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Abstract

Ifu € HY(M,N) is a weakly J-holomorphic map from a compact without
boundary almost hermitian manifold (M, j,g) into another compact without
boundary almost hermitian manifold (N, J,h). Then it is smooth near any
point x where Du has vanishing Morrey norm M?2™=2 with 2m =dim(M).
Hence H?>™ 2measure of the singular set for a stationary J-holomorphic
map is zero. Blow-up analysis and the energy quantization theorem are es-
tablished for stationary J-holomorphic. Connections between stationary J-
holomorphic maps and stationary harmonic maps are given for either almost

Kdéhler manifolds M and N or symmetric V".J.

§1 Introduction and statements of results

Let (M, j,g) (respectively (N, J, h)) be a smooth hermitian almost com-
plex manifold with dimension 2m (respectively 2n). Assume further that
(N, h) is compact without boundary and isometrically embedded into some
euclidean R* via the Nash’s embedding theorem. Denote the Sobolev space

HY(M,N)={ve H(M,RF) | v(z) € N for a. e. x € M}.

Definition 1.1. A mapu € H*(M, N) is said to be weakly (j, J)-holomorphic
map (or J-holomorphic map for abbreviation) if du preserves the almost com-

plex structures in the sense:
du(j(z)(X)) = J(u)(du(X)), for a. e. z€ M, VX € T,M (1.1)
Note that J-holomorphic maps are higher dimensional natural extensions
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of pseudo-holomorphic curves, which have been very important subjects
and have had so many important applications in four-dimensional geometric
topology, since the pioneering works by Gromov [G]. Moreover, the compact-
nees for pseudo-holomorphic curves was also a very interesting problem from
the analytic point of views (cf [Y] [PW]). In a very recent work, Riviere-
Tian [RT] made the study for j-holomorphic maps from almost complex
4-manifold (M*, j) into algebraic varieties N C CP"™, in connections with C.
Taubes’ works on Seiberg-Witten and Gromov invariants for symplectic 4-
manifolds. In particular, it was proven by [RT] that any locally approximable

j-holomorphic map is smooth away from isolated points.

In this paper we are interested in regularity for weakly J-holomorphic
maps. A point x € M is a regular point for u if there is a r > 0 such
that uw € C*°(B,(z), N), here B,(z) denotes the geodesic ball with radius r,
centered at x. It is clear that the set of regular points of u is an open subset
of M, whose complement is called singular set of u. Observe that if x € M
is a regular point, then

1immax{32—m/ \Dul?|By(y) C Br(x)} = 0 (12)
10 Bs(y)

By the regularity theory of minimizing harmonic maps by Schoen-Uhlenbeck
[SU] and for stationary harmonic maps by Hélein [H], Evans [E], Bethuel
[B], we know that the smallness condition (1.2) is also sufficient for smooth-
ness. Although we know (see remark (8.16) of Eells-Lemaire [EL] page 51)
that J-holomorphic maps are not necessarily harmonic maps, our first result
confirms that the same regularity criterion holds for weakly J-holomorphic
maps. We first recall that the condition (1.2) can be expressed in terms of

the Morrey space and recall the following definition (see, e.g. Giaquinta [G]).

Definition 1.2. For p € (1,2] and an open set Q C M, the Morrey space
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MP2m=P i defined by

MP2mR(Q) = {f € LX)

— 1
[P lagsansy = (sup w72 [ 7)< oo)
B (z)CQ By (x)

Now we state our first theorem

Theorem A. There exists an €9 > 0 such that if u € HY (M, N) is a weakly

J-holomorphic map and satisfies, for B.(x) C M,
HDU||M2’27"72(B7‘(£C)) S €0 (13)

then u € COO(Bg (z),N).

Our idea to prove theorem A follows from the two new observations: (1)
Under the assumption that w(B,(x)) is contained in a coordinate chart U
of N, we can use the local coordinate frame on U to express J as SO(2n)-
valued function so that the eqn. (1.1) can imply Au® = f*, with f* having
a jacobian structure, hence the ideas for proving the regularity theorem for
stationary harmonic maps into spheres (see, [H1] [E] or [CWY]) is applicable
to yield that u is Holder continuous in Bz (); (2) In general, we can modify
the enlargement idea, due to Hélein [H], to isometrically embed (N, h) into a
higher dimensional manifold (N , i~z) which admits a global smooth orthonor-
mal frame {ey}!,_; (I =dim(N)), then we can derive from the eqn. (1.1)
that

div((Du, ea(w))) = fal@)ga(z), 1<a <]

with f, having jacobian structure and g, € H' N L*. Hence we can adopt
Bethuel’s idea ([B]) for regularity of stationary harmonic maps into general
target manifolds, see §2 below for details. In this way, we find that the proof
of regularity properties of J-holomorphic maps is very much related to that

of stationary harmonic maps.



For m = 1, i.e. M a Riemannian surface. Observe that M29 = L2(M)
so that the absolute continuity of [ |Du|? that the condition (1.3) is satisfied
for any x € M, and sufficiently small » > 0. Hence, as a byproduct of
theorem A, we find a new proof of the interior regularity theorem of weakly
pseudo-holomorphic curves by Ye [Y] on his proof of Gromov’s compactness
theorem for pseudo-holomorphic curves (see also Wolfson [W] or Parker-

Wolfson [PW]). More precisely,

Theorem B ([Y]). Assume that M is a compact Riemannian surface without
boundary. If w € HY(M,N) is a weakly J-holomorphic curve. Then u €
C*>®(M,N).

For m > 2, observe that M?>2m~2 ig a scaling-invariant subspace of
L?(M) whose elements behave like L?™ (M) from the point of view of scalings.
In §3 below, we introduce a class of J-holomorphic maps u € H(M, N),
called stationary J-holomorphic maps, which have vanishing first variations
with respect to the domain variations, i.e. for any smooth vector field X on

M with compact support,

d
Gilieo [ IDul@)P =0 (14)
i M
where F; : M — M is a parameter family of diffeomorphisms generated by
X. It follows from Proposition 3.2 that any stationary J-holomorphic map

satisfies the energy monotonicity inequality: there is a Cy = Co(M, j,g) >0

such that
6007'r2—2m / |Du|2(ac) + 2/ eCo\y—x\ |y _ x|2_2m| ou |2
B(x) Br(2)\ By () Oly — =
< eCORR2_2m/ | Dul?(z) (1.5)
Br(z)

forany x € M and 0 < r < R < Ry = Ro(M, j,g). A direct consequence of
(1.5) is: for any € M and 0 < r < Ry,

Dl < Cort > [ Dl (16)
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Hence theorem A yields the partial regularity for stationary J-holomorphic
maps, which is an analogy to the partial regularity for stationary harmonic

maps. More precisely,

Theorem C. Suppose that w € HY(M,N) is a stationary J-holomorphic
map. Define

S={zeM| 1ir%7“2_2m/ |Dul? > 0}
r—

()
Then H*™2(X) =0 and u € C®°(M \ X, N).
Based on both the energy monotonicity inequality (1.5) and the small
energy regularity theorem A, we find that the blow-up techniques for sta-

tionary harmonic maps developed by Lin [L] can be modified to study the

convergence issues for sequences of stationary J-holomorphic maps.

From now on, we call a nonconstant smooth J-holomorphic map w :
(52, j0) — (N, J) as a pseudo-holomorphic S2, here jo is the standard com-

plex structure on S2. We prove

Theorem D. Let {u,} C HY(M,N) be stationary J-holomorphic maps
which converges weakly tow € HY (M, N). Then u is a weakly J-holomorphic
map and there exists a closed (2m—2)-rectifiable set ¥ C M, with H*™2(X) <

o0, such that
(i) up —win Hj, NC) (M\X,N). In particular, u € C*(M \ Z,N).
(ii)

1 2 1 2

§|Duk| dx — §|Du| dx +v

as convergence of Radon measures, for some nonnegative Radon measure v
on M. Moreover, v = 0H?>™2LY. for some nonnegative H*™~2-measurable

function

0(z) = lim 22-12)

> 2 H?>™ 2. e. )
i 75, @) > €, for a. e. T €



(iii) For H*™=2 a. e. x € X, T,X C R*™ is j,-holomorphic (2m — 2)-plane,
i e jo(TLY) = T,3.
(iv) up /4w in HY(M,N) < H?™~2(X) > 0. Moreover, there exists at least
one pseudo-holomorphic S* in (N, J).

The main difference between our proof of theorem D and §2 of [L] is that
we need to verify that the concentration set ¥ is j-holomorphic (2m — 2)-
rectifiable set. Once we achieve this, then both the conformality and the
removablity of isolated singularity for pseudo-holomorphic curves (cf. [Y]
[PW]) guarantee that the restriction of a bubble on (7,X)* can be lifted to

be a pseudo-holomorphic S2.

It is a very important problem to quantify the density function 6 for the
defect measure v in the content of blow-up analysis for stationary harmonic
maps. In [LR], Lin-Riviere were able to quantify, under that assumption
that N is a standard sphere, 6 as the finite sum of energies of harmonic
52, Likewise, to quantify # in the content of stationary J-holomorphic maps
is also a problem of great importance, such as Gromov’s compactness for
pseudo-holomorphic curves (cf. [Y] [PW]). For a map v : S? — N, let
E(v,8?) = %fsz |Dv|? denote its Dirichlet energy. In this aspect, we prove

Theorem E. Under the same assumptions and notations as in theorem D.
We have, for H*™ 2 q. e. x € X, there is 1 <[, < [@] such that
0

la:

0(z) =Y E(wi, 5% (1.7)

i=1
- 3 ly
for some pseudo-holomorphic S?’s, {w;};= ;.
The ideas to prove theorem E are based on the observations that on
(T, X)* the blow-up sequences are both approximated (jo, .J)-holomorphic
maps and approximated conformal maps, with perturbation errors uniformly

small in L?, see §3 below. Therefore, the mixtures of ideas from the proof of
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theorem A with ideas from Sacks-Uhlenbeck [SaU] and Lin-Riviere [LR] can

yield the conclusion.

Note that the obstruction to strong convergence in H! for stationary
J-holomorphic maps are pseudo-holomorphic S?’s. Therefore, if N supports
no pseudo-holomorphic S$?’s, then we can apply the Federer’s dimension re-

duction argument (cf [F]) to prove

Theorem F. Assume that (N, J, h) doesn’t support any pseudo-holomorphic
S2. If u € HY (M, N) is stationary J-holomorphic. Then dimg (sing(u)) <

2m — 6. In particular, sing(u) is discrete for m = 3.

The paper is written as follows. In §2, we prove theorem A and C. In
83, we prove theorem D, E and F. In §4, we discuss the relationship between
J-holomorphic maps and harmonic maps in the case either (M, j,g) and

(N, J, h) are almost Kihler manifolds or V*.J is symmetric.
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Centre of Mathematics and Applications, Australian National University. It
was completed while the author visited the Max-Planck Institute for Mathe-
matics in the Sciences, Leipzig. The author wishes to thank both institutions
for their hospitalities. The author would also like to thank Prof. T. Riviere
at ETH and Prof. R. Mazzeo at Stanford for their helpful comments. The
work is partially supported by NSF DMS 9970549.

§2 Regularity for J-holomorphic maps and proof of theorem A

In this section, we prove theorem A. The proof is divided into two cases:
(1) u(By(x)) is in a coordinate chart of N; (2) no restriction on u(B,(x)).
It follows from the higher order regularity theory that it suffices to prove u
is Holder continuous under the smallness assumption (1.3) (see, e.g., [Y]). It
follows from the Morrey decay Lemma [M] that the key step to prove the

Holder continuity is the following self-improving Lemma.
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Lemma 2.1 There exist g > 0, 6y € (0,1), and Cy > 0 depending only
on (M, 3j,g) such that if u € H' (M, N) is a weakly J-holomorphic map and
satisfies, for B.(x) C M, ||Du|| pz2m—2(B,(z)) < €0, then

1
||DUHM1*2’”’1(BGOT(JC)) < EHDU’HML%"’I(BT(JE)) + Cor (2.1)

Proof. We proceed it by two cases.

Case 1. There exists a coordinate chart U C N such that u(y) € U for a.e.
y € B,.(x).

Note that this is the type of conditions appeared in Giaquinta-Giusti
[GG]]. For simplicity, we assume = 0 € M. Since M>2m~2(B,(0)) is
non-decreasing with respect to r, we may assume that r > 0 is chosen to be
sufficiently small so that there is a normal coordinate system (1, - - -, Z2,,) on
B.(0). On U, let (y1,y2,*,Y2n—1,Y2n) denote the coordinate system and
(6%1, cee 6y ) denote the coordinate frame field. Using these coordinate
systems, the almost complex structure J can be written as

Z Jap(y —®dyg
a,f=1

for some skew-symmetric (Jog(y)) € C°(U, SO(2n)), and j can be written
as

® d’JJk

3

i,k=1

]zk
for some skew-symmetric (j;x(x)) € C°(B,(0), SO(2m)). Moreover,

0
8931 Z jkl 8xk ))

Now the J-holomorphic map eqn. (1.1) becomes: V1 < a < 2n,

Z]m () ()"

0xk
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- Z]m ;Z; )"

2m 2n
6u5
S a2 22)
k=18=1 k
Let A, = — Z%” L f e (\/_g” ) denote the Laplace-Beltrami operator

on (M, g), here (¢') = g~1. Then we have

Claim 1. In B.(0), for 1 < a < 2n,

i li ouP
Z > l5(a ng o) 5

=11<k<I<2m
2m . ’U/j
- %W; o <x>)Jag<u>>§—xk1 (2.3)

_ a i li ; 6’&6
Agu = \/5 ﬁz:_l kgl 89:1 Z g ]kz Jap )axk )
2n  2m 1 6’&6
= g .7 i ))
[32—:1 ;;1 v ax Z ul Oz

+ li i
ﬁzlklzl ;g Jial )8zlaxk
=I1+1I

Now we need

Claim 2. g~'j is skew-symmetric, i.e. S (g" i () = — 3227 (gF ju (x))
forany 1 <1,k <2m.

Proof of Claim 2. Since g is hermitian with respect to j, we have

1 = 9l ) = (@) (5. () ()

— jin(@)in (x)g(a%, a%) (@) g ()
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This is equivalent to ¢ = —jgj. Since j?2 = —I,,, we have gj = jg and
g 15 = jg~!. Therefore

(67 =5 =—jg ' =g
Now it is easy to see that I = 0 and

WP
- Z > ng Taa(u) 5

=11<k<I<2m
ouP
li ;
afﬂk Zg j’Lk? )) afﬂl]
Hence we obtain the eqn. (2.3).
Since each term in the summation of the right hand side of the eqn. (2.3)

is of the jacobian structure {%g—é - g—iaa—i} for some f,g € H'(B,(0)),

which belongs to the Hardy space H!(B,(0)) by the theorem of [CLMS].
Moreover, it follows from the Poincaré inequality that Du € M?*™~2(B,.(0))

implies that « € BMO(B,.(0)), and for any 1 < p <2,

[WBMOs, o = sl inf 5" [ el [ B € B.0)

< C|Dul| pp.zm-»(B,(0)) < CllDufpmz2m—2(B,0)) (2:4)

Now we can apply the duality theorem between H! and BMO (see Fefferman-
Stein [FS]) to prove (2.1) as follows. For y € By,r(0), 0 < s < gr, let
= (20p)~! with 6 to be chosen later, and v € H'(Bas(y)) be such that,
for any 1 < a < 2n,
Av® =0, in Bas(y) (2.5)
v* =u®, on 0Bps(y)

Let w = u — v. Multiplying both sides of the eqn. (2.3) by w®, integrating

it over Bas(y), and summing over «, we obtain

/ |Dw|? dx
Bas (y)
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0 . ow®
= () s ) G
a,B,ik<l” Pasly
0 li s ow®, 4
~ gy (V99 Tk (@) Jap (w)) 5 Ju

<C Y WIBMO®.©)
a,3,i,k<l

I (V39" i) ()

< ClulBMO(s, (o) IPWIl 284 () 1D(Va9 ™ 5(2) T (W) L2 (B (1))

ow®

0xk

0 i ow®
= 5 (V' ()T () G

Direct calculations show that there is C; > 0, depending only on g, j, J, such
that

1D(vag ™" (@) @Dl 2(Bacwy) < CLlAs)™ + [ Dul| 25, )

Therefore, it follows from the standard decay estimate for harmonic functions

that we have

5172m /
B

|Du| < 51*2’”/ |Dv| + 51*2’”/ | Dw]
(v) Bs(y) B (y)

< CAelp i+ 2 [ Dult)
BAS(?J)

< C(A™ +A™s + A" Leo) [ulBMO( s, (0))

r

s

< C(bo + 60, + 65" o) [ulBMO 5, (0))

Therefore, by first choosing sufficiently small 8y > 0 and then choosing much

smaller ¢y > 0, we have

[ Dul| przm=1(B4, ,.(0)) < SUP{Ska/B ” |Du| | y € Bayr,s < bor}
sy

< ||Du||M1,2m71(BT(O)) +Cr

N =

This yields (2.1) and the proof of Case 1 is complete. [ |

Case 2. Modification of Hélein construction for global orthonormal frames
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In order to push forward the ideas from the Case 1, we need to find
an alternative to replace the local coordinate frame on the target manifold
(N, h). For this purpose, we modify the construction of global frames by
Hélein [H] to our setting. First recall from [H] that there always exists a
compact without boundary Riemanian manifold (N , iL), with dimension [ >
2n, and a totally geodesic isometric embedding ® : (N, h) — (]\7, iL) such that
there is a tubular neighborhood U, C N, of ®(N) with the property that the
tangent bundle T'N restricted to U is trivial. Therefore, we may assume that
there is an orthonormal frame field {e, }%,_, which spans T'N|;;. Now observe
that the isometry ® : (N, h) — (D(N), B|¢(N)) naturally pushes the almost
complex structure J on N forward to give an almost complex structure J on
®(N). In fact, J can be defined as follows: for any y = ®(z) € ®(N) and

b= (d®)u(v) € T,®(N), J,(7) = (d®)4(J,v). Then

T3 (0) = Jy((dD)4(Jzv)) = (dR) 4 (2 (v)) = —(dD)(v) = ~0

Hence J is an almost complex structure on ®(N). Moreover, the metric
h|s(ar) is hermitian with respect to J. In fact, for any y = ®(z) € ®(N) and
X = (d®)4(X),Y = (d®)x(Y) € T,®(N), we have

h(y)(X,Y) = h(@)(X,Y) = h(z)(J X, J.Y)

= h(y)((d®) 4 (J X), (d®) 2 (J:Y)) = h(J,(X), J,(Y))

Now, it is easy to see that & = ®(u) € H'(M,®(N)) is a weakly J-

holomorphic map. In fact, for a. e. x € M and X € T, M, we have
du(jo (X)) = (d®)4 (du(jo(X))) = (d®)4 (J (u)(du(X))
= J(@)(d(®(u)(X)) = J(@)(da(X)) (2.6)

Now we extend J from T(®(N)) to TN|¢(N) as follows. Let TN|‘1>(N) =
T(®(N)) + (T(®(N)))*, here (T(®(N)))*+ C TN|¢(N) denotes the normal
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bundle of ®(N). Hence any vector field v € TN lo(n) is uniquely written as
v = v1 + vy, with v; € T(®(N) and vy € (T(®(N)))*. Now we extend J by
setting

J() = J(v)

It is clear that J : TN|‘1>(N) — TN|‘1>(N) is a smooth linear transform whose
restriction to T'(®(V)) is the almost complex transform pushed forward from

J.

It suffices to prove (2.1) for @, since ® is an isometry map. Now we can
use the orthonormal frame field {e,}! _; and its dual cotangent frame field

{ex}! _ to express J as

l

JW) =Y JapWealy) ® e5(y)

a,f=1

for some matrix-valued function (J,g) € C*(M, R'™™!). As in the case 1, we
assume that x = 0 and B,(0) C M is a geodesic ball so that the eqn. (2.6),
see also the eqn. (2.2), yields

0
axl Z]k}’b (a$k ))

_ij"t ;ﬂi)

—ZZM ep(@))J (@)(es (@)
k=13=1

Y ) 2L eal@) as(@)ea(@)
k=13=1

Therefore, in B,.(0), we have, for 1 < a <,

~ 2m 1 _
(%, ea(t)) = Z iji(x)e]ag(a)<867u7 es(@0)) (2.7)
! k=1p=1 k
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For 1 < a <1, define Y, = ((£%, en (1)), -+, (:2%—, eq(@))) : B,(0) — R*™,

Oz’ Ozom

Then direct calculations, combined with the skew symmetricity of g7, imply

. 1 2m a Z ~
—divgY, = 7 kgjl o (Vgg" < (@)
= ;;gkijpi(x)Jaﬁ(ﬁ)(<§_2, 6(2[37(5))> B <§—Z€,a(‘;ﬁ7y>)

E:EZ J@“hx>(w@»——

ox
ﬁ i p<k p

<mw@wwwwmwﬁ9

0xk

)] (2.8)

Observe that each term in the summation of the right hand side of the
eqn. (2.8) is of the form (516‘?79 - giyaa—i)h for some f,g € H*(B,(0))
and h € L*®(B,(0)) N H'(B,(0)). Therefore, the eqn. (2.8) is similar to
the harmonic map equation into general target manifolds, written under the
optimal gauge frame (see, e.g., [B]). We can then modify the argument of [B]
to prove (2.1). To make the paper short, we only sketch a slightly simpler
proof as follows. Since we can handle the effect of (g,7) in eqn. (2.8) the
same way as in Case 1. For simplicity, we assume that g is the euclidean
metric and j is the standard almost complex structure on R*™. Therefore,
the eqn. (2.8) reduces to
Am%izzhm_;amm%@gwmm)

Ox,’  Ox;
i<k k v

DS et S - S e9)

B i<k
For y € By,(0) and 0 < s < fgr, let A = (20p)~! and 1 € C}(Baas(y)) be
such that 0 < n < 1, n = 1 on Ba4(y), and |Dn| < A% Denote iy 275 =
mezAs(y)ﬁ For 1 < a < I, consider (D(n*(i — Gy 2as)), €a(@)).

Then it follows from the standard Hodge decomposition theorem (cf. [MT])
that there exist F,, € H}(Bans(y)) and G, € L?(Baas(y), R*™) such that
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div(Gy) = 0 and
(D(n*(@t — @iy 2ns))s €a(@)) = DFy + Go, in Bos(y) (2.10)

||DFa||LP(BQAs(y)) + ||Ga||LP(BzAs(y)) < CpHDﬂHLT’(BzAs(y)) (2.11)

for any 1 < p < 2. Since div(Ga) = 0 and Fyu|pp,,,(y) = 0, we have

fB2As(y) Go - DF, = 0. Therefore, G, can be estimated as follows

[ 16af= [ GuDOP (- Bz ca(@)
Baas(y) Baas(y)

__ / G - D{ea(@)nP(ii — iy 2ns)
Baas(y)
< C||Ga - D(ea(@)) |22 1n*(@ — tiy,28) I BMO
< O||Gallr2(Bars ) 1P (€a(@)) || L2(Bar. () [BMO( 5, (0))

< Cl|GallL2(Bor ) I1DE 12(Bon. () [MIBMO( . (0))
This yields
1GallL2(Ban. vy < O™ Ditl| pz2m—2(8,(0) W BMO(5, (0)) (2.12)

To estimate F,,, we define three auxillary functions F! € H(Baps(y)), F2 €
Hg(Baas(y)), and F3 € Hg(Baas(y)) as follows.

AF, =0, in Bons(y), Falopa.(y) = Falopan. ) (2.13)
00 dep(q)) du  d(ep(u))
2 — ZANTPANTVIN 7 AP
AF; = %:;Jaﬁ(w“axi, i ) <0xk’ oz, )) (2.14)
, _ O(Jap()) Ou  9(Jap(u)) Ou
3 __ Z\TepNTI) T Z\TePNTI)
AF3 = Zﬁ: sz<€5 (@), 0z, o D2y 8xi> (2.15)

It follows from (2.9), (2.13)-(2.15) that F, = Zle Fi. Tt follows from the

estimate for harmonic functions, we have

51*2"1/ |DF!| §CA*1(AS)HW/ |DF!| (2.16)
B (y) Baas(y)
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To estimate F?2, we first recall the dual characterization for the LP norm
of gradient of functions in Wy *(Baas(y)). For p € (1,2], denote p’ = pfl.
Then we have, for any f € Wy (Baas(y)),

IDfllLe(Ban.wy) < C'supi Df-Dg:
B2As(y)

g c WOLP (BQAs(y))a ||Dg||LP/(B2A5(y)) < 1}

Now let p € (1, %) so that p’ > 2m. Then for any g € WOLPI(BQAS(y))

with [|Dgll 1o (yn. () < 1, we have

/ DF?.Dg = / AF?g
Baas(y) Baas(y)

= Z / Jaﬁ(a)g“@ M>_<@ a(@ﬁ(a))»
Bans(y) i

Bi<k dx;” Oxy, Ox,’  Ox;
<oy |(Warlile) Heal@),  MIoso) DesD)y
B,i<k v i

@l BMOB, (0)

<C Z HDaHLz(Bms(y)) ||D(Jaﬁ(a)g)||L2(BzAs(y)) [a]BMO(BT(O))
B

By the Sobolev inequality and the Holder inequality, we have

1-2m 2m

91l (Ban.(v)) < C(As) "7, |[DgllL2(Bap.(y)) < C(As)™ %"

Hence

1D (Jap (@) L2(Baa. ()

< C(1DgllL2(Ban. v)) + 1191 Lo (Bars ) I DUl L2 (Boa . ()

2m

< O(1 + || Dilf| pgzizm—2(Bon. () ) (AS) ™ 7"
Therefore, by taking super over all such g’s, we obtain

—2m
p

(As)i=2m /B IDE S (A9 IDE (500
2As\Y
< CHD@HM%“*?(BT(O))[a]BMO(BT(o))
< Ceo[ﬁ]BMO(B,.(O)) (2.17)
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Similarly, one can prove

(AS)Hm/B ( )|DF§| < CeolilBNO s, (0)) (2.18)
2As(Y

Putting (2.16), (2.17) and (2.18) together, we get

51*2"1/ |DF,| < CA’l(As)l’Qm/ | Dl
B (y) Bans(y)
+COA™ e [ﬁ]BMO(B,.(O))

This, combined with the estimate (2.12) for G, implies

51*2’”/ | Dii gczrl(As)Hm/ | Dt
Bs(y) Baas(y)
+ CAQm_leo [ﬁ‘]BMO(BT(O))

Since

wax{(4s) 2" [ (i, @0, y) < IDTlanen 0,00
B2A5(y)

we obtain, by taking over all y € By,,-(0) and 0 < s < yr,
1Dl pgr.2m1 (5, 0 < O+ 032" e0) [ D s 5,0

This, with the help of suitable choices of 6y and ¢, yields

~ 1 -
1Dal| vrzm=1(Bg, . 0)) < 511D ar2m=1(5,(0))

Therefore (2.1) is proved and the proof of Lemma 2.1 is complete. [ |

Completion of proof of theorem A.

Since || Dul[p2.2m—2(B,(2)) < €0, it follows that for any y € Bz (z) and

s € (0,%), one has [[Dul|p2.2m—2(p,(y)) < €0. Hence (2.1) implies, for any

’ 2
Yy € Bz (x)
_ Cor
||Du||M1,2m71(Beg7.(y)) <2 kHDuHMLZ’"*l(B%(y)) —+ 1— 06, (2.18)
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This yields that there is ap € (0, 1) such that

51’2’“/ |Du| < Cys*°, Vy € Bzr(z), 0<s<
B (y)

e~ =3

Hence the Morrey decay Lemma implies that u € C*°(Bgz(z), N). One
can apply the higher order regularity (see, e.g., [Y]) to conclude that u €
C>*(Bg(x),N). [ |

§3. Blow-up analysis for J-holomorphic maps and proof of theorem D, E, F

In this section, we will prove theorem D, E, and F. As mentioned in §1,
the two key ingredienst such as the small energy regularity theorem A and
the energy monotonicity inequality (1.5) make it possible to adapt the ideas

from [L] to our settings.

Definition 3.1. A weakly J-holomorphic map u € H'(M,N) is said to
be stationary if, in addition to (1.1), it is a critical point of the Dirichlet
energy with respect to domain variations: for any smooth vector filed X

with compact support,

o [ IDGE @R =0 (31)

where F; is one parameter family of diffeomorphisms of M generated by X.

It is readily seen (see, e.g., Price [P]) that (3.1) is equivalent to the first

variational formula:
/ |Duf2divy(X) — 2(du(VE X), du(e;)) = 0 (3.2)
M

for any smooth vector field X with compact support, here VY denotes the
Levi-Civita connection on M and div, denotes the divergence and {e;}?™
is an orthonormal frame field with respect to g. Therefore, one has the
following energy monotonicity inequality for stationary J-holomorphic maps

(see, e.g. Price [P]).

18



Proposition 3.2. For m > 2. Let u € H'(M,N) be a stationary J-
holomorphic map. Then there exist Ry > 0, Cy > 0 depending only on
(M, g) such that

ngRR272m / |Du|2 o ngrr272m / |DU|2
Br(x) B, (z)
. 0
=2 | eColy=elly — gf22m| L2
Br(2)\Br(z) ly — 2|

foranyx e M,0<r <R<Ry.

Proof. Since M is compact, the injectivity radius Ry is positive. For any
xo € M, there is a normal coordinate system on the geodesic ball Br,(xo)

such that x(zp) = 0, and
max{|g(z) = gol, |dg|(x)} < Colz|, Va € Bg,

where go is the euclidean metric on Bg,. For any Y € C§°(Bg,, R*™), (3.2)

implies
ou Ou ., ;
Duldiv(Y) =2 (=, )Y/
o, PP =2 35 )

<G / 2| ()| Duf (=) (3.4)

()
here div denotes the divergence with respect to gg. Now, by choosing Y (x) =
n(Jz|)z for suitable cut-off function n € CZ([0, Ro]), one obtains (3.3) from
(3.4). ]

Now we start to prove theorem D, E, and F.

Proof of theorem D.

Without loss of generality, we may assume that there is u € H*(M, N)
such that uy — u weakly in H*(M, N) and

1 1
§|Duk|2(x) dx — p= §|Du|2(x) dx +v (3.5)
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as convergence of Radon measures for some nonnegative Radon measure
v > 0. Let ¢¢ > 0 be given by theorem A. Define the concentration set
> C M by

Y=Nso{zr e M | 1ikminf e‘”27°2_2m/ . |Dug|? > €3} (3.6)
— 00 Br T

Then the monotonicity inequality (3.3) implies that ¥ is closed, and the
Vitali’s covering lemma, combined with the fact that M is compact without

boundary, implies
H*™ (%) < C’sup/ | Dug|? < oo (3.7)
E Jum

It follows from both theorem A and corollary 3.3 that we may assume that,
for any [ > 1, uy, is bounded in Clloc(M\E’ N) and uy, — uin Clloc(M\E’ N)
as well. It is clear that (3.3) implies that for any « € M, e‘"27’2’2mu(BT (2))

is monotonically nondecreasing with respect to r, for 0 < r < rg. Hence

0% 2 (1, x) = lim 12" u(B, (1))

r—0

exists for all x € M and is upper semicontinuous. Moreover, there is a Cy > 0

depending on supy, [,, |[Dux|? such that
Y={reM|e& <0 %uz)<C
Therefore, LY is absolutely continuous with respect to H*™~2 and
pLY = 02" 2(u, ) H*™ LY. (3.8)
since it follows from Federer-Ziemmer [FZ] that
0% 2(|Dul? dx,y) = }Lr% p2m2m /BT(;C) |Dul? =0, for H*™ 2 a. e. yc X

we obtain, for H*" 2 a. e. x € %,

0¥ 2(v,x) = 0™ %(yu,x) > €5, and v = 2" (v, ) H*" LY
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2—2m

where ©2m~2(y, ) = lim, o 7 v(B(x)). Note that ug doesn’t converge

to u in HY(M, N) if and only if

0<v(M)= / 0¥ (v, x) dH*™ 2 < EH*™ (%) & H* ™ %(X) > 0
b))

Now we want to prove that if H2™~2(X) > 0 then ¥ is (2m — 2)-rectifiable
and we can blow-up uy near ¥ to get a pseudo holomorphic S2. Since u
has positive and finite ©2™~2-density everywhere on 3, one can apply either
the abstract rectifiablity theorem of D. Priess [Pd] or follow the elegant di-
rect proof of Lin [L] to conclude the (2m — 2)-rectifiablity of ¥. Here, we
would like to present a third proof. It is based on the generalized varifold
approach and the extended version of Allard’s rectifiablity theorem on vari-
folds with controlled first variations [A]. This approach was outlined by Lin
[L1] and Lin-Wang [LW] in a related context. For details, one may refer
to [LW]. For any zg € M, consider the geodesic ball Bg,(zo). Recall that
Vo —o(BRry(x0)), the space of generalized (2m — 2)-varifolds, consists of all

nonnegative Radon measures V on Bpr,(z¢) X Aam—2, here
Ag o ={A € S™ | tr(A) =2m —2, —(2m —2)Is,, < A< Iy}

where S?™ denotes the space of symmetric 2m x 2m matrices and Iy, denotes
the identity matrix of order 2m. For V € V5. 5(Br,(z0)), |V = mx(V)
is its weight, where 7 : Br,(20) X A2m—2 — Bgr,(x0) is the first component

projection map, and its first variation is defined by
SV(X) :/ DX : AdV (z,A), VX € CY(Bg, (o), R*™) (3.9)
Brg (7o)
where : denotes the scalar product on R?™*2™_ For a subset G C Bpg, (o),
|6V I(G) = sup{|6V(X)| : X € C3(Bg, (x0), R*™), spt(X) C G} < 00

If |6V << ||[V]|, then the Resiz representation theorem implies that there

is a generalized mean curvature H € LﬁV” (Bg, (7o), R?™) such that

5V (X) = /B LX)V, VX € C (B (a0), B) - (310)
Rq (zo
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Now, for the above sequence {uy}, we associate a sequence of generalized
varifolds V,,, € V55, _o(Bg, (o)) as follows. For x € By, (xg), define A(uy)(z)
by

Duy ® Du .
Alug)(@) = Iom — QW(@, if [Dug|(x) # 0

= Igmfg, if |Duk|(:£) =0
and Vi, (z, A) = 04(up) (@) (A) 5| Dur|*(x) dx for (z, A) € Bp,(wo) X Agpm—2,
here d4(y,)(z) denotes the delta mass centered at A(ux)(x). Then we have

[Vir || = 3| Dug|?(z) dz. Moreover, (3.4) implies

|0Va, (X)] < Co/ |z = @ol| X ()] d| Ve, (3.11)

Brg (w0)

for any X € C}(Bgr,(z0), R*™). Therefore the generalized mean curvature
Hy, = gy € LS, (Bry (o), R*™) and

|Hy|(xz) < Colx — x|, Y& € Br, (o) (3.12)
Now, we can assume that thereis a V € V5, _5(Bg, (o)) such that V,,, — V
and

Vil = V]| = = 3| Duf(a) dar + v

It is clear that (3.12) implies that H = |\67V|| € L (Br, (20), R?™) and

|H|(z) < Colx — xo|, Yo € Br,(z0) (3.13)

Now V is a generalized (2m — 2)-varifold with bounded first variation. We

can slightly modify the proof of theorem 4.9 of [LW] to obtain

Claim. VL{z € Bg,(z0) [0 < ©2"2(|V||,z) < 0o} = VLY is a (2m — 2)-
rectiftable varifold.

In fact, since the Resiz representation theorem implies that V = V,||V||
for some measurable function V, with values in the space of probability

measures on Ag,,_2, we have for H>" 2 a. e. £ € %,

0*?m=4(% x) = limsupr? ™ H*""3(L N B,(x)) > 272m 2

r—0
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0> 2(|[V|,-), Vi are H*™~2 approximately continuous at

et [ HIAIV] = @V < oo
r(T

Now for any r; — 0, we can find a subsequence r; — 0 such that the rescalings

of V, D%T;(V), satisfy
Dy (V) = Vo H* ™ °LT

for a (2m — 2) plane T C R?™, according to the geometric Lemma 2.4 of Lin
[L] which is applicable to our setting due to the fact that only the energy

monotonicity inequality (3.3) is required. Moreover,

8(V, H*"2LT)] = lim [6(Dy (V)]
= Jim (1)°2" D, V|

" f o 1HL V]
: =0

= lim

i—00 7,./_2"7'72
i

Hence the constancy theorem for varifolds (cf. Simon [S]) implies that V, =
dr and T is unique, i.e. independent of the choices of r;. Therefore, VLY is

(2m — 2)-rectifiable and ¥ is a (2m — 2)-rectifiable set.

We now assume H2™~2(%) > 0 and need to extract a pseudo-holomorphic
52 by suitably rescaling uj near points of ¥. The idea is very close to that
of Lin [L] on bubbling of harmonic S? for stationary harmonic maps, but
with the difference that we need to consider the rescalings of both j, g at
the mean time, and show that the bubbling plane is a jp-holomorphic plane.
Here, we again only sketch it.

First, pick up a generic point g € ¥ such that ©2"~2(|Dul|? dz, 2¢) = 0,
the tangent plane T}, ¥ exists, and ©2™~2(v, ) is H*™~2 approximately con-
tinuous at zo. From now on, we identify T,,,% = {(0,0)} x R?*™~2 and

(T, 2)* = R? x {(0,---,0)}. Let Bg, (o) be the geodesic ball centered at

23



xg, forany r; | 0 and any x € BRorq—l, define Dy, », () = xo+r;x and 4;(x) =
uk; (T +7i%), gi = g © Dagris Ji = (Dagr)"j (e for any YV € ToBp -1,
Ji(@)(Y) = d(Dyyr;) "t 04 0dDyyr;(Y)). Then, a; : (BRM_;l,ji,gi) —
(N, J,h) is a J-holomorphic map. It is clear that we may assume that
gi — Gz, and j; — Jy, in C? norm. Moreover, by the Cauchy diagonal
process, we may assume that there is k; — oo such that @; — constant
weakly in H'. The small energy regularity theorem A implies i; — constant

in C’lloc(Bg \ {(0,0)} x R?™=2 N). Moreover,
|Dii;|? dz — v, = 027 2(v, 20) H*™2L({(0,0)} x R*™~2) (3.14)

and the geometric Lemma 2.4 of [L] implies

am
113202/ a:cl = (3.15)

Hence, the Fubini’s theorem, the weak L'-estimate for the Hardy-Littlewood
maximal function, and the small energy regularity theorem A imply that

there is 5 € B2™ 2 such that ; is smooth near (0,0, z3) and
4

ot
lim ma THM/ dx / L 12dzy =0 3.16
iHOOO(TSX% 32m 2 i 2 Z| | 1 ( )

1l3

Now we can find §; > 0 and z¢ € B? such that
2

€
max 53_2m/ |Dit;|* = =2 (3.17)
mleBz% BZ (z1)x By ~*(ai) C(m)

is achieved at x%. Here C'(m) > 0 is to be chosen later. It is easy to see that
i — 0 and % — 0. Now, let v;(y) = @;((x%, x%) +0:y), ji = (Do.s,)*(ji), and
Gi = g; o Do s,. It is clear that v; : (Br.,ji,3i) — (N, J,h) is J-holomorphic,

here R; = %. Moreover,
Y

0v;
lim sup RZ27?2™ / / 112 = 3.18
b B27n 2 B2 Z|8$l ( )

1—00 0<R<R;
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sup sup RQ*Qm/ |Dv;|? < Co (3.19)
i 0<R<R; Br

and

/ | |2 63
Duv;|* =
B2x BZm=2 ‘ C(m)

> max{ |Dv;? |y € B, } (3.20)
B (y)x B2
For a € B}, _; x BIm™=2 n € C°(B?), and 1y € C°(BI™?), we define
(@ = [ IDuP+ am(n)m(e) d dye
B2 B2m—2

Then the stationarity identities (3.2) and (3.4) imply, for 3 < k < 2m,

Z/ Ov; dv; 0 771772)| < C6; |Dv;|* =0 (3.21)
B2

é)ak 2m é)yl E)yk E)yk Bgm

This implies, by choosing C(m) sufficiently large, that
/ |Dvi*(y1 + b, y2) dyrdys < € (3.22)
B2ZxB2m~?
for all b € B}227,—1~ Therefore, theorem A yields
||wHCz(Bz22F1 ><B2%m*2) < C(ep)
and we can assume that there is a map v € C*(B%" 2 x R?, N) such that
2
v; — v, in C’lloc(R2 X B%m_2,N)
It is easy to see that v : (R®*™, jo,g0) — (N, J,h) is a J-holomorphic map,
o w3<k<om
01%
so that v(y) = v(y1,y2) : R — N, and (3.19)-(3.20) imply

e < / |Dv|? < oo (3.23)
R2
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Now we need to show: R? = (T,;,X)* is ju,-holomorphic plane (i.e. jo(R?) =
R?). Once this is proven. Then we know that v : (R?, juo, 9uo) — (N, J, h)
is a pseudo-holomorphic map, which can be lifted to become a pseudo-
holomorphic map from S? to N by either the removable singularity theorem
by [Y] [PW] or our corollary B. Suppose not, then j,,(R?) N R? = {0}.
For simplicity, we assume that j,, = jo is the standard complex struc-
ture and g, = go is the euclidean metric on R?>™. Hence {8y , 8y2} is
an orthonormal basis of R?. Moreover, there are A;,\s € (—1,1) and

et,ex € Ty X = {(0,0)} x R?™~2 such that

0 0
io(——) = A\ — + et
]O(ayl) 1(9312 te

0 0
io(——) = Ag—— + et
]O(ay2) 233/1 e

Note that (Dv,et) = (Dv, ey ) = 0. Therefore,

2 4 ov o v ﬂ 2 v ﬁ 2
| gt = [ @GR+ G
= [ oG + ot )P
22 _2 2
=3t [ IR+ /| |
<max(2 ) [ 155 a”| (3.24)

where we have used the fact that J is an isometry and v is J-holomorphic

in the first two identities. Hence
(1 — max{)2,\2}) / IDuf? <0
R

This yields [p. [Dv|? = 0, since 1—max{A?, A3} > 0. We get a contradiction.
Note that this argument also implies that, for H>™~2 a. e. 29 € 3, Ty, ¥ is
Jazo-holomorphic, i.e. ju,(Ty2) = TwoX. The proof of theorem is complete.
|
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Proof of theorem E.

Suppose that z¢ € X satisfies: (1) ©2™~2(|Du|?dz, z0) = 0; (2) Ty, X =
{(0,0)} x R?m=2, (3) ©2m~2(y,-) is H*>™~2-approximately continuous at .
Since (1)-(3) holds for H?>™~2 a.e. in ¥, it suffices to prove (3.24) holds at
such a xzg. Recall from the process to obtain the first bubble in the proof
of theorem 3.4 that we can choose r; | 0 such that @;(-) = wk, (Dazg,ro (1)) :
(BRO,ri—l,ji = (Do )*3,9i = go Dy r;) — (N, J, h) is J-holomorphic. More-
over, it follows from (3.15) that there is a %, € B> 2 such that (3.16)
holds. For w;(y) = u;((0,2%) +y), a € B? x B%m_g, m € C§°(B?), and
n2 € Cg°(B?™~2), consider

Glw= [ IDul+amm) (325)

Then, similar to (3.21), we have, for 3 < k < 2m,

Z Ow; Qw; 9(mn2) / 2
< C’I“i Dwi — 0 3.26
aak /B2m 8yl 8yk ayk | - B%m | | ( )

so that we can apply the Allard’s strong constancy Lemma ([Al]) as in [L]
or Lin-Riviere [LR] or [LW] to conclude that

Tim |5 (w; (-, y2), BY) — ©2M2(y, 20)ll g1 (gam-2) = 0 (3.27)

where E(w;(-,2), B) = fm | Dw;|?(y1,y2) dy1 Now, we apply the Fubini’s

theorem and the weak L'-estimate for the Hardy-Littlewood maximal func-

tion again to obtain a y4 € B2™ 2, which may be different from %, such
that
lim [E(wi(-,y4), BY) — 02" %(v,20)| = 0 (3.28)

and (3.16) holds with ;, o5 replaced by w; and y. Now we can repeat the
process for the first bubble as many times as possible to extract all bubbles,

2m—2
{M}ii’l, for some 1 <, < [667%(”’10)], such that

11— 00

lag
lim B(wi(-,y5), BY) > > B(w, 5% (3.29)
=1
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where €; depends only on N (cf. [Y] or [PW]) and is given by
€2 = inf{E(w, $?)|w € C*°(S?, N) is nonconstant pseudo-holomorphic map}

Therefore, (3.24) is proven if we show that (3.29) is an equality.

First, by an induction argument on [,,, it suffices to prove (3.29) for
lgo =1 (cf. [DT] (m = 1) and [LR] [LW] (m > 2) for details). Let wy be
the only bubble, it follows from theorem 3.4 that there exist §; — 0 and
yt € B — 0 such that v;(-) = w;((y%,0) + &) = @;((y%,95) + &;-) converges
to wy in H' N C?(R? x B3™ 2, N) locally. For simplicity, we assume that
(v4,v4) = (0,0). As in [DT] [LR] or [LW], I, = 1 implies that, for any

sufficiently small € > 0 and sufficiently large R > 0,
er/ |Dii;|? < €2, VRo; <r <1 (3.30)
(B2,\B2)xB2™ 2

Therefore, theorem A yields

- 1
9111 Dil(y1,0) < Ce, V2RO < |y1] < 5 (3.31)
or
1
ly1|[Dvi|(y1,0) < Ce, V2R < |y1| < %, (3.32)
Observe that, for I, = 1, (3.29) is an equality is equivalent to
/ \Dui[2(1,0) dyr = o(i~, 6, B=) (3.33)
B2, \Bip

26;

here limp—00 50 lim; o0 0(i~1, 8, R~1) = 0. Since v; : (BRO(W;i)fl,ji,gi) —
(Na Ja h) is J—hOlOHlOI‘phiC, .;z = (ng,né-;)*j - jazg and gz = gODazg,n&i — Gz
in C? norm, and R? x {(0,--+,0)} = (T, )" is ju,-holomorphic by theorem

3.4, we have two propositions for 9;(y) = v;(y,0) : R — N:
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Proposition 3.3. For y = (y1,y2) € R?,

8171‘ - 8171 - . ~ 0

T = (G + (e ) () (3.34)
8171‘ . 6’[)1' - . ~ 0

Tk = I3 (5) = (g = () (3.35)

Proof. Since (3.35) can be obtained by the same way as (3.34), it suffices to

indicate the proof of (3.34). We assume that jxo(a%l) = aiyz' Hence we have

av; 0
i d~i .xo v
o~ (4 (8y1))

- dai@(aiyl)) a5 (g —L)(aiyl»

_ J(ﬁl)(dﬁl(aiyl)) + dt; ((Juq *51)(%))
0v;

5o+ iz, — 3 ()

= J(o:)(
This implies (3.34).
Proposition 3.4 (almost conformality). For y = (y1,92) € RZ,

o0v; 0,

< o — Ji D, |? .
(20, S0 <l ~ ol D (330
0v; O, o0v; O, ~
Vi OUiy 00 OUiy oy %00l Dy 2 .
(20, By (B0 S0 < Ol — FlolDBP (337

Proof. For simplicity, we only verify (3.37). In fact, (3.35) implies

Q0 O0iy Db 00
Oy  Oyr' Oy’ ys
9v; AV i
=2 Ui . 0i((Jwo — Ji)(5— 0i((Jo = Ji :
@G0 5 = 3 o) + (G = 3G

< Clljay = Jillco|DBil?
This yields (3.37).
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Our idea to prove (3.33) is as follows. We first prove there is no angular
energy concentrated in the neck region, which can be done by modifying
the argument of Sacks-Uhlenbeck [SaU] in their proof of removable isolated
singularity theorem, and then use (3.36) and (3.37) to control the radial

energy by the angular energy in the neck region.

For this purpose, we assume that there is a global orthonormal frame
field {eq }2™, of TN (in general, we can follow the modified Hélein’s construc-
tion of global frame as in Case 2 of proof for theorem A in §2 to ensure such
an existence of a global frame). As before, we can write J = Za,ﬁ Japea ®ej

so that (3.34) and (3.35) become:

(28 (o ZJag a”i es(@1))

8?42
- 0 5
- {dE (o —m<a—y1>>,ea<w>> (3.38)
<§7 ZJag a”i es(1))
— (d5i((Gro —3i><aiy2>>,ea<m>> (3.39)
Denote F, = ((g—z,ea(ﬁi», (g—Z;,ea(ﬁi») and

-0 ~., 0
Ga = (—(d0i((Jzo — Ji)(5))s €alV:)), (dVi ((Jzo — Ji)(5)), €alP
(—=(d0i((Jao — 3 )(0y2)) (0:)), (d0i((Jao — 3 )(0y1)) (0:)))
Then, by taking one more derivative of (3.38) and (3.39), we have, on B%; C
S
R%

i

8y1 T Oys dy2” Oy

div(F. Z Jus( 81}1 Oeg(;) 0v; Oeg(v;)

c%i aJaﬁ(Ui) 8171 aJag(’Di) -
Y (T - o R e (i
Z<0y1 90 9 O es(0i))

+ div(Ga) (3.40)

Now we extend 9;(y, 0) from B%d \ B% to the whole R?, still denoted as itself,
such that its H'(R?)-norm is bounded by Hl(B%(, \ B%)-norm. Similar to
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the Hodge decomposition in §2, we know that there are H, € H'(R?, R) and
I, € L?(R?, R?) such that divg:(I,) = 0 and

Fo = DHa + Ia, |DHal r2(r2) + Lol z2(r2) < ClIDill 252, \52) (341)
6_i

9 9
0y1’ Oy

on R?, and D to denote the gradient in R?>™. It follows from (3.16) that

/ | Do |* = / |Do;|* +o(i™h)
B?%; \B} B%; \B%

Do; Do;
Hence, on Bé_é \ B%, we have
3

Here we use D = ( ) and A to denote the gradient and the Laplacian

A ~ Vs 051' 865(61-)
AHo = ) Jap(0)((5— ——) (5= ——))
zﬁ: 7 Y2 Oy

. Z<@ 0Jap(0i)  OU; 0Jap(Vi) es(i))

5 Oyr Oy dy> Oy1
+ div(Ga) (3.42)
Since divgz(I,) = 0, there is a u, € H'(R?) such that I, = (%Z: , 7%1;?)
Therefore, direct calculations imply
A 0v; Oeq(V;) 0; Oeq (V)
Aug = (5=, ——=) — (5, 3.43
<0y1 Y2 ) <0y2 Oy ( )

To estimate H,, we proceed as follows. For R,d > 0 fixed, denote P; =
B%_f \ B} and P} = B2, \ B3, for 0 < k < k; = [In(5)]. Note that
P = U:;OP;“. Define the piecewise radial harmonic function ¥; on P; as

follows. For 0 < k < k;, define

AV, =0, in PF (3.44)
1
U, = ——— H,, on OB?
|angR| oB2, ehR
1
\II»L' = HOU on 8B3k+1R

|6B§k+13| ank+1R
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Observe that the first two terms of the right hand side of eqn. (3.42) is less
than C|D#%;]?. Now, multiplying both eqn. (3.42) and (3.44) by H, — ¥;
subtracting each other and then integrating over PP, for 0 < k < k;, we

?

obtain

|, 1Dt~ v

k3

- / (o Z W) gy C/ | D || Ho — Wi
op ov Pk

k3

+ /Pf (Gay D(Ho — 03)) + /{{)Pf (G, V) (Hy — 1) (3.45)

where v denotes the unit outward normal of PF.

Since |Go| < Cl|jzo *5i||00|D77i|, we have

| /P (G Do = W)

i

< Cllin ~Jlles [ | ID3IDH, = W)

1 — ) ~ ~
< [ 1D = )P+ Clisy ~jiles [ IDBP (3.40)
Pk P

i

Observe that
ov;
— H,—-9,)=0
/6Pk< v d

and (3.32) implies

max |Hy — ¥;| < oscpr|t;] < Ce (3.47)
P! i

s
Therefore, we have

| 1ot —wp

k3

< Cle + oo — Jilleo) / D2
Pk

oH, |
+ / (—=—,Ho — ;) +/ (G, V)(Hy — ;) (3.48)
apik 01/ apik
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Hence, taking summations over 0 < k < k;, we obtain

/ ID(H, -~ P

< Cle+ lJao — 51”00)/ |Do; |*
P;
OH,, y
b =[G e )+ (G L - )
B2, B2 yl vl
5
=L +1I

It is clear that by choosing sufficiently small ¢ > 0 and sufficiently large

i >> 1 we have
1] gze/ | Dw; |2
P;

For II;, we know

L1204 [ JDH|+ sy = illcol Dol Ha ~ Wi
oB?,  Jopy
3;

Hence, using the Poincaré inequality on B% and 0B% and the Fubini’s
£

k3

theorem, we get

1L <C / D> + C / D2
B2 B2, B2\

5 55

which converges to zero as i — 00, — 0, R — oco. Therefore, we have
/ |D(H, —U)|> < 26/ |Do; |2 +o(i™t, 6, R7Y) (3.49)
P; P;

Now we want to estimate the ||/, z2(p,). This step can be done in the same

way by [LR] as follows. First, the eqn. (3.43) implies that

HIQHL2,1(R2) S HDua||L2,1(R2)

S C||D2UaHL1(R2)
é)ﬁi 66(1(171‘)
< OS2, 2o iy 2 LR

< C||Dwi|2(p,) (3.50)
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On the other hand, it follows from (3.32) that we can conclude that

||ICEHL2YOO(P,L-) S ||DuaHL2'°°(Pi)

< C'max |y||Do;|(y) < Ce (3.51)
YyEP;

Hence, by (3.50) (3.51) and the interpolation between L?1 and L*°°, we

have
1all22(p) < ClHallp2m2) | Hall L2 (p,) < CG/P | Doy (3.52)
Therefore we have
01}1 2 2 2
LT |<Z ID o= )"+ | L]
26/ |be1-|2 +o(i™t 8, R (3.53)
P;

where we have used the polar coordinate y = (r,6). Finally, we apply the
almost conformality identities (3.36) and (3.37) to get

81}1 o, 00;
UG [ G Ol —Gilleo [ D3P
P;
< 26/ IDH[? 4+ o(i ™, 6, ) + Cljs —jiHCo/ DE? (3.54)
P; P;
Combining (3.53) with (3.54) together, we obtain
/ |D5;|? < Ce+o(i71, 6, R7Y) (3.55)
P;

Since € is as small as we want, (3.55) yields (3.33). The proof of theorem 3.6

is complete. [ |

Proof of theorem F.

We can follow the Federer’s dimension reduction argument (cf. [F] [SU])

to obtain the result. For simplicity, we only indicate that (1): for m = 2, u is
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smooth; (2) for m = 3 sing(u) consists of isolated points. First, let 29 € M
be a singular point for u, then
02" 2(u, z9) = lim er/ |Du?> > €3 >0 (3.56)
ri0 By (o)
Then, for any r; | 0, consider u;(x) = u(zg + 7x) : B3™ — N. Then it is
easy to see that u; : (B3™,:,9;) — (N,J,h) are stationary J-holomorphic

maps, here j; = (Dg,r,)*(j) and g; = g 0 Dy, ,,. Moreover, we can assume

Sup{ E(us, BE™) = (2r;)2=2m / |Dul?} < 202 2(u, 20) < o0 (3.57)
i>1 Bar, (z0)

Since j; and g; are uniformly nice in C3(B3™), we can assume that

max{|ji — Juollc2(B2m), 119i = gaollc2(zmy} — 0

We can then assume that there is ¢ € H'(B2™, N), which is J-holomorphic
with respect to (B3™, juos Juo), Such that u; — ¢ weakly in H'(B3™, N).
Since (N, J,h) is assumed to support no pseudo-holomorphic $%’s, it fol-
lows from theorem 3.4 that u; — ¢ strongly in H'(B3™, N). Hence ¢ is a

stationary J-holomorphic map satisfying

0
a—f(m) =0, for a. e. x € B3" (3.58)
and
/ |Do|?(0) dH?™ 1 (0) = ©*™ 2 (u,20) > € > 0 (3.59)
S2m—1
Since

o¢

A6 jau (5)) = T(O)(52)

(3.58) implies
0

d(b(jibo(a)) =0, fora. e. z € B™

We may assume that j,,, g, are standard on R?™. Then the integral curves

for ju,(2) are fibers of the Hopf fibration:
H(zi, -, 2m) = [21, -, 2m] : C™ = R*™ — cpP™!
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Therefore, there exists a ¢ : CP™~1 = §2m=1/81 (¢f. [MS]) such that for a.
e. z=(z1,"--,2m) € C™\ {0},

z

¢(z) = $(H(7))

2|

Moreover, the J-holomorphicity of ¢ implies that
(75 : (CPm_la.;OagO) - (Na Ja h)

is a J-holomorphic map, here jy is the standard complex structure and gp is
the Fubini-Study metric on CP™~!; the stationarity of ¢ also implies that
¢ : (CP™ 1 Go) — (N, h) is stationary.

For m = 2. Suppose that sing(u) # 0. Then the above argument implies
that ¢ : CP' = S — N is a J-holomorphic map which, by (3.59), satisfies
2 < [4 |Dg|*> < oo, which contradicts with the assumption that (N, J, h)

doesn’t support pseudo-holomorphic S?’s. Hence u € O (M*, N).

Now for m = 3. Suppose that sing(u) is not isolated. Then there exist
{z:}2, 20 € sing(u) such that z; — x9. Consider v;(z) = u(ro + i) :
B3™ — N, with \; = 2|z; — 20| — 0. Then one can show that there is a
stationary J-holomorphic map ¢ : R® — N such that v; — ¢ strongly in
HY(BS,N). Moreover, ¢ is homogeneous of degree zero and there is a 21,
with |z1| = 3, such that {0,21} C sing(¢). Now, if we blow-up ¢ near 21,
then we obtain another stationary J-holomorphic map 1 : RS — N, which
is independent of z;-direction and hence independent of jo(z1)-direction as
well. Hence the singular set of 1 contains a two dimensional plane, which is

impossible by theorem C. [ ]

Remark 3.5. It is a very interesting question to ask: whether a weak limit
map u € HY (M, N) from a sequence of stationary J-holomorphic maps is a
stationary J-holomorphic map. It follows from theorem D that any such a

map u is weakly J-holomorphic which is smooth away from a closed set with
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finite H?>™ 2-measure. The answer is positive, under the assumption that
both (M, j,g) and (N, J,h) are almost Kéahler manifolds, and II3(N) = 0,
see the remark 4.4 of §4 .

84 J-holomorphic maps as harmonic maps

In this section, we examine a few cases where J-holomorphic maps be-
come harmonic maps, i.e. critical points of the Dirichlet energy with respect
to the variations in N. One may compare it with the well-known fact that
any holomorphic map between Kéhler manifolds is harmonic map (cf. [EL]

page 51).

Proposition 4.1. For any domain 2 C M, we have
1 19
E(u,Q) = 1 |du — J oduo j|* — Ej(u,f), (4.1)
Q

where E(u, Q) = L [, |Dul?® and E;(u,Q) = 3 [(J o du,du o j).

Proof. Note that

(Joduoj,Joduoj)= {duojduoj)= (du,du)

and
(du, Joduo j) = (Jodu,J* oduoj)=—(Jodu,duoj)
we have
/ |du — J o du o j|?
Q
:/(|du|2+<Joduoj,Joduoj>72<du,Joduoj>)
Q
= 2/ |du|? + (J o du, du o j)
Q
This clearly gives (4.1). [ |
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From now on, we further assume that (N, J, h) (respectively (M, j,g))
is an almost Kihler manifold, i.e. w™(-,-) = h(J-,-) (respectively wM(.,.) =
g(j+,-)) is an almost Kéhler form. Then we have the following proposition
(see, corollary (8.15) of [EL] page 51 for the case that both j and J are
integrable).

Proposition 4.2. Assume that (M, j,g) and (N,J,h) are almost Kdahler
manifolds. Then any weakly J-holomorphic map w € HY(M, N) is a weakly

harmonic map.

Proof. Let Il be the nearest point projection of a neighborhood of N in

R! onto N. Then u is a weakly harmonic map iff
d 2 1 !
Gho [ DNt =0, vo e COMLR), (42
Direct calculations give, for ¢ > 0,
(J o d(Iy (u + t6)), d(Iy (u + t@)) 0 j) = (W™, (T (u + t¢))*w™)
Since (Hy(u +tp))*w = (u + t¢) Iyw?, we claim:

%hzo /M (wM, (T (uw+ t¢))*wN) =0 (4.3)

Suppose that (4.3) were proven. Denote u; = Iy (u+t¢). Since u is weakly

J-holomorphic, we have

/|dut—JOdutOj|22/ |du — J o du o j|?
M M

hence

d .
E|t=O/M |dus — J o duy o j|* =0

This, combined with (4.1) and (4.3), implies (4.2). Now we return to the
proof of (4.3). Since for a.e. € M d(ITyw™) = 0, we have (cf. also the
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proof of [RT] Proposition II.1)

o+ 1))

d * YT
= %|t:0(u +t¢) Tyw™
= d(u* (id)(z)H}"va)) + u*i¢(m)d(H7VwN)

= d(u* (ig(m Tyw™))
where 44(,) denotes the interior product by ¢(x). Therefore

d :
Gl [ oMz

d *
= [ oM o)

:/ (W, d(w (i) Ty w™))))
M

- m /M d(u*(%(x)n}kvw]v)(wM)mfw
=0

Here we have used both the Stokes’ theorem and OM = (). This yields (4.3).
Hence the proof of (4.2) is complete. [ |

Proposition 4.3. Assume that (M,j,g) and (N, J,h) are almost Kdhler
manifolds. Then any weakly J-holomorphic map u € H'(M, N) satisfying
d(u*wN) =0, in the sense of distributions, is stationary. In particular, it is

a stationary harmonic map.

Proof. For any smooth vector field X on M with compact support, let F}
be one parameter family of diffeomorphisms of M generated by X. Denote
us(x) = u(Fi(x)), we need to show that (3.1) holds. It follows from (4.1) and
the fact u is weakly J-holomorphic that it suffices to prove

| M) = [ M) (1.4)
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We can assume that the support of X is contained in a geodesic ball B C M,
ie. spt(X) C B. Since dwM = 0 and B is a ball, we can assume that
there is a smooth one form ¢ on B such that w™ = d¢ holds on B. Since
wiwh = Ffu*wY and d(u*w) = 0, we have d(ujw) = Ffd(u*w?) = 0.

Hence

[ M) = [ (o™
Zm/ d(¢ A (W)™ 2) Aug

(2m71 /d(Z)A Mym=2 p 47 w™)
=0

here we have used the Stokes’s theorem in the last step. This gives (4.4).
Therefore, (3.1) is proved. The fact that w is also a weakly J-holomorphic

map follows from the previous proposition. [ |

Remark 4.4. (i) We would like to remark that [RT] introduced local approz-
imablity to denote maps u € H'(M, N) which can be locally approximated

by smooth maps in H'-norm, which is equivalent to d(u*wN ) = 0 weakly.

(ii) Under the same conditions as those in Proposition 4.3. If, in additions,
[I3(N) = 0. Then any weakly J-holomorphic map u € H'(M, N) is a sta-

tionary harmonic map.

Proof of (ii). According to Proposition 4.3, it suffices to prove
du*w™) =0

Since IIo(N) = 0, it follows from the density theorems, due to Bethuel [B1]
and Hang-Lin [HL], that, for any geodesic ball B C M, there exist {uy} C
C>(B,N)N H'(B, N) such that

i jux —uf s,z =0
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Hence, on B,

du*w) = klggo dufw) = klirgo uf(dw™) =0

Therefore, the conclusion of the remark 4.4 follows from the Proposition 4.3.

Proposition 4.5. Assume that (M, j,g) and (N, J,h) are almost hermitian

manifolds. If the covariant derivative of J satisfies the symmetry condition:
(VEN(Y) = (VE(X), VX,Y € TN (4.5)

here V" denotes the Levi-Civita connection on N with respect to h. Then any
J-holomorphic map u € H*(M, N) is a weakly harmonic map. In particular,
any stationary J-holomorphic map uw € H*(M, N) is a stationary harmonic

map.

Proof. For simplicity, we assume that u € C°°(M,N) and verify that u
satisfies the harmonic map equation: 7(u)(p) = 0 for any p € M (with-
out the smoothness assumption, one can express our calculations in the
form of distributions by integration of parts). By choosing a normal coordi-
nate (x1,---,T2m) centered at p such that p = 0= (0,---,0), g;;(0) = &,

9gij
8:Ck

(0) =0, and 5(0) = jo which is the standard complex structure on R?™
such that, at p,

- ' = - 1<i<
Ox;”  Ommai’ J(O)(al'eri) oz;’ visism

7(0)(

Let V denote the Levi-Civita connection on u*T'N. Then, at p,

w)p) = 3 g7V

4,J

= =Y IV () () o)) + Vo () (i) o)) emo

z ox; Oty i 6$m+i

a
dx; A

ou el ou
(%szo =) Va (5, )la=0

dx; .
=1

Q|
8
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= = DIV o ) ) G ) + (7 o T (i) o

o du) (G(2) () + (Va0 du)(j(x) (=2

EED ox; 0T m i al‘eri

2 @) + dulV o ()5

T OTm 4 a:Eerz

- Z J(uw)(V M) lz=o

Ilz=0

- Z J(u)(du(V

= —(I+1I+1II)

It is not difficult to see that, at x = 0,

3

0 0

IIT = > J(u)(du(V o~ Vot 92,
i 0 0
= Z::l Jw)(dullz - m])) =0
m 8u au
= z_: J(U)(v 821 al’eri a VBLWJH al’z) -

1= 30V 0 S (G (Vo Jw) (o) =0

o al‘eri 0T 44 ox;

Here we have used (4.5) in the last step. This completes the verification. W

Remark 4.6. Since the Nijenhuis tensor N; can be expressed in the form

(cf. [MS])
Ny(X,Y) = (Viy X = (Vi )Y + (VYD) IX — (Vi)Y

(4.5) implies that Ny = 0. Hence the well-known theorem of Newlander-
Nirenberg implies that J is integrable so that (N, J, k) is a hermitian mani-
fold.
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