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Abstract. In the present work, we apply a variational discretization proposed by the first
author in [14] to Lavrentiev-regularized state constrained elliptic control problems. We extend the
results of [18] and prove weak convergence of the adjoint states and multipliers of the regularized
problems to their counterparts of the original problem. Further, we prove error estimates for finite
element discretizations of the regularized problem and investigate the overall error imposed by the
finite element discretization of the regularized problem compared to the continuous solution of the
original problem. Finally we present numerical results which confirm our analytical findings.
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1. Introduction. In the present work, we apply variational discretization pro-
posed by the first author in [14] to Lavrentiev-regularized state-constrained elliptic
control problems. Let  C R"(n = 2,3) denote an open, bounded domain with C%!-
boundary I'.  As model problem, we consider for states y € Y := H*(Q) N C(Q) and
controls u € L*(Q)

1
minimize  J(y,u) := = / ly — yal* do + 2 /u2 dx
2 2
(P) Q Q
subject to  y = Swu and y(z) < y.(z) a.e. in Q,
where yq € L%(Q), y. € C(Q) denote given functions, and S : L?(2) — Y denotes the
control-to-state mapping, i.e. the solution operator of the Neumann problem

—Ay+y=wuin Q and d,y =0on I

Associated to (P) is the Lavrentiev-regularized control problem

1
minimize  J(y,u) 1= = / ly — ya|? dz + a /u2 dz
2 2
(Px) 0 0
subject to  y = Swu and Au(z) + y(x) < y.(z) a.e. in £,

where A > 0 denotes the regularization parameter. Since the constraints in (P) and
(Py), respectively, define closed convex sets, both problems admit unique solutions
(y*v U’*) and (gA,QA)-

The numerical treatment of problem (P) causes difficulties through the presence of
the pointwise state constraints, since the corresponding Lagrange multiplier in general
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only represents a regular Borel measure (see Casas [7] or Alibert and Raymond [1]).
In [18], Rosch, Troltzsch, and the second author propose to circumvent these diffi-
culties through approximating problem (P) by the family of problems (Py) (A > 0).
Among other things, they prove convergence of (i, %x) — (y*,u*) in L2() for
A — 0. Furthermore, they show that the Lagrange multiplier associated to the mixed
control-state constraint in (Py) is an L2-function for every A > 0. The development
of numerical approaches to tackle problem (P) is ongoing [3, 17, 19]. An excellent
overview can be found in [12, 13], where also further references are given.

Numerical analysis for problem (P) is presented by the first author and Deckelnick in
[9]. Among other things, they prove convergence of finite element approximations to
the control and to the state of order 1 — ¢ in two-dimensions, and of order 1/2 — ¢
in three dimensions, in L? and H!, respectively. In [16], the second author obtains
the same convergence order for piecewise constant approximations of the controls,
and also extends these results to problems with additional box constraints on the
control, compare also [11]. A general framework for numerical analysis of problems
with pointwise state together with general constraints on the control is presented by
Deckelnick and the first author in [10].

In the present paper, we extend the results of [18] for problem (P,) and prove weak
convergence of the adjoint states py in L? for A tending to zero. Moreover, weak-*
convergence of the multipliers iy in C(Q)* to their counterparts of problem (P) for
A | 0is shown. Based on these results, we prove error estimates for variational discrete
approximations to problem (Py). More precisely, in Theorem 3.8, we show

lax — @xnll + 19x — Ganllmr < CRTE, (1.1)
and
o L I o, 1.5 1 4
lax = @xnll + [19x — Ux.nllm <Cwx (h tyh+gh ) (1.2)

is proven in Theorem 3.5. Here, n = 2,3 denotes the space dimension and C is a
generic positive constant independent of the finite element grid size h and of A. To
prove the first estimate we adapt the techniques developed in [10] for the analysis of
the limit problem (P). The key idea of the proof of the second estimate consists in
the fact that the substitution

v(@) = Au(z) + y(a) (13)

transforms (P ) into the purely control constrained optimal control problem

. 1 «
minimize  J(y,v) := 3 ly — y0l||2 + e [|v— y||2

1
(PV) subject to —Ay+cyy = Y in
Ony=20 onT

and  v(z) < y(x) a.e. in Q.

Here, ¢y := 14 1/A. Since (PV) is a purely control-constrained problem, it ad-
mits a unique Lagrange multiplier in L2(f2) associated to the inequality constraint.
Moreover, the discretization techniques developed in [14] are directly applicable to



State-constrained problems 3

(PV) which is of major importance for the implementation of a semi-smooth Newton
method for the numerical solution of (PV) and (P)), respectively. Furthermore, we
also relate the finite element solution (§x 5, %) to (y*,u*), i.e. the solution of the
original purely state-constrained problem (P). Under the additional assumption that
the solutions uy of (Py) are uniformly bounded in L*°(Q), it follows by combining a
result of [19] with (1.1) that

= axnll < ©(VA+ max{hlog(h)], h>~"/2}), (1.4)
while its combination with (1.2) implies

) (1.5)

. Lo
lu = anall < € (VA+ 35 (02 + T * + 5

In view of (1.4) and (1.5), the overall error consists of two different contributions:
one arising from the regularization and another one caused by the discretization.
Moreover, from (1.5), we deduce that both error contributions behave contrarily with
respect to A (cf. Remark 3.7) which is also confirmed by our numerical findings (see
Section 4). Hence, the optimal value of A for a given mesh size h is larger than zero,
and (1.4) indicates that the coupling A ~ h? in case of n = 2 and A\ ~ h in three
dimensions might be optimal (see Remark 3.10). Indeed, this result is also confirmed
by our numerical observations.

The paper is organized as follows. In Section 2 we prove that, beside control and
state, also the adjoint state and the Lagrange multipliers converge in some weaker
sense to the solution of the original problem. Section 3 addresses the error analysis
for the regularized problems and investigates how to couple A and h. In Section 4,
the numerical example is presented.

1.1. Notation. Throughout this article, we use the following notation. Given
an open, bounded set 2 C R™, n = 2,3, we denote by (., .) the natural inner product
of in L?(Q). The corresponding norm is denoted by ||.|. Moreover, for the dual pairing

between C(Q2) and C'(Q)*, we write (., .).

2. Weak convergence of the Lagrange multipliers. In the present section
we prove convergence of the adjoint states and of the Lagrange multipliers of prob-
lem (P)) to their counterparts of problem (P). For this purpose it is convenient to
introduce the reduced objective functional by f(u) = J(Su,u) and the Lagrange
functional £ : L2(Q) x C(Q)* — R by

L(u, p) = f(u) +(Su—ye, 1)

Lagrange multipliers associated to the state constraint in (P) then are defined as
follows:

DEFINITION 2.1. Let u* denote the solution of (P). Then, u € C(Q)* is called
Lagrange multiplier, if it satisfies the following conditions:

8_£
ou

—
[N}
[

~

(w*, 1) = f'(u) + S* =0

(Su™ —ye, p) =0 (2:2)
(y, w) >0 VyeC)F,
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where C(Q)* is defined by C(Q)T = {y € C(Q) |y(x) >0 Vz € Q}.

By means of the generalized Karush-Kuhn-Tucker theory, it can be proven that, under
a certain Slater condition, problem (P) admits a Lagrange multiplier in C*(Q) that
satisfies the conditions in Definition 2.1 (see for instance Casas [7] or Alibert and Ray-
mond [1]). This Slater condition in the present setting is equivalent to the existence
of a & € L?(Q) with (S4)(z) < y.(z) for all z € Q. Due to the special structure of
the state equation, this is trivially fulfilled in our case, since every constant k with
k < ye(w) everywhere in Q, satisfies (Sk)(z) =k < y.(x) for all z € Q. Next, define
G : L*(Q) — L*(Q) by the operator that arises if one considers the control-to-state
operator as an operator with range in L?(Q2), and set p* = G*(Gu* — yq) + S* p such
that p* € L?(2). Casas [7] and Alibert and Raymond [1] proved that p* is the unique
very weak solution of

—Ap" +p =y " —yi+plo inQ

By (2.4)
Onp* = plr on I

that belongs to W14(Q), 1 < s < n/(n — 1). With the definition of p*, (2.1) is
equivalent to
P +au” =0, (2.5)

which implies in turn u* € W1$(Q),1 < s < n/(n — 1). Notice that, together with
the state equation and the pointwise state constraint, (2.2), (2.3), (2.4), and (2.5) are
equivalent to the following optimality system

Ay +y*=u" inQ —Ap +p =y —yi+pq inQ
Oy*=0 onT Onp" = ur onT
au*+p" =0
[ —wdu=0. y@ <ui) veco (2.6)
Q
/yduZO Vye )T,
Q

where pgo and ur denote the restrictions of p on Q and T', respectively (cf. also [7]
and [1]).

Based on the first-order necessary conditions for the auxiliary problem (PV) that was
introduced in the introduction, it is straightforward to derive the optimality system
for (Py). The latter is given by
—Ay+gyg=u in{ —Ap+p=y—yatp inQ
O0p,y=0 onTl Onp=20 onTI
at(z)+plx) + Apx) =0 ae. in Q
(s ANi+9y—ye) =0
uw(x) >0 ae. inQ
Aa(z) + g(x) <ye(xz) ae inQ,

(2.7)
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where (7,4) denotes the unique optimal solution to (Py). Now, let us consider a
sequence of positive real numbers {\,} tending to zero for n — oo. The associated
regularized problems are denoted by (P,,) and their solutions will be referred to as
(Un,Un) € Y x L*(Q) with an adjoint state p, € Y and Lagrange multiplier p,, €
L?(Q2). In [18] and [17], it is proven that the control and the state converge strongly
to the solution of (P), i.e.

i, — u* in L*(Q), Jn—y" inY. (2.8)

In the following, we establish corresponding convergence results for p,, and p,. It is
clear that one cannot expect a result similar to (2.8) for yu, as the multiplier in the

limit is only an element of C*(£2). We start with the following lemma.

LEMMA 2.2. The sequence of Lagrange multipliers associated to the mixed constraint
in (Pp), denoted by {u.}, is uniformly bounded in L*(£2).

Proof. The variational formulation of the adjoint equation is given by

/Vpn-de:v—i-/pnwd:v:/(gn—yd—i-un)wd:v Ywe H(Q).
Q Q Q

If we insert w = 1 as test function, then

Jrmde= [0 =5+ 00 s = [(-atn = Auson = 5.+ ) d
Q Q Q

follows due to the gradient equation in (2.7). Together with the positivity of the
Lagrange multiplier, this implies

lenlli@) < A+ An) lunll i) < alltnll + 7]l + llyall < C
with a constant C), independent of n since the optimality of (¥, %,) implies their

uniform boundedness in L2(). O

LEMMA 2.3. The sequence of Lagrange multipliers {1, } converges weakly-* in C(Q)*
to a weak-+ limit ji € C(Q)*, i.e.

/,unwd:c—> (w, i)y Ywe ()
Q

Proof. First, let us identify the function p,, € L?*(Q) with an element f,, in C(2)* by
defining

(w,ﬂn>=/wdﬂn :z/wundx Vw e OQ).
) Q

Using Lemma 2.2, we obtain

N | [ 9 pin de|

S g, fin)| o

”,UnHC(Q)* = Sup 5 = Sup -
gec(Q) Hg”C(Q) geC(Q) Hg”C(Q)
970 g#0

< ltnllzr@) < Cps
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i.e. the uniform boundedness of {fi,} in C(Q)*. Hence, since the closed unit ball
in C(Q)* is weakly-* compact, we are allowed to select a subsequence, converging
weakly-* in C(Q)* to a weak limit denoted by ji. Because everything what follows is
also valid for any other weakly-* converging subsequence, a known argument yields

the assertion. 0

Based on the previous lemma, we are now in the position to discuss the convergence
of {pn}. We will see that it converges weakly in L?({2) which is also important for
the finite element error analysis in the subsequent section (see the proof of Lemma
3.4 below).

LEMMA 2.4. The sequence of adjoint states associated to (Py), denoted by {pn},
converges weakly in L?(Q) to the solution of

—Ap+p=y" —yi+ila inQ

2.9
O p = filr onT, (29)

which is denoted by p in all what follows.

Proof. Using again the identification of y,, € L?(Q) with fi,, € C(€)*, one obtains for
a fixed, but arbitrary w € L?(Q)

(w, pn) = (w, G*(gn_yd+ﬂn))
= (w, G*(gn_yd)) + (w, S fin)
= (Gw, §n—ya) +(Sw, pn) = (Gw, y* —ya) + (Sw, 1)
= (w, G*(y" —ya) + 8" i) = (w, ),

where we used Lemma 2.3 and g, — y* in L*(Q). Since w € L?() was chosen
arbitrarily, this is equivalent to p, — p. a

Next, it is shown that the weak-* limit g indeed represents a Lagrange multiplier for
problem (P).

THEOREM 2.5. The sequence of Lagrange multipliers associated to the regqularized
pointwise state constraints in (Py), denoted by {i,}, converges weakly-+ in C(Q)* to fi
if n — oo. Moreover, the weak-+ limit i is a Lagrange multiplier for the unreqularized
problem (P) according to Definition 2.1.

Proof. The weak-x convergence is stated in Lemma 2.3. It remains to show that the
weak-+ limit satisfies the conditions in Definition 2.1, i.e. (2.1)—(2.3). Using Lemma
2.3, the positivity of f is straightforward to show: the positivity property of u, in
(2.7) implies

/unwdx >0 YweCQ)*t
Q

with C(Q)* as defined in Definition 2.1. Hence for every fixed, but arbitrary w €

C(Q)*, Lemma 2.3 yields

0< [rwds = (w. f)
Q

and thus (2.3).
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To verify (2.1), we multiply the gradient equation in (2.7) with a fixed but arbitrary
function w € C(Q2) and integrate over €2

/(aﬂn +pn)U)d$+/\n/,un1UdI:O Vw e O(Q) (210)
Q Q

In view of Lemma 2.3, we have fQ fn wdx — (w, 1), and hence

Q

for every fixed, but arbitrary w € C(Q), because of A, — 0 for n — oo. Due to
Up — u* in L2(Q) and p, — p in L?(Q), (2.11) implies for (2.10), when passing to
the limit,

O:/(aan+pn)wd:v+)\n/unwdx—>/(au*—i—ﬁ)wdw Vw e C(Q),
Q Q Q

and hence, au* + p = 0, where p solves (2.9). However, as already stated in context
of (2.5), this equation is equivalent to (2.1) in Definition 2.1, i.e. f'(u*) 4+ S* = 0.

It remains to prove the complementary slackness condition (2.2). The slackness con-
ditions in (2.7) read

/)‘nﬂnﬁndx“‘/@n_%)ﬂn dr =0,
Q Q

where the second addend converges to (y* —y., i) thanks to Lemma 2.3 and g,, — y*
in Y. Notice that one can of course not apply (2.11) to the first addend since {@,}

does clearly not converge in C(Q2). However, the gradient equation in (2.7) implies

/Anunand:vz —/ﬂn(aﬂn+pn)d:v—>0,
Q Q

due to i, — u* in L2(Q) and (a @y, +pn) — (au*+p) = 0 in L?(Q) as derived above.
Therefore, we obtain

<y* —Ye, :[L> :Ov
which is equivalent to (2.2). O
REMARK 2.6. In view of Lemma 2.5, p is clearly an adjoint state associated to the

original problem.

2.1. The homogeneous Dirichlet case. Similarly to (P), one can discuss an
analogous optimal control problem with homogeneous Dirichlet boundary conditions,
ie.

1
minimize  J(y,u) := 3 / ly — ya|* do + % /u2 dz
Q Q

(Q) subject to —Ay=u inQ
y=0 onT

and  y(z) <ye(x) a.e in Q.
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As will be seen subsequently, the weak-* convergence of the Lagrange multipliers
associated to the pointwise state constraints in (Q) can be proven similarly to the
theory above. The main difference is the uniform L!(£2)-boundedness of the multipli-
ers which is established by Lemma 2.8 above. It is well known that the state equation
in (Q) admits a unique solution y in the state space Y := Hg(Q) N C(Q) for every
u € L*(Q). Again, we denote the associated control-to-state operator with range in
C(Q) by S and with range in L?(Q) by G. In view of the homogeneous Dirichlet
boundary conditions, problem (Q) only is meaningful if y.(x) > 0 everywhere on T.
To satisfy the Slater condition for (Q), we further have to require y.(z) > 0 for all
x € I'. The Slater condition then reads

ASSUMPTION 2.7. There exists a @ € L?(Q) such that

(Sa)(z) < ye(x) for all z € Q.

Notice that this condition need not be automatically fulfilled as in case of (P). How-
ever, if for instance y.(x) > 0 everywhere in €2, then the Slater condition is satisfied
with & = 0. Based on Assumption 2.7, one can verify that the optimal control u*
satisfies the following optimality system (cf. for instance Casas [6]):

y*:O onI p*:O on
au*+p =0
/(y* —y)dp =0, y*(z)<ylr) VzeQ (2.12)
Q
/yduZO Vye )T,
Q

where the Lagrange multiplier ; is again an element of C(2)*. In [6], it is shown
that the adjoint equation admits a solution p* € W# 1 < s < n/(n —1). Notice
that the adjoint equation exhibits homogeneous Dirichlet boundary conditions, i.e. the
multiplier does not generate a measure on I'. This is due to the fact that the singular
part of p is concentrated on the boundary of the active set which was proven by
Bergounioux and Kunisch in [4]. Hence, thanks to the Slater condition which ensures
that the state constraint is inactive on the boundary, we have pur = 0 (see also [6]).

As above, we introduce the regularized counterpart of (Q) by
S 1 2, @ 2
mivimize  J(y,w) = 3y~ yall? + 5 Jul

Q) subject to —Ay=wu inQ
y=0 onTl

and  Au(x) +y(x) <y(z) ae. in Q.

By the same arguments as in case of (P,), this problem exhibits a regular Lagrange
multiplier in L2(£2). Similarly to (2.7), the optimality system, satisfied by the unique
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optimal solution (g,a), is given by
—Ag=u in{ —Ap=g—ys+p in
y=0 onT p=0 onT
at(z)+px) + Apx) =0 ae. in Q
(h, Ai+y—ye) =0
u(x) >0 ae. inQ
Aia(z) + g(x) <ye(z) ae. in Q.

(2.13)

As in the section above, we consider a sequence of regularization parameters tending to
zero, i.e. {\, } with A, — 0 for n — co. The associated regularized control problems as
well as their solutions and the corresponding adjoint states and Lagrange multipliers
are again referred to by the subscript n. It is easy to see that the analysis in [17] that
yields the strong convergence of i, to u* in L%(2) and ¥, to y* in Y, respectively,
can be adapted to the case with homogeneous Dirichlet boundary conditions. To be
more precise, the theory in [17] is mainly based on the fact that G : L?(Q) — L%(Q) is
compact and self adjoint, which is clearly also fulfilled in case of (Q). For the adjoint
state and the Lagrange multiplier, we derive a result analogous to Lemma 2.5 and
Remark 2.6. We again start with the boundedness of the multipliers that follows from
the Slater condition in assumption 2.7.

LEMMA 2.8. Under Assumption 2.7, the sequence of Lagrange multipliers {pn} is
uniformly bounded in L' (£2).

Proof. Together with the maximum principle for the state equation, Assumption
2.7 yields the existence of a function ug € L?(Q) with ug(z) < 0 a.e. in Q and
(Swuo)(x) < ye(z) for all z € Q. Thus, there is a 7 > 0 such that, for all A > 0,

Aug(z) + (Sup)(z) < ye(x) — 7 ae. in Q, (2.14)

i.e. ug is a Slater point for the regularized problem (Qy), A > 0. Next, let us define
an auxiliary sequence {iy,} by

Up, = Uy — Up,-
Together with (2.14), this definition immediately implies
—(Antin(z) + (Stn)(x)) =7 + Aptin () + (S n)(z) — b(x) a.e. in Q. (2.15)

The gradient equation in (2.13) is equivalent to

/(a Uy + G*(Glp — Ya + fin) + Anpin)udz =0 for all u € L*(Q).
Q

If we now choose u = 4, we obtain

/—(An Qi + G i) i dv = /(a Uy + G*(Glin — yq))ida.
Q Q

Together with the complementary slackness condition, i.e.

/(Anan + Gy —b)ppdr =0
Q
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and (2.15), this gives in turn

[ iz < (@ 1G]+ 161 Tall) (ol + )
Q

Due to the uniform boundedness of {u,} in L?*(Q) that follows from the optimality
of ,, this and the positivity property of u, imply the assertion. a

For the rest of the proof, we can proceed as in case of the homogeneous Neumann
boundary conditions, since the underlying analysis does not depend on the particular
structure of the state equation. In this way, one obtains the following result:

THEOREM 2.9. Suppose that Assumption 2.7 holds true and let {u,} denote the se-
quence of Lagrange multipliers associated to the reqularized pointwise state constraints
in (Qx), while {p,} is the sequence of adjoint states. Then

fn — i in C(Q)* and — p, —p in L*(Q)
hold true, where ji € C(Q)* is a Lagrange multiplier for (Q) in the sense of Definition
2.1 andp e WH*(Q), 1 < s < n/(n—1), solves the adjoint equation in (2.12) with [i
on the right-hand side.

Now, we turn to the impact of the Lavrentiev regularization on the numerical treat-
ment of state-constrained optimal control problems. To be more precise, we discuss
the variational discretization of the regularized problem in the spirit of [14]. The
analysis is carried out for problem (P), i.e. the problem with homogeneous Neumann
boundary conditions. Nevertheless, it is easy to verify that the same arguments apply
in case of (Q) such that the error estimates in Theorem 3.5 and Theorem 3.8 also
hold for homogeneous Dirichlet boundary conditions.

3. Error analysis for the regularized problem. In the following, we discuss
a variational discretization of problem (Pj) according to the approach proposed in
[14]. To that end, let us introduce a family of regular triangulations {73 }n>0 of €,
ie. Q= Urer, T. With each element T € 7T, we associate two parameters p(T') and
R(T), where p(T') denotes the diameter of the set T and R(T) is the diameter of the
largest ball contained in 7. The mesh size of 7}, is defined by h = maxrer, p(T). For
the upcoming error analysis, we have to require some additional conditions on 7, and

the domain.

ASSUMPTION 3.1. The domain §2 is a open bounded and convex subset of R™, n =2,3
and its boundary T is a polygon (n = 2) or a polyhedron (n = 3). Moreover, there
exist two positive constants p and R such that

oA g b

p(T) ~
hold for oll T € Ty, and all h > 0. Furthermore, the regularization parameter is
bounded from above by by a constant Apax < 00.

Notice that the last assumption on the values for A is not really restrictive, since our
aim is to approximate the original state-constrained problem (P).

For domains satisfying Assumption 3.1, one finds the following result (cf. for instance
Dauge [8]):
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LEMMA 3.2. Suppose that Q fulfills the condition in Assumption 3.1 and let f be a
given function in L?(Q), while z solves

—Az+z=f inQ

3.1
Opnz=0 onT. (3.1)

Then, z € H?(Q) and the estimate

12l 2y < el f

holds true with a constant c independent of f and h.

The finite element approximation for (3.1) is given by
(Vzh, th) + (Zh, wh) = (f, wh) YV w, € Wy,

where W), denotes the space of linear finite elements, i.e. W), = {w € C(Q) | w|r €
Py VT € Tp,}. Standard finite element error analysis yields

Iz = zall < ch? | ] (3.2)
Iz = 2nll oe (o) < eR*2| £, (3-3)

where, as above, n denotes the spatial dimension. Applying the finite element approx-
imation to the state equation, we arrive at the variational discrete version of (Py),
which is then given by

min  J(yn,u) == = |lyn — yall® + ||u||2

weL2(Q)

(Par) 4 subject to  (Vgn, Vo

— l\DI}—l

+ (yn, wn) = (u, wp) Y wy, €Wy
z) <

and  Au(x) + yn(z) < yo(x) ae. in Q.

Note that we do not discretize the control u. The optimal solution of (P ) is denoted
by @y, while, as above, % denotes the solution of (Py) in all what follows. Notice that
in general up, ¢ Wy. In the following, we derive two different error estimates for
||@ — @p|| the first one depending on A whereas the second one is uniform in .

3.1. An error estimate for fixed A\. The overall error analysis of this section is
based on a consideration of the transformed problem (PV) with the auxiliary control
v. Based on (Py ) and the transformation formula (1.3), which reads

v=Au+yp (3.4)

n the discrete setting, we obtain for the variational discrete counterpart of (PV)

min _ J(yn,v) = = Hyh —yall> + 5 llv —ynll?

vEL2(Q) 2 )\2 |

1
(PVh) subject to  (Vyn, Vwy) 4+ cx (yn, wp) = i (v, wn) Yw, €W

and  v(z) < y(x) a.e. in .
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The optimal solution of (PV},) is denoted by vy, and again, in general o), ¢ W),. Notice
that (PV},) coincides with the variational discretization of purely control-constrained
problems following the approach of [14]. Now let us turn to the optimality conditions
for (PV) and (PV},). In a standard way, one deduces

(Vi, Vw) +ex (5, w) = (0, w) Ywe HY(Q) (3.5)
(Vp,Vw)—FcA(p,w):(ﬂ—yd—l-%(gj—@),w) Ywe H'Y(Q) (3.6)
(17—3]—0—21),1)—17)20 Vv € Vad (3.7)

with V,q := {v € L*(Q) |v(z) < y.(z) a.e. in Q}. For the optimality system of (PVy),
we find

(Vﬂh, th) —+ ¢ (ﬂh, wh) = (’Dh, wh) Y wy € Wy, (3.8)
«
(Von, Vwn) +ex (pn, wn) = (Gn — ya + 2 = o), wp) Vw, €W, o (3.9)
A
(On =G0+ = phs v =0h) 20 Vv € Vaa. (3.10)

Due to the variational discrete approach, the solution @ of (PV) is feasible for (PVy,)
and therefore, we are allowed to insert v in the variational inequality (3.10). On the
other hand, we insert @5 in (3.7). Adding both inequalities then yields

A

(0%

(ﬁ—ﬂh—(y—yhﬂ' (p—ph)ﬁh—l_))ZO,

which in turn gives

A

0<—[o—vu|*+ (yu(®) — 5, O — ) + - (p—p"(v), v — D)
+ 2 (0" @) — pu(s), 50— 0)
A (3.11)
+ (Gn —yn(©), n — D) + 2 (pn(0) = p, Uh — D)
=B

Here, the notation y(v) with an arbitrary v € L?(2) corresponds to the solution of

(Vy, Vw) + ¢ (y,w)z%(v,w) Vwe HY(Q), (3.12)

while y (v) solves

1
(Vyn, Vwp) + ex (yn , wp) = 3 (v, wp) Ywp €W (3.13)

Moreover, p(v) is defined as solution of

«

(Vp", Vwg) +ex (", wi) = (y(v) —ya + 32 (y(v) —v), wp) Ywy, €W, (3.14)
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and similarly, py(v) denotes the solution to

(Vpn , Vwp)+ex (ph, wp) =

a (3.15)

(n(v) = ya+ 33 (gn(v) =), wn) ¥ wp € Wh

Notice that, with these notations at hand, we have § = y(?), Jn = yn(ts), p = p(v),
and py, = pp(vy,). Before we further exploit (3.11) let us provide some auxiliary results.
To begin with we consider

(Vz, Vw) +cx (2, w) = (g, w) Ywe HY(Q) (3.16)

with some g € L*(Q). Similarly to above, we introduce the discrete version of (3.16)
by

(Vzh, Vuwy,) + ¢ (Zh, wp) = (g, wh) YweW,
and denote the associated solution by zp,(g). Now, we derive an estimate analogous

to (3.2) which takes into account the dependency on .

LEMMA 3.3. Under Assumption 3.1, there exists a constant C()) independent of A
such that

1 1
len(e) = =(0) 2oy < C(Q) (B2 + 5 B + 55 1) 2(0) L
holds true.

Proof. The proof follows standard arguments. Using the Galerkin orthogonality and
standard interpolation error estimates, one obtains

lon(s) ~ 2(@llmsc@y < 2(0) = In@llmscey + 5 I12(9) — Tn=(0)]
< Q) (h+ 3 1) [2(9) e

where [}, denotes the linear interpolation operator. Applying the well known argument
according to Nitsche then gives the assertion. a

LEMMA 3.4. Suppose that Assumption 3.1 is fulfilled. Then there exists a constant
C(Q) independent of X such that the following estimate is valid

1 1
lyn(@) = gl < C(Q) (* + 1 B* + 55 h'). (3.17)
In addition
1 1
AMIp" (@) = pll < C(e, Q) (h* + £ B® + 5 h*) (3.18)

A A2
holds true with a constant C(a, ) independent of .

Proof. By construction, § = y(?) is also the solution of the state equation in (Py) with
@ = 1/X (0 — ) on the right hand side, i.e. it solves (3.1) with @ as inhomogeneity.
Therefore, Lemma 3.2 together with (2.8) yields

9]l 2 0) < cllall <e,
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where the optimality of % guarantees its uniform boundedness w.r.t. A in L?(f2).
Together with Lemma 3.3, this implies (3.17).

Moreover, again due to (1.3), i.e. @ = 1/A (0 — §), the adjoint state solves

1
—Ap—l—p:g—yd—xp—l—%ﬁ in Q

8np:0 on F,

and hence, again by Lemma 3.2,

Mlplla20) < e (A 171l + Mlyall + ac[lall + lIp]l)

follows with a constant ¢ independent of A\. Thanks to their optimality, @ and g
are uniformly bounded in L?(Q2) independent of A. Moreover, consider again an
arbitrary sequence {\,} tending to zero for n — oo. Then, from Lemma 2.4, we know
that the associated sequence of adjoint states converges weakly in L2(Q), giving in
turn its uniform boundedness such that ||p|| < ¢ independent of A. Thus, we obtain
AMIpll a2y < ¢ and consequently, Lemma 3.3 gives the assertion. 0

THEOREM 3.5. Suppose that Assumption 3.1 is fulfilled. Then, there is a constant
C(a, 2, Amax) independent of \ such that
1

(h* + % h3 + ¥ h?) (3.19)

x

=l + 117 = nlli @) < O 2 Amax) 33

is satisfied.

Proof. The result will be obtained by estimating the addends on the right hand side of
(3.11) by means of the above lemmata. We start with (3.15) with ¢ as inhomogeneity
and subtract the analogous equation for o}, on the right hand side. This gives

(V [ph(l_)) —ph(l_)h)} , th) +ca (ph(f)) — pn(tp), wh) —

4 (3.20)

(yh(ﬁ) — yn(on) + % (yn (D) — yn(Or) — 0+ 0n) wh) YV wy € Wh.
We note that by definition g, = yn(05) and py(0y) = pr. Now we consider (3.13) with
Up, — U as right hand side, use pp,(0) — pp, there as test function, and choose g, — y5 (7)
as test function in (3.20). Next we form the difference of the arising equations and
obtain

1
3 (ph(ﬁ) — Ph, U — 5)
) ) o ) ) o ) ) (3.21)
= (yh(v) —Yn+ 2 (yh(v) —Yh — U+ Uh) y YUn — yh(”)),
so that B of (3.11) admits the form
/\2
B == (14 ) (@) = 3ull* +2 (5 — yn(0) , 1 — ) (3.22)

Similarly we obtain for A of (3.11)

2
A= (1 + %) (¥ —yn(0), yn(on) — yn(0)). (3.23)
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Inserting (3.22) and (3.23) into (3.11), straight-forward estimation yields
S SN2 _o(r e I ST
0<—[Ip=wll2 =2 -5, 7= 50) + 15— 5] = = 17—

+ (g —yn(@), 0 —0) + = (p—p"(¥), Vp — D)

a
)\2
~(14+ ) @) 7. 7= )
Notice that, in view of the transformation formulas (1.3) and (3.4), the term in the

squared brackets is equivalent to A?||@ — @y |*. Hence, we replace o and o), by @ and
Uy, respectively, and obtain

(7 — yn(0), ap —a) + (p—p"(v), wp — )

%(p—ph(ﬁ),yh—y) — (yn(®) =7, Jn — 7).

_ _ _ _ «
alla—anl* + (|7 — gall? <5
+

Using Young’s inequality we arrive at

(o = 26) [|@ = an)|* + (1 = 26) (|7 — Gn*

< (S D - @+ (S5 + =) Rl @
— + - — yp(v — + — —p(v
=z T/ KAZ kY p=p
with k& > 0 arbitrary. Lemma 3.4 now yields
(o = 2) [|a — an|* + (1 - 26)[|7 — Fnl®
1,5 1. 4 1 42
SC(OL,Q,)\maX)W(h +Xh, +Fh, ) )

so that choosing x small enough delivers the result for ||a — @pl]. The estimate for
|l — Unlla (o) follows from the continuity of the control-to-state operator together
with (3.2) and the optimality of & which implies |||/ z2(q) < ¢ independent of A. O

In view of Theorem 3.5, we thus obtain quadratic convergence of the control for a
fixed A as in case of the purely control-constrained case discussed in [14]. On the
other hand, the approximation behavior of the solution of (P ;) strongly depends on
the value of \. For the overall approximation error, we find

[u* = axnll < llu” —ax| + lax — @xnll,

where, as before, u* denotes the solution of the original purely state-constrained prob-
lem (P). Moreover, @y is the exact solution of (Py) for a given A > 0 and uy 5, denotes
the associated discrete solution. Assuming that the sequence {@x}a o is uniformly
bounded in L*°(), it is shown in [19] that

Ju* = aall < VA (3.24)

holds true with a constant ¢ independent of A. This together with (3.19) prove

THEOREM 3.6. Let Assumption 3.1 be fulfilled and assume that the sequence of op-
timal solutions to (Py) for A | 0, denoted by {uyx}, is uniformly bounded in L>°(Q).
Then, with the notations introduced above there holds

1 1 1
u* — aan] < Cla, Q) (\FH 5B+ H+ 5 h4)), (3.25)
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with a generic positive constant C(a, Q) independent of \ and h.

From (3.25), we deduce the following theoretical prediction concerning the qualitative
impact of the Lavrentiev regularization on the numerical approximation of (P).

REMARK 3.7. We observe that, for the minimization of |u* — @] a small value of A
seems to be favorable, while the discretization error ||ux — x| may be increased by
a reduction of A. Hence, the two different contributions to the overall error seem to
behave contrarily.

3.2. A error estimate uniform in A\. We now derive an error estimate for
||z — @p]| which does not depend on A. In contrast to the theory presented in section
3.1, we do not utilize the auxiliary problem (PV) for the underlying analysis. As
before @ denotes the solution of (Py) for a given A while @, is the solution of (P p).

THEOREM 3.8. There exists some 0 < hg < 1 such that
@ — an| + 15 — Gnll i) < CR™* YO < h<hg (3.26)

holds with a positive constant C' > 0 which is independent of \.

Proof. We switch back to (P ), i.e. the variational discrete version of (Py). The
associated optimality system is given by

(Vy, V) + (7, wn) = (an, wp) Y w, € Wy (3.27)
(Von, Vwn) + (pn, wn) = (Un — ya + pn, wn) ¥V wn € Wy (3.28)
i () + pu(z) + Aun(r) =0 ae. in Q, (3.29)

pn(x) > 0ae. in Q,  Aip(x) + gn(z) < ye(z) a.e. in Q (3.30)
/(/\ﬁh + Un — Ye)pndr = 0. (3.31)

Q

Here, pp denotes the discrete Lagrange multiplier associated to the mixed constraints
in (Py). Notice that, due to (3.29), we have in general u; ¢ W), since @, ¢ Wi,
Note moreover, that with (3.4), i.e. T, = A @y, + yp, and (3.29), py, is equivalent to the
solution of (3.9), i.e. the solution of the adjoint equation of (PVy). Now we multiply
the difference of (3.29) and its counterpart in (2.7) by @ — @, and integrate over €.
We obtain

alla—an|?* = (=A(u=pn), G—an)+(pr,—p", a—ap) + (" —p, a—an) =: (1)+(2)+(3),
where p" denotes the finite element solution to
(Vp", Vwn) + (", wn) = (J —ya+ 1, wn) YV wn € Wy,

which coincides with p" (), © = At + 7, as defined in (3.14). Using the finite element
solution 3" of

(Vyl, V) + (", wp) = (@, wp,) Y wy, € Wy,
we obtain

2) = (V" =), Vior —2") + " = 9n, pr — ")
= (Gn — 0:¥" = Un) + (n, ¥" — Jn) — (. y" — Gn).



State-constrained problems 17

Now, since 9, < y. — Ay and g > 0 we have, using the complementarity condition
for y. — A\ — gy in (2.7),

(s Tn = y™) < (s ye — Min — y™) = (1, ye — Man — y" — ye + M+ §) =
= (Mu/\(ﬂ’ - ﬂ’h)) + (Mag - yh)

Analogously, we find

(s y™ = Tn) < (s M, — @) + (pn, y" — 7).
Thus,

(1) +(2) + ) < (=M — pn)sw—ap) + (1 — pr, MU — 0p))+
+(@Gn =9 = Tn) + (17— y") + (" = 9) + 0" —pa—an) =
= @n = 09" = 9) = 90 — 91> + (11,5 = ¥") + (n,y" = 9) + (0" — p,u — @)
Using the Cauchy—Schwarz inequality, we obtain

alla = anll? + 5w — 712 < CL15 = 512 + (il gy + lrmnllzsc) 17 = 5"l
1
+=lp "}
(6%

From Lemma 2.2 we infer ||u[/z1(q) < C uniformly in A. An inspection of its proof
also delivers ||un| 1) < C uniformly in A, since [|7x ]|, [|@n]| are uniformly bounded
in h and A due to their optimality. The uniform boundedness of ||un|| 1 (o) W.r.t. A, A
also holds true in the case of Dirichlet boundary conditions. This follows immediately,
if one replaces S by Sj and G by G}, in the proof of Lemma 2.8.

In [5], it is proven for the case of homogeneous Dirichlet boundary conditions that

Il = 217 < 1 (15— wall® + el ) (3.32)

It is easy to see that the same duality argument also applies in case of homogeneous
Neumann boundary conditions such that (3.32) holds in both cases (cf. [5, Theorem
3] and the corresponding proof). Furthermore, we have ||y — y"||? < Ch*, and ||j —
Y| (@) < Ch*~™/2 by (3.2) and (3.3) and the optimality of @ which implies ||| < c
independent of A. Hence the estimation of @ — || follows. Then |4 — 7| g1 (o) can
be estimated as in the proof of Theorem 3.5 such that claim follows. |

Next let us consider (3.1) for f € L*°(Q), and let us assume that the corresponding
unique solution satisfies z € W24(Q) for all 1 < g < co. Then, due to [11, Lemma 1]

2= znlloe < CB2 [log(B)P 0]l o)- (3.33)

Now let us assume that @ is uniformly bounded in L*°(§2) which is the same assump-
tion that was already needed for the estimation of the regularization error in (3.24).
Then, we deduce from the proof of the previous Theorem

COROLLARY 3.9. Assume that the sequence of optimal solutions to (Py) for X\ | 0,
denoted by {uy}, is uniformly bounded in L°°(QY), and assume further that the solution
of (3.1) satisfies z € W24(Q) for all 1 < q < oo if f € L>=(Q). Then the sequence of
solutions of (Pap), denoted by {uxpn} satisfies

s — @n|l < Cmax{h|log(h)|, h* ™/} for all 0 < h < h. (3.34)
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with a constant C independent of X and h. Hence (3.24) immediately implies
= axnll < llu* = aall + = axnll < C(VA+max{h|log(h)|,h2~"/2}) ~(3.35)

with a constant C' > 0 that does not depend on A and h.
REMARK 3.10. Let the assumptions of Corollary 3.9 be satisfied. Then, (3.35) implies

. h|log(h)| if n =2,
|u<_mﬁH~¢X+{

hl/? if n =3,
which suggests the coupling
h ifd=2
VA~ ’ 3.36
RY? if d =3, (8.36)

of X\ and the finite element grid size h.

4. Numerical investigation. Finally we present a numerical experiment which
supports the findings in the previous section. Specifically it turns out that the coupling
of A and the finite element grid size h proposed in (3.36) seems to be optimal.

The test case used for the following numerical investigation is taken from [15], and its
numerical implementation using the variational discrete concept is performed along
the lines of [20]. It is constructed such that the Lagrange multipliers associated to
the pure state constraints are continuous. The considered control problem coincides
with (P) unless that there is an additional bound from below in the state constraint,
ie yo(z) < ylx) < yp(x) ae. in Q. Tt is easy to verify that this additional bound
does not influence the theory presented above. We choose € = (0,1)? as test domain.
Moreover, the desired state y4 and the bounds y, and y; are defined by

(2) = g(z) , if g(z) < -0.7 (z) = g(x) , if g(z) > 0.7
Yo 0.7, if g(z) > —0.7 T 07 it g(x) < 0.7
ya(z) = (2r?a—1)2m% 4+ 1)+ 11)9(:17) —7,if g(x) > 0.7

(2m?a—1)(27% 4+ 1) + 11)g(z) + 7, if g(z) < 0.7

with & = (21, 22) and g(x) := cos(m 1) cos(mw x2). It is straightforward to verify that
the exact solution for this problem is given by

y* () = g(z), u*(x) = (27 + 1) g(2) , p*(2) = —a (27* +1) g(x)

—10g(z) — 7, if g(z) < —0.7 10g(z) — 7, if g(z) > 0.7
fa(x) = { go , ifi@ > o7 0 (@)= { ! 0 , ifi(m) <0.7.

For the numerical solution of the Lavrentiev regularized problems a semi-smooth
Newton method is applied to the numerical solution of the variational discretization
(PV},) of (PV). We note that this algorithm is kept on the infinite-dimensional level
since the controls v are not discretized. The numerical implementation then is non—
standard. For details we refer to [14, 20].

In Tab. 4.1 the dependence of the L?-error ||u* — ii|| on A and h is presented for the
case o = 1072, It turns out that the overall error is increased if A is chosen too small.
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TABLE 4.1
Dependence of the L? error ||u* — @y|| on X and h for o = 0.01.

A:
h/v2 | 10725 | 1073 | 107%° | 107 | 107> | 107® | 107> | 1076

0.1 0.6429 | 1.0828 | 3.3982 | 10.715 | 34.307 | 107.48 | 337.80 | 1065.2
0.05 0.6221 | 0.3125 | 0.7956 | 2.515 | 7.950 | 25.09 | 79.26 | 250.2
0.025 | 0.6326 | 0.2148 | 0.2111 | 0.637 | 2.009 6.34 20.05 63.5

0.0125 | 0.6358 | 0.2097 | 0.0840 | 0.165 | 0.516 1.62 5.12 16.2

0.00625 | 0.6365 | 0.2101 | 0.0682 | 0.045 | 0.125 0.39 1.23 3.9

0.2 T T T T T T A |

0.15 b

[, n &l
[l
o
[N

Il

0.05 b

0 NS | s P S SR n PR RN |

10° 107 107 107

\

Fic. 4.1. Relative error ||u* — @y,||/||u*|| over X for h = 6.25 x 1073.

This is also illustrated by Fig. 4.1 which depicts the relative error ||u* —@p||/||u*|| over
A for h = 6.25 x 1073, We observe that the theoretical prediction of Remark 3.7, is
confirmed by the numerical findings, i.e. the discretization error and the regularization
error behave contrarily such that the optimal value of X is larger than zero and depends
on the mesh size h.

Now let us denote by A(h) the Lavrentiev parameter which delivers the smallest L>-
error for a given grid size h. In Fig. 4.2 we present a log plot of ||u* — @) all/|lu*||
for varying values of . It shows that for the present numerical example we could
expect an error behaviour of the form

lu* — axpy,nll ~ h,

which also would be delivered by the coupling A\ ~ h? suggested in (3.36) for the case
n=2.
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