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ABSTRACT. In this paper we analyse the structure of approximate solutions to the compatible
two well problem with the constraint that the surface energy of the solution is less than some
fixed constant. We prove a quantitative estimate that can be seen as a two well analogue of
the Liouville theorem of Friesecke James Miiller.

Let H = (‘5091) foro >0. Let 0 < (1 <1< (2 <oo. Let K :=S0(2)USO (2) H. Let
u € W21 (Q1 (0)) be a C1 invertible bilipschitz function with Lip (u) < ¢z, Lip (u™1) < ¢

There exists positive constants ¢; < 1 and ¢z > 1 depending only on o, (1, (2 such that
if € € (0, ¢1) and w satisfies the following inequalities

/ d(Du(z),K)dL?z < e
Q1(0)

/ |D?u (2)] dL?z < c1,
Q1(0)
then there exists J € {Id, H} and R € SO (2) such that

/ |Du (z) — RJ|dL2z < ¢3¢0 .
Qe (0)
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2 ANDREW LORENT

1. INTRODUCTION

We consider the following simple problem.
Problem A. Let E be a set of matrices and F' ¢ E. Let ¢ > 1, and 2 be a Lipschitz domain
in IR". Let d(-, E') denote Euclidean distance from set E. Prove there exists constants ¢y > 0,
Bo > 0 such that any u € W24 (Q : IR™) satisfying u (z) = F (x) on 99 and

/ d(Du(z),E)dL?z < e (1)
Q
for € € (0, €g) has the property that
/ |D?u (2)|" dL?z > €797, (2)
Q

Problem A is solved only for sets of 2 or 3 matrices satisfying the following strong condition.

Definition 1. A set of matrices E is called restricted if and only if given any Lipschitz domain
Q there exists constant c1 > 0,50 > 0,7 > 0 such that if function u € Lip satisfies u = F on
0 for F ¢ E and

/ d(Du(2), E)dL2 < 6
Q

then u has the property

sup{lu(z) — F(2)] 12 € Q} < 1 (/Qd(Du(z),E)dL22> O. (3)

We briefly comment on how Problem A is solved for restricted sets of 2 x 2 matrices in order
to motivate definition 1. For restricted sets condition (1) forces the function to be pressed down
uniformly close to the affine boundary condition F in the sense of (3). Let v € S! be such that
(X —F)v # 0 for any X € E. Suppose we can find two points a,b € 2 in direction v such
that Du |5 ~ X € E then as (X — F) (a —b) = (u— F) (a —b) < ||u — F||p(q). So we have
la —b| < eallu— Fl| (o) < c2e1 ([ d(Du(z),K)dL?*z)". Thus for any line going through
Q there must be approximately (0201 (fQ d(Du(x),K) dL2x) 70)71 points at which Du jumps
from one matrix inside E to another. Hence by Fubini (2) follows.

Solutions to problem A for restricted sets of 2 or 3 matrices appear in [7], [19]. For example
the set {(39),(5'0)} is restricted.

From the results of S. Miiller, V. Sverdk [23], [24] and B. Dacorogna, P. Marcellini [12] for
the set of matrices E = SO (2) U SO (2) H C M**2?, H diagonal there exists a large class of
matrices F' ¢ E for which we can solve the differential inclusion.

Du € E for a.e. and u = F on 0f).

Our goal is to solve Problem A with respect to this set of matrices. Our main theorem is
following.

Theorem 1. Let 0 < ¢ <1< < oo. Let K := SO (2)U SO (2) H where H = (7 _%1).
Let u € W3 (Q1(0)) be a C* invertible bilipschitz function with Lip (u) < (2, Lip (u™') <
Cfl. There exists positive constants ci,c3,ca < 1 and ca,c5 > 1 depending only on o, (1, (2

such that if & € (0,c1], mg > ca and u satisfies the following inequalities

/ d(Du(z),K)dL?*z < k™ (4)
Q1(0)

/ |D*u (2)| dL?z < ¢3r, (5)
Q1(0)
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then there exists J € {Id,H} and R € SO (2) such that

/ Du(2) — RJ|dL22 < csr ¥ (6)
Qc4(0)

The integral [ d (Du (z), K)dL?z is known as the bulk energy and [ |D*u (z)| dL?z is known
as the surface energy . To illustrate our theorem it is helpful to consider kK = ¢; and to take
mo — oo (this way we also obtain the theorem stated in the abstract). So for small but fixed
surface energy, as the bulk energy decreases, the control of the derivative of the function in the
central subsquare improves to some root power of the bulk energy. To state things more roughly,
even though the surface energy is a small but fized quantity, as the bulk energy decreases, the
function in the central subsquare becomes increasingly flat.

The upper bound 5K 00 in (6) is far from optimal. The naive guess that the optimal bound
is given by ck is false ', this follows from the construction of [8], see [11] for more details.

The assumption that u is bilipschitz is a technical one, however it is used in an essential way
many times in the proof. On the other hand the assumption u is C! is not necessary, its saves
us some details to do with fine properties of Sobolev functions.

In another paper [20] we will use Theorem 1 to reduce Problem A to a kind of discrete € free
version of the problem 2.

As shown in the remark following definition (1), for restricted sets E we can control the
function just using bulk energy, then simply count up the surface energy. For our case with
matrices K = SO (2) U SO (2) H from the work of Dacorogna and Marcellini [12], Miiller and
Sverék [23], we have the existence of Lipschitz functions satisfying the affine boundary condition
but for which Du € K a.e. in Q. So there is no relation between small bulk energy (in this case
zero bulk energy) and being pressed down close to the affine boundary. It is not possible to just
use bulk energy, we have to control the function using bulk and surface energies in combination.
Hence the need for Theorem 1.

Functionals of the form (4) for K = SO (2) U SO (2) H have received much attention in
non convex calculus of variations. From work of Ball, James [2], [3] and Chipot, Kinderlehrer
[6] functionals of this form have been the basis of a well known model for solid-solid phase
transformations. The basic idea was that deformations of the material will attempt to minimise
an energy functional of the form

I(u)= /Q ¢ (Du (z)) dL*z (7)

where ¢ is the free energy per unit volume in 2. Many features of minimising sequences can be
understood from the set {F : ¢ (F') = 0}. This set is known as the energy wells of the functional
I. Certain natural assumptions on the behavior of ¢, in particular frame indifference, imply
that K has to be of the form

K={SO3)A;:i=1,2,...m} (8)

where the A; are symmetry related and depend on the action of the phase transition.
Functional [ is not quasiconvex and so minimisers can not be found by lower semicontinuity,

however as stated, from the work of Dacorogna and Marcellini, Miiller and Sverdk there exists

absolute minimisers to I. It is the existence of these functions that make Problem A interesting.
A some what different but nevertheless relevant theorem is [15], Theorem 3.1.

Theorem 2 (Friesecke, James, Miiller). Let U be a bounded Lipschitz domain in R", n > 2.
The exists a constant C (U) with the following property. For each v € W2 (U, IR"™) there exists

IThanks to Sergio Conti for pointing this out
2Though this discrete problem remains very much open
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an associated rotation R € SO (n) such that
|Dv = R 2y < C (U) ||dist (Dv, SO () llz2(0r- (9)

In [4] Theorem 2 was proved for the set K = SO (2)USO (2) H where H = diag (A1, A2, ... Ap),
A; > 0 is such that

S a-n) (1 - detk(lH)> > 0. (10)
i=1 g

Specifically it was shown that for each u € W12 (€, IR™) there exists R € K such that
|Du = Rllr20) < C (2 H) |dist (Du, K ) || 12(0).

Condition (10) forces the wells SO (n) and SO (n) H to be strongly incompatible, in particular
H is not rank-1 connected to SO (n).

In our case (where H is rank-1 connected to SO (2)) Theorem 2 is trivially false without
additional conditions (a simple laminate being the counter example).

Our additional conditions are to bound ||D?u| 1) by a small but fized constant and to
constrain u to be bilipschitz 2, and we obtain the weaker bound.

1
800

1Du =Rl 1 g, ) < €4 (“dm k) '“(waz”’))
1

After this paper was submitted, we learned of the relevance of the work of Conti, Schweizer
[10] on the Gamma limit of functional I with surface energy term, where I has linearised
wells. Using methods of [11] (for the non-linear functional) Conti, Schweizer proved a strong
generalisation of Theorem 1, their strategy was to use hypotheses (4) and (5) to deduce
le(o) d(Du(z),S0(2)J) < k™ for some J € {Id, H}, the theorem then follows from Theo-

rem 2. For a simple proof of Theorem 1 in the plane via application of Theorem 2, see [9].

Acknowledgements. Firstly I would like to thank the referee for reading the entire paper
with great care and providing many useful comments, in particular for pointing out Theorem 2
was not needed in the proof of Lemma 2 (and hence is not needed in the proof of Theorem 1).

Secondly I am greatly indebted to Laszlo Szekelyhidi and Sergio Conti for many suggestions
and simplifications, thanks also to Stefan Miiller for helpful comments on the introduction.
This paper is a reworking and improvement of preprint MIS MPG 37/2002, carried out with
the support of an EPSRC fellowship.

3Note that the fact we only have an L' bound on D?u is important, for L9 bounds on D?u a much stronger
result is possible, see [21]. Also note that for a finite L2 bound on D?u the result can easily be deduced from
Lemma 4 of [4]
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2. PLAN OF PROOF

Strategy:
We will gain control of function u in a central subsquare by surrounding the central subsquare

with a “diamond”. Along the sides of the diamond we will show Du is L' close to a fixed
rotation, the control in the central subsquare follows from this. Showing Du on a line [ is L!
close to a fixed rotation is “more or less” equivalent to showing u (I) is “roughly” mapped to a
straight (unstretched) line. We will develop methods that show that for many lines in Q1 (0)
(in the directions of the sides of the diamond), function v maps the lines to “roughly” straight

(unstretched) lines.

2.1. The push over lemma. H = (g 091 ) To begin with note that there are two linearly
independent vectors ¢, and ¢o such that |[H¢;| = 1 for ¢ = 1,2. A short calculation gives that
1 1

—a

we can take ¢; = ( \/1;*7) and ¢o = ( Vite? ) Let n; denote the anticlockwise normal to ¢;
Vite? 1402
fori=1,2.

Now the most basic example of a function satisfying the affine boundary condition that
minimises bulk energy is a laminate . In the reference configuration this can be seen as a
function defined on a collection of strips running parallel to either ¢; or ¢ for which the
derivative of the laminate alternates from one strip to the next from being in SO (2) to being
in SO (2) H. For simplicity, let us suppose the strips are parallel to ¢; and let us denote the
laminate by u. Now if all our strips are of width w, by Fubini and the fact that det (H) =1
and |H¢1| = 1 we know that the images of our strips under the action of u will be strips of

width w, as shown Fig. 1.

FIGURE 1
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For a general function v with small bulk energy (i.e. [, d(Dv (z),SO (2)U SO (2) H)dL*z <
€) we will examine the behaviour of v on lines parallel to ¢;. Roughly speaking it will turn out
that if I; is parallel to Iy and the two lines are distance w apart, then v(l;) will have to stay
distance w away from v(l3). This is a consequence of the following inequality

|Hp| >4 -n; for all ¢ € St (11)

For the proof of which, see the argument following (27).
Firstly, suppose for two parallel lines 1, [ in direction ¢ that are distance w apart we have
that v ({1), v (I2) are distance (much) less than w apart at some point, as shown on figure 2 .

) v

\ h ki h
\ / / ki /
\ / / , /
O( N ! ! i /1
oS N ' ' / a1
. N / / = K
lz,v((y)g |
I B !
P I
PR )
I I

FIGURE 2

Let « be the line of length less than w joining v ({1) to v (I2). Using bilipschitzness of v and
a Fubini argument, we can assume « is such that [ d (Dv (v (z)),S0(2)USO (2) H) < /.
We consider the preimage v~ (ar). We want to use the formula H* (o) = [ _, (o) | DV (2)  (2))| dH'x
and the fact that H' (v™! (a)) > w to get a contradiction from the assumption H' () << w.
Assume for simplicity Dv (v™! (z)) € N (SO(2)uSO(2)H) for all x € a. For each
z € alet G(z) € SO(2) U SO (2)H be the matrix such that |[Dv (v™!(2)) — G (z)| =
d(Dv (v (z)),S0(2)USO(2)H), and let t, denote the tangent to v=! (a) at point z. We
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have

H' (o = Dv (v (2)) | dH 'z
@ = [ v @)l

> / G (2) ta] dH'z — JeH' (v~ (o)
v (o)

(11)
>

L' (Pye (v (@) = VeH! (v (@)

= w—veH" (v ' (a)).
Assuming v is bilipschitz (and so H' (v™! (a)) is not too big) this implies the images of lines
Iy and Iy must be (by at least (1 — c\/€) w) “pushed over” from one another, i.e. we can not

find a line « of length less than (1 — ¢y/€) w joining v (I1) to v (I2). This is our first restriction
on the geometry of the function we want to study, just coming from smallness of bulk energy.

2.2. ODE method. We consider the same picture as before but from a different perspec-
tive. So ly,lz,... are lines in direction ¢, going through 2 and we consider the images
v(l1),v(l2),.... Now supposing we were on a point x € v(l1) and we wanted to get to
v (l2) via a path in v (2) of the shortest length. If we start at point s the most obvious thing
to do is to “draw a straight line” to the nearest point of v (l2). But supposing we are “blind”
and we can not see which straight line to draw, suppose we have to find the path just using
analytic information we have about v.

V(iz) v(ln) I I

FIGURE 3

The most natural way to do it would be to consider the vector field given by the gradient of
the function ¥, : v (Q) — IR? defined by ¥ (z) := v~ (x) - n; note v (1), v (l2) are the level
sets of ;. If we “follow” the vector field from point z it will indeed take us along the optimal
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path to v (l2). But “following” a vector field is exactly finding an integral curve for a vector
field, which means solving the following ODE

XO) =2 B (0= Dwy (x (1) (12)

Now if point y € {X (t):t> 0} is such that Dv (v™'(y)) € N (SO (2)USO(2) H) we
calculate that DUy (y) = Dv=7 (y) - n1. Letting R (v (y)) S (v (y)) := Dv (v (y)) be
the polar decomposition of Dv (v™! (y)) (i.e. R(v™'(y)) € SO(2) and S (v™! (y)) € MZ%?)
we have Dv=" (y)n1 = R (v (y)) S~' (v™' (y)) n1 and as S (v™' (y)) € N e ({Id, H}) so
either S (v (y)) € N ¢ (Id) and so 1S (vt (y)) n1| = 1 or S(v=1(y)) € N (H) and so
|S (vil (y)) n1| ~ |H*1n1| = 1. So assuming the path of the vector field is such that Dv stays
close to the wells SO (2) U SO (2) H, if A is a connected subset of the set {X (¢) : t > 0} with
end points e € v (I2), s € v (I1) then

|1 (e) =Wy (s)| = |(v™" (e) —v™"(s)) mi| = H' (A). (13)

So on Fig. 3, as v=! (s) € [ and v~! (e) € Iy then H! (A) ~ w, but on the other hand, by the
push over lemma we know that |s — e| can not be much less than w, this implies A must be
close to a straight line.

2.3. Finding lines in a grid of good subsquares. Suppose u is an invertible function
with [, d (Du (z),S0 (2) USO (2) H)dL?*z < 6% and [, |D?*u(2)| dL*z < 1p55- It follows from
the “push over lemma” and the “ODE method” that if we can find many paths X (0) =
2o, EX (tg) = DUy (X (to)) in u(Q) where the path {X () :¢ >0} is mostly contained in
{zeu(®):d(Du(u(2)),K) < 4§} then we have that these paths are mostly straight and
so we can control function u on the path, specifically u is L close to a rotation.

So the problem becomes how to find these paths. The key observation that allows us to find
them is the following;:

Suppose we have a point xo € u (€2) where the path

stays mostly in the set {z € u (Q) : d (Du (u™" (2)),S0 (2)) < 8} then from the study we made
in Section 2.1 we know u=! ({X (¢) : t > 0}) will be “roughly” a line in direction n;.

Conversely if we manage to find a line L in direction n; where Du on Q N L stays mostly
within N5 (SO (2)) then u (2N L) will “roughly” form an integral curve to DUy and the path
u (2N L) will stay mostly in the set {z € u(Q):d (Du (u™*(z)),50(2)) < é}. So instead of
trying to find paths X : [a,b] — u (Q) that satisfy (14) for which Du on X ([a, b]) stays L' close
to the wells SO (2) U SO (2) H, we can look for a straight lines in direction n; in € for which
Du stays L' close to SO (2). By Fubini there will be many lines L close to SO (2) USO (2) H
and by the bound on surface energy, many of these lines will either be L' close to SO (2) or
SO (2)H.

To summarise, what we have gained is that in the reference configuration (i.e. in ) we need
only look for straight lines with low bulk energy, and by Fubini there will be plenty of these.
The cost is that Du must stay close to the well SO (2).

2.3.1. The grid. First we will repeat the idea given in Section 2.3 with a bit more detail. Let
4 > 0 be some small number and m be a large integer. Suppose we had an invertible function

u: Q1 (0) — IR? with

/ d(Du(z),S0(2)U SO (2) H)dL?*z < §? (15)
Q1(0)
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and
1
D?u (2)| dL?z < ——. 16
Joo PP 69272 < 55 1o

Suppose also we have an m x m grid of subsquares T := {Q1,Q2,...Q,,2} that cover @ (0)
for which we have a subcollection G such that Card (T\G) < (1 —3)m? and G has the
following property; for any Qp € G there exists Ry € SO(2), Jp € {Id,H} such that
Jo, Du(2) = RiJi|dL?z < dm~™2. Then by the bound on surface energy (16) we must be
able to find many lines L in direction ny such that {Qr € G : QN L # 0} are all subsquares
with Du close to either SO (2) or all of them are such that Du is close to SO (2) H. If we
know additionally that [,  d(Du(z),S0(2)) dL?z < Jo.0)d(Du(2),80(2) H) dL?z then
we could in fact find many lines in direction ny (or direction ng) on which Du stays close to
SO (2).

As we have argued, the u image of these lines will form paths which (roughly speaking) solve
the ODE (14) and stay mostly inside the set {z € u(Q1(0)) : d (Du (u™!(2)),S0(2)) < 6}
and hence by the push over lemma (i.e. using (13)) and the ODE method, these paths will
form mostly straight lines.

Now given that there are many lines L in directions n; and ns on which Du stays close to
a fixed (depending only on the line) rotation, its easy to show that some central subsquare S
(whose size is determined by the eigenvalues of matrix H) must be “surrounded” by the bound-
ary of a “diamond” whose sides are parallel to ni, ne and form subsets of these “controlled”
lines (see Fig. 7). So on each of these four lines, (call them L1, Lo, L3, Ly) Du must be L close
to a fixed rotation Ry. One of the main reasons for working on the grid is that when two lines
(say L1, Lo) intersect on a “good” subsquare Qi € T on which Du ~ Ry, Du ~ Ry we have
Ry =~ Ry. So if we manage to find our four lines L1, Lo, L3, L4 such that they only intersect
on “good subsquares” function u on the boundary of the diamond will be L! close (with error
§% say) to a fixed rotation. Since there are so many good subsquares finding these four lines is
just a matter of careful counting.

Once this is established, by integrating the function in direction ¢; (note |Du (z) ¢1| =~ 1 for
any x € @1 (0) such that Du (z) is close to the wells SO (2) U SO (2) H) from one side of the
boundary of the diamond to the other we can show that inside the diamond, Du will be mostly
close to a rotation R with error say § 6.

So if for some ¢ which is approximately a root power of k
will be in a position to argue the statement of Theorem 1.

Ideas similar to this have been used in plate theories, specifically decomposing a region into
squares on which a rigidity theorem is applied. See [15] section 4, and [26].

™o if we can find such a grid we

2.4. The “weak” two well Liouville Theorem. Recall our main theorem is a kind of
Liouville theorem for functions with small (fixed) surface energy but much much smaller bulk
energy, where the control of the derivative of the function inside a central subsquare is of some
root power of the bulk energy.

We can have a “weaker” theorem of this type (weaker because the control of the derivative
in the central subsquare will be bounded by the surface energy) as a simple corollary of the BV
Du(z)dL?z

1

le(O)

Poincaré inequality; by the inequality if we let A = then we have

/ |Du (z) — Al dL?z < c/ |D?u (2)| dL?z < ck.
Q1(0) Q1(0)

And its easy to see A € N, (SO (2)U SO (2) H).
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2.5. Carefully scaling of the “weak” two well Liouville Theorem. Suppose function u
is such that [, o d(Du(z),S0(2)) dL?z < Jo, @(Du(2),S0(2) H) dL?z and satisfies (4),

().
Recall we want a grid of subsquares T := {Q : k =1,2,...} that cover @ (0) for which
there is a subset G C T such that for some (possible large) ¢ € N we have

Card (T\G) < k"¢ Card (T) . (17)
e For each @y € G there exists Ry € SO (2), Ji, € {Id, H} such that
/ |Du () — RiJi| dL?z < k70 L2 (Qx) - (18)
Qk

Since mg can be arbitrarily big we can in effect have as much control of bulk energy as we
like and so we need only concentrate on the surface energy. However surface energy being the
gradient of Du means that it is “morally speaking” one dimension lower than the estimate
on bulk energy. If we take a grid with elements of diameter h, we can think of the measure
A— fA ’DQu (z)’ dL?z as being a “one dimensional set” of length < k spread out across the
elements of the grid.

So if we take the set of “bad” grid elements @ for which [, |D?u ()| dL?z > k75 h, the

total sum of the lengths of the bad grid elements will be less than k7" whichis k¢ times
longer than the original “one dimensional” set of surface energy. However we are interested in
establishing estimate (17) which is a “two dimensional” estimate because Card (T) & 7% so the
set of bad grid elements is negligible.

Since by the bulk energy estimate we easily have that most of the elements Q); are such that
Jo, d(Du(z),80(2)USO(2) H)dL?> < k7 h? we have the conditions to apply the “weak
two well Liouville theorem” on “most” of the elements @ of the grid and this give us (17),
(18). Hence we have the grid we need. Technicalities aside these are all the elements need for
the proof.

We will prove Theorem 3, Theorem 1 follows by symmetry. Note that throughout the proof
¢ will denote all unimportant constants depending only on o, (1, (5.

Theorem 3. Let 0 < (4 < 1 < (o < oo. Let H = (J %) for o € (0,1). Let K :=
SO(2)USO(2)H. Let w € WH2(Q1(0)) be a C bilipschitz function with Lip (u) < (o,
Lip (ufl) < Cl_l, There exists positive constants c1,c3,¢q4 < 1 and ca,c5 > 1 depending on o,

C1, 2 such that if k € (0,c1], mo > co and function u satisfies

/ d(Du(z), K)dL2 < k™ (19)
Q1(0)
/ |D?u (2)|dL?z < csk (20)
Q1(0)
/ d(Du(z),S0 (2)H)dL?z g/ d(Du(z),80 (2))dL?z (21)
Qe, (0) Qe (0)

then there exists Ry € SO (2) such that

/ |Du (2) — R1H| < c5K 0.
Qe, (0)
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3. PRELIMINARY NOTATION

Let H = (g U(_)1> for o € (0,1). Throughout all the lemmas we take
K :=50(2)USO(2)H (22)
Let 0 < (1 <1< (3 < o0. Define
D (¢1,¢2) = {M € M**? . inf |Mv|> ¢ and sup |[Mv| < Cg}. (23)
veES?T veST

Given a C" invertible function u : Q — IR?, u being bilipschitz with Lip (u) < (o, Lip (u‘l) <
< 1 is equivalent to
Du(z) € D((1,¢) for all z € Q.

The latter formulation will be more convenient for us. Let

R(z,a,0) := {acGIF{2 N(z—x)e1] < B, (2 — ) - eq] ga}.

4. PUSH OVER LEMMA

This is the push over Lemma described in Section 2.1 of the introduction. The proof is
essentially a calculation, see Section 2.1 for a explanation of why it works.

Lemma 1. Let 0 < (; <1< (2 < 0o. Let K be as in (22). Let u € W2 (Q1(0)) be a C*
invertible function with the property that Du (x) € D ((1,(2) for all x € Q1 (0). Let

1 =1
1= ( '1?{”2) , Q2 = (V 1;“’2> note that |Ho;| =1 fori=1,2. (24)
1402 1402

Let n; denote the anti-clockwise normal to ¢; fori=1,2.
Let i € {1,2}. For any s,e € u(Q1(0)), such that n:=[s,e] C u(Q1(0)) and

/d(Du (u'(2)),K)dH"z < a|s — e (25)

then
ls—el > |(u™" (s) —u""(e)) - n — ¢ s —ef. (26)

Proof. We begin with the main inequality.
Step 1. Let i € {1,2}, for any ¢ € S!

|[HY| 2 4 - . (27)

Proof of Step 1. * This follows by self adjointness of H and Cauchy Schwartz inequality, let
¥ denote the clockwise normal to v

Yong = U@
H—lwb.Hqsi
-
|H| .

IA

Proof of Lemma.

41 would like to thank Laszlo Szekelyhidi for the following argument
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Let J : u(Qiec-1¢, (0)) — IR be defined by J (z) = d (Du (u™' (2)),K). We let t, € S
denote the tangent to the curve u~! (1) at point =

/J(z)dle = /_1( )\Du(m)tﬂJ(u(m))dHlx

> C1/ J(u(z))dH .
u=t(n)
So using (25) we have
Glals —e| > / d(Du(z),K)dH . (28)
u=1(n)

Now for each z € u™! (), let G (z) € K be the matrix such that d (Du (z),K) = |Du (z) — G (z)|.
Let E (z) = Du (z) — G (z), note that |E (z)| = d (Du(z), K). So

s—el = L'(n)

- / Du () .| dH'z
u=t(n)

> / G (2) ta] — | B (2) ta] dH'z
u=t(n)

(27)
g / tz-m—/ B (2) b dH'z
u=t(n) u™1(n)

L (Pys (w™ () = Gl — el

= |(u ™ (s) —uTt(e) - — ¢ lals —el.

[ V)
IV %
x

5. WEAK TWO WELL LIOUVILLE THEOREM

Lemma 2 is the “weak two well Liouville Theorem” described in Section 2.4 of the introduc-
tion. The proof is simply a matter of applying the BV Poincaré inequality.

Lemma 2. Suppose u € W (Q1 (0)) N C with the property that for constant (3 > 1 we have
Du(z) € D(0,() (see definition (23)) for all z € Q1 (0). Let K be as in (22). Suppose k > 0
1s a small number and that u satisfies the following inequalities

/ d(Du(z),K)dL?z < K (29)
Q1(0)

/ |D*u(2)|dL?z < & (30)
Q1(0)
then for some R € SO (2), J € {H,1d} we have
/ |Du (2) — RJ|dL?z < ck (31)
Q1(0)

Proof
Let A= 1 le(o) Du (z) dL?z. By the BV Poincaré inequality (see Theorem 3.43 [1]) we have

c/ |D?u (2)| dL?z
Q1(0)

< ck. (32)

IA

/ Du(2) — Al dL2=
Q1(0)
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And
4d (A, K) < / |A— Du (z)|dL2z+/ d(Du(z),K)dL?z
Q1(0) Q1(0)
(29),(32)
< 2ck. (33)

So there exists R € SO (2), J € {H,Id} such that |A — RJ| = d(A, K) and by (32) and (33)
satisfies (31). O

Definition 2. Given vectors vi,vs € S' and 6 > 0 we define a grid G (vi,v2,0) as follows.
G(’Uh’l)g,(s) = {P (kl(S’Ul + k25'l)2,'l)1,'l)2,5) : P(/ﬁ(S’Ul + k25U2,v1,v2,5) C Ql (0) ,kl, ko € Z}

where P (x1,v1,v2,0) is a parallelogram centered on x1 whose sides are parrel to vi,ve and of
length §. Note that the grid is the set of parallelograms inside Q1 (0).

6. SCALING LEMMA

In this lemma we set up the grid described in Section 2.53.1 and Section 2.5 of the introduction.
The proof is a matter of simple scaling and counting.

Lemma 3. Let Q; (0) be the unit square in IR, Let K be as in (22). Let integer mg be large.
Given u € WH2(Q1(0)) N C! that for small k > 0 satisfies the following properties,

Du(z) € D(0,¢2) for all x € Q1 (0).

/ d(Du(z),K)dL?z < k™ (34)
Q1(0)

/ |D?u (z)|dL?z < 1. (35)
Q1(0)

Let wi,we € S' be vectors such that wy - we € (—1 +20%,1— 206). Then we can find a

subcollection G C G (wl, wa, KMTD) with the following properties

e Card (G (’LUl,’LUQ, H%) \G) < cer— %,
e For any P € G there exists R € SO (2), J € {H, Id} such that

/ |Du(2) — RJ|dL?z < ek & k™. (36)
P

Proof . First note that P (0, w1, wz,1) C Q1 (0). We define zg, k, := k1w + kaws.
Let W := {(kl,k2) 1Q mo (2k1 k) C Q1 (O)} Let 6 > 0 be the angle between w; and

. 2 . .. .
wa. Now (sm g) = 1_C2—059 > 0%, so smg > ¢3. From this it follows that the width or

height (which ever is smaller) of any parallelogram P € G (wy,ws, 1) is greater than o3. Now
G (wl, wa, n@) \W are the set of parallelograms close to the boundary, as can easily be seen
from figure 4

Card (G (wl, wa, KMTD)) — Card (W) < ek (37)
Let

5mq

B, — (kl,]@)eW:/ d(Du(z), K)dL2 > ™5\ (38)
QK%Q (Zh»kz)
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20 -2k
20
FIGURE 4
Let
By i={ (k1 ko) € W |D2u (2)|dL%2 > k5" b (39)
QN”_;Q (Zkl,kQ)

Now as can seen from figure 5, {Q mo (2 ky) ¢ (K1, k2) € W} can not overlap by more than ¢

K
times. Formally

mo (s0.ky) (B S € (40)

K

Z XQ
(k‘l,kQ)EW

FIGURE 5
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So
Card (By) 2 < Z / d(Du(z), K)dL%z
(k1,k2)€B1 Q ﬂl(zkl»kz)
(40)
= ¢ / d(Du(z),K)dL*:
Uy ka)e By QK%Q (Zklyk'z)
(34)
< cex™0,
Thus
Card(Bl) < C,‘{_To. (41)
In the same way
Card(Bo) < 37 / |D2u ()] dL2z
(k1,k2)€B2 QN%Q(Z’CL’%))
= C/ |D?u (2)] dL?z
Uky kareBs Qn%l (Zklka)
(35)
< c

Thus
3m
Card (By) < ck™ 1. (42)
Now for any (ki,k2) € W\ (B1 U By) we can define function v on @4 (0) by
v(z)=u (/@mToz + Zkl,kg) KT
Since (k1, k2) & B1 (see definition (38))

/ d(Dv(2), K)dL%: = / d(Du (y), K) =™ dL%y
Q1(0) Q

< lﬁ%.
Now since (k1, k2) & Ba, (see (39))
/ |D?v (z)|dL?z = / |D?u (y)| s =Ly
Q1(0) Q mo (2k1 k2
< R

Now we can apply Lemma 2 to v on Q1 (0) we can obtain that for some R € SO (2), J € {Id, H}
we have

/ |Dv (z) — RJ|dL*z < ek
Q1(0)
Since P (0, w1, wsz,1) C Q1 (0) this of course implies
/ |Dv (2) — RJ|dL*z < kT (43)
P(0,wy,w2,1)

Now we scale this information back to learn about the derivative of uw on P (zk1 o> W1, W2, H%) .
Recall

u(z) =K (Z_?#) for z € Q mo (Zky ky) -
K2 w2
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So let y = (2 — 2k k) /{*MTD,
/ g [Du(2) = RI|dL?z = / |Dv (y) — RJ| k™ dL?y
P<Zk1,k2 W1, W,k 2 ) P(0,wy,w2,1)
(43) m
< cerTTR™. (44)

Let
G:= {P (zkl,k,”whwg,nTo) D (k1, k2) € W\ (B UBQ)}
from (37), (41), (42) we have that

Card (G (wl,wg, H%) \G) < e ol
And by (44) any P € G satisfies (36) and this completes the proof.

7. FOLLOWING INTEGRAL CURVES I

If we have a curve v with endpoints a, b and |a —b| > H'(y) — & we can show that the
tangents (denote the tangent at point z by t.) of the curve mostly point in direction \Z:Z| by

the following trick

2

/ (tz - “—_b> dH'z = 2H' () — 2 (/ t.dH 2, a—_b> —2(H" (7) — |a —b]) < 25.

y la — b y la — b
(45)

Letting c1, ca be the centres of Py, Py, respectively, the curve we will be considering is given by
u ([e1, ca]). Analogously to what we discussed in Section 2.4 of the introduction, if we have a line
L parallel to H=*ny such that fLle(o) d(Du(z),S0O (2) H)dH'z < § then the curve u ([c1, c2])
will form a small perturbation of an integral curve to the vector field ¥y : u (Q1 (0)) — IR (recall
Uy (z) :=u"" (z) -ny). Since ||DVy (2)] — 1| < & for all z such that d (Du (u™" (2)),K) <
we have |(c1 — c2) -n1| = |V (u(e1)) — U1 (u(e2))| = H (u([c1,ca])). However by (197) this
is also the distance between the end points of the path u ([c1,cz]) and by a trick very similar to
(192) this gives (198), (199). We will have to use Lemma 7 a couple of times, for this reason
we formulate it in a more general way than would at first seem necessary.

Notation. Given a set of vectors {vy,va,... U} let < vy,vs,...v, > denote the span of
these vectors, i.e. < v1,va,...v, >={> ", Niv; : A; € R}
Definition 3. A G-line inside grid G (w1, w2, ) is subset {P1, Pa,... Py, } C G (w1, ws,q)
which form a connected line of parallelograms in direction w1 or wy. Formally, { Py, Pa, ... Py, }
satisfies the following properties

° EDP;CH #@fark S {1,2,...k1 —1},
o [f C(Py) denotes the center of the parallelogram Py, then either
Py (C(PR)) = Py (C(Py)) fori,je{l,2,...k1}
or
P + (C(PZ)) =P, (C(Pj)) forij e {1,2,.../€1}

w. w. 2

Definition 4. A complete G-line { Py, Pa, ... Py, } inside grid G (w1, w2, @) is a G-line with the
property that d (Pp,0Q1 (0)) < 2672 and d(Py,,0Q1 (0)) < 2k72" . Informally, the G-line cuts
right across the grid.

Definition 5. Given grid G (w1, ws,«), and G-line L we let

L:= UP.

PeL
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Lemma 4. Let u € W2 (Q1641—142 (0)) be an invertible C' function with assumption that
Du(z) € D((1,¢) for all z € Q16<;1g2 (0). Let K be defined by (22). Let moy > 16. Let

k > 0 be a small number (depending on o, (1, (2), suppose function u satisfies the following
properties:

(1)
/ d(Du(z),K)dL?z < k™. (46)
Q16<;1<2 ©)
(2) There exist G-line { Py, Py, ... Pp, } parallel to |H 2n I inside grid G <‘H 2ni|, ‘g 2n2|7 TD)
and a subset My C {Py, Pa,... Py, } such that

Card ({P1, P, ... P, \Mo}) < 2KPOK™ = for some pg > l_f(i) (47)

2

dist (P1, Pon,) > ‘17—6. (48)

o For each P € My there exists R € SO (2) such that
/ |Du (2) — RH|dL*z < kT K™, (49)

P
And with the property that for some points x1 € Py and xo € P,,, where ‘Z:E =
% we have
q0 mo

[lu (1) —u(z2)] — [(x1 — 22) - ni|| < ck® for some qp > R (50)

Then let Ry € SO (2) be such that RoH 'n; = % there exists a subset My C M,
with

mq

Card (Mo\M;) < ¢ (KPTD + KQTO) K2 (51)
such that for any P € My we have

a0

/ |Du(z)—R0H|dL22§c(/€4 —|—/€4)/$m°. (52)
P

Proof
Step 1: There exists wy € Py, ws € Py, such that if vy := % then

w2
/ |Du (x) H™ nl—vll dH'z < ¢ (KP° + k%) (53)

w1

Proof of Step 1: Define O : My — SO (2) as follows. For each P € My let O (P) € SO (2)
be a rotation (which by definition of My we know exists) such that
mg

/P |Du(2) — O (P) H|dL?z < ck™ k7 . (54)

We define function
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So using (194)

/ E(2)dL%z < ck™0 k3 Card ({P1, Pa,... Py, } N M)
Unzl Py

+20k™ Card ({P1, Py, . .. Py } \Mo)

—
[
©
=~

Nt

mQ

mo 70
ck 1 K2 +4GRPK?
O

KPR (56)

IN A

|H 21’7,1‘ g

V1406 %
diamond of side length 1 with sides parallel to \H—Z for i = 1,2. The length of the smallest

1
. . -2 v/ 6 -2 3 .
Now its a calculation to see 21 = ( 14o ) SO ‘lg_—#h . 62’ > %-. Now we will take a

prOJeCthH will be greater than ”7, see ﬁgure 6. Now {P : k =1,...mq} are diamonds of side

length x " with sides parallel to | ‘ for i =1,2. So
mg
Plpgsnys (P) 2 0" (57)
So by Fubini from (203) we must be able to find a point w; € P; such that
/ E(z)dL'z < ckPo. (58)
(wi+(H=2n:))N (U2, Pr)
Take point wy € Py, N (w1 + (H?n;)). Note that by Lipschitzness from (197) we have
e () = ()| = [(wr = wa) -] < e (% +17F). (59)
For each z € [w1, ws] let T' (x) € SO (2) be such that
d(Du(z),SO(2)H) = |Du(x) — T (x) H|. (60)

From (24) we know

. £1
el D) e
T+o? T+o?

Thus

[[Du(z) H?n;| = |T (2) H 'ni|| < 2|Du(2) H™' =T (z)]

(207)
<’ 4o 'd(Du(z),SO(2)H). (62)
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Hence from (202), (205), (209)

/ |Du (2) H?n,|* dL'2 / T () H 'n,|” dL 2
[wl,wg] [wlaw2]

<

/ (|Du(2) H*n;| — T (2) H 'ni]) (|Du (2) H ?ng| + |T (2) H 'ny|) dL'
[w1,w2]
g/ 2||Du(z) H*ni| — T (2) H 'ng|| Geo™ 'L 2
w1 ,wa]
(209)

< 8cy02 / d(Du(2), S0 (2) H)dL'z
[wi,w2]

(202) _
< sGo [ B
[wi,w2]

(205)
< ckPo .
Since from (208) we know |F YH™ nl| = |H nl| =1 we have
/ |Du (z) H™ nz| dL'z — Jwy — wal| < exPo. (63)
[w1,w2]
Let
vy o= w2) —ufwn) (64)
|u (w2) —u (wy))|
So
/ |Du H 2n; — v ALtz = / |Du H™ nz’ +\v1| —2(Du( )H*Qni,vl)dle
[wl,wg] [w17w2]
(210)
< 2wy — wel| + kPO
H™2p,
—2|H %n, / Du(z) “dL'z, v
| | ( [’UJl,’UJQ] |H72n2‘
= 2w —wa| + kP
—2’H*2ni’ (u(wy) —u(ws),v1). (65)
Note from the definition of v, (211)
|H*2ni’ (u(wr) —u(ws),v1) = |H*2ni| | (w1) — u (w2)]. (66)
w2 —Ww H ™ 2n
As \wz—wi\ = \H 2n\ S0
HiQTLi
(w1 — wa) - ng| = Jwy — wo ) ™ (67)
Putting (214) together with (206) we get
H2 i
|u(w1) —u (wa)| — Jwy — ws ﬁ.nl §c<,{qO+,{T°), (68)

Note by self adjointness
H72n1 SN = H71n1 ~H71n1
= |H71n1 |2
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In the same way we can see that H 2ny - ny = 1. So applying (216) to (215) we have

[ H2nq| [u (wi) — u (ws)| — Jwr —wa|| < ¢ (I{qo + /{%) . (70)
So from (213) this implies

|[wy — wa| = [H*ng| (u (w1) —u(ws) ,01)| < ¢ (qu + mmTD) .
Applying this to (212) we get
/[ ] ’Du () H %n; — ’U1’2 dL'z < ¢ (KP° + k%) . (71)
wy,ws

This completes the proof of Step 1.

Proof of Lemma continued.
Now recall from (205) we know that

/ E(z)dL'z < ckP. (72)
[w1,ws]

So we can find a set of intervals I, Is, ... I, —2 C [wi,ws] with I := [wy,w2] N Py for some

m,

ke{1,2,...mi} and L ([wl,wg]\ ( ’,32;%0) < 3k Let

Ay = {k€{1,2,...m1—2}: E(z)dL'z < ck'® L' (Ik)} (73)
Iy

Thus from (219)

k' Z L' (I) < Z E(2)dL'z

ke{1,2,..m1—2}\ A, ke{1,2,..m1—2}\A; “ Ix
(219)
< ekPO.
So
kT > > L' (Iy) = Card ({1,2,...my — 2\ A1) k2"
kE{1,2,..m1—2}\A;
Hence
Card ({1,2,...my —2}\Ay) < ck 2 k™ 2. (74)

Let

Ay = {k e{l,2,...m; — 2} :/ |Du(z)H_2ni —v1’2dL1z < c (kP —|—/£p°)%/-fm70}.
Iy,

So from (200)
Card ({1,2,...m1 — 2} \Az) ¢ (k% + lﬁpo)% K2

< Z |Du () H ?n, —v1|2dL1z
ke{1,2,..m1—2}\ Ay Ik
< ¢ (kPO 4 k™)

Which implies

mlg

Card ({1,2,...m1 —2}\A4a) < c(m



A TWO WELL LIOUVILLE THEOREM 21
So for and k € {1,2,...m1 — 2} \ (41 U As), recalling definition (220) we have
/ E(2) + |Du (2) H %n,; — 111|2 dL'z < ¢ (KPTO + /f%o) P
Iy

Hence there must exist a point z; € I such that
E (z) + | Du (z1) H %n; — v1|2 <c (HPTO + /i%o) .

Soif P € {Py,Py,... Py} \ (A1 U Ay) by definition of E (see (202)) we have

Du(z) = O (P)H| < ¢ (n# +n#) (76)
and
—92 2 Po a0

|Du (21) H *n; — vy | SC(HZ —|—/€2). (77)

Now (223) implies
| Du(2,) H?n; — O (P) H 'ny| < ¢ (,{— + ,{—) . (78)

And (224) implies
’Du (zx) H ?n; — 111| <c (H%O + KQTO) (79)

so adding (225) and (226) together gives
|O(P)H71m—v1| SC(KPTO —|—HQTO). (80)

Let My :={Py: ke {1,2,...m1 —2}\ (41 U Az)} N My. Note by (222) and (221) we have

mq

Card (Mo\M;) < ¢ (KZPTO + KQTO) K2 (81)
Let Ry € SO (2) be the rotation such that
R1H71ni =1, (82)

recall (211) for a reminder of the definition of v1. Since |wy — z1| < k2 and |wg — z2| < K

and from (195) |z1 — 22| > g—; (recall 1 € Py, xo € Pp,,). By bilipschitzness, from (211)
making obvious estimates we obtain

u(z2) —u(x1)

mo
— L | <cKrZ. 83
ulee) —u(e)] S (59
Now recall the definition of Ry in the statement of the lemma, RoH ~'n; := % Hence
from (230) |RoH 'n; — RiH 'n;| < ek’ which implies
‘Ro —Rl‘ § CK%. (84)
So (227) implies that for any P € {Py, Pa,... Py, }\ (A1 U Ag),
|O (P) — Ry| < |O (P)H™'n; — RoH ™ 'n;|
(229),(231) .
< |O(P)H_1ni—v1|+c;f70
(227)
< c (H% + quO) . (85)

To summarise, by (228) we can find a set M; C My such that

mo

o Card (Mo\M;) <c (HPTO + /i%o) K~ 2
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e From (232), for each P € M; we have |0 (P) — Ry| < ¢ (/ﬁ%o + quO) and so putting
this together with (201)

/ |Du (2) — RoH|dL?z < ¢ (/f%o + HQTO) K.
P
Thus M satisfies all the properties we want and hence we have established the lemma.

8. FOLLOWING INTEGRAL CURVES II

Q

As explained in the introduction to Lemma 7, hypotheses (235) and (236) imply |(c1 — c2) - n1|
H' (u([e1,ca])) where c1, co denote the centres of Py, P,, respectively. To recall, this is es-
sentially because (235), (236) imply u ([c1,c2]) is close to an integral curve of the vector field
Uy (x) where W1 :u(Q1(0)) — R is defined by U1 (z) :==u"" (z) - n;.

Now by the “push over” lemma, i.e. Lemma 1 (see Section 2.1 of the introduction) if we
know

/ d(Du(z),K)dH"z is small (86)
u~ ! (fu(er),u(e2)])

then |u (c1) — u (c2)| is (with some small error) greater than |(c1 — c2) - n1| and so the endpoints
of u([c1,¢2]) are pushed far enough apart to make u ([c1,c2]) an “almost” straight line, then
we can simply apply Lemma 7 to arrive al conclusions (237) and (238). The only issue is
establishing (233) via the area formula, a Fubini argument and Lipschitzness.

Lemma 5. Let u € W2! <Q16g1<2 (O)) N C* be invertible with the assumption that Du (z) €

D ((1,¢2) for all z € Qlﬁcl‘lCz (0). Let K be defined by (22). Let mg be a big integer. Let
k > 0 be a small number (depending on o, (1, (2), suppose function u satisfies the following
properties:

(1)

d(Du(z),K)dL*z < k™. (87)
Q16<1_1< (0)
(2) There exists G-line {Py, Py, ... Py, } parallel to |H = L inside grid G <‘H %1', \g_%zl’ TD)
and a subset M C {P1, Py, ... Py, } such that

[ ]

Card ({Py, Py, ... Py, } \M) < 2516 52" (88)
[ ]

3

dist (Py, P,) > %.
e For each P € M there exists R € SO (2) such that

mo

/|Du( — RH|dL*z < ck™® K™, (89)
P

Then there exists a set My C M and fixzed Ry € SO (2) such that

[ ]
mo

Card (M\M,) < ck™ k™ 2" (90)
o Fvery P € My satisfies the inequality

/P |Du (2) — RoH|dL?z < KT KT (91)
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Proof.

Step 1: Let i € {1,2} be such that the G-line {Pi, P,... Py, } is parallel to % We
To—T1 __ H72”Li
lwa—z1| — [H2n;l

will we show that for any point 21 € P; and any point xa € P,,, such that
we have the following inequality

u(21) — u(x)| < (21 — @) - 13| + ek T (92)
Proof of Step 1. We define the function E : | J;}, P, — R by

B(z) = |Du (z) — Ry H| for x € P, € M where Ry € SO (2) satisfies (236)
D=1 2 for « € (U}, Po)\M

From (235), (236) we know

/ B (z)dLl*z < Z/ |Du (2) — Ry H|dL*z + ck™ Card ({ Py, Py, ... Py, } \M)
U:L:llpk P

(93)

PreM k
mo mo mo Mo
< k4 K?2 +ch2Z KT
< CKT6 K2
Now in the same way as we deduced inequality (205) from inequality (203) in Lemma 7.
mo
2

Here we again use the fact that Py_»,. (Up2, Py) > 032

17— So by Fubini, we must be able

to find point z; € P; and z3 € P,,, such that IZZZI = ﬁjﬁ:l and
z2 mg
/ E(z)dH'z < ck o . (94)

21

We will first show the inequality for z1, z. It will then follow by Lipschitzness. First note
22
/ Du (x) - H *n;
21

Now for each x € [21, 22], let I" (x) € SO (2) H be such that |[Du (z) — T' (x)| = d (Du (), SO (2) H).
Note that |Du (z) — T (z)| < E ().
From (208) we have |I‘ (x) - H*Qni| = |H*1ni| =1 and so from (242)

= [H™*ni| Ju (22) — u (21)|. (95)

z2 z2 22
/ Du(z) - H *n;dL'z| < / U (z)  H *n;dL'z| + ot / E(z)dL'z
z1 z1 21
z2 "
< / T (z) ~H_2m|dL1x—|—ch60
21
< o 2| FonTE

By (243) this implies

|H*2ni| |u(z2) —u(21)] < |21 — 22| + cr 16 (96)
Recall from (216) we have H 2n; - n; = 1. So since 22=2L = @ from (244) we have
[z2—z1] [H=2n;]
lu(z1) —u(z2)] < |H*2ni|_1 (\zl — 29 +c/§%)
H‘Qni mg
= mnl (‘21—2’2|+CH§16)
(3
< (21— 22) - mi +er 6

and this completes the proof of this inequality for zi,zs. Since x; € BN my (z1) and x5 €
B ma (22) inequality (239) in the statement of Step 1 follows by Lipschitzness.
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Step 2: We will show that for any point z; € P, and any point xo € P,, such that

|§§:§i| = H:izb‘ we have the following inequality

lu(x1) —u(z2)] > |(:E1—x2)~ni|—cm% |x1 — xa]. (97)

Proof of Step 2: Let J (z) = d (Du (u™" (2)),K). So by the area formula

J (2) |det (Du (u™" (2))) |71 dL?z = J(u(z2))dL?*z
“<Q16<;1<2(0)> Quocrte, @
= d(Du(z),K)dL*z
Quoci1e, @

< gMo

Since Du € D ((1, (2) we know |det (Du (2))] < (2 for all z € Qio¢;1e, (0)- So

J(2)dL?z < CZr™. (98)
u<Q16<f1C2 (0))

Now as we know u is invertible and by assumption since |[Du~'(z)| < ¢!, so u™! is
¢; '-Lipschitz. So Qu¢, (u(0)) C u (QIGCI—142 (0)) since otherwise there would be a point
q € 8Q16<;1g2 (0) with |u (0) —u(q)] < 4¢2. And hence |0 —¢| > 2¢; " |u (0) — u (¢)| which
contradicts ¢; '-Lipschitzness of u~'.

Similarly, as u is (2-Lipschitz, so Q1 (0) C u™! (Qa¢, (u(0))). So as for any two points,
z1 € P, x2 € Py, we know that u (z1),u (22) € Qac, (v (0)). Since Qu¢, (u(0)) is convex

[ (1) (22)] € Quga (u(0)) € u (Quperg, (0))

By a Fubini argument using (247) we must be able to find points z; € B ma (u(x1)) and
z22 € B m (u (x2)) such that

Z2 m,
/ J(2)dL'z < (T2
z1

Now since 1 € Py and 22 € Py we know |z1 — x| > %. By bilipschitzness this implies

3 3
|u(z1) — u (z2)| > Cll‘g S0 |21 — 22| > Cl;

35 - Hence

zZ2 "
/ J(2)dL'z < ¢|z — 20| k2
21

We apply Lemma 1 to conclude that

|21 — 22| > |(u_1 (z1) —u""(22)) - nl| — kT |21 — 29] . (99)
Now |z1 —u(21)] < &2, |22 — u(22)] < &2 which implies lu™! (z1) — 1] < ¢tk and
|u*1 (z2) — x2’ < (1_1/{%, so applying this to (248) gives Step 2.
Note, by putting Step 1 (239) and Step 2 (246) together we have
[ (1) = (2)] = |(21 = ) - sl | < enTE (100)

mo

Notice that for po = ¢, qo = ¢, (235), (249) give us the hypotheses to apply Lemma 7.
So by Lemma 7 there exists a set My C M and some fixed Ry € SO (2) such that

mQ

Card (M\M,) < ck 5 k™ 2"
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and every P € M satisfies the inequality

/ |Du (z) — RoH|dL?z < KT KM,
P

9. TRANSFERRING ORIENTATION ACROSS LINES

Now from hypotheses (101), (102), (103) and by Lemmas 3, 7, 8 we have the existence of a
grid G and many lines L in directions H = *ny and H%ny for which Du on {P : P € G,PNL # ()}
is “mostly” orientated by R (L) H, R(L) € SO (2). See subsection 2.3.1 for a basic outline of
the idea. What we would like to do is to surround a central subsquare in Q1 (0) with a “diamond”
whose boundary is contained in the union of lines Ly, Lo, L3, Ly in directions H %n1, H ns
(see figure 6) such that Du on {P: P € G,PNL; #0 for some i € {1,2,3,4}} is “mostly” ori-
entated by RH for some fized R.

It would then be a relatively elementary matter to show that most of the elements of the
grid inside the central subsquare are such that Du is orientated by RH ; we just need to notice
that function u is fized on the endpoints of the lines in direction H 2n; intersected with the
diamond, so we can apply Lemma 7 to them.

We only need to find the “diamond”. Note that if line Ly in direction H 2n; and line Lo
in direction H%ny intersect (inside Q1 (0)) and at the intersection they have an element of
the grid G for which Du is orientated both by R(L1) H and R (L2) H, then R(Li) ~ R (Lo).
Our strategy for the proof is to find lines Ly, Lo, L3, Ly where we have this intersection of grid
elements on which Du is orientated by R (L;) and R (L;+1) occurs between Ly and Lo, between
Lo and Ls and between L3 and Ly. The reason we can find these lines is that there are so
many lines in direction H 2ny and H 2ny which have most of the grid elements where Du
along them is orientated by a fixed rotation, so to find four lines that intersect three times on
(mutually) orientated grid elements is just a matter of careful counting. See figures 7, 8, 9 for
an impression of how we do this. B

Recall definition (5), given a G-line L, we define L to be the set given by the union of all
the parallelograms in L.

Lemma 6. Let u € W2! (Q1641—142 (0)) be Cl invertible with the assumption that Du(z) €

D (¢1,¢) for all z € Qiec¢, (0). Let K be as defined in (22). There exists constant ¢y
depending on o, (1, (2 such that if function u satisfies the following inequalities

d(Du(z),K)dL?z < k™ (101)
Quscric, ©
|D2u (2)| dL?z < ¢; (102)
Qrocrte, ()
/ d(Du(z),S0 (2)H)dL?z g/ d(Du(z),S0 (2))dL?z. (103)
Q .3 (0 Q ., (0
24/06 41 24/06 11

Given grid G (%, %, H%) there exists a complete G-lines K;,, K, in direction
H™2ny and complete G-lines K;,, K;, in direction H=2ny which satisfy the following properties.
e The connected component of Q1 (0)\ (KNZO U K/T1 U K/v22 U KNZ?,) containing zero also con-

tains @ .3 (0).
2y/o6 41
o There exists a subset M C K;, UK;, UK;, UK, with the property that

mQ

Card (K, U K;, UK, UK;,)\M) < ck™ 5~ 2 (104)
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and for some fired R € SO (2), for any P € M we have
/ |Du(z) — RH|dL?*z < K K™ (105)
P

Proof: To start with we know by Lemma 3 there is a subset G of the grid G ( e 2Zi| , \gi%zl , TD)
with the following properties

—2 2
Card<G<H m Hng °> ) )T KT (106)

|H=2n4|" |H- 2n2\
e For any P € G there exists R € SO (2), J € {Id, H} such that

0

/\Du( — RJ|dL?z < ek 1 k™. (107)

Let v; denote the anticlockwise rotation of 2 |H 2 ‘ fori =1,2. Now G (IH 2n1\’ IZ 222" ";0)
is made up of a union of complete G-lines in direction H 2n;. We denote them K1, K, ... K,,
where ngy is of order k~"*. And in the same way G (H—ifli‘, %,KMTD) is made of the

union of complete G-lines in direction H~2n,. We denote them K, 11, Kn,12,. .. Kop,.
Observe figure 6. It should be clear that there exists some constant a, > 0 such that for any
two G-lines K;, K; such that

I?; n <62> C [—aaeg, aaeg] s I?; n <62> C [—aoeg, 0062}

must be such that Iz N .f(vj # (). Tts a calculation to see

H72 1
] = ( s ) - (108)
! Vitos
As can been seen from figure 6 we can take
H*in 0 o3
=iy (1) = 1o

Let Y denote the region enclosed by the lines

3 3 _ -3 _ 3
{ T (H ), e + (H ), —oe + (H™2ng), —oie + (H 1)

oS +1 "V + 1 oS +1 oS +1
(110)
as shown in figure 6.
Its a routine calculation to see that
d(SO(2),SOR)H) >0 ' +0-2=1¢,7 (111)
Step 1. Let
ke{l,2,...n2}: There exists P, P, e K NG with
E = I, d ),SO(2)H)dL?z < ek’ i k™
Ip, d ), S0 (2))dL2z < ¢k 3" K™
5Identifying 2 X 2 matrices with 4 vectors in the obvious way, its enough to notice that the projection of
osina 1 0
o~ tcosa 0 1
oL sin o ta € [0,27) onto the subspace span 1 o
—0o cos o 0 -1

forms as circle of radius o + ot



A TWO WELL LIOUVILLE THEOREM

and

We will show

such that

i€{nz+1,n2+2,...n2}:

E, = {k €{1,2,...n9}: Card (K;\G) > KMTDR*%},

FIGURE 6

Jo, d(Du(z),50 (2

4 m,
Card (Ey) < Clgn_TO

o0

401 mq
Card (F1) < -
ar ( 1) S 5003

mq

Card (Es) < kR

Card (Fy) < kTR
Proof of Step 1. First we estimate the cardinality of E1. Let k1 € E and let Py, P, € K, NG

There exists Q1, Q2 € K; N M with
Jo, d(Du(z),50 (2

Fy = {z € {n2+1,n2+2,...2ns} : Card (K;\G) > K%/{*%}.

27
-2 -2
Hni1i Hn2
€2
A
< =C 1
v
)H)dL?z < ¢k 3 K™ ,
) dL2z < ek 3 KMo
(112)
(113)
(114)
(115)
(116)
(117)

/ d(Du(z),S0 (2) H)dL?z < ek KM,
Py

/ d(Du(z),80 (2))dL*z < k3R
P

(118)
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Note that, as we have seen before (see (204), Lemma 7)

1 o mo
L (Pvf (Pl)) > Zor (119)
Let
By = {x € P, (P): inf{d(Du (2),S0(2)H): 2 € P} (2) ﬂPl} > ,.;T}
1

So by (118) L' (By) k'8 k2" < ¢k * k™0, Which implies

LY (By) < ek & k2. (120)

Let

By = {x € P,. (Py) : inf {d(Du (2),50(2)): 2 € P} (@) N pl} > K—} .

In the same way we have that
L' (By) < ek & k72" (121)
Now for any z € P, (P1) \(B1UB2) we have a point p (z) € Py such that d (Du (p (z)), S0 (2) H) <

mq

k% and g (z) € Py such that d (Du (p(z)),50 (2)) < k& and thus by using (111) we have

p(x) H2
D?u (2) e

» T 2m] = |Du(p(z)) — Du(q(z))]

v
|

So by Fubini and (119), (121), (120)

2 2 o
/U |D?u(2)|dL?z > 5

per, P

V
&
~
F
™
=
&
C
oy
N

vV

Thus from (102) we have

V

> / |D2u(z)|dL22
Q1(0)

mq

> %agCard(El)m 2.

And thus we have (114). In exactly the same way we obtain the upper bound (115).
Now we estimate the cardinality of Ey. From (106)

—2 -2
Card(G(H o H i, KTD) \G)

Card (E») KRR

IN

\H*2n1|’ |H*2n2\ ’

mQ
=L —mo

< ¢kt K

and thus we have (116). In exactly the same way we have (117).

Step 2: We will show that for any i € {1,2,...n2}\ (F1 U E2) and for any P € K; N G we

have
mq

/ d(Du(z),S0 (2) H)dL?z < ck™T k™.
P
And for any j € {no+1,n2 +2,...2n2} \ (F1 U Fy) we have

/ d(Du(z),S0 (2) H)dL*z < ki K™ for any P € K;ndG. (122)
P
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Proof of Step 2. Let

A = {ie{l,g,...m}:EmQ o8 (0)75@}.

24/1+06
Let
A2;:{je{n2+1,n2+2,...2n2}:lzﬂQ &3 (O)?é@}
24/14+06
Let
Uy o= {P :Pe G,/ d(Du(z),50 (2) H)dL?2 < cr™ kT, P CQ_ s (0)}~
P 2y/1+06
Let

Vg = {P 1P e G,/ d(Du(z),S0 (2))dL*z < ck™ kT, PCQ s (0)}. (123)
P 24/1+06

First note that if there exists ig € Aj\ (E1 U Es) such that K;) NG N Wy # () then by
definition of Ey, every P; € K;, NG will be such that P, € Uy. Now take j € As\ (F1 U Fy)
such that K; N K;, NG # ) then by definition of F}, for every P, € K; NG we must also have
P, € Uy, Note

{_] GAQ\(F1 UFQ):KJ‘QKZ‘O QG#@}:{] GAQ\(FlUFQ)}\{j2KjﬂKiomG:®}
and as Card ({j : K; N K;, N G = 0}) < Card (K, \G) so from (115), (117) and definition (113)

we have

Card({jeAg\ (FlUFQ) :KjﬂKioﬂG;é(Z)}) > Card({jeAg\ (FlUFQ)})
—Card (K3, \G)
(115),(117),(113) g
> Card (Ag) — 8013{7.
Eu0

We have a large number of G-lines in {K : j € Ao\ (F} U F»)} with all the P € K; N G being
such that Du on P is close to SO (2) H. From this, using similar arguments its easy to show
that all G-lines K; with j € Aq\ (E1 U Eb) satisfy (122). And consequently all G-lines K; with
i€{1,2,...n1}\ (F1 U Fy) also satisfy (122).

Thus we only need to argue the case where

U {P:PcK;NG} C Upg. (124)
iEAl\(EluEZ)
Let ) )
H~ H~ m
Qg = {PeG( _2”1 , _2”2 ,H;));PcQ »3 (0)}. (125)
|H nl‘ |H n2‘ 2y/1+56

Since from inequalities (114), (116) and definition (112)

1€A1\(E1UE?)
< Card (Ey U Es) K ek S R
16¢c k— "0

€500

Card | ©p\ U {P:PeKmG}))

<

So from (124) we have
16¢cik~ "0

Card (@0\\:[/13) § 3

Eg0
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Since obviously ¥y N Wi =0 so

Card (Ty) < Card(00\Ug)
16¢cik~ ™0
< 2ar 12
- Eq03 (126)
Note that for any P € g
K'E L2 ({x € P:d(Du(z),S0(2) > m_}) < / d(Du(z), S0 (2)) dL2z
P
< T
So E (P) := {m € P:d(Du(x),S0(2)) < mmTD} is such that
L?(E(P)) > L?(P) — ck 5 k™
Note that for each z € E (P), d (Du (z), SO (2) H) > 2= and hence
/ d(Du(2). S0 (2) H) dL?w > (L? (P) — ex ¥ 5 o,
p 4
Thus since P € ¥ (recall definition (123)) we have
2 2 mo o\ 3Es mo
d(Du(2),S0 (2) H) — d(Du(z),80 (2)) dL?> > (L (P) = cx' ) A
P
£
> ZL?(P).
> S L(P)
Multiplying by —1 gives
/ 4(Du(),50 (2)) ~ d(Du(2), S0 (2) H)dL?2 < ~ 212 (P). (127)
P

2

Let A:= L?(P) for any P € G (IH T |g s K 0). So using (103) and (106)

0y / d(Du(z),S0(2)) — d(Du(z), SO (2) H) dL2=
Q 3 (0)

fod

< Y [aDu).50@) - d(Du().50 @) mars
PeUgr
- Z/ (Du(z),50(2)) —d(Du(z), SO (2) H)dL?z

Pevy
H 2n1 H~ 277,2 70
+2§2Card< (H S| TH g ‘ > )\G)
(106),(127) "
<

—Card (VU R) ?”A +2GCard (V) A+cka .

Thus
Card (UR) %’A < 2(Card (V) A+ ek
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Now as we have seen before (see (109)) A > < mmo so using (126)

nQ

Card (¥R) %f < 2(Card (¥g) + cr A T

(126) 326 C /{_mo m,
162 mo
< ekt
€,0
64c1(ak™™0
e,0%

Thus
128¢c1 (o™ ™0

Card (Tg) < 2.3

(128)

mQ

Since G = ¥ U ¥R we know from (106) Card (Og\ (¥Yy UTR)) < ck 2 k™ so using (126),
(128)

Card (©g) < Card(¥gy)+ Card(Vr) + kT RO
256C201 —m
= g203 E

Since from definition (125) we know

2
3,14;_70 o0 -
Card (@0) Z (2\/—6> 2 g 0

so we know
6, .—m
[oad < 256(5cq —mo
—_ 2 3 b)
8 e2o

and assuming sufficient smallness of ¢; we have a contradiction. So we have established Step 2.

Notation for Step 3.

Firstly we note that for any k£ € {1,2,...n1} \E1 U Ey by definition of Ey (see (112) and
(107)) we have the hypotheses (235) and (236) of Lemma 8, by (101) we also have hypothesis
(234) so by the lemma there there exists a subset U (k) C K} with the following properties

e For fixed Ry, € SO (2) we have for any P € U (k)

/ |Du (2) — RpH|dL?z < ck'st 5™ (129)
[ ]
Card (K\U (k) < ck'3 k2" (130)

Similarly for any i € {n1,n1 +1,...2n1}\ (F1 U F3) there is a subset U (i) C K; with the
following properties

e For fixed R; € SO (2) we have for any P € U ()

/ |Du (2) — RiH|dL*z < K K. (131)
P
[ ]

Card (K;\U (i) < ck™ k™ 72". (132)

Observe the figure 7.
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-2
Hn:

C:
Ki:
Cs
FIGURE 7
Let%::%fori:l,z Define
(Vi V;
L —1 1 1
mo— P (pv;(_z,gb),
_ (Vo Va
R 1
Hy = Pyl (pvﬁ(_z,gb),
_ VoW
H3 = Ple_ (Psz (__?7_Z:|>)’
[V \%
o —1 2 2
H4 = PvlJ‘ (PV1L< —?7—Z:|>> .
(133)
And define
o= {ke{1,2,...n2}:EcHl,kgEluEQ},
Jy = {ke{1,2,...712}:.f(kaHg,k&’EluEg},
- {ie{n2+1,n2+2,...2n2}:2§cHQ,i¢F1UF2},
Jy = {ie{n2+1,n2+2,...2n2}:2§cH4,i¢F1uF2}.
Step 3. We will show we can find iy € J1, j1,J2,...je; € Jo where
[{_%
& = (134)

128
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such that for some fixed R € SO (2), for any P € U (io) U Uil:l U (ji) we have
/ ’Du (2) — RH|dL?> < cx 58 ™. (135)
P

Proof of Step 3. Its helpful to observe figure 8.

-2 -2
Hn. Hn:

FIGURE 8

As shown in figure 7. We let C; := Hi N Ho, Co := HyNHs, C3 := H3NHy, Cy := Hy OH4~
Its easy to see the convex hull of the set {Cy,Cs,C3,Cy} will be contained the region YV
shown of figure 6, see (110) and (133) for definitions. As shown on figure 8, let

©1:={P:PeU(i) forsome i€ Jo, P C C1}.

We start by estimating the cardinality of ©1. Let
Z={PeG(M,Ver™):Pcai}.

Note that
Ko
32

If P € Z1\O; then either P € K; for some i € F; U Fy or P € K;\U (i) for some some i € Jo.
Formally;

Card (Z1) > (136)

Z1\0; C ( U Ki> U (U KAU(@')) .

i€ F1UF> i€Jo
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So from (115), (117), (132)

Card (Z,\01) < Card (Fy UFy) k™2 + Y Card (K;\U (i)
i€Js
(132),(115),(117) mg
< 81 KO 4 T 0
503
1601 _
< KMo, 137
< — 3" (137)

Let ¥y :={P: P € K; for some i € J1}. So from (114), (116)

Card (Z1\\If1) S Card (E1 U EQ) K
1601

< e KMo, (138)
Note from (137), (138), (136) (assuming ¢; is small enough)
(137),(138) 2
Card (¥; N Oy) > Card (Z;) — 3 ;g —mo
w0 g 8%
- 32 5003
KMo
> 1
> 6 (139)
Now we have the obvious estimate Card (J1) < k= 2". And as
Une;=J Kine;
ey
o (139) implies there must exist ¢y € J; such that
Card (Kiy N101) =
ar ( 0 1) = 64
So using (130) we have
_mo
Card (K;, N Oy N U (ig)) > “12; . (140)

Now by definition of U (i) (since ig € J1) there exists R € SO (2) such that for every P € U (i)
we have
/ ’Du (2) — RH|dL?z < ck ™o 5™, (141)
P
m
Let {P1, Ps,... Pg, } := K;, N©1NU (i), so of course from (140) we know & > 128 . By
definition of ©; for every k € {1,2,...&} we have that Py € U (ji) for some ji € Js. And by
definition of U (ji) we have for some fixed R (ji) € SO (2) such that for any P € U (ji,)

/ |Du(z) — R (jx) H|dL?z < ¢k 51’ ;5™ for some fixed R(jr) € SO (2).

So putting this together with (141)

Jo

. 2 o8
and hence as L? (Py) > et

\Du (o) = ﬁH\ +[Du (21,) — R (ji) H| < cx'sE

Du(z) — EH’ +|Du (2) — R (jx) H|dL?*z < Cr B8 O

K™ (see (109)) there must be a point 2z € Py such that
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which implies
’R(jk) - E’ < ek
From this and (141) Step 3 follows.

Step 4.
Let
Ty = {z € Js : Card (K; N Oy) > ms—z‘)ﬁ—v"} . (142)

mq

We will show we can find ry,72,...7¢, € T3 with & > % with the property that for any
Pe Ufil U (r;) satisfies inequality
/ ’Du (2) — RH|dL?z < ck & 5™, (143)
P
Proof of Step 4.

Let
Oy :={P:PecU(j) forke{l,2,...&},P € Cs}. (144)

From (132), (134) and figure 9 we see that

Hn, Hn
L.
Lj2 . H \/
ij 2
1/4
C
O:
H3
FIGURE 9

(132),figure 9 1 m m
Card (©2) > & <— - CI{320> K2

(134) kM0
>

. 14
- 1024 (14)
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mq

Since for any ¢ € Hs we have trivially that Card (K; N©2) <k~ 72 . So

mQ

Card (02) < Card (T3) k™3 4 ek k2 Card (J3\T3) .

Hence from (145) and the trivial estimate Card (J5\T3) < =2
KMo mg mg
< -2 EEl
1024 <Card(T5)k™ 2 +c™ K
we have -
Card (T3) > ’20—48 (146)

Now from (130) since (definition (142)) T3 C J3 C {1,2,...n2} \ (E1 U E2) so by (129), (130)
for any i € T, Card (K,\U (i)) < ¢k 3 £~ 2". So by definition of T3, U (i) N O # ) so we can
pick Py € U (i) N ©3. Now by definition of O, (see (144)) and of the set {ji, jo,...je, } (see
(134), (135)) we have

J,

Also by definition of U (i), (see (129), (130)) we know there exists R; € SO (2) such that

Du(z) — RH|dL?z < KT KM,

/~ |Du (2) — R;H|dL* < k4 K™ for all P e U ().
P
Hence as we have argued before (since Py € U (4)), there must be a point zo € Py such that

’E—Ri

< |Du(z0) = RH| + |Du (z0) - RsH]
< ¢k,
And so for all P € U (4)

/P ’Du (z) — ﬁH’ dL?z < cr o8 K™,

Let {ri,ro,...7¢,} be an ordering of T5. Note that from (146) we have

(147)

So we have shown all the P € G inside the set of G-lines {KT1 Ky, KTEQ} are such that Du
on P is orientated by R. This completes the proof of Step 4.

Steg 5. We will show we can find ig € J1, i1 € Jo, i9 € J3 and i3 € J, such that for some
fixed R € SO (2), for any P € U (i1) UU (ig) UU (i) UU (i4) we have

/ ’Du (2) — RH|dL?z < RS KT,
P

Proof of Step 5. Let
O3 2:{P2P€U(’I"i), fOI‘iZI,Q,...gQ,PGCg}.

We make the same estimates as before, from (147)

/{_%
Card (@3) > 62 3
KMo

> .
— 16384

Let Ty := {z € Hy: Card (K; NO3) > cm_%}, as before

Card (©3) < Card (Ty) KT 4ok T,
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m

So &% < Card (Ty) k=% which implies £-2 < Card (T. )

So as in Step 4 since Ty C Jy C {1,2,...n1}\ (F1 U F») so by (131), (132) we must be able to
find a G-line K;, where ly € Ty and Card (K;,\U (o)) < ¢k k= "2". Hence U (Ip) N O3 # 0 so
as before we have the property that there exists Ry, € SO (2) such that for any P € U (Ip) N O3

/ ’Du (z) — EH’ +|Du (2) — R, H| dL*z < K KM
P
So there must exists a point zg € P such that

‘Du (20) — EH‘ + |Du(z0) — Ri,H| < Ko

Hence ’E — Ry, | < cx'si and thus for every P € U (ly) we have

/~ ’Du (z) — ﬁH’ dL?z < cr o8 K™,
P

We have already chosen i in Step 3, see (134). Let 4; be any member of {41, jo, ... j¢, } (see
again Step 3) and let iy be any member of {ry,ra,...7¢,} (see Step 4) and let i3 = lo. Now
19,11, 12, 13 satisfy all the properties required.

Proof of Lemma continued.

Now since the G-line K;, must intersect the original G-line K;,. And since any G-line K,
ke {1,2,...&} must intersect any G-line K, for k € {1,2,...&}. So the G-lines K, , KZQ,
K;,, K;, from Step 5 (and inequalities (130), (132)) satisfy all the properties of the statement
of the lemma.

10. PROOF OF THEOREM 3

The strategy of the proof of Theorem 3 is as has been outlined in the introduction to Lemma
6. Lemma 6 gives us four lines L1, Lo, L3, Ly (parallel either to H2nq or H*2n2) that contain
the boundary of a “diamond” surrounding a central subsquare. These lines have the property
that “most” of the grid elements that intersect them are such that Du on these elements will
be L close to matrizx RH for some fived R € SO (2).

We will be considering lines in direction H?n; that start and end on the boundary of the
diamond. However before applying Lemma 7 we need to know that “most”of the grid elements
along the line are such that Du is close to a matriz in the well SO (2) H. Note that we know
from Lemma & that most of the grid elements are such that Du is either close to a matriz in
the well SO (2) or close to a matriz in the well SO (2) H.

So we need to rule out the possibility that there are many grid elements inside the diamond
for which Du is close to SO (2). Now note that |Hes| = a=! > 1, so if for some line Q (inside
the diamond) in direction es, many of the grid elements intersecting Q) are such that Du is
close to a matriz in SO (2), letting a, b denote the endpoints of Q where (say) a € Ly and
b € Lz we would have H* (u ([a,b])) << |Hea||a — b| which is a contradiction because u ([a, b))
has to connect u (a) to u (b) and integrating from a to L1 N Ls, then from L1 N L3 to b we see
that |u (a) —u (b)] = |RH (a —b)| = |Hesa||a —b|. Thus there can not be many grid elements
in the diamond for which Du is close to a matriz in SO (2) and thus we can apply Lemma 7
to control “most” of the lines in direction H 2n;.

Proof of Theorem 3. ,

First note by Lemma 3 there exists G C G (Ig 2$1|’ ‘g 2$2‘ , /@MTD) with the following prop-
erties
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H_2¢1 H_2¢)2 mg ) ) mo
Card (| G , k2 )\G ) <er 7™, 148
(5 (mmary i) s

e For any P € G there exists R € SO (2), J € {H, Id} such that
/ |Du (z) — RJ|dL?z < KT R (149)
P
By Lemma 6 there exists G-lines K;,, K;, in direction H™2n, and G-lines K;,, K;, in direc-

tion H2ny which satisfy the following properties.

e Let W be the connected component of @1 (0))\ (f(lvo Uf(: Uf(z Uf(;) containing
zero, then

Q .5 (0)cwW (150)
2¢/06 41
e There exists a subset M C K;, U K;, U K;, U K;, with the property that

Card (K, UK;, UK;, UK;,)\M) < ek k=2 (151)
and for some fixed R € SO (2), for any P € M we have

/ ’Du (z) — ﬁH’ dL?z < cr o8 K™, (152)
P

)ipewy.

D:= {PEGH]BS:/ |Du(z) — R|dL?z < ck™ k"% for someReSO(Q)}.
P

Let

H™2¢y H ¢,
]B = P S G 5 s K
{ <H2¢1| |H =2 o]

And let

Part 1: We will show

Card (D) < 5rT0 "0, (153)
Proof of Part 1: Suppose not, so
Card (D) > 5100 50 (154)

Let C (P) denote the center of each P. We can partition B into columns parrel to ez in the
following way. Let

R(a):={PeW:C(P) e =a}.
As we can see from figure 10, for some constant g, > 0 we have
Q[H_%Q]

BC U R (kggm%) .

k:—2[n7m70]

Let
=9k € -2 {K*MTD] ye.2 [/ﬁ%}} : Card (R (kQUI{mTD) O]D)) > /ﬁlnT%/i*mTo}. (155)
By (154) 55700 =™ < 25~ "2 Card (®) + £ 100 5~™0 s0 we have

Card (®) > 2k100 5~ 2 . (156)
Step 1.1: We claim we must be able to find k; € ® such that

mq mq

Card (R (jg(,/{mTo) \G) <k2r"2 forje{k —1,k,k1+1}. (157)
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FIGURE 10

Proof of Step 1.1: Suppose not. So we have a subset ® C ¢ with
~ d(®
Card () > Card ()

(156)
>

-2

mq
00

=

| o=

and for every k € ® we have

Card (R (kQO-I{mTD) \G) >k Eal
So

H_2(]§1 H_2(]§2 mo) ) ~ mq mo
Card [ G , LR 2 G > Card(®)rk20Kk 2
(¢ (e =) (%)

(158)  KT06 m
> K20 Kfmo
- 2
3mg
50
> = 5 KM
which contradicts (148), hence we have established (157).
Step 1.2:
Let S:=WnN Pell ([(lﬁ - %) 00, (kl + ) QU]) and we define function £ : S — IR by
2
d(Du(z),S0(2)) ifze PeD
E(z):=% d(Du(2),SO(2)H) ifzePeG\D
¢

20 ifz€e P¢G.

(158)

39
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We will show

mo mo

/E YAL?z < T(or™ K2 . (159)

Proof of Step 1.2:
To begin with note that if PN S # () and P ¢ G then P € R (jg(,/{mTo) \G for some

J€{(k1 — 1), k1, (k1 + 1)}
So

(P:PNS#£0, PG} C U R(jg(,/{mTo)\G

je{(k1—1),k1,(k1+1)}
and hence from (157)

Card({P: PNS#0, PEG}) <3k k™ 2. (160)
Thus

/ E(2)dl%: < 26x™Card({P:PNS£0, P& G))
S\(Upec P)

mQ

< 6GRT R Z. (161)

On the other hand from the definition of G specifically from (149) we have

/ B(2)dl2% < 3 3 / (Du(2), S0 (2) U SO (2) H) dL2=
$0(Upea P) je{(k1—1),k1,(k1+1)} PER(0r5)N
< Bk TR (162)

Hence putting (161), (162) together gives us (159) and this completes the proof of Step 1.2.

Step 1.3.
Now since k1 € ® (see definition (155)) its clear that L1 (P;1 (kl Qam%) N{P:Pe ]D)}) >
-2

mq

100 0_3 m,

. Now from figure 10 its easy to see that for any zy € [(kl -1 00k 3, (k14 %) 00K 2
we have

Lt (P;; (zo)N{P:Pe D}) >

Z& l\DI'—‘

=Bl
=SS

( ! (klggano)ﬂ{P:Pe]D)})

>

(163)

oo

mQ

Now by a Fubini type argument using (159) there must exists 1 € [(kl — oo, (ki+3) o,
such that

/ E(z)dL'z < o (164)
M)W

Now we must be able to find Py, P, € K;, U K;, UK, U K;, with P;l (x1) N Py, # 0,
"2
P;l (x1) N Py, # 0. Without loss of generality assume P, € K;, and P,, € K;,. See figure
“2
10.
Let z9 € Pell (1) N Py, and 21 € Pe_f (z1) N Py, . We will show
2 2

m

K1

=

00’3 mo

+ k™. (165)

=)

lu(z0) —u(z1)| <o 20 — 21| — (67 =1)

oo
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Proof of Step 1.35.

lu(z1) —u(z0)] = /Z1 Du(z) - epdL'z

20
< / |Du (z)-eg\dle—i—/ |Du(2) - ea| dL'z
[z0,z1]N{P:PED}

[z0,z1]N{P:P€G\D}

+ |Du (2) - ea| dL* 2. (166)

/[zo,zl]ﬂ{P:PQG}
We define a function
Ty :[z0,21]N{P: P €D} — SO(2)

such that 'y (z) € SO (2) is the unique matrix such that d (Du (z) , SO (2)) = |Du () — 'y (x)].
Define

Iy :[z0,21]N{P: P G\D} - SO(2)H
such that I's (z) € SO (2) H is the unique matrix such that d (Du (x), SO (2) H) = |Du (z) — I's ()].
So

|Du (2) - ep| dL' 2

IN

Ty (2) - ea| dL 2 + / E(z)dL'z

/[’Zo,zl]ﬁ{P:PE]D} [Z(),Zl]ﬂ{P:PGD}

< L'([z0,21]N{P: P eD}) +/ E(2)dL'z.(167)
[z0,z1]N{P:PeD}

/[zo,zl]ﬂ{P:PEIDJ}

Similarly

/ |Du () - ea| dL'z
[z0,z1]N{P:PEG\D}

g/ T, (z)-eg\dle—l—/ B (2)dL's

[20,21]N{P:PeG\D} [20,21]N{P:P€G\D}

< \Heg\Ll([zo,zl]ﬂ{P:PGG\]D)})-i-/ E(z)dL'z. (168)
[z0,21]N{P:PEG\D}

So using (160), (163), (164), (166), (167), (168) we have

(166),(167),(168)

lu (20) — u (21)] < L ([z0,21) N {P: P € D}) + |Hea| L* ([20,21] N {P : P € G\D})
+2G LY ([20,21) N {P : P & G}) +/ E(z)dL'z
[z0,z1]N{P:PEG}

= (1 —|Hes|) L ([20, 2] N {P : P € D}) + |Hea| L* ([20, 4] N {P : P € G})

21
+ E(2)dL'z +2GL ([0, 1] N {P: P ¢ G})
20
(160),(163),(164) o3 3
<

0
(1-071) B0 4ot |20 — 21 +er0

Hence we have completed the proof of Step 1.3.

Step 1.4. We will show
’\u(zl) —u(z0)| — |21 — z0|]§H ceg| < crEt

Proof of Step 1.4.
Now recall P,,, Py, € K;, UK;, UK,;, UK,;,. Assume without loss of generality P, € K,
P, € Ki,, see figure 10.
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Now from (151), (152) we know that

/N | Du(z) - RH|dL?2 < ¢k’ k™ Card (K, UK;,) +ck k2
Ki2UK13
< cm%/{%

So by a Fubini argument (using the fact that the width of f(zvl and f(z: is bigger than ”3’1 )
we must be able to find points yo € P, y1 € P, such that

/ ’Du (2) —EH’dle < R,
(yo+(H~2n2))NQ1(0)

/ ’Du (2) —EH’dle < cr'er,
(y1+(H~2n1))NQ1(0)

Let § := {yo + (H *n2)} N {y1 + (H>n1)}. So

g H-2 Y1 H2
‘ ( Du(z) ——"2dr'z+ [ Du(z)- 7”1dle>

o [H 2o 7 [H =2
Y H2 Y1 H2
- / RH- ——dl'z+ | RH-—— “dL'z
Yo |H_ 7’7,2‘ 7 ‘H_ n1|

Du(z) — EH‘ dL'z

7 _
g/ Du(z)—RH’dle+/
Yo J

Y

< eket, (169)
As
/yEH- L%dle+/ylﬁH~L2nQdle = /ylﬁﬂ-eg
o |H—2n,| g |H—2ns| o
= |y — ol RH - e
And as

Y H_2n1 v H_2n2
Du(z ~7dL12+/ Du(z)- ——=dL'z | =u —u .
( o ( ) |H*2n1\ J ( ) \H*2n2| (yl) (yO)

So (169) becomes
o 1) = (g0}l = s — ol RH - o] < et (170)
By Lipschitzness this implies
0

’\u(zl)—u(zo)\—|21—z0|]§H~eg‘ < Ko (171)

This completes the proof of Step 1.4.

Proof of Part 1 continued.
So in particular, from (171)

mq

lu(z1) —u(20)] >0t |21 — 20| — ck . (172)

Putting this together with (165) we have

K10 03
m,
U_l\zl—zo\—cnﬁ_f < —(0_1—1) 3

4071 |20 — 21| + cr0
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This implies

(1= 1)
8
which is a contradiction for small enough . Hence we have shown Part 1.

mo mo mo
51000—3 < cKk64 4 cKk 20

Part 2. We will complete the proof of Theorem 3.
As we have noted before. B is made up of a union of G-lines in direction H ~2n;. Denote them

Koy Koy Ky, where ng > 5w~ Formally (Ko, Koy, oo K, } o= { Ko 0w 20},
Let

Wy = {Ki . Card (K; ND) < k70573 KiﬂW#@}. (173)
Note that from (153) we have
Card ({K1,... K,,} \W1) < 505~ 2", (174)
Let
W = {Ki € Wi : Card (K,\G) < n%‘)w%} (175)

mq mq mq

So from (148) we know Card (W1\Wa) k6 k™2 < ck2 k™™ 80
Card (Wi \Wa) < cx 1o 5~ 2" (176)

Let {q1,42,---qn;} € IN be such that W5 := {qu,qu, K, } Note that we of course have
ns < k~°2-. Note that from (174), (176)

mo
2i

Card ({ Ky, Koy, .. Koy )\ {Kqy, gy, Kq, }) < 66305

mo
Tz

(177)
Now for any G-line K, € Wy let Pq(il) be the “first” parallelopiped in K, NB (i.e. the
parallelopiped such that C (Pq(il)) -H™2n; < C(P)-H %n, for any P € K, NB). Let Pq(iz) be

the similarly defined “last” parallelopiped. Note that by (150) we have

o (P0)—c(P)]> 2 (173

Let 1 :=C (Pq(il)) and zp :=C (Pq(iz)). By arguing as we did to establish (170) in Part 1
we can show that there exists Ry € SO (2) independent of ¢ such that
|(u (22) — u(21)) — RoH (x0 — 31)| < ko . (179)
Let Ry € SO (2) be such that

u(w2) —u(x1)

Ry (H 'ny) = ) 180
M) = ) ) (180)
Now
l[u(z2) —u(z1)| = [RoH (z2 — 71)|| < [(u(22) —u(21)) — RoH (z2 — 71)]
< k. (181)
. xo—z1 _ H %n
AS 20T = T
H_2n1
|R2H (1’2 —1'1)| = |ZL'2 —1'1| H (m)‘
|z — 1]

= = -1 182
\H—2n1\ (8)
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s —2 _ . H %n . _ 1 ol zo—x1 _ H %n
SH.lCG f?m (2116;;)‘76 ha}xlfe H2ny-n;1 =1so0 —‘H_Qnil n1 = g=z,;7 SO since |w§7wh = ‘H_Qnil
using this on we have

H2n
‘RQH (.’EQ —xl)\ = ‘LUQ —.’El‘ |H_2n1‘ Ny = |(£L’2 - 1’1) '77,1‘ . (183)
Applying this to (181) gives
[ (2) = u (21)] = |(22 — 21) - 7| < e ¥ (184)

Using inequalities (179), (180) and the fact that £2=22 H ny

[ea—a1] — [H—2ni]

Ju(22) = u(@1)| Ry (H™'na) — |21 — 22| R ( — )‘

\H*2n1|
180
" (2) — o) = ReH (22 — 1)
(179) mq
< ek (185)
And as we have see |H*2n1|71 = ‘g:—z:ﬁ -Mq SO N;{;Zﬁ‘l = |(z2 — 1) - n1| and so using this in
(184) and inserting it into (185) we have
H_lnl H_lnl mg
- Ri|—— ) — — Ro | — o1 186
|22 — 21 1<H1n1|> |2 — 21] 2<|H1n1) < cK (186)
from (178) we know |x; — xo| > %3 and so (186) implies
IRy — Ro| < cr®% . (187)
By definition of W7 and Wy (173) and (175) we know
Card (K4 )\ (G\D)) < KT8 kT 4 k20T
< 2k F00 2 (188)

So setting po = 555, 90 = {55 Wwe see (188) and (178), (179), (187) gives us the necessary
conditions to apply Lemma 7. So by Lemma 7 we have the existence of a set M; C K, N(G\D)
such that

Card (K,,\M;) < cki0r~ 2 (189)
and every P € M; has the property
/ |Du (2) — RoH|dL?z < CRE00 150 (190)
P
Recall (see (179)) Ry is independent of i. Let
ns
=B\ M.
i=1

So by (177) and (189) we have

ns
Card (II) < k™% Card ({Ko, Koy, - Koy )\ { K Kgp, - Kg, }) + > Card (Ko, \M,,)
k=1
(177),(189) g g
< 6200 70 200 7O
< Cr 300 40
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And note any P € B\II satisfies inequality (190) and so using (191) we have

/ |Du (2) — RpH|dL?z < 2042H%+Z/ |Du (2) — RyH| dL?
w P

PeB
(191) o o g
< 20(2k 2 + Card (B\II) ck 800 ™0 4 ¢k 400
< cr.

This completes the proof of the theorem.

45
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