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Abstract. We study an interacting system of chemotactic species in
two-space dimension. First, we show that there is a parameter region
which ensures simultaneous blowup also for non-radially symmetric
solutions. If the existence time of the solution is finite, there is a
formation of collapse (possibly degenerate) for each component, total
mass quantization, and formation of subcollapses. For radially sym-
metric solutions we can rigorously prove that the collapse concentrates
mass on one component if the total masses of the other components
are relatively small. Several related results are also shown.

1 INTRODUCTION

The Smoluchowski-Poisson equation or drift-diffusion models are systems of
elliptic-parabolic equations describing the motion of particle densities in non-
equilibrium statistical mechanics. They have been used in semiconductor
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physics, high-molecular chemistry, and astrophysics (see [33] and the refer-
ences therein). They arise also in biology, modeling aggregation and self-
organization of the cellular slime mold Dictyostelium discoideum (Dd) due
to chemotaxis [18, 23, 6]. This model in biology has a crucial negative drift.

The first rigorous proof that chemotaxis can serve as the main mechanism
for the onset of self-organization of Dd was given in [16]. Namely, for the crit-
ical space dimension two, depending on the L'-norm of the initial values and
on the strength of the chemotactic sensitivity, this model exhibits solutions
blowing up in finite time or existing global-in-time. Later studies have clar-
ified the blowup threshold [20, 21, 1, 11, 27], formation of collapses [12, 26],
mass quantization [12, 32, 29], and type II blowup rates [12, 25, 22]. On the
other hand, [13] gave a family of blowup solutions with precise asymptotics
for the full parabolic-parabolic system.

Along this line of thoughts, recently a two-component system for chemo-
taxis has been studied in [9], to approach the question if cell sorting of Dd in
the mound-stage can be mainly due to differential chemotaxis, i.e., the chemo-
tactically weaker cell type sorts out to the bottom of the mound, whereas
the chemotactically stronger cell type sorts out of the top, c.f. [34]. Of
course this question has finally to be addressed in a spatially three dimen-
sional model. But as a first mathematical test-problem to this question, in
[9] it was analyzed if there exists a set of chemotactic sensitivities in the
parabolic-elliptic chemotaxis system n the radially symmetric setting, such
that the solution for one cell type shows finite time blowup, while the solu-
tion for the other cell type still exists at that instant in time, i.e., the first
cell type starts to self-organize, while the other cell type does not yet. In the
radially symmetric setting this is not possible. It was rigorously proven in
[9] that if the solution for one cell type shows blowup in finite time, then the
other cell type does so too, and at the same time, no matter how weak its
chemotactic sensitivity is. Also sufficient conditions for blowup in finite time
for this multi-component system were given. Finally, a formal computation
in [9] showed that the blowup mechanism for the two cell types can be dif-
ferent, even up to the situation that one species can exhibit blowup without
mass aggregation. Explicit formal asymptotics for the blowup profile for spe-
cial cases were given to confirm this property using rescaled mass functions,
that is, only one component can form a singularity of delta functions at the
blowup time.

The considered system is a special form of the multi-component chemo-
taxis system introduced in [35], where conditions for the existence of global
solutions for such systems were derived. Then its stationary state is studied
by [15]. Further analysis on the critical mass for blowup for a two-species
model for chemotaxis in R? have been more recently done [14, 7, 8]). The
authors identified a curve in the plane of masses such that outside of this
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curve there is blow-up of solutions and inside of it the solutions are global in
time, if the initial masses satisfy a threshold condition.

This model may also describe a competitive feature of chemotaxis ob-
served in cancer cell biology, especially, in tumor microenvironment at the
stage of in-travasation. More precisely, there is an interaction between cancer
cells and tumor associated macrophages through chemical substances which
causes their localized cell deformations called invadopodia and podosomes,
respectively (see [36, 17]). At the tissue level, this phenomenon may be de-
scribed by a competitive chemotactic feature between two species of cells to
chemical substance secreted by themselves. Under this agreement it will be
interesting from both the mathematical and biological points of view, if actu-
ally only one component of the solution can form J-functions at the blowup
time.

The aim of this paper is to approach such a property of the solution,
especially also in the non-radial symmetric situation. We restrict our analysis
to the case of two space-dimension which is the critical dimension of the model
in such a biological setting. Relatives of this 2-dimensional model also arise
as a kinetic mean field equation of point vortices. See [5] and [4] for single
and multi-comonent cases, respectively, and also [31] for a higher-dimensional
multi-component case.

Given a bounded domain  C R? with smooth boundary 05, this model
takes the part of Smoluchowski equations:

3{&1 = d1Au1 — le . u1Vv
8{&2 = dQAUQ - XQV : ’U,QV’U in Q x (O,T), (1)
using the chemical gradient term Vv, with the boundary condition

ouq ov . Oua ov
dlﬁ_’ﬁ“la _dzw—xqug—O on 99 x (0,7) (2)

and the initial condition
u1|t:0 = ulo(l‘) Z O, UQ|t:0 = Ugo(l’) Z 0 in Q, (3)

where dy, d2, x1, and y2 are positive constants and v is the unit normal
vector. The initial value (u1g, ugg) satisfies

1
Q|/QU10 + ug dz =1, (4)

and then (1), (2), and (3) are coupled with the Poisson equation

—Av=wuj +uz — 1, Ov =0, /vdx:O. (5)
o9 Q

ov
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We put the last condition of (5) to normalize an additive constant of wv.
This normalization is not essential because only the gradient Vv of v is used
in the Smoluchowski equations (1), while condition (4) is necessary for the
solvability of (5) at ¢t = 0. Since

d d
pn Quldx—a/gugdx—o (6)

arises for (1) with (2), this compatibility condition for the solvability of (5),

that is,
i)
— | uy +ug dr =1,
12 Jo

is kept for all ¢ > 0. System (1), (2), (3) and (5) with (4) is thus a generali-
zation of the parabolic-elliptic system of chemotaxis given in [16] for two
chemotactic cell types (u1,u2). Here we do not adopt the normalization
d; = 1 to make the statements below simpler, particularly for more than
two-components systems.

We assume that w1, uso #Z 0 are in C?(Q) and satisfy

8U10 (%0 . 8u20 87}0 o
d/lW X1t - = dzw — Xeuz05 " = 0 on 092

for vg = vo(x) defined by

v
ov

—Avy = u1g + u2 — 1,

=0, /vo dx = 0.
o0 Q

This assumption guarantees the unique existence of a local-in-time classical
solution satisfying

ui(t) >0 onQ, 0<t<T,i=12 (7)

with T' = Tipax € (0, +00] standing for the maximum existence time [9]. Since
this T is estimated from below by Zle |ltwi0]| 0o, it holds that

2
T li () oo = 8
<00 = IOl = o0 (®)

by a standard argument on the continuation of the solution in time (see, for
example, [29]).
The solution (uy,us,v) to (1), (2), (3), and (5) with (4) satisfies

1 v
Avum'/ﬂudx, Em

=0, /vdz:O, u=uy +u. (9)
o0 Q
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Here, the system composed of (1), (2), (3), and (9) may be called inter-
acting system of Smoluchowski-Poisson equations, and henceforth is denoted
by (ISP) in short. Similarly, we have a local-in-time well-posedness with the
properties (7) and (8) for this system. In particular, ujg,ugo > 0 may be
assumed on €2 by the strong maximum principle. Then, there is A > 0 such
that Auqg > ugg.

If di = ds = d and x1 = x2 = X, we obtain

wy = dAw — xV - wVwv in Qx(0,7)
(Z—Z]:o on 90 x (0,7)
w),_g = Aug — uz > 0 in Q

for w = Auy — ug, which implies
Auy > ug on Q x [0,7). (10)

If T'< 400 and
lim inf |Ju1 (-, t) |0 < +00,
1T

there is t5 1 T such that

lim sup [Ju1 (-, tr) oo < 00,
k—o00

and therefore,

lim sup [Juz (-, tg)]|co < 400
k—oo
by (10). Then it follows that
lim inf{lu (1) loe + fJua(s B)lleo} < +o0,
a contradiction to (8). Hence we have
li Y P——
i o1, ) o = +o0

and similarly,

lim ||ua (-, t)]|eo = +00.
T
The simultaneous blowup

T = i )|l = li )|l = 11
<too = lmfur(o )l = limfua( o =400 (11)



6 ELio EDUARDO ESPEJO, ANGELA STEVENS, AND TAKASHI SUZUKI

is thus valid in any dimensions if d; = d2 and x1 = x2. In two-space dimen-
sions with w; = w;(|z],t), however, a similar property holds for any pairs of
(diy x4), @ = 1,2. More precisely, it holds that

T <400 = limsup |lui(:,t)]|eo = limsup [Juz(-,t)||cc = +o00,  (12)

T HT
which is not the case of the related drift-diffusion model given in [19] (see
[9, 10] for the proof). Our first result shows that there is a parameter region

where (11) holds even for non-radially symmetric solutions.
Henceforth, we put

& =di/Xi, |wiollh =X, i=1,2, (13)

indicating inverse motilities and initial masses of the species.

Theorem 1 If
A <Ar&, 1=1,2 (14)

then (11) holds.

Here, condition (14) is consistent with the assumption T' < +o00. In fact,

2 2 2
(Z)\Z> <47TZ§1>\1, i <47T£i, 1=1,2
i=1

i=1

if

then it always hold that T" = 400, while T' < 400 can occur in case

2 2 2
(Z )\z> > A4Ar Z fz/\z (15)
=1 =1

(see Theorems 9 and 10 and the description on the relation between known
results, particlularly [35], in §2). Then the parameter region defined by (14)
and (15) in Ay Ag plane in \; > 0, ¢ = 1,2, is not empty.

Since property (8) means

T<+oo = limllu(,1)]e = +oo (16)

recalling v = Zf:l u; in (9), the blowup set of (u1,uz) defined by
S ={xo € Q| Ik, tr) = (20, T), u(wk,tr) — +o0} (17)

is not empty. In the case of the Smoluchowski-Poisson system for a single
unknown species, the formation of collapses occurs with a quantized mass
[32, 33, 29]. Our second result shows that this property arises also in (I.SP)
for each component, with possibly degenerate collapses. Here, we say that the
collapse m;(x0)0s,(dz), i = 1,2, in (18) below is degenerate if m;(xg) = 0.
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Theorem 2 If T < 400, the blowup set S defined by (17) is finite. It holds
that
ui(x, t)de — Z m;i(x0)0z, (dz) + fi(x)dx, i=1,2 (18)
ToES
in M(Q) = C(Q) ast T T = Tax < +00, where m;(xg) >0, i = 1,2, are
constants satisfying (m1(xo), m2(zo)) # (0,0), and 0 < f; = fi(z) € L}(Q),
i =1,2, are smooth functions in Q\ S.

Equality (19) in the following theorem may be called a total mass quan-
tization because it is an identity involving all the collapse masses m;(zg),
1=1,2.

Theorem 3 It holds that

2 2 9
(Z mi(m0)> = ma (o) Z &imi(wo) (19)

for any xog € S, where

] 8w, €
M (z0) = { A, xg € 0N (20)
We can write (1) as
A
8tu1 = dlAul — leul - Vo + xlul(u — @)

A
6tU2 = d2Au2 o XQV'UQ ’ VU + X2u2(u o @)7

using u = w1 + ue and A = A1 + Ag, where

1
)\i:—/uio d.’ﬂ, Z:1,2
9] Jo

Thus the ODE part of (I.5P) may be defined by

du1 ( + )
—_— = uilu Uo2 — a
dt X1u1(u1 2

d

% = xou2(uy + ug —a)
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with a = ﬁ, where u;0 = u;(0), i = 1,2, are positive constants. Although
the solution (uy,us) to (21) is constant: w;(t) = w;o, ¢ = 1,2 if

2
a = E U;0
i=1

we may have a blowup of the solution to (21). In this connection, we mention
that there is actually a blowup of the solution to (ISP) (see Theorems 10
and 11).

In (21) it holds that

d _
0 "oguy — x5 % loguz) = 0,

and hence ugy = cui’ with v = x2/x1 and ¢ = UQO/UYO. Therefore, the blowup
of the solution (uj(t),us(t)) to (21) is simultaneous for w;(t), i = 1,2, if it
actually occurs. Assuming v < 1 without loss of generality, we obtain

which implies uy(t) ~ x1(T' —t)"t as t T T = Tyax < +00. The type (I)
blowup rate of (ISP) thus may be defined by

lul)lloe ~ (T =)™, w=u1 +us.

The next theorem concerning the formation of subcollapses implies that
any blowup rate of (ISP) is not of this type. To state the result, let

(u1,uz,v) = (ur(z,t),us(x,t),v(x,t))
be a solution to (ISP) satisfying T = Tiax < +00, take zg € S, and let

zi(y,8) = (T — t)ui(x,t), w(y,s)=v(z,t)
y=(x—20)/(T—t)"? s=—log(T —t) (22)

1 = 1,2, be its backward self-similar transformation. Henceforth, we assume
the O-extensions of z;(y, s), i = 1,2, where they are not defined. Furthermore,
R? U {oo} denotes the one-point compactification of R?, and Cy(R?) stands
for the set of continuous functions on R?U {co} taking the value 0 at oo, and
Mo(R?) = Co(R?)".

Theorem 4 We have

Zz(ya s+ Sl)dy - mz(xO)(sO(dy)v 1= 17 2 (23)
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in Cy(—00, +00; Mo(R?)) as s' 1 +o0o. In particular, it holds that
%}1 (T = Ollul, )| o= (B0 b(T—1)1/2) = +00 (24)

for any b > 0.

Now we approach the property of the collapse mass separation. The first
observation is the following theorem. Here we note that the blowup set S
coincides with the origin for radially symmetric solutions satisfying T < +o0.

Theorem 5 Let Q) be a disc with center at the origin, u; = u;(|z|,t), i = 1,2,
and T < 4+o00. Then m; = m;(0) must satisfy

m; < 8m&, i=1,2 (25)
besides (19) with xy = 0.

Here we give several remarks. First, inequality (25) arises in the context
of a global-in-time continuation of the solution associated with a Trudinger-
Moser or logarithmic HLS inequality (see §2). Next, (25) is a consequence of
(19) if

1/2<&/6, <2, i,j=1,2. (26)

More precisely, if (26) is the case, the curve (a parabola if £; # & and a line
in the other case) defined by

2 2 2
<Z mi> = M Zfimi, my = my(x0), (27)

in the myme-plane in {(my,mz) | m; > 0,45 = 1,2} does not cross the lines
m; = &My, © = 1,2. Finally, in the other case of & /§; > 2 or §;/&; < 1/2
for i # j, one of (my, m2) = (87&1,0) and (my, ma) = (0,87&2) is an isolated
point of (27) in the mime-plane with {(m1,ma) | m; > 0,4 = 1,2} and (25).

Under such observations we can expect that the above isolated endpoint
of (my,msy), which we call mass separation, may be actually the case, and
is stable under non-radially symmetric perturbations. In this context we
recall that simultaneous blowup (12) is always the case for radially sym-
metric solutions, regardless of the parameter region indicated by (14). If
both simultaneous blowup and mass separation arise, say, m;(zo) = 0 in
(18), then it will hold that f; & L*°(2 N B(zg, R)) for 0 < R < 1, where
B(zo, R) = {z | |x — 20| < R}.

The following theorem shows that the mass separation of radially sym-
metric solutions, which was formally given in [9], actually occurs if the total
mass of one component is relatively small compared with that of the other.
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Theorem 6 Under the assumption of Theorem 5, let

§i/& > 2

for some i # j. Then m; =0 and hence m; = 8n&; holds, provided that

|wiollr < 8m(&i — 2&;).

We note that a sufficient condition for 7' < 400 in the above theorem is given
in [9], that is (see Theorem 11 in §5),

lwjolly > 87&;,  |l|z|*ujolls < 1.

Theorem 10 in §3 is also available.

Theorem 1 is proven by the variational structure of (ISP) and the loga-
rithmic HLS inequality derived in [30]. Theorem 2 is obtained by an argument
of [26], using an e-regularity and a monotonicity formula. Then we have the
formation of collapses of i(x,t)dx as t T T, where 4 = Zle X; Lu;. A careful
analysis then assures this property component-wisely and also

m(zg) = Zml-(:co) > 0. (28)

To prove Theorem 3, first we apply an argument developed for the single
component case [32, 33, 29]. We use the backward self-similar transformation,
weak scaling limit, scaling back, and translation limit, to obtain a full-orbit
defined on the whole (or the half) space domain. Here establishing a parabolic
envelope is essential. Then, an existence criterion of such orbits follows from
the method of local second moments and scaling, which guarantees an esti-
mate of the total collapse mass from above, that is,

2 2 9
<Z mi(%)) < mu(x0) Z &imi(zg). (29)

We use a new argument to derive the reverse inequality

2 2 2
<Z mi@O)) > m(w0) Y &milo)- (30)
i=1

i=1

Namely, we show the boundedness of the total second moment of the rescaled
solution and use the scaling limit equation. We have, at the same time, the
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formation of subcollapses indicated by Theorem 4. We note that a weaker
estimate of the total collapse mass from below is obtained similarly to the
single component case, that is, either (30) or

mi(zo) > &ma(zo), i=1,2 (31)

by the logarithmic HLS inequality. Inequality (30), however, is eventually
selected for (19) to be established.

The proof of Theorem 5 is based on the fact that the interaction between
two-components is neglected in the collapse mass estimate from above for
radially symmetric solutions. Then Theorem 6 arises with the total mass
conservation of each component of the solution.

This paper is composed of five sections and two appendices. In §2 we
take preliminaries and prove Theorem 1. We show Theorem 2 in §3 and
then Theorems 3 and 4 in §4. Theorems 5 and 6 are proven in §5. In
the first appendix, we show that either (30) or (31) holds by the previous
argument used in [26]. The second appendix is devoted to some criteria for
mass separation and simultaneous blowup.

Concluding this section, we note that the proof of the above theorems are
valid even for the multi-components case, that is, a system of Smoluchowski
equations

Ou; = d;Au; — x;V -u; Vo in Q x (0,7)

ou; ov
d; £y —Xiuia—o on 90 x (0,7T)
Uil,_g = uio(x) >0 in €, (32)

1=1,2,---, N, coupled with the Poisson equation:

1 v ol
—Av:u——/uda?, — =0, /vdm:O, u = Uj.
12 Jo P Q ;

Here, Q C R? is a bounded domain with smooth boundary 9Q, d;, x;, i =
1,2,---, N, are positive constants, and v is the unit normal vector.

Thus we have the local-in-time existence of the solution and blowup cri-
terion (16). Next the simultaneous blowup

T <400 = hTI}lHuz(yt)Hoo =400, 1=1,2,---,N
t

occurs in the parameter region

2
(ZM) <47TZ&)\1', vJ c{1,2,---,N}, 8J=N —1.

i€J icJ
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We have finiteness of the blowup set S defined by (17) and the formation of
collapses:

u;(z, t)de — Z mi(x0)0z, (dz) + fi(x)dx, i=1,2,--- N (33)
ToES

in M(Q) as t T T, where m;(z¢) > 0,i=1,2,--- , N, are constants satisfying

m(zo) = Zmi(xo) >0

and 0 < f; € LY (), i =1,2,--- , N, are smooth functions in Q\ S.
Letting & = d;/xi, i = 1,2,--- , N, it holds that

N 2 N
(Z mi(%)) = m..(x0) Y _ &milo) (34)

and

zl(y,ers')dyAmz(xo)(so(dy), 1= ]-aza"' aN (35)
in C,(—00, +00; Mo(R?)) as s’ T +oo for any zg € S, where z; = 2;(y, s),
i=1,2,---, N, are self-similar transformations of u; = u;(z,t) defined by

(22), which implies

N
ltiTHTI(T — )l )| L @nBeopT—ry/zy = +00, w=Y u;  (36)
=1

for any b > 0. If u; = w;(|z|,t),i=1,2,--- , N, we have

(Z mi(0)> <81y &m;(0)

ieK iceK

for any K C {1,2,--- , N}, K # 0, besides (34), g = 0.
The solution exists global-in-time, provided that

2
<Z)\i> <4rd &Xi, VK C{1,2,--- N}, K #10),

icK i€k
where \; = ||uio|l1, 4 = 1,2, , N, while its blowup occurs if
N 2 N
(Z Ai($0)> > m.(x0) Y &Ni(wo)
i=1 i=1

H|{E — x0|2ui0||L1(QmB(1072R)) < 1, Vi = 1,27 e ,N (37)
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for some g € €2, where \;(zg) = lwioll L1 (2N B (w0, R))-
In the case of u; = u;(|z|,t), ¢ = 1,2,---, N, we obtain the following.
First, the other blowup criterion than (37) arises, that is,

<Z )\i(O)> > 81 ) &ixi(0)

€K €K

|z — @o[*wioll L1 (@M B(zo2r) < 1, Vi€ K

for some K C {1,2,--- , N}, K # () implies T' < +00. Next, we obtain always
the simultaneous blowup

lim||ui(~,t)||oo =400, Vi=1,2,---,N.
T

A collapse mass my = my(0), k =1,2,--- , N, on the other hand, vanishes if
& > 2&, for any i # k and

|ukoll1 < 87 Ef;i}g(fi —2&).

Consequently, we have mass separation, for example,
my =8y, m; =0, Vi=1,2,--- /N —1,
provided that
&>2¢, Vi=12,--- N-1,Vi=j5+1,--- N,
and furthermore,

H“JOHI <87Ti:jﬂln N(61_2fj)7 V] :1727 7N_]-

2 PRELIMINARIES AND PROOF OF THEOREM 1

We begin with a description of the variational structure of (ISP). Let v =
(—A)~tu stand for (9). First, the total mass conservation follows from (1)
and (2) in each component of the solution:

wi(, )l = luioll = Ay, i=1,2. (38)
Next, we obtain
8tu1 =V- U1V(d1 10gu1 — le) in  x (O,T)

Ul%(dl logu; — x1v) =0 on 90 x (0,T) (39)
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by (7), which implies
d 2
T diur(logur — 1)dx — x1(v,u1) = — | w1|V(dilogur — x1v)| dz,
Q Q
where (-,-) denotes the L2-inner product. Similarly, it holds that

d
%/ daus(logug — 1)dx — x2(v,uzs) = —/ us|V (d2 log us — x2v)|*dz,
Q Q

and hence

d 2 1 .
o7 {/Q ;{iui(logui — 1ldx — 5((—A) u,u}}
2
= —/ > xi il V(dilog u; — xv)|* da
Q=

=——((-A)"! .
(0, 00) = 55 ((~A) ", w)
We thus obtain the following lemma using free energy (40) derived in [35].
Lemma 1 Total mass is conserved for each component of the solution, in-
dicated by (38), and also the decrease of the free energy:

d
PTGt (u1,u2) <0

in (ISP), where

2 1
f§1,52 (Ul,UQ) = Z/ §,ul(log Uy — l)dx — 5((—A)*1u,u> (40)
i=1 7%
for w =uy +ug (recall (13)).

Here we prescribe a parameter region of (£1,&2) which ensures the loga-
rithmic HLS (or dual Trudinger-Moser) inequality

inf{}}l,&(ul,uQ) | u; > 0, Hul||1 = )\,‘, 1= 1,2} > —00. (41)
First, the condition

2 2 2
(Z /\i> < SWZ&M, Ai <8, i=1,2 (42)

=1



SIMULTANEOUS BLOWUP AND MASS SEPARATION 15
implies
inf{ﬁflvfz(ulv’l‘@) | U > Oa Huz”l = )‘iv 1= 1v2} > —00, (43)

where

2
]2—51,&2 (u1,uz) = Z/Qﬁiui(log u; — 1)dx
=1

1 1 1
—— — log ———— dxda’
2//Q><927T og|$_xl|u®u rdx

for u = uy + uz and (u ® u)(z,2’) = w(z)u(z’). This property is proven in
[30], by using the logarithmic Hardy-Littlewood-Sobolev inequality

1
2// F(z) log—— G(2') dadx’
QxQ (=) |z — 2| ()
g/(1—a)FlogF+aGlongaz+C’a, 0<a<l,
Q

valid to

F.G>0, /Fdac:/Gd:L‘:L
Q Q

and an inequality derived from linear programming.
Second, we deal with (ISPD), which denotes the system of equations
combining (1) and (2) with

—Av=u, vlyo=0, u=us+us. (44)

In fact, for this system we also have conservation of total mass (38) and a
decreasing free energy

d -
%]:51752 (uhu?) <0, (45)

where

2
- 1 .
Fey 6o (ur,uz) = Z/ &ui(logu; — 1)dz — 7/ G(z, 2" Yu @ u drdx’
' =179 2 JJaxe
with u = u; + ug. Here, G = G(z,2’) is the Green’s function to (44) which
satisfies

1 1
< —log— +C 46
— 27 Og\x—x’|+ (46)

with a constant C' = C(Q). Hence it follows that

G(x, ")

inf{Fe, ¢, (ur,uz) [ >0, |Juglls = \i, i =1,2} > —o0
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under the assumption of (42). If a slightly stronger condition holds for the
total masses of the initial value, that is

2 2 2
(ZA) < SWZ&')\“ N\ < 87&;, i=1,2 (47)
=1

i=1

for A; = ||uiol|1, ¢ = 1,2, then we have that

2
Z /Q &ui(logu; — 1) de < C (48)
i=1

by (38) and (45), where (uy,u2) = (u1(-,t),ua(-,t)) is the solution to prob-
lem (ISPD), and C > 0 is a constant independent of ¢ € [0,7). (See the
argument for the proof of Theorem 12.)

Now the following theorem is obtained, similarly to the case of a single
component [1, 11, 21], using an iterative scheme, Gagliardo-Nirenberg’s in-
equality, and an inequality due to [2], that is, (22) (see also Lemma 4.1 of
32)).

Theorem 7 ([35]) If (47) is the case, it holds that
2
T = +o0, limsupz lwi (-, ) |loo < 400 (49)
-

for (ISPD).
Inequalities (45) and (46) imply
Fereo(ur,up) <C, t€[0,7).

Here we write

1
—// u®u log|r — 2| deda’
am J Jaxa

2
1
= E bib~// pi ® p; loglz — 2’| dedx’
A7 J Ox0 J | |

ij=1

using b; > 0, i = 1,2, where p; = u;/b;. Then we examine the criterion due
to [30] (the main theorem), concerning the boundedness of

2
Z Qij // pi @ pj log|x — '| duedx’
QxQ

i,7=1

2
U(p1,p2) = Z/Qpi log p; dx +
=1



SIMULTANEOUS BLOWUP AND MASS SEPARATION 17
defined for p; > 0 with ||p;|1 = M;, i = 1,2, where

Ai 1
pd Ajj = —
bi’ J 47

In fact, since a;; = b?/(4m) > 0 this property is controlled by

2

icJ i,jE€J icJ
Thus the above ¥ is bounded below if and only if
Aj@®M;) >0, VYJC{l,---,N}, J#0, N=2,

M, = bib;.

that is,

(3

2 ’ 2 )\i 8 .
<Z;)\> SSW;IZ’ A< i=1,2 (50)
Using
/ pilog p; de = l/ u; logu; dor — ﬁlogbi,

K2

we obtain the following lemma.

Lemma 2 Under the assumption (50) we have

i/ﬂ(ﬁi — b%)uZ logu; de < C, t€][0,T)
for (ISPD).
In case A\ < 87&;, we can find b; > 0, ¢ = 1,2, in (50) by taking
0<b1—£i1<<1, 0<b <1.
Then it follows that
5/9111 loguy dr < /Qquogug do + 61

with 0 < § <« 1. The reverse inequality is similarly obtained if Ay < 87&s,
while the inequality in (49) holds if and only if

2
sup [[(uilogu;) (-, )|y < C
te[O,T);

with C' > 0 independent of t (see, for example, [32]). We thus end up the
following theorem by (16).
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Theorem 8 If
A < 87, 1 =1,2, (51)

then we have (11) for (ISPD).

Here we note again that the case T' < 400 can arise in the parameter region
(51) with

2 2 2
i=1 i=1

(see Theorem 10).
To handle the original system (ISP), we use the fact that the Green’s
function G = G(z, ") of the Poisson equation

=0, /vdsz
0N Q

+C’ (52)

1 ov
v=1u Q) /Qu T, 5

satisfies

1
Gz, z') < =1
(‘T7x)—ﬂ_ Og|x—$/|

with a constant C" = C’(2) determined by Q. In fact, each zy € 9Q admits
a smooth conformal mapping X = X (x) : QN B(zo,2R) — ﬁi_, 0<Rk1,
where R2+ stands for the upper half-plane and 0 < R < 1. Then the following
relation arises

1 i 1

, 1
-~ log 4 log
Gl ') = g los T or 8 X () — X (@)

X (z) — X ()] " 27 + K(z,2") (53)

with

K = K(z,2') € C*T%(Q N B(zo, R) x QN B(xo, R))
N C%*9(Q N Bz, R) x QN B(z, R))  (54)

for 0 < 6 < 1, where X* = (X1, —X3) for X = (X1, X5) (see [32]). The case
xg € () is easier, and it holds that
1

G(z,2') = —log

- 1K !
o |x—x’|+ (z,z") (55)

with

K = K(z,2') € C**%%(B(xzo, R) x B(xo, R))
N %1% (B(z0, R) x B(zo, R)). (56)

By a standard covering argument, these relations imply (52). Then we obtain
the following lemma.
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Lemma 3 For the free energy Fe, ¢,(u1,us) defined by (40), if

2 2 2
(Z Ai) < 4WZ§i)\i7 N <A4Ar&, i=1,2
=1 i=1

it holds that

inf{}'&@(ul,w) | u; > O, Huz”l = )\i, 1= 1,2} > —00. (57)

This lemma implies the following theorem and also Theorem 1 similarly to
Theorems 7 and 8 derived from (46), respectively.

Theorem 9 We have (49) in (ISP) if

2 2 2
(2:&><QME:QM,&<4ﬁ@i_LZ (58)
i=1

i=1

We proceed to a weak form of (ISP) derived from the symmetry of the
Green’s function, G(z,z’) = G(«2',x). Thus we take ¢ = p(z) satisfying

_ 89@
peC*Q), == =o, (59)
o |gq
to confirm
d
— [ wmpdr—dy | miApdr=x1 | u1Vv-Vpdr
dt Jo Q Q
d
— | ugp dax — d2/ usAp dx = XQ/ usVou - Vo dx,
dt Jo Q Q
and hence
d 2 2
-1
- X; Ui| @ dr— / Eu; | Ap dx
1
= / uVv -V dr = = // pot ® u drdz’ (60)
Q 2 JJaxa
with

po(z,2') =Vp(z) V,G(z,2") + Vo(a') - Vo Gz, 2').
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The weak form (60) can be used to derive a blowup criterion. The ar-
gument is similar to that of [27], using (53) (see also [32]). First, we take a
nice cut-off function introduced by [26] (see also [32]), which is denoted by
© = ¢zo.r(7) for g € Q and R > 0. It is a C*°-function with support radius
R > 0, equal to 1 on QN B(zg, R/2), and satisfies 0 < ¢ < 1, (59), and

Vel O(R™™2,  [V2] < O(R™%)p™ (61)
as R | 0. Here, we note the property
2
lim 7z ||l =0l Vel + o = o |72 do =0, (62

In fact, if ¢ € € the above ¢ = ¢, g is a scaling of a fixed function with
respect to R, and therefore, (62) is easy to see. If zy € 9 is the case, just

the above-described conformal mapping X : Q N B(z,2R) — ﬁi is involved
other than the scaling, in constructing ¢ = ¢,, r (see [32]). Then, relation
(62) is proven similarly.

Given zg € Q, we take ¢ = |x — z|?@u,.r(x) for R > 0. Let B =
B(\1,A2) > 1 be a constant determined by A;, ¢ = 1,2, and let

le u;(z,t)
/|x—xo| (@ 0p20.n(z) d

Miy() = /Qul(a: Dnn(z) dz, i=1,2

2 2 2
t) =4 &Mp(t) - % <Z M}é(t)) +8BR ' Iir(1)Y2.
=1 =1

Then, we can derive

%(t) < Jr(0) + a(R™''/?) + BRIz (t)!/?

for a(s) = B(s? + s), which implies T = Tj,ax < +00 in case Jr(0) < 0 and
Ir(0) < 1. Given xg € 99, on the other hand, we take ¢ = | X (x)|[*ps, r(T).
Then we can argue similarly, and in particular, obtain the following theorem.

Theorem 10 We have T' < o0 in (ISP) if

2 2 9
(Z Ai(mo)) > m (o) Z &iAi(wo) (63)
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and
/ |z — zo|*uio(z) de < 1, i=1,2,
QNB(z0,2R)

where Ty € Q and )\7;(.1‘0) = HuiOHD(QmB(mO)R)), i=1,2.

3 PROOF OF THEOREM 2

In this section, we show the finiteness of the blowup set S and the formation
of collapses indicated by (18).

The first observation is that inequality (58) holds for 0 < A1, A2 < 1, and
therefore, 0 < A1, A2 < 1 implies (49). This property was observed in [16]
for the case of a single component. Then, an e-regularity is proven by the
method of localization [26], that is, taking the above ¢ = ¢, r to localize
the global-in-time existence result of [16].

This method is applicable to (ISP), and we obtain the following lemma.
Henceforth, (u1,u2) = (ui(-,t),uz(-,t)) denotes the solution to (ISP) with
T < 4o0.

Lemma 4 There is €9 > 0 such that

2
1il?§}lpzXf1||uz'('7t)HLl(QnB(zO,R)) <eo (64)
=1
implies
2
liniléupz l[wi (-, )| o< (@ B0, R/a)) < +00, (65)
y 1=1

where g € Q and 0 < R < 1.

For the proof, first, we derive

2
lim supZ/ u; logu; dr < 400 (66)
= JonB(we,R/2)

from (64) with 0 < g9 < 1. Then, (65) is obtained by an iteration scheme.
In this process of localization, the cut-off function ¢ = ¢, r, o € Q, R > 0,
satisfying (59) and (61) is used.

The weak form (60) implies an estimate, which may be called the mono-
tonicity formula. More precisely, we have p, € L>(Q2 x Q) in this formula
(see Lemma 5.2 of [32]), and hence

2
d 2 _ 2 1 2
§Z/Qxi Yugp da| < lZmi Al + 5 lIpplc (in .
=1 i=1

i=1
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The following lemma is thus obtained.

Lemma 5 There is C' > 0 such that

d
— [ dpd
dt/ﬂugp i

for any ¢ = (x) satisfying (59), where 4 = Xl_lul + x;luz.

< CIVeller g

A direct consequence of Lemma 5 is the existence of an extension of
p(dx,t) = a(z,t)de, 0 <t < T, as

u(de, ) € C.([0,T): M(%)).
We have, in particular,
R0

p({zo}, T) = limlir?T;up”ﬁ('at)”Ll(QnB(zo,R))

= limlimint (.0 11 o (eo )

for each zy € Q. Lemma 4, on the other hand, implies

ro €S = limlimsup ||[a(-,t)| 1 (@nB(z0,R)) = €0,
R0 g

recalling (17), and hence
,u({xo},T) > €0, Vzg € S.

Since p(2,T) = A, we obtain the finiteness of S. Thus the following lemma
arises similarly to the case of a single component [26], that is, the formation of
collapses of i(x, t)dz derived from Lemmas 4 and 5 and the parabolic-elliptic
regularity.

Lemma 6 IfT < 4oo in (ISP), it holds that S < +oo and

i(x,t)de — Y 1i(w0)0x, (dr) + f(z)dx (67)
ToES

in M(Q) ast 1T, where i (xg) > &g is a constant and 0 < f=flx) e LY(Q)
is a smooth function in Q\ S.

We are ready to prove Theorem 2. First, we take ¢ satisfying (59) and
Ve =0 near S. For such ¢ = ¢(x), it holds that
d

— | updx= / u; Ap +u; Vo - Vo dx
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d
= i0d
dt/ﬂugpx

with a constant C,, because (u1, uz,v) = (u1(z,t),uz(z,t),v(x,t)) is smooth
in (Q x [0,7])\ (S x {T}) from the elliptic-parabolic regularity. Since §S <
+00, the set of such ¢ = ¢(z) is dense in C(2). Therefore, like @(x,t)dz, the
measures u;(z,t)dx, i = 1,2, are extended as

wi(dz,t) € C.([0,T], M(Q)), i=1,2,

and hence
/ .
<C,, i=1,2

using (38).

Since fi(dz,t) = 2?21 x; 'pi(dz,t), the singular parts of u;(dz, T), i =
1,2, are composed of finite sums of delta functions supported on S. We shall
write

wi(de, T) = Z m;(29)0z, (dz) + fi(z)dz, i=1,2
TgES
with m;(zg) > 0 and 0 < f; = f;(z) € L' (2), i = 1,2. Then, it holds that
2
m(zo) = Y x; 'mi(xo) > eo,
i=1
and hence (my(xo), ma(zo)) # (0,0).
Finally, (u1, u2,v) = (ui(x,t),us(x,t),v(x,t)) satisfies

Oy = diAu; — ; V- u; Vo in (Q x [0,T)\ (S x {T}), i=1,2.
Since (7) holds, therefore, the functions u;(x,t) > 0, 7 = 1,2, cannot attain 0

in (Q\S) x {T'} from the maximum principle. Hence it holds that u;(x,T) =
filx) >0,i=1,2,in Q\ S. ]

4 PROOF OF THEOREMS 3 AND 4

Theorem 3 is composed of two inequalities, (29) and (30). First, inequality
(29) is regarded as a localization of the blowup criterion, Theorem 10. For
the proof we use the method of scaling limit developed in the case of a single
component [32, 33, 29]. Henceforth, ¢ = ¢, r denotes the cut-off function
mentioned in the previous section satisfying (59) and (61).

Hence we take the backward self-similar transformations (22), to obtain

8321 = d1A21 - le . 21V(w + 7)

O0sz9 = daAzo — xaV - V(w + =—) in Us>_10gT Qs x {s}

82’1 - 822 o ow -
5757570 on Us>—10gT895X{S} (68)
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and

1 ow
—Aw:z——/ z dy, — :O,/wdy:(), 69
%] Ja, o Jpq, Qs (69)

where z = 21 + 29 and Qg = (T —t)/2(Q — {20}). As s 1 +o0, the domain Q
expands to the whole or the half-spaces denoted by L, according to zo € €2
or xg € 082, respectively. Then, similarly to the prescaled case, any s; T +00
admits {s},} C {s.} and ¢(dy, s) such that

2(y, s+ si)dy — C(dy,s) in Cy(—00,+00 : Mo(R2)), (70)

where 2 = x7'21 4+ x5 ‘22. Here, we recall that the 0-extensions of z(y, s)
are taken where it is not defined. Hence this ( = ((dy, s) has a support
contained on L. We recall also that Mo(R?) = Co(R?)’, where Cy(R?)

denotes the set of continuous functions on R2 = R? U {00} vanishing at oo.
In fact, first, we have

lzi(,8)llh =X, i=1,2. (71)
Next, the Green’s function to (69) is given by
Gu(y,y) = Gle*Py + w0, e~*/%y + )
where (53) is applicable. In the case of z¢ € €, we thus use

d

ds

/ PL) dy‘ < Cyp (72)
R2

valid for ® = ®(y) € CZ(L). In the other case of xy € 01, we take
the conformal mapping X : QN B(zo, R) — R? described in §2 and put
Y (y,s) = e/2X (e=*/?y + x¢). Let Cg(ﬁi) be the set of C2?-functions on L
with compact supports. Given

—2 0
(=GR, o] =0,
Yy lor2
we take @5, = ( o Y (-, 8), to obtain
d
20 <
7 /Q 20, dy’ < Cs (73)

(see [32]). Then inequality (71) with (72) and (73) for zy €  and zy € 09,
respectively, implies the desired convergence (70).
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We have also the component-wise convergence of z;(y, s)dy, i = 1,2. In
fact, taking subsequences of {s}.} denoted by the same symbol, we have

zi(dy, s+ s},) — (i(dy,s) in L°(—o0,+00; Mo(R?)), i=1,2 (74)

with the limit measures ¢i(dy, s), i = 1,2, of which supports are contained in
L, where

L°(—o0, +oo;/\/lo(R2)) = Ll(foo, +00; CO(RQ))’.

This convergence guarantees

¢(dy, s) Z Gi(dy, s)

{(dy, s) ZXZ Gi(dy, s)
¢(dy, s) Z@g (dy, s)
Ci(L75) S mi(ﬁﬁo), 1= 1,2 (75)

for a.e. s, recalling (18).
The estimate

d 2

@ J, Fron i@ t) do) S GRS 0< R< 1,

on the other hand, is derived from Lemma 5 concerning the prescaled solu-
tion, which ensures the parabolic envelope similarly to the case of a single
component [32]. More precisely, it holds that

(a0, R, U2, 8)dx) = (uq,r, ildz, T))| < C7 (T — t)R™?

for 0 < t < T. Here, putting R = b(T — t)*/?, we make ¢t 1 T and then
b1 +o0. It follows that

L,s)= ZXi_lmi(xO)v (76)

and hence

Ci(L, S) = mi(xo), 1= 1, 2 (77)
for a.e. s by (75) and (76).
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In case L = R%r, we use even extensions of (;(dy, s), ¢ = 1,2. Henceforth,
we handle with such ¢;(dy, s), i = 1,2, denoted by the same symbols, defined
on L = R? and put

((dy, s) th dy, 5)

{(dy, s) Z X; 'Gi(dy, 5)

{(dy, s) Zg Gi(dy, s)

Then it holds that

Q
G i) = e, 33 S

These measures make up a weak solution to

2
0s2=AZ—-V_. ZV(F*2+|y|) in R? x (—o0, +00)
1 1
I'(y) = — log —, 78
) = g loa (78)

where z = E?Zl ziand Z = E?Zl &;z;. This property is formulated as follows,
using

X=CyR2xR2) @ [(Co(R?) @ R) ® R] @ [R @ (Co(R2) & R)).
First, let £ be the closed linear hull of
o ={py +¥ |9 € Ci(R?), ¥ € X} € L®(R* x R?),

where Cy(R2 x R2) is the set of continuous functions on R2 x R? vanishing on
R2 x {0} U{oo} x R2. Then, the mapping s € (—oo, +0) — (p,((-,3)) € R
is locally absolutely continuous for any ¢ € ). There are, furthermore,

2
0<K= ]C(a '78) € glv ||’C yy S ||5’ = (Z X_lA > a.e. s

and

0< ¢ e L¥(—o0, 400 Mo(RY)), C(R%s) <3 N,

2
0 < (€ (=00, +00; Mo(R?)), ((R%s) <> &M,
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satisfying
K:('a N S)|X = C(dyv S) Y C(dy/a S)

@ o, Cldy ) = (B, Eldy, ) + Gy - Vi ()

1

+§(p2,,IC(-,-,s)> (79)

for a.e. s, where
Py =pe(y,y) = VI —y') - (Ve(y) — Vo).
Now, we take the scaling back transformation used in [33]:

Cildy,s) =e PA;(dy',s"), i=1,2

s = 6_8/2y, s = —6_8/2.

Then, we obtain a weak solution to
O A=AA—V-AVIl'* A in R2x (—o0,0),

where

Then it holds that
Ai(R%8") = Gi(R?,5) = m} (x0).

Next, we take the translation limits as in [29]. Thus any s; T +0o admits
{s}.} C {sk} such that

A(dy,s —s},) = B(dy,s) >0 in C.(—o00, +00; M(R?))
Ai(dy, s — sp,) = Bi(dy,s) >0 in L°(—o0,+o0; M(R?)), i =1,2

with the limit measures B;(dy, s), i = 1,2, and

B(dy, s) Z X; 'Bi(dy,s),

where M(R?) = [Cy(R2) @ R]’. Since the space M(R?) envelopes the total
masses of A;(dy,s), i =1,2, it holds that

B;(R?,5) = m}(x0), i=1,2.
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These measures form a weak solution to
9B=AB—-V-BVIl'*B inR? x (—oc0,+00), (80)

where B = By + By and B = &1 B1 + & By, Then, we argue similarly to
the case of a single component [19] (see also [32]), using a smooth function
c=c(s), s >0, satisfying 0 < ¢/(s) <1, =1 < ¢(s) <0, and

[ s—1, 0<s<1/4
c()—{(), s> 4.

We have C,§ > 0 such that if

2 2 2
1 * *
Oy = Py (; m; (x0)> - 4;@-7711- (z9) > 0,

it holds that
d A .
£<C(|yl2) + 1, B(dy, s)) < Cle(ly|*) + 1, B(dy, s)) — bo.

for a.e. s. Therefore, if

(e(lyl*) + 1. B(dy,0)) <n =
is the case, we obtain
(c(lyl®) +1,B(dy,s)) <0,  s>1,
a contradiction. Hence it holds that
(e(lyl*) + 1. B(dy,0)) = . (81)

Equation (80), on the other hand, is invariant under the scaling transfor-
mation
B;u(yv S) = u2Bi(uy7N2$)7 1= ]-7 23
where 1 > 0 is a constant. Since C,§ > 0 are absolute constants and o,

is invariant under this transformation, inequality (81) applied for B! (dy, s),
1= 1,2, takes the form

(e(lyl*) +1, B*(dy, 0)) = (c(u>[y[*) + 1, B(dy,0) > 1, (82)

where
2

B*(dy,s) = > _ x; 'Bl'(dy, s).

i=1
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However, since 0 < c(u2|y|?) +1 < 1 and

lim c(u ?|y*) +1=0, VyeR?
pul+oo

we obtain n < 0 by the dominated convergence theorem, a contradiction.
Hence it holds that o, < 0, that is, (29).

For the proof of (30), we use the total second moment of the scaled so-
lution. First, similarly to the scalar case [25, 22] (see also [33]), Lemma
5 applied to ¢ = |z — x0|2g0:,30, r implies the convergence and the uniform

boundedness of the global second moment of (A (dy, s):
0 < {Jy*,C(dy, s)) = I(s) < C (83)

with a constant C' > 0. If zy € 99, we modify the above ¢ = |z — o|*@x,.Rs
using a conformal mapping as in the proof of Theorem 10. Then, we obtain

dl
7 = nin xi I — o(x9), a.e. s € (—o0,400)

by (79), where

o(xg) = 1 (Z mi(x0)> — 4Z§imi($0).

Then it follows that

I(s) < max x; ' - o)

from (83). Then, since I(s) > 0, we obtain (30). 1

Now we turn to the proof of Theorem 4. In fact, having proven Theorem
3, we obtain o(z¢) = 0, and hence I = 0 which implies

C(dy, s) = C(R?, 8)do(dy), Vs e R.
Then it holds that supp (;(dy, s) C {0}, and hence
Ci(dy, s) = mi(xz0)do(dy), ae. s, i=1,2. (84)
The convergence (74) is thus refined as

2i(dy, s + si,) — (i(dy,s) in Cy(—00, +00; Mo(R?))

similarly to the prescaled case. Furthermore, the limit measures are pre-
scribed as in (84), and hence we obtain (23) in Ci(—o00,+00; Mo(R?)) as
s’ 1 4+00. The latter part of Theorem 4, relation (24), is obvious from this
convergence and (28). 1
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5 PROOF OF THEOREMS 5 AND 6
Let Q = B(0,1) and u; = u;(|z|,t), ¢ = 1,2, in (ISP). In this case, the
blowup criterion (63) of Theorem 10 is reduced to a component-wise condi-
tion [9]. First, we confirm this property, using a method of symmetrization

introduced by [24].
In fact, the Poisson equation (9) is reduced to

o) = /Os (u(s,t) - 3') ds > /0 s (ul(s,t) - |3|) ds,

recalling A = A; + Ay and \; = ||uiol|1, ¢ = 1,2. Then, we obtain

d
/ |z 2uy (2, t) do = / |22V - (d1Vuy — x1u1 Vo) dx
|z <

dt |z| <t
= / |x\2(d1ulr — X1U1vy) ds — / 2z« (d1Vuy — x1u1 Vo) dx
|z|=¢ |z|<t
= / Zz(dlulr — x1u1Vy) — 2dy (z - v)uy ds + 4dy / u dx
|z|=¢ |z| <2
¢
+47Tx1/ r?uqv, dr
0
for 0 < ¢ <1 and r = |z| with
/ (diury — X1U10r) ds = V- (d1Vuy — x1 Vo) dx
|z|=¢ lz|<e
d
= — uy dr
dt Jz)<e

and

14 £ T )\
/ r?uyv, dr < —/ ruy(r,t)dr / s (u1(s7t) - ) ds
0 0 0 €2
1 /* Lo 5
=—= t)d — t) dr.
5 /0 rui(r,t) dr p + 2|Q|/0 rouq (r,t) dr

Thus, it follows that

d d
a/ |lz|?u;(x,t) do < 52%/ u;(z,t) dx +4di/ u;(z,t) do
|z <e || <e || <€

2
Xi XiA 2
-5 i(r,t) d i(z,t) d 85
zw{/md”(m ) x} TR o 1) (85)

|z|<t
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for i = 1.

This inequality is also valid to i = 2, and thus we obtain the following
theorem. Here, differently from Theorem 10, the blowup criterion is taken
only for one component.

Theorem 11 ([9]) Given a radially symmetric solution, let A; = ||uiol|1 and
& =di/xi. If \i > 87w&; and |||z)|*uioln < 1, then u; = u;(|z|,t) cannot exist
global-in-time, where i = 1, 2.

To prove Theorem 5, we derive

/ |z ?u; (2, t) do
|z| <t
ta
g
t1

XiA
12| Jjz1<e

t=to t=to

< [E /xldui(x,t) dx]

4di/ ui(x,t) doe — &( ui(z,t) dx)?
|z|<t 27 )|z <e

t=t1 t=t1

|| u; (2, 1) dz] dt

from (85), where 0 < t; < t2 < T. Using the backward self-similar transfor-
mations (22) with xg = 0, this inequality means

[ wmwea|  <|e [ e dy
ly|<€e—s/2 ly|<€e—s/2 s=s1
* Xi

JF/ e’ 4di/ 2i(y,s) dy — 5=( zi(y, s) aly)2
S1 ly|<te—s/2 2m ly|<te—2/2

i
+ X2, / ly?2i(y, s) dy| ds
€| |yl <le—s/2

for —logT < s1 < s < +00. Here, we put £ = be‘sl, s1 =58, and so = s’ +1,
to make s’ 1 +o00. Then, convergence (23) implies

EEED) S§=82

§=81

0<ddim; — Xm2, i=1,2,
27

where m; = m;(xg), xo = 0. Since § is finite, it holds that S = {0}, and
hence we obtain (25). I

We may assume ¢ = 1 to prove Theorem 6, that is, & /§2 > 2 and ||uiol|1 <
8m(& — 2&). By &1 /& > 2, as we have noticed, (m1,ms) = (0,87&2) is the
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only point on the curve

2 2 2
(Z mi) =87 &m;
i=1 i=1
satisfying
O§m1§87r§“ 1=1,2, my <8’/T(§1-2£2).
Using (38), on the other hand, we have
mq S )\1 < 87'('(61 — 252),
and hence it holds that
(mla m?) = (07 871-52)'
The proof of Theorem 6 is complete.

A A TOTAL COLLAPSE MASS ESTIMATE FROM BELOW

Here we confirm that the localization of Theorem 9 concerning the existence
of a global-in-time solution implies either (30) or (31). This argument is used
for the single component case [32, 33, 29], which, however, does not provide a
sharp inequality in the multi-component case. Inequality (30) is thus always
selected. We note, however, that (31) is also true for radially symmetric
solutions, which has not been known for the other case. If it is valid, then

Theorem 6 holds even for non-radially symmetric solutions.
First observation is the following lemma.

Lemma 7 Given g € S, let ¢ = pzr, 0 < R < 1, and let 4; = u;p,

1 =1,2. Then, it holds that
limsup Fe, ¢, (41 (-, 1), U2(-, 1)) < +o00.
T
Proof: From (39) it follows that
/ u1¢(dy logur — x1v)p dz
Q

= —/ u1V(dyloguy — x1v) - V[(d1 loguy — x1v)p]dx
Q

= —/ u1|V(dy loguy — x1v) 2
Q

—uq(dy loguy — x1v)V(dy logu; — x1v) - Vo dx

IN

—/ up(dy loguy — x1v)V(dy logu; — x1v) - Ve dz.  (87)
Q
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We have SNB(xg, 2R) = {z¢} for 0 < R <« 1, and then the right-hand side is
estimated from above by a constant independent of ¢, using parabolic-elliptic
regularity of (uy,us,v).

Henceforth, C;, i = 1,2,--- ,6, denote positive constants independent of
t and R. First, the left-hand side of (87) is equal to

/ ure(diloguy — x1v)p do = / U1¢(dy log iy — dilog g — x1v) dz
Q Q

_ . d
= / U1¢(dy log iy — x1v) do — 7 drui(plog ) dx,
Q tJa

which implies

d - N - d
—/ dyuy(log @y — 1) doz — x1(v,a1) < Cq + 7/ dyuq(plog @) dx.
dt o, dt o,

Similarly, it holds that

d

- - . d
o / dotia(logtia — 1) dx — x2{v, ter) < Co + —/ dous(plog ) dx
t o dt Jq

and hence

2 2
d d
S Gig(log i — 1) de — (v, i) < Co+ — [ |3 &us| plogp da
dt/ﬂi_lgmz(oguz ) dx — (v, 1) < 3+dt ; L_l @m] plogy dx

Here, the parabolic-elliptic regularity ensures

(v, ) = (pv, pur) + (1 = @)v, pur) = (pv, pur) + O(1)

and also

for h = h(x,t) satisfying
2]l o (@x (0,1)) + |t Lo (2x (0,1)) < Ca-
Therefore, from the elliptic regularity it follows that
pv=(=A)""(pu) +g
with g = g(z,t) such that

191l Lo (2% 0,7)) + |19¢]l Lo (2% (0,7)) < Cs. (88)
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Hence we obtain

(@, 0) = (@, pv) +O(1) = (@, (~A) " a+g(- 1)) + O(1)
2, (~8) M)+ (i, ) — (i g) +O(1)
1d . 1
= S (-a) ) +
by (38) and (88). We thus end up with

< .g) +0()

d d 2
il T1 (- ). 1o (- < ol (- 1
dtfsl,sz(ul(,t)m(»t)) <Cs + dt/Q LE_IEzuz(,t)] @log ¢ + ugy du,

and then (86) follows from (38) and (88). 1

Theorem 12 We have either (30) or (31) for any xg € S.

Proof: If these inequalities are not fulfilled, there is o; > 1, i = 1,2, such

that
2 2 2
<Z mi) < mu(xo) Z &imy
i=1

i=1
for any 0 < m; < o;m;(xg), i = 1,2, where & = d;/x;. Then (18) guarantees
the existence of 6; > 1, i = 1,2, such that [|0;4;(-,t)|l1 < o;m;(xy) for
0<T—-t<land 0< R 1.
If xg € 092, we have m, () = 4w. Then Lemma 3 is applicable. We have
that
li%%nff§17§2(01ﬁ1('7t),92’[1,2(',”) > —00. (89)

Combining (89) with (86), we obtain

2
limsupZ/ t;(loga; — 1) de < 400
aT = /e

by 6; > 1, i = 1,2. This inequality implies (66), and hence zo ¢ S, a
contradiction.

In the case of xy € €2, we use Lemma 8 below in stead of Lemma 3.
Actually this lemma is a direct consequence of equality (55) with (54) and
inequality (43) valid to (A1, A2) in the parameter region (42). Then, either
(30) or (31) is obtained with m.(zo) = 8. 1

Lemma 8 If \;, i = 1,2, are in the parameter region (42), then it holds that
inf{Fe, e, (ur,u2) | u; >0, |lwilli = N, supp u; CQ, 1 =1,2} > —o0.
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B CRITERIA FOR MASS SEPARATION AND SIMULTANEOUS BLOWUP

First, mass separation is the case of radially symmetric solution if and only
if the aggregation to the component forming a collapse is slower than that of
the other. It is proven by the same identity used for the proof of Theorem 5.

Theorem 13 Let Q be a disc with center at the origin, u; = w;(|z|,t), i =
1,2, and T < +o0o. Then, there is k € {1,2} such that m;(0) = 0 fori # k
(and hence my(0) = 8w by (19)) if and only if

lim // ug (], t)u; (|2’ |, t)dzdx’ = 0 (90)
T J J\z|<|z’ | <b(T—t)1/2

for any b > 0.
Proof: We have only to use a refined form of (85),

d

— |z|?ui(w,t) do = ¢
dt Jiz|<e '

ui(x,t) de + 4di/ ui(x,t) do

dt Jjz)< e <e

2
) 4 r
X / u;(z,t) de 747r§/ rui(r,t)d%/ su;(s,t)ds
21 | Jywl<e 0 0

XiA
12 Jiz<e

and apply the same argument to the proof of Theorem 11. ]

+ |z|?u; (2, t) do

The final theorem shows that the simultaneous blowup holds even for
non-radially symmetric solutions if one can prescribe the rate of convergence
in (18).

To state the result, let

pi(dz, T) = > mj(20)ds, (dz) + fi(x)dz, j=1,2

ToES
2
w(de, T) = Zui(dsc, T).
i=1

It is proven by the total mass quantization, (19), combined with a linear
analysis to each component w;(z,t), i = 1,2.

Theorem 14 If (25) and

liminf inf f; 1
iminf in )f1>0 (91)

B(zo,r
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in (18), and if

(-, )de — u(de, T pyy = o(T — £)°) (92)
as t 11 with 8 > 1, it holds that

lintlTSTUP llws (-, ) || Lo (2N B(0,R)) = 00 (93)

where tg € S, R>0, and i =1,2.
Proof: The L'-estimate to the Poisson part (9) implies

limsup [[v(-, t)||w1.a) < 400, 1<g<2 (94)
T

by [Ju(-,¢)|l1 = A (see [3]). We recall that this elliptic estimate is derived
from the duality argument, using the boundedness of (—A)~ : W14 (Q) =
Wy (Q) — Lo(Q), £ + L =1, that is,

1(=2)"" flloo < Col flw—r07,

which is derived from Stampacchia’s truncation method. Since we use the
triple Wy 9(Q) < L2(Q) = L2(Q)" — W17 (Q), the space W, ?(Q) is dense
in W=19(Q). We use the Sobolev imbedding W,9(Q) < LP(Q) and the
LP-elliptic regularity with p > 2, which implies the boundedness of (—A)~! :
LP(Q) — C(€). Since LP(Q) is dense in W14 (Q) by the above reason,
we obtain (=A)~! : W14 — (), which implies the boundedness of
(=A)~1: W) = M(Q), 1 < ¢ < 2. Hence (92) implies

[v(-,) = vrllwiage) = o((T = t)7) (95)

for any 1 < g < 2, where

vr(z) = Z m(xo)G(x, zo) +/§2G(x,x’)f(x')da:’

TgES

with m(zo) = Y27, mi(z) and f(z) = 327, fi(x).
Given ¢ = ¢, r with g € S, 0 < R < 1, it holds that

Vo, t)p =V [vlog

E +4w+d@—w%
|z — xo]

in L9(), 1 < ¢<2,ast 1T, where g = g(z) is a smooth function indepen-
dent of 0 < R <« 1 and

| m(xo)/2m, x0€Q
T m(zo)/m,  xo € ON.
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We assume the existence of Ry > 0 satisfying

imasup s ()l = . ) < 20 (96)
Here we use
i/ |z — xo|%0 - uy (2, t)dx
dt /o, o" ¥ - urlT,
= / [diA(Jz — 2020) + x1 Vv - V(|2 — z0>0)|ui (2, 1) da
Q

= /Q[(4d1 + 2x1(x — x0) - Vo) + 4dy (x — zp) - Vi

+di |z — 202 Ap + x1| — 20>V - Vluy (2,t) da.
First, we have ||[V¢|loc = O(R™1), and therefore,
sup / |z — 202 [Vv - Vluy (2,t) dz = O(R?)
tel0,T) JQ
as R | 0. Next, we obtain
sup / [4(x — 20) - Vo + & — x0|*A@]uy (2, ) do = o( R?)
t€[0,T) JQ
by (62). It also holds that
I[4d1 + 2x1(x — o) - Vg
—(4d1 = 2x17)p + [2(2 — @0) - Vglpllq < &)
for 1 < ¢ < 2 with &) = o((T — t)#).
Here, we have

/Q (z — 20) - Vgl dz = O(R),

while (19) with (m1(zo), ma(zo)) # (0,0) implies
2

m(zy) = Zmi(xo) > min{&1m.(z0), &ama(x0) }

i=1
by (25) and in particular, v > 2£;. From the assumption (96), therefore, we
have 0 < A(R) = o(R?), 6; > 0, and 0 < ¢(t) = o((T — t)?) such that
d
7 /Q |z — xo\Qapr’R cuq(x, t)dx
S — / @ - uy(x,t)dz + A(R) + c(t) R
Q

<5 /Q o F1(@)de + o(T = 1)°) + A(R) + c(t)RY/Y
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by (92) with j = 1.
From (91) with ¢ = 1, we have d2 > 0 such that

/Qw - fi(z)dz > 6, R®
for 0 < R < 1. We thus end up with
% /Q |2 — 20| % Pug, i - ua (2, t)dx < —0R? + o(T — )%) + c(t) R/,
where § > 0 is a constant. So we obtain
[l = ol filwde < -7 - 0 + Cort?

T
+o((T — t)1+P) + RY/7 / (1)t (97)

t

We set R = b(T —t)'/? with 0 < b < Cy/8. Then
’ T ’
R/ / o)At = o(T — 1)/7+148Y — o((T — 1)2),
t

holds for 0 < ¢’ —2 <« 1 by 8 > 0. Since 3 > 1, however, the right-hand side
of (97) is negative for 0 < T'— t < 1, which is impossible. Hence (91) with
j = 1 implies
limsup [lu1 (-, )| L @B (o, R)) = 00
T

The proof for the other case, j = 2, is similar. ]
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