RWTH Aachen

Department of Computer Science
Technical Report

Bisimulation and Logical Preservation
for Continuous-Time Markov Decision
Processes

Martin NeuhauBer and Joost-Pieter Katoen

ISSN 0935-3232 . Aachener Informatik Berichte . AIB-2007-10

RWTH Aachen : Department of Computer Science . August 2007



The publications of the Department of Computer Science of RWTH Aachen
University are in general accessible through the World Wide Web.

http://aib.informatik.rwth-aachen.de/



Bisimulation and Logical Preservation for
Continuous-Time Markov Decision Processes

Martin R. Neuh#auBer’? and Joost-Pieter Katoen!»2

1 Software Modeling and Verification Group
RWTH Aachen University, Germany
2 Formal Methods and Tools Group
University of Twente, The Netherlands
{neuhaeusser,katoen}@cs.rwth-aachen.de

Abstract. This paper introduces strong bisimulation for continuous-time Markov
decision processes (CTMDPs), a stochastic model which allows for a nondeter-
ministic choice between exponential distributions, and shows that bisimulation
preserves the validity of CSL. To that end, we interpret the semantics of CSL—a
stochastic variant of CTL for continuous-time Markov chains—on CTMDPs and
show its measure-theoretic soundness. The main challenge faced in this paper is
the proof of logical preservation that is substantially based on measure theory.

1 Introduction

Discrete-time probabilistic models, in particular Markov decision processes
(MDP) [20], are used in various application areas such as randomized distributed
algorithms and security protocols. A plethora of results in the field of concur-
rency theory and verification are known for MDPs. Efficient model—checking
algorithms exist for probabilistic variants of CTL [9,11], linear—time [29] and
long—run properties [15], process algebraic formalisms for MDPs have been de-
veloped and bisimulation is used to minimize MDPs prior to analysis [18].

In contrast, CTMDPs [25], a continuous—time variant of MDPs, where state
residence times are exponentially distributed, have received scant attention. Un-
like in MDPs, where nondeterminism occurs between discrete probability dis-
tributions, in CTMDPs the choice between various exponential distributions
is nondeterministic. In case all exponential delays are uniquely determined, a
continuous-time Markov chain (CTMC) results, a widely studied model in per-
formance and dependability analysis.

This paper proposes strong bisimulation on CTMDPs—this notion is a con-
servative extension of bisimulation on CTMCs [13]—and investigates which kind
of logical properties this preserves. In particular, we show that bisimulation pre-
serves the validity of CSL [3,5], a well-known logic for CTMCs. To that end, we
provide a semantics of CSL on CTMDPs which is in fact obtained in a similar
way as the semantics of PCTL on MDPs [9,11]. We show the semantic soundness
of the logic using measure-theoretic arguments, and prove that bisimilar states
preserve full CSL. Although this result is perhaps not surprising, its proof is
non—trivial and strongly relies on measure—theoretic aspects. It shows that rea-
soning about CTMDPs, as witnessed also by [30,7,10] is not straightforward. As
for MDPs, CSL equivalence does not coincide with bisimulation as only maximal
and minimal probabilities can be logically expressed.

Apart from the theoretical contribution, we believe that the results of this
paper have wider applicability. CTMDPs are the semantic model of stochastic



Petri nets [14] that exhibit confusion, stochastic activity networks [27] (where ab-
sence of nondeterminism is validated by a “well-specified” check), and is strongly
related to interactive Markov chains which are used to provide compositional
semantics to process algebras [19] and dynamic fault trees [12]. Besides, CT-
MDPs have practical applicability in areas such as stochastic scheduling [17,1]
and dynamic power management [26]. Our interest in CTMDPs is furthermore
stimulated by recent results on abstraction—where the introduction of nonde-
terminism is the key principle—of CTMCs [21] in the context of probabilistic
model checking.

In our view, it is a challenge to study this continuous—time stochastic model
in greater depth. This paper is a small, though important, step towards a better
understanding of CTMDPs.

2 Continuous-time Markov decision processes

Continuous-time Markov decision processes extend continuous-time Markov chains
by nondeterministic choices. Therefore each transition is labelled with an action
referring to the nondeterministic choice and the rate of a negative exponential
distribution which determines the transition’s delay:

Definition 1 (Continuous-time Markov decision process). A tuple C =
(S, Act,R, AP, L) is a labelled continuous-time Markov decision process if S
is a finite, nonempty set of states, Act a finite, nonempty set of actions and
R:Sx Act xS — R>¢ a three-dimensional rate matrix. Further, AP is a finite
set of atomic propositions and L : S — 247 is a state labelling function.

The set of actions that are enabled in a state s € S is denoted Act(s) :=
{a€ Act |3s' € S. R(s,a,s’) > 0}. A CTMDP is well-formed if Act(s) # 0 for
all s € S, that is, if every state has at least one outgoing transition. Note that
this can easily be established for any CTMDP by adding self-loops.

FEzample 1. When entering state s; of
the CTMDP in Fig. 1 (without state labels)
one action from the set of enabled actions @@70-5(
Act(s1) = {«, 3} is chosen nondeterministi-
cally, say a. Next, the rate of the a-transition
determines its exponentially distributed de-
lay. Hence for a single a-transition, the prob-

ability to go from s; to s3 within time ¢ is
1— e—R(sl,a,Sg,)t —1— e—O.lt.

a,l
«,0.1

a,0.5
Fig. 1. Example of a CTMDP.

If multiple outgoing transitions exist for the chosen action, they compete
according to their exponentially distributed delays: In Fig. 1 such a race condi-
tion occurs if action [ is chosen in state s1. In this situation, two (-transitions
(to s2 and s3) with rates R(s1,3,s2) = 15 and R(s1,0,s3) = 5 become avail-
able and state s; is left as soon as the first transition’s delay expires. Hence
the sojourn time in state s; is distributed according to the minimum of both
exponential distributions, i.e. with rate R(s1, 3, s2) + R(s1, 3, s3) = 20. In gen-
eral, E(s,a) := > csR(s,a,s) is the exit rate of state s under action «. Then
R(s1,3,52)/E(s1,3) = 0.75 is the probability to move with 3 from s; to sg, i.e.
the probability that the delay of the S-transition to sy expires first. Formally,



the discrete branching probability is P(s,a,s’) := Rés(’sa&‘g)/) if E(s,a) > 0 and 0

otherwise. By R(s,a,Q) := 3" o R(s,a,s’) we denote the total rate to states
in@CS.

Definition 2 (Path). Let C = (S, Act,R, AP, L) be a CTMDP. Paths"(C) :=
Sx (Act x R>g x 8)" is the set of paths of length n in C; the set of finite paths in
C is defined by Paths*(C) = U, e Paths™ and Paths”(C) := (S x Act x Rx>¢)“
is the set of infinite paths in C. Paths(C) := Paths*(C) U Paths“(C) denotes the
set of all paths in C.

We write Paths instead of Paths(C) whenever C is clear from the context. Paths

ag,to a1,t1 Qn—1,tn—1
S1 .

are denoted m = sg Sp, where |7 is the length of 7.
Given a finite path m € Paths™, 7| is the last state of w. For n < |r|, 7[n] := s,

is the n-th state of 7 and 0(w,n) := t, is the time spent in state s,. Further,
Qjt1,5ti41 aj—1,tj-1

mli..j] is the path-infix s; avh, Sit+1 s;j of 7 for i< j<|m|.
Finally, 7@t is the state occupied in 7 at time point ¢ € R, i.e. 7Qt := 7[n]
where n is the smallest index such that )"  t; > t.

Note that Def. 2 does not impose any semantic restrictions on paths. The
set Paths in general contains paths which do not comply with the rate matrix
of the underlying CTMDP. However, the following definition of the probability
measure (Def. 4) justifies this as it assigns probability zero to such sets of paths.

2.1 The probability space

In probability theory (see [2]), a field of sets § C 2 is a family of subsets of a
set {2 which contains the empty set and is closed under complement and finite
union. A field § is a o-field?® if it is also closed under countable union, i.e. if for
all countable families {A;},.; of sets A; € § it holds (J;c; 4; € §. Any subset A
of {2 which is in § is called measurable.

To measure the probability of sets of paths, we first define a o-field of sets
of combined transitions which we later use to define o-fields of sets of finite
and infinite paths. Here, a combined transition is a tuple («,t,s) which links
the decision for action « (which is given by a scheduler, see Def. 3) with the
exponentially distributed time-point ¢ to move to a successor state s of the un-
derlying CTMDP. Formally, for a CTMDP C = (S, Act,R, AP, L), the set of
combined transitions is {2 = Act x R>¢ x S. To define a probability space on
2, note that S and Act are finite; hence, the corresponding o-fields are defined
as Faer := 24¢ and Fg := 25. Any combined transition occurs at some time
point ¢ € R>p, so that we can use the Borel o-field B(R>0) to measure the
corresponding subsets of R>g. In the following, we denote the sets of probability
distributions on § 4. and Fs by Distr(Act) and Distr(S), respectively. Note that

ag,to a1,t1 Qn—1,tn—1
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any path m = sg sp, of length n can be extended
by a combined transition m = (ay,ty, sp+1) to a path of length n + 1, denoted
mom.

Generally, a Cartesian product is a measurable rectangle if its constituent
sets are elements of their respective o-fields. For example, in our case the set
A x T x S is a measurable rectangle if A € Fax, T € B(R>p) and S € Fs.

3 In the literature [22], o-fields are also called o-algebras.



We use Fact X B(R>0) X Fs to denote the set of all measurable rectangles?. It
generates the desired o-field § of sets of combined transitions, i.e. § := J(S Act X
%(IR,ZO) X 35)

Now § may be used to infer the o-fields § pgms» of sets of paths of length n:
Spathsn 1s generated by the set of measurable (path) rectangles, i.e. §pansn =
0({50 X Mo X -+ X My |Sy€Fs,M; €F,0<1< n}) Intuitively, §pgihsn cON-
sists of all possible (even countable infinite) unions and intersections of measur-
able path rectangles.

Ezxample 2. For the CTMDP in Fig. 1, the event “from s; we directly reach
state s3 within 0.5 time units” and the event “if action « is chosen in state s,
we remain in sq for less than 0.2 or more than 1 time units” are described by
the Cartesion products IT; = {s1} x Act x [0,0.5] x {s3} and IIs = {s1} x {a} X
([0,0.2) U (1,00)) x S. I and II5 are measurable rectangles whereas their union
II U II, is an element of the o-field §p,;,2-

The o-field of sets of infinite paths is obtained using the cylinder-set construc-
tion [2]: A set C™ of paths of length n is called a cylinder base; it induces the
infinite cylinder C,, = {w € Paths® | 7[0..n] € C™}. A cylinder C,, is measurable
if C™ € §pamsn; Crn is called an infinite rectangle if C™ = Sy x Ag x Ty X -+ X
Ap_1xTh_1 xSy and S; C S, A; C Act and T; C R>o. It is a measurable infinite
rectangle, if S; € §s, Ai € Fact and T; € B(R>p). We obtain the desired o-field
of sets of infinite paths as the minimal o-field generated by the set of measurable
cylinders; formally: § pahse = U(UZO:O {C,|C™e Spathsn}).

Finally, the o-field § pgsps+ Over finite and infinite paths is the smallest o-field
generated by the disjoint union UZOZO T Paths™ U T Paths® -

2.2 The probability measure

To define a semantics for CTMDPs we use schedulers® to resolve the nonde-
terministic choices. Thereby we obtain probability measures on the probability
spaces defined above. A scheduler quantifies the probability of the next action
based on the history of the system: If state s is reached via finite path =, the
scheduler yields a probability distribution over Act(w|). The type of schedulers
we use is the class of measurable timed history-dependent randomized sched-
ulers [30]:

Definition 3 (Measurable scheduler). Let C be a CTMDP with action set
Act. A mapping D : Paths™ X et — [0, 1] is a measurable scheduler if D(w,-) €
Distr(Act(r|)) for all @ € Paths* and the functions D(-, A) : Paths* — [0,1] are
measurable for all A € Fact. THR denotes the set of measurable schedulers.

In Def. 3, the measurability condition states that for any B € 9B([0,1]) and
A € Fac the set {m € Paths* | D(w, A) € B} € §pawns+, see [30]. In the follow-
ing, note that D(w,-) is a probability measure with support C Act(w]); further
P(s,a,-) € Distr(S) if a € Act(s). Let ng(r| o) (t) = E(rl,a)- e ELa)t denote
the probability density function of the negative exponential distribution with
parameter E(m], ).

4 Despite notation, Facr X B(R>0) X §s is not a Cartesian product itself; instead, it is a set
of Cartesian products.
5 Schedulers are also called policies, strategies or adversaries in the literature.



To derive a probability measure on § pgis~, we first define a probability mea-
sure on combined transitions, i.e. on the measurable space ({2,§): For history
7 € Paths*, let up(m,-) : § — [0,1] such that

up(m, M) := | D(w,da) /]R

NE(n],a) (dt) / IM(av t, 8) P(ﬂ-lv «, dS)
Act S

>0

Then pp(w,-) defines a probability measure on § where the indicator function
Iy (e, t,s) := 1 if the combined transition («,t,s) € M and 0 otherwise [30]. In-
tuitively, for a given finite path m and a set M of combined transitions, up (7, M)
is the probability to continue from 7| by one of the combined transitions in M.
For a measurable rectangle A x T x S’ € § and time interval T', we obtain

pp(m, AxT x S") = Z D(m, {a}) -P(nl],a,S) / E(r],a) - e~ E(ml o)t gy
acA T
(1)

which is the probability to leave 7] via some action in A within time interval T’
to a state in S’.

Lemma 1. For any m € Paths*, the function pp(w,-) : § — [0, 1] is a probability
measure on (£2,F).

Proof. This follows from [2, Theorem 2.6.7|, for D(m,-) is a probability measure
and all Ng(x| o) as well as P(r], @, -) are probability measures for o € Act(n]).
|

To extend this to a probability measure on § pginsm, we assume an initial distribu-
tion v € Distr(S) for the probability to start in a certain state s and inductively
append sets of combined transitions. To ease notation, we write v(s) instead of
v({s}) where appropriate.

As the probability measures in Def. 4 (see below) depend on the Lebesgue
integral of a function involving the measure up, we have to show that up :
Paths™ x § — [0,1] is measurable in its first argument, i.e. that for all M € §
and B € B([0,1]) it is the case that up(-, M)~ (B) € Fpans+- The following
theorem stems from Wolovick and Johr in [30] and is restated here only for the
sake of completeness:

Theorem 1 (Combined transition measurability [30, Theorem 1]). Let
C be a CTMDP with set Act of actions and D a scheduler. For all A € §Fact, it
holds: D(-, A) : Paths* — [0,1] is measurable iff VM € §, up(-, M) : Paths* —
[0, 1] is measurable.

Hence up : Paths® x § — [0,1] is measurable in its first argument whenever D
is a measurable scheduler as defined in Def. 3. Note also, that the restriction
up : Paths"™ x §F — [0, 1] is measurable w.r.t. §paghsn-

With this precondition satisfied, we can define the probability measure on
sets of finite paths as follows:



Definition 4 (Probability measure [30]). For initial distribution v € Distr(S)
the probability measure on §pamsm @S defined inductively:

Pr&D * S pans — [0,1] 1T — Z v(s) and forn >0
sell
Pl Spane = 0.0) 1o [ Prigl(am) [ Tn(rom) pp(r,dm),
Paths™ ™! Q
One further remark might be in order: For n > 0, the Lebesgue integral in Def. 4
is well defined as the functions

fir : Paths" ™1 —[0,1] : 7 — / Iy(mom) pup(m,dm)
2

are measurable for all IT € §Fpypsn. First, {m € 2 | mom € II} € §F for all
7 € Paths™ 1 If IT = Sy x My x --- x M,,_; is a measurable rectangle such that
M; € § for 0 < i < n, we obtain

M,_1 ifwmeSyx Myx--x M,_9

meN|romelll =
{ | } {(Z) otherwise.

Hence, for measurable rectangle IT, the set {m € {2 | w om € II'} is measurable.
Now, let IT = Il U Il and M; = {m € 2 | mom € II;} for i = 1,2. By
induction hypothesis, M; € §; further, {m € 2 |mom € I1} = My U Ms. As §
is closed under countable union, M; U My € §. For the complement I7¢, define
M = {m € 2 | mom € II'}. By induction hypothesis, M € §. Further observe
that {me 2 |romellt={me 2 |nom¢gIl}={me R |romell}=
M¢€. Then M¢ € § follows since M € § and § is closed under complement. Now
the functions fj7 can be restated as follows:

fir : Paths" ' — [0,1] : 7 — pp(m,{m € 2| mom € II})

which is measurable w.r.t. §p,,,,n-1 by Theorem 1, where up is restricted to
Paths™ L.

By Def. 4 we obtain measures on all o-fields § pgins». This extends to a mea-
sure on (Paths®,§ pansw) as follows: First, note that any measurable cylinder can
be represented by a base of finite length, i.e. C,, = {7 € Paths” | 7[0..n] € C"}.
Now the measures Pr,’ifD on § pansm €xtend to a unique probability measure Pr“,j;D
on Fpaunse by defining Priy 5 (Cp) = Pryp(C™). Although any measurable rect-
angle with base C™ can equally be represented by a higher-dimensional base
(more precisely, if m < n and C" = C™ x 2"~ then C,, = Cy,), the Tonescu—
Tulcea extension theorem [2] is applicable due to the inductive definition of the
measures Prj p and assures the extension to be well defined and unique.

Lemma 2. P’/“ZD is a probability measure on (Paths™,§ puns») for all n € N.

Proof. By induction on n. v is a probability measure on (S, §s) and so is Prng.
For n > 0,

P = [ Prgan) [ Turom) up(r,dm).
Paths™— 1t (9]

By the induction hypothesis, PTZ,_Dl is a probability measure; the same holds for
up(m,-) by Lemma 1. The induction step then follows by [2, 2.6.2]. 0



Definition 4 inductively appends transition triples to the path prefixes of
length n to obtain a measure on sets of paths of length n + 1. In the proof of
Theorem 5, we use an equivalent characterization that constructs paths reversely,
i.e. paths of length n + 1 are obtained from paths of length n by concatenating
an nitial triple from the set S x Act x R>¢ to the suffix of length n:

Definition 5 (Initial triples). Let C = (S, Act,R, AP, L) be a CTMDP, v €
Distr(S) and D a scheduler. Then the measure 1, p : FSxActxRsy — [0,1] on
sets I of initial triples (s,«,t) is defined as

tp(D) = / v(ds) [ D(s.da) / Ty (s,0,t) s (d0):
S Act R>o

@o,to Qp—1,tn—1

This allows to decompose a path m = sg s into an initial
triple i = (sg, ap, to) and the path suffix 7[1..n]. For this to be measure preserving,
a new v; € Distr(S) is defined based on the original initial distribution v of
Pry; p on §panst which reflects the fact that state so has already been left with
action «q at time tg. Hence v; is the initial distribution for the suffix-measure on
S patnsn—1- Similarly, a scheduler D; is defined which reproduces the decisions of
the original scheduler D given that the first i-step is already taken. Hence Prf,‘;éi
is the adjusted probability measure on § p,;,,n—1 given v; and D;.

Lemma 3. Forn > 1 let I x Il € Fpunsn be a measurable rectangle, where
IeFsxFac x BRx>o). Fori=(s,a,t) €I, let v; := P(s,a,-) and D;(n) =
D(iow). Then Pryp(I x IT) = [, Prﬁi_éi(ﬂ) o, p(di).

Proof. By induction on n:

For the induction start (n = 1), let IT € §p,,.0, i.e. II C S. Then:

Pri (I x1II) = /Prgp(dw)/ Irxg(mom) pup(mw,dm) (* Definition 4 *)
’ PathsY 0
= / V(dso)/ Irxm(soom) pp(so,dm) (* Paths® =S *)
S Q

:/V(dso)/D(Smdao)/nE(sO,ao)(dto)/IIxH(SoMSﬁ P(s0, a0, ds1)
s A R=o s

ct

:/,u,,,p(dS(),dOéo,dto)/IU(Sl) P(So,ao,dsl) (* definition of u, p*)

1 S

- / o p(di) / T (s1) vi(dsy) (% = (s0,00.0) %)
1 S

= Prngi (H) /’LV,D(di)' (* Definition 4 *)
I

For the induction step (n > 1), let I x IT x M be a measurable rectangle in
8 patnsn+1 such that I € FsxFace X B(R>p) is a set of initial triples, IT € § pyypen-1
and M € § is a set of combined transitions. Using the induction hypothesis
Prip(I x II) = [, Prﬁ;éi (IT) pyp(di) we derive:

Prﬁvfg(l x IT x M) = /I #D(w, M) Pr,’j’p(dw) (* Definition 4 *)
X

:/MD(iOF,,M) Pr,ﬁ‘p(d(ioﬂ)) (*r~ion ¥*)
IxIT ’



= // IU/D(Z O7T/,M) Prﬁi_%_(dﬂl) /LMD(di) (* ind. hypothesis *)
1Jm o

= // up; (71',, M) PTZi_fé_(dﬂ',) /LV,D(dZ‘) (* definition of D; *)
I H k) K3

= /PT,Z_’DZ_ (H X M) ,u,,,p(dz'). (* Definition 4 *)
1

O

A class of pathological paths that are not ruled out by Def. 2 are infinite paths
whose duration converges to some real constant, i.e. paths that visit infinitely
many states in a finite amount of time. For n = 0,1, 2,..., an increasing sequence
rn € R>0 is Zeno if it converges to a positive real number. For example, r, :=
Sy 2% converges to 1, hence is Zeno.

Lemma 4. Letk € N and B = Sx Q2F x (Act x [0,1] x 8)*; then Pryp(B) =0.

Proof. The proof goes along the lines of [5, Prop. 1]:

As S is finite, we can define A := max {E(s,a) | s € S,a € Act}. For n > 0, let
"= 8 x QF x (Act x [0,1] x S)" be a measurable base and B,, the induced

infinite measurable rectangle. By induction on n, we show that Prfj’D(Bn) <

(1—eMHm

— Let n = 0. Then Pr,‘jD(Bo) = PrfifD(S X Qk) =1.
— As induction hypothesis let PrﬁD(Bn) < (1 — e‘A)n. For B, 1 we obtain:
Pre 5(Bnt1) = Pr"+k+1( B™ x Act x [0,1] x S)

v,

pp(m, Act x [0,1] x S) Pr”fbk(dﬂ)

n

\m\

(3 Dlr{ad) - Plrl,a,8) - | B(xl,a)e Baldr) pridt(dn)
a€Act [0,1]

n

/ S Dlm.{a}) - Plrla.8) - (1 - e P Prith(an)

a€Act

1—€_A / Z D(m,{a}) - P(r|,a,S) P’I”Z:Ek(dﬂ')

aEAct

<1
<(1-e- /B Pripi(de) = (1—e™) - Pripi(B")
— (1—e ) Prp(B,) < (1—e )"
Now By 2 By O --- and the B, converge to B, i.e. B, | B; hence Pr‘lf’D(Bn) —

Pry p(B) by [2, 1.2.7]. Further lim, Pryp(Bn) = 0 for Pryp is a measure
(i.e. nonnegative) and lim,, (1 — e_A)n = 0. Thus Pryp(B) = 0. O

With this result we can prove the following theorem which justifies to generally
rule out Zeno behaviour:

Theorem 2 (Converging paths theorem). The probability measure of the
set of converging paths is zero.



7t 7t
Proof. Let ConvPaths := {sg 200, g 2 i ti converges}. For m €

ConvPaths, the sequence Y ;2 t; converges; thus t; converges to 0 and there
exists k& € IN such that ¢; <1 for all ¢ > k. Hence ConvPaths C UZOZOS x F x
(Act x [0,1] x 8)*. By Lemma 4, Pryp (S x QF x (Act x [0,1] x §)*) = 0 for
all £ € N. Thus we obtain

Pr“,jva(U S x 2F x (Act x [0,1] x 8)¥)
k=0

< ZPT;’,D(S x 2F x (Act x [0,1] x 8)*) = 0.
k=0

But then ConvPaths is a subset of a set of measure zero; hence, on F pyips«
completed® w.r.t. Prt;, we obtain Pre,(ConvPaths) = 0. 0

3 Strong bisimilarity

Strong bisimilarity [8,23] is an equivalence on the set of states of a CTMDP
which relates two states if they are equally labelled and exhibit the same stepwise
behaviour. As shown in Theorem 6, strong bisimilarity allows one to aggregate
the state space while preserving transient and long run measures.

In the following we denote the equivalence class of s under equivalence R C
SxSby [slg={s' €S| (s,5) € R};if Ris clear from the context we also write
[s]. Further, Sg := {[s]z | s € S} is the quotient space of S under R.

Definition 6 (Strong bisimulation relation). Let C = (S, Act,R, AP, L)
be a CTMDP. An equivalence R C S X § is a strong bisimulation relation if
L(u) = L(v) for all (u,v) € R and R(u,a,C) = R(v,a,C) for all a« € Act and
all C € Si.

Two states u and v are strongly bisimilar (u ~ v) if there exists a strong bisim-
ulation relation R such that (u,v) € R. Strong bisimilarity is the union of all
strong bistmulation relations.

Theorem 3 (Strong bisimilarity). Strong bisimilarity is

1. an equivalence,
2. a strong bisimulation relation and
3. the largest strong bisimulation relation.

Proof. Let ~ = [J{R | R is a strong bisimulation relation on S} denote strong
bisimilarity.

1. ~ is an equivalence:
Reflexivity and symmetry follow directly from the definition.
We show transitivity: (u,v) € ~ and (v,w) € ~ = (u,w) € ~.

(u,v) € ~ = ex. strong bisimulation relation Ry C ~ s.t. (u,v) € Ry

(v,w) € ~ = ex. strong bisimulation relation Ry C ~ s.t. (v,w) € Ra

6 We may assume Fpamsw to be complete, see [2, p. 18ff].
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(a) according to R1 (b) according to Ra

Fig. 2. Example partitioning of an equivalence class C' € Sgr.

Let R denote the transitive closure of Ry U Rgy. Then (u,w) € R. Therefore
it suffices to show that R is a strong bisimulation relation. As R obviously

is an equivalence, it remains to show that for all (u,v) € R, a € Act and
C € Sg it holds L(u) = L(v) and

R(u,,C) = R(v, e, C). (2)

The first condition, L(u) = L(v) follows directly from the transitivity of the
identity relation on 247, For condition (2), let C' = {s1,...,5s,}. We have
C =UL, [silg, for k€ {1,2}:

C: Let s € C. Then s € [si], forsomei € {1,...,n}. Hence s € U, [sil
D: Let i € {1,...,n}. Then it holds:

.

s € [silg, ==>(5,5i) € Ry (* by definition *)
=(s,si) €R (*RrLCR*)
s € [silg (
—=seC (

* R is an equivalence relation *)

*silg =C %)

Hence we can decompose C' into equivalence classes w.r.t. R; and Ry (see
Fig. 2). As Ry is an equivalence relation, it induces a partitioning of C":

C = L—_l—J {[Sil]Rl [sialmy 5o [Sim]Rl} where m < n. (3)
Note that the same applies to Ry for a different set of indices 4/,...,7 .

Now we are able to prove property (2) by induction on the structure of R.
Therefore we provide an inductive definition of R as follows:

R’=R1URy and
R = {(u,w) | v € S. (u,v) € R' A (v,w) € R} for i > 0.

By construction, the subset-ordering on R’ is bounded from above by S x S.
Further, S is finite, so that R C R! C - is an ascending chain, that is, the
transitive closure is reached after a finite number z of iterations such that
R*T1 = R*. Obviously, we have R = R*?.
By induction on 4, we prove that if (u,v) € R, then R(u, a, C) = R(v, a, C)
for all & € Act and C € Sg:

— anduction base (i =0):

Distinguish two cases:



(a) Case 1: Let (u,v) € Rq:

(u,v) € R1 =VC' € Sg, Va € Act. R(u,a,C") = R(v,a, C")
=Vje{l,...,m}. Va € Act.

R(u,a, [%}Rl) =R(v,0, [Sij]m)
—Va € Act. ZRU a, sZJ ZR Szj )
j=1 J=1
:>V04 € ACt R U S’LJ ’U,Oé, H-J [SZJ]Rl)

Bova € Act. R(u,,C) = R(v, o, C).

(b) Case 2: Let (u,v) € Ra:
The argument is completely analogue to the first case.
— induction step (i~ i+ 1):
Assume (u,w) € R, By construction, we have (u,v) € R? and (v,w) €
R!. Applying the induction hypothesis we have R(u,a,C) = R(v,a,C)
and R(v,a,C) = R(w,a,C) for all actions a € Act and all C € Si.
Therefore R(u,a, C) = R(w, a, C') directly follows from the transitivity
of = on RZO‘
Now we can conclude that ~ is indeed transitive: Given (u,v) € R; and
(v,w) € Ra, there exists a strong bisimulation relation R such that (u,w) €
R. By definition, R C ~; whence u ~ w.
2. ~ is a strong bisimulation relation:
It remains to show for any u ~ v, that R(u,a,C) = R(v, a, C) holds for all
a € Act, C € S. Since u ~ v implies the existence of a strong bisimulation
relation R C ~ with (u,v) € R we may follow the idea of (3) to express C
as finite union of equivalence classes of Sg. Since R is a strong bisimulation
relation, the rates from u and v into those equivalence classes are equal and
maintained by summation.
3. ~ is the largest (i.e. the coarsest) strong bisimulation relation:
Clear from the fact that ~ is the union of all strong bisimulation relations.
g

Definition 7 (Quotient). LetC = (S, Act,R, AP, L) be a CTMDP. Then C :=
(S, Act,R, AP, L) where S := S, R([s],o, C) :=R(s,a,C) and L([s]) := L(s)
foralls €S, o€ Act and C € S is the quotient of C under strong bisimilarity.

For states [s],[t] € S of the quotient C, let E([s], ) := > sels) E(s,a) be the

R([s].0,[t])
E([s],e)
branching probability from state [s] to state [t] under action .

exit rate of [s] under action a. Further, P([s],a, [t]) := is the discrete

Ezample 3. Consider the CTMDP over the set AP = {a} of atomic propositions
in Fig. 3(a). Its quotient under strong bisimilarity is outlined in Fig. 3(b).

In the quotient, exit rates and branching probabilities are preserved w.r.t. the
underlying CTMDP as shown by the following two lemmas:



(a) CTMDP C (b) Quotient C
Fig. 3. Quotient under strong bisimilarity.

Lemma 5 (Preservation of exit rates). Let C = (S, Act,R, AP, L) be a CT-
MDP and C its quotient under strong bisimilarity. Then E(s,a) = E([s],a) for
all s €S and o € Act.

Proof. Let S = UZ:O [Slk] such that [sij] N [slk] = () for all j # k. For all states
s € S it holds:

E(s,a) = Z R(s,a,8') = Z Z R(s,a,s') = ZR(s,a, [si,])
k=0

s'eS k=0se[si, ]
PETY R[] enfsid) = D0 R(ls] o [51]) = B(ls] ).

k=0 [s’}eé
O

With Lemma 5 it easily follows that the discrete transition probabilities are
preserved under strong bisimulation:

Lemma 6 (Preservation of transition probabilities). Let C be as before
and let C be its quotient under strong bisimilarity. For all states s,t € S and all
actions a € Act it holds

P([s],a,[t]) = Y P(s,a,t).
t'eft]

P([S] a [t]) _ R([s] , O [t]) Do:f. 7 R(S,Oé, [t])
a E(s], ) E([s] )
o Zt’e[t] R(S,Oz,t/) Lemma 5 Zt’e[t} R(s,a,t/) B ,
— E‘([s] o) = E(s.a) = Z P(s,a,t).

t'eft]

4 Continuous Stochastic Logic

Continuous stochastic logic [3,5] is a state-based logic to reason about continuous-
time Markov chains. In this context, its formulas characterize strong bisimilar-
ity [16] as defined in [5]; moreover, strongly bisimilar states satisfy the same CSL
formulas [5]. In this paper, we extend CSL to CTMDPs along the lines of [6] and
further introduce a long-run average operator [15]. Our semantics is based on
ideas from [9,11] where variants of PCTL are extended to (discrete time) MDPs.



4.1 Syntax and Semantics

Definition 8 (CSL syntax). For a € AP, p € [0,1], I C R>o a nonempty
interval and C € {<,<,>,>}, CSL state and CSL path formulas are defined by

D= a|~P|PAND|VPy| LEP and = Xlo | oUlp.

The Boolean connectives V and — are defined as usual; further we extend the
syntax by deriving the timed modal operators “eventually” and “always” using
the equalities 1@ = ttU/® and O/d = —~OT=d where tt := a V —a for some
a € AP. Similarly, the equality 3=P¢ = =V defines an existentially quantified
transient state operator.

Ezample 4. Reconsider the CTMDP from Fig. 3(a). The transient state formula
V20150010 states that the probability to reach an a-labelled state within at
most one time unit exceeds 0.1 no matter how the nondeterministic choices in
the current state are resolved. Further, the long-run average formula L<0?—q
states that for all scheduling decisions, the system spends less than 25% of its
execution time in non-a states, on average.

Formally the long-run average is derived as follows: For B C S, let Iz denote an
indicator with Ig(s) =1 if s € B and 0 otherwise. Following the ideas of [15,24],
we compute the fraction of time spent in states from the set B on an infinite
path 7 up to time bound ¢t € R>g and define avgp,(m) = %fot Ip(r@t’)dt'.
As avgp, is a random variable, its expectation can be derived given an initial
distribution v € Distr(S) and a measurable scheduler D € THR, i.e. E(avgp,) =
Jpahse @09 (m) Pryp(dr). Having the expectation for fixed time bound ¢, we
now let t — oo and obtain the long-run average as lim; ... £(avgp ;).

Definition 9 (CSL semantics). Let C = (S, Act,R,AP,L) be a CTMDP,
s,t € S,a€ AP, C € {<,<,>,>} and ® € Paths®. Further let vg(t) := 1 if
s =t and O otherwise. The semantics of state formulas is defined by
sEa<=ac L(s)
sE-®<— notsE= P

SEPNY < sE=Dands =W

s = V=Py <= VD € THR. Pry p{m € Paths* | 7 = o} Cp

s = L5P¢ <= VD € THR. lim avg sau(@) () Pri, p(dm) T p.

t—00 J pathse

Path formulas are defined by

7= X® = n[l] EPAS(T,0) €
TV = Jtel (rat ¥ A (Ve 0,t). @t = P))
where Sat(®) :={s € S |s k= @} and d(w,n) is the time spent in state 7[n].
In Def. 9 the transient-state operator V=Py is based on the measure of the

set of paths that satisfy ¢. For this to be well defined we must show that the set
{7 € Paths” | &= ¢} is measurable:

Theorem 4 (Measurability of path formulas). The set {7 € Paths” | © = ¢}
is measurable for all CSL path formula .
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Fig. 4. Discretization of intervals with n = 4 and I = (a,b).

Proof. For next formulas, the proof is straightforward. For until formulas, let

T = 50 2oto, S1 QUM .. € Paths® and assume 7 = oUW, By Def. 9 it holds
T QU ff 3t € 1. (n@Qt = WAV € [0,t). 7@t |= ®). As we may exclude
Zeno behaviour by Theorem 2, there exists n € N with 7Qt = 7[n| = s,, such
that I and the period of time [Z;:l tiy > g ) spent in state s,, overlap; further
sn E W and s; = @ for i =0,...,n — 1. Note however, that s, must also satisfy
@ except for the case of instantaneous arrival where Z?:_()l t; € I. Accordingly,
the set {m € Paths” | 7w = ®U¥} can be represented by the union

o) n—1
U{ﬂePaths“" Ztiel/\ﬂ[n]):J//\Vm<n.7r[m]):d5} (4)
n=0 i=0
UG{WEP(I#LSW‘ Ztl,itz )NI #DATn ])z!I/AVmSn.W[m]):@}.
n=0 1=0 =0

(5)
It suffices to show that the subsets of (4) and (5) induced by any n € N are
measurable cylinders. In the following, we exhibit the proof for (5) and closed
intervals I = [a, b] as the other cases are similar. For fixed n > 0 we show that
the corresponding cylinder base is measurable using a discretization argument:

{WePathS”H‘ Zt“zi ab];«é@/\ﬂ[]):i//\Vmgn.ﬂ[m]):@}

i=0 =0

:G U H[Sat( xActx(k Cfc)} Sat(mgp)xActx(k ) xS

k=1 co+--+cn>ak i=0
do+--+dn—1<bk
ci<d;

(6)
where ¢;,d; € N. To shorten notation, let ¢ := Z?:_()l tiand d:= )" t;.

C: Let m = 59 20:to s1 ont, |, Onitn Sn+1 be in the set on the left-hand
side of equation (6). The intervals (¢, d) and |a, b] overlap, hence ¢ < band d > a
(see top of Fig. 4). Further 7[i] | @ for i = 0,...,n and 7[n] = ¥. To show that
7 is in the set on the right-hand side, let ¢; = [ -k —1] and d; = |t; - k + 1]
for k > 0. Then ¢ < t; < —i approximates the sojourn times ¢; as depicted in
Fig. 4. Further let € = ZZ:O t; — a and choose kg such that "+1 < € to obtain

n

& & +1 + 1 +1
a:;ti—eégti—nko S;Qko z Z




(a) CTMDP C and initial distr. (b) Quotient C
Fig. 5. Derivation of the quotient scheduler.

Thus ak <> ¢ for all k > ko. Similarly, we obtain kj € N s.t. Z?:_()l d; < bk
for all k& > k{. Hence for large k, 7 is in the set on the right-hand side.

D: Let m be in the set on the right-hand side of equation (6) with correspond-
ing values for ¢;,d; and k. Then t; € (%, %) Hence a < 30" (E <Y gti=d
and b > S0 4> S5 ti = ¢ so that the time-interval (c,d) of state s, and
the time interval I = [a, b] of the formula overlap. Further, 7[m] = @ for m <n
and 7[n] = ¥; thus 7 is in the set on the left-hand side of equation (6).

The right-hand side of equation (6) is measurable, hence also the cylinder
base. This extends to its cylinder and the countable union in equation (5). O

4.2 Strong bisimilarity preserves CSL

We now prepare the main result of our paper. To prove that strong bisimilarity
preserves CSL formulas we establish a correspondence between certain sets of
paths of a CTMDP and its quotient which is measure-preserving;:

Definition 10 (Simple bisimulation closed). Let C = (S, Act,R, AP, L) be
a CTMDP. A measurable rectangle II = Sg x Ag x Ty X -+ X Ap_1 X Tp_1 X Sy,
is simple bisimulation closed if S; € (S’ U {@}) for i = 0,...,n. Further, let
II = {So} x Ag x Ty X -+ X Ap_1 X Ty—1 X {Sp} be the corresponding rectangle
in the quotient C.

An essential step in our proof strategy is to obtain a scheduler on the quotient.
The following example illustrates the intuition for such a scheduler.

Ezample 5. Let C be the CTMDP in Fig. 5(a) where v(sg) = %, v(s1) = %
and v(sy) = % Assume a scheduler D where D(sg,{a}) = %, D(so,{8}) = %,
D(s1,{a}) = § and D(s1,{8}) = 2. Intuitively, a scheduler D, that mimics D’s
behaviour on the quotient € in Fig. 5(b) can be defined by

Socio V(8) - Dis,fa})  L.242.1 g4

D (] fo) = =L s A =
Secie V(8) - D(s,{B)) L.142.3 7

D] () = L < A -

Even though sy and s; are bisimilar, the scheduler D decides differently for the
histories my = sg and m = s1. As mp and 77 collapse into T = [sp] on the quotient,
DY can no longer distinguish between 7y and 7;. Therefore D’s decision for any
history m € 7 is weighed w.r.t. the total probability of 7.



Definition 11 (Quotient scheduler). Let C = (S, Act,R, AP, L) be a CT-
MDP, v € Distr(S) and D € THR. First, define the history weight of finite
paths of length n inductively as follows:

hwo(v, D, s9) := v(sg) and

Snt1) = hwy (v, D, ) - D(m,{an}) - P(wl], an, Snt1)-

Qn,ln

hwpi1(v, D, m —

ag,to an—1,tn—1 [

Let ™ = [s0] sn] be a timed history of C and IT = [so] X
{ao} x {to} x -+ x {an—1} x {tn—1} x [s4] be the corresponding set of paths in
C. The quotient scheduler DY on C is then defined as follows:

) = > rer hwn(v, D, ) - D(m {an})
nle > rerr hwn(v, D, )

Further, let v ([s]) := >_ e V(8') be the initial distribution on C.

DY (7~r, «

A history 7 of C corresponds to a set of paths IT in C; given 7, the quotient
scheduler decides by multiplying D’s decision on each path in II with its cor-
responding weight and normalizing with the weight of II afterwards. Now we
obtain a first intermediate result: For CTMDP C, if II is a simple bisimulation
closed set of paths, v an initial distribution and D € THR, the measure of II in
C coincides with the measure of IT in C which is induced by & and DY:

Theorem 5. Let C be a CTMDP with set of states S and v € Distr(S). Then
Pryp(I) = Prgpy (II) where D € THR and 11 simple bisimulation closed.

Proof. By induction on the length n of cylinder bases. The induction base holds
for all v € Distr(S) since PrgD([S]) = D sep V() = v([s]) = P’"%,Dz ({[s]})-
With the induction hypothesis that Pr;, p(II) = Pry py (IT) for all v € Distr(S),
D € THR and bisimulation closed IT C Paths™ we obtain the induction step:

Priis ([so] x Ao x To x IT) = /[so]onxTo PT;(S,Q,-),D(SQ—’t>-)(H) wo,p(ds, da, dt)
:/SE[SZ] [ D(s,a0) /TOP o ot (D) M2 (@)
= 3 v 3 Plorfo) ) L P ) 0T Wi ) by Lemma 59
PP L P i gty T 05) - P 1) 1)
= 2 o e oz 2 (#(5) - D5 {aD)) A1 (@)

~ ZSE[S()] V(S) : D(87 {Oé})
=2 /To B oo, (o] 220y WD) ( > V(S))’ > selso V() Mool (1)

a€Ap s€[so]
= ) - 5([s0]) - DZ([s0] , {a B(lsnl o (A
3 P by 2y (D250 Pl 1) 751 (@0

= o(d[s DY s7do¢/ Pr" we  (IT dt
/{ ol [ D) [ e G0 g @)

= / Pr" wr () fiz,pv (d[s],da, dt)
{[s0]}xAgxTo

P([s],e,-), DL ([s]—)



= P?“:—,LEZ ({[80]} X Ao X T() X f])

where fiy pv is the extension of p,p (Def. 5) to sets of initial triples in C:

oot B 0.1 1= [0 18] [DL(1) o) | L] 0.0) ().

Act >0

O

According to Theorem 5, the quotient scheduler preserves the measure for simple
bisimulation closed sets of paths, i.e. for paths, whose state components are
equivalence classes under ~. To generalize this to sets of paths that satisfy a
CSL path formula, we introduce general bisimulation closed sets of paths:

Definition 12 (Bisimulation closed). Let C = (S, Act,R, AP, L) be a CT-
MDP and C its quotient under strong bisimilarity. A measurable rectangle II =
So X Ag x Ty X +++ X Ap_1 X Tp_1 X Sy, 1s bisimulation closed if S; = &J?;O 54 5]
for ki € N and 0 < i <n. Let IT :U;?OZO{[SOJ]} X Ag X Ty x -+ x Ap_1 X Th_1 X
U?Zo [sn,j]} be the corresponding rectangle in the quotient C.

Lemma 7. Any bisimulation closed set of paths II can be represented as a finite
disjoint union of simple bisimulation closed sets of paths.

Proof. Direct consequence of Def. 12. O

Corollary 1. Let C be a CTMDP with set of states S and v € Distr(S) an
initial distribution. Then Pryp(I) = Prypy (II) for any D € THR and any
bisimulation closed set of paths II.

Proof. Follows directly from Lemma 7 and Theorem 5. O

Using these extensions we can now prove our main result:

Theorem 6. Let C be a CTMDP with set of states S and u,v € S. Then u ~ v
implies u = @ iff v = @ for all CSL state formulas &.

Proof. By structural induction on @. If & = a and a € AP the induction base
follows as L(u) = L(v). In the induction step, conjunction and negation are
obvious.

Let & = V=P and IT = {7 € Paths” | 7 |= ¢}. To show u = V=Py implies
v | V=P it suffices to show that for any V € THR there exists U € THR
with Pry ,(II) = Pry \,(II). By Theorem 4 the set II is measurable, hence
IT = 4§72, II; for disjoint II; € §panse. By induction hypothesis for path formulas
XI1@ and ®UTW the sets Sat(®) and Sat(¥) are disjoint unions of ~-equivalence
classes. The same holds for any Boolean combination of @ and ¥. Hence II =

L’dfio II; where the II; are bisimulation closed. For all V € THR and 7w = s Qoto,
. M) sy, let U(Tr) = VZJJ([SO] aoto, Qn—1,tn—1 [Sn]) Thus U mimics

on 7 the decision of V** on 7. In fact U¥» = V*» since

ZWEH hw”(yu7u7 ﬂ') -V (7~T, an)

Z/{Nu (7T7 an) = ZWEH h’wn(Vuaua 7T)




and V¥ (fr, an) is independent of 7. With 7, = 7, and by Corollary 1 we obtain
Pry y(Il;) = Pry e (IL;) = Pry o (IL;) = Pry ,(11;) which carries over to
11 for II is a countable union of disjoint sets II;.

Let & = LEPW. Since u ~ v, it suffices to show that for all s € S it holds
s | LEPW iff [s] = L=PW. The expectation of avg sy, for t € Rx>o can be

expressed as follows:

t
Paths® t 0 '

1 t
=2 /Pr“,jsp{ﬂ € Paths” | 7Qt' |= W }dt'.
0

Further, the sets {r € Paths® | 7Qt' |= ¥} and {7 € Paths* | 7 = OF't1y}
have the same measure and the induction hypothesis applies to ¥. Applying the
previous reasoning for the until case to the formula tt U *1¥ once, we obtain

Pry p{m € Paths“(C) | 7 £ O[t,’t/]LP} = Pr;’S’Dis{fr € Paths“(C) | 7 |= O[t,’tl]LP}

for all ¢ € R>o. Thus the expectations of avg Sat(w),e on C and C are equal for all
t € R>¢ and the same holds for their limits if ¢ — oo. This completes the proof
as for u ~ v we obtain u |= L5PW iff [u] = LEPW iff [v] | LEPE iff v = LEPW. O

This theorem shows that bisimilar states satisfy the same CSL formulas. The
reverse direction, however, does not hold in general. One reason is obvious: In
this paper we use a purely state-based logic whereas our definition of strong
bisimulation also accounts for action names. Therefore it comes to no surprise
that CSL cannot characterize strong bisimulation. However, there is another
more profound reason which is analogous to the discrete-time setting where ex-
tensions of PCTL to Markov decision processes [28,4] also cannot express strong
bisimilarity: CSL and PCTL only allow to specify infima and suprema as prob-
ability bounds under a denumerable class of randomized schedulers; therefore
intuitively, CSL cannot characterize exponential distributions which neither con-
tribute to the supremum nor to the infimum of the probability measures of a
given set of paths. Thus the counterexample from [4, Fig 9.5] interpreted as a
CTMDP applies verbatim to our case.

5 Conclusion

In this paper we define strong bisimulation on CTMDPs and propose a nonde-
terministic extension of CSL to CTMDP that allows to express a wide class of
performance and dependability measures. Using a measure-theoretic argument
we prove our logic to be well-defined. Our main contribution is the proof that
strong bisimilarity preserves the validity of CSL formulas. However, our logic is
not capable of characterizing strong bisimilarity. To this end, action-based logics
provide a natural starting point.
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