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Z4-ACTIONS WITH PRESCRIBED TOPOLOGICAL AND
ERGODIC PROPERTIES

YURI LIMA

ABSTRACT. We extend constructions of Hahn-Katznelson [7] and Pavlov [10]
to Z%-actions on symbolic dynamical spaces with prescribed topological and
ergodic properties. More specifically, we describe a method to build Z%-actions
which are (totally) minimal, (totally) strictly ergodic and have positive topo-
logical entropy.

1. INTRODUCTION

Ergodic theory studies statistical and recurrence properties of measurable trans-
formations T acting in a probability space (X, B, u), where u is a measure invariant
by T, that is, u(T=*A) = u(A), for all A € B. It investigates a wide class of
notions, such as ergodicity, mixing and entropy. These properties, in some way,
give qualitative and quantitative aspects of the randomness of T. For example,
ergodicity means that 7' is indecomposable in the metric sense with respect to p
and entropy is a concept that counts the exponential growth rate for the number
of statistically significant distinguishable orbit segments.

In most cases, the object of study has topological structures: X is a compact
metric space, B is the Borel g-algebra of X, i is a Borel measure probability and T’
is a homeomorphism of X . In this case, concepts such as minimality and topological
mixing give topological aspects of the randomness of T'. For example, minimality
means that T is indecomposable in the topological sense, that is, the orbit of every
point is dense in X.

A natural question arises: how do ergodic and topological concepts relate to each
other? How do ergodic properties forbid topological phenomena and vice-versa?
Are metric and topological indecomposability equivalent? This last question was
answered negatively in [5] via the construction of a minimal diffeomorphism of the
torus T2 which preserves area but is not ergodic.

Another question was raised by W. Parry: suppose T has a unique Borel proba-
bility invariant measure and that (X,T') is a minimal transformation. Can (X,T)
have positive entropy? The difficulty in answering this at the time was the scarcity
of a wide class of minimal and uniquely ergodic transformations. This was solved af-
firmatively in [7], where F. Hahn and Y. Katznelson developed an inductive method
of constructing symbolic dynamical systems with the required properties. The prin-
cipal idea of the paper was the weak law of large numbers.
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Later, works of Jewett and Krieger (see [I1]) proved that every ergodic measure-
preserving system (X, B, u, T) is metrically isomorphic to a minimal and uniquely
ergodic homeomorphism on a Cantor set and this gives many examples to Parry’s
question: if an ergodic system (X, B, u,T) has positive metric entropy and ® :
(X,B,u,T) — (Y,C,v,S) is the metric isomorphism obtained by Jewett-Krieger’s
theorem, then (Y, .S) has positive topological entropy, by the variational principle.

It is worth mentioning that the situation is quite different in smooth ergodic
theory, once some regularity on the transformation is assumed. A. Katok showed
in [9] that every C'*® diffeomorphism of a compact surface can not be minimal
and simultaneously have positive topological entropy. More specifically, he proved
that the topological entropy can be written in terms of the exponential growth of
periodic points of a fixed order.

Suppose that T is a mesure-preserving transformation on the probability space
(X,B,p) and f : X — R is a measurable function. A successful area in ergodic
theory deals with the convergence of averages n~! - Sy f (Tkac), x € X, when n
converges to infinity. The well known Birkhoff’s Theorem states that such limit ex-
ists for almost every & € X whenever f is an L-function. Several results have been
(and still are) proved when, instead of {1,2,...,n}, average is made along other
sequences of natural numbers. A remarkable result on this direction was given by J.
Bourgain [3], where he proved that if p(z) is a polynomial with integer coefficients
and f is an LP-function, for some p > 1, then the averages n=' - > _ f (T?Mz)
converge for almost every x € X. In other words, convergence fails to hold for a
negligible set with respect to the measure p. In [I], V. Bergelson asked if this set is
also negligible from the topological point of view. It turned out, by a result of R.
Pavlov [I0], that this is not true. He proved that, for every sequence (pp)n>1 C Z
of zero upper-Banach density, there exist a totally minimal, totally uniquely er-
godic and topologically mixing transformation (X,7T) and a continuous function
f X — R such that n= - Y7, f(T?+x) fails to converge for a residual set of
rzeX.

Suppose now that (X, T) is totally minimal, that is, (X,7™) is minimal for every
positive integer n. Pavlov also proved that, for every sequence (p,)n>1 C Z of zero
upper-Banach density, there exists a totally minimal, totally uniquely ergodic and
topologically mixing continuous transformation (X, T) such that « & {TP~; n > 1}
for an uncountable number of z € X.

In this work, we extend the results of Hahn-Katznelson and Pavlov, giving a
method of constructing (totally) minimal and (totally) uniquely ergodic Z%-actions
with positive topological entropy. We carry out our program by constructing closed
shift invariant subsets of a sequence space. More specifically, we build a sequence of
finite configurations (Cy)r>1 of {0, I}Zd, Cr+1 being essentially formed by the con-
catenation of elements in Cj, such that each of them occurs statistically well-behaved
in each element of Ciy1, and consider the set of limits of shifted Cy-configurations
as k — 400. The main results are

Theorem 1. There exist totally strictly ergodic Z%-actions (X, B, u, T) with arbi-
trarily large positive topological entropy.

We should mention that this result is not new, because Jewett-Krieger’s Theorem
is true for Z%-actions [12]. This formulation emphasizes to the reader that the
constructions, which may be used in other settings, have the additional advantage
of controlling topological entropy.
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Theorem 2. Given a set P C 7 of zero upper-Banach density, there exist a totally
strictly ergodic Z3-action (X, B, u,T) and a continuous function f : X — R such
that the ergodic averages

1
Poan 2. ST

gePN(—n,n)?

fail to converge for a residual set of x € X. In addition, (X,B,u,T) can have
arbitrarily large topological entropy.

The above theorem has a special interest when P is an arithmetic set for which
classical ergodic theory and Fourier analysis have established almost-sure conver-
gence. This is the case (also proved in [3]) when

P = {(pl(n)v s 7pd(n)) yne Z}a
where p1,...,pq are polynomials with integer coefficients: for any f € LP, p > 1,

the limit .
1
im = (P1(R),.pa (k) )
exists almost-surely. Note that P has zero upper-Banach density whenever one of
the polynomials has degree greater than 1.

Theorem 3. Given a set P C 7% of zero upper-Banach density, there exists a
totally strictly ergodic Z%-action (X,B,u,T) and an uncountable set Xo C X for
which © & {TPrx; n > 1}, for every x € Xo. In addition, (X,B,u,T) can have
arbitrarily large topological entropy.

Yet in the arithmetic setup, Theorem [3 is the best topological result one can
expect. Indeed, Bergelson and Leibman proved in [2] that if T is a minimal Z?-
action, then there is a residual set Y C X for which z € {T'(P1(7).--pa(m)z: n € Z},
for every z € Y.

2. PRELIMINARIES

We begin with some notation. Consider a metric space X, B its Borel o-algebra
and a G group with identity e. Throughout this work, G will denote Z¢, d > 1, or
one of its subgroups.

2.1. Group actions.
Definition 4. A G-action on X is a measurable transformation T : G x X — X,
denoted by (X, T), such that

(i) T(91,T(g2,x)) = T(g1g2,x), for every g1,92 € G and x € X.

(il) T(e,x) = x, for every z € X.
In other words, for each g € G, the restriction

9 . X — X
z — T(g,x)

is a bimeasurable transformation on X such that 79192 = T91T92 for every ¢1, g2 €

G. When G is abelian, (T9)4¢c¢ forms a commutative group of bimeasurable trans-
formations on X. For each = € X, the orbit of X with respect to T is the set

Or(x) ={T9z; g € G}.
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If F is a subgroup of G, the restriction T'|p : F' x X — X is clearly a F-action on
X.

Definition 5. We say that (X, T) is minimal if Orp(x) is dense in X, for every
xr € X, and totally minimal if Op, (z) is dense in X, for every x € X and every
subgroup F' < G of finite index.

Remind that the indez of a subgroup F, denoted by (G : F'), is the number of
elements of the quocient group G/F. The above definition extends the notion of
total minimality of Z-actions. In fact, a Z-action (X,T) is totally minimal if and
only if 7™ : X — X is a minimal transformation, for every n € Z.

Consider the set M(X) of all Borel probability measures in X. A probability
w € M(X) is invariant under T or simply T-invariant if

w(T9A) = u(A), vge G, VA e B.

Let Mp(X) C M(X) denote the set of all T-invariant probability measures. Such
set is non-empty whenever G is amenable, by a Krylov-Bogolubov argument applied
to any F¢lner sequence of G.

Definition 6. A G measure-preserving system or simply G-mps is a quadruple
(X,B,u,T), where T is a G-action on X and p € Mg (X).

We say that A € B is T-invariant iff T9A4 = A, for all g € G.

Definition 7. The G-mps (X, B, u, T) is ergodic if it has only trivial invariant sets,
that is, if 4(A) = 0 or 1 whenever A is a measurable set invariant under 7.

Definition 8. The G-action (X, T) is uniquely ergodic if My (X) is unitary, and
totally uniquely ergodic if, for every subgroup F' < G of finite index, the restricted
F-action (X, T|r) is uniquely ergodic.

Definition 9. We say that (X, T) is strictly ergodic if it is minimal and uniquely
ergodic, and totally strictly ergodic if, for every subgroup F' < G of finite index, the
restricted F-action (X, T|r) is strictly ergodic.

The result below was proved in [I3] and states the pointwise ergodic theorem for
Z%-actions.

Theorem 10. Let (X,B,u,T) be a Z%-mps. Then, for every f € L' (u), there is a
T-invariant function f € L'(u) such that
. 1 5
Jim = Y0 f(T92) = f(a)
gE[O,n)d

for p-almost every x € X. In particular, if the action is ergodic, f is constant and
equal to [ fdpu.

Above, [0,n) denotes the set {0,1,...,n — 1}, [0,n)? the d-dimensional cube
[0,7) % ---x [0,n) of Z¢ and by a T-invariant function we mean that foT9 = f, for
every g € G. These averages allow the characterization of unique ergodicity. Let
C(X) denote the space of continuous functions from X to R.

Proposition 11. Let (X,T) be a Z%-action on the compact metric space X. The
following items are equivalent.

(a) (X,T) is uniquely ergodic.
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(b) For every f € C(X) and x € X, the limit

1
Jm 5 ) (1)
g€[0,n)?

exists and is independent of x.
(¢) For every f € C(X), the sequence of functions

1
- = 9
In=ga 2. foT
g€lo,n)?
converges uniformly in X to the constant function f = [ fdpu.
Proof. The implications (c¢)=-(b)=-(a) are obvious. It remains to prove (a)=-(c).

By contradiction, suppose f,, does not converge uniformly to f for some f € C (X).
This means that there exist € > 0, n; — oo and x; € X such that

o)~ [ fau] =
For each i, let v; € M(X) be the probability measure associated to the linear

functional ©; : C(X) — R defined by

0ile) = Y wllr), ¢ € C(X).

g€[0,m;)4

Restricting to a subsequence, if necessary, we assume that v; — v in the weak-
star topology. Because the cubes A; = [0,n;)% form a F¢lner sequence in Z9,
v € Mz(X). In fact, for each h € Z4,

1
h _ 1 9.) _ 9
‘/((pOT)dV /(pdl/ = z‘lgrolonid Z o(T9z;) Z(p(T x;)
gEA;+h geEA;
A A(A; + D
< max|p(z)] - lim = #(Ai -
= 0.
But
‘/fdv—/fdu’ ~ 1im ’/fdvi—/fdu‘ = lim fm(ivi)—/fdu’ >
and so v # p, contradicting the unique ergodicity of (X, T). d

2.2. Subgroups of Z?. Let F be the set of all subgroups of Z? of finite index. This
set is countable, because each element of F is generated by d linearly independent
vectors of Z?. Consider, then, a subset (Fy)ren of F such that, for each F' € F,
there exists kg > 0 such that Fy < F, for every k > ky. For this, just consider an
enumeration of F and define F} as the intersection of the first k elements. Such
intersections belong to F because

(Z¢:FNF)<(Z*:F)-(Z*: F"), VF, F' <Z%
Restricting them, if necessary, we assume that Fy, = my, - Z¢, where (my)g>1 is

an increasing sequence of positive integers. Observe that (Z? : F}) = my?. Such
sequence will be fixed throughout the rest of the paper.
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Definition 12. Given a subgroup F < Z%, we say that two elements g, go € Z¢
are congruent modulo F if gy — g» € F and denote it by g1 = g2. The set F' C Z¢
is a complete residue set modulo F if, for every g € Z%, there exists a unique h € F
such that g = h.

Every complete residue set modulo F is canonically identified to the quocient Z?/F
and has exactly (Z¢: F) elements.

2.3. Symbolic spaces. Let C be a finite alphabet and consider the set Q(C) = cz
of all functions x : Z% — C. We endow C with the discrete topology and (C) with
the product topology. By Tychonoff’s theorem, Q(C) is a compact metric space.
We are not interested in a particular metric in Q(C). Instead, we consider a basis
of topology By to be defined below.

Consider the family R of all finite d-dimensional cubes A = [r1,r; +n) X -+ X
[ra,rq +n) of Z% n > 0. We say that A has length n and is centered at g =
(r1,...,7mq) € Z%

Definition 13. A configuration or pattern is a pair by = (A,b), where A € R and b
is a function from A to C. We say that b4 is supported in A with encoding function
b.

Let Q4(C) denote the space of configurations supported in A and Q*(C) the space
of all configurations in Z<:
Q*(C) ={ba; ba is a configuration}.
Given A € R, consider the map IT4 : Q(C) — Q4(C) defined by the restriction
Ma(z) : A — C
g — z(9)
In particular, ¢,y (x) = x(g). We use the simpler notation x|4 to denote IT4(x).

Definition 14. If A € R is centered at g, we say that x| is a configuration of x
centered at g or that x|4 occurs in x centered at g.

For A1, As € R such that A; C As, let ﬂ'ﬁf : Qa, — Q4, be the restriction

wﬁf b : A4 — C
g — blg)
As above, when there is no ambiguity, we denote wﬁf (b) simply by b|4,. It is clear
that the diagram below commutes.

TMa,
Q(C) —=04,(C)

7TA2
4, A1
QAI (C)

These maps will help us to control the patterns to appear in the constructions of
Section [3

By a cylinder in Q(C) we mean the set of elements of ©(C) with some fixed
configuration. More specifically, given by € Q*(C), the cylinder generated by ba is
the set

Cyl(ba) ={x € QC); z|a =ba}.
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The family By := {Cyl(ba) |ba € Q*(C)} forms a clopen set of cylinders generating
B. Consequently, the set Co = {xp; B € By} of cylinder characteristic functions is
dense in C'(©2(C)). Let u be the probability measure defined by

u(Cyl(ba)) = |C|714, Vba € Q*(C),

and extended to B by Caratheédory’s Theorem. Above, |- | denotes the number of
elements of a set.
Consider the Z-action T : Z? x Q(C) — Q(C) defined by

T9(x) = (x(g9 + h)nez
also called the shift action. Given B = Cyl(ba) and g € Z%, let B + g denote the
cylinder associated to batg = (b, A+ g), where b : A+ g — {0,1} is defined by

b(h) =b(h —g), Vh € A+ ¢g. With this notation,

XBOoTY = XBtg- (2.1)
In fact,
xs(T9%) = 1
= T9%2 € B
= z(g+h) = bh), Vhe A
— z(h) = b(h), Vhe A+yg
= xr € B+g.

Definition 15. A subshift of (Q(C),T) is a Z%-action (X, T), where X is a closed
subset of Q(C) invariant under T'.

2.4. Topological entropy. For each subset X of Q(C) and A € R, let
QA(C,X) = {$|A; x € X}

denote the set of configurations supported in A which occur in elements of X and
Q(C, X) the space of all configurations in Z? occuring in elements of X,

(€, X) = (. X).
AER

Definition 16. The topological entropy of the subshift (X, T) is the limit

log [ Qo e (C, X
BXT) = lim 280w (€ X))

n—-+o0o nd

; (2.2)

which always exists and is equal to inf,ey n—ld ~log |Q(0,)a (C, X)|.
2.5. Frequencies and unique ergodicity.

Definition 17. Given configurations ba, € Q4,(C) and ba, € Q4,(C), the set of
ocurrences of ba, in ba, is

S(ba, ba,) ={g € Z%; A1 + g C Ay and w42, (ba,) = ba, 1}
The frequency of ba, in ba, is defined as

|S(bA17bA2)| .

fr(bA17bA2) = |A2|
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Given F € F and h € Z%, the set of ocurrences of ba, in ba, centered at h modulo
Fis

S(ba, ba,, h, F) ={g € S(ba,,ba,); A1 + g is centered at a vertex =p h}
and the frequency of ba, in ba, centered at h modulo F' is the quocient

ba,,ba,, h, F
fr(bAl,bA27h,F) - |S( A15|AA22|7 ) )| .

Observe that if ' C Z? is a complete residue set modulo F', then

fr(bAlvbAz) = Z fr(bAnbszgv F)
geF

To our purposes, we rewrite Proposition [[1] in a different manner.

Proposition 18. A subshift (X,T) is uniquely ergodic if and only if, for every
ba € Q*(C) and x € X,
fr(ba,z) = lim fr(ba, x|/ ,e)

n—-+o0o

exists and is independent of x.

Proof. By approximation, condition (b) of Proposition [[] holds for C(X) if and
only if it holds for Cy = {xB; B € Bo}. If f = xcyi(b4), @) implies that

1

. L 9

nhrJIrloo fulz) = nhrfoo v E f(T%2)
g€[0,n)4

i 1
= lim — Z XCyl(bA+g)(‘r)

n—-+o0o nd
g€[0,n)4

lim > ()
= im T
e pd XCyl(ba+tg)
ge[o,n)d
A+4gC[0,n)d

= nll»I-Poo fr (bA, $|[07n)d)
= fr(ba,x),
where in the third equality we used that, for a fixed A € R,
d. d
i 9 €0.n) A+g 7 [0,n)% _

n—-+4oo nd

0.
(]

Corollary 19. A subshift (X, T) is totally uniquely ergodic if and only if, for every
bace (), zeX and Fe F,

fr(ba,z, F) = ngr}rloo fr (bA, | [0,n)¢, 0, F)

exists and is independent of x.

So, unique ergodicity is all about constant frequencies. We’ll obtain this via the
Law of Large Numbers, equidistributing ocurrences of configurations along residue
classes of subgroups.
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2.6. Law of Large Numbers. Intuitively, if A is a subset of Z¢, each letter of
C appears in z|4 with frequency approximately 1/|C|, for almost every x € Q(C).
This is what the Law of Large Number says. For our purposes, we state this result
in a slightly different way. Let (X, B, i) be a probability space and A C Z¢ infinite.
For each g € A, let X; : X — R be a random variable.

Theorem 20. (Law of Large Numbers) If (Xg)geca is a family of independent and
identically distributed random variables such that E[X,] = m, for every g € A, then
the sequence (X")n>1 defined by

< deAm[O,n)d Xg

" AN[o,n)d
converges in probability to m, that is, for any € > 0,

lim p (X, —m|<e)=1

n—-+0o0o

Consider the probability measure space (X, B, i) defined in Subsection2.3l Fixed
weC,let X, : Q(C) — R be defined as

Xe() = 1, ifz(g)=w
= 0, ifz(g) # w.

It is clear that (X,),cza are independent, identically distributed and satisfy

(2.3)

1
B, = [ X, ()dule) = 1 Vg e 2
X €|
In addition,

_ X S
X () = de[om); 2 _ S alome)| _ fr (w, 2jo,n)e) .

n nd

which implies the

Corollary 21. Letw €C, g€ Z%, F € F and £ > 0.
(a) The number of elements b € Qg ,ya(C) such that

1
fr(w,b)—m‘ <e

is assymptotic to |C|"d as n — +00.
(b) The number of elements b € Qg ,ya(C) such that

1

fr(w,b,9,F) — -z F)

<

is assymptotic to |C|"d as n — +00.
(¢c) The number of elements b € Qg ,ya(C) such that

1

fr(w,b,9,F) — - (Z7: F)

‘<5

for every w € C and g € Z¢ is assymptotic to |C|"d as n — +oo.
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Proof. (a) The required number is equal to
nd -
1" ({x € QC); [fr (w,zljomya) — [CI7H| < })
and is asymptotic to |C |"d, as the above p-measure converges to 1.
(b) Take A = F 4 g and (X3,)nea as in [23). For any x € Q(C),

= _ ‘S(wuxl[O,n)dvgaF)‘
(@) = A,

= fr(w,zljp e, 9,F) - (Z%: F)+o(1),

because |4 N [0,n)?| is asymptotic to n?/(Z% : F). This implies that for n large

1

= 1
fr (w, x|j0.pya, 9, F —7’ <e = ‘Xn(x)——’ <e-(2¢:F)
(el 0:5) = e ) g
and then Theorem 20 guarantees the conclusion.

(c) As the events are independent, this follows from (b). O

3. MAIN CONSTRUCTIONS

Let C = {0,1}. In this section, we construct subshifts (X,T) with topological
and ergodic prescribed properties. To this matter, we build a sequence of finite
non-empty sets of configurations Cx, C Q4, (C), k > 1, such that:

(i) Ak = [0,nk)%, where (ng)r>1 is an increasing sequence of positive integers.

(ii) n1 =1and C; = Qa,(C) = {0,1}.
(iii) C is the concatenation of elements of C_1, possibly with additional lines of
zeroes and ones.

Given such sequence (C)r>1, we consider X C §2(C) as the set of limits of shifted
Cr-patterns as k — 400, that is, z € X if there exist sequences (wg)g>1, wi € Cr,
and (gr)r>1 C Z4 such that

r= lim T%w;.
k—-+oo

The above limit has an abuse of notation, because T acts in Q(C) and wy & Q(C).
Formally speaking, this means that, for each g € Z%, there exists kg > 1 such that

z(g) = wr(9 + gr), VE > ko.

By definition, X is invariant under T" and, for any k, every x € X is an infinite
concatenation of elements of Cp and lines of zeroes and ones.

If Cx C Q4,({0,1}) and A € R, Q4(Ck) is identified in a natural way to a
subset of 2, 4({0,1}). In some situations, to distinguish this association, we use
small letters for Q4 (Cx) and capital letters for Q,,4({0, 1})@ In this situation, if
w € Qa(C) and g € A, the pattern w(g) € C; occursin W € Q,,, 4({0,1}) centered
at ngg. In other words, if wg € C, then

S(wkvwankng):nk'S(wkawagaF)' (31)
In each of the next subsections, (Cx)r>1 is constructed with specific combinatorial

and statistical properties.

LFor example, w € Q4 (Ck) and W € 2, ({0, 1}) denote the “same” element.
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3.1. Minimality. The action (X,T) is minimal if and only if, for each x,y €
X, every configuration of z is also a configuration of y. For this, suppose C; C
04, ({0,1}) is defined and non-empty.

By the Law of Large Numbers, if [ is large, every element of C; occurs in
almost every element of Qg ;,)4(Cx) (in fact, by Corollary 21l each of them occurs
approximately with frequency 1/|Cx| > 0). Take any subset Cy1 of Qg 5, )a(Cx) with
this property and consider it as a subset of Qg ,, . ,)2({0,1}), where ngi1 = lpny.

Let us prove that (X, 7T) is minimal. Consider =,y € X and z|4 a finite configu-
ration of z. For large k, x| is a subconfiguration of some wy, € C. As y is formed
by the concatenation of elements of Cj1, every element of Cy, is a configuration of
y. In particular, wy (and then x|4) is a configuration of y.

3.2. Total minimality. The action (X,T) is totally minimal if and only if, for
each z,y € X and F € F, every configuration x|4 of = centeredd at 0 also occurs
in y centered at some g € F. To guarantee this for every F' € F, we inductively
control the ocurrence of subconfigurations centered in finitely many subgroups of
7.

Consider the sequence (Fj) C F defined in Subsection By induction, sup-
pose C, C Qg4,({0,1}) is non-empty satisfying (i), (ii), (iii) and the additional
assumption

(iv) ged(ng, mg) =1 (observe that this holds for k = 1).

Take [j; large and ék+1 C 0,1,mp1)4(Cx) non-empty such that

(v) S(w, wl[0,1,me 1 —1)4 9, Fi) # 0, for every triple (wy,w, g) € Cx X Cry1 X Z°.

Considering wlg 1, m,, ,—1)¢ as an element of Qg m, 1y —ny)e ({0, 1}), (I implies
that

S (Wrs W (0,10 rr—n) s Mg Fie) # 0,V (i, w, g) € Cp x Crpr x Z.

As ged(ng, mp) = 1, the set n3Z? runs over all residue classes modulo Fj, and so
(the restriction to [0, lgmyr1ng, — nk)d of) every element of (fk+1 contains every
element of Cj centered at every residue class modulo Fj.

Obviously, Cx4+1 must not be equal to ék+1, because myyq divides lpmpg1nk.
Instead, we take ngy1 = lgmgy1nk + 1 and insert positions By, i = 1,2,...,d, next
to faces of the cube [0, [xmy1n%)?. These are given by

B, ={(r1,...,74) € Agt1; 1i = lgmgp1ng — ng}-
There is a natural surjection ® : Qu, ., ({0,1}) — Qo ,-1)2({0,1}) obtained
removing the positions By, ..., Bg. More specifically, if
6(r) = 0, ifr<lgmpiing —ng,
= 1, otherwise

and A(ry,...,rq) = (6(r1),...,6(rq)), the map ® is given by
(W) (g) =W (g+Alg)), V(r1,...,7a) € [0,nx1 — 1)%
We conclude the induction step taking Cx11 = <I>’1(ék+1).

2Because of the T-invariance of X, we can suppose that z|4 is centered in 0 € 74, In fact,
instead of z,y, we consider T9x, T9y.
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7 8 9
7 8 9
¥
4 5 6 4 5 6
1 2 3 1 2 3
p(wr41) € Chi Wi41 € Crt1

By definition, w41 and o(wy4 1) coincide in [0, ng11 —ng —1)%, for every wyy 1 €
Ck+1. This implies that every element of Cj; appears in every element of Ci41
centered at every residue class modulo Fj.

Let us prove that (X, T) is totally minimal. Fix elements x,y € X, a subgroup
F € F and a pattern |4 of = centered in 0 € Z¢. By the definition of X, x|4 is
a subconfiguration of some wy, € Cy, for k large enough such that F, < F. As y is
built concatenating elements of Cj41, wy occurs in y centered in every residue class
modulo F and the same happens to x| 4. In particular, |4 occurs in y centered in
some g € F', which is exactly the required condition.

3.3. Total strict ergodicity. In addition to the ocurrence of configurations in
every residue class of subgroups of Z¢, we also control their frequency. Consider a
sequence (dy)r>1 of positive real numbers such that ), ., di < +00. Assume that
C1,...,Cr_1,Ck are non-empty sets satisfying (i), (ii), (iii), (iv) and

(vi) For every (wy_1,wk,g) € Cr_1 x C x Z4,

1—dr— 14+ dig_1 >
mig—1% - [Ch—1] = mr—1% - |Cr—1]

fr(wkflawkvngkfl) S (

Before going to the inductive step, let us make an observation. Condition (vi) also
controls the frequency on subgroups F' such that Fy_1 < F. In fact, if Fy_; is a
complete residue set modulo Fj_1,

fr(wy—1,wy, 9, F) = Y fr(wy—1,wy, h, Fy1) (3.2)
heF,_q
h=pg
and, as [{h € Fy_1; h=p g}| = (F : Fp_1),

(3.3)

1—dp_ 1+ di_
ff(wk—l,wk,gaF)€< B e )

@7 F)-[Cra| " (27 F) - Cri]

We proceed the same way as in the previous subsection: take [ large and ék+1 C
Q0,1,my41)?(Cr) non-empty such that

(3.4)

1—-d 1+d
fl"(wk,ﬁ)kH’g,Fk)e( i Rl )

my - |Ckl 7 mpd - |Cil

for every (wy, Wr41,9) € Cr X Cry1 x Z%. Note that the non-emptyness of é’S“ is
guaranteed by Corollary 21l Also, let ngy1 = lgmgr1ng+1 and Cpr1 = @7 1(Chi1).
Fix by € Q*(C). Using the big-O notation, we have

fr(bAa WkJrla g, F) - fr(bAv Wk+1|[0,nk+1fnk71)d7 g, F) = O(l/lk) ’ (35)



Z3-ACTIONS WITH PRESCRIBED TOPOLOGICAL AND ERGODIC PROPERTIES 13

because these two frequencies differ by the frequency of b4 in [ngy1 —np —1,n541)%

and 4
1)4 1
(e +1) _< e+ ) —0(1/1).
Nk+1 lemping + 1

The same happens to fr(wy, w1, g, F) and fr(wy, o(wit1), g, F), because A(g) = 0
for all g € [0, 41 — ng — 1)%. To simplify citation in the future, we write it down:

fI'(’LU]g, Wk+1, 9, F) - fr(wk7 So(wk+1)7 9, F) = O(l/lk) (36)
These estimates imply we can assume, taking [, large enough, that
1 —dy 1+ dy

)

fr(wk, Wit1,9, Fr) € ( > . ¥ (Wky i1, 9) € Cp X Cp1 x Z°.

mi - [Cr| 7 my® - |C

We make a calculation to be used in the next proposition. Fix by € Q*(C) and
F € F. The main (and simple) observation is: if b4 occurs in Wy € Cj centered
at g and wy occurs in p(wgy1) € ék+1 centered at h € [0, lympy1 — 1)%, then by
occurs in Wi41 € Cr41 centered at g + ngh. This implies that, if F is a complete
residue set modulo F, the cardinality of S(ba, Wi+1lj0,ny,1—ny—1)4,9, F) is equal
to

> > S (ba, Wi, g — ngh, F)| + T

heF w}p, occurring in
wp€CL w

K€k Wht1lio 1y my —1)d
at a vertex =ph

= Z ‘S(wkvwk+l|[0,lkmk+1—1)dath)‘ ' |S(bA7Wk79 - TLkh,F)| +T7
wnecy

where T' denotes the number of ocurrences of b4 in Wi41(o,n, ., —n, —1)¢ N0t entirely
contained in a concatenated element of Cp. Observe thaﬂ%

2

_ —1 Mk+1

0<T <d-lpmisr-n® ' nppy <dnd™t. 2
Nk

where n is the length of b4. Dividing ’S(bA,Wk+1|[07nk+l_nk_l)d,g,F)‘ by ng41?

and using (3.0), (3.6), we get

d
—1
fr(bA7Wk+1agaF) = (M) Z fr(UJk,’LUk+1,h,F)fr(bA,Wk,g - TLkh,F)
Tk+1 heF
w €Ch
+O0(1/l-1) . (3.7)
We wish to show that fr(ba,x, F') does not depend on & € X. For this, define
Oék(bA,F) = min{fr(bA,Wk,g,F); Wi € Cr,g € Zd}
Bk(ba, F) = max{fr(bA,Wk,g,F); Wy € C,g € Zd} .

The required property is a direct consequenceﬁ of the next result.
Proposition 22. Ifby € Q*(C) and F € F, then

i oulbaF) = i f(ba.F).

3For each line parallel to a coordinate axis e;Z between two elements of C in Wy or con-
taining a line of ones, there is a rectangle of dimensions n X --- X n X ng41 X n X --- X n in which
b4 is not entirely contained in a concatenated element of Cy.

41n fact, just take the limit in the inequality ay(ba, F) < fr(ba,z|a,,0,F) < Bi(ba, F).



14 YURI LIMA

Proof. By B2)), if [ is large such that F; < F, then
(F:F)-or(ba, Fy) < ap(ba, F) < Br(ba, F) < (F : Fy) - Br(ba, Fp).

This means that we can assume F' = F}. We estimate ag41(ba, F) and Br11(ba, F)
in terms of ay(ba, F) and S (ba, F), for k > 1. As by and F are fixed, denote the
above quantities by oy, and fi. Take Wi 1 € Cr41. By (B20),

d
n -1
fr(ba, Weg1,9,F) > (%) oy Z fr(wy, w1, hy F) + O(1/1l—1)
+ heF
w €Cp

- (m)d cag + O(1/1g—1)

Nk+1
and, as Wy, and g are arbitrary, we get

d

n -1

s > <L> e+ O(1 /). (3.8)
Nk+1

Equality (370) also implies the upper bound

d
n —1
fr(ba, Wis1,9, F) < (%) Bre > fr(wk,wia, by F) + O(1/1—1)
+ heF
wy, €Cp

_ (My.gk +O0(1/ly)

Nk+1

d
— B < (”’“*—‘1) B+ O/l 1). (3.9)
Nk+1

Inequalities (3.8) and ([B.9) show that axy1 and Siy1 do not differ very much from
ay, and . The same happens to their difference. Consider wy,ws € Ciy1 and
g1,92 € Z%. Renaming g — nih by h in (3.7) and considering n_j the inverse of ny,
modulo my, the difference fr(ba, W1, g1, F) — fr(ba, Wa, g2, F) is at most

> fr(ba, Wi, by F) [fr(wr, wi,n (g1 — h), F) = fr(wy, wa, n_x(g2 — h), F)]

wnee
+O(1/lk-1):
From ([B4),
flba, Waogn, F) = 0 Wa. o, ) € =0 57 (b Wi F)
heF
wy €Cp,
+0(1/l;—1)
< 2dp +O(1/lk-1),
implying that
0 < Bry1 — a1 < 2dp+0(1/lk—1). (3.10)

In particular, By — ax converges to zero as k — +o00. The proposition will be proved
if By converges. Let us estimate |SBr+1 — Bk|. On one side, (B9) gives

Brt1 — B < O(1/lk—1). (3.11)
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On the other, by (38) and BI0),

Brt1— B > art1 — Bk

d
> (%) cag — B+ 01 /lk—1)
d
> (%) [Br = 2di—1 — O(1/1x—2)] — Bi + O(1/le—1)

which, together with (BI1]), implies that

+O(1/lk—2)
Nk+1

d
n —1
|Bi+1 — Brl < 2dg—1+ Bk - l1 _ (L)

= 21 +O(1/l_2).

As > dy and > 1/l both converge, (8x)r>1 is a Cauchy sequence, which concludes
the proof. O

From now on, we consider (X, T') as the dynamical system constructed as above.
Note that we have total freedom to choose C;, with few or many elements. This is
what controls the entropy of the system.

3.4. Proof of Theorem 1. By (2.2)), the topological entropy of the Z%-action
(X, T) satisfies
log |Cy|

L

WX, T)> lim

k—+oco Np
Consider a sequence (v4)i>1 of positive real numbers. In the construction of Cp4
from Cy, take lj, large enough such that

(vii) vk - ngy1 > 1
(viti) |G| > |Cp|Tme+)-(1=v).
These inequalities imply

log|[Chr1| _ log [

nk—i—ld nk+1d
o (emisn)? - (1= wy) - log|C|
- Npg1?
log [Ci|
> 1 _ d+1 e ihia}
= ( Vk) nkd
and then
k—1 k—1
log |Cy| log |Cq|
el ZH(l—l/i)d+l'n—1(1:H(l—l/i)d+1-10g2.

i=1 i=1
If v € (0,1) is given and (vg)r>1 are chosen also satisfying
k
lim (1—v)t=1—-v,
oot
we obtain that h(X,T) > (1—-v)log2 > 0. If, instead of {0, 1}, we take C with more
elements and apply the construction verifying (i) to (viii), the topological entropy

of the Z%-action is at least (1 — v)log|C|. We have thus proved Theorem [
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4. PROOF OF THEOREMS 2 AND 3

Given a finite alphabet C, consider a configuration b4, : Ay — C and any Ay C A
such that |As| < e|A4]. If ba, : A2 — C, the element w € Q4, (C) defined by

w(g) = ba,(g), if g€ A1\ Az,
bA2(9)7 ifg € A2

has frequencies not too different from b4,, depending on how small € is. In fact,
for any c € C,

|S(CabA1aguF)| - |A2| < |S(va797F)| < |S(C7bA1vng)| + |A2|
and then |fr(c,ba,,9, F) — fr(c,w, g, F)| < e.

Definition 23. The upper-Banach density of a set P C Z% is equal to

d*(P): limsup |Pm[rl7rl+n1)><'--><[/]"d,/r'd_i_nd”.

ni,...,ng—=+00 ny---Nq

Consider a set P C Z% of zero upper-Banach density. We will make I grow
quickly such that any pattern of P N (Ax + g) appears as a subconfiguration in
an element of Cyx. Let’s explain this better. Consider the d-dimensional cubes
(Ag)r>1 that define (X,T). For each k > 1, let Ay C Ay, be the region containing
concatenated elements of Cx_1. Inductively, they are defined as A = {0} and

AkJrl = U (/Ik —I—nkg—|—A(nkg)) , Vk>1.
g€[0,lgmpy1)?

Lemma 24. If P C 79 has zero upper-Banach density, there exists a totally strictly
ergodic Z3-action (X, T) with the following property: for any k > 1, g € Z% and
b: PN (Ag +g) — {0,1}, there exists wy € Cy, such that

wi(h—g)=0b(h), Vhe PN (A; + g).
Proof. We proceed by induction on k. The case k = 1 is obvious, since C; = {0, 1}.
Suppose the result is true for some k£ > 1 and consider b : PN (Agy1 +g0) — {0,1}.

By definition, any 0,1 configuration on Ak+1\/~lk+1 is admissible, so that we only
have to worry about positions belonging to Ayy1. For each g € [0, lyms1)?, let

b :PnN (z‘ik +nkg + A(nkg) +go> — {O, 1}

be the restriction of b to PN (Ak + nrg + A(nkg) + go). If e > 0 is given and I, is
large enough,

’P N (/Ikﬂ +90)’ c
= < o )d
‘Ak+1 + 90‘ (2n)
= ’P N (Ak—i-l + 90)‘ < e (lemisr)?,

for any go € Z%. This implies that PN (Ak +nrg + Alngg) + go) is non-empty for

at most ¢ - (lympr1)? values of g € [0,lxmyi1)?. For each of these, the inductive
hypothesis guarantees the existence of w9 € Cj, such that

w9 (h —nrg — Alnkg) — go) =b9(h), Vh € PN (flk +nkg + A(nkg) —i—go) .
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Take any element z € Cy1 and define Z € Qa,_, ({0,1}) by

Z(h) = w9 (h—ng— Alngg)) , if h € Ay +npg + A(nig)
= b(h) L if h € A\ Ar
= z(h) , otherwise.

If € > 0 is sufficiently small, Z € Cx41. By its own definition, Z satisfies the required
conditions. (]

The above lemma is the main property of our construction. It proves the follow-
ing stronger statement.

Corollary 25. Let (X,T) be the Z%-action obtained by the previous lemma. For
any b: P — {0,1}, there is x € X such that x|p = b. Also, given x € X, A€ R
andb: P — {0,1}, there are z € X andn € N such that &|4 = x|a and Z(g) = b(g)
for all g € P\(—n,n)%.

Proof. The first statement is a direct consequence of Lemma and a diagonal
argument. For the second, remember that x is the concatenation of elements of Cy
and lines of zeroes and ones, for every k > 1. Consider k > 1 sufficiently large and
21, € Cy such that z|4 occurs in zg. For any z € Ciy1, there is g € Z¢ such that
z|Ap+g = 2zk. Constructing Z from z making all substitutions described in Lemma

24 except in the pattern z|a,+4, we still have that Z € Cy4q. ([l
4.1. Proof of Theorem [2l Consider f : X — R given by f(z) = 2(0). Then
1
|Pm (—n,n)d| Z f(Tgx) =1r (1’I|Pﬁ(—n,n)d) .

gePN(—n,n)d

For each n > 1, consider the sets

An = U {.’I] € X, fr (17w|Pﬂ(*k,k)d) < 1/n}
k>n

A" = U {.’I] S X7 fr (17$|Pm(—k,k)d) >1-— 1/TL} .
k>n

Fixed k and n, the sets {z € X; fr(1, | pr(—k,k)e) < 1/n} and is clearly open, so
that the same happens to A,. It is also dense in X, as we will now prove. Fix
x € X and € > 0. Let kg € N be large enough so that d(z,y) < & whenever
T|(— kg ko)t = Yl(—ko,ko)d- Take y € X such that y|_ky ko)t = l(—kg,ke)2 and y(g) =
0 for all g € P\(—n,n)? as in Corollary As fr(1, y|(—,x)¢) approaches to zero
as k approaches to infinity, y € A,, proving that A,, is dense in X. The same
argument show that A™ is a dense open set. Then

Xo=[] (AnNA,)

n>1

is a countable intersection of dense open sets, thus residual. For each x € X,

liminf — 1 > f(T) = 0

n—-+o00 |P n (—n,n)d|
gePN(—n,n)d

limsup; Z f(T9%z) = 1,

_ d
n—-+o0 |Pﬂ( nvn) |g€Pﬂ(fn,n)d

which concludes the proof of Theorem
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4.2. Proof of Theorem Bl Choose an infinite set G = {g;};>1 in Z¢ disjoint
from P such that P’ = G U P U {0} also has zero upper-Banach density and let
(X, T) be the Z%action given by Lemma 24 with respect to P’, that is: for every
b: P —{0,1}, there exists 2° € X such that 2°|p: = b. Consider

Xo={2"€ X;b0)=0andb(g)=1, Vg e P}.

This is an uncountable set (it has the same cardinality of 2¢ = 2%) and, for every

zb € Xy and g € P, the elements T92% and z° differ at 0 € Z?, implying that

xb ¢ {T92%; g € P}. This concludes the proof.
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