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Abstract

We construct harmonic metrics on unipotent bundles over quasi-
compact Kähler manifolds with carefully controlled asymptotics near the
compactifying divisor. This is a key ingredient for a general cohomology
theory for quasi-compact Kähler manifolds.

1 Introduction

In this paper, we construct a harmonic metric on a unipotent bundle
over a quasi-compact Kähler manifold. A quasi-compact Kähler man-
ifold here is a Kähler manifold that can be compactified to a complex
variety by adding a divisor that consists of smooth hypersurfaces with
at most normal crossings as singularities. The key point of our construc-
tion is the prescribed and carefully controlled asymptotic behavior of the
harmonic metric when approaching that compactifying divisor. This con-
trol is canonical in some sense. In fact, we have shown existence results
for harmonic metrics on unipotent bundles already in our earlier papers
[9], but the methods employed there do not yield the control near the
compactifying divisor. Therefore, here we shall develop a new and more
subtle method.

We now introduce some notation. Thus, X is an n-dimensional com-
pact Kähler manifold, D a normal crossing divisor; and X = X \ D
then is the quasi-compact Kähler manifold that we are interested in. Let
ρ : π1(X) → SL(r,Z) ⊂ SL(r,C) be a linear representation. Equiva-
lently, we have a flat vector bundle Lρ over X .
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Take p ∈ D and a small neighborhood in X of p, say ∆n, where ∆
is the unit disk; by our normal crossing assumption, we can assume
that ∆n ∩ X = (∆∗)k × ∆n−k, where ∆∗ is the punctured disk. Let
(z1, z2, · · · , zn) be the corresponding local complex coordinate at p cov-

ering ∆n, zi = rie
√
−1θi(1 ≤ i ≤ n). Let γ1, γ2, · · · , γk be the generators

of π1((∆
∗)k × ∆n−k), where γi corresponds to the i-th ∆∗(1 ≤ i ≤ k).

We restrict ρ to π1((∆
∗)k × ∆n−k) (note that the induced map from

π1((∆
∗)k × ∆n−k) into π1(X) is not necessarily injective), and denote

ρ(γi) still by γi. We note that γ1, γ2, · · · , γk commutate, which will be
important for our constructions below.

In this note, we always assume that each γi is unipotent; so Ni = log γi is
nilpotent and the N1, · · · , Nk commutate. We call Lρ a unipotent bundle.
If Lρ is endowed with a harmonic metric h with tame growth condition
(Simpson’s terminology [18]) near the divisor, we call (Lρ, h) a unipotent
harmonic bundle. For the notion of general harmonic bundles and some
related definitions that the present paper uses, we refer the reader to [18].

The notion of a unipotent harmonic bundle is a natural generalization
of a variation of Hodge structures. In the study of cohomologies for a
variation of polarized Hodge structures [3, 11], it is very important to un-
derstand the asymptotic behavior near the divisor of the Hodge metric;
likewise, for the study of cohomologies for a unipotent harmonic bundle,
we also need to have a good understanding and control of the asymptotic
behavior of the endowed tame harmonic metric.

Mochizuki [15], along the way initiated by Cattani-Kaplan-Schmid [2],
provides a systematic description for the asymptotic behavior of tame
harmonic metrics on a unipotent bundle; however, due to the lack of the
analogues in the case of harmonic bundles of the nilpotent orbit theorem
and the SL2-orbit theorem of Hodge theory, we cannot yet directly apply
Mochizuki’s theory to the study of cohomologies for unipotent harmonic
bundles. Based on this consideration, we try to give a new approach to
the asymptotic behavior that is more appropriate for the study of coho-
mology. The key point is that we no longer need the analogues of the
nilpotent orbit theorem and the SL2-orbit theorem – which are unknown
presently. This is the objective of this paper.

To this end, we go back to Schmid’s earlier paper [16]; there, an equivalent
description of the asymptotic behavior of the period mapping (equiva-
lently, the Hodge metric) is developed in terms of an equivariant geodesic
embedding of the upper half plane into the period domain—a homoge-
neous (complex) manifold (although this was not explicitly stated, it
clearly is implied); the existence and uniqueness of such a geodesic em-
bedding are obtained by using Jacobson-Morosov’s theorem and a result
of Kostant [13]. We hope to generalize this description to the case of sev-
eral variables; consequently, we also need to extend Jacobson-Morosov’s
theorem and the result of Kostant in some sense. However, we will not
directly use such a generalization to obtain general information about
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the asymptotic behavior of a unipotent harmonic bundle; instead we use
this idea to construct an initial metric of finite energy on a unipotent
bundle and then deform this initial metric to a harmonic metric of finite
energy without changing the behavior near the divisor. So, our tame
harmonic metric is a more special one; a general tame harmonic metric
may be of infinite energy. In the study of cohomologies, this will be the
right harmonic metric to use.

The idea of using a geodesic embedding of the upper half plane as the
asymptotic behavior of a unipotent harmonic bundle in the case of one
variable has already been successfully used in our previous work [12]—the
study of cohomologies for unipotent harmonic bundles over a noncom-
pact curve.

In order to apply Schmid’s description of a geodesic embedding of the
upper half plane as the asymptotic behavior of a Hodge metric to har-
monic metrics in the higher dimensional case, one needs to suitably ex-
tend Jacobson-Morosov’s theorem and the result of Kostant; we think
that such an extension is an appropriate (algebraic) substitute in the
harmonic bundles theory of Cattani-Kaplan-Schmid’s SL2-orbit theorem
for several variables in the Hodge theory. In §2, we work out this exten-
sion; mainly, we use the notions of parabolic subgroups (algebras) and
the corresponding horospherical decomposition. Our argument is slightly
geometric; we think that there should also exist a purely Lie-theoretic
proof.

In Schmid’s description, one of the key points is how to get a related
geodesic embedding by using one single nilpotent element; this is achieved
by finding a semi-simple element by using Jacobson-Morosov’s theorem,
then Kostant’s result implies uniqueness in a certain sense. For several
commuting nilpotent elements N1, · · · , Nk in the present setting, corre-
spondingly we hope to get a group of semi-simple elements, Y1, · · · , Yk,
which are commutative and such that each pair (Ni, Yi) can be extended
to an sl2-triple. (We here remark that in general these triples are not
commutative.) The commutativity of Y1, · · · , Yk implies that they are
contained in a maximal abelian subspace; this motivates us to use the
theory of parabolic subgroups (subalgebras). We also remark that these
semisimple elements are unique after fixing a maximal abelain subspace.

After getting the semi-simple elements Y1, · · · , Yk, in §3, we are able
to construct initial metrics of finite energy; these metrics are not yet
harmonic, but they will be some kind of anchor for the harmonic metrics
to be constructed subsequently. Let Pr be the set of positive definite
Hermitian symmetric matrices of order r. SL(r,C) acts transitively on
Pr by

g ◦H =: gHḡt, H ∈ Pr, g ∈ SL(r,C).

Obviously, the action has the isotropy subgroup U(r) at the identity Ir .
Thus Pr can be identified with the coset space SL(r,C)/U(r), and can
be uniquely endowed with an invariant metric. Our construction at p
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then takes the following form

H0(z1, z2, · · · , zn) = exp(
1

2π

k
∑

i=1

θiNi) ◦ exp(

k
∑

i=1

(
1

2
log | log ri|)Yi). (1)

Such a construction is compatible for all zi-directions; namely, for each
zi-direction, it gives an equivariant geodesic embedding of the upper half
plane.

In §4, we then deform the initial metric to a harmonic metric with the
same asymptotic behavior. In order to make this deformation success-
ful, one needs to impose a geometric condition on the representation ρ,
namely semi-simplicity [4, 6, 19]. Under such a condition, we can deform
the initial metric to a harmonic one of finite energy. The harmonic met-
ric is pluriharmonic by using Siu’s Bochner technique for harmonic map
theory. The essential difficulty is to prove that the harmonic metric has
the same asymptotic behavior as the initial metric; to this end, we need
to patch carefully the above local constructions together so that the ini-
tial metric is harmonic on certain complex curves of many open subsets,
especially certain punctured disks transversal to the divisor. Restricting
the harmonic metric and the initial metric to a suitable punctured disk
transversal to the divisor so that they are harmonic, we can then show
that the distance function between both metrics is actually bounded on
the punctured disk, which accordingly implies that the harmonic metric
and the initial metric have the same asymptotic behavior.

We can now state our main result.

Main Theorem. Let X be an n-dimensioanl compact Kähler mani-
fold, D a normal crossing divisor; set X = X \ D. Let ρ : π1(X) →
SL(r,Z) ⊂ SL(r,C) be a linear semisimple representation that is unipo-
tent near the divisor, and Lρ the corresponding unipotent bundle. Then,
up to a certain isometry in Pr, there exists uniquely a harmonic metric
on Lρ with the same asymptotic behavior as H0 (see (1))near the divisor.

The research of harmonic metrics on noncompact manifolds was initi-
ated by Simpson [18] in the complex one dimensional case under a more
algebraic geometric background. The general construction of harmonic
metrics on a quasi-compact Kähler manifold was later considered in [9, 10]
in a more general setting — equivariant harmonic maps. For the exis-
tence, it was assumed that a representation of π1 be reductive; such a
notion applies to more general target manifolds, but when restricted to
the present setting, it reduces to the notion of semisimplicity employed
here. [9] also obtained a harmonic metric of finite energy; however, due
to their construction, the behavior at infinity of the metric is not con-
trolled; in particular, there is no norm estimate for flat sections when
translated into the case of harmonic bundles. For such an estimate, we
need the present construction. Hopefully, our construction will give a
new understanding of asymptotic behavior of variation of Hodge struc-
tures or period mapping [2].

4



This work was begun in February-April of 2004 when the second author
was visiting CUHK and HKU in Hong Kong and continued in April-
June of 2007 when he was visiting the Universities of Mainz and Essen;
its main part was finished when he visited the Max-Planck Institute for
Mathematics in the Sciences, Leipzig in Jan.-Feb. and July-August of
2009. He thanks the above institutes for hospitality and good work con-
ditions; especially, he wants to thank Professors N. Mok, H. Esnault and
E. Viehweg for their kind invitation.

2 Construction of semisimple elements

In this section, we first recall Morosov-Jacobson’s theorem, the theo-
rem of Kostant and the horospherical decomposition associated to a
parabolic subgroup; then we present the construction of semisimple ele-
ments Y1, · · · , Yk.

2.1 Some Lie-theoretic and geometric preliminaries

2.1.1. Morosov-Jacobson’s theorem (cf. e.g. [13]): Let G be a
noncompact real simple Lie group, g the corresponding Lie algebra. As-
sume N is a nilpotent element in g. Then, one can extend N to an
sl(2,R)-embedding into g: {N,Y,N−} ⊂ g satisfying

[N,Y ] = 2N, [N,Y −] = −2N−, [N,N−] = Y.

Geometrically, this means the following: Let X be the corresponding
Riemannian symmetric space of G. Then through any fixed point, there
exists a geodesic embedding into X of the upper half plane whose horo-
cycles are generated by N and whose geodesics perpendicular to the
horocycles are generated by the corresponding semi-simple element (or
say the orbits of the corresponding one-parameter groups).

2.1.2. Kostant’s theorem (cf. [13]): Let g and N be as in Morosov-
Jacobson’s theorem.
1) The elements in Im(adN) ∩Ker(adN) are nilpotent;
2) let {N,Y,N−} be an sl2-embedding extended by N in g as in Morosov-
Jacobson’s theorem, satisfying

[N,Y ] = 2N, [N,Y −] = −2N−, [N,N−] = Y.

Then, Y is unique up to nilpotent elements in Im(adN) ∩Ker(adN).

Consequently, we have: Let g = k + p be the Cartan decomposition
and a a maximal abelian subalgebra in p. If Y lies in a, then, such a Y
is unique. Namely, for a fixed maximal abelian subalgebra a ⊂ p, Y ∈ a

is unique.

Geometrically, this means that, through a fixed point in X , the geodesic
embedding in X of the upper half plane corresponding to N in M-J’s
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theorem is unique.

2.1.3. Parabolic subgroups (subalgebras) and the corresponding
horospherical decompositions (cf. e.g. Borel and Ji’s book): Let g be
a real semi-simple Lie algebra of noncompact type, G the corresponding
noncompact semisimple Lei group, g = k + p Cartan decomposition, and
a a maximal abelian subalgebra of p. Relative to a, one has the restricted
root system, denoted by Φ; choose a simple root system, denoted by ∆;
denote the corresponding positive root system by Φ+.

Let I be a subset of ∆. One can construct a corresponding parabolic
subalgebra pI (resp. PI) of g (resp. G), called the standard parabolic sub-
algebra (subgroup) relative to I. Any parabolic subalgebra (subgroup) is
conjugate to such a one under G and also under K, the maximal compact
subgroup of G corresponding to k; moreover, for any two distinct subsets
I, I ′ of ∆, PI , PI′ are not conjugate under G.

Let m be the centralizer in k of a, aI = ∩α∈IKerα ⊂ a, aI the or-
thogonal complement in a of aI ; let ΦI be the set of roots generated by
I.
Set

nI =
∑

α∈Φ+−ΦI

gα, mI = m ⊕ aI ⊕
∑

α∈ΦI

gα.

Then, pI = nI ⊕ aI ⊕ mI is the desired parabolic subalgebra, its corre-
sponding subgroup of G denoted by PI .

Corresponding to the above decomposition of pI , one also has the decom-
position of PI in the level of group: Let NI , AI ,MI be the Lie subgroups
of G having the Lie algebras nI , aI ,mI respectively, then

PI = NIAIMI
∼= NI ×AI ×MI ,

where by ∼= we mean an analytic diffeomorphism, i.e. the map

(n, a,m) → nam ∈ PI (n ∈ NI , a ∈ AI ,m ∈MI)

is an analytic diffeomorphism. This is the so-called Langlands decompo-
sition of PI .
When I is empty, PI = P∅ is a minimal parabolic subgroup of G, the cor-
responding decomposition is P∅ = N∅AM , here A = exp a,M = expm.

Let K be the maximal compact subgroup with the Lie algebra k of G.
The Iwasawa decomposition G = N∅AK tells us that G = PIK for any
subset I of ∆. So, PI acts transitively on the symmetric spaceX = G/K.
Thus, the Langlands decomposition for PI induces a decomposition of X
associated to PI , called the horospherical decomposition

X ∼= NI ×AI ×XI ,

where XI = MI/(MI ∩K), called the boundary symmetric space asso-
ciated to PI ; by ∼= we again mean an analytic diffeomorphism, i.e. the
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map

(n, a,m(MI ∩K)) → namK ∈ X (n ∈ NI , a ∈ AI ,m ∈MI)

is an analytic diffeomorphism.

Let P be a parabolic subgroup of G. As mentioned before, it is con-
jugate to a unique standard parabolic subgroup PI under K. Choose
k ∈ K such that under k, P is conjugate to PI , denoted by P =k PI .
Define

NP =k NI , AP =k NI , MP =k MI .

Though the choice of k is not unique, the subgroupsNP , AP ,MP are well-
defined. We call NP , AP (resp. the corresponding Lie algebras nP , aP )
the unipotent radical, the split component of P (resp. p) respectively.
Thus, we can translate the Langlands decomposition of PI into that of
P , namely

P = NPAPMP
∼= NP ×AP ×MP .

Consequently, we also have the horospherical decomposition of X = G/K
associated to P

X ∼= NP ×AP ×XP ,

where XP = MP /(MP ∩K), called the boundary symmetric space asso-
ciated with P .

2.2 The construction of semisimple elements

Now, we return to the setting of §1. As mentioned there, N1, N, · · · , Nk

are some commutative nilpotent matrices. By Engel’s theorem, we can
assume that all of them are upper triangular with the entries of the diag-
onal being zero, and hence that γ1, γ2, · · · , γk are upper triangular with
the entries of the diagonal being 1.
Choose a maximal parabolic subalgebra (resp. subgroup) p (resp. P ) of
sl(r,R) (resp. SL(r,R)) the unipotent radical of which containsN1, N, · · · , Nk

(resp. γ1, γ2, · · · , γk); furthermore, we can choose p (resp. P ) so that its
split component is contained in the set of diagonal matrices of sl(r,R)
(resp. SL(r,R)).
We remark that the set of diagonal matrices in sl(r,R) is a maximal
abelian subspace contained in the noncompact part of a Cartan decom-
position of sl(r,R); and that the use of the Engel’s theorem shows that
we consider the set of diagonal matrices in sl(r,R) as such a maximal
abelian subspace.
Warning: Such a choice of parabolic subalgebras (resp. subgroups) is
not unique, even for a fixed maximal abelian subspace.

Let P = NPAPMP (p = nP ⊕ aP ⊕ mP , NP = expnP , AP = exp aP ) be
the Langlands decomposition of P , correspondingly, we have the horo-
spherical decomposition

SL(r,R)/SO(r) := X = NPAPXP ,
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where XP = MP /(MP ∩ SO(r)), the boundary symmetric space associ-
ated with P .
From the previous choice for p (resp. P ), we know that aP (resp. AP ),
as a set of matrices, is contained in the set of diagonal matrices.

For Ni ∈ nP , i = 1, · · · , k, by the Morosov-Jacobson’s theorem, we can
extend it to an embedding into sl(r,R) of sl(2,R), say {Ni, Yi, N

−
i } ⊂

sl(r,R), satisfying

[Ni, Yi] = 2Ni, [Ni, Y
−
i ] = −2N−

i , [Ni, N
−
i ] = Yi.

Lemma 1 For this embedding, one can choose Yi such that it lies in aP ,
and hence such a semisimple element is unique.

In the following, we will show that this can actually be done by using
(the geometric interpretations of) the Morosov-Jacobson theorem, the
Kostant theorem, and the horospherical decomposition associated to P .
It should be an interesting question whether one can give a purely Lie-
theoretic proof of this result.

Using the Killing form, we can easily show that the factors nP , aP ,mP

of p are orthogonal to each other, so the orbits of NP and AP in the
horospherical decomposition are orthogonal and also orthogonal to the
boundary symmetric space XP ; in addition, we also can consider XP as
the set of fixed points at infinity of NP and AP .

Fix a point x0 ∈ X . By ∞0, we denote the (unique) intersection point of
the orbit of x0 under exp(tNi), t ∈ R (denoted by exp(tNi)◦x0) with XP .
One has then a unique geodesic in X connecting x0 and ∞0, denoted by
σ0. Clearly, the orbit exp(tNi) ◦ σ0, t ∈ R is a geodesic embedding into
X .
We need to show that the orbit exp(tNi) ◦ σ0, t ∈ R is a geodesic embed-
ding of the upper half plane and hence the orbit of any point in it under
exp(tNi) is its horocycle.
This is a consequence of the M-J theorem and the Kostant theorem. By
the M-J theorem, through x0, we have a geodesic embedding of the upper
half plane into X ; the Kostant theorem implies that such an embedding
is unique. On the other hand, exp(tNi) ◦ x0 is contained in this embed-
ding, so the intersection point of this embedding with XP is also ∞0.
That is to say, this embedding also contains the geodesic σ0. So, this
embedding is just exp(tNi) ◦ σ0, t ∈ R.
Furthermore, by the horospherical decomposition associated to P , we
can choose a semisimple element Yi in aP , the orbits in this embedding
of the one-parameter group of which are geodesics perpendicular to the
horocycles. Such a Yi is just the desired one. This completes the proof
of the Lemma.

Remark: From the construction, Y1, · · · , Yk ∈ aP seem to depend on
the choice of the parabolic subalgebra p. But, by Kostant’s theorem, we
know that Y1, · · · , Yk only depend on the choice of a maximal abelian
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subspace in the noncompact part of a Cartan decomposition; namely
they are unique up to some conjugations when we require that all of
them be contained in a maximal abelian subspace.
So, when we fix a maximal abelian subspace a, we can uniquely get
semisimple elements Y1, · · · , Yk ∈ a such that [Ni, Yi] = 2Ni, i = 1, · · · , k.

Remark: The above construction for semisimple elements works for any
semisimple Lie algebra, not only for sl(r,R); so, this may provide a new
way to understand variations of Hodge structures and their degeneration,
different from Cattani-Kaplan-Schmid’s theory [2].

3 The construction of initial metrics (maps)

and their asymptotic behavior

As in the Introduction, let X be a compact Kähler manifold, D a normal
crossing divisor, X = X \D. Taking p ∈ D and a small neighborhood U
at p, then X ∩ U is of the form (∆∗)k × ∆n−k. Let (z1, z2, · · · , zn) be a
local complex coordinate on U with

(∆∗)k × ∆n−k = {(z1, z2, · · · , zn) : z1 6= 0, z2 6= 0, · · · , zk 6= 0}.

On (∆∗)k × ∆n−k, one has the following product metric

ds2P =

√
−1

2

[

k
∑

i=1

dzi ∧ dzi

|zi|2(log |zi|)2
+

n
∑

i=k+1

dzi ∧ dzi

]

.

In general, one has the following

Proposition 1 There exists a complete, finite volume Kähler metric on
X which is quasi-isometric to the metric of the above form near any point
in the divisor D.

Proof. cf. [5].

Due to the above proposition, when we consider local constructions and
various estimates near the divisor in this section, if not involving the
derivatives of the Kähler metric (in fact we indeed do not need estimates
involving the derivatives), we always use the above local product metric
ds2P .

3.1 The construction of initial metrics of finite en-
ergy

Using the previous constructions for semisimple elements Y1, · · · , Yn, we
can construct an initial map from the universal covering of (∆∗)k ×
∆n−k into SL(r,C)/U(r), which is ρ-equivariant; equivalently, we can
also consider such a map as a metric on the corresponding flat bundle
Lρ|(∆∗)k×∆n−k .
To this end, let us first give some preliminaries. Let Pr be the set of
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positive definite Hermitian symmetric matrices of order r. SL(r,C) acts
transitively on Pr by

g ◦H =: gHḡt, H ∈ Pr, g ∈ SL(r,C).

Obviously, the action has the isotropy subgroup U(r) at the identity Ir .
Thus Pr can be identified with the coset space SL(r,C)/U(r), and can
be uniquely endowed with an invariant metric1 up to some constants. In
particular, under such a metric, the geodesics through the identity Ir are
of the form exp(tA), t ∈ R, A being a Hermitian symmetric matrix.

3.1.1 Local construction
Let (z1, z2, · · · , zn) be the above complex coordinates on (∆∗)k × ∆n−k,

zi = rie
√
−1θi , 0 < ri < 1,−∞ < θi <∞. Set

H0(z1, z2, · · · , zn) = exp(
1

2π

k
∑

i=1

θiNi) ◦ exp(
k

∑

i=1

(
1

2
log | log ri|)Yi),

which is independent of zk+1, · · · , zn. Clearly, it is ρ-equivariant. Similar
to [11], one can show that under the product metric ds2P , H0 has finite
energy 2.

Geometrically, the finiteness of the energy can be explained as follows.
For any fixed z1, · · · , zi−1, zi+1, · · · , zn, i ≤ k, H0 can be considered as a
geodesic (and hence harmonic) isometric embedding

exp(
1

2π
θiNi) ◦ {exp

(

(
1

4
log | log ri|)Adexp(

P

j 6=i
1
2π

θiNi)Yi

)

◦[exp(
1

2π

∑

j 6=i

θiNi) ◦ exp(
∑

j 6=i

(
1

2
log | log ri|)Yi)]},

of a neighborhood of a point at infinity of the upper half plane, say
{wi ∈ C | ℑwi > α > 0} with wi = −

√
−1 log zi, into Pr, which is equiv-

ariant with respect to γi, as in the 1-dimensional case [12]. This point
is also important in the proof in §4; namely, our local constructions
are harmonic on punctured disks transversal to the divisor.

Since the metric ds2P is a product metric on (∆∗)k × ∆n−k, for the es-
timate of the energy density (and energy) of H0, we can consider each
∂zi
H0, i ≤ k separately. Again since the map

p : ({wi = xi+
√
−1yi ∈ C | yi > α > 0}, dwi ∧ dwi

|Imwi|2
) → (∆∗,

dzi ∧ dzi

|zi|2(log |zi|)2
)

1In terms of matrices, such an invariant metric can be defined as follows. At the identity
Ir, the tangent elements just are symmetric matrices; let A, B be such matrices, then the
Riemannian inner product < A, B >Pr is defined by tr(AB). In general, let H ∈ Pr, A, B

two tangent elements at H , then the Riemannian inner product < A,B >Pr is defined by
tr(H−1AH−1B).

2We here remark that, in Proposition 1 of [11], the estimate of |dh|2 should be read as
”|dh|2 ≤ C” instead of ”|dh|2 ≤ C| log r|2”.
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where p(wi) = zi = e
√
−1wi , is a Riemannian covering, so restricting to a

fundamental domain of p, say {xi+
√
−1yi ∈ C | yi > α > 0, 0 ≤ xi < 1},

we can write H0 as

H0 = exp(
1

2π

k
∑

i=1

xiNi) ◦ exp(

k
∑

i=1

(
1

2
log yi)Yi);

and estimating ∂zi
H0 is equivalent to estimating ∂wi

H0. Since for fixed
w1, · · · , wi−1, wi+1, · · · , wn, H0 is a geodesic isometric embedding, we
have

|∂wi
H0| = const..

On the other hand, the domain {xi+
√
−1yi ∈ C | yi > α > 0, 0 ≤ xi < 1}

has finite volume, so the energy of H0 is finite.

3.1.2 Patching local constructions together on a tube neigh-
borhood of the divisor
Using the above local construction for H0 and a finite partition of unity
on X, we can construct a smooth metric on Lρ which takes the H0 as
asymptotic behavior near the divisorD, still denoted byH0. So, using the
above complete Kähler metric on X , such a metric, as a ρ-equivariant
map, has finite energy. However, although our local constructions are
harmonic on punctured disks transversal to the divisor, the metric H0,
after patched together, is not necessarily harmonic on such a punctured
disk. In order to make sure that the metric H0 can be deformed to a
harmonic metric with the same asymptotic behavior as H0 at infinity,
we need to choose an appropriate partition of unity to patch these local
constructions together so that the metric H0 is harmonic on some open
subsets of the divisor at infinity when restricted to a certain small punc-
tured disk transversal to the divisor with the puncture contained in the
divisor. This can be done as follows.

For simplicity, we assume in the following that dimC X = 3, D = D1+D2

and D1 ∩D2 6= ∅; so dimC D1 ∩D2 = 1. The discussion for the general
case is completely similar.
First, we patch together local constructions near the intersectionD1∩D2.
Take two enough small tube neighborhoods U12

ǫ′ ⊂ U12
ǫ of D1 ∩D2 with

a holomorphic projection π12 : U12
ǫ → D1 ∩ D2. We take U12

ǫ enough
small so that for any point p of D1 ∩ D2 there exists a neighborhood
U in D1 ∩D2, such that (π12)−1(U) can be covered by a local complex
coordinate (z1, z2, z3) at p of X with D1 = {z1 = 0} and D2 = {z2 = 0}.
Obviously, the fibres of π12 are the product of two disks.
Take a finite open covering {Uα} of D1 ∩D2 satisfying that each Uα has
the property of the above U and that for each Uα one can take a smaller
open subset U ′

α ⊂ Uα so that U ′
α∩U ′

β = ∅. Corresponding to {U ′
α ⊂ Uα},

we can choose a partition of unity {φα} with φα|U ′
α
≡ 1; consequently,

{φα◦π12} is a partition of unity on U12
ǫ with φα◦π12|(π12)−1(U ′

α) ≡ 1. Us-
ing this partition of unity, we can patch smoothly all local constructions
together along D1 ∩ D2 to get a metric of Lρ on U12

ǫ . We remark that
from the above patching process, we can see that the obtained metric is
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harmonic on (π12)−1(U ′
α) when restricted to punctured disks transversal

to D1 or D2.
Using the same way, we can patch all local constructions together along
D1−U12

ǫ′ and D2−U12
ǫ′ . For convenience of notations in the next section,

we here give some details. Take two enough small tube neighborhoods
V i

ǫ′ ⊂ V i
ǫ of Di − U12

ǫ′ , i = 1, 2; for our purposes, w.l.o.g we may as-
sume that V i

ǫ ∩ U12
ǫ′ is empty. Then there is a holomorphic projection

πi : V i
ǫ → Di −U12

ǫ′ . We also assume that V i
ǫ is small enough so that for

any interior point p ofDi−U12
ǫ′ there exists a neighborhood V inDi−U12

ǫ′ ,
(π1)−1(V ) can be covered by a local complex coordinate (z1, z2, z3) at p
of X with Di = {zi = 0}. Take a finite open covering {Vα} of Di − U12

ǫ′

satisfying that each Vα has the property of the above V and that for each
Vα one can take a smaller open subset V ′

α ⊂ Vα so that V ′
α ∩ V ′

β = ∅.
Corresponding to {V ′

α ⊂ Vα}, we can choose a partition of unity {ψα}
with ψα|V ′

α
≡ 1; consequently, {ψα ◦ πi} is a partition of unity on V i

ǫ

with ψα ◦ πi|(πi)−1(V ′
α) ≡ 1. Using this partition of unity, we can patch

smoothly all local constructions together along Di −U12
ǫ′ to get a metric

of Lρ on V i
ǫ .

Finally, we can patch smoothly the above three metrics together so that
the metrics on U12

ǫ′ , V
1
ǫ −U12

ǫ , V 2
ǫ −U12

ǫ are preserved. Thus, near the di-
visor, we get a smooth metric which is harmonic on certain open subsets,
say (π12)−1(U ′

α) ∩ U12
ǫ′ and (πi)−1(V ′

α), when restricted to a punctured
disk transversal to the divisor. We can then extend the metric smoothly
to all of X to get a metric of Lρ, still denoted by H0.

3.2 The norm estimate under H0 of a flat section of
Lρ

Here, we want to observe what the asymptotic behavior of the norm of
a flat section of Lρ under the metric H0 is near the divisor. To this
end, we continue to restrict ourselves to (∆∗)k × ∆n−k: Since the θi-
directions have nothing to do with asymptotic behavior of the norm
(actually, we can consider exp( 1

2π

∑k
i=1 θiNi) as an isometry on Pr),

we only need to observe exp(
∑k

i=1(
1
2 log | log ri|)Yi). By the previous

construction for semisimple elements Yi, they can be diagonalized simul-
taneously under a suitable basis of Lρ; assuming this and expanding

exp(
∑k

i=1(
1
2 log | log ri|)Yi), one has the following form





















∏k
i=1 | log ri|

a1
i
2 0 · · · 0 0

0
∏k

i=1 | log ri|
a2

i
2 · · · 0 0

...
...

. . .
...

...

0 0 · · · ∏k
i=1 | log ri|

a
r−1
i
2 0

0 0 · · · 0
∏k

i=1 | log ri|
ar

i
2





















,

(2)
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where

Yi =















a1
i 0 · · · 0 0
0 a2

i · · · 0 0
...

...
. . .

...
...

0 0 · · · ar−1
i 0

0 0 · · · 0 ar
i















. (3)

This gives explicitly the asymptotic behavior of the norm of a flat section
under the metric H0.

Remark: In Cattani-Kaplan-Schmid’s theory [2], the norm estimates of
flat sections under the Hodge metric depend on the order of N1, · · · , Nn,
and consequently one needs to take the corresponding sectors of (∆∗)k.
However, from our construction, we see that after fixing a maximal
abelian subspace in the noncompact part of a Cartan decomposition, al-
though the choice of parabolic subalgebras is not unique, the semisimple
elements are unique.

3.3 The behavior of the differential of H0

Finally, we also need to understand the asymptotic behavior near the
divisor of the differential of H0. This is very different from the estimates
of the norm, where one does not need to consider the θi-directions. The
understanding of this asymptotic behavior is important for the study of
cohomologies of harmonic bundles.
First, we do an explicit computation for the differential of H0. We still
restrict to (∆∗)k × ∆n−k,

H0 = exp(
1

2π

k
∑

i=1

θiNi) ◦ exp(

k
∑

i=1

(
1

2
log | log ri|)Yi).

We can consider exp( 1
2π

∑k
i=1 θiNi) as an isometry on Pr; so for the

r := (r1, · · · , rn)-direction, we have

drH0 =
(

exp(
1

2π

k
∑

i=1

θiNi)
)

∗
(

k
∑

i=1

dri
2ri log ri

Yi

)

.

For the Θ := (θ1, · · · , θn)-direction, if we consider the matter at the
identity Ir, the differential dΘH0 should be read as

1

2π

k
∑

i=1

Nidθi;

so,

dΘH0 =
(

exp(
1

2π

k
∑

i=1

θiNi) exp(

k
∑

i=1

(
1

4
log | log ri|)Yi)

)

∗
1

2π

k
∑

i=1

Nidθi,

13



here we consider H0 as
(

exp( 1
2π

∑k
i=1 θiNi) exp(

∑k
i=1(

1
4 log | log ri|)Yi)

)

◦
Ir , denoted it by

√
H0 ◦ Ir. Translating everything into the complex

coordinates (z1, · · · , zn), we have

drH0 =
1

4

(

exp(
1

2π

k
∑

i=1

θiNi)
)

∗

k
∑

i=1

(dzi

zi

+
dzi

zi

) Yi

log |zi|
,

dΘH0 =
1

4π
√
−1

(
√

H0

)

∗

k
∑

i=1

Ni

(dzi

zi

+
dzi

zi

)

.

As showed before, under the product metric ds2P on (∆∗)k × ∆n−k and
the invariant metric on Pr, ‖dH0‖ = const.. So, we have

‖ drH0 ‖2, ‖ dΘH0 ‖2≤ C,

for some positive constant C; in particular, ‖Ni
dzi

zi
‖2 ≤ C.

Consequently, since |dzi

zi
|2 = | log |zi||2 under the positive metric ds2P , Ni,

as an endomorphism of the bundle Lρ, has the following point-wise norm
estimate3

‖Ni‖2 ≤ C| log |zi||−2,

which is very important in the study of cohomologies of a harmonic bun-
dle, where we always consider

∑k
i=1Ni

dzi

zi
as a 1-form homomorphism

on Lρ.

Remark: We remark that such a norm estimate is not necessarily
precise; for example, in the case of Ni = Nj , one even has ‖Ni‖2 ≤
C| log |zi||−2| log |zj ||−2.

We now express the above estimates in terms of weight filtrations as
follows. This is easy if we note the relation [Ni, Yi] = 2Ni; correspond-
ing to the diagonalisation of Yi, we can consider the weight filtration of
Ni: {Wk} satisfying NiWk ⊂ Wk−2. If v is a flat section lying in Wk,
satisfying

‖ v ‖2
H0

∼
k

∏

j=1

| log rj |aj

and Niv 6= 0, one then has

‖ Niv ‖2
H0

≤ C| log ri|ai−2
∏

j 6=i

| log rj |aj .

Remark: By the above discussion, we know that in our study the weight
filtration theory is getting not very important. Actually, in the study of
cohomologies, the most important aspect is to know what the general
form of the norm of flat sections is and how the action of Ni on a flat
section changes its norm; all these are clear from the previous discussion.

3The norm of a tangent vector of Pr is equivalent to its norm when it is considered as an
endomorphism of Lρ, cf. [19].
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By the above computation, we now have

∂H0 =
1

4

(

exp(
1

2π

k
∑

i=1

θiNi)
)

∗

k
∑

i=1

dzi

zi

Yi

log |zi|

+
1

4π
√
−1

(
√

H0

)

∗

k
∑

i=1

Ni

dzi

zi

.

Proposition 2 Using dzi

zi
as basis, up to some isometries, ∂H0 is asymp-

totic to
∑k

i=1Ni
dzi

zi
as |zi| goes to zero. Also, from the previous discus-

sion, we know that when considering ∂H0 as a 1-form homomorphism
on Lρ, it is point-wise bounded under the complete Kähler metric on X,
and hence (in applications) L2-bounded as an operator between certain
L2-spaces.

4 Harmonic metrics obtained by deforming
the initial metrics H0

In order to deform the initial metric H0 into a harmonic one with the
same asymptotic behavior as H0, from now on, we assume that the rep-
resentation ρ is semisimple. Namely, for any boundary component Σ of
Pr, there exists an element γ ∈ π1(X) satisfying Σ ∩ ρ(γ)(Σ) = ∅; in
other words, the image of ρ does not fix any boundary component or is
not contained in any proper parabolic subgroup [6, 4, 19]. For similar
definitions cf. also [8, 14].

Our strategy is first to deform H0 to a harmonic metric, and then to
prove that the harmonic metric has the same asymptotic behavior as H0.
The first step is standard with the assumption that the representation ρ
is semisimple; we here give a sketch together with some necessary prop-
erties and estimates of the obtained harmonic metric.

4.1. In the following, we consider X = X−D as a complete noncompact
manifold with the Kähler metric constructed in Proposition 1; some-
times, we also need the Kähler metric to be locally of the product form
ds2P ; we can do this in those cases that do not involve its derivatives.
Take a sequence of compact manifolds {Xi} (with smooth boundary)
such that Xi ⊂ Xi+1 and ∪∞

i=1Xi = X . Then, according to Hamilton [7]
(the theory of Hamilton readily applies to the equivariant setting), we
can find a harmonic metric Hi of Lρ on Xi with Hi|∂Xi

= H0|∂Xi
and

E(Hi;Xi) ≤ E(H0;Xi) ≤ E(H0). Next, we need to prove that there
exists a subsequence of {Hi} which converges uniformly on any com-
pact subset of X . Fix a compact subset X0 of X and a point p ∈ X0.
Then the uniform boundedness of the energies of {Hi} imply that the
energy densities e(Hi) are also uniformly bounded in i on X0. Using the
semisimplicity of ρ and the uniform boundedness of the energy densities
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e(Hi), one can show that Hi(p) ∈ Pr are uniformly bounded in i (here,
considering Hi as equivariant map into Pr, cf. [19]); so, {Hi(X0) ⊂ Pr}
are also uniformly bounded in i. Taking a diagonal sequence, we can find
a subsequence of {Hi}, still denoted by {Hi}, which converges uniformly
on any compact subset of X to a harmonic metric H of Lρ on X . Fur-
thermore, E(H) ≤ E(H0) <∞.

Due to the finiteness of energy of the harmonic metric H , Siu’s Bochner
technique for harmonic maps [9] (which also applies to the equivariant
setting) implies
Fact 1. The harmonic metric H, as an equivariant map into Pr, is
pluriharmonic; namely, when restricted to any complex curve, especially
a punctured disk transversal to the divisor D, H is harmonic.

Next, we want to investigate the derivatives of H near the divisor in
the directions ”parallel” to smooth divisors. As in §3.1.2, for simplic-
ity of discussion, we here also assume that dimC X = 3, D = D1 + D2

and D1 ∩ D2 6= ∅ and use the notations there; the general case fol-
lows by an obvious induction argument. We first observe the situa-
tion in U12

ǫ −D1 ∪ D2. The (complex) direction parallel to the smooth
divisors D1, D2 is the direction that D1 ∩ D2 represents. Locally, for
p ∈ D1 ∩D2, there is a small neighborhood U in D1 ∩D2 so that there
is a local complex coordinate (z1, z2, z3) at p of X covering (π12)−1(U)
with D1 = {z1 = 0}, D2 = {z2 = 0}, and the z3-direction being the one
that D1 ∩D2 represents. Since D1 ∩D2 is compact, and under the local
coordinate (z1, z2, z3) the Kähler metric of the product form is Euclidean
in the z3-direction, so the finiteness of energy of H implies (cf. [10])
Fact 2. | ∂H

∂l12
| is bounded on U12

ǫ −D1 ∪D2, where l12 is any unit direc-
tion that D1 ∩D2 contains.

We remark that Di − U12
ǫ′ is also compact. So, the argument above also

applies to the situation of V i
ǫ −Di, the tube neighborhood ofDi−U12

ǫ′ , i =
1, 2. Thus, one also has the following
Fact 2’. |∂H

∂li
| is bounded on V i

ǫ −Di, where li is any unit direction that
Di contains.

4.2. Now, we can show that H and H0 have the same asymptotic behav-
ior near the divisor. For simplicity of discussion, we continue to restrict
to the case that dimC X = 3, D = D1 +D2 and D1 ∩D2 6= ∅ and to use
the notations in §3.1.2.

We first consider the situation near D1 ∩ D2, i.e. in U12
ǫ′ − D1 ∪ D2.

Fix an open set (p ∈ U ′
β ⊂)Uβ in the finite open covering {Uα} of

D1 ∩ D2. By the choice of the open covering, we have a local coordi-
nate (z1, z2, z3) at p of X covering (π12)−1(U ′

β) ∩ U12
ǫ′ with p = (0, 0, 0),

D1 = {z1 = 0}, and D2 = {z2 = 0}. By the construction of H0 in §3.1.2,
H0 is harmonic and of finite energy when restricted to a punctured disk
(in (π12)−1(U ′

β) ∩ U12
ǫ′ −D1 ∪D2) transversal to D1 or D2; on the other

hand, H has the same property by its pluriharmonicity and energy finite-
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ness. Now, we claim
Fact 3. distPr

(H,H0)(z
′
1, z

′
2, 0) 4 is uniformly bounded for (z′1, z

′
2, 0) ∈

(π12)−1(U ′
β) ∩ U12

ǫ′ −D1 ∪D2.

Proof of Fact 3. First, for a fixed z′1, define

S2
β(z′1) = {(z′1, z, 0) ∈ (π12)−1(U ′

β) ∩ U12
ǫ′ −D1 ∪D2};

w.l.o.g., we can assume it is a punctured disk which is transversal to
D2 at (z′1, 0, 0). As pointed out above, H0 and H are harmonic when
restricted to S2

β(z′1). We now prove

sup
x∈S2

β
(z′

1
)

dist(H,H0)(x) ≤ sup
x∈∂U12

ǫ′
∩S2

β
(z′

1
)

dist(H,H0)(x).

In order to prove the above inequality, we consider the sequence of har-
monic metrics H̃i on S2

β(z′1) ∩Xi with

H̃i|∂U12

ǫ′
∩S2

β
(z′

1
) = Hi|∂U12

ǫ′
∩S2

β
(z′

1
), H̃i|∂Xi∩S2

β
(z′

1
) = H0|∂Xi∩S2

β
(z′

1
).

We remark that Hi|∂U12

ǫ′
∩S2

β
(z′

1
) converges uniformly to H |∂U12

ǫ′
∩S2

β
(z′

1
). It

is easy to prove that the sequence {H̃i} (if necessary, go to a subsequence)
converges uniformly on any compact subset of S2

β(z′1) to a harmonic met-

ric H̃ on S2
β(z′1) and that, by means of the subharmonicity of dist(H̃i, H0)

5 on S2
β(z′1) ∩Xi and the maximum principle,

sup
x∈S2

β
(z′

1
)

dist(H̃,H0)(x) ≤ sup
x∈∂U12

ǫ′
∩S2

β
(z′

1
)

dist(H̃,H0)(x);

and hence H̃ also has finite energy. Thus, on S2
β(z′1), we have two har-

monic metricsH, H̃ with finite energy and H̃ |∂U12

ǫ′
∩S2

β
(z′

1
) = H |∂U12

ǫ′
∩S2

β
(z′

1
).

We now want to show H̃ ≡ H on S2
β(z′1), and hence the required inequal-

ity.
We observe the distance function dist(H̃,H) on S2

β(z′1), denoted by w. It
is clear that w is subharmonic and w|∂U12

ǫ′
∩S2

β
(z′

1
) = 0; on the other hand,

by the finiteness of energy of H̃,H , a simple computation shows that w
is of finite energy. Thus, the problem is reduced to show (for the proof,
cf. Appendix)
Fact 4. Let ∆∗ be a puncture disk. Assume that w is a non-negative
subharmonic function vanishing on the exterior boundary and of finite
energy, then w ≡ 0.

Assume that supx∈∂S2
β
(z′

1
) dist(H,H0)(x) is attained at the point (z′1, z

0
2 , 0).

Define

S1
β(z0

2) = {(z, z0
2, 0) ∈ (π12)−1(U ′

β) ∩ U12
ǫ′ −D1 ∪D2};

4Considering H,H0 as equivariant maps from the universal covering into Pr, the distance
function between H, H0 is still equivariant, so can be considered as a function on the base
manifold.

5Since H̃i, H0 are harmonic and Pr has non-positive curvature, a standard computation
shows that dist(H̃i, H0) is subharmonic; cf. e.g. [17].
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also assume that it is a punctured disk which is transversal to D1 at
(0, z0

2 , 0). The same argument as above shows

sup
x∈S1

β
(z0

2
)

dist(H,H0)(x) ≤ sup
x∈∂U12

ǫ′
∩S1

β
(z0

2
)

dist(H,H0)(x).

Assuming that supx∈∂U12

ǫ′
∩S1

β
(z0

2
) dist(H,H0)(x) is attained at the point

(z0
1 , z

0
2 , 0), then we have

dist(H,H0)(z
′
1, z

′
2, 0) ≤ dist(H,H0)(z

0
1 , z

0
2 , 0)

for (z′1, z
′
2, 0) ∈ (π12)−1(U ′

β) ∩ U12
ǫ′ −D1 ∪D2. Clearly, we can choose a

fixed compact subset of X , which is independent of (z′1, z
′
2, 0) and always

contains the corresponding (z0
1 , z

0
2 , 0). This proves the Fact 3.

The Fact 3 together with the Fact 2 implies that H and H0 have the
same asymptotic behavior at infinity on U12

ǫ′ −D1 ∪D2.

Using a similar argument as above, we can also show that H and H0

have the same asymptotic behavior at infinity on V i
ǫ′ −Di, i=1, 2. Thus,

we have showed that H and H0 have the same asymptotic behavior at
infinity on X .

Now, we turn to the uniqueness problem. This is easy. Assume H1, H2

are two harmonic metrics with the same asymptotic behavior as H0.
Then, distPr

(H1, H2) is a bounded subharmonic function on X . A well-
known fact which says that a bounded positive subharmonic function on
a complete Riemannian manifold with finite volume has to be constant
implies

distPr
(H1, H2) = constant.

This shows that H1 and H2 are the same up to an isometry of Pr.

Appendix: Since the punctured disk is conformal to a half cylinder,
so the Fact 4 is equivalent to the following
Fact 4’. Let C be a half cylinder with Euclidean metric. Assume that
w is a non-negative subharmonic function vanishing on ∂C and of finite
energy, then w ≡ 0.

Take a global coordinate (θ, y) on C with 0 ≤ θ ≤ π and y ≥ 0; the
Euclidean metric is dθ2 + dy2. Take a sequence of compact subsets
Cn = {y ≤ n}, n = 1, 2, · · · , and consider a sequence of harmonic func-
tions un with un|∂C = 0 and un|y=n = wn|y=n. The maximum principle
implies u ≥ w on Cn and E(un;Cn) ≤ E(w;Cn) ≤ E(w). The stan-
dard elliptic estimate implies un converges to a harmonic function u on
C uniformly on any compact subset, which satisfies u ≥ w, u|∂C = 0,
and E(u) ≤ E(w). So, the proof of the Fact 4’ can be reduced to the
following fact which is known to analysts but whose proof we include
here for completeness.

Lemma. Let C be a half cylinder with Euclidean metric. Assume that
u is a non-negative harmonic function with u|∂C = 0 and finite energy,
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then u ≡ 0.

Proof of Lemma. Take a global coordinate (θ, y) on C with 0 ≤ θ ≤ π
and y ≥ 0; the Euclidean metric is dθ2 + dy2. Take a smooth cut-off
function ψr,ρ with ψr,ρ(θ, y) = 1, y ≤ r, ψr,ρ(θ, y) = 0, y ≥ r + ρ, ρ > 0
and |∇ψr,ρ| ≤ 1

ρ
.

Compute

0 = −
∫

C

∆uu(ψr,ρ)
2

= −
∫

C

∇(∇uu(ψr,ρ)
2) +

∫

C

|∇u|2(ψr,ρ)
2 + 2

∫

C

∇uψr,ρ∇ψr,ρu

≥
∫

C

|∇u|2(ψr,ρ)
2 − (

1

2

∫

C

|∇u|2(ψr,ρ)
2 + 2

∫

C

|∇ψr,ρ|2u2).

So, we have
∫

C

|∇u|2(ψr,ρ)
2 ≤ 4

∫

C

|∇ψr,ρ|2u2.

It is clear that
∫

C
|∇u|2(ψr,ρ)

2 → E(u), as r goes to infinity. So, if we can
choose appropriate ψr,ρ so that

∫

C
|∇ψr,ρ|2u2 can be arbitrarily small,

then E(u) = 0 and hence u = 0.
Take a sufficiently small ǫ. Since E(u) <∞, ∃r0 so that

∫

y≥r
|∇u|2 ≤

ǫ for r ≥ r0. On the other hand,

∫

C

|∇ψr,ρ|2u2 ≤ 1

ρ2

∫

r≤y≤r+ρ

u2.

We now estimate
∫

r≤y≤r+ρ
u2. Since u is harmonic, |∇u|2 is subhar-

monic. So by the average value inequality, we have

|∇u|2(x) ≤ c

∫

r+i−1≤y≤r+i+2

|∇u|2, r + i ≤ y(x) ≤ r + i+ 1,

for i = 0, 1, · · · , n− 1, where c is a positive constant independent of r, i.
First, estimate |u(θ, r) − u(θ, r + n)| as follows.

|u(θ, r) − u(θ, r + n)|2 = |
n−1
∑

i=0

(u(θ, r + i) − u(θ, r + i+ 1))|2

≤
(√

c

n−1
∑

i=0

√

∫

r+i−1≤y≤r+i+2

|∇u|2
)2

≤ 3cn

∫

r−1≤y≤r+n+1

|∇u|2

≤ 3cn

∫

y≥r0

|∇u|2 ≤ 3cnǫ.

In general, we have

|u(θ, r) − u(θ, r + s)|2 ≤ 3cǫs.
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On the other hand, we have |u(θ, r + s)|2 ≤ 2|u(θ, r + s) − u(θ, r)|2 +
2|u(θ, r)|2.

Collecting the above, we have

1

ρ2

∫

r≤y≤r+ρ

u2 ≤ 1

ρ2

∫

r≤y≤r+ρ

(2|u(θ, y) − u(θ, r)|2 + 2|u(θ, r)|2)

≤ 1

ρ2

∫

r≤y≤r+ρ

(6cǫ(y − r) + 2|u(θ, r)|2).

Take r = r0 + 1 and ρ sufficiently large, we have

1

ρ2

∫

r≤y≤r+ρ

u2 ≤ c′ǫ,

for a certain positive constant. Thus, when r, ρ are sufficiently large,
∫

C
|∇ψr,ρ|2u2 becomes arbitrarily small. The proof of the lemma is fin-

ished.
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