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Abstract

This paper analyzes the properties of three capacity gamesin an oligopolis-
tic market with Cournot players. In the first game, capacity and the operation
of that capacity is determined simultaneously. This is the classic open-loop
Cournot game. In the second game capacity is decided in the first stage and
the operation of that capacity is determined in the second stage. Thefirst stage
decision of each player is contingent on the solution of the second-stage game.
Thisis atwo-stage, closed-loop game. We show that when the solution exists,
it is the same as the solution in the first game. However, it does not aways
exist. Thethird game has three stages with a futures position taken between the
capacity stage and the operations stage and is also a closed-loop game. Aswith
the second game, the equilibrium is the same as the open-loop game when it
exists. However, the conditions for existence are more restrictive once afutures
market is added. When both games have an equilibrium, the solution values are
identical. The results are very different from games with no capacity stage as
studied by Allaz and Vila (1993), which have been used to argue that futures
markets can ameliorate market power.



1 Introduction

One of the important questions in the theory of oligopolistic markets is the role of
futures markets in mitigating market power. The literature on this subject typically
examines the effect of futures markets on production levels in oligopolistic markets
without explicit capacity decisions. By adding a capacity decision for each player
before the futures decision, we increase the realism of the game for capital-intensive
industriesin acommodity business and derive results that are different from those in
the literature.

Understanding the effects of futures markets has taken on new importance given
the problems in the California electricity market. Here the use of futures markets by
the regulated electricity purchasers was restricted to 20% of expected sales and the
problemsin that market in 2000 were partially blamed on the lack of an active futures
market that could have locked in lower rates on much of the capacity.

The original work on the potential of futures markets to mitigate market power is
by Allaz (1992) and Allaz and Vila(1993). They wrotetwo of the early paperson this
and derived the remarkable result that with Cournaot players oligopolistic producers
increase production just from the existence of a futures market. This result has intu-
itive appeal: the futures position fixes the price for a portion of the production and
reduces the quantity that is subject to lower prices from increased production. This
increases the marginal revenue in the spot market for any production level, thereby
increasing the equilibrium quantity. In fact, they show that as the number of periods
increases, the equilibrium in a duopoly converges to the competitive equilibrium.

Their work hasled to agrowing literature with articles confirming or negating the
result. None of these articles have addressed the effect of capacity decisions on the
extent to which futures decisions can alter production decisions. In the next section
we survey the literature illustrating both sides of the debate on the effect of futures
markets.



Next we examine the open-loop Cournot game where capacity and production
decisions are made simultaneously. We then devel op closed-loop games without and
with a futures market. In closed-loop games the capacity decision of each player is
made knowing how this decision affects the production decision of the other player,
while taking the capacity decision of the other player as given. Our first closed-loop
game determines capacity in the first stage, followed by the operation of the capac-
ity in the second stage. This is different from the standard open-loop game where
the capacity and production decisions are made simultaneously and each player sees
the other player’s capacity and production decisions fixed. Our main results in this
section are that an equilibrium might not exist, but if it exists, it is the same as the
open-loop equilibrium where the capacity and production decisions are made simul-
taneously.

The last game has a futures stage between the capacity stage and the production
stage. Thisis athree-stage closed-loop game. Here the capacity decisions are made
knowing their effects on futures decisions, which are made knowing their effects on
the spot game. The futures market plays a complex role. An equilibrium might not
exist, but if it exists, it isthe same as the open-loop equilibrium. The difference from
the previous game is that there exist parameters for which the game without futures
has an equilibrium but the game with futures does not. The underlying mechanisms
are different from the Allaz and Vila model. In their model, increasing the futures
position of a player decreases production by the other player. However, in the game
with a capacity stage, both players operate at capacity and the marginal value of the
capacity isthe cost of capacity. Thus, increasing the futures position of a player only
decreases the marginal value of the other player's capacity, not its production. We
show that this property reproduces the single-stage Cournot solution. We illustrate
the results with an example.

We conclude with a discussion of the realism of this result. For example, this
model is deterministic. Adding uncertainty, or the equivalent load duration curve can
have an important impact.



2 Literaturereview

Some of the literature on the effects of futures markets on spot markets is generic to
all markets while the rest of the literature can be grouped along two different dimen-
sions. The first dimension is Bertrand versus Cournot models with supply-function
equilibria falling in between. The second is electricity markets versus traditional
commodity markets.

2.1 Cournot eectricity markets

Powell (1993) notes that the generators in the British market have a monopoly on the
ability to offer contracts for differences, which are essentially futures contracts. This
alows them to charge a premium for these contracts when the regional electricity
companies are risk averse. He argues for a standard futures contract to mitigate this
power. Green (1999) shows that the effect of a futures market depends on the con-
jectural variation player ¢ assumes about player —i. He shows that a Cournot player
does not enter into futures contracts and a Bertrand player does contract for al of its
production at marginal cost. His results differ from Allaz and Vila because he solves
the open-loop game where the futures and production decisions are made simultane-
oudly, thus the conjectural variation is 0 in the Cournot case. Because Allaz and Vila
solve a two-stage, closed-loop game, the conjectural variation is greater than zero
while still being Cournot.

Gans, Price, and Woods, (1998) reaffirm the Allaz and Vila results. However,
they note that contracts can be used to restrict entry, leading to higher prices in the
long run. Their paper provides an example that clearly illustrates the phenomenon.
Newbery (1998) shows the reverse can be true if generators use contracts to block
new entrants. Thisisin the vein of the literature that starts with the paper by Spence
(1977) where an incumbent builds in one stage and the entrant invests in the next.

Harvey and Hogan (2002) start from Allaz and Vila's recognition that both play-
ers are worse off after they take their futures position and note that the two-stage



game has the payoffs of the prisoner’s dilemma game with the game repeated indefi-
nitely. It iswell known that in practice, when the prisoner’s dilemma game repeated
for alarge number of periods, the players cooperate in the early periods. They argue
that the players learn to cooperate without colluding by avoiding the futures market.
A counter argument isthat if the players are risk averse, they enter the futures market
for managing risk and then have the same second-stage spot game.

Using data from the beginning of the restructured markets in Australia, Wolak
(2000) finds that a higher level of contracts induces increased production. He also
notes that at high enough levels, contracts can lead to production levels with negative
prices.

Joskow and Tirole (2002), look at the effects of the allocation of transmission
rights on the electric grid. They conclude that if producers in importing regions or
consumers in exporting regions own financial rights, market power is aggravated.
The converse is that if producers in exporting regions and consumers in importing
regions hold rights, market power is mitigated. Kamat and Oren (2002) examine the
effects of zonal pricing with and without transmission constraints. They reproduce
the Allaz and Vilaresults when the transmission constraints are not binding and show
that binding constraints mitigate the effect of forward markets.

2.2 Bertrand electricity markets

Haskel and Powell (1992) show that in a contract market that is based on price offers,
the market clears with price equal to marginal cost. Thus, a futures market cannot
lead to increased production.

2.3 Other commodities and experiments

Le Coq and Orzen (2002) do laboratory experiments with students to test the extent
to which futures markets affect spot markets. They find that a futures market leads
to increased production, but not to the extent that theory would predict. Adding a



futures market is not as effective as increasing the number of players because the
students behaved more competitively than theory would predict.

Goering and Pippenger (2002) show that for durable commodities the optimal
strategy for a monopolist is to buy in forward markets even at a premium to the spot
price. This commits the monopolist to not flood the market with the durable good it
produces, an example of which is metals. The commitment not to flood the market
makes it possible for customers to buy more, knowing the value of their purchases
will not be eroded. The monopolist has to pay a premium because the seller has the
risk of being squeezed.

Mahenc and Salanie (2002) show that in a Bertrand market with partially differ-
entiated products the optimal strategy isto take along position in the product market.
This raises the spot price and increases the profits for both players. Since prices are
strategic complements, both players have an incentive to buy rather than sell futures,
and, unlike Allaz and Vila, there is no prisoner’s dilemma game. They note that
this behavior was observed in coffee markets in 1977. They also show that the less
differentiated the good, the higher the spot price

2.4 Capacity expansion

Wu, Kleindorfer, and Sun (2002) have a capacity-expansion model in electric power
with options. They did not characterize the existence of the solution or its properties
with and without the options market.

Murphy and Smeers (2003) look at the capacity-expansion game as a two-stage
game without a futures market in the context of electricity markets. They are able
to show that the equilibrium is unique if it exists and that it does not always exist.
They show that the two-stage, closed-loop formulation leads to greater capacity than
an open-loop, single-period formulation. Thisis because each player seesthe other’s
production decisions change in response to its increase in capacity. In some ways
this is an aternative approach to imputing conjectural variation while retaining the
Cournot formulation.



The next section containsasimplified version of the model in Murphy and Smeers
in that we use a deterministic demand level without aload duration curve. The model
has a capacity game followed by a production game.

3 Moddl definition and an example

3.1 Modd definition
3.1.1 Cost structure

Assume that generation units can be entirely characterized by their investment and
variable operations cost. For a given utilization rate (see Stoft (2002) for a discus-

sion), these costs can be expressed in $Mwh. We let
v; bethe per unit production cost,

k; bethe per unit capacity cost

3.1.2 Demand curve

We consider asingle time period and let

p=a—gq @

be the demand curve in that period.

3.1.3 Variables

The most complex model considered in this paper, the three-stage closed-loop game,
assumes that agents build some capacity in afirst stage, trade on the forward market
in a second stage and on the spot market in the third stage. Because the model isfully
deterministic there is no need to distinguish between forward and futures contracts
and we use these terms interchangeably. We let

x; bethe capacity invested by player i

y; betheforward position, and

z;  bethe spot generation.



This decomposition implies that y is traded in the futures market and z — y in the
spot market. Thisis the decomposition assumed in Allaz-Vila. It has different possi-
ble interpretations in electricity markets. In a standard market design interpretation,
y would be traded in the day ahead market and z — y in rea time. In a pure bilat-
era system, y would correspond to OTC contracts and z — y would be the trade in
real time. Assuming again the most complex three-stage model, profit accruing at
different stages of the decision process can be computed as follows.

Let —¢ index the player that is not <. The profit accruing to agent ¢ in the spot
market, or third stage, is equal to

[ = (20 + 2-0)|(2i — yi) — vizi )

By arbitrage the spot and forward prices are equal. The sale in the forward market
therefore induces arevenue of [av — (z; + z—;)]y;. Thereisno cost in trading forward
and the forward revenue is equal to the forward profit. Thus the cumulative second-
and third-stage profit in the second stage is the operating profit and equal to

[Oé — (Zi + z,i)]zi — Viz;. (3)

Player ¢ incurs a cost —k;x; for building capacity in the first stage. Thisis also its
first-stage profit sincethereisno revenuein thefirst stage. The cumulative three-stage
profit aggregated in the first stage is thus equal to

o — (z; + z—i)]zi — vizi — kix;. ()

3.2 Anexample

The following example is used throughout the paper to illustrate the results.

3.2.1 Demand

To parameterize the linear demand model, assume a demand of 30000 Mwh in some
hour when the price is $30/Mwh. We write

30 = a — 330000
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We consider both low and high values of the long term price elasticity.

In the case with low demand elasticity assume the long-term elasticity is
A (\%&l—]q)\ = .1) at the point (30,30000). The values for o and 3 can be calculated
asfollows
30 30
300006 o 8 3000 0

From 30 = o — (.01)(30000) we get o = 330. We now want to convert this ex-
pressioninto p’ = o’ — ¢’. Suppose we measure quantitiesin units of 10 Mwh. The
reference point becomes (300,3 000) (price is $300 for 10 Mwh and demand is 3000
10 Mwh). 3 becomes 1 as % = .1 Werewrite the demand system as

p/ —ao — q/
with o/ = 3300

With a higher-long term elasticity of .9, and using the same argument, we measure
guantities in units of 30Mwh and rewrite the system p’ = o/ — 3'¢’. The reference
point becomes 900, 1000, and the value of the elasticity at that point implies 5’ = 1.
Fromp' = o/ — ¢’ weget o/ = 1900.

3.2.2 Technology

The following investment and fuel cost figures are taken from Stoft (2002).

Investment cost ($/Mwh) | Fuel cost ($/Mwh)
Coad 14.10 11.77
Advanced combustion cycle 7.36 20.78

Expressing everything in 10Mwh for dealing with the small price elasticity and round-
ing up we select investment and fuel costs equal to



Ki = Kgg = $150/10Mwh

Vi = Vgogg = $100/10Mwh
Ky = Kgas = $75/10Muwh
vy = vgas = $200/10Mwh

Expressing everything in 30Mwh for dealing with the large elasticity and rounding
up in the same way, we select the alternative assumption

Ki = Kgg = $450/30Mwh

Vi = Vgogg = $300/30Mwh
Ky, = Kgas = $225/30Mwh
vy = vgas = $600/30Mwh

4 Thesingle-stage game

The open-loop game without a futures market is the simplest of the three games
considered in this paper. It is the one where agent ©+ ssmultaneously decides both its
investment and sales. The most natural interpretation of this game is one where both
agents build capacity and immediately sell all the output of that capacity forward.
Thereis no spot market.

With the standard Cournot assumption, the Nash equilibrium (z,z* ;) is ob-
tained in the game when z solves

g:%)é [a — (i + x*—z)] x; — (Vi + k), i=1,2.

4.1 Equilibrium conditions

The solution to the game exists and is unique. In order to streamline the compar-
ison of the three games (single, two, and three stages), we concentrate on the case
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where the single stage game has a single strictly positive equilibrium. Solving the
optimization problem of each individual player, one obtains

a—2x; —x_;— (vi+ ki) =0
a—x; —2x_; — (v—y + k—;) =0. 5)
This can be solved to give
T; = é[a—Q(l/i—Fki)—F(u,i—kk,i)] i=1,2. (6)
The price of electricity isequal to
Q=T —T_;= %[a + (v + ki) + (=i + k=) (7)
The unit profit of player i is

% [ — 2(i + ki) + (s + k)] (8)
and the total profit
% [0 — 2(vi + ki) + (v + k_i)] ©)

This solution has x; strictly positive iff
o — Q(Z/Z' + k‘z) + (l/_z‘ + k‘_i) >0 1 =1,2. (10)
Thefollowing isatrivial observation in this game.

Proposition 1 z; = z;, i = 1,2 in the open-loop game.

4.2 [|llustration

We here verify that our test example has a strictly positive equilibrium.
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Case 1. Small price elasticity
The small long-term elasticity implies o/ = 3300. We have (recall that units are in
10 Mwh)

z1 = (3300 — 2250 + 275)
= 13075 =1025

zy = £(3300 — 2 %275 + 250)
= 13000 = 1000.

Converting to the more usual Mw and Mwh units, installed capacities are respec-
tively 10250 and 10000 Mw for players 1 and 2 respectively. The total production is
equal to 20250 Mwh and the price is 3300-2025 = $1275/10 Mwh or $127.5/Mwh.
This equipment produces in base since there is a single time period and the price of
electricity is $127.5/Mwh.

Case 2. Largelong term elasticity
Taking the large long-term price elasticity (o’ = 1900) and recalling that p’ = o/ — ¢’
corresponds to units of 30 Mwh, we get

[1900 — 2 % 750 + 825] = 408 or 12250Mw
[1900 — 2 x 825 + 750] = 333 or 1000Mw

1
rT = 3
1
3

Tro =

Converting again in the standard Mw and Mwh units, investments are respectively
12250 and 1000 Mw for players 1 and 2 and the electricity price is $38.6/Mwh.

5 A two-stage investment/spot model without a forward
mar ket

We now consider the case of a two-stage game, namely one where players invest in

merchant plants and trade on the spot market. There is no forward market in this

model. The Spanish market is an example where there is neither a bilateral nor a
futures market. The equilibrium of this model is analyzed by working backward.
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5.1 Equilibrium conditions

Let z; be the capacities inherited from the investment stage. The equilibrium condi-
tions of the spot market are obtained when each agent solves the following optimiza-
tion problem, which is (2), with y; = 0,

— (7 + 2-i)) @ — vz 11
pmax o — (2 +z-i)lzi — viz (11)

Here again, the existence and uniqueness in the equilibrium of the spot market are
easily established. They are obtained as the solution of the following complementar-

ity system.
a—2z; —z2_; — Vi +w; = N\ 1=1,2
Ty — 24 Z 0 >\z 2 0 (.rl — Zl)>\l =0 (12)
ZZZO wZZO ziwi:O

Let z(z) bethe solution of these equilibrium conditions as afunction of the capacities
x inherited from the first investment stage. It is easy to seethat z(x) issingle valued
and continuous in z. Note that z(x) isnot continuoudly differentiablein x.

In order to ssimplify the presentation, we limit the discussion to the case where
the equilibrium satisfies 0 < z; < x;, that is, the two producers are active at the
equilibrium. Making this simplification, the equilibrium of the spot market satisfies
one of the three following possible conditions.

0) 0 <z < g 1=1,2
(i) 0 <z < xy; 0<z,=x_ (13)
(III) 0 <z = ay; O0<z;=a_

We now find the equilibrium in the investment game that accounts for the behavior
of the playersin the spot market. Thisis commonly referred to as a subgame-perfect
equilibrium or closed-loop equilibrium (Fudenberg and Tirole (2000)). Remaining in
the simple Cournot framework, we state
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Definition 1 A closed-loop equilibrium of the two-stage game z*, z*(z) satisfiesthe
following conditions

(i) z*(z) is a Nash equilibrium of the spot market (second-stage game) for every
feasible =

(ii) «* is a Nash equilibrium of the capacity market game (first-stage game) where
the payoffs of the agents are

L (25 2—) = W[, 25 (x); 2, 275 (2)], i=1,2. (14)

If there exists a closed-loop equilibrium x*, z*(x), then there exists a feasible neigh-
borhood NV (z*) of 2* (intersection of aball centered on z* and thefeasible set 2z > 0)
such that

e 2*(x) isaNash equilibrium in the spot market for all points z, z € N (x*)

e x* isaNash equilibrium of the capacity market with payoffs IT;(z;, x_;);i =
1,2, defined asin (14) in that feasible neighborhood N (z*).

x*, z*(x) isalocd equilibrium if 2*, z*(x) is an equilibrium in afeasible neighbor-
hood around z*. Thisisrestated as

Definition 2 A local closed-loop equilibrium of the two-stage game is a closed-loop
equilibrium of the game where x isrestricted to a non-empty full dimensional subset
of the capacity space.

We now extend Proposition 1 to the two-stage game. Asafirst step, we show that
the cases (i) and (ii) of (13) cannot hold at equilibrium. Thisis donein Lemmas 1
and 2.

Lemma 1l Assume there is a closed-loop equilibrium of the two-stage game. Then
case (i) of (13) cannot hold at this equilibrium.

13



Proof. Suppose
0<z2 <z i=1,2.
The system (12) reduces to
* _ _x , . 1
a—2z — 25, -1, =0 z:1,20rzi:§[a7(2yify,i)}

There exists a ball centered on z* such that for al = in that ball, z*(z) = 2* isthe
best response. Therefore (z*, z*(2*)) is alocal equilibrium of the capacity game.
For this equilibrium the profit of i before paying for capacity is

1 2
9 (o= (2v; —vy)]”.
After paying for capacity, the profit is
é[a v —v)]? — k. (15)

However, (15) cannot be alocal maximum of the payoff of player ¢ with respect to z;
because we can reduce x; to improve the payoff.

Lemma 2 Suppose there exists an equilibrium of the two stage game. Then, condi-
tion (ii) of (13) cannot hold at this equilibrium.

Proof. Assume
0<z <zjandzi, =z*

The system (12) reduces to

2 = %(a -z, — 1)
zr, = ¥,
Set
zi(z) = %(a — T — 1)
z_i(x) = =z,

It is trivia, to verify that there exists a ball centered on x* such that for al x in
that ball z(z) is the best response. Using the same argument asin Lemma 1, having
xz} > z7 implies that one can always decrease x; by a small amount and achieve a
higher profit. Therefore, thisisnot alocal equilibrium and hence not an equilibrium.
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Proposition 2 A closed-loop equilibrium of the two-stage game, if it exists, satisfies

* * s
zi=z;,1=1,2.

Proof. Thisimmediately derives from Lemmas 1 and 2, and the assumption of exis-
tence of the closed-loop equilibrium.

Proposition 2 immediately allows us to infer the equival ence of the open and closed-
loop equilibrium when the latter exists.

Theorem 1 The closed-loop equilibrium of the two-stage game, if it exists, isidenti-
cal to the open-loop equilibrium of the single-stage game.

Proof. Let z{ and z{, ¢ = 1, 2 be the closed-loop solution of the two-stage game. By
Proposition 2, this equilibrium, if it exists, satisfies z{ = ¢, i = 1,2. Thisimplies

a—2x5 -z, —v; =X >0, i=1,2.

Consider a decrease of x; from x{ while keeping x_; equal to z¢,. Note that as
x{ decreases, \{ increases. Thus, z; = z;, 1 = 1,2 satisfies the spot equilibrium
conditions (12). Thisimplies that the first-stage objective function of i is equal to

ILi(zi;2%;) = (o — & — 2% — vi)wi — ki

when z; is decreased with z_; = 2z¢,. Note that II;(z;, z¢,) is concave in x;. Be-
cause z° isaclosed-loop equilibrium, II; achievesamaximum at =§ given x_; = ¢ ;.
One has

a—2z; —x¢, —v;—k; >0
and hence
Ay >k > 0.

Because \{ > 0, there exists a neighborhood of x¢ such that for « in that neigh-
borhood, z; = z;, i = 1,2 satisfies the system (12) and hence remains the spot
equilibrium in that neighborhood. Adapting the above reasoning to variations of x;
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in excess of x one finds A\{ = k;. Therefore, the closed-loop equilibrium of the
two-stage game x¢, if it exists, satisfies the same conditions (4), as the open-loop
equilibrium and henceisidentical toit.

We now turn to the question of the existence of the equilibrium in the two-stage
game. It iswell known from game theory (see Fudenberg and Tirole (2000)) that ex-
istenceis not guaranteed in general. An easily verifiable condition on investment cost
allows one to guarantee the existence of this equilibrium for our particular problem.

Theorem 2 Suppose we limit the capacity space z to points such that z(z) > 0; then
there exists a closed-loop equilibriumif k; < 2k_;,i =1, 2.

Proof. Because of Theorem 1, we know that a closed-loop equilibrium of the two-
stage game, if it exists, isidentical to the open-loop equilibrium of the single-stage
game. We, therefore, identify sufficient conditions for the open-loop equilibrium to
al'so be a closed-loop equilibrium. The open-loop equilibrium z* satisfies o — 2z —

= v =N = k.

a) Letz; < 2. Then one can check that the second-stage equilibrium z*(z) remains
z*(x) = x. Because of the optimality properties of the equilibrium of the
single-stage game, there cannot be a higher profit for player < when z; < z7.

(b) Let z; > x7. Asz; isincreased, three possibilities can occur

(i) A; becomes zero before A _; becomes zero
(ii) A_; becomes zero before \; becomes zero.

(iii) A\; becomes zero exactly when \_; becomes zero

We successively consider the three casesin (b).

(i) \; = 0 before A\_; = 0. Let Z; be the value of x; for which \; reaches 0. One
has

a—2%;—x*, —v;=0 or .ici:%(a—x*_i—ui)

oa—T;—2x%, —v_; >0 or a—%a—l—%x*_i—Zx*_i—i—%l/i—l/_i>0.

16



That is,

or equivalently

Replacing z* ; by its equilibrium value found in the single stage game (relation
(6)), we obtain that

a+ (vi—2v_y)>a—2w_;+ k=) + (i + k)
or 2k_; > k;.

Therefore case (i) occursiff 2k_; > k;. Suppose thisinequality holds. One has
a—2z — ¥, —v; = 0with z; < z; for z; > 7. Thisimpliesthat A_; never
reaches 0, which in turn implies that z_; = z* , and the profit II; is constant
for z; > x. Therefore, choosing x; > &; cannot improve the profit of player
1. Summing up, assuming 2k_; > k;, ¢ = 1,2, neither player can increase its
profit by increasing x; with respect to the open-loop solution. This open-loop
equilibrium is thus also a closed-loop equilibrium.

(il) A_; = 0 before \;. Using the same steps asin (i), k; > 2k_; which violates the
assumption that 2k_; > k;.

(iii) z; = x; simultaneously makes \; and \_; equal to 0. Onethushas k; = 2k_;
and

a—2T;—2*, —y,=0anda —7; —22*, —v_; = 0. (16)

Leta, =7; +¢6,6>0.2_; =%, and z; = 7; < «} arethe equilibrium in the
spot market by (16). Thus,

By the optimality of x7, in the range ] < z; < z; and the concavity of the
profit function in this range
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I;(27, 2%;) > Wi, a2y) > (@5, 275) > (e, 275)
which shows that it does not pay to increase z; beyond .

Consider now the case where k; > 2k_;. Define %Z- as the point where \_; becomes
zero, asin case (b) (ii) of Theorem 2. We first note that ?E’i satisfies o — %i -2z, —
v_; = 0 or after substitution of the value of x* ,, %z- = 2} + k_;. Following the
reasoning of Theorem 2, the open-loop equilibrium can fail to be a closed loop equi-
librium only if 4 has an incentive to invest z; beyond the point 5}- where \; > 0
and A\_; = 0. We explore this situation. Because A_; = 0, z_; < z_; and the
second-stage equilibrium implies for x; > %Z- aslongas \; > 0.

a—2x;—z2_; —v; =X >0

a—x;—22_;,—v_; =0

with z_;(z;) = 3(o — z; — v_;) < x*,. Replacing z in II;(z, z) by this expression
while keeping z; = x; in expression (14), the profit becomes

(x5 2%,;)] = v — (o —z —v_g) — v @i — ki

[Oé —x; + (I/,i — 21/1)] r; — k;x;. 17)

"

An optlmum of IL;(zs; 2 ;) for x; > :cl can occur only if the derivative of
I (2, 2* ;) at 7; is positive. Assume it is positive. What we ultimately need is
that the optimal objective function value of player i for x; > a:i is larger than the
optimum at the open-loop equilibrium. We thus compute the optimal x; > ?Ei that
equates the derivative of I1;(z; z* ;) to zero and verify that thisoptimal z; fallsin the

region where (17) is a valid expression of the profit of i. Let Z; be this value; it is

equal to
= 1 1
mi:§[a+y_i—2vi—2ki] §(a—|—y_) (v + k).
Replacing z; by 5,- in (17) we obtain
= 1
IL;(z; 2% ;) = g[(a +v_i) = 2(vi + k)2 (18)



In order for z; to be an optimal response of player i to z_; = x* ;, we need to find
the condition that guarantees that

(&) (18) isindeed the correct expression of Hi(g'i, x*,), that is, %i > %z- and z; = z;

when z; = %l
) L[(a+voy) = 2w + k:)]* > 3o — 2wi + k) + vei + k—i]”.
We take up these two questions in the following lemma.
Lemma3 Suppose

k; > %[Oé +v_;— 2(/4?1‘ + Vz)] > 2k_;,

then

i (T, 2% ) = = [(a +veg) — 20 + k;)]

oo

isthe profit of player i.
Proof. Wefirst find the condition for %i > %i =] + k_;. Weneed

1 1
3 [+ v —2(ki + )] — 3 o+ v+ ki —2(ki+vi)] >k

or

%[Oz +v_; — Q(ki + l/l)] > 2k_;.

Consider now the conditions that guarantee z; = x; for z; = %i. Onehas z; = z; if
a—2x; —z—i(x;) —v; >0

or after replacement of z_;(z;)

%

(6% V_
— —3x; + 5

9 —I/iZO.

The maximal value of z;, ™, that satisfies this condition is

]

xm:a+1/_i—21/i

! 3
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One thus needs that z; < x" or

3
5(04 + V—i) — 3(Vi + kz) < (a + V_i) — 2y

that can be rewritten as
1
glatvei) —vei— ki <2k

or
1

Z [(a + ’/—i) — Q(kz‘ + I/Z)] <k;

which completes the lemma.

We now turn to condition (b) for %i to be an optimal response of player i to
x_; = z* ;. Recall from (9) that the profit at =}, z* ; isequal to

1
g o =2 ki) + (v + ko))
The equilibrium existsif the following inequality is true and might not exist when the

inequality is reversed.

1 1
5 [ —2(vi + ki) + v +k]* > S [+ voi — 2(ki + 1))

Taking the sguare root of both sides we get

3
—la+v_; —2k; +v)] —a+2v; + ki) —v—_; < k_;
2 (ki )] — 2001+ )

which reduces to

3
<$ - 2) o+ vy = 2(k; + 1)) < 2k—;. (19)

Itis now possible to infer a condition for 2 not to be the optimal response of player

itox_; = a*,.
Lemma4 Let

ki>i[a+l/_i—2(k’i+w)] > <

— 2> [a +v_;—2(ki + Vl)] > 2k_;

Sl e

(20)

then Z; is the optimal responseto z_; = x*;, not ;.

20



Proof. the result follows from the combination of Lemma 3 and relation (19).

Copsi der the case where the condition of Lemma 3 that guarantees z; = x; when
T = %Z- is violated. It might still be possible to find a response of player ¢ that is
better than x. We now explore this case.

Say T > x!", we now have to calculate the profits at «;" and compare with the
profits in the open-loop solution. Here

1
zi =] = g(a—i— v_i — 2U;)

and

I (2, 2% ) =

i 0=t

2 12 V_; ) ) atv_;—2v;
Bat bty ()

(
= %(a —2u;+v_; —3ki)(a+v_; — 215)
Thus, if %l > ", the equilibrium exists if
(o =2v;+v_; —3ki)(a+v_; —2v) <o —2(v; + ki) +v_i + k_l-]Q.
This condition can be restated after some manipulation as
(ki — 2k_)[oo — 2(v; + ky) + v] < 27 + k2. (21)

The following theorem summarizes the necessary and sufficient conditions for
the equilibrium to exist.

Theorem 3 Suppose we limit the capacity space = to points such that z(xz) > 0.
Suppose also that k; > 2k_; for some .

A closed loop equilibrium exists if (19) isviolated and (21) holds true.

A closed loop equilibrium does not exist if (20) holds or

1

Z[Oé +v_; — 2(]{1 + Vl)} > k;

and (21) is reversed.
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An important special case iswhen both players have identical costs. The proper-
ties of this game follow directly from this corollary.

Corollary 1 Whenk; = k_; and v; = v_;, the closed-loop equilibrium exists and is
equal to the open-loop equilibrium.

6 The three-stage game: the capacity game with a
forward market

We now turn to the more complex game of a merchant plant that can contract part of
its production in the forward market, trading the rest in the spot market. Given the
value of having a futures market to reduce market power from the Allaz Vilaresults,
in this section we devel op the corresponding results for a capacity game that precedes
taking afutures position. The definitions of the (local) closed-loop equilibrium of the
two-stage game can be readily extended to the three-stage game after introducing
some additional notation. Specifically, we let z be the vector of total production
in the spot market, y the amount traded forward and = the installed capacity. The
three-stage game can be solved backward as follows. A spot-price equilibrium z isa
vector-valued function z(x, y) where z; solves
Oggﬁxﬁ {Hf(x,y; ziy2t;) = lao— (zi + 25)(zi — yi) — Vizi} fori=1,2.

Assuming that this equilibrium solution exists and is unique, one can write, using (3),
11 (2;) = T [, y; 2(2;9)].

A forward equilibrium y is then a vector-valued point-to-set map y(z) (we shall see
that y(z) need not be unique) where y;(x) solves

maxlf (@iys97,)  i=1,2

Assuming that this equilibrium solution exists, we define, using (4) and the above
expressions

Zi(z) = zmlzyy(x)]  i=12
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We show that even though y(x) isnot unique, Z;(z) is unique. We can thus define

(2, 0—;) =
{a — [Zi(mi, x_i) + Z_i(xi,x_i)] — Vi}Zi@?z’, x_i) —kix; i =1,2.

The capacity equilibrium solution, if it exists, isavector «* where x solves

maxl'[i(xi,x*_i) 1= 1,2.

We therefore extend Definition 1 as follows.

Definition 3 A closed loop equilibrium of the three-stage game «*, y*(z), 2*(x, y)
satisfies the following conditions

e (i) z*(x,y) is a Nash equilibrium of the spot market (third-stage game) for
every feasible z, v,

e (ii) y*(x) isa Nash eqguilibrium of the forward market (second stage game) for
every feasible z,

e (iii) 2™ isa Nash equilibrium of the capacity market (first stage-game).

We now proceed to examine the different stages of this equilibrium.

6.1 The spot market equilibrium for given forward positions

Lety;, i = 1, 2 bethe forward position of the two agents. The equilibrium conditions
on the spot market can be written as

a—2zi— 2 —Vit+y+twi =\ 1=1,2
(I'Z‘ —Zi) > 0 )\i > 0 (:vi—zi))\,- =0 1= 1,2 (22)

ZZ'ZO wiZO ziwi:O i:1,2.

Note that y; can be either positive or negative, corresponding to selling or buy-
ing in the futures market. Assume there exists an equilibrium x*, y(z*), z[z*; y(z*)].

23



Then the equilibrium z* = z[z*, y(z*)] of the spot market satisfies one of the follow-
ing conditions

(i) O0<z <z i=1,2

(i) 0<zf<af 0<zr, =2a%,
(i) 0=z <a' 0<z,<a, 23)
(iv) 0=z <af 0<2z*, =a%,
v) O0<z=az  0<zf=2a%,

We again exclude cases (iii) and (iv) where one agent is driven out of the spot market
in order to shorten the discussion.

We extend Propositions 1 and 2 to the case of the three-stage game, that is, we
prove that if a closed-loop equilibrium exists, it satisfies z; = z;, ¢ = 1,2 and find
conditions for the existence of this equilibrium. The following lemmas are anal ogous
to those proved in Section 5.

Lemma5 Anequilibrium, if it exists, cannot satisfy case (i) of (23).

Proof. Let z*,y* = y(z*), 2% = z[z*; y(z*)] be the equilibrium and assume that it
satisfies condition (i) of (23). The equilibrium conditions are

oa—2z =25, —vi+y; =0

oa—zi =225, —v_;+y, =0

0<zi<azf i=1,2
Replacing v; + k; by v; — ;" in the expression of the solution of the single-stage
(open-loop) equilibrium (6),

P =2 = gl 20— u) + (v —yt)] (24)

There exists a neighborhood N (y*) of y* such that (24) satisfies 0 < z;(z*,y) < x}
and hence remains an equilibrium of the spot market. Inserting these expressions in
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72", y, 2],

. 1
W/ fa*,y] = gla =20 — ) + (=i -y (25)
Using thefirst order equilibrium condition,
1
y; = 5[& — By — 2v_)]

and z; = Z[a — (3v; — 2v_;)]. Thus, there exists a neighborhood N (z*) of z* such

that
y*(x) =y* and Z*(x)=z%[z,y"(z)] = 2" arethebest responsestoany = in N(x*).

For any z in N (z*)

2

Becausez! > z andy; doesnot depend on z, I1;(z) increases by slightly decreasing

Hz(x) o — (3%‘ — 21/_1‘)]2 — kz.’L'Z

« from z} which contradicts the assumption that z, y*(z), Z*(z) is an equilibrium.
We now rule out case (ii).

Lemma6 An equilibrium, if it exists cannot satisfy case (ii) of (23).
Proof. Let z*, y(x*), z[x*, y(z*)] be an equilibrium satisfying case (ii). One has

oa—2z —xt, —vi+y =0 0<z <uzj

* * . * Oy k
o —z =20t —v_ Yyt = A

* ok
;o 0< 2t =a%,.

If itisan equilibrium, it isalso alocal equilibrium. Keeping x fixed at «* and letting
y move around y(z*), we find the following solution to the system

Zi =

A

(@ — a2 —vi+yi)
— 2%, — vty — gla— ot — v+ y)
— a5 (2vm — i) + 5(2y—i — vi)-

e QN

We consider the impact of amodification of y; on the payoff of player i in the forward
market given y* ; fixed. The spot priceis equal to



The corresponding profit accruing to player ¢ in the forward market, that is, after
taking into account forward positions, is equal to
(@—zi—a%;—vi)z = gla—a%;—vi—yi)gla—a; —vi+y)
= gllo—a; —wv)® —y?].

By assumption, ¥ maximizes player i’'s payoff for given y*, and x*. Thisimplies
that i must be zero. Player ’s medium term payoff on the forward market is thus
i[(a — %, — 1;)]?. Thisimplies that the profit achieved on the capacity market is
tlla = 2*, — 14)]> — kiz}. Reducing z} by a small amount to z; < z}, y; = 0
remains the optimal strategy on the futures market and z; remains unchanged and
strictly less than z;. Thisreduction improves player i’s payoff in the capacity market

which was therefore not optimal. This proves the lemma.

6.2 Characterization of the closed-loop equilibrium
Using these two lemmas, Proposition 3 extends Proposition 2 to the three-stage game.

Proposition 3 A closed-loop equilibrium of the three-stage game, if it exists, satisfies

zi:a:i,z'zl,Q.

With thisresult it is clear that the spot-market equilibrium z; = x; isunique assuming
a capacity market equilibrium.

Our next goal is to generalize Theorem 1 and to again show that if an equilib-
rium of the three-stage game exists, then it is the open-loop equilibrium. Aswith the
two-stage game, we also find that this equilibrium exists only under the conditions
in Theorem 1. We analyze this more complex case by partitioning the space of in-
vestment variables into different subsets where we further characterize equilibrium
properties.

In the subsequent lemmas we treat cases where z; < x;. Although this cannot
occur at equilibrium, this can be a property of a disequilibrium point that is relevant
to showing an equilibrium does not exist. We thus have to establish the nature of the
forward and spot-market equilibriafor all possible x; > 0.
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Specificaly, we first consider the case where the investment variables satisfy
oa—2x;, —x_; —v; > 0,7 =1,2. (Thisis the case where both players use al
of their generation capacity in the spot market). Lemma 7 characterizes the equilib-
rium in the forward market for that case. We then turn to the situation where one of
the above inequalitiesisviolated. This correspondsto the case where one of the play-
ers has invested in too much capacity in the sense that its marginal operating profit
(marginal revenue — operating cost) on the spot market is negative when both capac-
ities are fully used. Lemmas 8 and 9 show that the other player realizes that thereis
an overinvestment at the tentative equilibrium; it takes advantage of the situation and
uses the forward market to drive the over-built player out of the forward market.

Lemma?7 Let (z;,z_;) satisfy
a—2x;,—x_;—v; >0 1=1,2
then
yi > gi(r) = —(a—2z; —v_; —145) <0, i=12

isa closed-loop equilibrium of the forward market.

Proof. Take x given and let ; = y;(x), i = 1, 2 for thisgiven z. One has
06—21‘1‘—.%'_1'—1/1'—1—@':0, 1=1,2
and hence z; = x; isan equilibrium on the spot market.

We want to prove that any y; > ; is the best response of player i to a futures
position y_; > y_; of player —i. Suppose y; > y;, one has

a—2x;, —x_; —V; + Y = N>0
a—x;—20_; —Vv_ij+y—; = A; >0

and z; = x; remains an equilibrium on the spot market. Taking y; > ¢; therefore
maintains the profit of player ¢, whatever y_; > y_; is selected by player —i.
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Take y; < yi, y—i > y_;. z; becomes smaller than x; and one can write the equilib-
rium conditions of the spot market as

a—2z—x_;—vity; = 0
a—z, —2x_;—vi+y_; = A_;>0.
Thisimplies
Zizi(a—ﬂﬁﬂ'—w+yi)
and

1
Hzf(m;yi?y—i) = 1 [(a — X — Vi)2 - yﬂ

The optimum of the profit of player i is achieved for y; = 0 with a payoff equal to

i(a —x_; — v;)?. Thisisthe global optimum of player i if and only if

0=vy; <y =—(a—2x; —x_; —v;) <0 whichisacontradiction.

Therefore, y; < y; cannot be the best response of player i toy_; > 3_;. Thus g;(x),
i = 1,2 is aclosed-loop equilibrium of the forward market and any y; > 7;(x),
1 = 1,2 isalso aclosed-loop equilibrium of the forward market.

We now examine the case of overbuilding by player i. Consider now what hap-
pens when one of the relations

a—2x;, —x_;—v; >0 1=1,2
isviolated. Let
a—2x;,—x2_; —v; <0 and a—xz; —22_; —v_; > 0.

This case correspondsto case (ii) of Theorem 2 in the game without a futures market.
The analysis is more complicated with a futures market because we have to analyze
the resulting futures positions of the players.

Lemma 8 shows that player —i can aways drive player i out of the forward
market by selecting y_; large enough.
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Lemma8 Foragiven (z;,z_;),ifa—2x;—x_;—v; < 0Oanda—z;—2x_;—v_; > 0,
then y; = 0 isthe optimal response of player i to any y_; > maxy_;(z).

Proof. We first show that z; < x; when y; = 0. Suppose player —i takes a position
Y—i = y—i(z).
We first claim that the equilibrium in the spot market is

a—2z;,—x_;—v; =0

a—2; —20_; —V_; +Y—; = N > 0.

To seethis, first note that, because o — 2x; — x_; — v; < 0, there existssome z; < x;
(that we assume > 0) that solves o — 2z; — x_; — 1; = 0. Note that the definition
of g_;(x) impliesa — z; — 2z_; — v—; + y—;(z) = 0 and hence any z; < z; and
y—; > y—i(x) satisfiesaw — z; — 2x_; — v_; + y—; = A—; > 0, which shows that
z; < x; and z_; = xz_; isthe equilibrium.

Consider the reaction of player —i to y_; > 0. Because y_; > y_;(x), a —
Ti—2x_ i —vit+y; >0, a0a—2z—2v_;—v_;+y; > 0foral z; < z;.
Therefore, z_;, = x_; whenever y_; > y_;(z), whatever the position of player ¢
on the forward market. Consider the following strategies of player i, keeping in
mind that y_; > y_;(x) implies z_; = x_;, whatever i does on the forward market.
Because the shape of the objective function depends on the value of y;, we treat two
Cases:

DNy > vi(x) = —(a—2x; —x_; —v;) >0
(iNy; <yi(x)=—(a—2z; —x_; —1v3) >0

Notefirst that player i’s payoff in case (i), remainsconstant at («—x; —x_; —v;)x; for
al y; > yi(x). Therefore player ¢ cannot improve its payoff by selecting y; > yi(z)
and the optimum in case (ii) isagloba optimum.
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Player i's payoff in case (ii) can be computed as follows. Because y; < y;(x),
z; < z; and z; solves
a—2zi—x_;—vi+y =0
a—2z; —20_; —V_j+y—; =A_; > 0.
AsinLemma7, the optimal response of player i is

1
22‘:5(04—9671'—1/1'-1-%)<9€i

and

[(a—zi—w)* —yi].

=

H{(ﬂﬁ;yi,y—i) =

The maximum profit is achieved for y; = 0 with the player ¢ payoff equal to %(a —
r_; — v;)%. Thiswill be the global optimum of player i’s payoff if one has both

0=y <yi(x)=—(a—2x; —z_; —1v;) >0
and
1

Z(Q —x_; — l/i)2 > (a—xp — 2 — 4) ;.

The first condition is true by assumption. To verify the second condition, first note
that it can be rewritten

(a—x_;— VZ-)2 —4a—z_; —v)w; + 4x12 >0
or
(o =2z — x4y — V)2 >0
which is always satisfied.

The optimal reaction of player i isthusy; = 0 when player —i selectsy_; > 7,
and o — 2x; — x—; — v; < 0. Note that this solution is unique by the strict concavity
of the objective function in thisrange. This proves the lemma.
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The difference between this result and the result of Allaz and Vilais that player
—i operates at capacity and does not change its spot position in response to player i's
actions. We now show that the best response of player —i isy_; > y_;(z). Thus,
given (z;,z_;), we have the equilibrium in the futures market (even though thisis
not an equilibrium in the capacity market).

Lemma9 Supposea — 2x; —z_; —v; < Oanda — x; — 2x_; — v_; > 0. Then
y—; > y—i(z) isthe optimal reaction of player —i to y; = 0.

Proof. With y; = 0, define z; suchthat o — 2z; — x_; — v; = 0. Because a — 2x; —
x_; —v; <0, z; issmaler than x;. We consider three cases because the shape of the
objective function of player —i depends on whether the spot decisions are at capacity.
We examine the following strategies of player —i on the forward market.

(i) y—; isselected to guarantee z_; = z_;.
(i) y_; is selected to optimize the payoff in therangewhere z; < z;, z_; < x_;.
(iii) y_, is selected to optimize the payoff in therangewhere z; = z;, z_; < z_;.

We successively consider these three cases and compute the resulting payoff for
player —i.
(i) Player —i uses the futures market to guarantee the full utilization of its capacity
and it takesy_; > y_,;(z) wherey_, () is defined by

a—%—2_i—v_i+7y_4(x)=0.

This amounts to selecting

Y—i = fljfz(x)
The equilibrium on the spot market associated with y; = 0, y_; > 5_,-(3:) is
z; = z; and z_; = x_;. The payoff for player —i is
1

(a—Zzi—x_j —v)r_; = §(a —T_; — V)T
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(i) Lety_; = E,i(x) — e_; where e_; is small enough to guarantee that z; does
reach z; and z_; does not hit zero. z; and z_; then solve the system

a—2z—z_;—v; =0

a—2z—22—v_;+y_;=0

We can solvefor z; and z_; asafunction of y_;, asin Lemmab. Settingy; = 0
in relation (25), the payoff for —i is

1
Hii[x; 0,y_] = 5 [ —2(vy —y—) + 1/@']2.

The derivative of Hfi with respect to y_; is gl — 2(v—; — y—;) + v;]. At Ui
when z_; reaches x_;, this derivative is equal to

4 ~ 4
9 [ — v+ 1) +2y_] = g%-i > 0.

Because Hfi[a;; 0,y—;] is concave in y_;, and its derivative at §_i(m) is pos-
itive, it is dtill increasing at that point. Thus, the optimum of H’ii[a?; 0,y—]
cannot be y_; < Z_i(x). Thisimplies that y_; = 5—1‘ — e_; isnot the best
response by player —i.

(iii) The following elaborates on the same concavity argument to prove that de-
creasing y_; to thelevel where z; reaches x; or z_; reaches 0 cannot maximize
Hfi[x; 0,y_;]. Thereis obviously no gain for player —i to further decrease
y—; if z_; hits zero before z; reaches x; since its payoff is then exactly zero.
Consider the aternative case where z; hits x; and z_; is still positive. This
occurs for some z_; that satisfies

oa—2x;, —Z_;—v; =0

or Z_; = o —2x; — V.

Consider decreasing y_; further to check the possibility of the resulting price
increasing profits. We show that this cannot happen. Let z_; = Z_; + . The
corresponding profit of player —i is

(a—zi—Z_j—e—v_)(Z_i +¢e).
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The derivative of this expressionat ¢ = 0 (for z_; = z_;) isequal to 3x; +
(2v; — v—;) — a. Thisexpression is positive because it is equal to

2(—Ot + 2:1,‘2' + Xr—_; + l/i) + (Oéi — Ty — 2I_Z' — l/_i)

which is positive by assumption.

The conclusion is that it cannot pay to further decrease y; beyond the point
where z; = z;. y_; > y_;(z) thus guarantees the maximal profit of player —i
when y; = 0.

This completes the proof of the lemma.

We now characterize the solution when player ¢ has excess capacity.

Lemma 10 Let (z;,x_;) satisfya—2x; —x_;—v; < Oanda—x; —2z_;—v_; > 0
andy_;(z) = —(a—z; —2x_; —v_;). Theny; = 0, y_; > y_;(x) isaclosed-loop
equilibrium of the forward market. At that equilibrium z; < z;.

Proof. The result is a combination of Lemmas 8 and 9 after noting that y_;(x) =

—(a—zi—220_;—v_) > —(a—7% —2x_; —v_;) =y_;(z).

Lemma 10 has an immediate interpretation. If a player develops its generation
capacity up to a point where its marginal revenue is negative when both capacities
are operated at their maximums, then the equilibrium on the forward market forces
this player to operate below capacity. In short it has effectively invested too much.
We now show that this cannot be an equilibrium.

Lemma 11 There cannot be any equilibrium of the capacity game with a forward
market suchthat o — 2x; —x_; —v; <0anda — x; — 22_; — v—_; > 0.

Proof. Assume such an equilibrium exists. The equilibrium on the forward market is

y; = 0 and y_; > y_; with the corresponding spot equilibrium z; = %(a —T_; —
v;), z—i = x_;. This spot equilibrium satisfies z; < z; and hence cannot be an

equilibrium by Proposition 3.
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We now explore whether one can have an equilibrium of the capacity game with
aforward market such that @ — 2x; — x_; — v; < 0,4 = 1,2. This corresponds to
case (ii) in the game with no forward market. The situation is easily clarified with the
following lemma.

Lemma 12 An equilibrium of the capacity game with a forward market cannot sat-
iSfyOc—2.%'i—:B_i—Vi <0,7= 1,2.

Proof. If such an equilibrium exists, it satisfies z; = x;, ¢ = 1,2 by Proposition 3.
Because the marginal revenue of both player is negative at this point, this cannot be
an optimal position for either of them. Therefore, thisis not an equilibrium.

On the basis of the above, we conclude that an equilibrium of the capacity game
with a forward market, if it exists, satisfiesoy — 22, —2v_; —v; > 0,7 = 1,2 and
z; = x4, 1 = 1, 2. Weinfer the following proposition.

Proposition 4 An equilibrium of the capacity game with a forward market, if it ex-
ists, satisfiesa; — 227 —2*, —v; > 0,1 =1,2.

Proof. The result isimmediately derived from lemmas 11 and 12.

We can then prove the extension of Proposition 2 to the three-stage game.

Proposition 5 An equilibrium of the capacity game, if it exists, isthe open-loop equi-
librium.

Proof. Assume an equilibrium of the three-stage game exists. By Proposition 4,
onehasa — 2x; —z_; —v; >0,i=1,2. a« — 2x; — x_; — v; isaso the margina
operating profit accruing to player i from its operation on the forward and spot market
(both players select y; such that z; = ;). The optimality of player i’s action in the
capacity game implies that the marginal operating profit is equal to k;. We therefore
needa—2x;,—x_;—v;—k; = 0,7 = 1, 2. These arethe conditions for the open-loop
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equilibrium. We thus conclude that if an equilibrium of the three-stage game exists,
it is the open-loop equilibrium.

Thismeans that the capacity game sets capacities at the same level asin the open-
loop game. Thus, the futures market cannot be used to expand production in the spot
market. Through the capacity game, the players see the destructive competition that
results from the futures game and they block this possibility when setting capacity
levels.

6.3 Existence of the closed-loop equilibrium

In the game without a futures market, existence is not guaranteed and depends on the
values of the parameters. We now develop the corresponding results for the three-
stage game. We take the open-loop capacities at equilibrium

1
i =gla =2+ k) + (vt k)] i=1,2

and show when they are the capacity equilibrium of the three-stage game. We first
note that player ¢ never gains if it reduces its capacity with respect to z7, given x_;
remaining at «*,. The only way the open-loop equilibrium may fail to be a first-
stage equilibrium of the three-stage game isif one player can benefit from increasing
its investment with respect to =, x_; unchanged at z* ;. In order to explore this

possibility, weincrease x;. Let z; = x} + ¢; whilekeepingx_; = =~ ,.

Consider first the range of values of z; that keep o —2x; —2* , —v; > 0,1 =1, 2.
We know that the equilibrium of the forward market isto select y;, i = 1,2 so that
z; = x4, 1 = 1, 2. Because of the optimality properties of the open-loop equilibrium,
we can conclude that player ¢ hasno interest in increasing or decreasing x; aslong as
oneremainsintheregiona — 2z; —x_; —v; > 0,1 =1, 2.

In order to assess whether = isreally the optimal choice of player ¢, we need to
explore what happens when a player leaves the region o — 2z; — x_; — v; > 0 for
either ¢ = 1, 2. Consider the two possible cases
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)z =2 +e;witha — 22, — 2", —y;=0anda —x; — 22, —v_; >0
(i)z; =2 +e;witha —x; — 22", —v;=0anda — 2z; — 2, —v; >0
Case (i) is handled by the following lemma.

Lemma 13 Suppose k; < 2k_;, then z; = z is the best reaction of player i to

T, =2x",.

Proof. Set x; = z + ¢;. Simple replacement in o — 2z; — 2*, — 1, = 0 and
a —x; — 2z; — v_; > 0 showsthat case (i) holdsif and only if 2k_; > k;. | f so
_ ks

a—2z;—x', —v;=0fore; = 3.

We know from the above that it is never optimal for ¢ to select z; < z} + %
strictly larger than x}. Consider now x; > z} + % suchthat o« — 2z, —2*, —v; <0
anda — z; — 22* , — v_; > 0. From Lemma 10 we know that the associated forward
and spot equilibrium satisfies yy; = 0, z; < x;. This cannot be an optimal position for
i since it can always be improved by dightly decreasing x;.

Consider now z; > x7 + k_; suchthat o« — 2z; — 2*, —v; < 0Oand o — x; —
2x*, —v_; < 0. Thisisan optimal position for : if there exists a forward and spot
equilibrium that gives a higher profit than the single-stage equilibrium. Assume such
an equilibrium. It cannot satisfy z; = x;, ¢ = 1, 2 because this would give a negative
margina revenueto player i even before incurring investment costs. It cannot satisfy
z; < m;, z_; = x_; because ¢ could improve its position by decreasing x;. It must
thus satisfy z; = x; and z_; < z_,;. Redoing the reasoning of case (ii) in Lemma§,
thisimpliesy_; = 0 and z_; = “—,—=. Replacing in a — 22; — z_; — v; the
marginal revenue of i is

1
3 [ = 3z — (215 — v_y)]

which isequal to

[— (= — 22, —vy) + 2( — 22 — 2, — 1))

| =
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By definition, this expression is negative at x; = =z + k_;. It can only decrease
when z; increases. The marginal revenue of player i isthus negative before incurring
investment costs and this cannot be an optimal position.

Case (ii) istreated in Lemma 14.

Lemmal4 Let k; > 2k_; and

3
— =2 CK+V_Z'—2]€Z‘+VZ‘ —2k_i§0. 26
(ﬂ )[ (ki +v3)] (26)

Then z; = x7 isthe best reaction of player i tox_; = x* .

Proof. Following the reasoning of Lemma 12, we can easily verify that case (ii)
occurs if and only if k; > 2k_;. We know that selecting z; such that z} < z; <
x; + k_; would imply z; = z;, z—; = x*, which cannot be an optimal payoff of
player i in that range of z;.

Consider now z; > x; + k_; suchthat o« — 2z; — 2*, —v; > 0and o — x; —
2x7 —v_; < 0. From Lemma 10 we know that the associated forward and spot
equilibrium satisfiesy_; = 0, z_; < x_; and that y; is selected such that z; = x;.
These conditions are analyzed in the preliminaries to Lemma 3 where we considered
conditions that guarantee that (18) is indeed the current expression of II; (%i, x*,).
Because the equilibrium of the forward market guaranteesthat z; = x; for z; > %i =
x} + k_;, we conclude by reproducing the reasoning of Lemma 3 that the condition

i[a +vrv_; — 2(]{31 =+ l/l)] > 2]4571'
implies that
= 1
I (z;, 2%;) = g[(a +vog) = 20+ k)

AsinLemma4 that (26) in the assumptions guarantee that player < cannot improveits
position with respect to the open loop profit by moving into arangewherez_; < x_;.

Consider now z; > xf + % > 2% + k_;. Wethenhave o — 2z; — 2%, — v; < 0
and o — x; — 22, — v_; < 0. These conditions have been encountered in Lemma 13
where they do not lead to an optimal position for player <.
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Lemma 14 pointsto an interesting differentiation between the two and three stage
games. In the game without a futures market, when setting capacity, player i satisfies

a—2x;,—z_;—v; >0
aslong asx; < zi". This condition guaranteesthat z; = x; in the spot market.
With afutures market the condition for z; = x; in the spot market becomes
a—2x;—2z;—vi+ty >0 (27)

Lemma 10 guarantees that the equilibrium of the forward market when o« — 2x; —
x;—v;>0anda—x; —2x_; — v_; < 0isachieved for y; large enough and
y—; = 0 and that (27) indeed holds. Thus the spot market equilibrium condition does
not put an added condition on the existence or non existence of an equilibrium as it
did in the game without a futures market.

We can conclude with the following theorem:

Theorem 4 A closed-loop equilibrium of the three-stage game exists if one of the
following conditions holds

(I) ki <2k_;,1=1,2

(if) For k; > 2k_; for some i, if (26) holds, then the open-loop equilibriumis also
the closed-loop equilibrium of the three-stage game.

The solution does not exist when the inequality (26) is reversed.
The proof derives from applying Lemmas 13 through 14 to both players.

From this we can see that adding a futures game did not change the equilibrium
with respect to the two-stage game. However, the game with a futures market has
no equilibrium for alarger set of parameter values than the game without a futures
market because the condition on the spot-market equilibrium is no longer needed.
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6.4 lllustration

Intesting for the existence of an equilibrium for agiven set of parameters, the solution
has to be checked for conditions z; = 1, 22 < 9, and %1 > 2] + k2. So that
k1 > 2k1, we modify the capital costs by adding 1 to k1 in both cases.

Condition Low-elasticity case High-elasticity case
%1 1499 500

A1 (no futures) -598.5 201.5
Condition (26) 214.0 -328.9

%1 —a] — k>0 400 133.7

Table 1: Evaluation of conditions for the existence of an equilibrium

From this table we see that in the high-elaticity case %1 is not high enough forzs <
x9. Thus, the equilibrium exists with and without a futures market. With the low-
elagticity case, A1 < 0 and the equilibrium does not exist when there is no futures
market. However, the equilibrium does exist when there is a futures market. Thus,
for areasonable parameter set, adding a futures market can lead to disequilibrium in
the market.

In the low-elasticity case, by setting the capacity and operating costs for player
1 to 555 and 100 respectively and 75 and 200 for player 2, the equilibrium does not
exist in the case without a futures market.

7 Conclusion

By adding a capacity game we provide the players with the foresight to avoid the
prisoners dilemma game of Allaz and Vila. Thus, we can see that the futures mar-
ket may not be the panacea for eliminating oligopoalistic profits in the long run. The
implications are that market monitoring in electricity markets needs to be vigilant de-
spite the creation of futures markets. In addition to not increasing compeptitiveness,

39



afutures market can result in no equilibrium for alarger set of parameter values than

without a futures market.

In this paper, we do not have aload duration curve, which is necessary to rep-

resent one of the critical features of electricity markets. Adding a load curve also

represents the situation of deterministic costs and uncertain demand. Clearly, in the

time periods where capacity is not binding, a futures market can increase production

as described by Allaz and Vilaand the solution is different from the open-loop game.

This and other differences will be explored in future work.
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