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Abstract

A set of jobs need to be served by a server which can serve only one job at a

time. Jobs have processing times and incur waiting costs (linear in their waiting time).

The jobs share their costs through compensation using monetary transfers. In the first

part, we provide an axiomatic characterization of the Shapley value rule by introducing

some fairness axioms that are new in the literature. In the second part, we use linear

programming duality to provide an alternate characterization of the Shapley value rule.

Here, we use the idea of decomposition of transfers and the notion of pairwise no-envy

allocation. Of the family of allocation rules that satisfy pairwise no-envy, the Shapley

value rule is the one with the minimum sum of absolute values of transfers. We discuss

no-envy rules and show that no-envy is not possible in general. If processing times of

all jobs are equal, then it is possible to design no-envy rules, and we characterize all

no-envy rules for this case.
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1 Introduction

A set of jobs need to be served by a server which can process only one job at a time. Each

job has a finite processing time and a per unit time waiting cost. Efficient ordering of this

queue directs us to serve the jobs in decreasing order of the ratio of per unit time waiting

cost and processing time, which is the weighted shortest processing time rule of Smith [18].

To compensate for waiting cost of jobs, monetary transfers to jobs are allowed. How should

the jobs share the cost equitably amongst themselves (through transfers)?

The problem of fair division of costs among jobs in a queue is a natural setting to many

applications. Such problems arise in various models of the Internet and manufacturing

settings: computer programs are regularly scheduled on servers, data are scheduled to be

transmitted over networks, and jobs are scheduled in shop-floor on machines. Queues appear

in many public services, for instance in post offices, banks etc. Fair scheduling algorithms

for various queueing models to route packets over networks has been studied extensively

for over a decade by a community of Electrical Engineers (see [6]). In such applications

with complicated queue set-ups they settle for fair schedules that compromise efficiency

up to a certain threshold (this is termed Quality of Service). In all these applications

there is a common resource (computer server, network bandwidth, shop-floor machine, teller

in the bank) that is shared by a set of agents and the mode of service is through some

queueing discipline. Moreover, there is no external force, such as the market, that determines

the allocation of costs. Thus, the final allocation of costs is best decided through mutual

agreement, or as dictated by the server respecting certain reasonable “fairness” criteria.

Determining the cost share of agents respecting fairness axioms has been a central prob-

lem in cooperative game theory. The general cost sharing literature is vast and has a long

history. For a good survey on the theory of cost sharing, we refer to Moulin [15].

A paper by Maniquet [4] is the closest to our model and is the motivation behind our

work. Maniquet [4] studies a model where he assumes all jobs have processing times equal

to unity. For such a model, he characterizes the Shapley value rule using classical fairness

axioms. Using a different definition of worth of coalitions, Chun [1] derives a “reverse” rule

for the same model. In another paper, Chun [3] studies the envy properties of these rules.

In the one dimensional models studied above, jobs are either identical (and hence every

ordering is efficient) or not identical. In the two dimensional model there is a new level of

heterogeneity with non-identical data where every ordering is efficient; we call these jobs

of equal “priority” (ratio of per unit time waiting cost and processing time). To deal with

the cost sharing between jobs of equal priority we find the axioms for the one dimensional

models insufficient. We provide characterization of cost sharing in such a class of jobs using

very intuitive set of axioms. Using this as the springboard, we are able to characterize the

Shapley value rule for the general instances of non-identical jobs.

Independent of our work, Chun [2] has developed a characterization of the Shapley value

for our model based on consistency and monotonicity axioms. But he assumes binary trans-
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fers, i.e., buyers pay each other and the total amount a buyer receives is the sum of amounts

he receives from other buyers. Our first set of characterization does not assume such binary

transfers and is thus stronger in some sense. For our linear programming based characteriza-

tion, we assume binary transfers. But, this characterization is based on a modified no-envy

property. Moreover, we do not make use of consistency or monotonicity in any of our char-

acterizations. Another recent work by Katta and Sethuraman [10], again independent of our

work, characterizes the Shapley value solution using different sets of axioms (they do not

assume binary transfers).

Another stream of literature is on “sequencing games”, first introduced by Curiel et al. [5].

Curiel et al. [5] model is similar to ours, though their notion of worth of a coalition is very

different from the one we consider here. They focus on sharing the savings in costs from a

given initial ordering to the optimal ordering (also see Hamers et al. [9]). Recently, Klijn

and Sánchez [11] considered a sequencing game without any initial ordering of jobs and show

that such a game is balanced.

Strategic aspects of queueing problems have also been researched. Mitra [13] studies

the first best implementation in queueing models with generic cost functions. First best

implementation means that there exists an efficient mechanism in which jobs in the queue

have a dominant strategy to reveal their true types and their transfers add up to zero.

Suijs [19] shows that if waiting costs of jobs are linear then first best implementation is

possible. Moulin [16] studies strategic concepts such as splitting and merging in queueing

problems with equal per unit time waiting costs.

1.1 Our Contribution

We consider cost sharing (using the cooperative game theory approach) with general process-

ing time and per unit time waiting costs. In cooperative game theory, the classical Shapley

value rule is commonly applied to cost (surplus) sharing games. For instance, the Shap-

ley value rule, when applied to the division of unproduced goods with monetary transfers

and quasi-linear utility, satisfies many interesting fairness axioms (see Moulin [14]). Our

main focus is the Shapley value rule and its axiomatic characterization in the setting of job

scheduling problems.

In our problem, as a first attempt at cost sharing, we can consider two trivial cost sharing

rules. In the first rule each job bears its own waiting cost as its cost share. In the other rule

each job bears the waiting cost it inflicts on jobs behind it. In addition, each job bears its

own processing cost in both the rules. It can be seen that the total cost (sans the processing

cost) can be decomposed as the waiting cost of individual jobs or equivalently as the waiting

cost inflicted by jobs on jobs behind them in the queue. In the first rule, the job placed

first gets a huge discount while the last job has a large cost share. In the second rule the

situation is reversed. The Shapley value rule simply suggests that we average these two cost

shares. This clearly distributes the burden more evenly among the jobs (especially jobs in
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the start and end of the queue).

We show that the Shapley value rule satisfies many intuitive fairness axioms. Firstly

we introduce two axioms on how to share the costs when jobs have equal priority. The

first axiom is on “merger” of jobs. It requires that if a set of jobs are merged such that

the efficient ordering is unchanged and “externalities” (waiting cost incurred by a job and

waiting cost inflicted to other jobs by a job) of a job remains the same, then the cost share

of that job should remain the same after the merger. We call this the independence of valid

merging (IVM) axiom. In our other important axiom, we consider two jobs of equal priority.

In this case, in both the possible orderings, the second job incurs the same waiting cost due

to the first job. In the externality consistency (EC) axiom, we require that in such a case if

an allocation rule chooses two allocations with two different orderings, then the transfer of

the job in the first (second) position should be the same in both the allocations. IVM axiom

with EC axiom gives us the Shapley value for the equal priority case.

As an alternative to the IVM and EC axioms, we provide an axiom called expected cost

bound (ECB) for the equal priority case. Since every ordering is efficient, if each ordering

is equally likely to be chosen by the sever, then each job will have an expected waiting

cost it inflicts on other jobs. ECB requires that in the the equal priority case, every job

should pay its own processing cost and the expected cost it inflicts on other jobs, where the

expectation is taken with respect to possible allocations (orderings). ECB axiom also gives

us the Shapley value for the equal priority case.

Apart from these, we will require one of the following sets of axioms (that generalize

corresponding axioms from Maniquet’s work) to characterize the Shapley value rule. The

independence axioms: cost share of a job is independent of preceding jobs’ per unit time

waiting cost and following jobs’ processing time. The proportional responsibility axioms:

the transfer to an additional job added to the end (beginning) of a queue is shared by

the jobs before (after) it in proportion to their processing times (per unit time waiting

costs). We characterize the Shapley value rule in three different ways using these axioms.

In all the characterizations efficiency, Pareto indifference, and IVM with EC (or ECB) are

imposed. Besides these, we either need the independence axioms or one of the proportional

responsibility axioms in place of one of the independence axioms.

We then use linear programming to characterize the Shapley value rule. We observe that

the relative ordering of jobs in an efficient ordering is also optimal to all the pairwise ordering

problems (which can be written as linear programs). The corresponding dual solution for

each of these pairwise problems can be interpreted as transfers between pairs of jobs. By

reassembling these transfers (in a minimal way) we obtain the Shapley value transfers for

all the jobs. Using the constraints posed by the dual optimal solutions (in the pairwise

problems), we define the notion of pairwise no-envy allocation. A pairwise no-envy allocation

is a transfer and an ordering pair such that for any pair of jobs, if those were the only two jobs

in the system, they will not be better off changing the current ordering given the current

transfers. We show that the Shapley value rule is the pairwise no-envy allocation for an
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efficient ordering which minimizes sum of absolute values of transfers.

We also investigate rules which satisfy no-envy. In this regard, we show that no-envy is

not possible, in general, in our model. Since the no-envy constraints are the same as com-

petitive equilibrium constraints in our model, this implies that no competitive equilibrium

exists in our model. However, in some special cases, it may be possible to achieve no-envy.

We examine the special case where processing times of all the jobs are same. In this case, all

rules satisfying no-envy are solutions to two linear programs which are dual to each other:

(i) every efficient ordering is an optimal solution to the primal problem and (ii) the transfers

are the corresponding dual optimal solutions. But these no-envy allocations need not be

budget-balanced. We define the notion of “price of no-envy” in these setting and give an

elegant method to compute it.

The rest of the paper is organized as follows. Section 2 describes the model and Section

3 discusses the Shapley value rule for the model. In Section 4, we discuss several fairness

axioms. The characterization results involving fairness axioms appear in Section 5 and those

involving pairwise no-envy allocations appear in Section 6. Section 7 discusses the issue of

envy in our setting. We conclude with some discussion and a summary in Section 8.

2 The Model

There are n jobs that need to be served by one server which can process only one job at a

time. The set of jobs are denoted as N := {1, . . . , n}. An ordering of the jobs is given by

an one to one map σ : N → N and σi denotes the position of job i in that order. Given an

ordering σ, define the followers of job i by Fi(σ) := {j ∈ N : σi < σj} and the predecessors

of job i by Pi(σ) := {j ∈ N : σi > σj}. We assume that for any i ∈ N and any σ, if Fi(σ)

or Pi(σ) is the empty set, then any summation over such sets gives zero.

Every job i is identified by two parameters: (pi, θi). pi is the processing time and θi

is the per unit time waiting cost of job i. Thus, a queueing problem is defined by a list

q = (N, p, θ) ∈ Q, where Q is the set of all possible lists. We will denote γi = θi

pi
. We call γi,

the priority of job i. Given an ordering of jobs σ, the cost incurred by job i is given by

ci(σ) = piθi + θi

∑

j∈Pi(σ)

pj.

The total cost incurred by all jobs due to an ordering σ can be thought of in two ways: (i)

by summing the cost incurred by every job and (ii) by summing the costs inflicted by a job

on jobs behind it due to its own processing cost.

C(N, σ) =
∑

i∈N

ci(σ) =
∑

i∈N

piθi +
∑

i∈N

[

θi

∑

j∈Pi(σ)

pj

]

.

=
∑

i∈N

piθi +
∑

i∈N

[

pi

∑

j∈Fi(σ)

θj

]

.
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An efficient ordering σ∗ is the one which minimizes the total cost incurred by all jobs. So,

C(N, σ∗) ≤ C(N, σ) ∀ σ ∈ Σ, where Σ is the set of all orderings. For notational simplicity,

we will write the total cost in an efficient ordering of jobs from N as C(N) whenever it is

not confusing. Sometimes, we will deal only with a subset of jobs S ⊆ N . The ordering σ

will then be defined only on the jobs in S and we will write C(S) for the total cost from

an efficient ordering of jobs in S. The following lemma shows that jobs are ordered in

non-increasing priority in an efficient ordering. This is also known as the weighted shortest

processing time rule, first introduced by Smith [18].

Lemma 1 For any S ⊆ N , let σ∗ be an efficient ordering of jobs in S. For every i 6= j,

i, j ∈ S, if σ∗
i > σ∗

j , then γi ≤ γj.

Proof : Assume for contradiction that the statement of the lemma is not true. This means,

we can find two consecutive jobs i, j ∈ S (σ∗
i = σ∗

j + 1) such that γi > γj. Define a new

ordering σ by interchanging i and j in σ∗. The costs to jobs in S \ {i, j} is not changed from

σ∗ to σ. The difference between total costs in σ∗ and σ is given by, C(S, σ) − C(S, σ∗) =

θjpi − θipj. From efficiency we get θjpi − θipj ≥ 0. This gives us γj ≥ γi, which is a

contradiction. �

An allocation for q = (N, p, θ) ∈ Q has two components: an ordering σ and a transfer ti
for every job i ∈ N . The payment received by job i is denoted by ti. Given a transfer ti and

an ordering σ, the cost share of job i is defined as,

πi = ci(σ) − ti = θi

∑

j∈N :σj≤σi

pj − ti.

An allocation (σ, t) is efficient for q = (N, p, θ) whenever σ is an efficient ordering and
∑

i∈N ti = 0. σ∗(q) will be used to denote an efficient ordering jobs in queue q (σ∗ will be

used when q is understood from the context). The following straightforward lemma says

that for two different efficient orderings, the cost share in one efficient allocation is possible

to achieve in the other by appropriately modifying the transfers.

Lemma 2 Let (σ, t) be an efficient allocation and π be the vector of cost shares of jobs from

this allocation. If σ∗ 6= σ is an efficient ordering and t∗i = ci(σ
∗) − πi ∀ i ∈ N , then (σ∗, t∗)

is also an efficient allocation.

Proof : Since (σ, t) is efficient,
∑

i∈N ti = 0. This gives
∑

i∈N πi = C(N). Since σ∗ is an

efficient ordering,
∑

i∈N ci(σ
∗) = C(N). This means,

∑

i∈N t
∗
i =

∑

i∈N [ci(σ
∗) − πi] = 0. So,

(σ∗, t∗) is an efficient allocation. �

Depending on the transfers, the cost shares in different efficient allocations may differ.

An allocation rule ψ associates with every q ∈ Q a non-empty subset ψ(q) of allocations.
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3 Cost Sharing Using the Shapley Value

In this section, we define the coalitional cost of this game and analyze the solution given by

the Shapley value. Given a queue q ∈ Q, the cost of a coalition of S ⊆ N jobs in the queue

is defined as the cost incurred by jobs in S if these are the only jobs served in the queue

using an efficient ordering. Formally, the cost of a coalition S ⊆ N is,

C(S) =
∑

i∈S

θi

∑

j∈S:σ∗
j
≤σ∗

i

pj,

where σ∗ (= σ∗(S)) is an efficient ordering considering jobs from S only. The worth of a

coalition of S jobs is just −C(S). This way of defining the worth of a coalition assumes that

jobs in a coalition S are served first and then the jobs not in the coalition (N \S) are served.

Maniquet [4] observes another equivalent way to define the worth of a coalition is using the

dual function of the cost function C(·). Another interesting way to define the worth of a

coalition in such games is discussed by Chun [1], who assumes that the jobs in the coalition

are served after the jobs not in the coalition are served.

Now, assume that the worth of a coalition is found with probability α (0 ≤ α ≤ 1) by

our notion of defining the worth of a coalition and with probability (1−α) by Chun’s notion

of defining the worth of a coalition. In that case the worth of a coalition is given by

−C(S) = −
∑

i∈S

θipi − α
∑

i∈S

θi

∑

j∈S:σj(S)<σi(S)

pj − (1 − α)
∑

i∈S

θi

∑

j∈N\S

pj,

where σ(S) is an efficient ordering of jobs in S. We will call this the weighted coalition game

and derive the Shapley value of jobs from this notion of worth of a coalition.

The Shapley value (or cost share) of a job i is defined as [17],

SVi =
∑

S⊆N\{i}

|S|!(|N | − |S| − 1)!

|N |!

[

C(S ∪ {i}) − C(S)
]

. (1)

The Shapley value rule says that jobs are ordered using an efficient ordering and transfers

are assigned to jobs such that the cost share of job i is given by Equation (1). It calculates

the expected marginal contribution of a job to its predecessors where expectation is taken

over all possible orderings. The expression in Equation (1) can be simplified further.

Lemma 3 Let σ be an efficient ordering of jobs in the set N . For all i ∈ N and 0 ≤ α ≤ 1

the Shapley value for the weighted coalition game is given by,

SVi = piθi +
∑

j:σj<σi

pjθi −
1

2

[

∑

j:σj<σi

[

αpjθi + (1 − α)piθj

]

−
∑

j:σj>σi

[

αpiθj + (1 − α)pjθi

]

]

.
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The proof is given in the Appendix. By Lemma 3, the transfer corresponding to the Shapley

value of the weighted coalition game is given by,

ti =
1

2

[

∑

j:σj<σi

[

αpjθi + (1 − α)piθj

]

−
∑

j:σj>σi

[

αpiθj + (1 − α)pjθi

]

]

, (2)

where σ is an efficient ordering. Also, observe the transfer values for two extreme values of

α. If α = 1, we get ti = 1
2

[

∑

j:σj<σi

pjθi −
∑

j:σj>σi

piθj

]

and if α = 0, we get ti = 1
2

[

∑

j:σj<σi

piθj −

∑

j:σj>σi

pjθi

]

.

3.1 A Case for α = 1

If we set α = 0 in the weighted coalition game, there can be jobs which can have negative

cost share. We give an example to illustrate this. Consider two jobs with (p, θ) values as:

(1, 5), (1, 1). When α = 0, we get C({1, 2}) = 7, C({1}) = 10, C({2}) = 2. Observe that

C({1}) = 10 > 7 = C({1, 2}). The Shapley value for job 1 is 15
2

and that of job 2 is −1
2
.

This shows that if we calculate the worth of a coalition by serving jobs not in the coalition

first, then the resulting cost share from the Shapley value formula may be negative for some

jobs. We feel this is not fair in many ways.

• In the example, job 2 does not bear even its own processing cost according to the

Shapley value formula.

• In the example, the cost share of the second job decreases with the increase in per unit

time waiting cost of the first job, whereas the the per unit time waiting cost of the first

job does not influence the second job in any way.

So, for the rest of the paper, we will assume that worth of a coalition is defined by assuming

jobs in the coalition are served first with probability 1 and then jobs not in the coalition are

served. This means, we will assume α = 1.

4 The Fairness Axioms

In this section, we will define several axioms on fairness and later characterize the Shapley

value using them. For a given q ∈ Q, we will denote ψ(q) as the set of allocations from

allocation rule ψ. Also, we will denote the cost share vector associated with an allocation

rule (σ, t) as π and that with allocation rule (σ′, t′) as π′ etc.

We will define three types of fairness axioms: (i) related to efficiency, (ii) related to

equity, and (iii) related to independence.
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4.1 Efficiency Axioms

We define two types of efficiency axioms. One related to efficiency which states that an

efficient ordering should be selected and the transfers of jobs should add up to zero (budget

balance).

Definition 1 An allocation rule ψ satisfies efficiency if for every q ∈ Q and (σ, t) ∈ ψ(q),

(σ, t) is an efficient allocation.

The second axiom related to efficiency says that the allocation rule should not discriminate

between two allocations which are equivalent to each other in terms of cost shares of jobs.

Definition 2 An allocation rule ψ satisfies Pareto indifference if for every q ∈ Q, (σ, t) ∈

ψ(q), if there exists another allocation (σ′, t′) such that
[

πi = π′
i ∀ i ∈ N

]

, then (σ′, t′) ∈ ψ(q).

An implication of Pareto indifference axiom and Lemma 2 is that if an allocation rule is

nonempty then for every efficient ordering there is some set of transfers such that it is part

of an efficient rule and the cost share of a job in all these allocations are the same. But

Pareto indifference does not exclude the possibility of a job having different cost shares

in two separate allocations of an allocation rule. Equal cost share in all allocations of an

allocation rule can be made an axiom on its own. The Shapley value rule clearly satisfies

such an axiom.

4.2 Equity Axioms

How should the cost be shared between two jobs if the jobs have some kind of similarity

between them? Equity axioms provide us with fairness properties which help us answer this

question. We provide several such axioms. Some of these axioms (for example anonymity,

equal treatment of equals) are standard in the literature, while some are new.

We start with a well known equity axiom called anonymity. Denote ρ : N → N as

a permutation of elements in N . Let ρ(σ, t) denote the allocation obtained by permuting

elements in σ and t according to ρ. Similarly, let ρ(q) denote the new list of (p, θ) obtained by

permuting elements of p and θ according to ρ. Our first equity axiom states that allocation

rules should be immune to such permutation of data.

Definition 3 An allocation rule ψ satisfies anonymity if for all q ∈ Q, (σ, t) ∈ ψ(q) and

every permutation ρ, then ρ(σ, t) ∈ ψ(N, ρ(q)).

The next equity axiom is classical in literature and says that two jobs with equal parameters

should be compensated such that their cost shares are also equal.

Definition 4 An allocation rule ψ satisfies equal treatment of equals (ETE) if for all

q ∈ Q, (σ, t) ∈ ψ(q), i, j ∈ N , then
[

pi = pj; θi = θj

]

⇒
[

πi = πj

]

.
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ETE directs us to share costs equally between jobs if they have the same per unit time

waiting cost and processing time. At the same time it is silent about the cost shares of two

jobs i and j that are indistinguishable with respect to an efficient ordering but have different

parameters (with γi = γj). We introduce some new axioms towards resolving this lacuna.

We would like to introduce the idea of merging jobs with respect to job i. We would also

like to focus on the case when all jobs are of equal priority. Suppose job i is in position σi in

an ordering σ of the queue. There are two costs that arise due to its existence in that position

in the system. First is the waiting cost that job i “feels” due to the processing times of jobs

before it and second is the cost that jobs placed behind job i feel due to the processing time

of job i. When we consider the waiting cost, it is immaterial how job i came to wait that

length of time: whether it was due to a single job with large processing time or multiple jobs

with smaller processing times. In the same vein, the cost job i imposes on the jobs behind it

depends only on the sum of their per unit time waiting costs and not on how these per unit

time waiting costs were distributed among those jobs. Hence, as far as job i is concerned

we can merge all jobs before it with a processing time of
∑

j∈Pi(σ) pj and all jobs behind it

with a per unit time waiting cost of
∑

j∈Fi(σ) θj. By merging, we would like to think of these

merged jobs as a single job with the above specified processing time (or per unit time waiting

cost). However, to preserve the priority (γ) of jobs that we started out with we must set the

per unit time waiting cost of the merged unit before as
∑

j∈Pi(σ) θj and processing time of

the merged unit after as
∑

j∈Fi(σ) pj. This means that the relative ordering remains intact;

the jobs before (after) job i that were merged can be placed before (after) job i. Since in

the modified queue set up (with only three jobs) the “world view” of job i with respect to

its waiting cost or the cost it inflicts does not change, we would expect that it still preserves

its cost share. This is the idea captured by our next axiom. We can generalize this idea of

merging (with the same justification as above) to account for merging any subset of the jobs

that are placed before or after i. We now present the technical definitions and details.

When any set of consecutive jobs S ⊆ N are merged, they are treated like a single job

with processing time pS =
∑

i∈S pi and per unit time waiting cost θS =
∑

i∈S θi. We will

denote the new (merged) job as < S >. Assume that we are given an efficient ordering

σ and a job i ∈ N . We will only consider mergers of consecutive jobs S ⊆ Fi(σ) (or

T ⊆ Pi(σ)). A merger S (or T ) is said to be a valid merger, if the new jobs are created by

merging consecutive jobs and they have the parameters:
∑

j∈S θj and
∑

j∈S pj (or
∑

j∈T θj

and
∑

j∈T pj). A queue instance created by a particular choice of S and T (S or T can

be ∅) is denoted by q(S, T ) and M(σ, i) denotes the set of all such queue instances created

using valid mergers. We recall here that (under the equal priority assumption) the choice of

parameters for the new job ensures that γi = γ<S> = γ<T> and hence the relative ordering

still remains efficient.1

1Even if the jobs are not of equal priority, then also such merging of jobs results in an ordering that is

efficient. In fact our valid merging axiom holds in the Shapley value rule for the general case when jobs

are not of equal priority. But to characterize the Shapley value rule, we only need it to hold for the equal
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Definition 5 An allocation rule ψ satisfies independence of valid merging (IVM) if

for all q = (N, p, θ) ∈ Q with γ1 = . . . , γn, (σ, t) ∈ ψ(q), i ∈ N , q(S, T ) ∈ M(σ, i), and

(σ′, t′) ∈ ψ(q(S, T )), we have πi = π′
i, where πi is the cost share of job i in (σ, t) and π′

i is

the cost share of job i in (σ′, t′).

To motivate our next axiom, let us consider the case of two jobs with equal γ. There are

only two possible orderings σ with σi = i for i ∈ {1, 2} and the reverse ordering, denoted

by σ′. In both the orderings the waiting cost of the second job is the same (p1θ2 in σ and

p2θ1 = p1θ2 in σ′) and the first job does not incur any waiting cost. We assume that the jobs

pay for their own processing cost and are concerned only with their “costs of interaction”

(externality). Our next axiom requires that in this two job case when both orderings share

the same cost distribution, any allocation rule should have the same transfer for the first (or

the second) job in both the orderings.

Definition 6 An allocation rule ψ satisfies externality consistency (EC) if for all q =

(N, p, θ) ∈ Q with N = {1, 2} and γ1 = γ2, for any (σ, t), (σ′, t′) ∈ ψ(q), we have t1 = t′2 and

t2 = t′1.

Of course, a rule may not choose both the allocations (σ, t) and (σ′, t′). But as we show in

the next lemma under efficiency and Pareto indifference, it will choose these two allocations.

The following Lemma characterizes the cost share of jobs when they have equal priority

under efficiency, Pareto indifference, IVM, and EC.

Lemma 4 Consider q ∈ Q such that γ1 = . . . = γn. In an efficient allocation rule ψ

satisfying Pareto indifference, IVM, and EC, for every i ∈ N the cost share of i is piθi +
1
2
θi

∑

j 6=i pj = piθi + 1
2

[

θi

∑

j∈Pi(σ̂) pj + pi

∑

j∈Fi(σ̂) θj

]

, where σ̂ is any ordering of jobs in N .

Proof : Let (σ, t) ∈ ψ(q). Due to the equal γ case, every ordering is efficient by Lemma 1.

Consider a job i ∈ N and any efficient ordering σ′ such that σ′
i = 1. By Lemma 2, there

exists transfers t′ such that ci(σ) − ti = ci(σ
′) − t′i. By Pareto indifference, (σ′, t′) ∈ ψ(q).

Hence every rule will have a transfer vector to go with every efficient ordering.

Now, perform a valid merging of jobs in Fi(σ
′) to form the new queue q′ with jobs i and

< Fi(σ
′) >. The equal γ case is preserved by the valid merging as the new job < Fi(σ

′) > has

a processing time of
∑

j 6=i pj and per unit time waiting cost of
∑

j 6=i θj and γi =
�

j 6=i θj
�

j 6=i pj
. By

IVM, the cost share of job i does not change from ψ(q) to ψ(q′). For simplicity we denote the

job < Fi(σ
′) > by k. Consider the two possible orderings σ1, σ2, where σ1

i = 1 and σ2
i = 2.

By Pareto indifference, there exists two transfer vectors t1 and t2 such that (σ1, t1), (σ2, t2) ∈

ψ(q′). By EC, t1i = t2k and t1k = t2i . Using t1i + t1k = 0, we get t1i + t2i = 0. By Pareto

indifference, ci(σ
1) − t1i = ci(σ

2) − t2i . This gives, t1i = 1
2

[

ci(σ
1) − ci(σ

2)
]

= −1
2
θi

∑

j 6=i pj.

priority case.

11



This means, cost share of job i is piθi +
1
2
θi

∑

j 6=i pj = piθi +
1
2

[

θi

∑

j∈Pi(σ̂) pj +pi

∑

j∈Fi(σ̂) θj

]

,

where σ̂ is any ordering of jobs in N . This can be shown for every job in N . �

Lemma 4 is the stepping stone to our axiomatic characterization results for the general

two parameter case. It characterizes the costs shares of jobs for the equal priority case. Ob-

serve that in the model where all jobs have the same processing time (Maniquet’s model [4]),

the equal priority case reduces to the identical job case for which, by the ETE axiom, the

total cost is shared equally among the jobs.

We present an alternate, but an intuitive, axiom to characterize the cost shares of jobs

when γ1 = . . . = γn and hence prove a lemma analogous to Lemma 4. An allocation rule ψ

chooses a non-empty set of allocations. For a queue instance q ∈ Q, consider an allocation

(σ, t) ∈ ψ(q) chosen by allocation rule ψ. In the ordering σ, each job i can be associated with

the cost inflicted by it on another job j (denoted by ψij(σ)). ψij(σ) = piθj if σi < σj, and

0 otherwise. For a job i, the expected cost it inflicts on other jobs is given by
∑

j 6=iE(ψij),

where E(ψij) is the expected cost i inflicts on j in ψ (taking expectation over the orderings

chosen in ψ). Our next axiom says that every job should bear such expected inflicted cost

and its own processing cost.

Definition 7 An allocation rule ψ satisfies expected cost bound (ECB) if for all q ∈ Q

with γ1 = . . . = γn, for every i ∈ N , for any (σ, t) ∈ ψ(q), πi ≥ piθi +
∑

j 6=iE(ψij), where πi

is the cost share of job i in allocation (σ, t).

ECB gives a bound on the cost share of a job in the equal priority case. Such bounds on

cost shares (utilities) are often imposed through individual rationality axioms in many cost

sharing settings (see individual rationality axioms in Moulin [14] as an example). Using

ECB, we can immediately obtain a lemma analogous to Lemma 4.

Lemma 5 Let γ1 = . . . = γn. In an efficient allocation rule ψ satisfying Pareto in-

difference and ECB, for every i ∈ N , the cost share of i is πi = piθi + 1
2
pi

∑

j 6=i θj =

piθi + 1
2

[

θi

∑

j∈Pi(σ̂) pj + pi

∑

j∈Fi(σ̂) θj

]

, where σ̂ is any ordering of jobs in N .

Proof : Consider an allocation (σ, t) ∈ ψ(q). Since all orderings are efficient and due

to Pareto indifference, the probability of a job i coming before another job j is 1
2

in σ.

Thus the expected cost inflicted by i on j is 1
2
piθj. Using ECB, we immediately get πi ≥

piθi + 1
2
pi

∑

j 6=i θj. Assume for contradiction for some i ∈ N , πi > piθi + 1
2
pi

∑

j 6=i θj. So, we

12



get
∑

i∈N

πi >
∑

i∈N

piθi +
1

2

∑

i∈N

pi

∑

j 6=i

θj

=
∑

i∈N

piθi +
1

2

∑

i∈N

pi

[

∑

j∈Fi(σ)

θj +
∑

j∈Pi(σ)

θj

]

=
∑

i∈N

piθi +
1

2

∑

i∈N

pi

∑

j∈Fi(σ)

θj +
1

2

∑

i∈N

θi

∑

j∈Pi(σ)

pj (Equal γ case)

= piθi +
∑

i∈N

pi

∑

j∈Fi(σ)

θj (Using
∑

i∈N

pi

∑

j∈Fi(σ)

θj =
∑

i∈N

θi

∑

j∈Pi(σ)

pj)

= C(N).

Imposing efficiency gives us a contradiction. So, πi = piθi+
1
2
θi

∑

j 6=i pj = piθi+
1
2

[

θi

∑

j∈Pi(σ̂) pj+

pi

∑

j∈Fi(σ̂) θj

]

, where σ̂ is any ordering of jobs in N . �

We will revisit the equal priority case in Section 6.2, where we provide another character-

ization of cost shares from the Shapley value rule. We discuss two other ways, to approach

this characterization in the Appendix.

Next, we introduce an axiom about sharing the transfer of a job between a set of jobs.

In particular, if the last job quits the system, then the ordering need not change. But the

transfer to the last job needs to be shared between the other jobs. This should be done in

proportion to their processing times because every job influenced the last job based on its

processing time.

Definition 8 An allocation rule ψ satisfies proportionate responsibility of p (PRp) if

for all q ∈ Q, for all (σ, t) ∈ ψ(q), k ∈ N such that σk = |N |, q′ = (N \ {k}, p′, θ′) ∈ Q,

such that for all i ∈ N \ {k}: θ′i = θi, p
′
i = pi, there exists (σ′, t′) ∈ ψ(q′) such that for all

i ∈ N \ {k}: σ′
i = σi and

t′i = ti + tk
pi

∑

j 6=k pj

.

An analogous fairness axiom results if we remove the job from the beginning of the queue.

Since the presence of the first job influenced each job depending on their θ values, its transfer

needs to be shared in proportion to θ values.

Definition 9 An allocation rule ψ satisfies proportionate responsibility of θ (PRθ)

if for all q ∈ Q, for all (σ, t) ∈ ψ(q), k ∈ N such that σk = 1, q′ = (N \ {k}, p′, θ′) ∈ Q,

such that for all i ∈ N \ {k}: θ′i = θi, p
′
i = pi, there exists (σ′, t′) ∈ ψ(q′) such that for all

i ∈ N \ {k}: σ′
i = σi and

t′i = ti + tk
θi

∑

j 6=k θj

.

The proportionate responsibility axioms are generalizations of equal responsibility axioms

introduced by Maniquet [4].
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4.3 Independence Axioms

The waiting cost of a job does not depend on the per unit time waiting cost of its preceding

jobs. Similarly, the waiting cost inflicted by a job to its following jobs is independent of the

processing times of the following jobs. These independence properties should hold for the

cost sharing rules. This gives us the following two independence axioms.

Definition 10 An allocation rule ψ satisfies independence of preceding jobs’ θ (IPJθ)

if for all q = (N, p, θ), q′ = (N, p′, θ′) ∈ Q, (σ, t) ∈ ψ(q), (σ′, t′) ∈ ψ(q′), if for all i ∈ N \{k}:

θi = θ′i, pi = p′i and γk < γ′k, pk = p′k, then for all j ∈ N such that σj > σk: πj = π′
j, where

π is the cost share in (σ, t) and π′ is the cost share in (σ′, t′).

Definition 11 An allocation rule ψ satisfies independence of following jobs’ p (IFJp)

if for all q = (N, p, θ), q′ = (N, p′, θ′) ∈ Q, (σ, t) ∈ ψ(q), (σ′, t′) ∈ ψ(q′), if for all i ∈ N \{k}:

θi = θ′i, pi = p′i and γk > γ′k, θk = θ′k, then for all j ∈ N such that σj < σk: πj = π′
j, where

π is the cost share in (σ, t) and π′ is the cost share in (σ′, t′).

5 The Characterization Results

In this section, we will see that all the fairness axioms discussed are satisfied by the Shapley

value rule. Moreover, the Shapley value rule can be characterized by choosing appropriate

subsets of these axioms. The next proposition shows that the Shapley value rule satisfies all

the fairness axioms discussed.

Proposition 1 The Shapley value rule satisfies efficiency, Pareto indifference, anonymity,

ETE, IVM, EC, ECB, IPJθ, IFJp, PRp, and PRθ.

Proof : The Shapley value rule chooses an efficient ordering and by definition the payments

add upto zero. So, it satisfies efficiency.

The Shapley value assigns same cost share to a job irrespective of the efficient ordering

chosen. For every efficient ordering σ, we include all (σ, t) in the Shapley value rule which

gives the Shapley value cost shares to jobs. So, it is Pareto indifferent.

The Shapley value is anonymous because the particular index of a job does not effect its

ordering or cost share.
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For ETE, consider two jobs i, j ∈ N such that pi = pj and θi = θj. Without loss of

generality assume the efficient ordering to be 1, . . . , i, . . . , j, . . . , n. Now, observe that,

[

Lj − Li

]

=
[

∑

k<j

pkθj −
∑

k<i

pkθi

]

=
∑

i≤k<j

pkθj (Using θi = θj)

=
∑

i<k≤j

pjθk (Using θi = θj and γk = γi for all i ≤ k ≤ j)

=
[

Ri −Rj

]

(Using pi = pj).

From Lemma 3 and Li +Ri = Lj +Rj, we have

SVi = piθi +
1

2

[

Li +Ri

]

= pjθj +
1

2

[

Lj +Rj

]

= SVj.

Let γ1 = . . . = γn. Any ordering is efficient. If we do a valid merger of jobs before or after

job i in an efficient ordering, then the resulting new job will interact with job i the same

way as the set of jobs that was merged. The relative ordering of the jobs will also remain

the same. This means the terms
∑

j∈Pi(σ) pjθi and
∑

j∈Fi(σ) piθj will remain the same after a

valid merger (σ is an efficient ordering). Thus, the Shapley value for job i remains the same.

Hence, the Shapley value rule satisfies IVM.

For EC, consider two jobs: (p1, θ1), (p2, θ2) of equal priority. The Shapley value of a job

remains the same in whichever ordering you choose. This means, if job 1 is in the first

position, its transfer is −1
2
p1θ2 = −1

2
p2θ1. But the transfer of job 1 in the first position is

−1
2
p2θ1. A similar argument shows that the transfer of job 1 in the second position is equal

to the transfer of job 2 in the second position. This means, the Shapley value rule satisfies

EC.

In the equal priority case, the Shapley value of a job i is piθi + 1
2

∑

j 6=i piθj = piθi +
1
2

∑

j 6=iEij(ψ), where ψ is the Shapley value rule. So, the Shapley value rule satisfies ECB.

Consider any job i, in an efficient ordering σ, if we increase the value of γj for some

j 6= i such that σj > σi, then the set Pi (the set of preceding jobs) does not change in the

new efficient ordering. If γj is changed such that pj remains the same, then the expression
∑

j∈Pi
θipj is unchanged. If (p, θ) values of no other jobs are changed, then the Shapley

value is unchanged by increasing γj for some j ∈ Pi while keeping pj unchanged. Thus, the

Shapley value rule satisfies IPJθ. An analogous argument shows that the the Shapley value

rule satisfies IFJp.

For PRp, assume without loss of generality that jobs are ordered 1, . . . , n in an efficient

ordering. Denote the transfer of job i 6= n due to the Shapley value with set of jobs N and
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set of jobs N \ {n} as ti and t′i respectively. Transfer of last job is tn = 1
2
θn

∑

j<n pj. Now,

ti =
1

2

[

θi

∑

j<i

pj − pi

∑

j>i

θj

]

=
1

2

[

θi

∑

j<i

pj − pi

∑

j>i:j 6=n

θj

]

−
1

2
piθn

= t′i −
1

2
θn

∑

j<n

pj
pi

∑

j<n pj

= t′i − tn
pi

∑

j<n pj

.

A similar argument shows that the Shapley value rule satisfies PRθ. �

We propose three different ways to characterize the Shapley value rule using our axioms.

All our characterizations involve efficiency, Pareto indifference, IVM, and EC. Additionally

we use IPJθ with either of IFJp or PRp, or we use IFJp with either IPJθ or PRθ.

Our first characterization involves both the independence axioms with efficiency, Pareto

indifference, IVM, and EC.

Theorem 1 An allocation rule ψ satisfies efficiency, Pareto indifference, IVM, EC, IPJθ,

and IFJp if and only if it is the Shapley value rule.

Proof : The “if” part follows from Proposition 1.

Define for any i, j ∈ N , θi
j = γipj and pi

j =
θj

γi
. Assume without loss of generality that σ

is an efficient ordering with σi = i ∀ i ∈ N for q = (N, p, θ).

Consider the following q′ = (N, p′, θ′) corresponding to job i with p′j = pj if j ≤ i and

p′j = pi
j if j > i, θ′j = θi

j if j < i and θ′j = θj if j ≥ i. Observe that all jobs have the same

γ: γi and thus, every ordering is efficient. By Lemma 2, Pareto indifference, and efficiency,

(σ, t′) ∈ ψ(q′) for some set of transfers t′. Using Lemma 4, we get cost share of i from (σ, t′)

as πi = piθi + 1
2
θi

∑

j 6=i pj = piθi + 1
2

[

Li + Ri

]

. Now, for any j < i, if we change θ′j to θj

without changing processing time, the new γ of j is γj ≥ γi. Applying IPJθ, the cost share of

job i should not change. Similarly, for any job j > i, if we change p′j to pj without changing

θj, the new γ of j is γj ≤ γi. Applying IFJp, the cost share of job i should not change.

Applying this procedure for every j < i with IPJθ and for every j > i with IFJp, we reach

q = (N, p, θ) and the payoff of i does not change from πi. Using this argument for every

i ∈ N and using the expression for the Shapley value in Lemma 3, we get the Shapley value

rule. �

It is possible to replace one of the independence axioms with an equity axiom on sharing

the transfer of a job. This is shown in Theorems 2 and 3.

Theorem 2 An allocation rule ψ satisfies efficiency, Pareto indifference, IVM, EC, IPJθ,

and PRp if and only if it is the Shapley value rule.
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Proof : The “if” part follows from Proposition 1.

As in the proof of Theorem 1, define θi
j = γipj ∀ i, j ∈ N . Assume without loss of

generality that σ is an efficient ordering with σi = i ∀ i ∈ N for q = (N, p, θ).

Consider a queue with jobs in set K = {1, . . . , i, i+1}, where i < n. Define q′ = (K, p, θ′),

where θ′j = θi+1
j ∀ j ∈ K. Define σ′

j = σj ∀ j ∈ K. σ′ is an efficient ordering for q′.

By Lemma 2, Pareto indifference, and efficiency for some transfers t′ we have (σ′, t′) ∈

ψ(q′). By Lemma 4 the cost share of job i + 1 in any allocation rule in ψ must be πi+1 =

pi+1θi+1 + 1
2

[

∑

j<i+1 pjθi+1

]

. Now, consider q′′ = (K, p, θ′′) such that θ′′j = θi
j ∀ j ≤ i and

θ′′i+1 = θi+1. σ
′ remains an efficient ordering in q′′ and by IPJθ the cost share of i+1 remains

πi+1. In q′′′ = (K \ {i + 1}, p, θ′′), we can calculate the cost share of job i using Lemma

4 as πi = piθi + 1
2

∑

j<i pjθi. So, using PRp we get the new cost share of job i in q′′ as

π′
i = πi + ti+1

pi�
j<i+1

pj
= piθi + 1

2

[

∑

j<i pjθi + piθi+1

]

.

Now, we can set K = K ∪{i+2}. As before, we can find cost share of i+2 in this queue

as πi+2 = pi+2θi+2 + 1
2

[

∑

j<i+2 pjθi+2

]

. Using PRp we get the new cost share of job i in the

new queue as πi = piθi + 1
2

[

∑

j<i pjθi + piθi+1 + piθi+2

]

. This process can be repeated till

we add job n at which point cost share of i is piθi + 1
2

[

∑

j<i pjθi +
∑

j>i piθj

]

. Then, we

can adjust the θ of preceding jobs of i to their original value and applying IPJθ, the payoffs

of jobs i through n will not change. This gives us the Shapley values of jobs i through n.

Setting i = 1, we get cost shares of all the jobs from ψ as the Shapley value. �

Theorem 3 An allocation rule ψ satisfies efficiency, Pareto indifference, IVM, EC, IFJp,

and PRθ if and only if it is the Shapley value rule.

Proof : The “if” part follows from Proposition 1.

The proof of “only if” part mirrors the proof of Theorem 2. We provide a short sketch.

Analogous to the proof of Theorem 2, θs are kept equal to original data and processing

times are initialized to pi+1
j . This allows us to use IFJp. Also, in contrast to Theorem 2,

we consider K = {i, i + 1, . . . , n} and repeatedly add jobs to the beginning of the queue

maintaining the same efficient ordering. So, we add the cost components of preceding jobs

to the cost share of jobs in each iteration and converge to the Shapley value rule. �

Some comments about our characterization results and Maniquet’s [4] characterization

for the case of p1 = . . . = pn = 1 are in order. Observe that we do not use the ETE axiom

in our characterizations. But Maniquet uses the ETE axiom for his model. It is clear that

identical jobs ought to have identical bargaining power (ETE axiom). But it is not clear as

how bargaining power is distributed among jobs of equal priority. We have tried to establish

this through IVM with EC and ECB (using invariance in ordering). In a sense, the ETE

axiom in Maniquet’s model makes the cost share of a job single-valued when every ordering

of jobs is efficient. This cannot be achieved in our model using the ETE axiom. But it is
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achieved using IVM with EC (Lemma 4) or ECB (Lemma 5) for our model. The “identical

preferences lower bound” axiom used in [4] is not satisfied by the Shapley value rule in our

model. So, no characterization is possible using it.

6 An Alternate Characterization

In the previous section, we stated some reasonable axioms (some standard and some new)

and characterized the Shapley value rule using them. In this section, we take an alternate

approach. The approach is motivated by the fact that the relative ordering of any pair of

jobs in any efficient ordering gives an efficient ordering of that pair. Is it possible to look at

transfers between these pairs of jobs and characterize the Shapley value rule for that ordering

from that? In linear programming terms, the problem of finding an efficient ordering is a

primal problem whose dual variables can be interpreted as transfers. In essence, we are

assuming that jobs pay each other (in stead of being paid by the server) and the transfer

between two jobs only depend on the costs they inflict on each other and is independent of

the costs due to other jobs. This motivates our characterization in this section.

Consider two jobs i and j and the problem of ordering them. This can be done indepen-

dent of other jobs present. In particular, we have the binary variables xik (respectively xjk)

for k = 1, 2, which means that job i (respectively j) is placed in position k. The problem of

finding an efficient ordering between i and j can be written as a simple linear program using

these variables.

Cij = minxi2pjθi + xj2piθj

s.t. (P(ij))
∑

k=1,2

xik = 1 (3)

∑

k=1,2

xjk = 1 (4)

xik + xjk = 1 for k = 1, 2

xik, xjk ≥ 0 for k = 1, 2

The objective function minimizes the waiting cost due to the ordering of i and j. We do

not need to consider the waiting cost due to other jobs when we are ordering i and j. The

constraints are one-to-one assignment constraints.2

2It is well known that the feasible solution space of assignment problem has integral extreme points.

Thus, we need not place binary constraints on the variables and a linear programming formulation gives us

optimal solution to the problem.
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The dual of formulation (P(ij)) gives us information about transfers.

Cij = maxπij
i + π

ij
j + t

ij
1 + t

ij
2 .

s.t. (D(ij))

π
ij
i + t

ij
1 ≤ 0 (5)

π
ij
j + t

ij
1 ≤ 0 (6)

π
ij
i + t

ij
2 ≤ pjθi (7)

π
ij
j + t

ij
2 ≤ piθj (8)

The superscript (ij) in the dual variables indicate that formulation is corresponding to the

ordering of jobs i and j. The relative ordering obtained from an efficient ordering to the

original problem of n jobs, is an optimal solution to formulation (P(ij)). Suppose that it is

xi1 = 1 and xj2 = 1, then complementary slackness condition tells us that constraints (5)

and (8) will be tight in the optimal solution of (D(ij)). This gives us the following set of

equations:

π
ij
i + t

ij
1 = 0 (CS-1)

π
ij
j + t

ij
2 = piθj (CS-2)

Substituting for πij
i and πij

j in constraints (6) and (7), we get that the following inequalities

are satisfied at the optimal solution of (D(ij)).

t
ij
2 − t

ij
1 ≤ pjθi (9)

t
ij
2 − t

ij
1 ≥ piθj (10)

If we interpret tij1 to be the transfer of job in position 1 in the optimal solution of (P(ij))

(in this case job i) and t
ij
2 to be the transfer of job in position 2 in the optimal solution of

(D(ij)) (in this case job j), then Equations (9) and (10) gives us a family of transfers. Since,

we are considering only jobs i and j, it is natural to impose the following budget-balance

constraint on the transfers obtained in this manner.

t
ij
1 + t

ij
2 = 0 (11)

Equation (11) says that the transfer made by job i to job j is equal to the transfer received

by job j from job i. Imposing Equation (11) on the dual optimal space, we get the following

bound on the transfers.

t
ij
1 = −tij2 (12)

1

2
pjθi ≥ t

ij
2 ≥

1

2
piθj (13)

Equations (12) and (13) further reduce the dual optimal solution space but still leaves us

with a family of transfers. In the rest of section, we intend to show that one of these transfers

corresponds to the Shapley value rule.
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6.1 Pairwise No-Envy Transfers

Using the duality argument discussed, we are going to define some concepts. We will assume

that jobs make transfers to each other. So, tij is the transfer of job i to job j (j 6= i) and t

is the vector of such transfers. The total transfer of job i is
∑

j 6=i tij. Implicit in this scheme

is the assumption that tij + tji = 0. This means transfer made from i to j and j to i should

add up to zero.

Definition 12 (Pairwise No-Envy Allocation) An allocation (σ, t) is a pairwise no-

envy allocation if for every i, j ∈ N

• σi < σj ⇒ −tij ≤ pjθi − tji and piθj − tji ≤ −tij.

• tij + tji = 0.

The transfer t is called a pairwise no-envy transfer.

The conditions in the definition of pairwise no-envy allocation comes out of the optimal dual

solution characterized earlier. A careful look at the first condition shows how a sense of

no-envy comes out of this definition. If σi < σj, then the current cost share of job i due

to job j is −tij and that of job j due to job i is piθj − tji. But if i and j switch positions,

then the cost share of job i due to job j is pjθi − tji and that of job j due to job i is −tij.

The first condition says i and j are not better off switching their current positions. The

second condition says that transfers between two jobs should add up to zero. In essence,

the scenario has assumed no role for the server in calculating transfers. So, every pair of job

forms a separate market to decide their transfers. We call such markets “markets of pairs”,

where two jobs decide their transfers based on the relative ordering between them imposed

by the efficient ordering. The pairwise no-envy condition tells us that they determine these

transfers purely based on their individual interaction and such that they would not prefer to

switch their relative positions. This gives us a characterization of the Shapley value rule.

Theorem 4 Let (σ, t) be a pairwise no-envy allocation. If σ is an efficient ordering and t

minimizes
∑

i∈N

∑

j 6=i |tij| over all possible transfers, then (σ, t) is an allocation implied by

the Shapley value rule.

Proof : Consider any two jobs i, j ∈ N . Without loss of generality, assume that σi < σj.

Pairwise no-envy allocation gives us piθj ≤ tji − tij ≤ pjθi. Substituting, tij + tji = 0, we get
1
2
piθj ≤ tji ≤

1
2
pjθi. So, tji > 0 and tij < 0. Now,

∑

i∈N

∑

j 6=i |tij| =
∑

i∈N

∑

j:σi<σj
−tij +

∑

i∈N

∑

j:σj<σi
tij =

∑

i∈N

∑

j:σi<σj
(tji − tij). Clearly, this is minimized if tji = 1

2
piθj and

tij = −1
2
piθj for every i, j ∈ N . This gives transfer of job i as

∑

j 6=i tij = 1
2

[

∑

σj<σi
pjθi −

∑

σj>σi
piθj

]

. So, cost share of i in allocation (σ, t) is piθi + 1
2

[

∑

σj<σi
pjθi +

∑

σj>σi
piθj

]

.

By Lemma 3, this is the Shapley value cost share of job i. Since σ is efficient, (σ, t) is a rule

implied by the Shapley value rule. �
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tij + tji = 0

tji − tij = pjθi
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mal solutions of P(ij) orders
i first and j next

Pairwise no-envy
transfer associated
with the Shapley
value rule

Figure 1: A Family of Transfers From Duality Arguments

Figure 1 gives a pictorial representation of the characterization. For every job pair

i, j ∈ N , the first condition in an efficient pairwise no-envy allocation allows us to select

transfers from the dashed region, corresponding to optimal solutions to the dual problem

D(ij). By imposing the constraint tij + tji = 0, we get a smaller set of feasible transfers,

denoted by the thick black line inside the dashed region. The lower extreme point of this

line represents the point corresponding to the Shapley value rule. Adding the transfers from

such extreme points from such figures corresponding to pairs of jobs in which i is present

gives us the Shapley value rule. This also minimizes the absolute value over all such possible

transfers.

6.1.1 Family of Pairwise No-Envy Transfers

Using an argument similar to Theorem 4, we can show that an efficient and pairwise no-

envy allocation (σ, t) which maximizes the absolute value of transfers is a rule in which the

transfer of job i is

ti =
1

2

[

∑

j:σi>σj

piθj −
∑

j:σi<σj

pjθi

]

.

This is the upper extreme point of the thick black line in Figure 1. From Equation (2),

this is the transfer corresponding to the Shapley value when α = 0 in the weighted coalition

game (i.e., by defining the worth of a coalition by allowing jobs not in the coalition to be

served first).
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In the weighted coalition game, for any 0 ≤ α ≤ 1, we can get the transfers corresponding

to the Shapley value by taking convex combination of the extreme points of the thick black

line in Figure 1. Thus, the Shapley value rule corresponding to the weighted coalition game

is completely characterized by the pairwise no-envy allocations (the thick black line in Figure

1).

6.1.2 Non-negative Cost Share Constraint

Non-negativity is a natural constraint to pose on the cost share of a job. In the ‘market

of pairs’ setup, we can impose non-negativity of cost shares of jobs in every such market.

This means, of all the optimal dual solution of (D(ij)), we are interested in those solutions

in which π
ij
i ≥ 0 and π

ij
j ≥ 0. Assuming efficient (relative) ordering of i and j is σ with

σi < σj and translating this in terms of transfers using Equations (CS-1) and (CS-2),

we get tij ≤ 0 and tji ≤ piθj (replacing t
ij
1 by tij and t

ij
2 by tji in Equations (CS-1) and

(CS-2)). Observe that these transfers make perfect sense (in terms of fairness): the earlier

job should always pay the later job and the later job should not be compensated more

than its waiting cost. Although the constraint tij ≤ 0 is satisfied by all pairwise no-envy

transfers, the constraint tji ≤ piθj need not be satisfied by all the pairwise no-envy transfers.

Specifically, if the value of pjθi is very high, then there can be some pairwise no-envy transfers

which violates this constraint. This means, there can be some pairwise no-envy transfers

(specifically, corresponding to the upper extreme point of the thick black line in Figure 1)

where cost share of a job may be negative. This is illustrated in Figure 2. The thick black

line representing all the pairwise no-envy transfers has two distinct parts. The part which

lies above the line tji = piθj corresponds to all the pairwise no-envy transfers which give

negative cost share to job j because of interaction between jobs i and j. On the other hand,

the part which lies below the line tji = piθj corresponds to all the pairwise no-envy transfers

which give positive cost share to job j because of interaction between jobs i and j.

6.2 The Equal γ Case

When γ1 = . . . = γn, the dual optimal region in Figure 1 is a straight line and it intersects

the budget-balance line (tij + tji = 0) exactly at one point. This point corresponds to the

Shapley value rule. Thus, in the equal γ case, if we impose pairwise no-envy, we can reach

at a lemma analogous to Lemma 4. This means that IVM with EC or ECB axioms can be

replaced by pairwise no-envy allocation in equal γ case in our characterizations in Theorems

1, 2, and 3.

7 No-envy in Cost Sharing

Chun [3] discusses a fairness condition called no-envy for the case when processing times of

all jobs are unity. In general, no-envy, introduced by Foley [7], is a well-studied concept for
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Figure 2: Pairwise No-envy Transfers May Give Negative Cost Share

a wide class of problems in economics. It requires that no job should end up with a higher

payoff (in our case, a lower cost share) by consuming what any other job consumes (in our

case being at a position of another job and receiving the transfer of that job). Formally,

no-envy can be defined as follows.

Definition 13 An allocation rule satisfies no-envy if for all q ∈ Q, (σ, t) ∈ ψ(q), and for

every i ∈ N , we have πi ≤ ci(σ
ij) − tj for every j 6= i, where πi is the cost share of job i

from allocation rule (σ, t) and σij is the ordering obtaining by swapping i and j in σ.

From the result in [3], the Shapley value rule does not satisfy no-envy in our model also.

To overcome this, Chun [3] introduces the notion of adjusted no-envy, which he shows is

satisfied in the Shapley value rule when processing times of all jobs are unity. Here, we

show that adjusted envy continues to hold for the Shapley value rule in our model (when

processing times need not all be unity).

As before let σij denote an ordering where the position of i and j is swapped from an

ordering σ. For adjusted no-envy, if (σ, t) is an allocation for some q ∈ Q, and let tij be the

transfer of job i when the transfer of i is calculated with respect to ordering σij. Observe

that an allocation may not allow for calculation of tij. For example, if ψ is efficient, then tij

cannot be calculated if σij is not an efficient ordering. For simplicity, we state the definition

of adjusted no-envy to apply to all such rules.

Definition 14 An allocation rule satisfies adjusted no-envy if for all q ∈ Q, (σ, t) ∈ ψ(q),

and i, j ∈ N , we have πi ≤ ci(σ
ij) − t

ij
i .
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Proposition 2 The Shapley value rule satisfies adjusted no-envy.

Proof : Without loss of generality, assume efficient ordering of jobs is: 1, . . . , n. Consider

two jobs i and i+ k. From Lemma 3,

SVi = piθi +
1

2

[

∑

j<i

θipj +
∑

j>i

θjpi

]

.

Let π̂i be the cost share of i due to adjusted transfer t
i(i+k)
i in the ordering σi(i+k).

π̂i = ci(σ
i(i+k)) − t

i(i+k)
i

= piθi +
1

2

[

∑

j<i

θipj + θipi+k +
∑

i<j<i+k

θipj +
∑

j>i

θjpi − θi+kpi −
∑

i<j<i+k

θjpi

]

= SVi +
1

2

∑

i<j≤i+k

[

θipj − θjpi

]

≥ SVi (Using the fact that γi ≥ γj for i < j).

�

Next, we ask what types of cost sharing rules satisfy no-envy. Our first observation in

this regard is a representation of the no-envy constraints as a constraint in an appropriate

directed graph. We say no-envy is possible in an allocation rule if there exists some

transfers which satisfies no-envy.

Let σ be the ordering chosen by an allocation rule. The no envy condition in Definition

13 can be written as

tj − ti ≤ ci(σ
ij) − ci(σ) ∀ i, j ∈ N. (14)

Now, construct a complete directed graph (call it Q-graph) with nodes as the jobs and

weights of ci(σ
ij) − ci(σ) on the edge from job j to job i. A famous result in graph theory

says that the system of inequalities (14) has a feasible solution if and only if the resulting

directed graph has no negative cycles. This shows no-envy is possible if and only if the

Q-graph has no negative cycles.3

Theorem 5 No-envy is possible if and only if the Q-graph has no negative cycles. Further,

the following statements are true.

(i) If the Q-graph has no negative cycles, then any rule which satisfies no-envy should

choose an efficient ordering.

(ii) If p1 = . . . = pn, then the Q-graph has no negative cycles.

3This particular technique has been applied in a mechanism design context. Gui et al. [8] apply a similar

graph theoretic technique to characterize dominant strategy mechanisms with quasi-linear utility and multi-

dimensional types.
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Proof : (i) We will show that if the Q-graph has no negative cycles, then the ordering σ in

an allocation rule satisfying no-envy is efficient. Without loss of generality, assume that σ

is the ordering defined by 1, . . . , n. If the Q-graph has no negative cycles, then considering

the cycle between i and i+ 1, we can write for any i ∈ N ,

ci+1(σ
(i+1)i) − ci+1(σ) + ci(σ

i(i+1)) − ci(σ) ≥ 0

⇒ −θi+1pi + θipi+1 ≥ 0

⇒ γi ≥ γi+1.

This means (from Lemma 1) that σ is an efficient ordering.

(ii) Consider the case p1 = p2 = . . . = pn = p. If σ is an efficient ordering, then

θ1 ≥ θ2 . . . ≥ θn. Now, without loss of generality consider the cycle, i, j, k, . . . , l, i, where

i < j < k < l. This means weight of the edge from job i to job j is −θjp(j − i). Similarly,

weight of the edge from job j to job k is −θkp(k − j). Adding all weights of edges in the

path from i to l we get the total weight of path from i to l as ∆il,

∆il = −θjp(j − i) − θkp(k − j) − . . . (15)

Weight of edge defined from l to i is θip(l − i). So, the total weight of cycle can be written

as,

∆il + θi(l − i)

= −θjp(j − i) − θkp(k − j) − . . .+ θip(l − i)

≥ −θip(j − i) − θip(k − j) − . . .+ θip(l − i)

= 0.

This means the Q-graph has no negative cycles. �

In general, the Q-graph may have negative cycles, in which case no-envy is not possible.

Consider the following example which shows the absence of no-envy. There are three jobs

with the following parameters (θ, p): (1, 1), (2, 3), (3, 5). Assume for contradiction that no-

envy rule exists. From Theorem 5, if no-envy rule exists it should select an efficient ordering.

The efficient ordering in our case is: job 1 followed by job 2 followed by job 3. Let the transfer

vector selected by the no-envy rule be t. Writing the no-envy rule for jobs 1 and 3, we get

−t1 ≤ 8 − t3 and 12 − t3 ≤ −t1. This implies t3 − t1 ≤ 8 and t3 − t1 ≥ 12, which is a

contradiction. The intuition for the absence of no-envy is that the last job incurs too much

waiting cost which needs to be compensated with high transfers (else it would like to switch

to the first position). But the fist job does not incur so much waiting cost by switching to

the last position. So, he prefers to switch to the last position to get the high transfer of the

last job and low waiting cost.

We note that the no-envy constraints are competitive equilibrium constraints for our

model. We can treat every position as an indivisible object which needs to be assigned to
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jobs (agents). We can associate transfers with positions which are like prices. Value of a

position for a job is negative of waiting cost the job incurs by switching position with the

job in that position in an ordering. Thus, we arrive at an immediate corollary to Theorem

5

Corollary 1 The no-envy constraints are competitive equilibrium constraints and the ab-

sence of no-envy implies the absence of competitive equilibrium in our model.

Also, note that since no-envy constraints are equivalent to competitive equilibrium con-

straints in our model, the first result in Theorem 5 is nothing but the first fundamental

theorem of welfare economics.

7.1 The Case of Equal Processing Times

In the rest of the section, we will discuss a case when no-envy is possible and characterize

these rules. We will focus on the case when p1 = . . . = pn = p. From Theorem 5, no-envy is

possible in this setting. Moreover, any rule which satisfies no-envy in such a setting should

choose an efficient ordering.

We denote the set of positions in the system as M = {1, . . . , j, . . . , n}. When processing

times are same (p) for all jobs, the waiting cost of job i being served in position j in the

queue is jpθi. We denote cij = jpθi. In this case, the problem of finding an efficient ordering

can be written as a linear program. Let xij denote if job i is assigned to position j.

C = min
∑

i∈N

∑

j∈M

cijxij

s.t. (P)
∑

j∈M

xij ≥ 1 ∀ i ∈ N

∑

i∈N

xij = 1 ∀ j ∈M

xij ≥ 0 ∀ i ∈ N, ∀ j ∈M.

This is the standard one-to-one assignment problem. The first set of constraints can be writ-

ten as an equality. But it is written as an inequality so that the dual variables corresponding

to that constraint can be interpreted nicely. The dual of formulation (P) can be written as

follows.

C = max
∑

i∈N

πi +
∑

j∈M

tj

s.t. (D)

πi + tj ≤ cij ∀ i ∈ N, ∀ j ∈M.

πi ≥ 0 ∀ i ∈ N.
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Observe that given t variables at an optimal solution, we can find the π variables by setting

πi = minj∈M

[

cij − tj

]

(from complementary slackness). So, only t variables are sufficient

to describe an optimal solution of formulation (D). Without loss of generality, assume that

the efficient ordering (optimal solution to (P)) assigns job i to position i for every i ∈ N .

The non-negative dual variable πi can be interpreted as the cost share of job i and the free

variable tj can be interpreted as transfer of job at position j. In that case, the dual feasibility

constraints say that for every job i and position j, if i goes to position j and gets a transfer of

tj (the transfer corresponding to position j), then the resulting cost share should be weakly

worse off than πi.

Let the transfers be associated with positions in stead of jobs. The following theorem

says that formulations (P) and (D) characterizes rules satisfying no-envy.

Theorem 6 Let p1 = . . . = pn = p and ψ be an allocation rule. ψ satisfies no-envy if and

only if for every q ∈ Q, (σ, t) ∈ ψ(q), σ is an optimal solution of formulation (P) and t is

an optimal solution of formulation (D).

Proof : For any q ∈ Q, consider (σ, t) ∈ ψ(q). Without loss of generality assume σi = i. If

σ is an optimal solution of (P) and t is an optimal solution of (D), we can set πi = cii − ti

by complementary slackness. πi is nonnegative from feasibility of (D). Thus, πi represents

the cost share of job i in an efficient ordering with transfer ti. The feasibility constraints in

(D) are no-envy constraints. Thus, ψ satisfies no-envy.

If ψ satisfies no-envy, then for any q ∈ Q, (σ, t) ∈ ψ(q), σ is an efficient ordering by

Theorem 5. So, σ is an optimal solution of (P). Without loss of generality assume that

σi = i. Set πi = cii − ti. By no-envy (π, t) is feasible. The complementary slackness

condition requires that πi = cii − ti for every i ∈ N , which is satisfied. By duality theory,

a dual and primal feasible solution pair satisfying complementary slackness conditions are

optimal solutions. So, (π, t) is an optimal solution of (D). �

Thus, solutions of (P) and (D) characterize completely the no-envy rules. Observe that

a rule that satisfies no-envy need not be efficient. The missing constraint in the dual (D)

is the budget-balance constraint in the efficient rule,
∑

j∈M tj = 0. But in general, no-envy

does not require transfers to add up to zero. In deed, an optimal solution of (D) may not

exist such that
∑

j∈M tj = 0. But if the system has only two jobs, there exists an efficient

allocation which satisfies no-envy. In such a case, the primal and dual problem is the same

as in pairwise no-envy allocation formulations (P(ij)) and (D(ij)). As shown in Figure 1,

there exists a family of efficient allocations (corresponding to pairwise no-envy allocations)

which satisfy no-envy. In fact, the Shapley value rule satisfies no-envy in this simple case.

7.1.1 The Price of No-Envy

As discussed, the no-envy solutions for the equal processing times case need not have budget

balance. In that case, either the server may end up paying some transfers or receiving some
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transfers on its own. This is the price the server (if
∑

j∈M tj > 0) or the jobs (if
∑

j∈M tj < 0)

have to pay to achieve no-envy. We define |
∑

j∈M tj| as the price of no-envy. If we achieve

budget-balance, then the price of no-envy is zero.

There is some no-envy solution for which the price of no-envy is minimum. There is a

simple and elegant way to compute this minimum price of no-envy using linear programming.

Let C∗ denote the objective function value of (D) in the optimal solution. Now, consider

the following linear program.

min ε

s.t. (Dε)
∑

i∈N

πi +
∑

j∈M

tj = C∗ (16)

πi + tj ≤ cij ∀ i ∈ N, ∀ j ∈M

−ε ≤
∑

j∈M

tj ≤ ε

πi, ε ≥ 0 ∀ i ∈ N.

Formulation (Dε) finds a no-envy solution which is optimal by imposing the constraint (16).

This is because any feasible solution (π, t, ε) of (Dε) is such that (π, t) is feasible in (D).

Constraint (16) says that it has to be an optimal solution of (D). The ε variable at the

optimal solution of (Dε) gives us the minimum price of no-envy. This is achieved through

the bounds placed on
∑

j∈M tj using the ε variable and minimizing the value of ε.

8 Discussions and Summary

8.1 A Reasonable Class of Cost Sharing Mechanisms

In this section, we will define a reasonable class of cost sharing mechanisms. We will show how

these reasonable mechanisms lead to the Shapley value mechanism. The following reasonable

cost sharing mechanism requires that every job should be paid a constant fraction (α) of its

waiting cost and charged a constant fraction (β) of the cost it inflicts on other jobs.

Definition 15 An allocation rule ψ is reasonable if for all q ∈ Q and (σ, t) ∈ ψ(q) we

have for all i ∈ N ,

ti = α
[

θi

∑

j∈Pi(σ)

pj

]

− β
[

pi

∑

j∈Fi(σ)

θj

]

∀ i ∈ N,

where 0 ≤ α ≤ 1 and 0 ≤ β ≤ 1.

If we impose
∑

i∈N ti = 0, we get α
∑

i∈N θi

∑

j∈Pi(σ) pj = β
∑

i∈N pi

∑

j∈Fi(σ) θj. Conse-

quently α = β. If α = β = 0, then every job bears its own cost. If α = β = 1, then every job
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gets compensated for its waiting cost but compensates others for the cost it inflicts on others.

The Shapley value rule comes as a result of ETE as shown in the following proposition.

Proposition 3 Any efficient and reasonable allocation rule ψ that satisfies ETE is a rule

implied by the Shapley value rule.

Proof : Consider a q ∈ Q in which pi = pj and θi = θj. Let (σ, t) ∈ ψ(q) and π be the

resulting cost shares. From ETE, we get,

πi = πj

⇒ ci(σ) − ti = cj(σ) − tj

⇒ piθi + (1 − α)Li + αRi = pjθj + (1 − α)Lj + αRj (Since ψ is efficient and reasonable)

⇒ (1 − α)(Li − Lj) = α(Rj −Ri) (Using pi = pj, θi = θj)

⇒ 1 − α = α (Using Li − Lj = Rj −Ri 6= 0)

⇒ α =
1

2
.

This gives us the Shapley value rule by Lemma 3. �

8.2 Summary

We studied the problem of sharing costs for a job scheduling problem on a single server,

when jobs have processing times and per unit time waiting costs. We took a cooperative

game theory approach and showed that the famous Shapley value rule satisfies many nice

fairness properties. We characterized the Shapley value rule using different intuitive fairness

axioms. We also characterized the Shapley value rule using dual optimal solutions of a linear

program which orders pairs of jobs in the queue efficiently. Finally, we looked at no-envy

rules. We showed that in general there may not exist a no-envy rule. But when all jobs have

the same processing time, the no-envy rules are characterized by a pair of linear programs

which are dual to each other. Even in this special case, there may not exist a rule which is

efficient and satisfies no-envy.

In future, we plan to further simplify some of the fairness axioms. We also plan to look

at cost sharing mechanisms other than the Shapley value rule. Investigating the strategic

power of jobs in such mechanisms is another line of future research that we are presently

considering.
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Appendix

Proof of Lemma 3

Proof : The Shapley value for the weighted coalition rule can be written as SVi =
∑

S⊆N :i∈S
∆(S)
|S|

,

where ∆(S) = C(S) if |S| = 1 and ∆(S) = C(S) −
∑

T(S

∆(T ). This means, ∆({i}) =

piθi + (1 − α)
∑

k 6=i

pkθi ∀ i ∈ N . For any i, j ∈ N with i 6= j, we have

∆({i, j}) = C({i, j}) − C({i}) − C({j})

= piθi + pjθj + min(pjθi, piθj) + (1 − α)θi

∑

k/∈{i,j}

pk + (1 − α)θj

∑

k/∈{i,j}

pk

− piθi − pjθj − (1 − α)θi

∑

k 6=i

pk − (1 − α)θj

∑

k 6=j

pk

= min(pjθi, piθj) − (1 − α)(pjθi + piθj).

By induction, we will show that ∆(S) = 0 for |S| > 2. For |S| = 3, let S = {i, j, k}. Without

loss of generality, assume γi ≥ γj ≥ γk. So, ∆(S) = C(S)−∆({i, j})−∆({j, k})−∆({i, k})−

∆({i})−∆({j})−∆({k}) = C(S)−piθj +(1−α)(pjθi +piθj)−pjθk +(1−α)(pjθk +pkθj)−

piθk+(1−α)(piθk+pkθi)−piθi−(1−α)θi

∑

l 6=i

pl−pjθj−(1−α)θj

∑

l 6=j

pl−pkθk−(1−α)θk

∑

l 6=k

pl =

C(S)− piθi − pjθj − pkθk − piθj − (pi + pj)θk − (1−α)
[

θi

∑

l 6=i,j,k

pl + θj

∑

l 6=i,j,k

pl + θk

∑

l 6=i,j,k

pl

]

=

C(S) − C(S) = 0.

Now for |S| > 3, assume for T ( S, ∆(T ) = 0 if |T | > 2. Without loss of generality,

assume σ to be the identity mapping. Now,

∆(S) = C(S) −
∑

T(S

∆(T )

= C(S) −
∑

i∈S

∑

j∈S:j>i

∆({i, j}) −
∑

i∈S

∆({i})

We will show that
∑

i∈S

∑

j∈S:j>i

∆({i, j}) +
∑

i∈S

∆({i}) = C(S).

∑

i∈S

∑

j∈S:j>i

∆({i, j}) +
∑

i∈S

∆({i}) =
∑

i∈S

∑

j∈S:j>i

[

piθj − (1 − α)(pjθi + piθj)
]

+
∑

i∈S

[

piθi + (1 − α)
∑

j∈N :j 6=i

pjθi

]
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=
∑

i∈S

∑

j∈S:j>i

[

αpiθj − (1 − α)pjθi

]

+
∑

i∈S

piθi

+
∑

i∈S

(1 − α)
[

∑

j∈S:j>i

pjθi +
∑

j∈S:j<i

pjθi +
∑

j∈N\S

pjθi

]

=
∑

i∈S

∑

j∈S:j<i

αpjθi −
∑

i∈S

(1 − α)
∑

j∈S:j>i

pjθi +
∑

i∈S

piθi

+
∑

i∈S

(1 − α)
[

∑

j∈S:j>i

pjθi +
∑

j∈S:j<i

pjθi +
∑

j∈N\S

pjθi

]

(Using
∑

i∈S

∑

j∈S:j>i

piθj =
∑

i∈S

∑

j∈S:j<i

pjθi)

=
∑

i∈S

piθi +
∑

i∈S

∑

j∈S:j<i

pjθi +
∑

i∈S

(1 − α)
∑

j∈N\S

pjθi = C(S).

By induction, ∆(S) = 0 for |S| > 2. Using the Shapley value formula for the weighted

coalition rule,

SVi =
∑

S⊆N :i∈S

∆(S)

|S|
= ∆({i}) +

1

2

∑

j∈N :j 6=i

∆({i, j})

= piθi + (1 − α)θi

∑

j 6=i

pj

+
1

2

[

∑

j∈N :j<i

[

pjθi − (1 − α)(pjθi + piθj)
]

+
∑

j∈N :j>i

[

piθj − (1 − α)(pjθi + piθj)
]

]

= piθi +
∑

j∈N :j<i

pjθi −
1

2

[

∑

j∈N :j<i

[

αpjθi + (1 − α)piθj

]

−
∑

j∈N :j>i

[

αpiθj + (1 − α)pjθi

]

]

.

�

A Symmetry Axiom

In this section, we will derive Lemma 4 using a symmetry axiom. Thus, we answer the

question of how to share the costs of jobs in the equal γ case using a different axiom.

Every job inflicts some cost to the system because of its presence. It has two components:

(i) its own processing cost and (ii) waiting cost it inflicts on its followers. We call this the

inflicted cost. Denote the inflicted cost of job i in an ordering σ as ĉi(σ). As before, we will

continue to denote ci(σ) as the total cost incurred by job i in an ordering σ.

Our current approach designs rules which redistributes the costs incurred by jobs. An

alternate approach will be to distribute inflicted costs. For a rule ψ and any queue instance, if
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(σ, t) is the allocation chosen, then κi(σ, t) = ĉi(σ)+ti gives the total cost share of the system

for job i. This is different from cost share of job i, which is given as πi(σ, t) = ci(σ) − ti.

But given an allocation (σ, t), we can distribute costs in terms of cost share of jobs (π) or

cost share of system (κ). Both are equivalent ways to share the total cost of the system.

The first method shares waiting costs while the latter method shares inflicted costs. We will

impose an axiom which will require that any symmetry in inflicted cost and cost incurred

should also be translated to respective cost sharing methods. Now, consider the following

definition.

Definition 16 Two orderings σ and σ′ are symmetric of each other with respect to job i,

iff ci(σ) = ĉi(σ
′) and ĉi(σ) = ci(σ

′). Two allocations (σ, t) and (σ′, t′) are symmetric of

each other with respect to job i iff πi(σ, t) = κi(σ
′, t′) and πi(σ

′, t′) = κi(σ, t).

Our next axiom says that if a rule chooses two allocations such that the orderings are

symmetric of each other with respect every job, then the allocations should also be symmetric

of each other with respect to every job.

Definition 17 An allocation rule ψ satisfies symmetry if for all q ∈ Q and any (σ, t), (σ′, t′) ∈

ψ(q), if σ and σ′ are symmetric with respect to every job in N , then (σ, t) and (σ′, t′) are

also symmetric with respect to every job in N .

Let us consider the case when γ1 = . . . = γn. We call this the equal γ case. The symmetry

axiom tells us how to share costs in the equal γ case as shown in the next Lemma.

Lemma 6 Consider a q ∈ Q such that γ1 = . . . = γn. In an efficient allocation rule ψ

satisfying Pareto indifference and symmetry, for every job i ∈ N , the cost share of i is given

as piθi + 1
2
pi

∑

j 6=i θj = piθi + 1
2

[

θi

∑

j∈Pi(σ̂) pj + pi

∑

j∈Fi(σ̂) θj

]

, where σ̂ is any ordering of

jobs in N .

Proof : Let (σ, t) ∈ ψ(q). σ is an efficient ordering. Construct σ′ by reversing the ordering

σ. Due to the equal γ case, σ′ is an efficient ordering. From Lemma 2 there exists transfers

t′ such that (σ′, t′) is an efficient allocation and ci(σ)− ti = ci(σ
′)− t′i for all i ∈ N . Since ψ

satisfies Pareto indifference (σ′, t′) ∈ ψ(q).

In the equal γ case, piθj = θipj for any pair of jobs i, j ∈ N and i 6= j. Consider any job

i ∈ N . ci(σ) = piθi + θi

∑

j∈Pi(σ) pj = piθi + pi

∑

j∈Pi(σ) θj = piθi + pi

∑

j∈Fi(σ′) θj = ĉi(σ
′).

Similarly, ĉi(σ) = ci(σ
′). This means σ and σ′ are symmetric with respect to every job in

N . Since, ψ satisfies symmetry, (σ, t) and (σ′, t′) should also be symmetric with respect to

every job in N .

This means for every job i ∈ N , πi(σ, t) = κi(σ
′, t′) and πi(σ

′, t′) = κi(σ, t). Due to

Pareto indifference πi(σ, t) = πi(σ
′, t′), which implies πi(σ, t) = κi(σ, t). Simplifying, ci(σ) −

ti = ĉi(σ) + ti. This gives, ti = 1
2

[

ci(σ) − ĉi(σ)
]

. This means the cost share of job i is

ci(σ) − ti = 1
2

[

ci(σ) + ĉi(σ)
]

= piθi + 1
2
pi

∑

j 6=i θj = piθi + 1
2

[

θi

∑

j∈Pi(σ̂) pj + pi

∑

j∈Fi(σ̂) θj

]

,

where σ̂ is any ordering of jobs in N . This can be shown for every job i ∈ N . �
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Zero-Sum Extreme Transfers

In this section, we will derive Lemma 4 using a different axiom. This axiom is based on

transfers of jobs at the beginning and end of a queue when all jobs have equal priority.

Let us consider the case when γ1 = . . . = γn. Observe that by Lemma 1, every ordering

is efficient in the equal priority case. If a job is placed at the beginning of such a queue, it

inflicts waiting cost (equal to pi

∑

j 6=i θj) to other jobs. This waiting cost exactly equals the

waiting cost it would incur (θi

∑

j 6=i pj = pi

∑

j 6=i θj) if it was at the end of the queue. It

incurs zero cost being at the first position and inflicts zero waiting cost on other jobs being

at the last position. Our axiom in this section demands that such contrast in externality

translates to transfers in the same manner. This means, if every ordering is efficient, then

the amount a job pays at the beginning of the queue should equal the amount it would have

received if it were at the end of the queue.

Definition 18 An allocation rule ψ satisfies zero-sum extreme transfers (ZET) if for

all q ∈ Q with γ1 = . . . = γn and any (σ, t) ∈ ψ(q) and (σ′, t′) ∈ ψ(q), such that σi = 1 and

σ′
i = n, then ti + t′i = 0.

In general, an allocation rule may not choose two allocations as specified in ZET. But if a

rule satisfies efficiency and Pareto indifference, then it will choose two allocations as specified

in the ZET axiom. This gives us a lemma analogous to Lemma 4.

Lemma 7 Let γ1 = . . . = γn. In an efficient allocation rule ψ satisfying Pareto indif-

ference and ZET, for every i ∈ N , the cost share of i is equal to piθi + 1
2
θi

∑

j 6=i pj =

piθi + 1
2

[

θi

∑

j∈Pi(σ) pj + pi

∑

j∈Fi(σ) θj, where σ is any ordering of jobs in N .

Proof : Let (σ, t) ∈ ψ(q). σ is an efficient ordering. Let σ′ be an efficient ordering. From

Lemma 2 there exists transfers t′ such that (σ′, t′) is an efficient allocation and ci(σ) − ti =

ci(σ
′) − t′i. Since ψ satisfies Pareto indifference (σ′, t′) ∈ ψ(q).

Consider any job i. There exists an efficient ordering σ in which σi = 1. As argued before

for some transfers t, we have (σ, t) ∈ ψ(q). There exists an efficient ordering σ′ in which

σ′
i = n. Again, there exists transfers t′ such that (σ′, t′) ∈ ψ(q) and,

ci(σ) − ti = ci(σ
′) − t′i

⇒ piθi − ti = piθi + θi

∑

j 6=i

pj − t′i

⇒ ti = −
1

2
θi

∑

j 6=i

pj (By ZET).

This means the cost share of job i in any allocation (σ, t) ∈ ψ(q) is equal to piθi+
1
2
θi

∑

j 6=i pj =

piθi + 1
2

[

θi

∑

j∈Pi(σ) pj + pi

∑

j∈Fi(σ) θj, where σ is any ordering of jobs in N . This can be

shown for every job i ∈ N . �
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