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Abstract

In this paper we develop a new and efficient method for variational inequality with
Lipschitz continuous strongly monotone operator. Qur analysis is based on a new strongly
conver merit function. We apply a variant of the developed scheme for solving quasivari-
ational inequality. As a result, we significantly improve the standard sufficient condition
for existence and uniqueness of their solutions. Moreover, we get a new numerical scheme,
which rate of convergence is much higher than that of the straightforward gradient method.
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1 Introduction

1.1 Motivation

A notable generalization of the variational inequality problem is the quasi-variational
inequality problem, introduced by Bensoussan et al. [2] in the context of impulse con-
trol problems. A thorough study of these problems can be found in [1, 5, 8]. Many
important and useful applications of these mathematical tools are known, which range
from Nash games to transportation network equilibria. For instance, we may refer to
Bensoussan [3] and Harker [6], who recognized the connection between generalized Nash
games and quasi-variational inequalities. Recently, Pang and Fukushima [18] applied this
result in order to formulate the noncooperative multi-leader-follower game in terms of
generalized Nash games, which in turn (under opportune assumptions), can be expressed
as a quasi-variational inequality. Kocvara and Outrata [7] dealt with a class of quasi-
variational inequalities with applications to engineering. Wei and Smeers [21] introduced
a formulation of a spatial oligopolistic electricity model with Cournot generators and reg-
ulated transmission prices in terms of quasi-variational inequalities. Bliemer and Bovy
[4] discussed a quasi-variational inequality formulation of the dynamic traffic assignment
problem. Applications to some economic and financial models can be found in [20], so
that a wide class of problems can be solved as a quasi-variational inequality.

From the point of view of solution methods, quasi-variational inequalities do not have
an extensive literature, we may address the reader only to few papers [4, 7, 15, 17, 19]. For
variational inequalities (VI), the situation is better. Recently, there were proposed two
new methods for solving VI with Lipschitz continuous operator [9, 13]. These methods can
be seen as an alternative to smoothing technique developed for accelerating the gradient-
type methods on large-scale structured convex optimization problems (see [12]). However,
up to now, there is almost no specialized methods for VI with strongly monotone operators.
The main goal of this paper is to close this gap. We also present a interesting application
of the developed schemes to quasivariational inequalities.

1.2 Contents

In Section 2 we consider the standard VI-problem with Lipschitz continuous strongly
monotone operator. For justifying the rate of convergence of numerical methods, we in-
troduce a new strongly convex merit function. For the value of this function, we update
recursively a simple quadratic model of our problem. Our technique can be seen as a
mixture of the approach from [13] and the elements of estimate functions (see Section
2.2 [11]). As a result, we obtain a simple method, which significantly outperforms the
straightforward gradient scheme. In Section 3 we introduce the problem of quasivaria-
tional inequality (QVI) and recall the main known existence results [16]. For the sake of
completeness, we present a complexity analysis of corresponding gradient scheme.

In Section 4 we show how to apply the results of Section 2 to QVI. For that, we intro-
duce a relaxation operator and establish the sufficient conditions for it to be a contraction.
These conditions allow to guarantee the existence of a unique solution to QVI for a much
wider class of problem as compared to [16]. On the other hand, we show that the simple
iteration scheme with approximately computed values of the relaxation operator is much



more efficient than the usual gradient method. The required approximate values of the
operator are computed by a variant of the method developed in Section 2.

1.3 Notation

In this paper we denote by F a finite-dimensional real vector space. Notation E* is used
for the dual space. The value of a linear function s € E* at z € E (that is the scalar
product of s and x) is denoted by (s,z). The operator B : E — E* is positive definite if

(Bx,x) > 0 Vze E\{0}.

It is self-adjoint if

(Bz,y) = (By,x) Va,y€ k.
Using such an operator, we define on E and E* the Euclidean norms:
|z = (Bz,z)'/?, zekE,
* — 3 N S 1
lslle = max{{s,): ol <1)

= (s,B7's)/2, sec E*

By mg(x) we denote the Euclidean projection of point = onto the set ). The necessary
and sufficient characterizations of the projection are as follows:

mo(xr) € Q,
(1.1)
(B(mg(z) —2),y —mo(z)) = 0 VyeQ.

2 Solving strongly monotone VI

Let @ be a closed convex set. Consider a continuous operator g(z) : @ — E*, which is
strongly monotone:

(g(x) —g(y),x—y) > plz—yl? Va,yeQ. (2.1)

The constant g > 0 is called the parameter of strong monotonicity of operator g. If p =0,
then ¢ is a monotone operator. In what follows, we always assume p > 0.
In this section, the problem of our interest is the following variational inequality (VI):

Find Q) € Q :  (9(a*(Q))y—2°(Q)) =0 Wye Q. (2.2)

In the absence of ambiguity, we often use a shortcut z* = 2*(Q). Since g is strongly
monotone, the solution z* of problem (2.2) satisfies inequality

(2.1 (2.2)
(G), " —y) + dully — 22 < (g@), e —y) = Lplly -2 < 0, (23)

which is valid for all y € (). Since the main subject of this paper are numerical schemes,
we simply assume that the solution z* does exist. Clearly, in this case it is unique.



In order to speak about quality of approximate solutions to (2.2), we need to introduce
the following merit function:

f(@) = sup {{g(u),a =) + Jully —al*}. (24)

Theorem 1 Merit function f(x) is well defined and strongly convex on Q with convexity
parameter w. Moreover, it is non-negative on () and vanishes only at the unique solution
of variational inequality (2.2).

Proof:
Indeed, in view of strong monotonicity of operator g, at any x € ) we have

2.1
(g x —y)+splly—z* < (g(x),z —y) — sully — =/
< lg(@)[« - llz = yll = Splly — z]* < ﬁHg(w)Hz-

Thus, the value f(x) is well defined. Further, function f(z) is strongly convex in x with
convexity parameter p as a maximum of parametric family of strongly convex (in x)
quadratic functions:
f@) = maxey(@), (@) = (9y).e—y) +zully —2l*, y € Q.
Finally, if z € @, then clearly f(z) > 0. Consider now z*, the solution to (2.2). In

view of (2.3), we have f(z*) = 0. On the other hand, if f(Z) = 0 for some & € @, then is
a solution to the weak variational inequality

(9(y),y —2) =20 VyeQ.
Since ¢(y) is continuous, this implies that Z is a solution to (2.2). O
Let us show how we can generate points with small values of the merit function f(-).

Consider a sequence of arbitrary points {yi}f\io C @ and a sequence of positive weights
{Ai Y. Denote

N } LN
Sy = ‘ZO)\i, yn = ﬁ_zo)wyi,
1= 1=

(2.5)
N
Ay = Hlax{ > A {<9(yi),yz’ — ) — gpulle — yi”ﬂ } :

zeQ | =0
Note that the computation of Axn can be reduced to finding a Euclidean projection on ().

Lemma 1
F(gn) < g A (2.6)



Proof:
Indeed, since g(x) is a strongly monotone operator, we have

Saw) = supfig@). iy —a) + hulle - g}

N
> Ailg(x),yi — @) + SuSn |z — ﬂNHQ}

S
{

N N
< gosup 2 Nilg(@), yi — x) + gp > Ai|x—yi||2}
ze@ (=0 i=0
@) 1 N 1 2 _ 1
< Sy A ZEO Ai {(9(%’)7% —x) — spllz — il } = g-An.

Thus, our goal is to control the growth of Ay as compared to the sum Sy. For 5 > 0,

denote
P(x) = (9(y),y—=z)— 360z —yl?

() = é At (),

Note that 1/15 (z) is a strongly concave quadratic function with concavity parameter f3.
Function W (x) is strongly concave with parameter uSy. Clearly, Ay = maéc U (z).
xe

Consider the following iteration:

= v
Tk argrgleaé( k(2),
(2.7)
yert = argmaxyy (@).
Theorem 2 If Ay < %Sk, then
Apit < Ac+ S [lloeen) - 9@l = Bllyer —=l?] . (29)

Proof:
Note that Wyy1(2) = Uk(z) + Apr19f, | (). Hence,

App1 = gleaéc{\lfk(:v) + Ak+1¢{,’k+1($)}
< A+ max {(V‘Ifk(wk%SC — x3) — spSklle — xl* + )\k+1¢5k+1<37)}

< At max { = 3uSille = el® + Ak [(9(her) vos = 2) = Fplle = e ]



In view of definition of yx11, we have

(=9(wx) = BB(Yrs1 — ) —yYpr1) < 0 Vo€ Q.

Therefore,
(9(WUk+1), Y1 — ) — %MHCE - yk+1||2
= (9(Wrs1) — 9(*k), Ypr1 — T) — %HH»’U - yk+1||2 +(9(zx), Yrt1 — )

< Ng(rs1) — g@i)ll« - [yas1 — 2l = splle — yesr 1> + BB r+1 — Tk), @ — Ypt1)-

Note that

2(B(yr+1 — 1), @ — k1) = o — 2ull® = lynr — 2l = o — yera|®.

Hence,
(9Wht1)s Ynr1 — ) — sl — yrga |12

< gt l9(uen) — 9@l + 2Blx — @il2 = 1llynes — anll®

Putting all inequalities together, and using the upper bound on A;ii, we obtain the
inequality (2.8). O

Corollary 1 Assume that g(z) is Lipschitz continuous on Q:

lg(z) —gWll« < Llz—yl, Vr,ye. (2.9)

Then for the choice
B =L, Mg1 = %Sk,

we have Apy1 < Ag.

Now we are ready to write down an algorithmic scheme for solving the variational
inequality (2.2) with strongly monotone Lipschitz continuous operator. This method can
be seen as a combination of the dual extrapolation method [13] with the technique of
estimate functions (see Section 2.2 in [11]).

For simplicity, we assume that the constants p and L are known. Denote by v = % >1
the condition number of the operator g.



Method for strongly monotone VI

Input : Choose T € Q. Set \g =1, and yg = .

Iteration (k> 0):

(2.10)
= v
Tg arg max ﬁ(aj)’
Ukl = ?rg max vy, (z),
Akt = 5 Sk
~ 1 k;
Output : g = 5 Z(])\Z-yi.
1=
Theorem 3 Under conditions (2.1) and (2.9), for any k > 0, we have
~ * ~ = (-1 = *
bl —a 2 < fGe) < (@) + 0 e — o)) exp {5y }
(2.11)

< f@) -2 em {55}

Proof:
The first and the last inequality in (2.11) follow from strong convexity of function f(x)
with parameter y. Let us prove the middle one.

In view of Corollary 1 we have Ag11 < Ay for any k > 0. Note that Sp = Mg = 1, and

Sk41 = Sk + Apg1 = (1 + %) Sk

Hence,
. (2.6) A 1 \F %
[0 = 5 < 8o (1-5h) < Acve{ g}
It remains to estimate Ag. Note that

Ay = r;leaéclllo(a:) = r;leaé(wzf/‘o(m) = max {(g9(z),z —z) — & - ||l — Z|*}

= max{{g(z) - g(z"), 7 —z) + (9(z"), 2 — 2) — § - [l — 7|}

z€Q
(2.2) *\ = * - *\ 7 © 7|2
< {gl@"),z—= >+I;1€aé<{<9(fﬂ) —g(z*), —x) — § - [lz — z|]*}
(2.9)

< gz o)+ Bz -2t

(2.4

)
Since (g(z*),Z —2*) + &§ - [[#* — Z||* < f(Z), we obtain the middle part of (2.11). O
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Note that the problem (2.2) can be solved by a standard gradient-type method:

To = TE Q?
(2.12)
zpy1 = mQlek —AB 'g(zy)), k>0

However, it is well known that this method converges very slowly. For the reader conve-

2.2)

nience, let us estimate its rate of convergence. Since x* @2 mg(z* —AB~1g(z*)), choosing

the optimal step A = £5, we obtain

o1 —2*|* < [lag — AB g(ay) — (2* = AB1g(a))|?

= llox —2*1? = 2Mg(zx) — g(a*), 2 — 2*) + Nlg(zx) — g(a*) |2

(2.1),(2.9)

< (-2 XL - flag - 2*)? < o — P exp {- ]

For big values of the condition number, this estimate is much worse than (2.11). Note that
the rate of convergence (2.11) cannot be improved by any black-box method as applied
to the problem class (2.1), (2.9) (see [10]). At the same time, from the viewpoint of
implementation, the method (2.10) is comparable with (2.12): at each iteration, it needs
two projections and two computations of the operator instead of one in (2.12).

3 Quasi-variational inequalities

Let Q : E — 2F be a multifunction with nonempty closed and convex values. We are
interested in the following quasi-variational inequality problem (QVI):

Find z, € Q(zy) :  (g9(z4),y —xs) >0, Yy e Q(xy). (3.1)
For the reader convenience we recall the following existence result (see [16], Theorem 9).

Theorem 4 Suppose that the following assumptions hold:

(a) Operator g is Lipschitz continuous and strongly monotone on E with constants L
and p > 0 respectively.

(b) There exists & < ——— such that
YOr+v?i-1)

17o@)(2) = Tow (DIl < allz —yll,  Va,y,z € E. (3.2)

Then the problem (3.1) has a unique solution.

We will get this result as a corollary of Theorem 5 justifying the rate of convergence of
the gradient method as applied to problem (3.1). Now we just mention that assumption
(3.2) is a kind of strengthening of the contraction property for multifunction Q(x). Let
us give an example of such a mapping.



Lemma 2 Let function ¢(z) : E — E be Lipschitz continuous:
le(z) — eyl < allz —yl, =y E.

And let Q be a closed convex set. Then

satisfies (3.2) with the same value of a.

Proof:
Indeed, for arbitrary x and z from E we have

Te()+(2) = (@) + 75(2 — ()

Denote z; = z — ¢(x), z2 = z — ¢(y). Since we project in Euclidean norm, we have

7o) +0(2) = Teyra ()N = lle(@) + mg(z = c(x)) — c(y) — mg(z — c(y))II?

= |lz2 — 7mg(22) — 21 + mg(21) |
= lz2a — 21> = 2(B(22 — 21), mg(22) — mg(21)) + [I7g(22) — mg(20)]1%.
Note that
(B(z2 — 21),mg(22) — mg(21)) = (B(22 — mg(22) + mg(22) — 21), mg(22) — ma(21))

(1.1) (1.1)

> (B(mg(22) — mg(21) + mg(21) — 21), mg(22) = mg(21)) 2 |Img(z2) — mo(z0)|1>

Hence, [|7e(4)1q(2) = ey (2)IIP < llz2 — 21 < @[l — y]*. O
Note that problem (3.1) can be solved by a standard gradient-type method:
Thp1 = TQay)(Th — AB~lg(x1)), k>0. (3.3)

Let us estimate its rate of convergence.

[Zps1 — 2|l = 7@y (@r — AB  g(21)) — To(r,) (2« — AB g(24))]|
= |7y (xr — AB g(xk)) — mg(e.) (zx — AB 1g(x1))

+7g(w) Tk — ABTlg(xk)) — To(s,) (@« — ABg(24))]|

(32)
< allzk = aull + 1T g.) (zr — AB™g(2k)) — To(e,) (@ — AB™ g ().

Since g is strongly monotone and Lipschitz continuous, we have

1702,y (@k — AB™1g(21)) — To(e,) (T« — AB ' g(x.))|]?

< (zk — AB g(xr)) — (@ — AB 1g(a*))|?
= |k — 2|2 — 2XMg(xk) — g(z4), 28 — %) + N2 g(21) — g(24||?
< (1 =2+ N2L2?) ||zg — 2|2
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Thus, we have proved the following theorem.

Theorem 5 If operator g is strongly monotone and Lipschitz continuous with constants
L and p, and multifunction Q(x) satisfies condition (3.2) with o < ———— then the
¥

(yHV/2-1)

gradient method (3.3) with optimal stepsize X = % converges to the unique solution of
problem (3.1) with the following rate:

leg — 4] < exp {—k: : (W — a)} Nlzo — x| (3.4)

Thus, we have seen that quasivariational inequality (3.1) is solvable by the gradient
scheme (3.3) only if the variation rate of the feasible set Q(z) is very small as compared
with inverse condition number of the operator g:

1

1 ~ 1
vV (3.5)

In the next section we will see that this limitation can be significantly weakened.

o

4 Relaxation operator for QVI

For problem (3.1), let us introduce the relazation operator T(x) def x*(Q(x)). In the case

of strongly monotone operator g, operator T'(x) is fully defined by the following relations:

T(z) € Qz),
(4.1)
(9(T'(z)),y = T(x)) > 0 Vye Q).

Clearly, the solution of problem (3.1) is a fixed point of this operator:
e = T(24).
It appears that under our standard conditions operator T'(z) is Lipschitz continuous.

Theorem 6 Suppose that operator g is Lipschitz continuous and strongly monotone with
constants L and p > 0 respectively. Assume that there exists some a > 0 such that

ITo()(2) = Tom)(2) < allz—yl, Vz,y,z€kE. (4.2)
Then T'(x) is Lipschitz continuous with constant oy, where v = L/ .

Proof:
Let us fix two arbitrary points x1,z9 € E. Denote

Let us fix some A > 0. By definition,

1.1),(4.1 _
T1 ( ):( )FQl(Tl—)\B lgl).



Denote yo = 70, (171 — AB71g1). By condition (4.2), we have

ly2 = Tall < allzr — 22| (4.3)

(L.1)
On the other hand, (B(y2 — (T1 — AB"'g1)), T — y2) > 0. Therefore,

(Blya —Th), To —y2) > MNgi,y2—To) = Nagi,y2 — T1) + N1, Th — T»)

(2.1)
> Mg, y2 — Th) + Moo, Th — To) + M| Ty — T2

(4.1) )
> Nag1— g2,y2 — Th) + M\p||Th — T>)°.

Thus,
Ml|Ty=Tol? < Mg — 92,11 — y2) + (Blyz — T1), Ta — y2)
< MNg1—g2,Th —y2) + (B(ya —Th), To — Th)

(2.9)
< (AL Ty = T2l - [ly2 — Tal-

Since A can be chosen arbitrarily large, from (4.3) we obtain |77 — Ta|| < %HJ"l — x|l O

As a byproduct of our considerations, we get the following existence result.
Corollary 2 If a < y~!, then there exists a unique solution to problem (3.1).

Proof:
Indeed, under conditions of the corollary, T'(z) is a contraction. O

Note that the latter statement significantly strengthen the statement of Theorem 4.
Moreover, we can combine it with the technique presented in Section 2 and develop an
efficient numerical scheme for problem (3.1). Let us start with one auxiliary statement.
In what follows, we always assume that operator g is Lipschitz continuous and strongly
monotone with constants L and p respectively.

Lemma 3 Let z*(Q) be a solution for VI (2.2). For & € Q define T = argmaém/}g(y)
ye
with some B > 0. Then

uld — 2@+ Blld — 2] < (B+L)- |2 —2*(@Q)Il - & - . (4.4)

Therefore
Sl -2 @I < llE-all < 5z -2 (@) (4.5)

Moreover,
f@) < EEEa-a)? < CEEEEEE s ()% (4.6)

10



Proof:
By definition,
(g(2)+ BBz —12),y—z) > 0 VyeqQ. (4.7)

Therefore,

Hence,

plle —2*@Q)IP + Bll2 —=l” < B(BE—1),2°(Q) — &) + {9(&) — 9(2*(Q)), & — 7)

and (4.5) follows.

Further,
(2.1)
f@ = max{{y(),z -y + sully —z[*} < max{(g(z), —y) — sully — z%}
(4.7)
< max{(g(z) — g(&) — BB(T — &),Z — y) — sully — z[|*}.

yeQ

Since g is monotone,
lg() —g(2) = BBz —2)|> = |9(z) - 9(2)I]* - 28(9(@) - 9(&),7 — &) + ||z — @[

(2.9)
< (L2 + )|z - 2]

Hence, f(z) < ’BQ%LLQHJ% — 7|, and the remaining inequality follows from the second
inequality in (4.5). O

Let us present a modified version of method (2.10). The main difference with the
original consists in a preliminary damping step in the spirit of [14]. This allows to obtain

11



the efficiency estimates of the new scheme entirely in terms of distances to the solution.

Fixed-length method for strongly monotone VI

Input : Fix the number of steps N > 1 and choose & € Q.
Set \o=1,and yp =7 def arg magq/}é(w).
BAS

For k=0 to N -1 do:

(4.8)
= v
Ty, arggleaéi ;Z(x),
Yet1 = arggleaéka(x),
Moyt = 3 S

N
~ ~y def
Output :  §n(Q, %) = g 2 Ay
1=

Theorem 7 Assume that the operator g satisfies conditions (2.1), (2.9). Then the me-
thod (4.8) as applied to VI-problem (2.2) converges as follows:

55 (Q,8) =2 (@) < 3yep{-—gZg} li-=*@I, N>1  (49)

Proof:
Indeed,

lon(@.2) ~=* @I "< 3 [f@ + =057 e - e @] e { 57}

2 (~2— A *
R A e R ()]
< 9?ep{-2G} i -2 (@2 0

Let us discuss an efficient numerical strategy for solving a slowly changing QVI. The
complexity of this problem depends on the condition number v = % of the operator g and

on contraction gap

) déf 1—@*}/7 (410)

which we assume to be positive. If the rate of variation « of the sets Q(z) is very small,
then the gap can be close to one. For example, for QVI solvable by the gradient method
(3.3), this gap is at least 1 (see (3.5)).

Taking into account the estimate (4.9), let us define the minimal number of steps
N=N (a,7y), satisfying condition

IN

= N=[2(v+1)In2L] 41, (4.11)

syep {~3em } <4

12



Consider the following two-level numerical scheme:

Choose ug € E. For k > 0 iterate:
(4.12)

Ty = To@uy) (uk),  uky1 = g (Qlug), ).

Theorem 8 Assume that § > 0. Then there exists a unique solution z. to QVI (3.1),
and method (4.12) converges as follows:

luk —ao| < §-exp {3k} lluo - T(uo)]. (4.13)

Proof:
Denote ri = ||ugr — T'(ug)||. Note that

(4.9) R (4.12)
furer =T(ue)ll < g[8 =Tl < - llux =T ()l

IS

T.6
1T (upsr) = T(up)l < oy lugps — ul]-

Therefore

rerr < kg = Tl + 1T (urgr) = T(ur)ll < § e+ oy - lurgs — ugl]
< (ory+%> e+ ay - uger — T'(ug)]] < (1—%) T
Thus, r, < exp {—gk} -79. On the other hand,

T.6
re = |ur = T(up)ll = llur — ol = [|T(2e) = T(up)|l = 6 [lug —zsf]. O

Corollary 3 In order to get a point uy, with ||ug — x|| < €, method (4.12) needs at most

4(v+1) 12 l[wo =T (uo) ||
lzon ~In l—cj'y -In 1?(1—&?) (414)

computations of operator g(x).

It is easy to see that this estimate is much better than the corresponding result for
the gradient method (3.3).

References

[1] C. Baiocchi, A. Capelo. Variational and quasivariational inequalities: applications
to Free boundary problems. Wiley, New York, 1984.

[2] A. Bensoussan, M. Goursat, J.-L- Lions. Contréle impulsionnel et inéquations quasi-
variationnelle. Compte rendu de I’Académie des Sciences Paris, Série A 276, 1279—
1284 (1973).

13



[3]

[10]

[11]
[12]

[13]

[14]
[15]
[16]
[17]

[18]

[19]

[20]

A. Bensoussan. Points de Nash dans le cas de fontionnelles quadratiques et jeux
differentiels linaires a N personnes. SIAM Journal on Control, 12, 460-499 (1974).

M. Bliemer, P. Bovy. Quasi-Variational inequality formulation of the multiclass
dynamic traffic assignment problem. Transportation Research B, 37,501-519 (2003).

D. Chan, J.-S. Pang. The generalized quasi-variational inequality problem. Mathe-
matics of Operations Research, 7 (2), 211-222 (1982).

P.T. Harker. Generalized Nash games and quasivariational inequalities. Furopean
Journal of Operations Research, 54, 81-94 (1991).

M. Kocvara M., J.V. Outrata. On a class of quasi-variational inequalities. Optimiza-
tion Methods and Software, 5, 275-295 (1995).

U. Mosco. Implicit variational problems and quasi variational inequalities. In: Proc.
Summer School (Bruxelles, 1975) "Nonlinear operators and Calculus of variations’,
Lectures Notes Math, no. 543, Springer-Verlag, Berlin, 83-156 (1976).

A. Nemirovski. Prox-method with rate of convergence O(1/t) for variational inequal-
ities with Lipschitz continuous monotone operators and smooth convex-concave sad-
dle point problems. STAM Journal on Optimization 15, 229-251 (2004 )

A. Nemirovsky and D. Yudin. Problem Complexity and Method Efficiency in Opti-
mization. Wiley, 1983.

Yu. Nesterov. Introductory Lectures on Conver Optimization. Kluwer, Boston, 2004.
Yu. Nesterov. Smooth minimization of nonsmooth function. Mathematical Program-
ming, 103(1), 127-152 (2005)

Yu.Nesterov. Dual extrapolation and its applications to solving variational inequali-
ties and related problems. CORE DP 2003/68. Accepted by Mathematical Program-
ming.

Yu. Nesterov. Minimizing functions with bounded variation of the gradient. CORE
DP 2005/79.

M.A. Noor, Z.A. Menon. Algorithms for general mixed quasi variational inequalities.
Journal of Inequalities in Pure and Applied Mathematics, 3 (4) Art. 59 (2002).

M. A. Noor, W. Oettli, On general nonlinear complementarity problems and quasi-
equilibria, Le Matematiche XLIX, 313-331 (1994)

J. Outrata, J. Zowe. A numerical approach to optimization problems with varia-
tional inequality constraints. Mathematical Programming, 68, 105-130 (1995).

J.-S. Pang, M. Fukushima. Quasi-variational inequalities, generalized Nash equilib-
ria and Multi-leader-follower games. Computational Management Science, 1, 21-56
(2005).

Salahuddin. Projection methods for quasi-variational inequalities. Mathematical and
Computational Applications, 9 (2), 125-131 (2004).

J.C. Yao. The generalized quasi-variational inequality problem with applications.
Journal of Mathematical Analysis and Applications, 158, 139-160 (1991).

J.Y. Wei, Y. Smeers. Spatial oligopolistic electricity models with Cournot generators
and regulated transmission prices. Operations Research, 47, 102-112 (1999).

14



