there is OLG-literature deviating from this assumption and incorporating some learning behavior (compare, for example, Grandmont (1985) and Fuchs (1976),(1977), (1979a), and (1979b)).

with a constant probability. This model is quite flexible because it even allows to include the infinite horizon for each individual, but the life-cycle aspect gets lost.

6In contrast to previous notation I here explicitly mention the number of agents and goods. Later on the importance of these numbers for my results will become clear.

7Grandmont (1985) demonstrates how to interpret the exchange economy as a very simple production economy when L = 1.

9.1. THE OLG-MODEL 191

The solution of the maximization problem defines a continuously differentiable demand function c^i(p^t, . . . , p^{t+N} ) = c^i_0(p^t, . . . , p^{t+N} ) . . c^i_N (p^t, . . . , p^{t+N} ) which satisfies standard properties like the budget identity.

Definition 9.1 (OLG-Equilibrium) An overlapping generations (OLG-) equilibrium (with perfect foresight) is a tuple of prices (. . . , p^{∗−1}, p^{∗0}, p^{∗1}, . . .) with p^{∗t} ∈ R^L_{++} and commodity alloca- tions (c^{∗i,t}_0 , . . . , c^{∗i,t}_N )_{i∈I,t∈Z} with c^{∗i,t}_n ∈ R^L_+ such that 1. (c^{∗i,t}_0 , . . . , c^{∗i,t}_N )^T = c^i(p^{∗t}, . . . , p^{∗t+N} ) for all (i, t) ∈ I × Z, 2. ∑ n∈Ñ ∑ i∈I c^{∗i,t−n}_n = ∑ n∈Ñ ∑ i∈I ω^i_n for all t ∈ Z.

I am especially interested in periodic and monetary stationary equilibria.

Definition 9.2 (OLG-Equilibrium of Period k) An OLG-equilibrium ( (c^{∗i,t}_0 , . . . , c^{∗i,t}_N )_{i∈I,t∈Z}, (p^{∗t})_{t∈Z} ) is 1. of period k, k ∈ N, if for all t ∈ Z it is p^{∗t} = p^{∗t+k},

2. of exact period k, k ∈ N, if it is of period k and not of period k^′ for all k^′ ∈ {1, . . . , k − 1}, 3. a monetary stationary equilibrium if for all t ∈ Z p^{∗t} = p^{∗t+1}.

Tuinstra and Weddepohl (1999) do not distinguish the two kinds of periodic equilibria. I call periodic equilibria also cycles.

Instead of using price systems, this definition could have been given alternatively in terms of allocations.

Until now, I have not assumed anything to assure so-called well-defined backward or forward perfect foresight dynamics, which would mean that as soon as consumption of generation t, t + 1, . . . resp. . . . , t − 1, t and prices p^t, p^{t+1}, . . . resp. . . . , p^{t−1}, p^t are known, prices in period t − 1 resp. t + 1 and consumption of the corresponding generation are uniquely determined.^8 As indicated before, Grandmont (1985) formulates assumptions which guarantee well-defined backward perfect foresight dynamics whereas Gale (1973) gives conditions for well-defined forward perfect foresight dynamics.

8For a thorough discussion compare, for example, Grandmont (1985).

192 CHAPTER 9. THE MODELS AND THEIR PARALLELS

Assumption 9.3 (Assumptions Grandmont (1985))

1. I = N = L = 1.

2. U^1(c_0, c_1) = V_0(c_0) + V_1(c_1) where V_τ , τ = 0, 1, are continuous on R_+ , twice continuously differentiable on R_{++} with V^′_τ (x_τ ) > 0, V^{′′}_τ (x_τ ) < 0, and lim_{xτ →0} V^′_τ (x_τ ) = ∞.

3. V^′_0 (ω^1_0 ) < V^′_1 (ω^1).

Under these assumptions Grandmont (1985) proves that for given p^t, p^{t+1} the system c^1_0(p^t, p^{t+1}) + c^1(p^{t−1}, p^t) = ω^1_0 + ω^1

has a unique solution p^{t−1}. This is called backward perfect foresight dynamics since it is assumed that agents have perfect foresight and prices are determined by backward induction.

Now, take on the other hand the following assumptions.

Assumption 9.4 (Assumptions Gale (1973))

1. I = N = L = 1.

2. U^1 : R^2_+ → R is either separable or homothetic and continuous on R^2_+ , strictly monotonic, strictly quasi-concave, and indifference curves do not intersect ∂R^2_+ .

3. (c̄^1_0, c̄^1) = arg max_{c0,c1∈R+} U^1(c_0, c_1) s.t. c_0 + c_1 = ω^1_0 + ω^1 satisfy c̄^1_0 > ω^1_0 , i.e. one is in the so-called classical case.

Under these assumptions Gale (1973) proves that for given p^{t−1}, p^t the system

c^1_0(p^t, p^{t+1}) + c^1(p^{t−1}, p^t) = ω^1_0 + ω^1

has a unique solution p^{t+1}. This is called forward perfect foresight dynamics since it is assumed that agents have perfect foresight and prices are determined by forward induction.

For separable utility functions in the form given by Assumption 9.3.2 Assumption 9.4.3 follows from V^′_0 (ω^1_0 ) > V^′_1 (ω^1).

9.2 The (K + 1)-Modulo Exchange Economy

A modulo exchange economy is defined with respect to a fixed OLG-economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} }. As Tuinstra and Weddepohl (1999, p. 187)

9.2. THE (K + 1)-MODULO EXCHANGE ECONOMY 193

state in the OLG-economies consumers of different generations are characterized by the same utility and endowments, but face different prices, whereas in the modulo exchange economy consumers face the same prices, but have different characteristics.

Before I define the modulo exchange economy in its general form which refers to some general OLG = {I, N, L; (U^i, ω^i)_{i∈I} } I consider the special case referring to a simple OLG-economy with I = N = L = 1, i.e. to OLG = {1, 1, 1; (U^1, ω^1)}. I present that modulo exchange economy — later on called two-modulo exchange economy — which can be used to examine monetary stationary and two-periodic equilibria in this kind of OLG-model. This special example creates the intuition for the general construction.

Assume OLG satisfies Assumptions Grandmont 9.3 such that the OLGeconomy is exactly that one to which Balasko and Ghiglino (1995) refer. The modulo exchange economy I present in the following is the one with which they initialized my own work as well as that of Tuinstra and Weddepohl (1999).

The representative OLG-consumer is defined by

U^1 : R^2_+ → R and ω^1 ∈ R^2_{++} .

Under Assumptions Grandmont 9.3 the offer curve has the shape as given in Figure 9.1.

The modulo exchange economy used to examine monetary stationary equilibria and two-cycles is characterized by the two-dimensional commodity space R^2_+ and two consumers.

The first consumer 1_0 is described by the same characteristics as the representative consumer in the OLG-economy, i.e.

U^{10} = U^1 and ω^{10} = ω^1.

The second consumer 1_1 is defined by “permuted” characteristics

U^{11} (x_0, x_1) = U^1(x_1, x_0) and ω^{11} = ( ω^1 ω^1_0 )

where x = (x_0, x_1) ∈ R^2_+ denotes consumption plans. This consumer’s demand function is obtained as reflected image of the first consumer’s demand with respect to the angle bisector of the first quadrant.

The intuition behind this construction is as follows: given a two-cycle the consumer born in period t exchanges the current (t) consumption commodity with the consumer born in t−1 and tomorrow’s (t+1) consumption good with the consumer born in t + 1. However, in a two-cycle consumer t − 1 and consumer t+1 are confronted with the same prices ((p^∗_{t−1}, p^∗_t ) = (p^∗_{t+1}, p^∗_{t+2})) and

194 CHAPTER 9. THE MODELS AND THEIR PARALLELS

Figure 9.1: Offer curve in the simple OLG-economy under Assumptions Grandmont 9.3.

obtain the same consumption bundles ((c^{∗1,t−1}_0 , c^{∗1,t−1}_1 ) = (c^{∗1,t+1}_0 , c^{∗1,t+1}_1 )), except for the time aspect. Therefore, in the modulo exchange economy the time aspect is eliminated such that the commodity in t + 1 is identified with the one in t − 1.

The Edgeworth-box of the modulo exchange economy is given as in Figure 9.2.

This exchange economy displays three equilibria: one with equal prices and two others. The equilibrium with equal prices on the diagonal corresponds to the monetary stationary equilibrium, the two other equilibria to a two-cycle in the OLG-economy.

Using the gained intuition one is now able to define a general modulo exchange economy with respect to OLG = {I, N, L; (U^i, ω^i)_{i∈I} }.

The (K + 1)-modulo exchange economy is defined via a right round shift on the set K̃ = {0, 1, . . . , K} which itself is given by a modulo function.

The right round shift for a fixed set K̃ = {0, 1, . . . , K} with K ≥ N is defined as s_K : K̃ → K̃ k → s_K (k) = mod_{K+1}(k + 1)

9.2. THE (K + 1)-MODULO EXCHANGE ECONOMY 195

Figure 9.2: The (two-) modulo exchange economy for the simple OLG-model (compare Balasko and Ghiglino (1995, p. 576)).

where mod_N : N_0 → {0, 1, . . . , N − 1} n → mod_N (n) = min { r ∈ {0, 1, . . . , N − 1}| n = ⌊^n_N ⌋ · N + r } , i.e. with mod_N a natural number is mapped on what remains after division with remainder.

s_K shifts the last element in K̃ to the first position and all the others one position forward.

With respect to a fixed type i ∈ I in the OLG-economy define K + 1 different consumers by

Ũ i0 : R^L_+ × . . . × R^L_+ K+1 → R (x_0, . . . , x_K ) → Ũ^{i0} (x_0, . . . , x_K ) := U^i(x_0, . . . , x_N ),

(9.2)

196 CHAPTER 9. THE MODELS AND THEIR PARALLELS

ω̃^{i0} = ω̃^{i0}_0 . . ω̃^{i0}_K := ω^i_0 . . ω^i_N 0 . . 0

∈ R^{(K+1)L} + , (9.3)

and in general for k = 1, . . . , K Ũ ik : R^L_+ × . . . × R^L_+ K+1 → R (x_0, . . . , x_K ) → Ũ^{ik} (x_0, . . . , x_K ) := U^i(x_sk_{K (0)}, . . . , x_sk_{K (N)}),

(9.4)

ω̃^{ik} = ω̃^{i0}_{s−kK (0)} . . ω̃^{i0}_{s−kK (K)} ∈ R^{(K+1)L} + (9.5)

where s^0_K (n) = n

is the identity, s^k_K (n) = s_K ∘ . . . ∘ s_K k−times (n) a k-fold right round shift and s^{−k}_K (n) = s^{−1}_K ∘ . . . ∘ s^{−1}_K k−times (n)

a k-fold left round shift.

These definitions transform each single type of OLG-consumer to K + 1 Arrow-Debreu consumers.

Definition 9.5 ((K + 1)-Modulo Exchange Economy) The (K + 1)-modulo exchange economy^9 with respect to the OLG-economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} } where K ≥ N is the (K + 1)I-consumer (K + 1)L-commodity Arrow-Debreu economy GE = {(K + 1)I, (K + 1)L; (Ũ^{ik} , ω̃^{ik} )_{k∈}~_{K,i∈I} } 9Tuinstra and Weddepohl (1999) call these economies “cyclical exchange economies”.

9.2. THE (K + 1)-MODULO EXCHANGE ECONOMY 197

where Ũ^{ik} and ω̃^{ik} are defined by (9.2)–(9.5).^{10}

The expression of a modulo exchange economy is appropriate since it reflects the construction of these economies: an infinite economy — the OLGeconomy — is mapped on a finite economy — the modulo exchange economy — in a similar way as the modulo function maps the infinite set of natural numbers on a finite subset of the natural numbers.

Prices in GE are denoted by^{11}

p̃ = p̃_0 . . p̃_K ∈ R^{(K+1)L} ++ .

Therefore, a consumer (k, i) ∈ K̃ × I is confronted with the following maximization problem: max x∈R^{(K+1)L} + Ũ^ik (x) s.t. p̃ · x = p̃ · ω^ik .

(9.6)

The solution is a function x^{ik} (p̃). Note that x^{ik} is a function which maps from R^{(K+1)L}

++ to R^{(K+1)L}_+ .

Lemma 9.6 For the demand function in the (K + 1)-modulo exchange economy for all i ∈ I, k ∈ K̃, g ∈ K̃ one gets: x^{ik}_g (p̃_0, . . . , p̃_K )

(9.7) = { 0, if g ∉ {s^k_K (0), . . . , s^k_K (N)}, x^i_{s−kK (g)}(p̃_sk_{K (0)}, . . . , p̃_sk_{K (N)}), otherwise,

where x^i(p_0, . . . , p_N ) = arg max_{x∈R}(K+1)L_+ U^i(x) s.t. p · x = p · ω^i; x^{ik}_g (p̃_{sK (0)}, . . . , p̃_{sK (K)}) = x^{isK (k)}_{sK (g)} (p̃_0, . . . , p̃_K ), (9.8)

which reflects the construction of the modulo exchange economy.

Proof: See Appendix B.2.^{12}

An equilibrium in the (K + 1)-modulo exchange economy is defined as usual.

10Note that in contrast to previous parts I explicitly include the numbers of consumers and commodities.

11Beforehand, Arrow-Debreu price systems were denoted by π, but since later on I will get some strong relationship to the OLG-price systems I choose here the other name.

12Compare Tuinstra and Weddepohl (1999, Proposition 1 for I = L = 1 and Section 2.6 for L = 1 or I = 1).

198 CHAPTER 9. THE MODELS AND THEIR PARALLELS

Definition 9.7 (Equilibrium of the Modulo Exchange Economy) An (Arrow-Debreu) equilibrium in the (K +1)-modulo exchange economy GE is a price system p̃^∗ ∈ R^{(K+1)L}_{++} and an allocation (x^{∗ik} )_{k∈}~_{K,i∈I} such that

1. x^{∗ik} = x^{ik} (p̃^∗) for all k ∈ K̃, i ∈ I,

2. ∑ k∈K̃ ∑ i∈I x^{∗ik} = ∑ k∈K̃ ∑ i∈I ω̃^{ik} = ∑ n∈Ñ ∑ i∈I ω^i_n . . ∑ n∈Ñ ∑ i∈I ω^i_n .

Following the results from Arrow-Debreu theory it is known that in each (K + 1)-modulo exchange economy there exists an equilibrium. Application of Lemma 9.6 allows to get the following result for L = 1: Lemma 9.8 If L = 1, the price system p̃ = (1, . . . , 1)^T ∈ R^{K+1}_{++} is equilibrium price system of the modulo exchange economy. Proof: I have to prove ∑ k∈K̃ ∑ i∈I x^{ik}_g (1, . . . , 1) = ∑ n∈Ñ ∑ i∈I ω^i_n for all g ∈ K̃. However, applications of Lemma 9.6 show x^{ik}_g (1, . . . , 1) = x^{i0}_{s−kK (g)}(1, . . . , 1). Therefore, for all g ∈ K̃: ∑ k∈K̃ x^{ik}_g (1, . . . , 1) = ∑ k∈K̃ x^{i0}_{s−kK (g)}(1, . . . , 1) = ∑ g̃∈K̃ x^{i0}_{g̃} (1, . . . , 1) = ∑ g̃∈K̃ ω̃^{i0}_{g̃} = ∑ n∈Ñ ω^i_n where the third equality follows from consumer i_0’s budget constraint.^{13} □ 13Compare Tuinstra and Weddepohl (1999, Proposition 2 for I = 1 and Section 2.6).

9.2. THE (K + 1)-MODULO EXCHANGE ECONOMY 199

Remark 9.9 The following additional observations can be made:

1. An equilibrium price system with equal prices for all goods means that the marginal rates of substitution are equal to one, independently of the goods. In such an equilibrium consumers of different basic types i ∈ I do not trade with each other since — because of the symmetries in the considered economy — the marginal rates of substitution can be balanced out within the single types.

2. In the (N + 1)- and hence in each (K + 1)-modulo exchange economy for all K ≥ N Tuinstra and Weddepohl (1999, Section 2.6) also prove under the restriction I = 1 the existence of an equilibrium of which the price vector is a replication of an L-dimensional vector. The idea of the proof is to solve max x∈R^{(N+1)L} + U^1(x) s.t. ∑ n∈Ñ x_n = ∑ n∈Ñ ω^1_n

or equivalently max x∈R^{NL}_+ U^1( ∑ n∈Ñ ω^1_n − ∑ n∈N x_n, x_1, . . . , x_N ) and x_0 = ∑ n∈Ñ ω^1_n − ∑ n∈N x_n. Choosing for all n ∈ Ñ, l ∈ L p̃_{nl} = ∂_{x0l} U^1(x̂) where x̂ solves the maximization problem, defines a price system displaying the equilibrium properties and being replication of an L-dimen-sional vector.

In general, the following result on the equilibrium set of the (K + 1)- modulo exchange economy holds. Lemma 9.10 If (p̃^∗, (x^{∗ik} )_{k∈}~_{K,i∈I} ) is an equilibrium of the (K + 1)-modulo exchange economy, this is also true for (p̃^′, (x^{′ik} )_{k∈}~_{K,i∈I} ), defined by p̃^′_g = p̃^∗_sm_{K (g)}

(9.9) x^{′ik}_g = x^{∗ismK (k)}_sm_{K (g)} (9.10)

for all m ∈ K̃.

200 CHAPTER 9. THE MODELS AND THEIR PARALLELS

Proof: Follows directly by several applications of Lemma 9.6.^{14} □ It would be interesting to relate equilibrium sets for different modulo exchange economies to each other. Therefore, consider a (K + 1)- and a (K^′ + 1)-modulo exchange economy with K^′ > K. Lemma 9.11 If p̃^∗ = (p̃^∗_0, . . . , p̃^∗_K ) ∈ R^{(K+1)L}_{++} is an equilibrium price system of the (K + 1)- modulo exchange economy, then its m-repetition is always equilibrium price system in the (K^′ + 1)-modulo exchange economy where K^′ + 1 = (K + 1)m. Proof: The result is quite obvious when comparing the extended system for the (K + 1)- and the (K^′ + 1)-modulo exchange economy. The extended system is the system of equations of first order conditions for consumers’ maximization problems and market clearing conditions, see equations (2.7), (2.8), and (2.9).^{15} □ For L = N = 1 a stronger result can be proved. Its importance will become clear when I examine the number of cycles in OLG-economies later on. Lemma 9.12 Let L = N = 1. If p̃^∗ = (p̃^∗_0, . . . , p̃^∗_K′ ) ∈ R^{K′ +1}_{++} is an equilibrium price system of the (K^′ + 1)-modulo exchange economy and if it is p̃^∗_b′ = p̃^∗_b for some b^′, b ∈ K̃^′ with b^′ < b, then:

1. if b − b^′ > 1, then (p̃^∗_b′ , . . . , p̃^∗_{b−1}) is an equilibrium price system of the b − b^′-modulo exchange economy;

2. if K^′ > b − b^′, then (p̃^∗_b , . . . , p̃^∗_K′ , p̃^∗_0, . . . , p̃^∗_b′_{−1}) is an equilibrium price system of the (K^′ − (b − b^′) + 1)-modulo exchange economy.

Proof: See Appendix B.2.

9.3 Identification of Arrow-Debreu Equilibria and Periodic OLG-Equilibria

In this section I relate the periodic equilibria of OLG-economies to the Arrow- Debreu equilibria in the corresponding (K + 1)-modulo exchange economies.

14Compare Tuinstra and Weddepohl (1999, Proposition 1 for I = L = 1 and Section 2.6 for L = 1 or I = 1).

15Compare Tuinstra and Weddepohl (1999, p. 191).

9.3. IDENTIFICATION OF EQUILIBRIA 201

Especially, the relations between the number of cycles and the number of Arrow-Debreu equilibria allow to exploit the theory of uniqueness of equilibria in Arrow-Debreu theory for OLG-theory. This will be done in the next chapter.

At first, I have a look on monetary stationary equilibria in the OLGeconomies.

Theorem 9.13 (Equivalence for Monetary Stationary Equilibria) ((c^{∗i})_{i∈I} , p^∗)_{t∈Z} is a monetary stationary OLG-equilibrium if and only if ((c^{∗i}_0, . . . , c^{∗i}_N ), (c^{∗i}_1, . . . , c^{∗i}_N , c^{∗i}_0), . . . , (c^{∗i}_N , c^{∗i}_0, . . . , c^{∗i}_{N−1}), (p^∗, . . . , p^∗)) is an equilibrium of the (N + 1)-modulo exchange economy.

Proof: The equivalence of the market clearing properties is obvious. The equivalence of the maximization problems follows by application of Lemma 9.6.^{16} □ The following corollary is used to apply results on uniqueness of equilibria in Arrow-Debreu theory. Notice that concerning the number of monetary stationary equilibria as well as the number of Arrow-Debreu equilibria in the modulo exchange economies there is one degree of price normalization left.^{17} Therefore, I have to do a price normalization.^{18}

Corollary 9.14 (Number of Monetary Stationary Equilibria) The number of monetary stationary OLG-equilibria with p^{∗t} · ∑ n∈Ñ ωn = 1 is equal to the number of Arrow-Debreu equilibria in the (N + 1)-modulo exchange economy satisfying p̃_0 = . . . = p̃_N and p̃_0 · ω_0 + . . . + p̃_N · ω_N = 1 where ω_n = ∑ i∈I ω^i_n for all n ∈ Ñ.

The proof is obvious.

Remark 9.15 Theorem 9.13 and its Corollary 9.14 can be reformulated for an arbitrary (K + 1)-modulo exchange economy with K ≥ N. I choose this presentation because the (N + 1)-modulo exchange economy is the simplest one.

What concerns periodic OLG-equilibria, I obtain the following result.

16This result is contained in Tuinstra and Weddepohl (1999, Theorem 1 for I = L = 1 and Section 2.6 for L = 1 and I = 1).

17Compare Definition 3.3 for uniqueness in Chapter 3.

18In the following, I always pass over this necessary normalization in silence and do not mention it each time. For a discussion of price normalization in the OLG-framework consider Geanakoplos (1987b, p. 769).

202 CHAPTER 9. THE MODELS AND THEIR PARALLELS

Theorem 9.16 (Equivalence for Periodic Equilibria) The price system (. . . , p^∗_0, . . . , p^∗_K , . . .) and the allocations (. . . , (c^{∗i,0})_{i∈I} , . . . , (c^{∗i,K} )_{i∈I} , . . .) constitute an OLG-equilibrium of period (K +1) ≥ (N +1) if and only if ((x^{∗ik} )_{k∈}~_{K,i∈I} , (p^∗_0, . . . , p^∗_K )) is an Arrow-Debreu equilibrium in the (K + 1)-modulo exchange economy where x^{∗ik}_g = 0, if g ∉ {s^k_K (0), . . . , s^k_K (N)}, (9.11) x^{∗ik}_g = c^{∗i,k}_{s−kK (g)}, otherwise. (9.12)

Proof: Again, the equivalence of the maximization problems follows by application of Lemma 9.6. Market clearing is a simple computation.^{19} □ Comparing the number of Arrow-Debreu equilibria and cycles I obtain:

Corollary 9.17 (Number of Periodic Equilibria) (K + 1)-times the number of OLG-equilibria with exact period K + 1 and (p^∗_0, . . . , p^∗_K ) · 1I = 1 is equal to the number of Arrow-Debreu equilibria in the (K + 1)-modulo exchange economy with p̃_k ≠ p̃_k′ for all k, k^′ ∈ K̃ with k ≠ k^′ and p̃ · 1I = 1.

Corollary 9.17 looses its validity when deviating from the assumption of exact periods.

Corollary 9.18 (Necessary Condition for Periodic Equilibria) A necessary condition for the existence of OLG-equilibria with exact period K+1, K ∈ N are multiple equilibria in the (K+1)-modulo exchange economy.

With Corollary 9.17 and Lemma 9.10 the proof is trivial.

Notice that this approach via modulo exchange economies for the study of periodic equilibria only is possible for those cycles with length equal or bigger than life-cycle length or being a divisor of this. These are those mainly studied in OLG-theory. For cycles of other lengths compare Aiyagari (1989).

The results of this chapter are applied in the following one to obtain explicit conditions on OLG-economies which, for example, guarantee a unique monetary stationary equilibrium or exclude cycles.

19Compare Tuinstra and Weddepohl (1999, Theorem 1 for I = L = 1 and Section 2.6 for L = 1 or I = 1).

Chapter 10

On Monetary Stationary and Periodic Equilibria in OLG-Models

Before I use the relations between Arrow-Debreu equilibria in (K +1)-modulo exchange economies and periodic OLG-equilibria which I proved before, recall the Index Theorem 3.6 (Dierker (1972)) which assures that as soon as a (K + 1)-modulo exchange economy is regular^1, there is an odd number of normalized equilibrium price systems and the indices^2 sum up to 1.^3 The first results are on monetary stationary OLG-equilibria.

Proposition 10.1 (Odd Number of Mon. Stationary Equilibria) If N = 1 and the two-modulo exchange economy is regular, then there exists an odd number of monetary stationary OLG-equilibria.

1An Arrow-Debreu economy is regular if the normalized Jacobian matrix of market demand has maximal rank for all equilibrium price systems (compare Definition 3.4).

2The index of an equilibrium (price system) is +1 if the determinant of the normalized Jacobian matrix of market demand for this price system has negative sign and −1 if it is positive (compare page 45).

3According to Tuinstra and Weddepohl (1999, p. 190), (K + 1)-modulo exchange economies are generically regular. However, I think that this point has to be clarified: normally, generic regularity is proved by disturbing one consumer’s endowment in an arbitrary direction. Here one is restricted to perturbations within a special class because one has to assure to stay in the class of modulo exchange economies. Some notes on regularity in OLG-models can be found in Kehoe and Levine (1984b), but they are not applicable to my context. The problem of suitable perturbations in modulo exchange economies is similar to this problem in sunspot economies (for example, Cass (1992)) and economies without aggregate risk (for example, Siconolfi and Villanacci (1991)) where endowments cannot be disturbed arbitrarily.

204 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

Proof: If N = 1, according to Lemma 9.10 to each equilibrium (p̃_0, p̃_1) in the modulo exchange economy which does not satisfy p̃_0 = p̃_1, there exists another equilibrium, namely the equilibrium with price system (p̃_1, p̃_0). However, since the total number of equilibria has to be odd, there exists at least 1, but surely an odd number of equilibria which are replications of L-dimensional vectors and allow to construct a monetary stationary OLGequilibrium (compare Theorem 9.13). □ Notice that this result implies for N = 1 that as soon as the 2-modulo exchange economy is regular, the OLG-economy has a monetary stationary equilibrium.

This result is weaker than the corresponding result in Kehoe and Levine (1984b, Proposition 3.2) because they do not need the restriction to regularity for their existence result. Nevertheless, my proof is quite simple.

A further result on the existence and even uniqueness of monetary stationary equilibria is given by the following proposition.

Proposition 10.2 (Sufficient Cond. for Unique Stat. Equil.) As soon as the (N + 1)-modulo exchange economy has a unique equilibrium with a price system being replication of an L-dimensional vector, there exists a unique monetary stationary OLG-equilibrium.

Proof: Follows from Corollary 9.14. □ Therefore, in the next step I will formulate conditions such that the (N + 1)-modulo exchange economy has a unique equilibrium (or at least a unique one where the price system is replication of an L-dimensional vector).

Theorem 10.3 (Sufficient Cond. for Unique Stat. Equil.) The OLG-economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} } has a unique monetary stationary OLG-equilibrium if one of the following conditions is satisfied (conditions formulated for some i ∈ I should be valid for all i ∈ I):

(1) L = 1;

(2) I = 1;

(3) U^i(x) = ∑ n∈Ñ ∑ l∈L ρ^i_{nl}u^i(x_{nl}) and RRA^i(y) := −^{(ui)′′(y)·y}_{(ui)′(y)} ≤ 1 for all y ∈ R_{++} where u^i : R_+ → R satisfies standard assumptions and ρ^i ∈ R^{(N+1)L} ++ ;

(4) U^i(x) = ∑ n∈Ñ δ nV (x_n) where δ ∈ R_{++} and V : R^L_+ → R is an additively separable homothetic utility function V (x_n) = ∑_L l=1 v_l(x_{nl}) where v_l : R_+ → R satisfy standard assumptions and v^′_l are homogeneous of degree d ≠ 0^4;

(5) U^i(x) = ∑ n∈Ñ δ nV^i(x_n) where δ ∈ R_{++} and V^i : R^L_+ → R is an additively separable homothetic utility functions V^i(x_n) = ∑_L l=1 v^i_l (x_{nl}) where v^i_l : R_+ → R satisfy standard assumptions and v^i_l^′ are homogeneous of degree d ≠ 0 and the ∑ n∈Ñ ω i n, i ∈ I, are collinear;

(6) U^i(x) = ∑ n∈Ñ V (xn) is a homothetic function where V : R L + → R satisfies standard assumptions;

(7) U^i : R^{(N+1)L}_+ → R is a homothetic function satisfying standard assumptions, ω^i_0 = . . . = ω^i_N for all i ∈ I, and the ω^i_n, i ∈ I, are collinear;

(8) U^i : R^{(N+1)L}_+ → R satisfies standard assumptions, is strictly concave with MP_U i (x) := −^{xT D2U i(x)x}_{∇U i(x)x} < 4 for all x ∈ R^{(N+1)L}_{++} , ω^i_0 = . . . = ω^i_N for all i ∈ I, and the ω^i_n, i ∈ I, are collinear;

(9) U^i(x) = ∑ n∈Ñ V i(x_n) and V^i(y) = ∑ l∈L ρ̄_lv^i(y_l) with v^i : R_+ → R satisfying standard assumptions, ρ̄ ∈ R^L_{++} , and ∑ i∈I ∑ n∈Ñ ω i nl is constant for all l ∈ L;

(10) U^i(x) = ∑ n∈Ñ V i(x_n) and V^i(y) = ∑ l∈L ρ̄_l(y_l −^1_2 γ^iy^2_l ) where ρ̄ ∈ R^L_{++} and γ^i ∈ R_+ with 1 − γ^i ∑ i∈I ∑ n∈Ñ ω i nl > 0 for all l ∈ L.

Proof: See Appendix B.2.

Remark 10.4

1. The cases (1) L = 1 and (2) I = 1 are often used in OLG-theory.

2. In cases (3) and (6)–(10) the (N + 1)-modulo exchange economy is characterized by a unique equilibrium. Hence, any kind of OLG-equili-brium with period P where P =^{N+1}_m for some element m ∈ {1, . . . , N} is excluded (compare Theorem 9.16 and Lemma 9.11).

4This is especially satisfied if v_l is homogeneous of degree unequal to one, but the requirement in the theorem is more general because, for example, v_l(y) = ρ_l ln y is “only” homothetic, but its derivative is homogeneous: v_l^′(λy) =^{ρl}_{λy} = λ^{−1}v_l^′(y).

206 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

For I = N = L = 1 this point is very important: cycles of length two are excluded. As presented by Grandmont (1985, Theorem 4.3) Sarkowski’s Theorem then assures that there does not exist an OLGequilibrium of any period greater than two. He makes Assumptions Grandmont 9.3.^5

3. Case (9) for I = N = L = 1 clarifies why Balasko and Ghiglino (1995, Proposition 2) have to assume a discount factor less than 1 to assure that there are endowment vectors for which OLG-equilibria with exact period two exist. If the discount factor is equal to 1, the proof of case (9) via uniqueness in the two-modulo exchange economy makes clear that there cannot exist a two-cycle, no matter what is the endowment vector.

4. What concerns (10), Example 3 in Gale (1973) shows that to exclude cycles it is necessary to assume the same factor of risk aversion γ^i for all commodities because otherwise the (N + 1)-modulo exchange economy does not necessarily have a unique equilibrium.^6

Before considering some general results on periodic OLG-equilibria I present two classes of economies for which, even though there is no restriction such as I = N = L = 1, only a unique monetary stationary equilibrium and no kind of cycle exist or at least cycles up to a prespecified length are excluded. For the first class Ghiglino and Tvede (1995) assure a unique monetary stationary equilibrium under the further restriction to N = 1, that is their result holds only in a two-period framework. Notice that using the modulo exchange economy enables only statements on monetary stationary equilibria and not on balanced ones.

Proposition 10.5 (Implications of Pareto-efficient Endowments) Let (c^{i,t} = ω^i)_{i∈I,t∈Z} be a Pareto-efficient allocation in the economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} }. Then this is the unique monetary stationary equilibrium and there exist no (K + 1)-cyclical equilibria with K ≥ N. For given K̄ ≥ N there is a neighborhood of (ωi)_{i∈I} such that all elements (ω̂i)_{i∈I} of this neighborhood generate other economies OLG = {I, N, L; (U^i, ω̂^i)_{i∈I} }

5From Tuinstra and Weddepohl (1999, Proposition 3) it becomes clear that the Assumptions Gale 9.4 are also sufficient.

Tuinstra and Weddepohl (1999) themselves do not name these explicit restrictions on the utility functions and the endowments which guarantee the fulfillment of the requirements on excess demand in their Proposition 3.

6Gale’s (1973) example demonstrates that two-cycles might exist in OLG-economies with I = N = L = 1.

which also display a unique monetary stationary OLG-equilibrium and for none of these economies there exists any periodic equilibrium with period K + 1 ∈ [N + 1, K̄ + 1].

Pareto-efficiency in an OLG-model is defined analogously to the Arrow- Debreu model.

Definition 10.6 (Pareto-Efficiency) An allocation (c^{i,t})_{i∈I,t∈Z} with ∑ n∈Ñ ∑ i∈I c^{i,t−n}_n ≤ ∑ n∈Ñ ∑ i∈I ω^i_n for all t ∈ Z is Pareto-efficient in the economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} } if there is no other allocation (c̄^{i,t})_{i∈I,t∈Z} such that 1. ∑ n∈Ñ ∑ i∈I c̄^{i,t−n}_n ≤ ∑ n∈Ñ ∑ i∈I ω^i_n for all t ∈ Z and

2. U^i(c̄^{i,t}) ≥ U^i(c^{i,t}) for all i ∈ I and t ∈ Z

where at least one of the last inequalities is strict.

The proposition can be simply proved by the following lemma.

Lemma 10.7 Given an economy OLG = {I, N, L; (U^i, ω^i)_{i∈I} } such that (c^{i,t} = ω^i)_{i∈I,t∈Z} is Pareto-efficient, for all K ≥ N the allocation (ω̃^{i0} , . . . , ω̃^{iK} )_{i∈I} is Paretoefficient in the corresponding (K + 1)-modulo exchange economy.

Proof: See Appendix B.2.

Then the proof of the proposition works as follows.

Proof of Proposition 10.5: Since (c^{i,t} = ω^i)_{i∈I,t∈Z} is Pareto-efficient in the OLG-economy, Lemma 10.7 implies Pareto-efficiency of (ω̃^{i0} , . . . , ω̃^{iK} )_{i∈I} in the (K + 1)-modulo exchange economy for all K ≥ N. However, Paretoefficient endowments in an Arrow-Debreu economy imply a unique regular Arrow-Debreu equilibrium (compare Proposition 3.12 and Lemma 4.37). The Implicit Function Theorem can be applied to obtain a neighborhood V_K of Arrow-Debreu endowments for which the Arrow-Debreu economy with the same utility functions and endowments out of this neighborhood displays a unique equilibrium. Choosing a sufficiently small neighborhood of (ω^i)_{i∈I} such that the corresponding constructed endowments for the modulo exchange economy are elements of V_K and taking the finite intersection over all K ∈ {N, . . . , K̄}, it only remains to apply Proposition 10.2 and Corollary 9.18. □

208 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

For the second class of OLG-economies for which I can exclude each kind of cycle I have already shown in Theorem 10.3 that there exists a unique monetary stationary equilibrium. For the following result compare also Kehoe et al. (1991) whose proof is much more tedious.

Proposition 10.8 (Implications of Small Rel. Risk Aversion) If all consumers are characterized by utility functions

U^i(x) = ∑ n∈Ñ ∑ l∈L ρ^i_{nl}u^i(x_{nl}) where ρ^i ∈ R^{(N+1)L}_{++} , u^i : R_+ → R satisfies standard assumptions and RRA^i(y) ≤ 1 for all y ∈ R_{++} , then the OLG-economy does not have any OLG-equilibrium of exact period P > 1. Proof: See Appendix B.2.

Now, I will have a look at general results on periodic OLG-equilibria. The first result concerns periodic equilibria of odd length.^7 Proposition 10.9 (Even Number of Odd Cycles) If the (2P + 1)-modulo exchange economy is regular for some P ∈ N, then OLG-equilibria of exact period 2P +1 always occur in even numbers when the OLG-economy satisfies either Assumptions Grandmont 9.3 or Assumptions Gale 9.4.^8 Note that Assumptions Grandmont 9.3 as well as Assumptions Gale 9.4 require I = N = L = 1.

Before I can prove the proposition, I need to verify the following two lemmas.

Lemma 10.10 If the OLG-economy satisfies Assumptions Grandmont 9.3 or Assumptions Gale 9.4, then each equilibrium of a K^′ + 1-modulo exchange economy corresponds either to one cyclical OLG-equilibrium of exact period K + 1 such that^{K′+1}_{K+1} ∈ N or to the monetary stationary equilibrium. Proof: See Appendix B.2.

A decisive difference to the results of Tuinstra and Weddepohl (1999) consists in the fact that I can exclude Arrow-Debreu equilibria in the modulo exchange economy which correspond to a mixture of OLG-equilibria of different exact period.^9

7The idea was developed in a fruitful discussion together with Julio Dávila. 8As mentioned beforehand, Grandmont (1985) gives this result under Assumptions Grandmont 9.3 for P = 1.

9For example, in a three-modulo exchange economy equilibria with price systems such as (1, 1, 2) are excluded.

Lemma 10.11 refers to regularity.

Lemma 10.11 If the OLG-economy satisfies Assumptions Grandmont 9.3 or Assumptions Gale 9.4 and the (K^′ + 1)-modulo exchange economy is regular, i.e. for each Arrow-Debreu equilibrium the normalized Jacobian of excess demand has rank K^′, then any (K + 1)-modulo exchange economy with^{K′+1}_{K+1} ∈ N is regular.

Proof: See Appendix B.2.

Now, let me prove the proposition by induction.

Proof of Proposition 10.9: The proposition is proved by induction. The induction hypothesis is established by proving the proposition for P = 1.

Since the three-modulo exchange economy is regular, the Index Theorem implies an odd number of equilibria. Exactly one of them exhibits constant prices, i.e. (p̃_0, p̃_1, p̃_2) with p̃_0 = p̃_1 = p̃_2. Besides, by Theorem 9.16 and Lemma 9.10 each OLG-equilibrium of exact period three, which is not stationary, corresponds to three different equilibria in the three-modulo exchange economy. So, if there were an odd number of three-cycles not equal to the monetary stationary equilibrium, these cycles would correspond to an odd number of Arrow-Debreu equilibria in the three-modulo exchange economy. According to Lemma 10.10 all equilibria in this economy have to correspond to OLG-equilibria of exact period three or monetary stationary equilibria. Therefore, the three-modulo exchange economy would have an even number of equilibria which contradicts the Index Theorem 3.6.

Lemma 10.11 assures regularity of all (2P^′ + 1)-cyclical exchange economies with P^′ ∈ {1, . . . , P } and^{2P +1}_{2P ′+1} ∈ N. Therefore, I get the following induction hypothesis:

OLG-equilibria of exact period 2P^′ + 1, P^′ ∈ {1, . . . , P − 1} with

2P +1 2P^′+1 ∈ N >1 , always appear in even numbers (even also including

zero if there is no such cycle).

Now, look on the (2P + 1)-modulo exchange economy with P > 1. This economy is regular. According to Lemma 10.10 each equilibrium of the (2P + 1)-modulo exchange economy corresponds to an OLG-equilibrium of exact period k^′ with^{2P +1}_{k′} ∈ N. Therefore, k^′ = 2P^′ + 1 for some P^′ ∈ {0, . . . , P }.

P^′ = 0 corresponds to the monetary stationary equilibrium which accounts as one equilibrium in the (2P + 1)-modulo exchange economy.

For P^′ ∈ {1, . . . , P − 1} with^{2P +1}_{2P ′+1} ∈ N by induction hypothesis there is an even number of OLG-equilibria of exact period 2P^′ + 1 which corresponds to an even number of equilibria in the (2P + 1)-modulo exchange economy.

210 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

So, up-to-now there is an odd number of equilibria in the (2P +1)-modulo exchange economy. Therefore, the number of Arrow-Debreu equilibria in this economy, generated by OLG-equilibria of exact period 2P +1, has to be even. This requires an even number of such cycles. □ It would be nice to obtain similar results as in Proposition 10.9 for OLGequilibria of exact even period. At least for two-cycles this is possible.

Proposition 10.12 (On the Number of Two-Cycles) If Assumptions Grandmont 9.3 are satisfied and the two-modulo exchange economy is regular, then the OLG-economy is characterized by an even (including zero) number of OLG-equilibria with exact period two if and only if the slope of the consumer’s offer curve in the monetary stationary equilibrium is (strictly) greater than one or less than zero.^{10}

If Assumptions Gale 9.4 are satisfied and the two-modulo exchange economy is regular, then the OLG-economy is characterized by an even (including zero) number of OLG-equilibria with exact period two if and only if the slope of the consumer’s offer curve in the monetary stationary equilibrium is (strictly) less than one.

This proposition implies that under Assumptions Grandmont 9.3 a positive slope less than one in the monetary stationary equilibrium is equivalent to an odd number of OLG-equilibria of exact period two. Under Assumptions Gale 9.4 the same is true for a slope greater than one.

I get the following corollary concerning the existence of two-cycles which — as mentioned beforehand — for Assumptions Grandmont 9.3 is given in Grandmont (1985) and Balasko and Ghiglino (1995). The proof is obvious from the proposition.

Corollary 10.13 (Sufficient Condition for Two-Cycles) Under Assumptions Grandmont 9.3 a sufficient condition for the existence of an OLG-equilibrium of exact period two is a consumer’s offer curve with slope less than one and greater than zero at the monetary stationary equilibrium.

Under Assumptions Gale 9.4 a sufficient condition for the existence of an OLG-equilibrium of exact period two is a consumer’s offer curve with slope greater than one at the monetary stationary equilibrium.

To prove the proposition I have to apply the following lemmas. Note that I give the proofs only for Assumptions Grandmont 9.3. The proofs for Assumptions Gale 9.4 are similar.

10If it were equal to one, the two-modulo exchange economy would not be regular.

Lemma 10.14 Under Assumptions Grandmont 9.3 the slope of consumer’s offer curve is greater than one or less than zero if and only if the Arrow-Debreu equilibrium with price system (1, 1) in the two-modulo exchange economy is regular and has a positive index.

Under Assumptions Gale 9.4 the slope of consumer’s offer curve is less than one if and only if the Arrow-Debreu equilibrium with price system (1, 1) in the two-modulo exchange economy is regular and has a positive index.

Proof: See Appendix B.2.

Lemma 10.15 If I = N = L = 1, then the Arrow-Debreu equilibria in the two-modulo exchange economy which correspond to the same periodic OLG-equilibrium are characterized by the same index.

Proof: See Appendix B.2.

From the proof of this lemma it is clear that it remains valid for more general OLG-models and corresponding modulo exchange economies.

Now, let me prove the proposition.

Proof of Proposition 10.12: Since the two-modulo exchange economy is regular, the Index Theorem can be applied to obtain that the sum of the indices of all equilibria is equal to +1. Now assume Assumptions Grandmont 9.3.

If the slope of the consumer’s offer curve at the monetary stationary equilibrium is greater than one or less than zero, following Lemma 10.14 this is equivalent to a positive index of the Arrow-Debreu equilibrium with price system (1, 1) in the two-modulo exchange economy.

Lemma 10.15 together with Lemma 9.10 implies that the sum of all indices of Arrow-Debreu equilibria in the two-modulo exchange economy which correspond to the same OLG-equilibrium of exact period two is equal to ±2.

Let M_+ resp. M_− ∈ N_0 be the number of OLG-equilibria of exact period two which correspond to a positive resp. negative index in the two-modulo exchange economy. Then, the before-mentioned results including the Index Theorem imply

slope of the offer curve in the mon. stationary equilibrium ∉ [0, 1] ⇔ index(1, 1) = +1 ⇔ 2M_+ + (−2)M_− + 1 = +1 ⇔ M_+ = M_− ⇔ even number of OLG-equilibria of exact period 2

212 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

The proof for Assumptions Gale 9.4 is similar. □ Besides it is worth mentioning that examples on the existence of any periodic OLG-equilibrium (compare, for example, Benhabib and Day (1982)) can be used to construct explicit examples of Arrow-Debreu economies with an arbitrary number of Arrow-Debreu equilibria.

Let me finish this part with some remarks on the implications which the results presented in this part have on the existence of stationary sunspot equilibria. This again emphasizes the relations between multiple equilibria in static general equilibrium models, the existence of sunspot equilibria in general equilibrium models, and the existence of cycles in OLG-models.

As indicated before, the existence of sunspot equilibria is not only analyzed in finite dimensional models as described in Part III, but also in infinite dimensional models. Many authors consider two-period OLG-models, extended by extrinsic uncertainty, which can be embedded in a more general infinite sunspot framework, as it is described by Chiappori and Guesnerie (1991).

Extension of the two-period OLG-model to include extrinsic uncertainty can be done in analogy to the one in finite dimensional models: agents are faced with an expected utility for their “old” consumption; expectations are formed with respect to objective probability measures which depend on the current state and are summarized in a Markov matrix. However, many economists (for example, Guesnerie (1986)) describe the “certainty” OLGmodel and its sunspot extension in terms of excess demand functions which is more general.

Economists mainly concentrate on stationary sunspot equilibria and do not examine arbitrary sunspot equilibria in this infinite model for two reasons: “stationary sunspot beliefs are more likely to emerge from learning processes [...] and the understanding of stationary sunspot equilibria may be a decisive step for the understanding of the phenomenon in its full generality” (Guesnerie (1986, p. 105)).

A lot of research has been done to find out which are sufficient conditions in terms of periodic OLG-equilibria for the existence of stationary sunspot equilibria.

Azariadis and Guesnerie (1986) prove under some weak regularity assumptions that in the simple OLG-model (N = I = L = 1, Assumptions Grandmont 9.3) the existence of two-cycles is equivalent to the existence of a two-dimensional Markov matrix such that there is a stationary sunspot equilibrium in the associated sunspot economy.^{11} Therefore, from Theorem

11With reference to the dimension of the Markov matrix such an equilibrium is called a

10.3 and its proof, one can conclude that as soon as the consumer’s characteristics in the certainty economy satisfy the conditions (3), (6)–(10) of the theorem, then there does not exist a two-dimensional Markov matrix which allows for the existence of sunspot equilibria. Similar results can be obtained for Proposition 10.5.

Guesnerie (1986) extends the result of two-cycles implying two-stationary sunspot equilibria to OLG-models with I = N = 1, but without the restriction L = 1. Under some mild further assumptions he even proves that the existence of two-cycles implies the existence of K-stationary sunspot equilibria for arbitrary K ∈ N_{>2} . Although the existence of cycles in the OLG-model is generically sufficient for the existence of stationary sunspot equilibria^{12}, it is not necessary. Even worse: Chiappori and Dávila (1996) show that whenever a two-cycle can be found by means of a specific, but nevertheless quite general method, then for any even K ∈ N_{>1} there exists a stationary sunspot equilibrium of order K. Therefore, the Markov matrix can be chosen arbitrarily close to a degenerated Markov matrix describing a K-cycle and it is not necessary that the certainty economy really displays a K-cycle.

As a consequence, for more general OLG-models (L > 1, I = N = 1) the results of this Part IV cannot be used to exclude the existence of sunspot equilibria. But nevertheless, one observes that as soon as the modulo exchange economy approach proves the existence of cycles, this can be applied to infer the existence of stationary sunspot equilibria. Besides economists, for example Guesnerie (1986), formulate sufficient conditions for the existence of stationary sunspot equilibria^{13}. Some of these conditions contain the assumption of a unique stationary equilibrium in the certainty economy which — as explained before — can be analyzed by Arrow-Debreu theory.

2-stationary sunspot equilibrium.

12Cycles can be seen as degenerated stationary sunspot equilibria such that some continuity arguments can be applied under regularity assumptions.

13For an overview compare Chiappori and Guesnerie (1991).

214 CHAPTER 10. MON. STAT. AND PERIODIC EQUILIBRIA

Part V General Conclusion

Chapter 11

On the Number of Monetary Stationary Equilibria in OLG-Models with Incomplete Markets

Before finishing with a global overview of results given in this thesis and the prospects for further research in the different fields, in this chapter I want to briefly present an example of an economy — the OLG-model with incomplete markets described by Gottardi (1996) — for which close relationships, whether direct or indirect, to all the models described before can be established. I illuminate the different aspects to give a starting-point for further research on this topic which could be built on the foundations laid in Parts II to IV.

Gottardi’s (1996) model is a stochastic overlapping generations model where there is a set of finitely lived assets on the one hand and fiat money (i.e. an asset which does not pay any dividend) on the other hand being in non-zero net supply. In contrast to many other stochastic overlapping generations models, Gottardi (1996) allows multiple consumers per generation to coexist which vastly extends the importance of asset trading. Within this framework, under the assumption of outside money, the generic existence and local uniqueness of monetary stationary equilibria with a non-zero price of money are proved. With only inside money there is a continuum of stationary equilibria.

Considering this chapter as an outlook, the presentation will be brief. I want to encourage further research on analyzing the number of monetary stationary equilibria. With focus on this aspect, I start with a description

218 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

of the model^1 and then give an example of an economy displaying multiple monetary stationary equilibria. This example can be interpreted in the light of simple OLG-models (Part IV) and sunspots (Part III). Since it is built on quadratic utility functions, it can be contrasted to incomplete markets models with finite horizon guaranteeing a unique equilibrium under these assumptions (Chapter 4). Nevertheless, under some very limiting restrictions uniqueness of monetary stationary OLG-equilibria under incomplete markets can be proved by means of results given in Chapter 4.

11.1 The Model

Time evolves from the infinite past into the infinite future. Uncertainty is incorporated such that at each time t ∈ Z, one out of a finite number of states s, s = 1 . . . , S, occurs. The realization influences endowments and preferences of the I agents, i = 1, . . . , I, born at each time in each state. These agents live for two periods and their characteristics only depend on states s_t, s_{t+1} realized during their life, but not on time or past history. Assuming the existence of only a single good, consumer i born at time t when state s was realized is characterized by endowments ω^i_s := (ω^i_{s0}, ω^i_{s1}, . . . , ω^i_{sS})^T and the utility function U^i_s : R^{S+1}_+ → R which satisfies standard assumptions, i.e. Assumption 2.4.

There is a set of spot markets which open at each date after the realization of the state and where the commodity and J assets j = 1, . . . , J, can be exchanged among consumers. One of these assets, asset J, pays no interest and can be stored without any costs. All the others disappear after one period of time. The payoff denominated in money is described by a matrix R ∈ R^{S×J} , i.e. R = (R_{·1}, . . . , R_{·(J−1)}, R_{·J} = 1I) where rank R = J is assumed (i.e. Assumption 2.21). Assets 1, . . . , J − 1 are in zero net supply, but there is a constant total stock M of fiat money J.

Following Gottardi (1996) I directly restrict attention to stationary equilibria such that I only have to consider time-independent consumption plans c^i_s := (c^i_{s0}, c^i_{s1}; . . . , c^i_{sS})^T ∈ R^{S+1}_+ where upper indices mark the type of consumer, the first lower index denotes the realized state at date of birth, and

1The introduction of notation is in some kinds incomplete, but the missing parts should be clear from the main part of this thesis.

11.1. THE MODEL 219

the second lower index refers to the states realized in the second period. The same is true for portfolio plans y^i_s := (y^i_{s1}, . . . , y^i_{sJ} ) ∈ R^J , but here the second lower index marks the asset. Commodity prices are called p := (p_1, . . . , p_S)^T and asset prices

q := q_1 . . q_S ∈ R^{S×J}

where q_s := (q_{s1}, . . . , q_{sJ} ) ∈ R^{1×J} . q_{sJ} denotes the money price in state s and y^i_{sJ} money demand of individual i born in state s.

The stationary stochastic OLG-economy with incomplete markets therefore is defined by SOLG = {I, S; (U^i_s, ω^i_s)_{i∈I,s∈S}; R, M}. Consumer (i, s)’s maximization problem is given by max c_s∈R^{S+1}_+ ,y_s∈R^J U^i_s(c_s) s.t. p_s(c_{s0} − ω^i_{s0}) + q_sy_s = 0

∧ p_s′ (c_{ss}′ − ω^i_{ss}′ ) = q_s′_J R_s′_·y_s for all s^′ ∈ S

where equality in the budget constraints follows from the assumptions. It is obvious that “there is then, for each s, one degree of normalization left unexploited” (Gottardi (1996, p. 80)) such that without loss of generality p_s = 1, s = 1, . . . , S, can be normalized.

Definition 11.1 (Stationary OLG-Equilibrium) Given SOLG = {I, S; (U^i_s, ω^i_s)_{i∈I,s∈S}; R, M} a stationary OLG-equilibrium is a tuple of consumption plans (c^{∗i}_s )_{i∈I,s∈S} ∈ R^{(S+1)×IS} , of portfolio plans (y^{i∗}_s )_{i∈I,s∈S} ∈ R^{J×IS} , and of price systems q^∗ ∈ R^{S×J} such that

1. for all i ∈ I and s ∈ S: (c^{∗i}_s , y^{∗i}_s ) = arg max c_s∈R^{S+1}_+ ,y_s∈R^J U^i_s(c_s) s.t. c_{s0} − ω^i_{s0} + q_sy_s = 0

∧ c_{ss}′ − ω^i_{ss}′ = q_s′_J R_s′_·y_s for all s^′ ∈ S;

2. for all s, s^′ ∈ S: I∑ i=1 c^{∗i}_{s0} + I∑ i=1 c^{∗i}_s′_s = I∑ i=1 ω^i_{s0} + I∑ i=1 ω^i_s′_s;

220 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

3. for all s ∈ S:_I ∑ i=1 y^{∗i}_{sJ} = M;

4. for all j ∈ {1, . . . , J − 1} and s ∈ S: I∑ i=1 y^{∗i}_{sj} = 0.

If in addition q^∗_{·J} ≠ 0, the equilibrium is called monetary.

Note that conditions 3. and 4. imply 2. Within this framework Gottardi (1996, Theorem 1) proves the following theorem.

Theorem 11.2 (Gottardi (1996)) Given SOLG = {I, S; (U^i_s, ω^i_s)_{i∈I,s∈S}; R, M} with M ≠ 0, generically in endowments there exists a stationary monetary equilibrium (with money prices of the same sign in all states) and this equilibrium is generically regular and locally unique.

However, Gottardi (1996) in no way makes any statement on the global number of monetary stationary equilibria. The remaining part of this chapter concentrates on that point.

11.2 An Example of Multiple Monetary Stationary Equilibria

The following example constitutes the simplest molding of Gottardi’s (1996) OLG-model with incomplete markets. Assume I = 1, that is one representative consumer for each period such that intragenerational trade is excluded and it constitutes no further restriction to assume J = 1, i.e. fiat money is the only asset. For simplicity assume M = 1. Uncertainty is only of dimension 2, i.e. S = 2. The single consumer’s characteristics do not depend on the state of nature realized at his date of birth. Utility is of the quadratic type such that

U(c_s) = k̄ ( c_{s0} − 1 2 γ(c_{s0})^2 ) + 2∑ s^′=1 ρ̄_s′ ( c_{ss}′ − 1 2 γ(c_{ss}′ )^2 )

11.2. MULTIPLE MON. STAT. EQUILIBRIA 221

where γ > 0, ρ̄ ∈ R^2_{++} with ρ̄_1 + ρ̄_2 = 1 and k̄ ∈

(_{13} 7 ,^{17}_3 ) . Endowments are given by ω = ( 8 17γ , 8 17γ , 8 17γ )_T =: (ω̄, ω̄, ω̄)^T . This implies that there is neither risk concerning endowment distribution between first and second period of life nor concerning different states.

The utility function does not satisfy standard assumptions (Assumption 2.4) as required by Gottardi (1996) because it is neither strictly monotonic nor are the indifference curves bounded away from the boundary of R^{S+1}_+ , i.e. ∂R^{S+1}_+ . However, since total endowment at some point of time is given by 2ω̄ =^{16}_{17γ} and (c_{ss}′ − 1/2 γ(c_{ss}′ )^2)^′ = 1 − γc_{ss}′ ≥ 1 − γ^{16}_{17γ} > 0, U is strictly monotonic in the relevant domain. What concerns the indifference curves, tedious calculations could be used to show irrelevance of corner solutions for my considerations.

A stationary OLG-equilibrium within this simplified framework requires a constant money demand ȳ = 1 of the young consumer at each point of time, i.e. one has to find equilibrium money prices q_1, q_2 ∈ R such that ȳ solves max_{y∈R} k̄ · [ ω̄ − q_sy − 1 2 γ(ω̄ − q_sy)^2 ] + 2∑ s^′=1 ρ̄_s′ [ ω̄ + q_s′ y − 1 2 γ(ω̄ + q_s′ y)^2 ]

for s = 1 and s = 2.

This is equivalent to the following first order conditions for s = 1, 2:

k̄ · [−q_s + γq_s(ω̄ − q_s)] +^2 ∑ s^′=1

ρ̄_s′ [q_s′ − γq_s′ (ω̄ + q^′_s)] = 0.

(11.1)

One solution q̄ is given by q̄_1 = q̄_2 = 0 which describes a non-monetary stationary equilibrium. A second solution q̂ is a non-stochastic monetary stationary equilibrium with non-zero money prices in each state, i.e.

q̂_1 = q̂_2 =

9(1 − k̄) 17γ(1 + k̄) . Substituting q̂ into first order equations (11.1) for both s gives k̄ [ −1 + γ (_8 17γ −^{9(1−k̄)}

17γ(1+k̄) )] + [ 1 − γ (_8

17γ +^{9(1−k̄)}

17γ(1+k̄) )] = 0 ⇔ k̄ · ( −^9_{17} ) [ 1 +^{1−k̄}_{1+k̄} ] +^9_{17} [ 1 −^{1−k̄}_{1+k̄} ] = 0 ⇔^9_{17} ·^{2k̄}_{1+k̄} =^9_{17} ·^{2k̄}_{1+k̄}

222 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

which proves the equilibrium properties as soon as ω̄ ± q̂_s > 0 for both s which follows because of the restrictions on k̄.^2

However, except for these two solutions there is a further one q̃ ≠ 0 with q̃_1 ≠ q̃_2, namely q̃_1 = − 27 170γ

, q̃_2 = − 63 170γ (or equivalently because of symmetry the reverse pair).

For s = 1 the left term in equation (11.1) is given by k̄ [ 27 170γ + γ ( − 27 170γ ) · ( 8 17γ + 27 170γ )]

= k̄ 27 170γ [ 1 − 107 170 ]

= k̄ · 27 · 63 170^2γ which is equal to the left term of equation (11.1) for s = 2: k̄ [ 63 170γ + γ ( − 63 170γ ) · ( 8 17γ + 63 170γ )]

= k̄ 63 170γ [ 1 − 143 170 ]

= k̄ · 63 · 27 170^2γ . The right term for both s is equal to

ρ̄_1 [ − 27 170γ − γ ( − 27 170γ ) · ( 8 17γ − 27 170γ )]

+ρ̄_2 [ − 63 170γ − γ ( − 63 170γ ) · ( 8 17γ − 63 170γ )]

= ρ̄_1 ( − 27 170γ ) [ 1 − 80 170 + 27 170 ] + ρ̄_2 ( − 63 170γ ) [ 1 − 80 170 + 63 170 ]

= − 27 · 117 · ρ̄_1 170^2γ − 63 · 153 · ρ̄_2 170^2γ .

Therefore, equation (11.1) is satisfied for both s whenever k̄ · 63 · 27 170^2 · γ = 27 · 117 · ρ̄_1 + 63 · 153 · ρ̄_2 170^2γ

2ω̄ ± q̂_s =^1_{17γ}^{8+8k̄±(9−9k̄)}_{1+k̄} > 0.

11.2. MULTIPLE MON. STAT. EQUILIBRIA 223

or equivalently

1701k̄ = 3159ρ̄_1 + 9639ρ̄_2 = 9639 − 6480ρ̄_1.

(11.2)

The restrictions on k̄ assure ρ̄_1 ∈ (0, 1).

Hence, since also ω̄ ± q̃_s > 0 for s = 1, 2, as soon as ρ̄_1 and k̄ satisfy equation (11.2) there exists a third stationary (and consequently a second monetary stationary) OLG-equilibrium.

Notice that for k̄ =^{79}_{21} ≈ 3.76 it is ρ̄_1 = ρ̄_2 =^1_2 such that the economy is totally symmetric between the different states of uncertainty, but nevertheless displays an asymmetric stationary equilibrium.

The example can be interpreted in the light of sunspots in simple OLGmodels (compare Parts III and IV). Take a single consumer living for two periods with utility U(c) = k̄ ( c_0 − 1 2 γ(c_0)^2 ) + ( c_1 − 1 2 γ(c_1)^2 )

and endowments ω_0 = ω_1 = ω̄. If the agent believes in two states of extrinsic uncertainty with probabilities ρ̄_1 and ρ̄_2, there exists a monetary non-sunspot equilibrium defined by q̂ and a monetary stationary sunspot equilibrium defined by q̃.

The existence of sunspot equilibria is well-known in the OLG-framework. As indicated before, Azariadis and Guesnerie (1986) mention sunspot equilibria to exist whenever the basic OLG-economy displays two-cycles.^3 However, note that not all standard-OLG-sunspot-equilibria correspond to a stationary monetary equilibrium (within the special framework described above) because an additional property of the probabilities is necessary, namely the probability for some state s in t has to be independent of the state realization in the period before, i.e. at t − 1.^4 Therefore, especially those sunspot equilibria constructed as perturbations of two-cycles are worthless in the sense here, because they require high probabilities to go from s = 1 to s = 2 and from s = 2 to s = 1, but low probabilities to go from state 1 to 1 and from state 2 to 2.

Obviously, even though utility in the example is quadratic with an objective underlying probability measure, there exist multiple monetary stationary equilibria in the OLG-model with incomplete markets. This might be a hint

3Such conditions can be found in Part IV.

4Guesnerie (1986, p. 118) interprets stationary sunspot equilibria under such assumptions on the probability measure as “non-informative, or semi-trivial, or of pure multiplicity”.

224 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

to have no dependencies between uniqueness in incomplete markets models with two periods (which is guaranteed for the special quadratic utility) and uniqueness of monetary stationary OLG-equilibria. Nevertheless, in the next section I prove that there is at least a little hope to get some relations, perhaps via an approach similar to Part IV.

11.3 Uniqueness of Monetary Stationary OLG- Equilibria under Incomplete Markets

In this section I prove that as soon as utility of each consumer is linear in consumption of his first period of life (or utility is of the expected utility type displaying a relative risk aversion less or equal to one and the only asset is money) and consumers’ characteristics are independent of the states of nature at their date of birth, then there is a unique monetary stationary OLGequilibrium.^5 The point is to apply monotonicity of demand functions derived in the Finance GEI-model (Chapter 4) to assure state-independence of asset prices and use this observation — again combined with the monotonicity property — to obtain a unique monetary stationary equilibrium. Recall from the last section that in general even though consumers’ characteristics are state-independent, this is not necessarily true for asset prices in a stationary equilibrium.

Assume state-independence of consumers’ characteristics, i.e. there are some Ū^i : R^{S+1}_+ → R and some ω̄^i ∈ R^{S+1}_+ such that U^i_s = Ū^i and ω^i_s = ω̄^i for all i ∈ I and s ∈ S. Besides, either Ū^i is quasi-linear for all i ∈ I, i.e. Ū^i(c) = c_0 + Ũ^i(c_{−0})

with some Ũ^i : R^S_+ → R satisfying standard assumptions, i.e. Assumption 2.4, and ω̄^i_0 is sufficiently large, or the only asset is money such that J = 1 and Ū^i is for all i ∈ I of the expected utility type, i.e.

Ū^i(c) =^S ∑ s=0 ρ^i_su^i(c_s)

for some u^i : R_+ → R also guaranteeing Assumption 2.4 with a relative risk aversion less or equal to one and ρ^i ∈ R^{S+1}_{++} . Remember from Chapter 4

5To be correct I should say that there exists at most one monetary stationary equilibrium because Gottardi (1996) only proves generic existence of monetary stationary equilibria where generic refers to endowments without restricting to endowments independent of the state at date of birth of the consumers. Since this chapter just constitutes an outlook, the reader will excuse this inaccuracy.

11.3. UNIQUENESS OF MON. STAT. EQUILIBRIA 225

(Proofs of Propositions 4.20 and 4.23) that θ^i(a, A) := arg max_{θ∈RJ} Ū^i(ω̄^i_0 − a · θ, ω^i_{−0} + Aθ) (11.3)

is strictly monotone in the differentiable version, i.e. D_aθ^i(a, A) is negative definite for all a ∈ Q_A := { ǎ ∈ R^J | ǎ = A^T π for some π ∈ R^S_{++} } . According to Hildenbrand (1994, Appendix 1) this implies (ā − ã) · ( θ^i(ā, A) − θ^i(ã, A) ) < 0 (11.4)

for all ā, ã ∈ Q_A with ā ≠ ã.^6

For the OLG-model with incomplete markets, following Gottardi (1996), individual demand for consumer (i, s) is defined by y^i(q_s, q_{·J} , R) := arg max_{y∈RJ} Ū^i(ω̄^i_0 − q_sy, ω̄^i_1 + q_{1J} R_{1·}y, . . . , ω̄^i_S + q_{SJ} R_{S·}y) with each consumption positive, but this follows from the assumptions on the individual characteristics.

Therefore, individual demand satisfies

y^i(q_s, q_{·J} , R) = θ^i(q^T_s , q_{1J} R_{1·} . . q_{SJ} R_{S·} )

which implies for the demand of one generation born in state s y(q_s, q_{·J} , R) := I∑ i=1 y^i(q_s, q_{·J} , R) (11.5)

= I∑ i=1 θ^i(q^T_s , q_{1J} R_{1·} . . q_{SJ} R_{S·} ) =: θ(q^T_s , q_{1J} R_{1·} . . q_{SJ} R_{S·} ).

Lemma 11.3 Given SOLG = {I, S; (U^i_s, ω^i_s)_{i∈I,s∈S}; R, M} such that the functions θ^i for i = 1, . . . , I defined by (11.3) satisfy strict monotonicity (11.4), stationary OLG-equilibria fulfill q_s = q_s′ for all s, s^′ ∈ S.

6Note that in Part II the non-differentiable version of strict monotonicity with respect to the first unit vector and under first period consumption is different in the sense that the inequality is required for those ā, ã ∈ Q_A with θ^i(ā, A) ≠ θ^i(ã, A) and/or ā · θ^i(ā, A) ≠ ã · θ^i(ã, A).

226 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

Proof: Let q̄ be an asset price system generating a stationary equilibrium. Assume q̄_s ≠ q̄_s′ for some s, s^′ ∈ S with s ≠ s^′. The equilibrium properties require^7 θ(q̄^T_s , q̄_{1J} R_{1·} . . q̄_{SJ} R_{S·} ) = θ(q̄^T_s′ , q̄_{1J} R_{1·} . . q̄_{SJ} R_{S·} ) = ( 0 M ) .

This implies

(q̄_s − q̄_s′ ) θ(q̄^T_s , q̄_{1J} R_{1·} . . q̄_{SJ} R_{S·} − θ(q̄^T_s′ , q̄_{1J} R_{1·} . . q̄_{SJ} R_{S·} =

(q̄_s − q̄_s′ ) [( 0 M ) − ( 0 M )] = 0,

which contradicts the fact that (11.4) is satisfied for all i ∈ I. □ This enables the proof of the following proposition.

Proposition 11.4 (Uniqueness of Mon. Stat. Equilibria) Assume SOLG = {I, S; (U^i_s, ω^i_s)_{i∈I,s∈S}; R, M} with state-independent characteristics of the consumers such that utility is either quasi-linear and endowments when young sufficiently large or J = 1 and utility is of the expected utility type with a relative risk aversion less or equal to one. Then, the economy displays at most one monetary stationary OLG-equilibrium.

Proof: From Chapter 4 it follows that individual demand functions θ^i, defined by (11.3) for all i ∈ I are strictly monotone in the sense of (11.4). This transfers to the function θ. Besides, from Lemma 11.3 it is known that monetary stationary OLG-equilibria have to satisfy state-independence q̄_s = q̄_s′ for all s, s^′ ∈ S. Assume there are two different monetary stationary equilibria with price systems represented by the J-dimensional vectors q̃ and q̂. The definitions of the θ^i, i = 1, . . . , I, and θ, together with the equilibrium conditions imply ( 0 M ) = y(q̃, q̃_J 1I, R) = θ(q̃^T , q̃_J R) = 1 q̃_J θ( 1 q̃_J q̃^T , R) (11.6)

70 here is a (J − 1)-dimensional vector with all entries equal to zero.

11.3. UNIQUENESS OF MON. STAT. EQUILIBRIA 227 and ( 0 M ) = y(q̂, q̂_J 1I, R) = θ(q̂^T , q̂_J R) = 1 q̂_J θ( 1 q̂_J q̂^T , R). (11.7)

If q̃ = λq̂ for some λ ≠ 1 it follows 1 q̃_J q̃ = 1 q̂_J q̂ which implies θ( 1 q̃_J q̃^T , R) = θ( 1 q̂_J q̂^T , R) and therefore because of (11.6) and (11.7) q̃_J = q̂_J , i.e. λ = 1, which contradicts the assumptions.

Now assume q̃ ≠ λq̂ for all λ ∈ R. (11.6) and (11.7) imply ( 1 q̃_J q̃^T − 1 q̂_J q̂^T ) · [ θ( 1 q̃_J q̃^T , R) − θ( 1 q̂_J q̂^T , R) ]

= (_1 q̃_J q̃ T −J −^1_{q̂J} q̂^T_{−J} 1 − 1 ) · [( 0 q̃_J M ) − ( 0 q̂_J M )]

= 0,

which contradicts the strict monotonicity property (11.4). There is at most one stationary monetary equilibrium. □

228 CHAPTER 11. OLG WITH INCOMPLETE MARKETS

Chapter 12

Conclusion

This thesis gives an overview of conditions for the uniqueness of competitive equilibria in various kinds of pure exchange equilibrium models. Concentrating on individuals’ characteristics, it relates and contrasts results on the number of equilibria in the different frameworks.

Not surprisingly, the basis is laid by the analysis of the Arrow-Debreu model which can be seen as the root of all competitive equilibrium models. Since this model is well-understood, it is natural to start from results on uniqueness of Arrow-Debreu equilibria and focus on extensions to more general and more realistic models.

Nonetheless, one point needed to be clarified in the Arrow-Debreu model because recently a variety of economic models focused on the related aspect of complete risk sharing: Arrow-Debreu equilibria are not necessarily unique when consumers are characterized by expected utility with respect to an objective probability measure as soon as risky total endowment is allowed. This is proved by means of an example. A question for further research is to find out whether additional restrictions similar to those of Gollier and Pratt (1996) on “risk vulnerability” or of Ross (1981) on decreasing risk aversion exist which guarantee a unique equilibrium.

The first step of generalizing the Arrow-Debreu model is to allow restrictions of markets which leads to incomplete markets models with finite horizon in its simplest form, to the Finance GEI-model. Even though for this framework a lot of conditions sufficient for a unique equilibrium have already been established, by no means this topic is completely understood. Via different kinds of examples I illuminate on the one hand the limits of transferability between Arrow-Debreu economies and the Finance GEI-model with actual incomplete markets: even though consumers’ characteristics create a unique

230 CHAPTER 12. CONCLUSION

equilibrium when markets are complete, there is some incomplete asset structure for which they induce multiple equilibria. On the other hand I clarify that the actual incompleteness of markets might have positive effects in the sense that it generates uniqueness: consumers’ characteristics create multiple equilibria with complete markets, but for some incomplete asset structure the equilibrium is unique. All these — even robust — examples induce a further comprehension of the consequences on uniqueness evoked by market incompleteness because really everything except for the market structure remains constant. Understanding this aspect, lays the foundation for understanding general differences between allocations in complete and in incomplete markets models. Besides, the examples might create some understanding on how to establish further conditions for uniqueness. Since most algorithms for computation of equilibria in the Finance GEI-model are extensions of corresponding algorithms in the Arrow-Debreu model, the examples might be helpful for testing these algorithms because of emphasizing the differences between the models.

Another important aspect for future research is to analyze not only the extreme cases complete markets respectively the non-existence of assets in contrast to some actual incompleteness in between, but also to understand the consequences of different degrees of incompleteness and its effects on uniqueness. What concerns constrained Pareto-efficient endowments, I present some new, even though not surprising relationships between Finance GEIeconomies with different dimensions of the market space. For different market structures, but of the same dimension I establish some results on the robustness of the number of equilibria.

Surely there is some possibility of extending the Finance GEI-model and its positive results on uniqueness to more general incomplete markets models.

One extension and a yet more general model is given when asymmetric market participation is allowed for different agents. What concerns uniqueness of equilibria, simple examples emphasize the strong limits of transferability from the Finance GEI-model. Some — even though quite restrictive — conditions on individual characteristics and market structures are obtained which are sufficient to guarantee a unique equilibrium. At any rate, there is much room for further research on this aspect. Perhaps this finite dimensional model is even more suitable to understand the existence of monetary stationary and periodic equilibria in OLG-models than the modulo Arrow-Debreu economy described in Part IV: considering an OLG-economy, in principle there exists a market for each commodity at each point of time, but consumers have different access to these markets.

A second possibility of extending the Finance GEI-model to a more realistic one is to include extrinsic uncertainty and therefore in general enable the existence of sunspots. Proving the non-validity of Mas-Colell’s (1992) result on the existence of sunspot equilibria under deviating to the assumption of two commodities when there is no intrinsic uncertainty, assets are sunspotindependent, and utility is additively separable with a non-decreasing relative risk aversion, is a further step on the way of understanding the emergence of sunspot equilibria: “potential multiplicity” in the underlying basic economy is not sufficient for the existence of sunspot equilibria, even though it is known to be necessary under the assumption of sunspot-independent asset structures. It is left for further research to clarify to what extent the additive separability of utility functions is necessary. This aspect is related to the question of “order crossing” of Lagrangian multipliers for different Arrow-Debreu equilibria.

Further research should try to establish more general restrictions to exclude sunspot equilibria in different kinds of models for which a priori the existence of such equilibria is possible. This would give a further understanding of sunspot equilibria in general. One focus could be to apply results on uniqueness of equilibria presented before, even though — as already explained — multiplicity/uniqueness and existence/non-existence of sunspot equilibria cannot be equated.

In contrast to the Arrow-Debreu model, the OLG-model allows the economy to evolve over time. Nevertheless, as presented in Part IV, its monetary stationary and periodic equilibria can be characterized by means of a special static Arrow-Debreu economy. This allows application of the results on uniqueness of Arrow-Debreu equilibria to understand the emergence of multiple monetary stationary and periodic OLG-equilibria. I am able to establish restrictions on consumers’ characteristics guaranteeing a unique monetary stationary equilibrium, a lot of them also excluding each kind of cycle. Besides, in the simple OLG-model I prove that cycles with a given odd length always appear in even numbers and I define conditions assuring an even respectively odd number of two-cycles.

However, not only the existence, also the stability of such OLG-equilibria is important. Therefore, a point of future research is to clarify whether stability properties in the modulo Arrow-Debreu economy can be applied to understand the stability of OLG-equilibria. Besides it is promising to extend this approach of comprehending dynamical via static models: what could be done with OLG-models displaying sequentially incomplete markets and/or extrinsic uncertainty?

232 CHAPTER 12. CONCLUSION

As presented in Chapter 11, there exist economic models relating all aspects analyzed in this thesis:

• the number of monetary stationary equilibria;

• the existence of sunspot equilibria which itself — depending on the underlying model — is related to the existence of cycles in simple OLGmodels, and

• the uniqueness of equilibria under incomplete markets which is also related to the uniqueness of equilibria in the Arrow-Debreu model and in RPGEI-economies.

It is no question that the relations between the different aspects require a further clarification, whether by focusing on two of them alone as it is done in each of the Parts II to IV or by consideration of a combining economy as it is indicated by Chapter 11.

To summarize: this thesis provides several devices which can be used to analyze the equilibria of a variety of equilibrium models — static and dynamic ones, with complete and incomplete market structures — constituting a sound foundation for the understanding of financial markets. The power of these tools is strengthened by demonstrating the interrelations between the different models.

Part VI Appendix

Appendix A

Some Mathematics

A.1 Notations

In this section I give an overview of mathematical notations applied in this thesis. I categorize them as concerning sets, matrices and vectors, correspondences and functions, or those that cannot be assigned to one of the other categories. Note that a symbol struck out (for example ≠) means negation.

A.1.1 Notations for Sets

N N = {1, 2, 3, . . .}, i.e. the set of natural numbers (without zero).

N_0 N_0 = {0, 1, 2, . . .} , i.e. the set of natural numbers including zero.

N_{>N} The set of natural numbers larger than N ∈ N: N_{>N} = {N + 1, N + 2, N + 3, . . .}. N For given N ∈ N the set of the first N natural numbers unequal to zero: N = {1, . . . , N} .

Ñ For given N ∈ N the set of the first N +1 natural numbers including zero: Ñ = {0 . . . , N} .

P(N) The power set of N, i.e. the set of all subsets of N = {1, . . . , N}: P(N) = {J| J ⊆ N} . Z The set of integers. R The set of real numbers. R_+ The set of non-negative real numbers. R_{++} The set of strictly positive real numbers. [a, b] Closed intervall: the set of real numbers r ∈ R with a ≤ r ≤ b.

236 APPENDIX A. SOME MATHEMATICS

(a, b) Open intervall: the set of real numbers r ∈ R with a < r < b. R^{N×M} The set of N × M-dimensional matrices with real entries. R^{N×M}_+ The set of N × M-dimensional matrices with non-negative real entries.

R^{N×M}_{++} The set of N × M-dimensional matrices with strictly positive real entries. P̂_{c,n} ⊆ RN For c ∈ R_{++} and n ∈ RN_+ \{0}: P̂_{c,n} = {x ∈ RN_{++} | x·n = c}. P̂_{1,1I} ⊆ RN The interior of the (N − 1)-dimensional unit simplex. P̂ ⊆ RN The set of vectors in RN_{++} with the first coordinate equal to 1, i.e. P̂ = P̂_{1,e}1 .

X In general sets are denoted by calligraphical letters. X × Y The Cartesian product of two sets X , Y. X^N X^N = X × . . . X denotes the N-times Cartesian product of X . ×n∈N X^n ×n∈N X^n = X^1 × . . . × X^N . clX The closure of a set X . intX The interior of a set X . ∂X The boundary of a set X .

convX The convex hull of a set X , i.e. the smallest convex set which contains X .

x ∈ X x is element of X .

♯X The number of elements in X where X is a discrete finite set.

X ⊆ Y X is a subset of Y. X ⊂ Y X is a proper subset of Y. X ∪ Y The union of the sets X and Y. ⋃ n∈N X^n The union of the sets X^1, . . . , X^N .

X ∩ Y The intersection of the sets X and Y. ⋂ n∈N X^n The intersection of the sets X^1, . . . , X^N .

X + Y The sum of two sets X , Y ⊆ R^N : X + Y = {z ∈ R^N | z = x + y for some x ∈ X , y ∈ Y}. X \Y The complement of Y in X : X \Y = {x ∈ X | x ∉ Y}. A.1.2 Notations for Vectors and Matrices

x ∈ R^N = R^{N×1} N-dimensional column vector. x ∈ R^{1×N} N-dimensional row vector.

A.1. NOTATIONS 237

e^n ∈ R^N The nth unit vector.

1I ∈ R^N The N-dimensional vector with all entries equal to 1. 0 ∈ R^N The N-dimensional vector with all entries equal to 0. x ≤ y (x ≥ y) The coordinates of x ∈ R^N (resp. x ∈ R^{1×N} ) are less or equal (bigger or equal) than the corresponding coordinates of y ∈ R^N (resp. y ∈ R^{1×N} ).

x < y (x > y) The coordinates of x ∈ R^N (resp. x ∈ R^{1×N} ) are less or equal (bigger or equal) than the corresponding coordinates of y ∈ R^N (resp. y ∈ R^{1×N} ) and x ≠ y.

x ≪ y (x ≫ y) Each coordinate of x ∈ R^N (resp. x ∈ R^{1×N} ) is strictly less (strictly bigger) than the corresponding coordinate of y ∈ R^N (resp. y ∈ R^{1×N} ).

x ‖ y x, y ∈ R^N (resp. ∈ R^{1×N} ) are collinear. (x^m)_{m∈M} Collection of the M vectors x^1, . . . , x^M . A ∈ R^{N×M} Matrix with N rows and M columns: A_{nm} is the real entry in the nth row and mth column.

< A >⊆ R^N The set of N-dimensional vectors which are a linear combination of the columns of A: the span of A.

x_n, A_{n·}, A_{·n} The nth row resp. column of the vector x resp. matrix A. x_R, A_{R·}, A_{·R} Vector x resp. matrix A restricted to rows resp. columns with index r ∈ R.

x_{−n}, A_{(−n)·}, A_{·(−n)} Vector x resp. matrix A without the nth row resp. column. x_{−R}, A_{(−R)·}, A_{·(−R)} Vector x resp. matrix A without the rows resp. columns with index r ∈ R.

x · y The scalar product of two column vectors x, y ∈ R^N . x · A The row vector consisting of the scalar products x · A_{·1}, . . . , x · A_{·M} for x ∈ R^N and A ∈ R^{N×M} . AB The matrix product of A ∈ R^{N×M} and B ∈ R^{M×L} (A might be a row vector and B a column vector).

‖.‖ An arbitrary vector resp. matrix norm. ‖.‖_{max} The maximum norm for vectors resp. matrices. rank A The maximal number of linearly independent vectors contained in < A > for A ∈ R^{N×M} .

det A, |A| The determinant of a quadratric matrix A ∈ R^{N×N} . A^{−1} The inverse of an invertible quadratric matrix A ∈ R^{N×N} . x^T , A^T The transposed of the vector x resp. the matrix A. x^⊥ The orthogonal space with respect to x ∈ R^N : x^⊥ := { v ∈ R^N | x · v = 0 } .

238 APPENDIX A. SOME MATHEMATICS

AX The set of vectors given as product of A ∈ R^{N×M} and an element of X ⊆ R^M , i.e. AX = {y ∈ R^N | ∃ x ∈ X with y = Ax}. A.1.3 Notations for Correspondences and Functions

F : X → Y F is the correspondence mapping elements of X on subsets of Y: F(x) ⊆ Y for x ∈ X .

f : X → Y f is a function mapping elements of X on elements of Y: f(x) ∈ Y for x ∈ X . f^{−1} f^{−1} is the inverse function of a bijective function f. f ∘ g : X → Z The composition of two functions g : X → Y and f : Y → Z. f_r(x), f_R(x) For a function f : X → Y where X ⊆ R^N , Y ⊆ R^M the restriction of f(x) to coordinate r ∈ M respectively to those coordinates r ∈ R ⊂ M.

f_{−r}(x), f_{−R}(x) For a function f : X → Y where X ⊆ R^N , Y ⊆ R^M the restriction of f(x) to those coordinates r̃ ∈ M not equal to r respectively not in R ⊂ M.

f^′(x) For a differentiable function f : X → Y where X ⊆ R, Y ⊆ R f^′(x) ∈ R is the first derivative at point x.

f^{′′}(x) For a twice differentiable function f : X → Y where X ⊆ R, Y ⊆ R f^{′′}(x) ∈ R is the second derivative at point x.

∇f(x) For a differentiable function f : X → Y where X ⊆ R^N , Y ⊆ R ∇f(x) ∈ R^{1×N} is the gradient at point x, i.e. the row vector consisting of the first derivatives of f to each variable at point x.

∂_{xR} f(x) For a differentiable function f : X → Y where X ⊆ R^N , Y ⊆ R^M ∂_{xR} f(x) ∈ R^{M×♯R} is the matrix consisting of the partial derivatives of f at point x with respect to the variables x_r, r ∈ R.

Df(x) For a differentiable function f : X → Y where X ⊆ R^N , Y ⊆ R^M Df(x) ∈ R^{M×N} is the Jacobian matrix at point x, i.e. the matrix consisting of the first derivatives of f at point x.

D^2f(x) For a twice differentiable function f : X → Y where X ⊆ R^N , Y ⊆ R D^2f(x) ∈ R^{N×N} is the Hessian matrix at point x, i.e. the matrix consisting of the second derivatives of f at point x.

ln The natural logarithm.

A.2. MATHEMATICAL DEFINITIONS 239

mod_N for N ∈ N The modulo function, i.e. the function which maps an arbitrary natural number on the natural number remaining after division by N.

A.1.4 Other Notations

:= Definition. ⇔ Equivalence. ∑_N n=1 Sum over different terms indexed by n = 1, . . . , N.

∧ Conjunction: and...

∃ Existential quantifier: there exists... ∀ Universal quantifier: for all... ∞ Infinity.

⌊x⌋ The largest natural number less or equal to x ∈ R. |x| The absolute value of x ∈ R. sign(x) For x ∈ R: sign(x) = +1, if x > 0; 0, if x = 0; −1, if x < 0. lim The limit.

A.2 Mathematical Definitions

A.2.1 Diagonal Dominance

For this topic compare Murata (1977, Section 1.3). Definition A.1 (Diagonal Dominance) A quadratic matrix M = (M_{nl})_{n∈N,l∈N} ∈ R^{N×N} , N ∈ N, has a row dominant diagonal if there are positive scalars d_1, . . . , d_N such that for all n ∈ N d_n|M_{nn}| > N∑ l=1 l≠n d_l|M_{nl}|.

A quadratic matrix M = (M_{nl})_{n∈N,l∈N} ∈ R^{N×N} , N ∈ N, has a column dominant diagonal if there are positive scalars d̃_1, . . . , d̃_N such that for all n ∈ N d̃_l|M_{ll}| >^N ∑ n=1 n≠l d̃_n|M_{nl}|.

240 APPENDIX A. SOME MATHEMATICS

A.2.2 Continuity of Correspondences

In this appendix I only want to give a brief recall of the definitions concerning continuity of correspondences (compare Mas-Colell, Whinston, and Green (1995) and Takayama (1974)).

Definition A.2 (Correspondence) Given a set X ⊆ R^N , a correspondence F : X → R^K is a rule that assigns a set F(x) ⊆ R^K to each x ∈ X .

Definition A.3 (Continuity of Correspondences) The correspondence F : X → R^K is called upper hemi-continuous at x̄ ∈ X if for each open set O containing F(x̄) there is some neighborhood V_ϵ(x̄) such that x ∈ V_ϵ(x̄) ⇒ F(x) ⊆ O. The correspondence F : X → R^K is called lower hemi-continuous at x̄ ∈ X if for each open set O containing F(x̄) there is some neighborhood V_ϵ(x̄) such that x ∈ V_ϵ(x̄) ⇒ F(x) ∩ O ≠ ∅. The correspondence F : X → R^K is called continuous at x̄ ∈ X if it is upper and lower hemi-continuous at x̄.

A.3 Mathematical Theorems

In this appendix I recall some mathematical theorems applied by myself in the thesis or used for some quoted related results. I just present the pure theorems and refrain from giving further details. For this, I refer to the given literature. Nonetheless, those theorems directly applied in this work do not need any further explanation.

Theorem A.4 (Brouwer’s Fixed Point Theorem)^1 Suppose that K ⊆ R^N is a non-empty, compact, and convex set. If f : K → K is a continuous function from K in itself, it has a fixed point, i.e. there is some x ∈ K such that f(x) = x.

1Compare Mas-Colell, Whinston, and Green (1995, Theorem M.I.1).

A.3. MATHEMATICAL THEOREMS 241

Theorem A.5 (Chaos Theorem)^2 Suppose K ⊆ R is an interval and f : K → K is a continuous function from K in itself. If there is some x ∈ K with y = f(x), z = f(y), and a = f(z) satisfying^3 a ≤ x < y < z (or a ≥ x > y > z), then

1. for every n = 1, 2, . . . there is a periodic point in K with period n;

2. there is an uncountable set K^′ ⊂ K (containing no periodic points) with

(a) for all b, c ∈ K^′ with b ≠ c

lim_{n→∞} sup |f^n(b) − f^n(c)| > 0 and lim_{n→∞} inf |f^n(b) − f^n(c)| = 0;

(b) for all b ∈ K^′ and a periodic point c ∈ K

lim_{n→∞} sup |f^n(b) − f^n(c)| > 0.

Theorem A.6 (Diagonal Dominance)^4 If M ∈ R^{N×N} is column diagonal dominant, it is invertible.

Theorem A.7 (Implicit Function Theorem)^5 Suppose K^1 ⊆ R^N and K^2 ⊆ R^M are open sets and

f : K^1 × K^2 → R^M (x, y) → f(x, y) is a continuously differentiable function. If (x̄, ȳ) ∈ K^1 × K^2 with f(x̄, ȳ) = 0 and ∂_yf(x̄, ȳ) is invertible, then there exist open sets X ⊆ K^1 and Y ⊆ K^2 with x̄ ∈ X and ȳ ∈ Y and a continuously differentiable function g : X → Y with f(x, g(x)) = 0 for all x ∈ X . If (x, y) ∈ X × Y such that f(x, y) = 0, then y = g(x). Besides D_xg(x) = − [∂_yf(x, g(x))]^{−1} ∂_xf(x, g(x)). 2Compare Li and Yorke (1975, Theorem 1).

3This condition is satisfied if there is a periodic point of period three. 4Compare Murata (1977, Theorems 21 and 24). 5Compare Forster (1991, §8, Satz 1 and 2).

242 APPENDIX A. SOME MATHEMATICS

Theorem A.8 (Maximum Theorem)^6 Suppose K ⊆ R^N is a compact set and f : K → R x → f(x) is a continuous function. Then the function f is bounded from above and from below on K and takes its maximum as well as its minimum.

Theorem A.9 (Parametric Transversality Theorem)^7 Suppose K^1 ⊆ R^N and K^2 ⊆ R^S are open sets of full dimension and

f : K^1 × K^2 → R^M (x, y) → f(x, y) is a function which is as many times differentiable as necessary. If for all (x̄, ȳ) ∈ K^1 × K^2 with f(x̄, ȳ) = 0 it is rank D_{(x,y)}f(x̄, ȳ) = M, then there exists a set K̃ ⊆ K^2 with K^2\K̃ a set of measure zero, such that rank ∂_xf(x, y) = M whenever y ∈ K̃ and f(x, y) = 0. Theorem A.10 (Poincaré-Hopf Theorem)^8 Suppose N is a compact N-dimensional C^1 manifold with boundary and f a continuous vectorfield on N . If

1. f points outward at N (when N ⊆ R^N this means f(x) · g(x) > 0 for all x ∈ ∂N where g is the Gauss map); and

2. f has a finite number of zeros,

then the sum of the indices of f at the different zeros equals the Euler characteristic of N .

Theorem A.11 (Sarkowski’s Theorem)^9 Consider the ordering of integers

3 >_S 5 >_S 7 >_S . . . >_S 2 · 3 >_S 2 · 5 >_S 2 · 7 >_S . . . . . . >_S 2^n · 3 >_S 2^n · 5 >_S 2^n · 7 >_S . . . . . . >_S . . . >_S 2^m >_S . . . >_S 2 >_S 1.

6Compare Forster (1991, §3, Satz 7).

7Compare Mas-Colell, Whinston, and Green (1995, Proposition 17.D.3). 8Compare Mas-Colell (1985, Theorem J.3.2). 9Compare Grandmont (1986, Theorem 1).

A.3. MATHEMATICAL THEOREMS 243

That is, first the odd integers greater than or equal to 3 forward, then the powers of 2 times these odd integers, and then the powers of 2 backward. Suppose K ⊆ R is a closed interval and f : K → K is a continuous function from K in itself. If f has a cycle with period k, then it has a cycle of period k^′ for every integer k^′ such that k >_S k^′.

Theorem A.12 (Separation Theorem)^{10} Suppose X is a finite-dimensional vector space and K^1, K^2 are non-empty, convex subsets of X with K^1 ∩ K^2 = ∅. If K^1 is compact and K^2 is closed, then there exists π ∈ X , π ≠ 0 such that sup_{x∈K2} π · x < inf_{x∈K1} π · x.

10Compare Magill and Quinzii (1996b, Theorem 9.4).

244 APPENDIX A. SOME MATHEMATICS

Appendix B Proofs

B.1 Proofs for Part II

B.1.1 Proof of Lemma 4.27

Distinguish the three types of matrices.

(I) Since multiplication by a matrix is a continuous function, equation (4.17) makes clear that for each ϵ̃_2 > 0 there is some ϵ_2 > 0 such that A ∈ V_{ϵ2} (Ā) implies Ã(A) ∈ V_{ϵ̃2} (Ã(Ā)).

(II) Modeling first period consumption, the matrix Ā always satisfies Assumption 4.25.

(III) For given ϵ̃_2 define ϵ_2 in analogy to case (I). Then those ϵ_2-perturbations of Ā have to be considered which are elements of the set {A ∈ V_{ϵ2} (Ā)| Aθ¯_A > 0}. This is a quite inconvenient restriction. A much stronger, but more convenient restriction is given by {A ∈ V_{ϵ̇2} (Ā)| A_{sj} = Ā_{sj} if Ā_{s·}θ¯_A = 0}.

where ϵ̇_2 < min { ϵ_2, min { Ā_{s·}θ_Ā ∑_J j=1 |θ¯_{Aj} | | s ∈ Ṡ }}

with Ṡ = {s ∈ S| Ā_{s·}θ_Ā > 0}. □

246 APPENDIX B. PROOFS

B.1.2 Proof of Lemma 4.28

Since K is compact, from the different representations of Q_{norm}(A) given on page 90 f. the existence of l_s, u_s ∈ (0, 1), s ∈ S^+(Ā_{·1}), and l_s, u_s ∈ (0, ∞), s ∈ S^0(Ā_{·1}) is known, such that for all q̂ ∈ K there is some μ ∈ ∏_S s=1[l_s, u_s] with ( 1 q̂ ) = ∑ s∈S^+(Ā_{·1}) μ_s ( 1 1 Ā_{s1} Ā T s(−1) ) + ∑ s∈S^0(Ā_{·1}) μ_s ( 0 ĀT_{s(−1)} ) .

Because of rank Ā = J there is some subset G ⊆ {1, . . . , S} with ♯G = J such that (( 1 1 A_{s1}(C) A T s(−1)(C) ) s∈G∩S^+(Ā_{·1}) , ( 0 A^T_{s(−1)}(C) ) s∈G∩S^0(Ā_{·1}) )

is invertible for all C ∈ V_{ϵ2} (C̄).^1 The inverse is called I^{−1}(C). Define μ_G : K × ∏ s∈{1,...,S}\G [l_s, u_s] × cl(V^ϵ2_2 (C̄)) → R^J by μ_G(q̂, (μ_s)_{s∈{1,...,S}\G}, C) := I^{−1}(C) ( 1 q̂ ) − ∑ s∈S^+(Ā_{·1})\G μ_s ( 1 1 A_{s1}(C) A(C) T s(−1) )

− ∑ s∈S^0(Ā_{·1})\G μ_s ( 0 A^T_{s(−1)}(C) ) .

This function is continuous and — because defined on a compact set — even uniformly continuous. Therefore, for some δ̄ ∈ (0, min{l_s| s ∈ G}) there is an ϵ_3 > 0 such that ‖C − C̄‖ < ϵ_3 implies ‖μ_G(q̂, (μ_s)_{s∈{1,...,S}\G}, C) − μ_G(q̂, (μ_s)_{s∈{1,...,S}\G}, C̄)‖ < δ̄ 1To be correct in notation assume without loss of generality that s_1 ∈ S^+(Ā_{·1}) and s_2 ∈ S^0(Ā_{·1}) implies s_2 > s_1. Otherwise renumerate the states.

B.1. PROOFS FOR PART II 247 for all (q̂, (μ_s)_{s∈{1,...,S}\G}) ∈ K × ∏ s∈{1,...,S}\G[ls, us]. Hence, for all q̂ ∈ K one gets ( 1 q̂ ) = ∑ s∈G∩S^+(Ā_{·1}) μ_s(q̂, (μ_{s∈{1,...,S}\G}, C) ≥ μ_s(q̂,(μ_{s∈{1,...,S}\G},C̄)−δ̄>0 ( 1 1 A_{s1}(C) A T s(−1)(C) )

+ ∑ s∈G∩S^0(Ā_{·1}) μ_s(q̂, (μ_{s∈{1,...,S}\G}, C) ≥ μ_s(q̂,(μ_{s∈{1,...,S}\G},C̄)−δ̄>0 ( 0 A^T_{s(−1)}(C) )

+ ∑ s∈S^+(Ā_{·1})\G μ_s >0 ( 1 1 A_{s1}(C) A T s(−1)(C) )

+ ∑ s∈S^0(Ā_{·1})\G μ_s >0 ( 0 A^T_{s(−1)}(C) )

such that q̂ ∈ Q̃_{norm}(C) for all C ∈ V_{ϵ3} (C̄). □ B.1.3 Proof of Lemma 4.33

The set of attainable and individually rational consumption plans is defined as C^i(ω^i, ω) := {x ∈ R^S_+ | U^i(x) ≥ U^i(ω^i) ∧ x ≤ ω} which obviously is a compact subset of R^S_+ .^2 Equilibrium portfolio allocations (θ^{∗i})_{i=1,...,I} for asset structure A have to satisfy ω^i + Aθ^{∗i} ∈ C^i(ω^i, ω) for all i = 1, . . . , I. Let ϵ_7 ∈ (0, ϵ_6). Define h^i : C^i(ω^i, ω) × cl(V_{ϵ7} (C̄)) → R^{J−1} (x, C) → [ 1 ∇U^i(x)A_{·1}(C) ∇U^i(x)A_{·(−1)}(C) ]_T . Because of A_{·1}(C) > 0 and ∇U^i(x) ≫ 0 this function is continuous and even uniformly continuous since it is defined on a compact set. Images of compact sets under continuous functions are compact such that

H(C) := I⋂ i=1 h^i(C^i(ω^i, ω), C)

2This is implied by the properties of U^i.

248 APPENDIX B. PROOFS

as finite intersection of compact sets is compact for C ∈ cl(V_{ϵ7} (C̄)). Since first order conditions (2.7) have to be satisfied for all consumers i = 1, . . . , I one obtains E_{norm}(A(C)) ⊆ H(C) for all C ∈ cl(V_{ϵ7} (C̄)). There has to be some δ > 0 with H(C̄) + cl(V_δ (0)) ⊆ Q̃_{norm}(C̄)3 because H(C̄) ⊆ Q̃_{norm}(C̄) is compact and Q̃_{norm}(C̄) is open. Application of Lemma 4.28 delivers the existence of some ϵ_8 ∈ (0, ϵ_6] with H(C̄) + cl(V_δ(0)) ⊆ Q̃_{norm}(C) for all C ∈ V_{ϵ8} (C̄). On the other hand there has to be some ϵ_9 > 0 such that for all C ∈ V_{ϵ9} (C̄) H(C) ⊆ H(C̄) + V_δ(0).

This follows from uniform continuity of h^i because given δ > 0 there is some ϵ̌^i > 0 such that ‖(y, C) − (x, C̃)‖_{max} < ϵ̌^i ⇒ ‖h^i(y, C) − h^i(x, C̃)‖_{max} < δ I for all (y, C), (x, C̃) ∈ C^i(ω^i, ω) × cl(V_{ϵ7} (C̄)) and therefore especially C ∈ V_{ϵ̌}i (C̄) ⇒ ‖h^i(x, C) − h^i(x, C̄)‖_{max} < δ I for all x ∈ C^i(ω^i, ω). Therefore for all q̂ ∈ H(C) there is some ^̄q ∈ H(C̄) with

q̂ ∈ {^̄q} + V_δ(0)

when ϵ_9 := min{ϵ̌^i| i = 1, . . . , I}. If ϵ_{10} := min{^1_2 ϵ_8,^1_2 ϵ_9}, C ∈ cl(V_{ϵ10} (C̄)) implies H(C) ⊆ H(C̄) + cl(V_δ(0)) ⊆ Q̃_{norm}(C) ∩ Q̃_{norm}(C̄). The set

Q^H := [ H(C̄) + cl(V_δ(0)) ] \ N⋃ n=1 V_δn (q̂^{∗n}) is a compact subset of R^{J−1} . The construction of this set assures that as soon as C ∈ cl(V_{ϵ10} (C̄)) allows that additional equilibrium price systems unequal to q̂^1_∗ (C), . . . , q̂^N_∗ (C) exist, these systems have to be elements of Q^H . □ 3In other words: H(C̄) can be extended a little bit without leaving Q̃_{norm}(C̄).

B.2. PROOFS FOR PART IV 249

B.2 Proofs for Part IV

B.2.1 Proof of Lemma 9.6

Part (1):

x^{ik} (p̃_0, . . . , p̃_K ) = arg max_{x∈R}(K+1)L_+ Ũ^{ik} (x) s.t. p̃ · x = p̃ · ω̃^{ik} = arg max_{x∈R}(K+1)L_+ Ũ^{i0} (x_sk_{K (0)}, . . . , x_sk_{K (K)})

s.t. ∑ g∈K̃ p̃_gx_g = p̃ · ω̃^{i0}_{s−kK (0)} . . . ω̃^{i0}_{s−kK (K)} = arg max_{x∈R}(K+1)L_+ Ũ^{i0} (x_sk_{K (0)}, . . . , x_sk_{K (K)}) s.t. ∑ g∈K̃ p̃_gx_g = ∑ g∈K̃ p̃_sk_{K (g)}ω̃^{i0}_g

= arg max_{x∈R}(K+1)L_+ Ũ^i(x_sk_{K (0)}, . . . , x_sk_{K (N)}) s.t. ∑ g∈K̃ p̃_sk_{K (g)}x_sk_{K (g)} = ∑ n∈Ñ p̃_sk_{K (n)}ω^i_n

This formula allows to conclude that x^{ik}_g (p̃_0, . . . , p̃_K ) = x^i_s−k_{K (g)}(p̃_sk_{K (0)}, . . . , p̃_sk_{K (N)}) for all g ∈ {s^k_K (0), . . . , s^k_K (N)} because the other elements of x^{ik} are zero as a consequence of strict monotonicity of U^i.

Part (2): According to Part (1) of this lemma it is x^{ik}_g (p̃_{sK (0)}, . . . , p̃_{sK (K)}) = { 0, if g ∉ {s^k_K (0), . . . , s^k_K (N)}, x^i_{s−kK (g)}(p̃_sk+1_{K (0)}, . . . , p̃_sk+1_{K (N)}), otherwise.

x^{isK (k)}_{sK (g)} (p̃_0, . . . , p̃_K ) = { 0, if s_K (g) ∉ {s^{k+1}_K (0), . . . , s^{k+1}_K (N)}, x^i_{s−k−1+1} K (g)(p̃s^{k+1}_K (0), . . . , p̃s^{k+1}_K (N)), otherwise. = { 0, if g ∉ {s^k_K (0), . . . , s^k_K (N)}, x^i_{s−kK (g)}(p̃_sk+1_{K (0)}, . . . , p̃_sk+1_{K (N)}), otherwise. □

250 APPENDIX B. PROOFS

B.2.2 Proof of Lemma 9.12

I only prove the first part, the other part follows by application of Lemma 9.10. Besides Lemma 9.10 allows to assume b^′ = 0. Therefore take H := b−1 with H̃ = {0, . . . , b − 1}. Obviously, from Lemma 9.6, it is known for the H + 1 = b-modulo exchange economy for all i ∈ I, k ∈ H̃ it is x^{ik}_g (p^∗_0, . . . , p^∗_{b−1}) = 0, if g ∉ {s^k_H (0), s^k_H (1)}, x^{ik}_{skH (0)}(p^∗_0, . . . , p^∗_{b−1}) = x^i_0(p^∗_sk_{H (0)}, p^∗_sk_{H (1)}), x^{ik}_{skH (1)}(p^∗_0, . . . , p^∗_{b−1}) = x^i_1(p^∗_sk_{H (0)}, p^∗_sk_{H (1)}).

The market clearing conditions which have to be verified are as follows: ∑ i∈I b−1∑ k=0 x^{ik}_g (p^∗_0, . . . , p^∗_{b−1}) = ∑ i∈I (ω^i_0 + ω^i_1) for all g ∈ H̃.

This is equivalent to ∑ i∈I x^i_0(p^∗_sg_{H (0)}, p^∗_sg_{H (1)}) + ∑ i∈I x^i_1(p^∗_sg−1_{H (0)}, p^∗_sg−1_{H (1)})

(2.1) = ∑ i∈I (ω^i_0 + ω^i_1) for all g ∈ H̃.

Since p^∗_sg_{H (0)} = p^∗_sg_{K′ (0)} for g = 0, . . . , b − 1, p^∗_sg_{H (1)} = p^∗_sg_{K′ (1)} for g = 0, . . . , b − 1, p^∗_sg−1_{H (0)} = p^∗_sg−1_{K′ (0)} for g = 1, . . . , b − 1, p^∗_sg−1_{H (1)} = p^∗_sg−1_{K′ (1)} for g = 0, . . . , b − 1,

equations (2.1) are satisfied for g = 1, . . . , b − 1 because the corresponding equations are satisfied for the equilibrium prices (p̃_0, . . . , p̃_{b−1}, p̃_b, . . . , p̃_K′ ) in the (K^′ +1)-modulo exchange economy. Besides, from the budget constraints it is known for k = 0, . . . , b − 1 that x^i_1(p^∗_sk_{H (0)}, p^∗_sk_{H (1)}) − ω^i_1

(2.2) = − p^∗_{skH (0)} p^∗_{skH (1)} ( x^i_0(p^∗_sk_{H (0)}, p^∗_sk_{H (1)}) − ω^i_0 ) .

B.2. PROOFS FOR PART IV 251

It remains to prove equation (2.1) for g = 0. Therefore, apply alternately equations (2.2, k = 0, . . . , b − 1) and equations (2.1, g = 1, . . . , b − 1): ∑ i∈I (x^i_1(p^∗_{b−1}, p^∗_0) − ω^i_1) = − p^∗_{b−1} p^∗_0 ∑ i∈I ( x^i_0(p^∗_{b−1}, p^∗_0) − ω^i_0 )

= p^∗_{b−1} p^∗_0 ∑ i∈I ( x^i_1(p^∗_{b−2}, p^∗_{b−1}) − ω^i_1 )

= − p^∗_{b−2} p^∗_0 ∑ i∈I ( x^i_0(p^∗_{b−2}, p^∗_{b−1}) − ω^i_0 ) = . . . = − p^∗_0 p^∗_0 ∑ i∈I ( x^i_0(p^∗_0, p^∗_1) − ω^i_0 ) .

□ B.2.3 Proof of Theorem 10.3

(1): Follows from Lemma 9.8 (existence) and Proposition 10.2 (uniqueness).

(2): From Remark 9.9 in the (N + 1)-modulo exchange economy there exists an equilibrium of which the price system is a replication of an L-dimensional vector. Therefore, the only point to prove is uniqueness.

Assume there are two different such equilibria with allocations (x^{∗i0} , . . . , x^{∗iN} ) and (x̂^{i0} , . . . , x̂^{iN} ) for i = 1. Then, the allocation

x̄^{ik} = λx^{∗ik} + (1 − λ)x̂^{ik} for some λ ∈ (0, 1)

is also attainable in the (N + 1)-modulo exchange economy. Besides

Ũ^ik (x̄^ik ) > min{Ũ^ik (x^{∗i}k ), Ũ^ik (x̂^ik )}

= Ũ^{ik} (x^{∗ik} )

where the inequality follows from strict quasi-concavity of Ũ^{ik} . The last equation can be assumed w.l.o.g. since symmetry and I = 1 assure the same utility for all consumers in an equilibrium. This contradicts Arrow-Debreu theory because all equilibria in the (N + 1)-modulo exchange economy have to be Pareto-efficient (utility of the ¯-allocation is higher than utility of the ∗-allocation). It remains to apply Proposition 10.2.

252 APPENDIX B. PROOFS

(3): Existence of an equilibrium in the (N + 1)-modulo exchange economy follows from Arrow-Debreu theory. According to the proof of Proposition 3.19 (Hens and Löffler (1995)) market demand in this economy satisfies the strict gross substitution property and therefore the economy has a unique equilibrium. Apply Proposition 10.2.

(4),(5): A monetary stationary OLG-equilibrium is defined via the following extended system:

δ^n∇V^i(c^i_n) − λ^ip^T = 0, for all n ∈ Ñ, i ∈ I,

(2.3) p · ∑ n∈Ñ c^i_n = p · ∑ n∈Ñ ω^i_n, for all i ∈ I,

(2.4) ∑ i∈I ∑ n∈Ñ c^i_n = ∑ i∈I ∑ n∈Ñ ω^i_n. (2.5)

If V^i(y) = ∑ l∈L v^i_l (y_l) for some functions v^i_l : R_+ → R, equation (2.3) is equivalent to δ^nv^i_l^′(c^i_{nl}) − λ^ip_l = 0 for all n ∈ Ñ, l ∈ L, i ∈ I. Substituting the equations for n = 0 in the equations for n ∈ N gives δ^nv^i_l^′(c^i_{nl}) = v^i_l^′(c^i_{0l}) for all n ∈ N, l ∈ L, i ∈ I, which because of homogeneity of v^i_l^′ can be rewritten as δ^n ( c^i_{nl} c^i_{0l} )_d v^i_l^′(c^i_{0l}) = v^i_l^′(c^i_{0l}) for all n ∈ N, l ∈ L, i ∈ I,

or equivalently (since d ≠ 0) c^i_{nl} = δ^{−nd} c^i_{0l} for all n ∈ N, l ∈ L, i ∈ I. Therefore, equations (2.3)–(2.5) can be rewritten as

v^i_l^′(c^i_{0l}) − λ^ip_l = 0 for all l ∈ L, i ∈ I,

(2.6) c^i_{nl} = δ^{−nd} c^i_{0l} for all n ∈ N, l ∈ L, i ∈ I, (2.7)

p · c^i_0 = p · 1 ∑ n∈Ñ δ −n d ∑ n∈Ñ ω^i_n for all i ∈ I, (2.8) ∑ i∈I c^i_0 = ∑ i∈I 1 ∑ n∈Ñ δ −n d ∑ n∈Ñ ω^i_n . (2.9)

B.2. PROOFS FOR PART IV 253

Obviously, this system of equations has the same number of solutions as the system of equations (2.6), (2.8), and (2.9). However, this reduced system describes the extended system for the Arrow-Debreu economy GE = {I, L; ( ∑ l∈L v^i_l (c_l), 1 ∑ n∈Ñ δ −n d ∑ n∈Ñ ω^i_n)_{i∈I} }. This economy has an equilibrium and by application of Proposition 3.16 (i.e. the results given in Shafer and Sonnenschein (1982, Section 3) on the existence of a representative consumer) under assumptions (4) or (5) it follows uniqueness of the equilibrium in this new Arrow-Debreu economy. Therefore the system (2.3)–(2.5) has a unique solution.

(6),(7): Existence of an equilibrium in the (N +1)-modulo exchange economy follows from Arrow-Debreu theory. Again application of Proposition 3.16 (i.e. applications of the results given in Shafer and Sonnenschein (1982)) is possible which guarantees the existence of a representative consumer in the (N + 1)-modulo exchange economy and therefore uniqueness of the equilibrium. Apply Proposition 10.2.

(8): Existence of an equilibrium in the (N +1)-modulo exchange economy follows from Arrow-Debreu theory. Uniqueness in this economy is obtained by Proposition 3.18 (i.e. via the results from Mitjushin and Polterovich (1978)) because of the special structure of the endowments. Apply Proposition 10.2.

(9): Existence of an equilibrium in the (N +1)-modulo exchange economy follows from Arrow-Debreu theory. Application of Proposition 3.13 on complete risk sharing in this economy is possible because the aggregate endowment is riskless: all Pareto-efficient allocations in the modulo exchange economy are riskless. Since all equilibria have to be Pareto-efficient, this uniquely determines the equilibrium. Apply Proposition 10.2.

(10): Existence of an equilibrium in the (N + 1)-modulo exchange economy follows from Arrow-Debreu theory. It is unique because all consumers are characterized by quadratic utility functions with an objective weighting for all commodities (compare Proposition 3.14). Apply Proposition 10.2. □ B.2.4 Proof of Lemma 10.7

Assume (x̄^{i0} , . . . , x̄^{iK} )_{i∈I} is a Pareto-improvement in the (K + 1)-modulo exchange economy. Without loss of generality it is x̄^{ik}_g = 0 if g ∉ {s^k_K (0), . . . , s^k_K (N)} (2.10)

254 APPENDIX B. PROOFS

for all g, k ∈ K̃ and i ∈ I and ∑ i∈I ∑ k∈K x̄^{ik}_g = ∑ i∈I ∑ k∈K ω̃^{ik}_g = ∑ i∈I ∑ n∈Ñ ω^i_n (2.11)

for all g ∈ K̃ because otherwise the monotonicity properties of (Ũ^{ik} )_{k∈}~_{K,i∈I} would make further improvements possible. Besides for all i ∈ I and k ∈ K̃

Ũ^ik (x̄^ik ) ≥ Ũ^ik (ω̃^ik ) (2.12)

with at least one strict inequality. This implies for all i ∈ I and k ∈ K̃ U^i(x̄^{ik}_{skK (0)}, . . . , x̄^{ik}_{skK (N)}) ≥ U^i(ω^i) (2.13)

with at least one strict inequality.

Now define the (K + 1)-cyclical OLG-allocation by ( . . . , (x̄^{i0}_0 , . . . , x̄^{i0}_N ), (x̄^{i1}_{s1K (0)}, . . . , x̄^{i1}_{s1K (N)}), . . . , (x̄^{iK}_{sK (0)}, . . . , x̄^{iK}_{sK (N)}), . . . )

which because of (2.10) and (2.11) satisfies OLG-market clearing for all t ∈ Z. Besides (2.13) implies Pareto-improvement in the OLG-economy which constitutes a contradiction. □ B.2.5 Proof of Proposition 10.8

I will show that for all P ≥ 2 the P -modulo exchange economy is characterized by a unique equilibrium. Therefore, fix some P̄ ≥ 2 and K = P̄ − 1.

From Arrow-Debreu theory it is known that individual demand functions in the (K + 1)-modulo exchange economy satisfy the weak gross substitution property for this special kind of utility functions. However, a priori weak gross substitution is not sufficient to guarantee a unique equilibrium.

At first, have a look on individual demand functions. It is ∂_{pg′} x^{ik}_g (p̃) := ( ∂_{pg′l′} x^{ik}_{gl} (p̃) ) l∈L,l^′∈L where

∂_{pg′} x^{ik}_g (p̃) = 0, if g ∉ {s^k_K (0), . . . , s^k_K (N)}, = 0, if g ∈ {s^k_K (0), . . . , s^k_K (N)},but g^′ ∉ {s^k_K (0), . . . , s^k_K (N)}, ≫ 0, if g, g^′ ∈ {s^k_K (0), . . . , s^k_K (N)} and g ≠ g^′, a matrix with strictly neg. diagonal and strictly pos.

off-diagonal elements, if g, g^′ ∈ {s^k_K (0), . . . , s^k_K (N)} and g = g^′.

B.2. PROOFS FOR PART IV 255 Therefore, for market demand x(p̃) = ∑ i∈I ∑ k∈K̃ x i_k (p̃) observe

∂_{pg′l′} x_{gl}(p̃) < 0, if g = g^′ and l = l^′, = 0, if there is no k ∈ K̃ such that g, g^′ ∈ {s^k_K (0), . . . , s^k_K (N)}, > 0, otherwise.

(2.14)

Assume, there exist two linearly independent equilibrium price systems p̃, p̄. W.l.o.g. there is a price normalization such that p̃ < p̄ and p̃_{01} = p̄_{01}. Otherwise apply the round shift from Lemma 9.10 and renumerate the commodities l = 1, . . . , L. Define a tuple (ḡ, l̄) ∈ K̃ × L such that ḡ = min{g ∈ K̃ | p̃_{gl} ≠ p̄_{gl} for some l ∈ L}, l̄ = min{l ∈ L | p̃_{ḡl} ≠ p̄_{ḡl}}. Now look on the sequence of price systems ((q^{g,l})_{l∈L})_{g∈}~_K defined by coordinatewise raising p̃ to p̄. Then, for l̄ > 1 it is q^{ḡ,l̄−1}_{ḡl̄} < q^{ḡ,l̄}_{ḡl̄} and s^ḡ_K (0) = ḡ and for l̄ = 1 it is q^{ḡ−1,L} ḡ1 < q^{ḡ,1}_{ḡ1} and s^{ḡ−1}_K (0) = ḡ − 1, s^{ḡ−1}_K (1) = ḡ.

Then, a contradiction is obtained via (2.14) since for l̄ > 1 it is 0 = x_{ḡ(}¯_{l−1)}(p̃) ≤ x_{ḡ(}¯_{l−1)}(q^{ḡ(l̄−1)}) < x_{ḡ(}¯_{l−1)}(q^{ḡ,l̄}) ≤ x_{ḡ,}¯_{l−1}(q^{K,L}) = 0 and for l̄ = 1 it is

0 = x_{(ḡ−1)L}(p̃) ≤ x_{(ḡ−1)L}(q^{ḡ−1,L}) < x_{(ḡ−1)L}(q^{ḡ,1}) ≤ x_{(ḡ−1)L}(q^{K,L}) = 0. □ B.2.6 Proof of Lemma 10.10

W.l.o.g. assume K^′ > 1.

If (p̃_0, . . . , p̃_K′ ) with pairwise different p̃_0, . . . , p̃_K′ is an equilibrium in the (K^′ + 1)-modulo exchange economy, then according to Theorem 9.16 this corresponds to an OLG-equilibrium of exact period K^′ + 1.

256 APPENDIX B. PROOFS

If (p̃_0, . . . , p̃_K′ ) is an equilibrium in the (K^′ +1)-modulo exchange economy with p̃_0, . . . , p̃_K′ not pairwise different, then define

m := min{min{g − g^′, K^′ + 1 − (g − g^′)}|

(2.15) g, g^′ ∈ K̃^′, g > g^′, p̃_g = p̃_g′ }. Let (ḡ, ḡ^′) be a minimizing tuple. Then, according to Lemma 9.10 w.l.o.g. look on the following cyclical permutations:

if ḡ − ḡ^′ ≤ K^′ + 1 − (ḡ − ḡ^′) :

p̂ := (p̂_0, . . . , p̂_K′ ) := (p̃_ḡ′ , p̃_ḡ′_{+1}, . . . , p̃_ḡ, p̃_{ḡ+1}, . . . , p̃_K′ , p̃_0, . . . , p̃_ḡ′_{−1}); if ḡ − ḡ^′ > K^′ + 1 − (ḡ − ḡ^′) :

p̂ := (p̂_0, . . . , p̂_K′ ) := (p̃_ḡ, p̃_{ḡ+1}, . . . , p̃_K′ , p̃_0, . . . , p̃_ḡ′ , p̃_ḡ′_{+1}, . . . , p̃_{ḡ−1}).

Besides p̄ := p̃_ḡ = p̃_ḡ′ .

For m = 1, it is known that (. . . , p̄, p̄, . . .) is monetary stationary equilibrium of the OLG-model.

For m > 1, Lemma 9.12 together with Theorem 9.16 implies that (. . . , p̄, p̂_1, . . . , p̂_{m−1}, p̄, p̂_1, . . .) is OLG-equilibrium of exact period m (compare the definition of m).

Assumptions Grandmont 9.3 in the OLG-model assure

c^1_0(p̄, p̂_1) + c^1(q, p̄) = ω^1_0 + ω^1

or equivalently x^1_0(p̄, p̂_1) + x^1(q, p̄) = ω^1_0 + ω^1 to have the uniquely determined solution q = p̂_{m−1}. However, since (p̄, p̂_1, . . . , p̂_K′ ) is equilibrium in the (K^′ +1)-modulo exchange economy, it is known from Lemma 9.6:

x^{1K′}_0 (p̂) + x^{10}_0 (p̂) = ω^1_0 + ω^1 ⇔ x^1(p̂_K′ , p̄) + x^1_0(p̄, p̂_1) = ω^1_0 + ω^1 .

Therefore, p̂_K′ = p̂_{m−1} under Assumptions Grandmont 9.3 and in the same way by induction p̂_K′_{−hm−u} = p̂_{m−u−1} (2.16)

for u = 0, . . . , m − 1 and h = 0, . . . , ⌊^{K′+1}_m ⌋ − 1. On the other hand Assumptions Gale 9.4 in the OLG-model assure that

c^1_0(p̄, q) + c^1(p̂_{m−1}, p̄) = ω^1_0 + ω^1

B.2. PROOFS FOR PART IV 257

or equivalently

x^1_0(p̄, q) + x^1(p̂_{m−1}, p̄) = ω^1_0 + ω^1

to have the uniquely determined solution q = p̂_1. However, since (p̄, p̂_1, . . . , p̂_K′ ) is equilibrium in the (K^′ + 1)-modulo exchange economy, it is known from Lemma 9.6 that

x^{1m−1}_m (p̂) + x^{1m}_m (p̂) = ω^1_0 + ω^1 ⇔ x^1(p̂_{m−1}, p̄) + x^1_0(p̄, p̂_{m+1}) = ω^1_0 + ω^1 .

Therefore, p̂_{m+1} = p̂_1 under Assumptions Gale 9.4 and in the same way by induction p̂_{hm+u} = p̂_u (2.17)

for u = 0, . . . , m − 1 and h = 1, . . . , ⌊^{K′+1}_m ⌋ − 1, 0.

Now, by (2.16) as well as by (2.17) one obtains a contradiction to the minimizing property of m if not

p̂ = (p̂_0, . . . , p̂_{m−1}, p̂_0, . . . , p̂_{m−1}, . . . , p̂_0, . . . , p̂_{m−1}). Following Theorem 9.16, it is therefore known that p̂ corresponds to an OLGequilibrium of exact period m := K + 1. □

B.2.7 Proof of Lemma 10.11

From Lemma 9.11 it is known that all equilibria p̃ = (p̃_0, . . . , p̃_K ) of the (K + 1)-modulo exchange economy by^{K′+1}_{K+1} replication become equilibria of the (K^′ + 1)-modulo exchange economy.

Let Dẑ_K (p̃) be the normalized Jacobian of excess demand in the (K + 1)-modulo exchange economy and Dẑ_K′ (p̃, . . . , p̃) in the (K^′ + 1)-modulo exchange economy. Then simple, but tedious calculations show

258 APPENDIX B. PROOFS Dẑ_K′ (p̃, . . . , p̃) =

Dẑ_K (p̃) 0 . . 0 ∗ 0 . . . 0 ∗ ∗ ∗ 0 . . . 0 0 ∗ 0 . . 0 Dẑ_K (p̃) 0 . . 0 ∗ 0 0 . . . 0 ∗ ∗ ... ∗ ∗ 0 . . . 0 ∗ 0 . . 0 Dẑ_K (p̃)

where ∗ is place-marker for arbitrary real numbers. Dẑ_K′ (p̃, . . . , p̃) is a K^′- dimensional quadratic matrix. If the (K + 1)-modulo exchange economy is not regular, then there is some p̃ = (p̃_0, . . . , p̃_K ) such that rank Dẑ_K (p̃) < K. This implies

rank

Dẑ_K (p̃) 0 . . 0 ∗ 0 . . . 0 ∗ ∗ ∗ 0 . . . 0 ∗ 0 . . 0 Dẑ_K (p̃)

< 2K + 1.

Because of rank Dẑ_K (p̃) < K there are elementary row transformations (transformations of the matrix which do not change the rank) which lead

B.2. PROOFS FOR PART IV 259

to one of the matrices of the following or similar forms:

0 . . . 0 0

H_1 . . 0 ∗ 0 . . . 0 ∗ ∗ ∗ 0 . . . 0 ∗ 0 . . 0 Dẑ_K (p̃) or

Dẑ_K (p̃) 0 . . 0 ∗ 0 . . . 0 ∗ ∗ ∗ 0 . . . 0 ∗ 0 . . H_2

0 0 . . . 0

where H_s, s = 1, 2, are (K − 1) × K-dimensional matrices and ∗ place-marker for some arbitrary real numbers. These matrices have obviously rank less than 2K + 1. Now go on by induction. □ B.2.8 Proof of Lemma 10.14

The slope of the offer curve at the monetary stationary equilibrium is equal to ∂_{p0} x^1(1, 1) ∂_{p0} x^1_0(1, 1) and hence under Assumptions Grandmont 9.3 — since according to Grandmont’s (1985) Lemma 1.2 it is ∂_{p0} x^1(1, 1) > 0 — the slope is greater than one or less than zero if and only if

∂_{p0} x^1_0(1, 1) < ∂_{p0} x^1(1, 1).

(2.18)

On the other hand by Lemma 9.6 in the two-modulo exchange economy it is obtained that

index (1, 1) = sign (−(∂_{p0} x^{10}_0 (1, 1) + ∂_{p0} x^{11}_0 (1, 1))) = sign (−(∂_{p0} x^1_0(1, 1) + ∂_{p1} x^1(1, 1))).

Since demand functions are homogeneous of degree 0, it is known

D_px^1(1, 1) ( 1 1 ) = 0 which implies ∂_{p1} x^1(1, 1) = −∂_{p0} x^1(1, 1).

260 APPENDIX B. PROOFS

Therefore

index (1, 1) = +1 ⇔ ∂_{p0} x^1_0(1, 1) − ∂_{p0} x^1(1, 1) < 0 ⇔ ∂_{p0} x^1_0(1, 1) < ∂_{p0} x^1(1, 1)

which is equivalent to (2.18) and the proof is finished for Assumptions Grandmont 9.3. For Assumptions Gale 9.4 the proof is similar. □ B.2.9 Proof of Lemma 10.15

A possible definition (compare Mas-Colell (1985)) of the index at an Arrow- Debreu equilibrium in the two-modulo exchange economy is given by

index (p̃) = sign ( det − ∑_1

k=0 ∂_{p0} x^{1k}_0 (p̃) −

∑_1 k=0 ∂_{p1} x^{1k}_0 (p̃) p̃_0 − ∑_1

k=0 ∂_{p0} x^{1k}_1 (p̃) −

∑_1 k=0 ∂_{p1} x^{1k}_1 (p̃) p̃_1 −p̃_0 −p̃_1 0 )

which following Lemma 9.6 is independent of permutations according to Lemma 9.10. □

Bibliography

Aiyagari, S. (1989): “Can There Be Short-Period Deterministic Cycles when People Are Long Lived?,” Quaterly Journal of Economics, 104, 163– 185.

Antonelli, G. (1886): Sulla Teoria Matematica della Economia Politica.

Nella Tipografia del Folchetto, Pisa, English translation by J. Chipman, and A. Kirman, edited and annotated by J. Chipman, with revisions supplied by W. Jaffé, in Preferences, Utility, and Demand: A Minnesota Symposium, ed. by J. Chipman, et al., pp. 333–364. Hartcourt Brace Jovanovich, New York, et al.

Arrow, K. (1951): “An Extension of the Basic Theorems of Classical Welfare Economics,” in Proceedings of the Second Berkeley Symposium on Mathematical Statistics and Probability, ed. by J. Neyman, pp. 507–532. University of California Press, Berkeley, reprinted in Collected Papers of Kenneth J. Arrow: General Equilibrium, vol. 2, pp. 13–45. Belknap, Cambridge (Mass.), 1983.

(1953): “Le Rôle des Valeurs Boursières pour la Répartition la Meilleure des Risques,” Econométrie, Colloques Internationaux du Centre National de la Recherche Scientifique, 40, 41–47, English translation under the title “The Role of Securities in the Optimal Allocation of Risk Bearing,” in Review of Economic Studies, 31, 91–96, 1963.

(1969): “The Organization of Economic Activity: Issues Pertinent to the Choice of Market versus Nonmarket Allocation,” in The Analysis and Evaluation of Public Expenditures: The PPB System, vol. 1, pp. 47–64. Joint Economic Committee, United States Congress, reprinted in Collected Papers of Kenneth J. Arrow: General Equilibrium, vol. 2, pp. 133–155. Belknap, Cambridge (Mass.), 1983.

(1970): Essays in the Theory of Risk-Bearing. North-Holland, Amsterdam, et al.

262 BIBLIOGRAPHY

Arrow, K., and G. Debreu (1954): “Existence of an Equilibrium for a Competitive Economy,” Econometrica, 22, 265–290.

Arrow, K., and F. Hahn (1971): General Competitive Analysis, vol. 6 of Mathematical Economic Texts. Holden-Day, San Francisco.

Azariadis, C. (1993): Intertemporal Macroeconomics. Blackwell, Cambridge (Mass.), and Oxford, reprint from 1995.

Azariadis, C., and R. Guesnerie (1986): “Sunspots and Cycles,” Review of Economic Studies, 53, 725–737.

Balasko, Y. (1978): “The Transfer Problem and the Theory of Regular Economies,” International Economic Review, 19, 687–694.

Balasko, Y., and D. Cass (1989): “The Structure of Financial Equilibrium with Exogenous Yields: The Case of Incomplete Markets,” Econometrica, 57, 135–162.

Balasko, Y., D. Cass, and K. Shell (1980): “Existence of Competitive Equilibria in a General Overlapping-Generations Model,” Journal of Economic Theory, 23, 307–322.

Balasko, Y., D. Cass, and P. Siconolfi (1990): “The Structure of Financial Equilibrium with Exogenous Yields: The Case of Restricted Participation,” Journal of Mathematical Economics, 19, 195–216.

Balasko, Y., and C. Ghiglino (1995): “On the Existence of Endogenous Cycles,” Journal of Economic Theory, 67, 566–577.

Balasko, Y., and K. Shell (1980): “The Overlapping-Generations Model, I: The Case of Pure Exchange without Money,” Journal of Economic Theory, 23, 281–306.

Barnett, R., and E. Fisher (2000): “Comment on: “Do Sunspots Matter when Spot Market Equilibria Are Unique?”,” mimeo, Ohio State University.

Becker, R. (1995): “Zur Eindeutigkeit von Marktgleichgewichten,” Diploma thesis, University of Bonn.

Benhabib, J., and R. Day (1982): “A Characterization of Erratic Dynamics in the Overlapping Generations Model,” Journal of Economic Dynamics and Control, 4, 37–55.

BIBLIOGRAPHY 263

Benhabib, J., and G. Laroque (1988): “On Competitive Cycles in Productive Economies,” Journal of Economic Theory, 45, 145–170.

Benveniste, L. (1987): “Incomplete Market Participation and the Optimal Exchange of Credit,” in Contractual Arrangements for Intertemporal Trade, ed. by E. Prescott, and N. Wallace, vol. 1 of Minnesota Studies in Macroeconomics, pp. 121–145. University of Minnesota Press, Minneapolis.

Bettzüge, M. (1997): “Financial Innovation from a General Equilibrium Perspective,” Dissertation thesis, University of Bonn.

(1998): “An Extension of a Theorem by Mitjushin and Polterovich to Incomplete Markets,” Journal of Mathematical Economics, 30, 285–300.

Blanchard, O. (1985): “Debt, Deficits, and Finite Horizons,” Journal of Political Economy, 93, 223–247.

Blanchard, O., and S. Fischer (1989): Lectures on Macroeconomics.

MIT Press, Cambridge (Mass.), and London.

Borch, K. (1962): “Equilibrium in a Reinsurance Market,” Econometrica, 30, 424–444.

Bottazzi, J., T. Hens, and A. Löffler (1998): “Market Demand Functions in the CAPM,” Journal of Economic Theory, 79, 192–206.

Campbell, J., and R. Shiller (1987): “Cointegration and Tests of Present Value Models,” Journal of Political Economy, 95, 1062–1088.

Cass, D. (1984): “Competitive Equilibria in Incomplete Financial Markets,” CARESS Working Paper, University of Pennsylvania.

(1989): “Sunspots and Incomplete Financial Markets: The Leading Example,” in The Economics of Imperfect Competition and Employment: Joan Robinson and beyond, ed. by G. Feiwel, chap. 25, pp. 677–693. Macmillan, Houndsmills (Hampshire), and London.

(1992): “Sunspots and Incomplete Financial Markets: The General Case,” Economic Theory, 2, 341–358.

Cass, D., and A. Citanna (1998): “Pareto Improving Financial Innovation in Incomplete Markets,” Economic Theory, 11, 467–494.

264 BIBLIOGRAPHY

Cass, D., R. Green, and S. Spear (1992): “Stationary Equilibria with Incomplete Markets and Overlapping Generations,” International Economic Review, 33, 495–512.

Cass, D., M. Okuno, and I. Zilcha (1979): “The Role of Money in Supporting the Pareto Optimality of Competitive Equilibrium in Consumption-Loan Type Models,” Journal of Economic Theory, 20, 41– 80. Cass, D., and K. Shell (1983): “Do Sunspots Matter?,” Journal of Political Economy, 91, 193–227.

Cass, D., and M. Yaari (1966): “Re-Examination of the Pure Consumption Loans Model,” Journal of Political Economy, 74, 353–367.

Chiappori, P., and J. Dávila (1996): “Cycles and Sunspots: The Poincaré-Hopf Approach,” Journal of Mathematical Economics, 26, 269– 284.

Chiappori, P., and R. Guesnerie (1991): “Sunspot Equilibria in Sequential Markets Models,” in Handbook of Mathematical Economics, ed. by W. Hildenbrand, and H. Sonnenschein, vol. IV, chap. 32. North-Holland, Amsterdam, et al.

Chipman, J. (1974): “Homothetic Preferences and Aggregation,” Journal of Economic Theory, 8, 26–38.

Chipman, J., and J. Moore (1976): “On the Representation and Aggregation of Homothetic Preferences,” Manuscript, cited from Shafer, and Sonnenschein (1982).

Citanna, A., and A. Vilannacci (2000): “Existence and Regularity of Partially Revealing Rational Expectation Equilibrium in Finite Economies,” Journal of Mathematical Economics, 34, 1–26.

Crès, H., and I. Rossi (2000): “Symmetry Breakings in Malinvaud’s Model with Individual Risks,” Journal of Mathematical Economics, 33, 239–269.

Dalal, A., and B. Arshanapalli (1993): “Estimating the Demand for Risky Assets via the Indirect Utility Function,” Journal of Risk and Uncertainty, 6, 277–288.

Dana, R.-A. (1999): “Existence, Uniqueness and Determinacy of Equilibrium in the C.A.P.M. with a Riskless Asset,” Journal of Mathematical Economics, 32, 167–175.

BIBLIOGRAPHY 265

Debreu, G. (1951): “The Coefficient of Resource Utilization,” Econometrica, 19, 273–292.

(1959): Theory of Value: An Axiomatic Analysis of Economic Equilibrium. Wiley, New York, reprinted by Yale University Press, New Haven, and London, 1987.

(1970): “Economies with a Finite Set of Equilibria,” Econometrica, 38, 603–615.

(1972): “Smooth Preferences,” Econometrica, 40, 387–392.

(1974): “Excess Demand Functions,” Journal of Mathematical Economics, 1, 15–21.

Detemple, J., and P. Gottardi (1998): “Aggregation, Efficiency and Mutual Fund Separation in Incomplete Markets,” Economic Theory, 11, 443–455.

Devaney, R. (1989): An Introduction to Chaotic Dynamical Systems.

Addison-Wesley, Reading (Mass.), et al.

Diamond, P. (1965): “National Debt in a Neoclassical Growth Model,” The American Economic Review, 55, 1126–1150.

(1967): “The Role of a Stock Market in a General Equilibrium Model with Technological Uncertainty,” The American Economic Review, 57, 759–776.

(1976): “Chaotic Behaviour of Systems of Difference Equations,” International Journal of Systems Science, 7, 953–956.

Dierker, E. (1972): “Two Remarks on the Number of Equilibria of an Economy,” Econometrica, 40, 951–953.

Drèze, J. (1974): “Investment under Private Ownership: Optimality, Equilibrium and Stability,” in Allocation and Uncertainty: Equilibrium and Optimality, ed. by J. Drèze, pp. 129–166. Macmillan, London, and Basingstoke, proceedings from a workshop sponsored by the International Economic Association.

Duffie, D. (1987): “Stochastic Equilibria with Incomplete Financial Markets,” Journal of Economic Theory, 41, 405–416.

266 BIBLIOGRAPHY

Duffie, D., and W. Shafer (1985): “Equilibrium in Incomplete Markets:

I, Basic Model of Generic Existence,” Journal of Mathematical Economics, 14, 285–300.

(1986): “Equilibrium in Incomplete Markets: II, Generic Existence in Stochastic Economies,” Journal of Mathematical Economics, 15, 199– 216.

Eatwell, J., M. Milgate, and P. Newman (1992): The New Palgrave:

Dictionary of Money and Finance. Macmillan, London, and Basingstoke.

Eisenberg, B. (1961): “Aggregation of Utility Functions,” Management Science, 7, 337–350.

Farmer, R. (1986): “Deficits and Cycles,” Journal of Economic Theory, 40, 77–88.

Fisher, I. (1907): The Rate of Interest. Macmillan, New York.

Folkertsma, C. (1991): “Struktur von Ökonomien mit konstanten Skalenerträgen,” Diploma thesis, University of Bonn.

Forster, O. (1991): Analysis 2: Differentialrechnung im R^n , Differentialgleichungen. Vieweg, Braunschweig, 5th edn.

Franke, G., R. Stapleton, and M. Subrahmanyam (1992): “Idiosyncratic Risk, Sharing Rules and the Theory of Risk Bearing,” INSEAD Working Papers 92/34/FIN, INSEAD.

Fuchs, G. (1976): “Asymptotic Stability of Stationary Temporary Equilibria and Changes in Expectations,” Journal of Economic Theory, 13, 201–216.

(1977): “Formation of Expectations: A Model in Temporary Equilibrium,” Journal of Mathematical Economics, 4, 167–187.

(1979a): “Dynamics of Expectations in a Temporary General Equilibrium Theory,” Journal of Mathematical Economics, 6, 229–251.

(1979b): “Is Error Learning Behavior Stabilizing?,” Journal of Economic Theory, 20, 300–317.

Gale, D. (1973): “Pure Exchange Equilibrium of Dynamic Economic Models,” Journal of Economic Theory, 6, 12–36.

BIBLIOGRAPHY 267

Geanakoplos, J. (1987a): “Arrow-Debreu Model of General Equilibrium,” in The New Palgrave: A Dictionary of Economics, ed. by J. Eatwell, M. Milgate, and P. Newman, vol. 1, pp. 59–68. Macmillan, London, and Basingstoke.

(1987b): “Overlapping Generations Model of General Equilibrium,” in The New Palgrave: A Dictionary of Economics, ed. by J. Eatwell, M. Milgate, and P. Newman, vol. 3, pp. 767–779. Macmillan, London, and Basingstoke.

(1990): “An Introduction to General Equilibrium with Incomplete Asset Markets,” Journal of Mathematical Economics, 19, 1–38.

Geanakoplos, J., et al. (1990): “Generic Inefficiency of Stock Market Equilibrium when Markets Are Incomplete,” Journal of Mathematical Economics, 19, 113–151.

Geanakoplos, J., and A. Mas-Colell (1989): “Real Indeterminacy with Financial Assets,” Journal of Economic Theory, 47, 22–38.

Geanakoplos, J., and H. Polemarchakis (1986): “Existence, Regularity, and Constrained Suboptimality of Competitive Allocations when the Asset Market Is Incomplete,” in Uncertainty, Informations, and Communication: Essays in Honor of Kenneth J. Arrow, ed. by W. Heller, R. Starr, and D. Starrett, vol. III, chap. 3. Cambridge University Press, Cambridge.

(1991): “Overlapping Generations,” in Handbook of Mathematical Economics, ed. by W. Hildenbrand, and H. Sonnenschein, vol. IV, chap. 35. North-Holland, Amsterdam, et al.

Geanakoplos, J., and W. Shafer (1990): “Solving Systems of Simulations Equations in Economics,” Journal of Mathematical Economics, 19, 69–93.

Geanakoplos, J., and M. Shubik (1989): “The Capital Asset Pricing as a General Equilibrium with Incomplete Markets,” Geneva Paper on Risk and Insurance Theory, 15, 55–72.

Ghiglino, C., and M. Tvede (1995): “No-Trade and Uniqueness of Steady States,” Journal of Economic Dynamics and Control, 19, 655–661.

Gollier, C., and J. Pratt (1996): “Risk Vulnerability and the Tempering Effect of Background Risk,” Econometrica, 64, 1109–1123.

268 BIBLIOGRAPHY

Gorman, W. (1953): “Community Preference Fields,” Econometrica, 21, 63–80.

Gottardi, P. (1996): “Stationary Monetary Equilibria in Overlapping Generations Models with Incomplete Markets,” Journal of Economic Theory, 71, 75–89.

Gottardi, P., and T. Hens (1996): “The Survival Assumption and Existence of Competitive Equilibria when Asset Markets Are Incomplete,” Journal of Economic Theory, 71, 313–323.

Gottardi, P., and A. Kajii (1999): “The Structure of Sunspot Equilibria:

The Role of Multiplicity,” Review of Economic Studies, 66, 713–732.

Grandmont, J.-M. (1985): “On Endogenous Competitive Business Cycles,” Econometrica, 53, 995–1045.

(1986): “Periodic and Aperiodic Behaviour in Discrete One- Dimensional Dynamical Systems,” in Contributions to Mathematical Economics in Honour of Gerard Debreu, ed. by W. Hildenbrand, and A. Mas- Colell, pp. 225–246. North-Holland, Amsterdam, et al.

(1992): “Transformation of the Commodity Space, Behavioral Heterogeneity and the Aggregation Problem,” Journal of Economic Theory, 57, 1–35.

Grossman, S., and O. Hart (1979): “A Theory of Competitive Equilibrium in Stock Market Economies,” Econometrica, 47, 293–329.

Guesnerie, R. (1986): “Stationary Sunspot Equilibria in an N Commodity World,” Journal of Economic Theory, 40, 103–127.

Guesnerie, R., and J.-J. Laffont (1990): “Notes on Sunspot Equilibria in Finite Horizon Models,” in Essays in Honor of Edmond Malinvaud, ed. by P. Champsaur, et al., vol. 1, chap. 4. MIT Press, Cambridge (Mass.), and London.

Hart, O. (1975): “On the Optimality of Equilibrium when the Market Structure Is Incomplete,” Journal of Economic Theory, 11, 418–443.

Heaton, J., and D. Lucas (1996): “Evaluating the Effects of Incomplete Markets on Risk Sharing and Asset Pricing,” Journal of Political Economy, 104, 443–487.

BIBLIOGRAPHY 269

Hens, T. (1991): “Structure of General Equilibrium Models with Incomplete Markets,” Dissertation thesis, University of Bonn.

(1992): “A Note on Savage’s Theorem with a Finite Number of States,” Journal of Risk and Uncertainty, 5, 63–71.

(1995): “General Equilibrium Foundations of Finance,” Habilitation thesis, University of Bonn.

(1998): “Incomplete Markets,” in Elements of General Equilibrium Theory, Festschrift in Honour of G. Debreu, ed. by A. Kirman, chap. 5. Blackwell, Oxford.

Hens, T., J. Laitenberger, and A. Löffler (2000): “On Uniqueness of Equilibria in the CAPM,” Working Paper No. 39, Institute of Empirical Research, University of Zurich.

Hens, T., and A. Löffler (1995): “Gross Substitution in Financial Markets,” Economics Letters, 49, 39–43.

Hens, T., and B. Pilgrim (2001): “The Transfer Paradox and Sunspot Equilibria,” mimeo, University of Zurich.

Hens, T., K. Schmedders, and B. Voß (1999): “On Multiplicity of Competitive Equilibria when Financial Markets Are Incomplete,” in The Theory of Markets, ed. by P. Herings, G. van der Laan, and A. Talman, pp. 165–191. North-Holland, Amsterdam, et al.

Hicks, J. (1939): Value and Capital. Claredon, Oxford.

(1956): A Revision of Demand Theory. Oxford University Press, London.

Hildenbrand, K. (1998): “On J.M. Grandmont’s Modelling of Behavioral Heterogeneity,” Working Paper No. A - 580, University of Bonn.

Hildenbrand, W. (1994): Market Demand: Theory and Empirical Evidence. Princeton University Press, Princeton.

Hildenbrand, W., and A. Kirman (1988): Equilibrium Analysis: Variations on Themes by Edgeworth and Walras, vol. 28 of Advanced Textbooks in Economics. North-Holland, Amsterdam, et al.

Hirsch, M., M. Magill, and A. Mas-Colell (1990): “A Geometric Approach to a Class of Equilibrium Existence Theorems,” Journal of Mathematical Economics, 19, 95–106.

270 BIBLIOGRAPHY

Husseini, S., J.-M. Lasry, and M. Magill (1990): “Existence of Equilibrium with Incomplete Markets,” Journal of Mathematical Economics, 19, 39–67.

Jevons, W. (1884): Investigations in Currency and Finance. Macmillan, London, reprinted in the series Reprints of Economic Classics. Kelley, New York, 1964.

Jullien, B. (1988): “Competitive Business Cycles in an Overlapping Generations Economy with Production,” Journal of Economic Theory, 46, 45– 65. Kajii, A. (1997): “On the Role of Options in Sunspot Equilibria,” Econometrica, 65, 977–986.

Kannai, Y. (1989): “A Characterization of Monotonic Individual Demand Functions,” Journal of Mathematical Economics, 18, 87–94.

Kehoe, T. (1985): “Multiplicity of Equilibria and Comparative Statics,” The Quaterly Journal of Economics, 100, 119–147.

(1991): “Computation and Multiplicity of Equilibria,” in Handbook of Mathematical Economics, ed. by W. Hildenbrand, and H. Sonnenschein, vol. IV, chap. 38. North-Holland, Amsterdam, et al.

Kehoe, T., et al. (1991): “Gross Substitutability in Large-Square Economies,” Journal of Economic Theory, 54, 1–25.

Kehoe, T., and D. Levine (1984a): “Intertemporal Separability in Overlapping-Generations Models,” Journal of Economic Theory, 34, 216– 226.

(1984b): “Regularity in Overlapping Generations Exchange Economies,” Journal of Mathematical Economics, 13, 69–93.

(1985): “Comparative Statics and Perfect Foresight in Infinite Horizon Economies,” Econometrica, 53, 433–453.

(1990): “The Economics of Indeterminacy in Overlapping Generations Models,” Journal of Public Economics, 42, 219–243.

Kehoe, T., and A. Mas-Colell (1982): “An Observation on Gross Substitutability and the Weak Axiom of Revealed Preference,” Economics Letters, 15, 241–243.

BIBLIOGRAPHY 271

Keynes, J. (1936): The General Theory of Employment, Interest and Money. Macmillan, London, and Basingstoke, reprint from 1970.

Kimball, M. (1990): “Precautionary Saving in the Small and in the Large,” Econometrica, 58, 53–73.

Kirman, A. (1989): “The Intrinsic Limits of Modern Economic Theory: The Emperor Has No Clothes,” The Economic Journal, 99 (Conference 1989), 126–139.

Kirman, A., and K. Koch (1986): “Market Excess Demand Functions in Exchange Economies with Identical Preferences and Collinear Endowments,” Review of Economic Studies, 53, 457–463.

Kreps, D. (1968): “Multiperiod Securities and the Efficient Allocation of Risk: A Comment on the Black-Scholes Option Pricing Model,” in The Economics of Information and Uncertainty, ed. by J. McCall, chap. 6. University of Chicago Press, Chicago.

Laitenberger, J. (1998): “Demand Theory in Models of Financial Markets,” Dissertation thesis, University of Bonn.

Lerner, A. (1959): “Consumption-Loan Interest and Money,” Journal of Political Economy, 67, 512–525, including the reply by P. Samuelson and the rejoinder.

LeRoy, F., and R. Porter (1981): “The Present-Value Relation: Tests Based on Implied Variance Bounds,” Econometrica, 49, 555–574.

Levine, D., and W. Zame (1999): “Risk Sharing and Market Incompleteness,” in The Theory of Markets, ed. by P. Herings, G. van der Laan, and A. Talman, pp. 217–227. North-Holland, Amsterdam, et al.

Levy, H. (1994): “Absolute and Relative Risk Aversion: An Experimental Study,” Journal of Risk and Uncertainty, 8, 289–307.

Li, T.-Y., and J. Yorke (1975): “Period Three Implies Chaos,” The American Mathematical Monthly, 82, 985–992.

Magill, M., and M. Quinzii (1994): “Infinite Horizon Incomplete Markets,” Econometrica, 62, 853–880.

(1996a): “Incomplete Markets over an Infinite Horizon: Long-Lived Securities and Speculative Bubbles,” Journal of Mathematical Economics, 26, 133–170.

272 BIBLIOGRAPHY

(1996b): Theory of Incomplete Markets, vol. 1. MIT Press, Cambridge (Mass.), and London.

Magill, M., and W. Shafer (1990): “Characterization of Generically Complete Real Asset Structures,” Journal of Mathematical Economics, 19, 167–194.

(1991): “Incomplete Markets,” in Handbook of Mathematical Economics, ed. by W. Hildenbrand, and H. Sonnenschein, vol. IV, chap. 30. North-Holland, Amsterdam, et al.

Malinvaud, E. (1972): “The Allocation of Individual Risk in Large Markets,” Journal of Economic Theory, 4, 312–328.

(1973): “Markets for an Exchange Economy with Individual Risks,” Econometrica, 41, 383–410.

Mankiw, G., D. Romer, and M. Shapiro (1985): “An Unbiased Reexamination of Stock Market Volatility,” Journal of Finance, 40, 677–687.

Mantel, R. (1974): “On the Characterization of Excess Demand,” Journal of Economic Theory, 7, 348–353.

(1976): “Homothetic Preferences and Community Excess Demand Functions,” Journal of Economic Theory, 12.

Mas-Colell, A. (1985): The Theory of General Economic Equilibrium: A Differential Approach, Econometric Society Monographs. Cambridge University Press, Cambridge.

(1987): “An Observation on Geanakoplos and Polemarchakis,” Harvard University, Cambridge (Mas.), cited from Geankoplos (1990).

(1991): “On Uniqueness of Equilibrium Once Again,” in Equilibrium Theory and Its Applications: Proceedings of the Sixth International Symposium in Economic Theory and Econometrics, ed. by W. Barnett, et al., pp. 275–296. Cambridge University Press, Cambridge.

(1992): “Three Observations on Sunspots and Asset Redundancy,” in Economic Analysis of Markets and Games; Essays in Honor of Frank Hahn, ed. by P. Dasgupta, et al., pp. 465–474. MIT Press, Cambridge (Mass.), and London.

Mas-Colell, A., M. Whinston, and J. Green (1995): Microeconomic Theory. Oxford University Press, Oxford.

BIBLIOGRAPHY 273

McKenzie, L. (1954): “On Equilibrium in Graham’s Model of World Trade and Other Competitive Systems,” Econometrica, 22, 147–161.

(1959): “On the Existence of General Equilibrium for a Competitive Market,” Econometrica, 27, 54–71.

(1987): “General Equilibrium,” in The New Palgrave: A Dictionary of Economics, ed. by J. Eatwell, M. Milgate, and P. Newman, vol. 2, pp. 498–512. Macmillan, London, and Basingstoke.

Mitjushin, L., and W. Polterovich (1978): “Criteria for Monotonicity of Demand Functions,” Ekonomika i Matematicheskie Metody, 14, 122–128, cited from Hildenbrand (1994).

Murata, Y. (1977): Mathematics for Stability and Optimization of Economic Systems. Acadamic Press, New York, et al.

Nataf, A. (1953): “Sur des Questionnes d’Aggrégation en Économétrie,” Discussion Paper 2, L’Institute de Statistique, Université de Paris, cited from Shafer, and Sonnenschein (1982).

Nielsen, L. (1988): “Uniqueness of Equilibrium in the Classical Capital Asset Pricing Model,” Journal of Financial and Quantitative Analysis, 23, 329–336.

Pietra, T. (1992): “The Structure of the Set of Sunspot Equilibria in Economies with Incomplete Financial Markets,” Economic Theory, 2, 321– 340.

Poinsot, L. (1803): Eléments de Statique. Paris, 8th edn., 1842, cited from McKenzie (1987).

Polemarchakis, H. (1983): “On the Transfer Paradox,” International Economic Review, 24, 749–760.

Polemarchakis, H., and P. Siconolfi (1993): “Asset Markets and the Information Revealed by Prices,” Economic Theory, 3, 645–661.

(1997): “Generic Existence of Competitive Equilibria with Restricted Participation,” Journal of Mathematical Economics, 28, 289–311.

Pratt, J. (1964): “Risk Aversion in the Small and in the Large,” Econometrica, 32, 122–136.

274 BIBLIOGRAPHY

Rader, T. (1972): “General Equilibrium Theory with Complementary Factors,” Journal of Economic Theory, 4, 372–380.

Radner, R. (1968): “Competitive Equilibrium under Uncertainty,” Econometrica, 36, 31–58.

(1972): “Existence of Equilibrium of Plans, Prices and Price Expectations in a Sequence of Markets,” Econometrica, 40, 289–303.

Reichlin, P. (1986): “Equilibrium Cycles in an Overlapping Generations Economy with Production,” Journal of Economic Theory, 40, 89–102.

Ross, S. (1981): “Some Stronger Measures of Risk Aversion in the Small and in the Large with Applications,” Econometrica, 49, 621–638.

Samuelson, P. (1958): “An Exact Consumption-Loan Model of Interest with or without the Social Contrivance of Money,” Journal of Political Economy, 66, 467–482.

Savage, L. (1954): The Foundations of Statistics. Wiley, New York.

Schmachtenberg, R. (1988): “Stochastic Overlapping Generations Models with Incomplete Financial Markets: Existence of Equilibria,” Discussion Paper 363-88, University of Mannheim.

Schumpeter, J. (1954): History of Economic Analysis. George Allen and Unwin, London, edited from a manuscript by Elizabeth Brody Schumpeter.

Shafer, W. (1977): “Revealed Preference and Aggregation,” Econometrica, 45, 1173–1182.

Shafer, W., and H. Sonnenschein (1982): “Market Demand and Excess Demand Functions,” in Handbook of Mathematical Economics, ed. by K. Arrow, and M. Intrilligator, vol. II, chap. 14. North-Holland, Amsterdam, et al.

Shell, K. (1971): “Notes on Economics of Infinity,” Journal of Political Economy, 79, 1002–1011.

(1987): “Sunspot Equilibrium,” in The New Palgrave: A Dictionary of Economics, ed. by J. Eatwell, M. Milgate, and P. Newman, vol. 4, pp. 548–551. Macmillan, London, and Basingstoke.

Shiller, R. (1979): “The Volatiliy of Long-Term Interest Rates and Expectations Models of the Term Structure,” Journal of Political Economy, 87, 1190–1219.

BIBLIOGRAPHY 275

(1981): “Do Stock Prices Move too Much to Be Justified by Subsequent Changes in Dividends,” The American Economic Review, 71, 421– 436.

Siconolfi, P. (1986): “Equilibrium with Restricted Participation on Incomplete Financial Markets,” CARESS Working Paper, University of Pennsylvania, cited from Siconolfi (1989).

(1989): “Equilibrium with Asymmetric Constraints on Portfolio Holdings and Incomplete Financial Markets,” in Non-Linear Dynamics in Economics and Social Sciences, ed. by M. Galeotto, L. Geronazzo, and F. Gori, pp. 271–292. Societá Pitagora, Bologna.

(1991): “Sunspot Equilibria and Incomplete Financial Markets,” Journal of Mathematical Economics, 20, 327–339.

Siconolfi, P., and A. Villanacci (1991): “Real Indeterminacy in Incomplete Financial Market Economies without Aggregate Risk,” Economic Theory, 1, 265–276.

Smith, A. (1776): An Inquiry into the Nature and Causes of the Wealth of Nations. Methuen, London, 5th edn. from 1906.

Sonnenschein, H. (1973): “Do Walras Identitiy and Continuity Characterize Excess Demand Functions?,” Journal of Economic Theory, 6, 345–354.

Suda, S., J.-M. Tallon, and A. Villanacci (1992): “Real Indeterminacy of Equilibria in a Sunspot Economy with Inside Money,” Economic Theory, 2, 309–319.

Takayama, A. (1974): Mathematical Economics. Dryden, Hinsdale (Ill.).

Tesar, L. (1993): “International Risk Sharing and Non-Traded Goods,” Journal of International Economics, 35, 69–89.

Townsend, R. (1995): “Financial Systems in Northern Thai Villages,” Quaterly Journal of Economics, 110, 1011–1046.

Trannoy, A. (1986): “Paradoxe Global des Transferts et Multiplicité des Équilibres: Deux Résultats,” Annales d’Économie et de Statistique, 4, 53– 61. Tuinstra, J., and C. Weddepohl (1999): “On the Equivalence between Overlapping-Generations Models and Cyclical General-Equilibrium Models,” Journal of Economics, 70, 187–207.

276 BIBLIOGRAPHY

Voß, B. (1997): “Eindeutigkeit von Gleichgewichten bei unvollständigen Finanzmärkten,” Diploma thesis, University of Bielefeld.

Wakker, P. (1989): Additive Representations of Preferences: A New Foundation of Decision Analysis. Kluwer, Dordrecht.

Walras, L. (1874): Eléments d’Economie Politique Pure. Corbaz, Lausanne, English translation by W. Jaffé from the 1926 definitive edition: Elements of Pure Economics. George Allen and Unwin, London, 1954.

Weil, P. (1992): “Equilibrium Asset Prices with Undiversifiable Labor Income Risk,” Journal of Economic Dynamics and Control, 16, 769–790.

Werner, J. (1985): “Equilibrium in Economies with Incomplete Financial Markets,” Journal of Economic Theory, 36, 110–119.

West, K. (1988): “Dividend Innovations and Stock Price Volatility,” Econometrica, 56, 37–61.

Wilson, C. (1987): “Incomplete Markets,” in The New Palgrave: A Dictionary of Economics, ed. by J. Eatwell, M. Milgate, and P. Newman, vol. 2, pp. 759–761. Macmillan, London, and Basingstoke.

Curriculum Vitae

13. Sept. 1972 Geboren in Arnsberg 1979–1983 Städtische katholische Bekenntnisgrundschule Johannesschule, Arnsberg 1983–1992 Städtisches Gymnasium Laurentianum, Arnsberg; Abitur 1992–1998 Studium der Wirtschaftsmathematik an der Universität Bielefeld; Diplom 1998-1999 Promotionsstudium am Graduiertenkolleg „Mathematische Wirtschaftsforschung” der Universität Bielefeld, gefördert durch die Deutsche Forschungsgemeinschaft März 1998 Forschungsaufenthalt am EES/OR-Department der Stanford University 2000 Verschiedene Forschungsaufenthalte an der Universität Zürich Seit 1999 Application Executive/Risk Management Executive bei der Reuters AG, Frankfurt