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The nonlocal properties of arbitrary dimensional bipartite quantum systems are investigated. A
complete set of invariants under local unitary transformations is presented. These invariants give
rise to both sufficient and necessary conditions for the equivalence of quantum states under local
unitary transformations: two density matrices are locally equivalent if and only if all these invariants

have equal values.
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Introduction. — As a fundamental phenomenon in
quantum mechanics, the quantum nonlocality has been
recently extensively investigated. Nonlocally quantum
correlated states, like quantum entangled states [1] or
states with nonzero quantum discord [2], play very im-
portant roles in many quantum information processing
such as quantum computation [3], teleportation [4], dense
coding [5], cryptography [6] and assisted optimal state
discrimination [7].

Due to the fact that the nonlocal properties, e.g. the
quantum entanglement of two parts of a quantum sys-
tem, remain invariant under local unitary transforma-
tions, they can be characterized in principle by the com-
plete set of invariants under local unitary transforma-
tions. For instance, the trace norms of realigned or par-
tial transposed density matrices in entanglement measure
[8] and the separability criteria [9] are some of these in-
variants. A complete set of invariants gives rise to full
classification of the quantum states under local unitary
transformations.

Many approaches to construct invariants of local uni-
tary transformations have been presented in recent years.
The method developed in [10, 11], in principle, allows
one to compute all the invariants of local unitary trans-
formations, though it is not easy to perform it opera-
tionally. In [12], a complete set of 18 polynomial invari-
ants is presented for the locally unitary equivalence of
two qubit mixed states. Partial results have been ob-
tained for three qubits states [13], some generic mixed
states [14-16], tripartite pure and mixed states [17]. The
local unitary equivalence problem for multipartite pure
qubit states has been solved in [18]. Then the problem
for arbitrary dimensional multipartite pure states are also
solved recently [19]. However, for mixed sates, generally
we still have no operational criteria to judge the equiva-
lence of two arbitrary dimensional bipartite states under
local unitary transformations.

In this letter, we study the nonlocal properties of arbi-
trary dimensional bipartite quantum systems and solve
the local equivalence problem by presenting a complete

set of invariants such that two density matrices are lo-
cally equivalent if and only if all these invariants have
the equal values in these density matrices. These in-
variants can be explicitly calculated and give rise to an
operational way to judge the local unitary equivalence
for nondegenerate density matrices. For degenerate case,
due to the eigenvector decompositions of a given state
are not unique in the degenerate eigenvectors’ subspace,
the approach is no longer operational since the expres-
sions of the set of invariants are not unique. Nevertheless
the set of invariants is still complete in the sense that if,
in a suitable eigenvector decompositions, two states have
the same values of the invariants, they must be equiva-
lent under local unitary transformations. In particular,
we also present a set of invariants that are independent
on the detailed eigenvector decompositions of a quantum
state. These invariants present a necessary criterion on
local unitary equivalence.

The linear space formed by the invariants. — We first
establish a linear space spanned by matrices whose traces
are the invariants under local unitary transformations.

Let H be an N-dimensional complex Hilbert space,
with |i), ¢ = 1,..., N, an orthonormal basis. Let p be a
density matrix defined on H® H with rank(p) =n < N2.
p can be generally written as

p="> " Nilvi)(vil, (1)
=1

where |v;) is the eigenvector with respect to the nonzero
eigenvalue \;. |v;) is a normalized bipartite pure state of
the form:

N N
i) = Z aylkl), aj, € C, Z apag; =1,

k=1 k=1

where * stands for complex conjugation.

Two density matrices p and p’ are said to be equivalent
under local unitary transformations if there exist unitary
operators Uy (resp. Usz) on the first (resp. second) space



of H® H such that
= (UL @ Us)p(Ur @ Un)T, (2)

where  denotes transpose and complex conjugation.

To solve the local equivalence problem of the density
matrices p and p', it is sufficient to find the complete set
of invariants under local unitary transformation Uy ® Us.
Lemma 1. The following quantities are invariants under
local unitary transformations:

J*(p) = Tri(Trap®),

TH(AAD AA]) -+ (ArAD)] )
where s = 1,...,N2, 4,5,k l,...h,p = 1,....,n, Tr; and
Tro stand for the traces over the first and second Hilbert
spaces respectively, A; denotes the matrix with entries
given by (A;)g = al;, i =1,2,--- ,n.

[Proof]. Let U; and Uz be unitary transformations sat-
istying U] = U{U, = U,Ul = UlU, = 1. Un-
der the local unitary transformation U; ® Us, we have
p—=p=U10Us;p UlT ® U2T. Correspondingly, we have
lvi) — |v]) = U1 ®@Usly;), or equivalently A; is mapped to
Al = U, A;UL, where Ud is the transpose of Us. Therefore

AAT = A AU, ATAL =z ATA UL (a)

for any 4,7 = 1,..,n. By using relations (4)
and taking into account that Trolv;)(vi| = AiA;r,
it is straightforward to wverify that J°(p)) =

TrS NTr(v) D] = Tro, MAAT] =
(o), TrI(AAT(ALAT) - (4], A])] =
Tr{Us (AA])(AGA) - (An ADUT] =
Tr[(A;AD)(AgA]) -+ (ARA})]. Hence the quantities in
3) are invariants of local unitary transformations. O

<

If two density matrices are equivalent under local uni-
tary transformations, then their corresponding invari-
ants in (3) must have the same values. Before prov-
ing that if two density matrices have the same val-
ues of all the invariants in (3), they must be equiva-
lent under local unitary transformations, we first claim
that the set of independent invariants in (3) is finite.
In fact, each factor AiA; belongs to the finite dimen-
sional algebra Mat(N), which has a linear basis Ejj,
i,7 = 1,--- ,N. Therefore, denoting 7 the number of
factors like (A;AT) in Tr[(A;AD)(ARA]) - (AnAL)], we
have that 7 is at most N2. Subjecting to the variations
of the subindices i, j, k, [, ..., h, p, there could be many in-
variants of this form. However, 7 may be much less than
N? for given 4, j, k, 1, ..., h, p. For instance for the case of
i=j=k=1. =h = p, 7 takes values from 2 to N
(the case 7 = 1 is trivial since Tr(AiA;r) =1 due to the
normalization of the state |v;)). The same is true also for
the invariants TT[(AIAJ-)(ALA;) . (ALAP)].

Denote the subalgebra of Mat(N) spanned by prod-
ucts of AiA} by

R(p) = span{(A;AD)(ARA]) - - (ApAD)},

1,9,k 0, ....h,p = 1,...,n. Obviously IR(p) is a finite di-
mensional associative algebra. Set m = dim IR(p). Let
{p1,p2,- -, pm} be a basis of the linear space IR(p).
Lemma 2. The metric tensor matrix 2, with entries
given by Q(p)i; = Tr(pip;), 4,7 = 1,2,---,m, is non-
singular.

Proof. We prove by contradiction. If det[Q2(p)] = 0,
then the m row vectors of the matrix (p) are linear
dependent. There exist ¢1,c¢o, - , ¢ € C which are not
all zero, such that

m
ZczTT(plpJ) = Oa .] =1,..,m.
i=1

It follows that
Tr((cipi+capat---+cmpm)pi) =0, j=1,...,m. (5)

Since (A“A;fl e AiTA}T)*L € IR(p) and p; are linear com-
binations of the terms like AilA;L-l -~-AirA;f-T, we have
(c1p1 + capa + -+ cmpm)t € IR(p) and

(c1p1+ cap2 + -+ Cmpm)t = hap1 + haps + -+ + hpm
for some h; € C,i=1,2,--- ,m. It follows form (5) that
Trl(crprtepats - +empm)(ciprteapat: - +cmpm)T] =0,

which implies ¢1p1 + cap2 + -+ + ¢mpm = 0. Hence one

concludes that {p;,7 =1,2,--- ,m} are linear dependent,
which contradicts that {p1, p2, - , pm} is a basis of the
linear space IR(p). O

Actually, one can also prove that if {p;,i =

1,2,---,m} is a sequence of matrices such that
det[Q2(p)] # 0, then {p;,i = 1,2,--- ,;m} is linear inde-
pendent.

The invariants Tr[(AiA;{)(AkAZr) e (AhA;f))] can be
equivalently written as Tr[(A;rAj)(ALAl) e (ALAP)].
Correspondingly one has the linear space defined by

IN(p) = span{(A]A;) (AL A) - (A] Ap)},

i, 5,k 0,....;h,p = 1,...,n, with finite dimension d =
dim IN(p). If {61,602, - ,04} is a basis of IN(p) like
IR(p), we similarly have that the matrix © with entries
given by O(p);; = Tr(6:6;), 4,5 = 1,2,--- ,d, satisfies
det[©(p)] # 0.

Lemma 3. If two density matrices p = > 1 ; Ai|vi) (v
and p' = > \i|v))(V| have the same values for the
following invariants:

Tr((A;AD)(ARA]) - (AR AD)], (6)



i,7,k,l,....h,p = 1,...,n, then the corresponding linear
spaces IR(p) and IR(p’) have the same dimension. More-
over, the bases of IR(p) and IR(p’) have a one to one
correspondence: if (AiA;{)(AkAlT) e (AhA;f)) is a basis el-
ement of IR(p), then (AQA;T)(A%A;T) -+ (A} All) is a basis
element of IR(p"). Similar results hold between the linear
spaces IN(p) and IN(p').

[Proof]. Assume that {p,,a = 1,2,--- ,m} is a basis of
R(p). Each p, has a form of (A;A1)(ApA]) - (A, A}).
Denote pl, = (AAT)(ALAN) - (A4, o =
1,2,---,m. Since det[Q2(p)] = det[Q(p')] # 0 from
Lemma 1 and the condition (6), we have {p,,a =

1,2,--+ ,m} is linearly independent. Hence dim IR(p’) >
dim R(p). In a similar way one can prove that
dimR(p) > dimIR(p’).  Therefore dimIR(p’) =

dim R(p) and {p,,,a =1,2,--- ,m} is a basis of R(p’).

Similar results between the linear spaces IN(p) and
IN(p') can be obtained from the expression of invariants
Tr{(ATA4;)(ALA) -+ (A} Ap)]. O

Local equivalence of bipartite states. — We now give
the necessary and sufficient condition for the equivalence
of bipartite states under local unitary transformations.
Theorem Two arbitrary dimensional bipartite density
matrices are equivalent under local unitary transforma-
tions if and only if there exit eigenstate decompositions
(1) such that the following invariants have the same val-
ues for both density matrices:

J*(p) = Tro(Trip®), s=1,..,N% o
Tr((A;AD(ARA]) - (AnAD),

where 4,5, k,l, ..., h,p=1,....,n

[Proof]. We have proved that the quantities in (7) are

invariants under local unitary transformations. We now
prove that these invariants are complete. Suppose that
the states p = Y1 Ni|vi)(vs] and p' = Y00 Al (V)]
have the same values to the invariants in (7). From
J5(p) = J5(p'), s =1,..,N? we have that the two
density matrices p and p’ have the same set of eigenval-
ues, ie. \; =\ fori=1,2,--- n.

Next we introduce the dual ba51s prin IR(p) such that

I,

Tr(pip;) = 0ij. In fact, let Q(p)~" = [Q2¥(p)], then
pi =Y Q7(p)p;. (8)
j=1

By Cramer’s rule Q(p) =1 = |Q(p)| "+ Adj () (p), so Q¥ (p)
are given by polynomials in €2;;(p), consequently p! are
expressed as polynomials in the basis element p;.

Now we study the algebra structure of IR(p). First we
define the bilinear form (, ) on IR(p) by

= Tr(orh), o,7 € R(p). (9)

{o,7)

Then IR(p) becomes a Hilbert space and each operator
pi is bounded under the norm ||p|| = (p, p)'/2. Next we

have

pirs = Y Tr(pipipi)p- (10)
k=1

The invariance of the traces (7) implies that in the alge-
bra IR(p') the element pi* is given by the same formula

as p;:
P =29 (pph =D QY () (11)
j=1 j=1

Moreover p} p] are also given by the same structure con-
stants:

P = ZTT PPk = > Tripipipi)ph-  (12)
k=1

Egs (10) and (12) imply that the map p; — p} gives
an isomorphism from the algebra IR(p) onto the alge-
bra IR(p'). Therefore IR(p) and IR(p’) are two equivalent
representations of the same underlying associative alge-
bra. Thus there exists a non-singular matrix 7" such that
pi = TplT~! for all i = 1,...,m. In particular, we have
AiAZT = TA;A;TT*, i=1,...,m. As AiAI are hermi-

tian, due to the algebraic property (9) and using Theorem
12.36 in [20] we have

A AT = uAl ATt (13)

where u is the unitary part of T in the polar decomposi-
tion.

Similarly from isomorphism of the algebras IN(p) =~
IN(p'), one has

ATA; = wAl Aw', (14)

for some unitary matrix w and all 4.
By using relations (13) and (14) we can show

Ay =uAl(wH) i=1,...,n.

In fact, let w; and w, be the unitary matrices that
diagonize the hermitian matrices AiA;r and AIAZ- re-
spectively, u;A;Alul = diag{n? ,....n3, }, W AT AT =
diag{n?l,...,an}. From the procedure of the singular
value decomposition of matrices [21], we have uiAiu;T =
diag{n;,, .. ,mN} With Ny > 0. From (13) and (14),
we have u;A; A u = U uA’A’TuTu = dzag{nll,. .,nZ-QN}
and w AT At = uiwAgTAngugT = diag{n? ,....,n2, }.
Therefore from singular value decomposition we have

uiuA;wTugT = diag{ni,,...,niy}. Hence we obtain
uiAiu;T = uiuAngugT, ie. A; = uAlw’ = uAdl(w*)t.

Since A; = uAl(w*)t, we have [/)) = ul @ (w*)T|v;),
i=1,..,n,and p' = uf@(w*)" pu@w*. Therefore p’ and
p are equivalent under local unitary transformations. [



From the proof one sees that the invariants (7) are
complete, finite and can be easily calculated. For non-
degenerate states p and p’, the eigenvector |v;) of p cor-
responds uniquely to the eigenvector |v]) of p’. Hence
the correspondence between A; and A is also unique. It
is straightforward to judge the local unitary equivalence
of p and p’ by simply comparing the values of invariants
from A; and A one by one.

For degenerate states, it becomes less operational since
the eigenvector decompositions (1) is no longer unique. If
|vi), i = 1,...,r, are the orthogonal eigenvectors with re-
spect to a same eigenvalue. then |v;) = 3, Uj;|vy) is also
a set of linearly independent orthogonal eigenvectors to
the same eigenvalue for any unitary matrix (U);; = Uy;.
Therefore the expressions of the invariants (7) are not
unique in general. However, by linear combinations of
the invariants in (7) we can get a set of invariants which
does not depend on the detailed eigenvector decomposi-
tions,

Z:,i’,j,j’,...,k,k’:l TT(AZ‘AI'AJ’A;" T AkAich)»
ZT kk/'=1 TT(AIA,L/A;AJ/ e AlAk/)’

Sy,
LZX IRV EW AETERE}

(15)

where the indices {i’,7’,...,k'} is any given permutation
of the indices {i,7,...,k}. Different given permutation
gives different invariants. Since the invariants (15) are
independent on the detailed eigenvector decompositions,
they gives an operational necessary condition for the lo-
cal equivalence, with respect to the subspaces spanned by
the degenerate eigenvectors. If two density matrices with
the same degenerate eigenvalue are equivalent under local
unitary transformations, they must have the same values
of all the invariants in (15). As an simple example, con-
sider p = diag{1/2,1/2,0,0}, p' = diag{1/2,0,1/2,0}.
We have A1 = A} = ((1) 8)7 Ay = (Ah)t = <8 (1)),
From (15) we have that p and p’ are not local uni-
tary equivalent, since Tr(AlAJ{AlAJ{ + A1A£A2AJ{ +
AgATA AL + Ay AT A, AL) = 2, while Tr(A} A AL AT +
ALAT AL AT + AL AT AL AL + AL AT AL AT = 4.

Conclusion and remarks. — We have investigated
the nonlocal properties of arbitrary dimensional bipartite
quantum systems and solved the local equivalence prob-
lem by presenting a complete set of invariants such that
two density matrices are locally equivalent if and only
if all these invariants have the equal values. Although
the independent invariants may vary with the detailed
bipartite states, the number of the invariants one needs
to check is finite. Here we have dealt with the case that
the dimensions of both Hilbert spaces are the same for
simplicity. Nevertheless the case that the Hilbert spaces
have different dimensions can be similarly discussed. Our
approach of constructing local invariants and algebraic
proof of the sufficiency may also shed light on multipar-
tite case, for which only the multipartite pure state case
has been extensively studied [18, 19].
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