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Abstract

The present paper is concerned with the existence of multiple solutions for
semi-linear corner-degenerate elliptic equations with subcritical conditions.
First, we introduce the corner type weighted p-Sobolev spaces and discuss
the properties of continuous embedding, compactness and spectrum. Then,
we prove the corner type Sobolev inequality and Poincaré inequality, which
are important in the proof of the main result.
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1. Introduction

Write Ml = [0, 1) x X %[0, 1) as a local model of stretched corner-manifolds
(i.e. manifolds with corner singularities) with dimension N = n +2 > 3.
Here X is a closed compact sub-manifold of dimension n embedded in the
unit sphere of R"*1. Let My denote the interior of M and M = {0} x X x {0}
denote the boundary of M. The so-called corner-Laplacian is defined as

Ay = (r0p)? + (05,)* + -+ + (02,)* + (rtdr)?,

which is a degenerate elliptic operator on the boundary OM. The present
paper is concerned with the existence of multiple weak solutions for the
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following Dirichlet problem

—Apmu=g(z,u) z:=(r,z,t) € My
u=20 on OM.

Our main result can be stated as follows.

Theorem 1.1. Let g(z,u) : M x R — R be a Carathéodory function with
the following assumptions

(H-1) let g(z,u) be odd, i.e g(z,—u) = —g(z,u);

(H-2) 2 <p<2f= % and there exists a constant Cy > 0 such that the

following estimate holds almost everywhere
l9(2,u)| < Co(1 + [ulP~");

(H-3) For the primitive G(-,u) = [, g(-,v)dv, there exist ¢ > 2 and a con-
stant Ry such that for almost every z € M and |u| > Ry we have

0 < ¢G(z,u) < g(z,u)u.

Then the Dirichlet problem (1.1) admits infinity many weak solutions in the
(Nfl N

corner type weighted Sobolev space ’H;:OT’E)(M).

To show this result, methods of variational theory are employed, which
can be trace back to Ambrosetti and Rabinowitz [1] in 1973, and Rabinowitz
[11] in 1974. In [2], Bartolo, Benci and Fortunato proved optimal multiplicity
results in the case of degenerate critical values. All these results also can
be found in book [15]. Authors studied the Dirichlet problem of semi-linear
elliptic equations on stretched cone in [3] and [4]. The corresponding cone
Laplacian A = (2104,)% + (02,)® + -+ + (0, )%, which is degenerate at
x1 = 0. This kind of operator is a simple example of conical differential
operators. Also the authors studied similar nonlinear problem in [5] for the
edge Laplacian Ag = (210;,)%+ 0z, )2+ - -+ (0x, )2+ (210y, )2+ - -+ (210y,)?
with edge singularity at 1 = 0. On the other hand, the pseudo-differential
operators with conical singularities and edge singularities have been wildly
studied from various motivations by Egorov and Schulze [6], Schulze [13],
Schrohe and Seiler [12], Melrose and Mendoza [9] and Mazzeo [8]. In this
paper, we pursue further study for the existence of solutions to semi-linear
degenerate elliptic equations on manifold with corner singularities. Here the
so called corner Laplacian Ay = (70,)2 + (0z,)? 4+ + (0n,)? + (rty)? is
degenerate at both r = 0 and ¢ = 0, which is named after the local structure



of manifold with corner singularities. R. Melrose and P. Piazza studied the
structure of manifolds with corners in [10]. Schulze discussed the calculus
of corner degenerate pseudo-differential operators in [14].

This paper is organized as follows. The motivation of corner degenerate
Laplacian Apg will be given as first. Then, in section 2, we introduce the
corner type weighted p-Sobolev spaces 7—[;1’(71’72)(1\41) with 1 < p < +oo, the
smoothness m € N and the double weight data ~;, 72 € R. The continuous
embedding, compactness and spectral property of H;n’(“ ’72)(M) will be also
given in section 2. Further, we extend the classic Sobolev inequality and
Poincaré inequality to the corner type weighted Sobolev spaces in section 3,
which are crucial for the proof of Theorem 1.1. Finally, we give the proof for
the existence of multiple solutions for the Dirichlet problem 1.1 in section 4.

2. Corner type weighted p-Sobolev spaces

Let X C S™ be a bounded open set in the unit sphere of Rg“, then the
straight cone is defined as
XAZ{QNUGRnJrl‘HN::OOr%EX}.
z
In general, we can define an infinite cone in R"*! as a quotient space

X2 = Ry x X)/({0} x X),

with base X. By using the cylindrical coordinates in R™*!\ {0}, the coor-
dinates (r, ) € X2 \ {0} are the standard coordinates. This gives us the
description of X2\ {0} in the form R, x X. The stretched cone is defined
as

X" =R, x X.

Set (r,z) € X". Tt is sufficient to consider the case for 0 < r < 1, which
gives us a finite cone

E=(0,1) x X)/({0} x X). (2.1)

The finite stretched cone to E is
E=10,1) x X,

with a smooth boundary JE = {0} x X.



An infinite corner can be defined as
EA = (B xR.)/(E x {0}),
where the base F is a finite cone defined in (2.1). The stretched corner is
EMN=E xR,.

Let (r,z,t) € E™, we focus, in this paper, on the case of 0 < ¢t < 1, then the
finite corner is

M = (E x10,1))/(E x {0}).

Thus
M=Ex][0,1)=10,1) x X x[0,1), (2.2)

is a finite stretched corner with the smooth boundary OM = JE x {0} =
{0} x X x {0} (see figure 1 and figure 2 below).

Figure 1 Figure 2

The typical degenerate differential operator A on the stretched cone E

is as follows,
A=7r"H Z aj (r)(rd, ) = r~"Ag,
Jsp

with coefficients a;j(r) € C=(R,,Diff*7(X)). Here Ag is degenerate cone
operator. Denote Diffgeg(E) for the set of cone differential operators as A.
The typical differential operator B on the stretched corner M is then of the
following form

B=t") b(t)(td,),

I<v
where the coefficients b;(t) € C*°(R., Diffs;g(E)), ie.
bi(t) = r~ 7 Z a;i(r,t)(ro, ),
J<(v=0)



with aj(r, t) € C°(Ry, Dif*'=7(X)). Tt implies that

B=(rt)™" Z agi(r, t)(rd, ) (rtdy)t = (rt) ™ By,
<y
where a;;(r,t) € C°(R,Diff* '77(X)) and By is called as a degenerate
corner operator. In fact we have following Riemannian metric on the corner
M
dt* + t*(dr* 4 r2gx),

where gx is a Riemannian metric on X. Then the corresponding gradient
operator with corner degeneracy is

VM = (7‘(97», axl, ceey axn, rt@t).
Now we define the weighted L7 space on R x R™ x R as follows.

Definition 2.1. Let (r,z,t) € Ry x R™ x Ry, weight datas v1 € R, v2 € R
and 1 < p < +oo. Then L}V (Ry x R™ x Ry, %dw%) denotes the space of
all u(r,z,t) € D'(Ry x R™ x Ry) such that

dr = dt
o

N_ N_
HUHL;“’”? = (/ lre 72u(r,x,t)|p—d )1/p<+oo
R+XR"XR+ r

rt

By the above weighted L)"7? space, we can define the following weighted
p-Sobolev spaces on Ry x R™ x R4 with natural scale for all 1 < p < cc.

Definition 2.2. Let m € N, 1,72 € R, and set N = n + 2, the weighted
Sobolev space

H L) (R x R™ x Ry) = {u € D'(Ry x R™ x Ry)]
dr ~ dt

(rop)' 0% (rtdy)Fu(r, x,t) € L1W7? (R x R™ x Ry, —dz—)},

for k,l € N and the multi-index o € N", with k + |a| +1 < m. Moreover,
the closure of C§° functions in H?’(Wl’WQ)(RJF X R™ x Ry) is denoted by
H$6(71772)<R+ % R™ x R+)

Similarly, we can define the following weighted p-Sobolev spaces on an
open stretched corner Ry x X x Ry,

H;nv('Yl:'YQ)(RJ’_ x X xRy) = {u eD'(Ry x X xRy))|

dr . dt
(r9,) 02 (rtdy)Fu(r, 2, t) € LP P (Ry x X x Ry, %dxﬁ)},



for k, | € N and the multi-index o € N", with k + |o| +1 < m, which is a
Banach space with the following norm,

N
o ={ > Fongon

l+|a|+k< +XXXR+
1
(r8,) 0% (10, *u(r, 2, )P drdxﬂ} "

rt

Moreover, the subspace ’H m (. ’72)(]1% x X x R;) denotes as the closure of

Cg° functions in H,' (71’72)(]1%4_ X X X Ry).
Now we can introduce the following weighted p-Sobolev space on the
finite stretched corner M defined in (2.2).

Definition 2.3. Let m € N, 1 < p < 0o, and 71, y2 € R, W"P(My) is the
classical local Sobolev space. Then we define

2 () = {u(r, 2, 1) € WP (Mo)|

(wo)u € HOP (R x X x RQ},

for any cut-off functions w = w(r,z) and o = o(t,z), supported by a collar
neighborhoods of (0,1) x OM and OM x (0, 1) respectively.

It can be deduced from Definition 2.3 that H;n’(vl’W)(M) is a Banach
space for 1 < p < oo, and is a Hilbert space for p = 2. Also we have that
YT /ng,(m 72) (M) = H;m(mﬂiﬁzﬂé) (M).

Here w(r,x) and o(t,z) can be simply denoted by w(r) and o(t) respec-
tively. Observe that there exist €1 € (0,1) and €2 € (0,1), depending on
w(r) and o(t) respectively, such that w(r) = 1 for r € supp wN{0 < r < e}
and o(t) = 1 for t € supp 0 N {0 <t < ey}. Thus

Hy ) =[w()]lo (M (R x X x Ry)
1= () o (O (0 x X X R4)
Hlw[L — o OIHIT By x X x Q)
+[1 w1 —o(t )]Wé”p(ﬁal x X x Q,), (2.3)

where Q., = (¢1,1) and Q., = (e2,1), and the weighted p-Sobolev spaces
Hyo'(Ry x X x Q) and H,57 (9, x X x Ry) are the closures of Cg°



functions in the following weighted edge p-Sobolev spaces (cf. [5])

Hgbﬁl(]R-i- x X QEQ) = {u(r,x,t) € VVIZLCEP(R‘F x X x QEQ) |

dr@

7«%—71 (T@T)kag(rat)lu € Ly(Ry x X x Q,, 7d:ﬂ )}

r

for k, | € N and multi-index o € N, with k + |a| + 1 < m, and

HI () % X % Ry) = {ulr,a,1) € WP (e, x X x By)|

loc

e (t0,)5 05 (t0,)'u € Ly(Qey x X x Ry, %dx%)},

for k, I € R and multi-index a € R", with k + |a| +1 < m.
We have the following embedding theorem:

Proposition 2.4. The embedding H;?O’(%’%)(M) — 7-[;?(’)(71’72)(1\41) is con-

tinuous for m' > m, v} > v1, ¥4 > v2 and is compact for m’ >m, v; > 1,
/

Yo = V2.

Proof. The weighted corner Sobolev spaces H;L(’)(Vl ’72)(M) are in the form of
non-direct sum as (2.3). Then, for classical Sobolev spaces WP (€, x X x
Qc,), it is well known that the embedding

WP (0 x X x Quy) < WIP(Qe, x X x Q) (2.4)

is continuous for m’ > m and is compact for m’ > m. According to Propo-
sition 2.6 in [5], we know that the following embedding

(1w (o (1M ™ (e, x X xRy) > [1—w(r)|[o(8)]Hag? (e, x X xRy)

is continuous for m’ > m, 74 > 42 and is compact for m’ > m, 74 > ~9; and
the embedding
w1 —o(®)H, " (Ry x X x Q) < [w(r)][1—a ()] Hy 5" (Ry x X x Q)

is continuous for m’ > m, 4} > v and is compact for m’ > m, | > 7.
By (2.3), it is sufficient to prove that the embedding

Wl Hye " Ry x X xRy ) o [w(n)lo(0)]Hpg ™™ Ry x X xRy)

is continuous for m’ > m, 7] > v, 74 > 72 and is compact for m’ > m,
Y > 71, V5 > e, for any cut-off functions w(r) and o(t) with support in a
collar neighborhoods of (0,1) x OM and OM x (0, 1) respectively.



For ii(r, z,t) € Ho"2 (R, x X xR.,), we set u(r, z, ) = w(r)o (t)i(r, z, t)
and the following mappings

Spo s u(r,z,t) — 6_7(%_72)@6(7’,1‘, e ") :=v(r,z,T) (2.5)
with 7 = —Int, and
Spy tv(r,x, ) = efp(%fw)v(e*p, xz,e PC) == w(p,z,() (2.6)
with p=—1Inr, ( = # Thus we have following transform:
(r2,t) = (p.2,¢) = (—Inr,z, 20 (27)

and (p,,¢) € Qpp ¢ iff (r,2,t) € Qi = {(r,z,t) | (r,z) € supp w, and (z,t) €
supp o}. Then the mapping
S

p(r12) = Opy1 © Opyz u(r,x,t) —

wp5,0) = IO 0, ) (2

gives an isomorphism as follows

Spum)  [WENE@H T Ry x X xRy ) = [@(p)][F(QIWEP (RX X xR)

(2.9)

where W™P(.) denotes the classical Sobolev spaces, @(p) = w(e™ "), (C) is
a cut-off function in ¢ = _lnt for t € suppo(t) and r € suppw(r).

From the transform (2. 7) we have 0, = 70, —tIntd;, O; = rtdy, and the

determinant of Jacobian is 2 ;L hen for Qp (= Q and Q. =,

o2, Olysy = 3 10500kl O dpdedc
k+|a\+l<m

= Z /yakaaal “M)em(e” OG5 —) (e_p,ac,e_(eipo)]pdpdmdg“
k+|a|+I<m

~ Z /|e—ﬂ( -71) —(6 pC)(*—VQ)akaozal (6 p .z, e e*PC))|pdpdde
k+|al+I<m

~ Y /ym MR (10, RO (D) (@, )P d’"d d%
k+|a|+I<m "
= |Ju(r,z,t)|”

/H;n,(’Yla’m)(Q) :



Similarly, if a(r,z,t) € HZ?(I)’(%’%)(RJF x X x Ry), then for u(r,z,t) =
w(r)o(t)a(r, z,t), we have
Sy, 1) = P e TOGTDy (0 g o=(e70))

= ¢ PO~ (P02 (p, 2, )

where a(p,z,¢) = e P50 "W POy (00 g e=70) € Wo P (R x

X x R). Then S, induces another isomorphism

Y1572)

S

i) | WO T (R x X x Ry) —

p,0
[(;J(p)][5(0]6—;7(71—71)6—(@‘”4)(7&-W2)W6n”P(R x X xR). (2.10)

From the isomorphisms (2.9) and (2.10), since, for p € suppw(p) and ¢ €
supp 7(¢), the embedding

[5(p)][5(C)]e P (PO I P(R % X x R)
= [@(p))[E(QIW (R x X x R)

is continuous for m’ > m, v} > 71, 74 > 72 and is compact for m’ > m,
Y > 71, V5 > 2. Thus we prove the result for the embedding

w(M)]lo O TP Ry x X xRy) < [w(r)][o ()] HI 7 (R x X xRy),

as required. ]

Let H, ™(=71:792) (M) denote the dual space of 7—[3}(’)(71’72)(M) with the
following norm

lgll.,,—m.c oy =, Sup 9. %)
—m,(—v1,—7 = :
H, L72) (v YECS (M) 170 WHH%mm)(M)

We have
Proposition 2.5. There exist the eigenvalues
O< A<l <<= 400
of the elliptic operator —Apn with homogeneous Dirichlet data, such that
the corresponding eigenfunctions {y}r>1 constitute the orthonormal basis

(Nfl N

of HyS T 2 (M.



(M

N
Proof. For any u,v € H;O 2 )(M) and u # 0, we denote (-, ) := (-, )

7

(—Amu,u) = [|[Vmul® y-1 x >0,
L2 2 2

and
(=Apmu, v) = (u, —Ap).

N-1 N
This implies that the operator —Ayy is positive and self-adjoint in ’H;:é 20z )(M)
_{(_N-1_N
Then Lax-Milgram theorem gives that for any f € H, LT )(M), the
following Dirichlet problem
—Apu = eM
MU f7 z 0 (211)
u=0 on JdM,
. . NN NEE S .
admits a unique solution in H, (M). Therefore the mapping
1(M ﬂ) -1 (_M _ﬂ)
=AM Hyy P TEM) = Hy T 2T (M)

is continuous. Furthermore, the inverse operator (—Ap)~! is well-defined
and a continuous map as follows

( N-1 N

(—Aw) 1, P TR ) - 2 (),

By Proposition 2.4, the embedding

L(N—l N

My T P (M) - LY 2R (M)

is compact, and then the embedding

N—-1 N

LT ) - H T
is continuous. Thus the operator
K= (—Au) Lo o HyS T M) = 1y 72 (M)
is compact and self-adjoint. Then there exist eigenvalues {n}r>1 of K,

such that nr > 0 and ny — 0 as k — +o0o. The corresponding normal
L(Nfl N

cigenfunctions {¢}r>1 form a complete basis of Hyy 2 "2’ (M) with
Ko =nrer for k> 1.

This completes the proof. O

10



3. Some important inequalities on corner type weighted p-Sobolev
Spaces

In this section, we shall prove the following Sobolev inequality and
Poincare inequality on corner type weighted p-Sobolev spaces. These in-
equalities will be important in the proof of the main result. Similar inequal-
ities on doubling spaces were discussed in [7]. However from the example in
[5], we know that the corner type weighted p-Sobolev spaces in this paper
will be not the doubling spaces.

Proposition 3.1 (Corner Sobolev Inequality). Assume 1 < p < N,

1 —%, N=14+n+1 and y,72 € R. Foru(r,z,t) € C°(Ry x R" ><]R+)
the following estimate holds

[ u

”LZ?”; (Ry xR xR) < afez + 64)||T8TUHLZLW2(R+XR"><R+)

n
+afer +e2 +e3 +c) Z "8961'“"L31‘72(R+><R”><R+)
i=1
+ alex + ca)l[rtdul vz g, wpnsr )

+ (c1+ C2)HUHLZM2(R+anxR+)

+ (Cl + 63)HUHLglil"YQ(R_;,_XR”XRJ,.) (31)
where v{ = v — 1, 75 = v —1, and a = % with constants ¢ =
1 1 1 1
1| (N=DWN=mip) | N (N=DN=y2p) |V L (N=DN=mp) | N 1| (N=1)(N—y2p) | N
N—p N—p y 2= N N—p » 3= N N—p
and ¢4 = %

Proof. First we consider the case of p = 1 with p* = % Let 71,75 € R.
For u(r,z,t) € C§°(Ry x R™ x R.), we have

i
|rN_1_71tN_1_7§u(r,:r,t)\ < ‘/ 6zi(rN_1_71tN_1_75u)dxi‘
—00

+OO / /
< / [N AN (9, ) |y o= I, for i =1, 0.

—00

Similarly, for r- and ¢- direction, we have

N—1—~! ,N—1—~} e N—1—v ,N—1—~} dr
|7 1¢ 2u(r,x,t)| < |(roy) (r ¢ 2u)|—
r

d?" +oo ’ / d?"
<IN-1-9] / T A e e e
— I+ 1I,

11



/ ! JFOO / / dt
PV N0 (2 1)| < / |(rt0y) (P 1N =12y o
0 T

+OO N ! N 1 ! dt +OO N 1 ! N 1 ! dt
<|IN-1 —7§|/ [t 2 et P +/ PN LN =% () | =
0 rt 0 rt
=1V 4V
Multiplying the above N = n + 2 inequalities, one has
PN Ny (e )N < 1y - 1L (0 4 DIV 4 V)
=L - L, INV+L - LIV+IL--- 1,0V +1- - LIV.
Since 1 < 1, the following inequality holds
[N Ly, 3, ) R
(It I IV + 1y I IV + Iy - LTIV + Iy - - L, lTV) 5T
(I - I, IIV)ST + (Iy - [,IV) N1 + (I - - [, IIIV) -1
S (I I IV)NT.

<
<

Integrating both sides of the above inequality by , we have

/ |TN_1_71tN_1_75u(T,337t)|%@ < / (Il"'InﬂIV)%l@

R+ r R+ r

[ ey T [y T [ vy
R+ T R+ r R+ r

Now we apply Holder inequality on the right hand side of the above
inequality, then For the first term, one has

d / ! d
/ (e LIV N < [Nl 5 N1 ¥ (Ve T
T Ry r

H// pN—1=714N=1— w(a u),d d;) N/ / PN N =17 |drﬂ)ﬁ
Ry Ry JRy rrt

Similarly, for the other three terms, it follows that

dr d
/( CLIV) VTS < N-1- w“(/ PN NIy S
Ry

r

- 1 5 dr dt
H(// |TN—1—71tN—1—72(axu |7d$1 Ni / / | N-— 1—v1tN 1— 72( t@tu)|—r—)Ni
i=1 YRRy R, JR,

12



/ (I1---1 ]”W)Ti < |N—1—"yé|1\]11(/ |7“N_1_%tN_1_72( 3u)]@)71
r -
H // PN o, u)’d dx;) N/ / PN N =17 ‘dr@)ﬁ,
R, 2, Je, =

and

d ) p
/ (Il'”[”ﬂv)l_lrg(/ [PV =1 N 1% (0, u)|l)T

r R,

dr dt

n
H(// |TN—1—VitN—1—7§(axu ]—dxz T / / pN—1=7 4 N-1— 72(Tt8tu)|——)N7‘
i=1 YRJR4 Ry JR,

Repeating the same process with respect to dzi,...dz, and %, we have

R+ n R+ T
dr , dt
<|N—1—ryl|N 1’N—1_72|N / / / N171tN172 | rdx7)N7
R+ n R+ T
/ / / PN RN )| e ) P
R4 nJRy ! rt
/ [ it Caat
Ry JR? JR,
+|N—1_%|N1(/ / / N1 N1 72u|drdx@)ﬁ
/ / / N 1— "/1tN 1— 72(83%,&)‘ d.’lﬂ'*)
Ry n JR4
/ / / P TITRN ”2<Tt6tu)!fdx—)
Ry nJRy
dr | dt
V= 1magpe (e g T v
Ry JR™ JR4 r
- dr | dt
H/ / / pN—1=7N—-1— WQ(OxZu)\—Tdm )
i=1 YRy JR™ SRy
/ / / N WltN 1—7+4 |7d$7)Ni

13



R. JR" JR, rt

= dt
N 1—y1 4 N—1—7 e NN

[ [ L et )=

/ / / PN N=1= ’72(rt8tu)|—d:c—)T = A+ B+C+D.
Ry nJR4

Here and in what follows, write [---do for fR+ Jzn fR+ e %dw%. Since

Nl 1, the following estimate holds

z

—1 N—-1

N—-1 N—-1

i

( / PN LN LYy 8T o) SR < A

For a; > 0,7 =1,.., N, we have (HZ]\;l ai)% < %(Zl]\il a;). Applying this

14



N—-1

inequality on A%, B~ C %, and D%, it then follows that
(/ ’rN_l_’yitN_l_’yé@d%dg)%
]. ! !
<IN = 1= AIFIN =1 ¥ ( / PN TN T ) do
n
+ / PN N 1% (9, ) |do + / [PV =N =12 dor)
=1
]. ! !
+N\N -1- 'yi|1if(/ PN N Ty | do
n
+ / PN N 129, ) |do + / [PV NI () | do)
=1
]. ! !
—I—N\N —1-— 'y§|1if(/ |7“N_1_71tN_1_“’2(r87«u)|d0
n
+ / PN N2, ) |do + / [PV =N =12 dor)
=1
]. ! !
+N(/ |TN71771tN71772 (royu)|do
n
+ / PN N 129, ) |do + / [PV NI () | do)
=1
=(c3 + ca) / [PV N (19, | do
n
Fatatata)) [P0,
=1
+ (ca + cq) / |7”N71771tN7177§ (rtoyu)|do
+(c1+e) / PNl o 4 (er + ) / PN AN 1Yo,

1 e s 1 L
where ¢; = W1|N_ I =AYININ =1 =¥, c0 = 5N =1 -9V, 3 =
TN —1—4|~, ¢y = %. It implies that the inequality (3.1) holds for p = 1.

Now we consider the cases of 1 < p < N. Let @ = % > 1, then

lul* € CH(Ry x R™ x R;), thus we can use the estimate above to deduce

15



that
([ 1Ay e P o)
<(c3+ c4) / [PV N 1% (10, | u| ) | do
n
+le+eatesten)) / PN N 29, ) do
+ (c2 + c4) / PN N 1% (40, ] ) | dor)
+(Cl+c2)/’TN—l—fyitN—l—'yélu‘a’dU_i_(Cl+03)/TN—’YitN—l—’Yé‘u‘a‘dU.

Since |u|® = (u-@)2 (here we use the fact that if a function u is real-
valued, then @ = u), and |0y, |u|*| = |8x].(u% a7 < a|u|*10;,u|. Then
we have

([ N g )
<a(es 4 cq) /TN_l_%tN_l_75|u|°‘_1(r&nu)|d0
n
-+ a(01 +co +c3+ 04) Z / erlfvlthlfWQ|u’a71|(8xiu)‘da
+ aea + ) / PN N =12y |01 (rtdyu) | dor)
+ (c1 4 ¢2) / PN N =129 gy |2 Ly do
(e + c3) / PN N =135 0y

NN )p € R and v5 = ’Y(Q(N )I;) € R, we then have

=

=~

Let 1_7,"}/1:

N—1—7))N N—1—7,)N
]\Ofd—vlzp*’( N—’lh) 77( sz) I%—%,and(a—l)q=p-

Moreover, set 31 = (N—l—’yl) Np 11;7 fo=(N—-1— ’Y1)(N 1p)p —(’YT‘H)

and g1 = (N —1-7) 525, 9 = ¥ — (45 +1), which imply that -+ =

N—-1l-y,p1+p2=N-1-. Writingvl =7 +1l2=7+1and
from % — % = 1%’ Holder inequality gives that

“6‘2,2\
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_ (/ |rpﬂ*_7ftpﬁ*_72*u|p*da)1/p*

||UI|L;§,W;(R+XRHX]R+)

<a(es + 1) / 2 T TR (1) [Pdor) P
s N_ . ON_ 1
+alcr + o+ c3 + cy) Z(/ re " T2 (0, u) [Pdo) P
i=1
N _ N _
+ afc + 04)(/ Ire e T (rtdpu) [Pdo) P
T (e1 + o) / 3 T P )P

(e + es) / ¥ D Sy g,

v N | vy 1/N v 1/N

where ¢; = %‘ (VN ) || (VL) 7217)’ ey = %’ (VLN ) |
C(N— 1/N

03:%‘(]\7 1])\,(ivp72p)‘ , and 04:%. O

In the case of 1 = v = %, we have the constants in (3.1), ¢; = ca =

c3 = 0. Then, Holder inequality implies that for u(r,z,t) € Hll)’(vl ’72)(R+ X
R" x R.)
il i3 ey < IV G2 Ry (3:2)
p
where Vyy = (70,02, ..., O, ,rt0;) is the corner type gradient operator
on M = [0,1) x X x [0,1), and here the constant ¢ = (N=Lp i3 the best

. (N-p)N
constant as we had in standard Sobolev spaces.
Similarly, if v = % and v € R, then ¢; = ¢3 = 0, which give us

HuHLZI’75 (Ry xR7xR,) =¢ ||UHH;’(”’”2)(R+ xR xRy)

N /-

N v (/N
with constant ¢ = (]X;,lgp (%‘ ol 1])\[(in 71p) ‘ T )

Proposition 3.2 (Poincaré inequality). For u(r,z,t) € H;:gﬂm)(M), 1<
p < 00, the following estimate holds

lll s gy < 1 Vngull 312 (3.3)

where d is the diameter of M.
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Proof. Set
Q={(rz,t) eRN|0<r<da <z;<ai+d, fori=1,...n, and 0 < t < d}

where d € R is the diameter of M, i.e. M C Q.
Suppose u(r, z,t) € C5°(My). For (r,z,t) € M C @, we have
1
e,z )P < (/ 00,0, 5,29, - s )] d5)P.
al
Applying Holder inequality, for a; < z) < a1 + d, we have
x1+d
|U(7’, Zz, t)|P S dpl(/ ‘81‘1U(T7 8, L2 .y Ty t) ’pds)’

al

Then, the mean value theorem implies that
lu(r, z,t)|P < dP|0p, u(r, 2, 22, ooy Ty, )P

Multiplying the both sides with term 7¥~71PtN=72P and then integrating
with respect to %dw% := do on @, we obtain that

/TN_'“ptN_”pm(r,z,t)|pd0Sdp/ rNTNPINTYP G (r, 2 @, . 2, ) PO
Q Q

The definition of @ and the assumption u(r, z,t) € C§5°(Mp) give that

/ rNTNPEN TPy (r 2 1) |Pdo < dp/ rNTNPENTP |G (o, ., @, t) [Pdo.
M M
Since C§°(Mj) is dense in H;:(()'YI’W)(M), the estimate above implies that
for u(r,z,t) € H;:gﬂm)(M),
||u(r,x,t)HL;1,w(M) < dH@xlu(r,m,t)HL;l,vg(M) <d ||VMu(r,x,t)HL;mz(M),
as required. O

Proposition 3.3. The following embedding

is compact, for 1 <1 < 2*.



Proof. According to Definition 2.3, it is sufficient to show the compactness
of the embedding

LAt

oIS ™ Ry < XxRe) o oy T

(Ryx X xRy).

(3.4)
In fact, by virtue of Proposition 3.6 in [5], the following two embeddings are
compact for 1 <[ < 2*

L= o(OHyd () x X X Ry) = [L ()]0 (OIH (2 x X x R.),

[w(r)][1-o ()M )7 (RyxXxQ,) o = =0 ®)]H T Ry xXx9,),

where €., and ., are given in (2.3).
For the classical Sobolev spaces W™ (Q., x X xQ., ), Rellich-Kondrachov
theorem gives the compactness of the following embedding

[—w(r)][L=a ()]Wy* (R x X xQsy) = [1=w(r)][1=0 (£)] V" Qe X X X Qs;).

It remains to prove the compactness of (3 4). Similar to the transform in
(2.7), for u(r,z,1) € w(r)o®HLS T (R, x X x R,), the mapping

Sl (N 1 N : u(r,x,t) —)e_p(%_y)e—(ef’)()(¥—¥)u(e—p’x’ e—(e*”(j))

=w(p,,()

gives the isomorphism

(Ry x X xRy) = [@(p)][6(¢)] W5 (Rx X xR),
(3.5)

where p = —Inr for r € supp w, @(p) = w(e™”), 6(¢) is the cut-off function

in (= lnt with r € suppo(r) and ¢ € supp o(t).

1(N1N

Moreover, for u(r,z,t) € [w(r)][o(t)|Hyy * "* )(]R+ x X x Ry) we have

G

=

ylw(lle@IH

Sl( -1 Q)U(T‘,:L',t) = e_p(%_¥)e—(ei’)€)(¥—%)u(e—p’ x, e_(e*po)
’ ]
_%)52’(;1%)u(7",x,t)

According to (2.9), S, (M1 N induces the following isomorphism
AT

—1

e O O PRy x X xRy) = [2()][F(OIWE (RX X XR),
(3.6)

19



Since we know that, for p € supp@ and ¢ € supp &, [@(p)][6(C)]W, (R x
X xR) is compactly embedded in [(Z)(p)][&({)]Wg’l(]RxX xR) for 1 <1 < 2*.
Thus from the isomorphisms (3.5) and (3.6), the embedding

N—1 N
=7)

e OHES T P Ry x X xRy < [w(r)]fo(6)]H) s (Ry x X xR,).

is compact. Proposition 3.3 is proved. ]

4. Proof of Theorem 1.1
Now we recall the (PS). condition (Palais-Smale condition, c.f. [1]).

Definition 4.1. Let E be a Banach space, I € C*(E;R) and c € R, We say
that I satisfies the (PS). condition, if for any sequence {ur} C E with the
properties:

I(ug) = ¢ and | I'(ug) ||gr— O,

there exists a subsequence which is convergent, where I'(-) is the Fréchet
differentiation of I and E' is the dual space of E. If it holds for any c € R,
we say that I satisfies (PS) condition.

We also need the following well-known result:

Proposition 4.2 (cf. [15]). Suppose E is an infinite dimensional Banach
space and the functional I € C*(E;R) satisfies (PS) condition, with

I(u) = I(—u) for allu € E, and I(0) = 0.

Suppose E =V &V~ where V™ is a finite dimensional space and assume
the following conditions

(i) There exist constants o > 0, p > 0, such that for any u € V7 with
|lu|| = p we have I(u) > «.
(ii) For any finite dimensional subspace W C E, there exists a constant

R depending on W such that for any uw € W with ||u|| > R we have
I(u) <0.

Then I admits an unbounded sequence of critical values.
Proof of Theorem 1.1. Define the following energy functional

1 dr  dt
J(u) = Q/MT’VMUQCZU— /MTG(z,u)da, do = %da?ﬁ
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By the assumption that G(- fo v)dv, the nonlinear elliptic equation
(1.1) is the Euler- Lagrange equa‘mon for the energy functional J(u). We say

(NlN

that u € Hyg * 72 )(M) is a weak solution of (1.1) if

(J'(u),v) :/MT‘(VMU)(VMv)dU—/ rg(z, u)vdo

M
= / r[—Apmu — g(z,u)]vdo =0
M

Noin
for any v € 7—[2(() 12 )(M), where (-, ) :== (-, ) ~1y and J'(+) denotes the
L2
—1

No1 N
Fréchet differentiation. Therefore, the critical points of J(u) in H, (() 2 )(M)

are the weak solutions of Dirichlet problem (1.1).
(N 1 N

Now we prove that J(-) satisfies (PS) condition. Let uy, € Hyy * 2 )(M)
and {ug} be a (PS) sequence of J, then we have

qJ (u) = (J'(up), u) < ex +o(D)ull | vy,
H2:0 2 2

where ¢ > 2, ¢; depends on ¢ and o(1) — 0 as kK — +oo. Furthermore,
¢ (ug) — (J'(wr), up)

:q/ T|VMUk|2dU—Q/ rG(z, uy)do — (/ T\VMuHQdO’—/ rg(z, up)updo)
2 M M M M

-2
= q/ T|VMuk|2dcr+/ Tg(z,uk)ukda—/ rqG(z, ug)do
2 Jm M

M
By Poincaré inequality, we have

[ riVido = exlul® sy,

M Hog 272

where the constant ¢; > 0 depends on the constant d in (3.3). The as-
sumptions (H-2) and (H-3) give us that for |ug| > Ro, [y, 7[9(z, up)ur —
qG(z,ug)]do > 0 and for |ug| < Ro, [y 7[9(2, ur)ur — ¢G(z,up)]do is finite.
Then there exists a constant 8y > 0 such that

(g —2)c2

okl | vor ) =Bo < @ (we) = (I (un) ug) < erto(Dunll vy
pRe==S

5 )
2,0 H270

N

L
which implies that {u} is bounded in ’H20 "2°(M). Moreover, there
exists a weak convergent subsequence of {uk} also denoted by {uy}, i.e,

o LD
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By Proposition 3.3, for 1 < p < 2%,

0T
up —~u inH,o " (M)

Applying Hélder inequality and corner type Poincaré inequality, we have

||uk—uH2 N-1 ):/ r\VM(uk—u)PdU—i—/ 7‘|uk—u\2da
’ M M

NG
2,0

< 05/ 7|V (ug — u)|*do
M

vz

= c5(J (up — u), up — u) + 05/ rg(z, (up — u))(ur — u)do
M

< es(J (g — u), up —u) + 06/ r|ug — uldo + 05/ r|ugp — u|Pdo
M M

< s (J (u — u), up — u) + 07(/ rlug — ulPdo) P + 66/ rlug — ulPdo
M M

= o5 (J (ur — w)yup —w) + erllup —ull o vo1 ny +collur —ull” |y
H p P ’p

P,0 p,0

—0 ask— oo,

where ¢5 > 1, ¢, ¢y > 0 depend on d in (3.3) and ¢;7 also depends on the
measure of M, denoted by |M|, in the sense of %dw%. That implies that
the functional J satisfies (PS) condition.

Now we check the conditions of Proposition 4.2 will be satisfied. Since
g is odd, J(u) = J(—u) and J(0) = 0. According to Proposition 2.5, the

. . : . LA
eigenfunctions {¢k}x>1 constitute the orthogonal basis of Hypy * '* )(M)

For some fixed kg € N, set
VT = span{py | k > ko}.

Let w € VT and ||ul| N1y = p >0, then we have
b :

1,(

2,0
1 2

Jw) > = | r|Vymul|*do —cy | r|uldo —cg | r|ulPdo,
2 Jm M M

where ¢y > 0 in (H-2) and cg > 0 depends on ¢y and p. By Hoélder inequality
and 0 < r < 1, we have

1 2 1 2
/T’updff—/(“\U’S)(Tl_s\ufp_s)dff
M M
27 31 (1-Yygp, 1(0-2)q 7 e
<(f rlulfdo)s(f r TS ulPTSdo) e,
M M
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1,1 _ 2\, ox _ 2
Whereq>1anda+g—1. Set (p — %)g = 2* and 0 = %, we have

5 = giii >1and o = 2(22::217) > 0. Then, % =1-1=(p-0)5, and it
follows
/ rlufPdo < (/ T’“\Qda)éa(/ rluf® do)z 0= = flul|” sy ullP s
M M M L, 7
According to Proposition 3.2,
o *% o *% o
HU”LQNT—Ig < Ao HVMUHLZfVT—lg < M HUHH%%%)
Then the corner type Sobolev inequality implies that
lul”sa x < cllull™ ay ) (4.1)
2% 2% H 2 2
2% 2,0
Furthermore,
2 _ AL _
J(u) = CgHUHH;ZBL}l,%) c10Ag,” [lul LS ) CllH“”q{;é%,%)
o
— _ 2 p—2 2 .
- (69 610)\]4:0 HUH 1’(M’%>)Hu‘|’}{;’é%i’%) CllHuH ;,(()EE—I,%)

2,0

where cg > 0 depends on d in (3.3), ¢10 > 0 depends on ¢, p and ¢ in (4.1),
and c17 > 0 depends on ¢y and the measure |M|. Let kg be large enough
c11+4/c2, +2c9

such that cg — clo)\,;)%pp_2 > 5. Then we choose p = o > 0 to
obtain .
100> Dt —eup=1im
Let V~ := span{ys | k < ko} which is a finite dimensional space such
N-1 N
that VT @ V™ = H;(() 2 ’2)(M). By virtue of the assumption (H-3), we
have (2, )
q g\zu
=< f >R
u~ G(z,u) ort =10
q _ 9(zu)
—— > f < —Ryp.
u ~ G(z,u) o=

Integrating the above two inequalities with respect to w on [Rp,u] and
[u, — Ry respectively, we obtain

u G(z,u)
In— <ln—"~ f >
anO_ nG(z,Ro) or u > Ry,
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qln@ > lnzii for u < — Ry,
—u

which implies that
G(z,u) > B1(2)|ul?  for |u| > Ry,

where 51(z) > 0. In fact, G(z,u) is bounded if |u| < Ry. Then there exists
a constant B > 0 such that

G(z,u) > B1(2)|ul? — B2 (4.2)
holds for almost every (z,u) € M x R. For any finite dimensional subspaces

W 7—[1( P2 72)(M) let u € W, and set [|u]] := ||lul|

- % for short.
Then we have u = ||uljup with ||Jug|| = 1. The estimate

a1

J(u)—/ r|VMu0]2dJ—/ rG(z, |[ulluo)do
2 Jum M

u

3 T [ it + gapal,

where |M]| is the measure of M in the sense of do. Since ¢ > 2, and
Sy 7B1(2)|ug|9do > 0, then there exists R > 0 such that for |jul| > R,
J(u) < 0. Thus the conditions of Proposition 4.2 are satisfied. This im-
plies that the functional J has an unbounded sequence of the critical values.

Therefore the problem (1.1) has infinity many weak solutions in the corner
(N=1 N

type weighted Sobolev space ’H;:OT’ 2 )(M). Theorem 1.1 is proved. O
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