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WEAK EXPANSIVENESS FOR ACTIONS OF SOFIC GROUPS
NHAN-PHU CHUNG AND GUOHUA ZHANG *

ABSTRACT. In this paper, we shall introduce h-expansiveness and asymptotical
h-expansiveness for actions of sofic groups. By the definitions, each h-expansive
action of sofic groups is asymptotically h-expansive. We show that each expansive
action of sofic groups is h-expansive, and, for any given asymptotically h-expansive
action of sofic groups, the entropy function (with respect to measures) is upper
semi-continuous and hence the system admits a measure with maximal entropy.

Observe that asymptotically h-expansive property was firstly introduced and
studied by Misiurewicz for Z-actions using the language of topological conditional
entropy. And thus in the remaining part of the paper, we shall compare our
definitions of weak expansiveness for actions of sofic groups with the definitions
given in the same spirit of Misiurewicz’s ideas when the group is amenable. It
turns out that these two definitions are equivalent in this setting.

1. INTRODUCTION

Dynamical system theory is the study of qualitative properties of group actions
on spaces with certain structures. In this paper, by a topological dynamical system
we mean a continuous action of a countable discrete sofic group on a compact metric
space. Sofic groups were defined implicitly by Gromov in [Gro99a] and explicitly by
Weiss in [Wei00], which include all amenable groups and residually finite groups.

Recently, Lewis Bowen introduced a notion of entropy for measure-preserving
actions of a countable discrete sofic group admitting a generating measurable par-
tition with finite entropy [Bow10, Bow12]. The main idea here is to replace the
important Fglner sequence of a countable discrete amenable group with a sofic
approximation for a countable discrete sofic group. Very soon after [Bow10], in
the spirit of L. Bowen’s sofic measure-theoretic entropy, Kerr and Li developed an
operator-algebraic approach to sofic entropy [KL11, KL13b] which applies not only
to continuous actions of countable discrete sofic groups on compact metric spaces
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but also to all measure-preserving actions of countable discrete sofic groups on s-
tandard probability measure spaces. From then on, there are many other papers,
presenting different but equivalent definitions of sofic entropy [Kerl3, Zhal2], ex-
tending sofic entropy to sofic pressure [Chul3] and to sofic mean dimension [Lil3],
and discussing combinatorial independence for actions of sofic groups [KL13a].

Let X be a compact metric space. Any homeomorphism 7" : X — X gen-
erates naturally a topological dynamical system by considering the group {7™ :
n € Z}. Even the given map T : X — X is just a continuous map (may be
non-invertible), we still call it a topological dynamical system by considering the
semi-group {7 : n € Z,}. A self-homeomorphism of a compact metric space
is expansive if, for each pair of distinct points, some iterate of the homeomorphism
separates them by a definite amount. Expansiveness is in fact a multifaceted dynam-
ical condition which plays a very important role in the exploitation of hyperbolicity
in smooth dynamical system [Man87]. In the setting of considering a continuous
mapping over a compact metric space, two classes of weak expansiveness, the h-
expansiveness and asymptotical h-expansiveness, were introduced by Rufus Bowen
[Bow72] and Misiurewicz [Mis76], respectively. By the definitions, each h-expansive
system is asymptotically h-expansive. Both of h-expansiveness and asymptotical
h-expansiveness turn out to be important in the study of smooth dynamical system
[Burll, DFPV12, DM09, DN05, LVY].

It is direct to define expansiveness for actions of groups. That is, let G be a
discrete group acting on a compact metric space X (with the metric p), then we say
that (X, Q) is expansive if there is 6 > 0 such that for any two different points
and x9 in X there exists g € G with p(gz1, gxs) > d. Such a § is called an expansive
constant. Symbolic systems are standard examples for expansive actions. This
obvious extension of the notion of expansiveness has been investigated extensively
in algebraic actions for Z¢ [ES02, LS99, Sch90, Sch95] and for more general groups
[Bowll, CL, DS07]; and a general framework of dynamics of d € N commuting
homeomorphisms over a compact metric space, in terms of expansive behavior along
lower dimensional subspaces of R, was firstly proposed by Boyle and Lind [BLI7].

Now, a natural question rises: how to define weak expansiveness using entropy
techniques when considering actions of countable sofic groups?

The problem is addressed in this paper. When considering a continuous mapping
over a compact metric space, R. Bowen introduced h-expansiveness using sepa-
rated and spanning subsets by considering topological entropy of special subsets
[Bow72|, and then Misiurewicz introduced asymptotical h-expansiveness, weaker
than h-expansiveness, using open covers by introducing topological conditional en-
tropy [Mis76]. It was Li who used firstly open covers for actions of sofic groups
to consider sofic mean dimension [Lil3], and then this idea was used in [Zhal2]
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to consider equivalently the entropy for actions of sofic groups. To fix the prob-
lem of defining weak expansiveness naturally for actions of sofic groups, we shall
use open covers again to introduce the properties of h-expansiveness and asymp-
totical h-expansiveness in the spirit of Misiurewicz [Mis76]. The idea turns out
to be successful. From the definitions, each h-expansive action of sofic groups
is asymptotically h-expansive; we shall prove that each expansive action of sofic
groups is h-expansive (Theorem 3.1), and hence, h-expansiveness and asymptotical
h-expansiveness are indeed two classes of weak expansiveness. Additionally, similar
to the setting of considering a continuous mapping over a compact metric space, for
any given asymptotically h-expansive action of sofic groups, the entropy function
(with respect to measures) is upper semi-continuous (Theorem 3.5) and hence the
system admits really a measure with maximal entropy.

Observe that the asymptotically h-expansive property was first introduced and
studied by Misiurewicz for Z-actions using the language of topological condition-
al entropy. We can define topological conditional entropy for actions of amenable
groups in the same spirit, and so it is quite natural to ask if we could define asymp-
totical h-expansiveness for actions of amenable groups along the line of topological
conditional entropy. The answer turns out to be true, that is, our definitions of weak
expansiveness for actions of sofic groups are equivalent to the definitions given in
the same spirit of Misiurewicz’s ideas of using topological conditional entropy when
the group is amenable (Theorem 6.1). In [Mis76] Misiurewicz provided a typical
example of an asymptotically h-expansive system, that is, any continuous endomor-
phism of a compact metric group with finite entropy is asymptotically h-expansive.
We shall show that in fact this holds in a more general setting with the help of The-
orem 6.1, precisely, any action of a countable discrete amenable group acting on a
compact metric group by continuous automorphisms is asymptotically h-expansive
if the action has finite entropy (Theorem 7.1).

The paper is organized as follows. In section 2 we prove that each expansive action
of sofic groups admits a measure with maximal entropy based on the sofic measure-
theoretic entropy introduced in [Bowl0]. In section 3 we introduce h-expansive
and asymptotically h-expansive actions of sofic groups in the spirit of Misiurewicz
[Mis76]. Each h-expansive action of sofic groups is asymptotically h-expansive by
the definitions. We show that each expansive action of sofic groups is h-expansive,
and each asymptotically h-expansive action of sofic groups admits a measure with
maximal entropy (in fact, its entropy function is upper semi-continuous with respect
to measures). In section 4 we present our first interesting non-trivial example of an
h-expansive action of sofic groups which is in fact the profinite action of a countable
group. In order to understand further our introduced weak expansiveness for actions
of sofic groups in the setting of amenable groups, in section 5 we define topological
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conditional entropy for actions of amenable groups in the same spirit of Misiurewicz.
And then in section 6 we compare our definitions of weak expansiveness for actions
of sofic groups with the definitions given in section 5 when the group is amenable.
It turns out that these two definitions are equivalent in this setting. And then in
section 7 we show that any action of a countable discrete amenable group acting on
a compact metric group by continuous automorphisms is asymptotically h-expansive
if the action has finite entropy.

2. EXPANSIVE ACTIONS OF SOFIC GROUPS

Let G be a countable discrete group. For each d € N, denote by Sym(d) the
permutation group of {1,---,d}; and then we say that G is sofic if there is a
sequence X = {0; : G — Sym(d;), g — 0;4,d; € N};en such that

1
lim d—|{a €e{l,---.,d;} :0,50i4(a) =0, s(a)}| =1forall s,t € G
1—00 (;

and

1
lim —|{a € {1, - ,d;} : 0:5(a) # 0i+(a)}| =1 for all distinct s,t € G.

1—00 dz

Here, by | e| we mean the cardinality of a set ®. Such a sequence ¥ with lim; ., d; =
oo is referred as a sofic approzimation of G. Observe that the condition lim; ., d; =
oo is essential for the variational principle concerning entropy of actions of sofic
groups (see [KL11] and [Zhal2] for the global and local variational principles, re-
spectively), and it is automatic if G is infinite.

Throughout the paper, G will be a countable discrete sofic group, with a fixed sofic
approzimation ¥ as above and act on a compact metric space (X, p).

In this section, based on sofic measure-theoretic entropy introduced in [Bow10],
we mainly prove that, for an expansive action of sofic groups, the entropy function
is upper semi-continuous with respect to measures, and hence the action admits a
measure with maximal entropy. Additionally, we show that in general the entropy
function of a finite open cover is also upper semi-continuous with respect to measures.

Denote by M(X) the set of all Borel probability measures on X, which is a
compact metric space if endowed with the well-known weak star topology; and by
M(X,G) the set of all G-invariant elements u in M(X), i.e., u(A) = u(g~*A) for
each g € G and all A € By, where By is the Borel o-algebra of X. Note that if
M(X,G) # () then it is a compact metric space.

For a set Y, we denote by §y the set of all non-empty finite subsets of Y. By
a cover of X we mean a family of subsets of X with the whole space as its union.
If elements of a cover are pairwise disjoint, then it is called a partition. Denote by
Cx, C%, C% and Px the set of all finite Borel covers, finite open covers, finite closed
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covers and finite Borel partitions of X, respectively. For V € Cx and 0 #KcCX we
set V={V :V €V}, and set N(V, K) to be the minimal cardinality of sub-families
of V covering K (with N(V,()) = 0 by convention).

Throughout the whole paper, we shall fix the convention log0 = —oo.

Now we recall the sofic measure-theoretic entropy introduced in [Bow10, §2].

Let a = {Ay,--- ,Ax} € Px,k € Nand 0 : G — Sym(d),d € N, and let ¢ be
the uniform probability measure on {1,--- ,d} and § = {By, -, By} a partition of
{1,-+-,d}. Assume p € M(X,G). For F € §¢, we denote by Map(F, k) the set of
all functions ¢ : F' — N such that ¢(f) < k for all f € F, and we set

de(a,B) = > |u(Ag) — ((By)l,

pEMap(F k)
where
Ay = () f Ay and By = () o(f) "By for each ¢ € Map(F, k).
fer feF
Now for each ¢ > 0, let AP,(0,« : F,e) (or just AP(o,« : F,e) if there is no
any ambiguity) be the set of all partitions § = {By,---, B} of {1,---,d} with
dr(a, B) < e. In particular, |AP(o,a : F,¢e)| < k%. We define

1
H,s(o: Fye)= limsupglog|AP(Ji,a 1 Fle)| <log|al,

1—00 7

H,s(a:F)= li_%Hmz(()é :Fe) = igg H,s(a: Fe) <loglal,
hyx(a) = Flélgfc H,s(a: F) <log|al.

Observe that AP(0;, v : F,¢) may be empty, and in the case that AP(o;,«: F,e) =
(0 for all large enough i € N we have H,x(a : F,e) = —oo by the convention
log 0 = —oo. Hence, h, »(a) may take a value in [0, log |a|] U {—o0}.

The main result of [Bowl0] tells us that, if there exists an a € Px generating
the o-algebra By (in the sense of u) then the quantity h,x(a) is independent of
the selection of such a partition, and this quantity, denoted by h, (X, G), is called
the measure-theoretic p-entropy of (X, G). Indeed, L. Bowen defined the measure-
theoretic entropy in a more general case when the action admits a generating parti-
tion 5 (not necessary finite) with finite Shannon entropy [Bow10]. We say that the
partition 5 C By generates the o-algebra Bx (in the sense of i) if for each B € By
there exists A € A such that u(AAB) = 0, where A is the smallest G-invariant
sub-g-algebra of Bx containing [.

Observing that, for an expansive action (X, G) of sofic groups with an expansive
constant § > 0, if £ € P satisfies diam(§) < J, where diam(§) denotes the maximal
diameter of subsets in &, then, for each u € M(X,G) (if M(X, Q) # 0), £ generates
By [Wal82, Theorem 5.25], and so the quantity h, »(X, G) is well defined.
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For technical reasons for ri,ry € [—o00,00] we set 1 + 19 = —00 by convention
in the case that either ry = —oo or ry = —o0, and for r1,r9 € (—00,00] we set
r1 + ro = 00 by convention in the case that either r; = 0o or ro = 00.

We say that a function f : Y — [—00,00) defined over a compact metric space
Y is upper semi-continuous if limsup, ., f(y') < f(y) for each y € Y. The follow-
ing result shows that each expansive action of sofic groups admits a measure with
maximal entropy.

Theorem 2.1. Let (X, G) be an expansive action of sofic groups with M (X, G) # .
Then he (X, G) : M(X,G) — [0,00)U{—00} is an upper semi-continuous function.

Proof. The proof is inspired by [Wal82, Theorem 8.2].

Let 6 > 0 be an expansive constant for (X,G) and £ € Py with diam(§) < 6.
Then £ generates By and so h, s (X, G) € [0,log|{|]U{—o0} for each p € M(X,G).

Now fix n > 0 and p € M(X,G). It suffices to find an open set U C M(X,G)
containing p such that h, x»(X,G) < h, 5(X,G) +n for each v € U.

We choose F' € §¢ and ¢ > 0 such that H,x(§ : F,2¢) < h,»(X,G) +n.
Say & = {A;, -, Ax} and let 0 < &1 < 555 with M = [Map(F, k)| = k'Fl. Let
¢ € Map(F,k). Since p is regular, there exists a compact set K, C Ay with
p(Ap \ Ky) < €1, and then for each i = 1,--- , k we define

Li= U{fKs:0(f) =i} C A
fer
Then Ly, -, L; are pairwise disjoint compact subsets of X, and so there exists £’ =
{A, -+, AL} € Px such that diam({') < 0 and, for each j =1,--- &k, L; C int(4))
where int(A}) denotes the interior of A%. Observe that

fer fer
by the construction of ¢’, and so using Urysohn’s Lemma we can choose ug € C(X),
where C'(X) denotes the set of all real-valued continuous functions over X, with

0 < ug < 1 which equals 1 on K, and vanishes on X \ int(A}). Set

U={ve MX,G): |v(uy) — pluy)| < e; for all ¢ € Map(F, k)}
which is an open set of M (X, ) containing p. Let v € U. Then v(A}) > v(uy) >
p(ug) — &1 > p(Ky) — &1 and hence p(Ay) — v(Aj,) < 2e; for each ¢ € Map(F} k).
Observe {Ag : ¢ € Map(F,k)} € Px and {A), : ¢ € Map(F,k)} € Px. Note
that if p1,-++ ,Pm,q1, -, gm, c are nonnegative real numbers with m € N such that
Yo Pi = 2ie1 ¢ =1 and p; —g; < cfor each j =1,---,m then

9 —Dpi = Z(pj —qj) < mc
J#i
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and hence |p; —¢;| < mcfor any i = 1,--- ,m. This implies ‘U(A;)) —M(A¢)‘ <2eM
for each ¢ € Map(F, k), and so
> (A — u(Ag)| < 2e.M?* < e.
pEMap(F,k)
Thus AP,(0;,& : F,e) C AP,(0;,§ : F,2¢) for each i € N, and then
HV,E(§ . F) S HV’g(fl . F, 8) S ng(g . F, 28) S hME(X’ G) + n.

As diam(¢') < §, ¢ € Py generates Bx by the construction of §, and so we get
h,s(X,G) < h,x(X,G) +n for each v € U as desired. This finishes the proof. [

In the spirit of L. Bowen’s entropy as above, Kerr and Li introduced alternatively
the sofic measure-theoretic entropy [KL11, KL13b] as follows.

Let (Y, p) be a metric space and € > 0. A set ) # A C Y is said to be (p,¢)-
separated if p(x,y) > € for all distinct z,y € A. We write N.(Y, p) for the maximal
cardinality of finite non-empty (p, €)-separated subsets of Y (and set N.(0),p) = 0
by convention). A basic fact is that if ) # A C Y is a maximal finite (p, £)-separated
subset of Y then for each y € Y there exists € A such that p(z,y) < e.

For each d € N and (1, -+ ,zq), (2}, -+ ,2) € X%, we set

d
(2'1) Pd((xl,"' ’xd)v (xlla T 75511)) = m_axp(xi’x;)'
For F € §¢,6 >0 and 0 : G — Sym(d), g — o, with d € N, put

f )
Xg',é,azi(zlﬁ"'7 EXd max\/z p 31’27x052))<5}7

and then for p € M(X) and L € F¢(x), we set
d
Z <5}.
-1

By [KL13b, Proposition 3.4] the measure-theoretic p-entropy of (X,G) can be de-
fined as (recalling the convention log 0 = —0c0)

d _ d
XFoouL = {(ﬁla 1) € Xppso max

ha(G, X) = f inf infli 1 jog N, (x ).
WG, X)=sup inf inf inflimsup - log (XFs 0,10 Pai)

The sofic measure-theoretic entropy can be defined equivalently using finite open
covers as follows [Zhal2, §2]. We remark that it was Li who used firstly open covers
for actions of sofic groups to consider sofic mean dimension in [Lil3].

Let U € Cx, we set (recalling the convention log0 = —o0)

hi s, (G, U) = limsup E log N (U%, X5 L) -

1—00 7
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In particular, hps, (G, U) takes the value —oo once ngé,ai,u,L = forall i e N
large enough. Now we define the measure-theoretic p-entropy of U as

h,(G,U) = inf inf infhps, (G, U) <log N(U, X).

LESC(X) FeFa 6>0
It is not hard to check that
h,(G,X) = sup h,(G,U).

uees,
Moreover, by the proof of [KL11, Theorem 6.1], it was proved implicitly h,(G,X) =
—oo (and hence h,(G,U) = —oo for all U € C%) for each p € M(X) \ M(X,G).

Observe that both of h,(G,U) and h,(G, X) may take the value of —oo, and by
[KL11, KL13b] if u € M(X,G) and Bx admits a generating partition (in the sense
of p) with finite Shannon entropy then h, (G, X) is just the quantity h,x(X,G)
introduced before.

The following result is easy to obtain:

Proposition 2.2. Let U € C%. Then ho(G,U) : M(X) — [0,log N(U, X)]U{—o0}
18 an upper semi-continuous function.

Proof. Let € M(X). For any € > 0 we may choose L € F¢o(x), F' € §¢ and 6 > 0
such that hps,, (G, U) < h,(G,U) 4+ . Now we consider the non-empty open set

peV={veMX):|v(f)—p(f)] <dforall feL}

Then for each v € V we have X¢5 ,, C Xfy5, 1 foreach o : G — Sym(d),d € N,
which implies h,(G,U) < hps, (G, U) < hpos,(G,U) < h,(G,U) + €. This
implies that the considered function is upper semi-continuous. O

3. WEAK EXPANSIVENESS FOR ACTIONS OF SOFIC GROUPS

Note that, when considering a continuous mapping over a compact metric space,
since the introduction of h-expansiveness and asymptotical h-expansiveness, both
of them turn out to be very important classes in the research area of dynamical
systems. It is shown by R. Bowen [Bow72] that positively expansive systems, ex-
pansive homeomorphisms, endomorphisms of a compact Lie group and Axiom A
diffeomorphisms are all h-expansive, by Misiurewicz [Mis76] that every continuous
endomorphism of a compact metric group is asymptotically h-expansive if it has fi-
nite entropy, and by Buzzi [Buz97| that any C*° diffeomorphism on a compact man-
ifold is asymptotically h-expansive. Moreover, there are more nice characterizations
of asymptotical h-expansiveness obtained recently for this setting. For example, a
topological dynamical system is asymptotically h-expansive if and only if it admits
a principal extension to a symbolic system by Boyle and Downarowicz [BD04], i.e.,
a symbolic extension which preserves entropy for each invariant measure; if and
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only if it is hereditarily uniformly lowerable by Huang, Ye and the second author
of present paper [HYZ10] (for a detailed definition of the hereditarily uniformly
lowerable property and its more story see [HYZ10]).

In this section we explore similar weak expansiveness for actions of sofic groups.

By [KL13b, Proposition 2.4] the topological entropy of (X, G) can be defined as

1
h(G,X) =sup inf inf hmsupglogN (Xf{&m,pdi) :

e>0 el 6>0 00
which is introduced and discussed in [KL11, KL13b]. Before proceeding, we need to
recall the topological entropy for actions of sofic groups introduced in [Zhal2, §2]
using finite open covers. Let U € Cx. For I’ € §5 and 6 > 0 we set
1
hrs(G,U) = hmsupd—log]\/ (us, Xf,(;o ).
11— 00

Observe again that hps(G,U) takes the value of —oo whenever X}f{'{;m = () for all
1 € N large enough. Now we define the topological entropy of U as

h(G,U) = mf mf hes(G,U) < log N(U, X).

Feg
It is not hard to check that
h(G,X) = sup h(G,U).
UeCs
Observe that both of h(G,U) and h(G, X) may take the value of —oo.

The sofic topological entropy and sofic measure-theoretic entropy are related to
cach other [KL11, Theorem 6.1] and [Zhal2, Theorem 4.1]: for U € €%,

(3.1) hG,X)= sup h,(G,X)and h(G,U) = max h,(G,U),
peM(X,G) M(X,G)
where in the right-hand sides as above we set it as —oo by convention if M (X, G) = ().
In the spirit of Misiurewicz [Mis76], the above idea can be used to introduce weak
expansiveness of h-expansiveness and asymptotical h-expansiveness for actions of
sofic groups. Let U;,Us € Cx. For F' € §5 and § > 0 we set

hrs(G,Us|Uy) = limsup — log max N (Uil ,X;i&(, N V) < hps(G,Uy),

i—00 dz VEU i
h(G,Ullug) == mf IIlf hF’(;(G,ul|UQ) S h(G,ul),
(G, X|Us) = sup h(G,U;|Us) < (G, X),

U1 eC%

Then h(G, X|[{X}) = h(G, X) by the definitions. We say that (X, G) is h-expansive
if h(G, X|U) <0 for some U € C%, and asymptotically h-expansive if h*(G, X) < 0.
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Each h-expansive action of sofic groups is asymptotically h-expansive by the def-
initions. The next result shows that each expansive action of sofic groups is h-
expansive, and thus these two kinds of expansiveness are indeed weak expansiveness.

Theorem 3.1. Let (X,G) be an expansive action of sofic groups with £ > 0 an
expansive constant and U € Cx. Assume that diam(U) < ck for some ¢ < 1. Then
h(G, X|U) < 0.

Proof. Let V € C% and ¢ > 0. It suffices to prove that h(G,V|U) < e.

Let 7 > 0 be a Lebesgue number of V. As (X, @) is an expansive action of sofic
groups with k > 0 an expansive constant, it is not hard to choose F' € §g such
that max,cr p(s, s2") < k implies p(z,2") < § (for example see [Wal82, Chapter 5,
§5.6]). Now let 6 > 0 be small enough such that

86%|F|
(3.2) |94] - [V|T=072"" < 5
for all d € N large enough, where 0, is the set of all subsets 6 of {1,--- ,d} with
862 F|
| < ——— -
9] (1 —¢)?K?
For any map o : G — Sym(d), g — o, with d € N, recall
{ d 1 1
X, = i(ml, oL xg) € X9 max Z —p2(52i, 0 ) < 5} ,
s seF =1 d
in particular, once (z7,--- ,x}) € X%}M then, by direct calculations,
1— 45%|F|-d
(33) {/L S {1; e 7d} : P(S:L‘:,I'ZS(Z)) Z ﬂ for some s € F}‘ < (1—|6)’2/{2
Now let V e U* and say (z1,---,24) € Xf5, NV (if it is not empty). For

any (f,---,a) € X{t5, NV, applying (3.3) to (#1,--- ,xq) and (z},--- , ) and
observing p(swi, sx}) < p(8Ti, To, (i) + P(Toy (i), Ty, y) + P(8T5, 75 (;y), it is easy to see

i € 11 ) = pls507) 2 for some s € F| < o0 10
i : p(sx;, sx;) > Kk for some s —_—
In other words, if we associate each 0 € Og with Xf 5 1y, the set of all («f,- -, a})
in X¢;, NV with 0 = [{i € {1,--- ,d} : p(sx;, sa}) > & for some s € F}|, then
(3.4) U Xg,&a,v,a = Xg,&,a nv.

€Oy
For each 6 € Oy, if (217, ,xg"), (z¥,--- 2% € X 5,500 then, by the selection of

F, p(x;”,x;) < g,p(xfk,xi) < % and then plz” 2¥) < v foralli e {1,---,d}\ 6,

)
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thus X%, can be covered by at most |V|’l many elements of V?. This implies

N(Vd7 Xg’,(s,a' N V) < Z N<Vd7 X?‘,J,U,V,H) (using (34))
S SH

852|F|

< 1O4] [V < e (using (3.2),
and hence h(G,V|U) < € by the definition, finishing the proof. O
Observing that, for V;,V, € Cx and K C X,
(3.5) NV, K) < N(Vo, K) - max N(Vy, K 0 V),

it is direct to obtain the following easy while useful observation.
Lemma 3.2. Let Uy, Uy € Cx and p € M(X). Then
h,(G,Uy) < h, (G, Usp) + R(G, Uy |Uz) and h, (G, X) < h,(G,Us) + h(G, X|Us),
G, Uy) < h(G,Us) + h(G, U |Uz) and h(G, X) < h(G,Us) + h(G, X|Us).

Proof. Let {F,, : n € N} C §¢ increase to the whole group G and {6, > 0:n € N}
decrease to 0. By the definitions it is direct to see

h,(G,U) = inf lim hg, s, ,..0(G,U)

LEF e (x) n—
for each U € Cx and
MG, Ui|Uz) = lim hp, 5, (G, Us[Usz).
Now for each n € N and L € §¢(x), using (3.5) it is easy to obtain
hE, 600 (GyUr) < B, s, 00(G Us) + hiE, 5,(G, Ui [Uy),

and then h,(G,U;) < h,(G,Usz) + h(G,U;|Usy) by taking limits on both sides, in
particular, h,(G,U;) = —oco when h,(G,Us) = —oo (and hence h,(G,X) = —oo if
and only if h,(G,Usy) = —o0), which implies h,(G,X) < h,(G,Us) + h(G, X|Us)
even if h(G, X|Uy) = oo (recalling our technical convention of —oco + 0o = —00).
The remaining items can be proved similarly. O

As direct corollaries, we have:

Corollary 3.3. h*(G, X) < oo if and only if h(G, X) < oo, and h*(G, X ) = —oc0 if
and only if h(G,X) = —o0.

Corollary 3.4. Assume that (X, G) is h-expansive. Then there exists U € C% with
h(G,X) = h(G,U) and h,(G,X) = h,(G,U) for each p € M(X).

Moreover, we can prove the following result.
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Theorem 3.5. Let € M(X). Then

(3.6) limsup h, (G, X) < h, (G, X) + h* (G, X).

v—p
In particular, if (X,G) is asymptotically h-expansive then the function he(G,X) :
M(X) — [0,00) U{—00} is upper semi-continuous.

Proof. Let U € C%. By Proposition 2.2 and Lemma 3.2 we have

limsup h, (G, X) < limsuph,(G,U)+ h(G, X|U)
v

VL

< hu(GU) + h(G, XU) < h(G, X) + WG, X|U).

Then (3.6) follows directly by taking the infimum over all U € C%.

Now we assume that (X, G) is asymptotically h-expansive, that is, h*(G, X) < 0.
Then h(G,X) < oo by Corollary 3.3, and hence h,(G,X) € [0,00) U {—o0} for
each n € M(X) by (3.1) (recalling the fact that h,(G,X) = —oo for each n €
M(X)\ M(X,G)). Moreover, using (3.6) we obtain

limsup h, (G, X) < h,(G,X) + 1" (G, X) < h,(G, X)

V=l

from our technical convention. This finishes the proof. O

Remark 3.6. As a direct corollary of Theorem 3.5, we have: if the action (X, Q) is
asymptotically h-expansive then both of its sofic topological mean dimension and its
sofic metric mean dimension with respect to any compatible metric are at most zero
[Li13, Proposition 4.3 and Theorem 6.1]. For the definition of sofic topological mean
dimension and sofic metric mean dimension see [Lil3, §2 and §4], respectively.

Combining Theorem 3.5 with (3.1) one has:

Corollary 3.7. Fach asymptotically h-expansive action of sofic groups admits a
measure with mazimal entropy.

In general, the converse does not hold, for example, any Z-action with infinite
entropy admits a measure with infinite entropy, whereas, it is not asymptotically
h-expansive. Furthermore, [Mis76, Example 6.4] shows us a Z-action with finite
entropy such that it is not asymptotically h-expansive, while its each invariant mea-
sure has maximal entropy. Observe that, as we shall show later, the definitions of
weak expansiveness given here for actions of sofic groups are equivalent to definitions
given in the same spirit of Misiurewicz’s ideas when the group is amenable.

Remark 3.8. Theorem 2.1 is a consequence of Theorem 3.1 and Theorem 3.5.
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4. PROFINITE ACTIONS

In this section we provide our first interesting non-trivial h-expansive action of
sofic groups using the language of the profinite action.

Recall that the action (X, G) is distal if inf e p(gz, gy) > 0 for all distinct z,y €
X, and equicontinuous if for each 6 > 0 there exists ¢ > 0 such that p(z,y) < e
implies p(gz, gy) < ¢ for all g € G.

The following result should be known, we provide here a proof for completeness.

Lemma 4.1. Assume that the action (X, Q) is equicontinuous. Then it is distal.
And if additionally X s infinite then it is not expansive.

Proof. First we prove that (X, @) is distal. Else, there exist distinct points x;, 25 €
X with infeq p(g21, gz2) = 0. As (X, G) is equicontinuous, there exists ¢ > 0 such
that p(z,y) < e implies p(gz,gy) < 3p(x1,22) for each g € G. Say ¢’ € G with
p(g'a1, g'ws) < e, and then 0 < p(a1,22) = p((¢') "' g'x1, (¢') " g'w2) < 3p(w1,22) by
the selection of €, a contradiction.

Now additionally we assume that X is infinite. If (X, G) is expansive, then there
exists 0 > 0 with sup,.q p(g7,gy) > ¢ for all distinct z,y € X. Using again the
equicontinuity of (X, G), we could choose ¢ > 0 such that p(z,y) < & implies
p(gz,gy) < 9§ for each g € G. As X is infinite, by the compactness of X we could
choose distinct points y1,yo € X with p(y;,y2) < €', a contradiction to the selection
of §. That is, (X, G) is not expansive, finishing the proof. O

See [Aus88]| for a more detailed story of distal actions and equicontinuous actions.

Observe that, by the definitions each action of sofic groups is h-expansive if it has
topological entropy at most zero, and Kerr and Li proved that each distal action of
sofic groups has topological entropy at most zero [KL.13a, Corollary 8.5]. Thus each
distal action of sofic groups is h-expansive. With help of this observation, we can
provide our first interesting h-expansive example.

Let G be a countable group. A chain of G is a sequence G = Gy > G > ---
of subgroups with finite indices in G. For a chain (G, ), we have a tree structure
T(G,(G,)) defined naturally as follows. The vertices are {gG, : n € N,g € G}
and (g1Gy, 92Gy) is an edge if m = n + 1 and ¢.G,, C ¢1G,. The boundary
IT (G, (Gy)) of T(G, (G,)) consists of all sequences (xg, 1, --) of vertices with z,,
adjacent to x,; for each n € Z,. Then 0T (G, (G,,)) is a compact metrizable space
endowed with the topology generated by the open basis consisting of all subsets
O, = {(xp,x1,---) € OT(G,(G,)) : ay = x} with x € G/Gy and N € Z,. The
natural left actions of G on G/G,, induce the profinite action (0T(G,(G,)),G), an
action of G on 9T (G, (G,)) by homeomorphisms. In this case the profinite action
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(0T(G, (G)), G) is equicontinuous, since for any = = ¢G,, € G/G, and h € G we
have hO, = O, with y = hgG,, € G/G,,.
Combining with the above discussions, we obtain:

Proposition 4.2. Let G be a countable sofic group and (G,,) a chain of G. Then the
profinite action of G on 0T (G, (Gy,)) is h-expansive. Furthermore if 0T (G, (Gy)) of
T(G,(G,)) is infinite then the action is not expansive.

Dynamical properties of profinite actions have been studied extensively for resid-
ually finite groups in [AE12, AN12|. They were also used to investigate orbit equiv-
alence rigidity for Kazdhan property (T) groups [loall, OP10].

5. TOPOLOGICAL CONDITIONAL ENTROPY FOR ACTIONS OF COUNTABLE
DISCRETE AMENABLE GROUPS

In this section we shall introduce topological conditional entropy for actions of
countable discrete amenable groups in the same spirit of Misiurewicz.

Recall that G is a countable discrete group. Denote by eg the unit of G. G is
called amenable, if there exists a sequence {F,, : n € N} C §¢, called a Folner
sequence of GG, such that

. |gF.AF,|
lim ———™

n—00 |Fn|

=0,Vg € G.

In the class of countable discrete groups, amenable groups include all solvable groups
and groups with subexponential growth. In the group G = Z, the sequence F, =
{0,1,--- ,n—1} defines a Fglner sequence, as, indeed, does {a,, a,+1, -+ ,a,+n—1}
for any sequence {a,}nen C Z; and in the finite group G, if {F), : n € N} is a Fglner
sequence of G, then F,, = G once n is large enough.

Throughout this section and next section, additionally, we will assume that G is
always a countable discrete amenable group.

The well-known Ornstein-Weiss Lemma plays a crucial role in the study of entropy
theory for actions of amenable groups [OW87]. The following version of it is taken
from [Gro99b, 1.3.1]. For a more detailed story see the section of Appendix.

Proposition 5.1. Let f : §o — R be a nonnegative function such that f(Eg) =
f(E) and f(EUF) < f(E)+ f(F) for all E,F € §g and g € G. Then for any

Folner sequence {F,, : n € N} of G the sequence {f\(iﬁ) 'n € N} converges and the

value of the limit is independent of the selection of the Folner sequence {F,, : n € N}.

Let ) # T C G. We say that T tiles G if there exists ) # G C G such that
{Tc: ¢ € Gy} forms a partition of G, that is, Tc; N Tco = () if ¢; and ¢y are different
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elements from Gr and U.cq, T'c = G. Denote by J¢ the set of all non-empty finite
subsets of G which tile G. Observe that Tg # 0, as Tg D {{g} : g € G}.

As shown by [Wei03, Theorem 3.3 and Proposition 3.6], tiling sets play a key role
in establishing a counterpart of Rokhlin’s Lemma for actions of countable discrete
amenable groups. The class of countable discrete amenable groups admitting a tiling
Folner sequence (i.e., a Folner sequence consisting of tiling subsets of the group) is
large, including all countable residually finite amenable groups [WeiO1].

The following result is proved as [DZ, Proposition 2.5].

Proposition 5.2. Let f : §¢ — R be a function and G admit a tiling Folner
sequence. Assume that f(Eg) = f(E) and f(EUF) < f(E)+ f(F) whenever g € G
and E, F € §q satisfy ENF = 0. Then for any tiling Folner sequence {F, : n € N}
of G, the sequence {ﬁ(ﬁi) ‘n € N} converges and the value of the limit is independent
of the choice of the tiling Folner sequence {F,, : n € N}. Furthermore,

lim J(Fn) inf JUE) <and so = inf f(Fn)>

n—oo | F,| = Fevs |F| neN |F,|

Let Wi, W, € Cx. If each element of W, is contained in some element of W,
then we say that Wy is finer than Wo (denote by Wy = Wy or Wy < 'W;). The join
Wi VW is given by Wi VW, = {WWiNW, = W) € Wy, Wy € Wy} € Cx, which extends
naturally to a finite collection of covers. Let F' € §a, we set (Wi)p =V, ep g "Wy,
and then we consider a nonnegative function my, w, : §¢ — R given by

mw, w, (F) = (ax log N((W;)p, K) for each F € 3.

It is easy to obtain the following useful observation.
Lemma 5.3. my, w,(EUF) < mw, w,(E) + mw, w,(F) for all E,F € §¢.

Proof. Let E, F € §¢. From the definition we choose K € (Ws) pur with may, w,(EU
F) = 1OgN((W1)EUp,K) Say Kl € (WQ)E and KQ € (WQ)F with K = K1 N K2
(no matter if £ and F' are disjoint), such K; and K, must exist. Now let V; C
(W1)g cover Ky with [Vi| = N((W1)g, K1) and let Vo C (W1)p cover K, with
|Vo| = N((W1)r, K3). Obviously we can cover K7 N K» (i.e. K) using the family
Vi V Vy. Observing that |V V Vo| < |Vy| - |Vs3] and each element of Vi V Vy is
contained in some element of (W;)gr, we have that N((W1)pur, K) < V1V V| <
N((W1)g, K1) - N((Wq)F, K3), which implies the conclusion directly. O

It is easy to check G-invariance of the nonnegative function mw, w, : §¢ — R.
Observing Lemma 5.3, we could apply Proposition 5.1 to define

) 1
h*(G, Wi|W2) = lim @mwl,wg(ﬂz) > 0,
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which is independent of the selection of the Fglner sequence {F,, : n € N}. In
particular, if G admits a tiling Fglner sequence then by Proposition 5.2 one has

1 1
@ = ] R — = 1 B — >
h (G, W1|W2) Flgi]fc |F|mW1,W2 (F) <and S0 %rellf\‘l |Fn|mW17W2<Fn)> - 0.

Then we define the topological conditional entropy of (X, G) with respect to Ws by
h(G, X|Wy) = sup h*(G,U|'Ws),
Uees,

and define the topological entropy of (X,G), h*(G, X), and topological conditional
entropy of (X, G), h**(G, X), respectively, as: h*(G, X) = h*(G, X|{X}) and

h** (G, X) = inf h%(G,X|V) (: inf h“(G,X|\7)> > 0.
veey veey

Recalling that in the special case of G = Z acting on a compact metric space
X, equivalently, giving a homeomorphism 7" : X — X, the above definition recov-
ers the definition given by Misiurewicz in [Mis76], which was then used to discuss
weak expansiveness for Z-actions. In fact, Misiurewicz [Mis76] introduced topolog-
ical conditional entropy in the setting of giving a compact Hausdorff space and a
continuous transformation of X into itself.

6. COMPARISON BETWEEN SOFIC AND AMENABLE CASES

The following result is the main result of this section, which shows that our defi-
nitions of weak expansiveness for actions of sofic groups are equivalent to definitions
given in the same spirit of Misiurewicz’s ideas when the group is amenable.

Theorem 6.1. (X, G) is asymptotically h-expansive if and only if h**(G, X) = 0.
Similarly, (X,G) is h-expansive if and only if h*(G, X|V) =0 for some V € C%.

Let Y be a finite set, {A; : i € I} C {0} UFy and § > 0. We say that {A,; : i € [}

d-covers Y if |U A;| > 6|Y|. {A; : i € I} are e-disjoint if there exist pairwise
il
disjoint subsets B; C A; with |B;| > (1 — €)|A;| for each i € I.
The next result is the Rokhlin Lemma for sofic approximations of countable dis-
crete groups [KL13b, Lemma 4.5].

Lemma 6.2. Let I' be a countable group with the unit e and 0 <7 < 1,0 <n < 1.
Then there are an | € N and n',n" > 0 such that, whenever e € Fy C --- C Ej
are finite subsets of T with |E;' Ey \ Ex| < 0|Ex| for k = 2,--- |1, there emists
e € E € §r such that for every good enough sofic approximation o : I' — Sym(d)
for T with some d € N (i.e., o : T' — Sym(d) is a map such that

osi(a) = os04(a),04(a) # og(a),o.(a) = a
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for all a € B with B C {1,---,d} satisfying |B| > (1 —n")d and s,t,s" € E with
s# '), and any set V- C {1,--- ,d} with |V| > (1 —7)d, there exist Cy,--- ,C; CV
such that
(1) the sets o(Ey)Cy, k € {1,--- |1} are pairwise disjoint;
(2) {o(E)Cy - ke {1,--- ,I}} (1 =7 —n)-covers {1,--- ,d};
(3) {o(Ex)c: c € Cy} is n-disjoint for each k € {1,--- ,1}; and
(4) for every k € {1,--- |1} and ¢ € Cy, Ex 3 s+ 04(c) is bijective.
Before proceeding, we also need the following easy observation.
Recall that p is a compatible metric on the compact metric space X.

Lemma 6.3. Let K C X be a closed subset and F' € §, U € C%. Then there exists
6 > 0 such that

Kps = {(CL‘S)Sep c Xt maFXp(xS,s:L‘) < § for some x € K}
se
can be covered by at most N(Up, K) elements of UL

Proof. Obviously, there exists V C U such that |V| < N(Up, K) and
UV D Kp where Kr = {(s2)ser : x € K}.

For example, let W C Up such that |W| = N(Ug, K) and UW D K. Now for each
WeW, asW € Up, say W = ) s7'U(s) with U(s) € U for each s € F, we set
sEF

W = II U(s) € U¥. Then we can take V to be {W : W € W}.

sEF
Note that UV is an open subset of X¥ and Kr C X is a closed subset, there

exists 6 > 0 such that Kp; C UV. This finishes the proof. O
Then, following the ideas of [KL13b, Lemma 5.1] we have:
Proposition 6.4. Let U, Uy € C% and U; € C§ with Uy = Us. Then
h(G,UIU;) < h(G,U|Uy) and thus h(G, X|U;) < h*(G, X|Uy).
Proof. Let ¢ > 0. We choose 1 > n > 0 small enough such that

(G, UUy) + €
1—n
and K € §¢, ¢’ > 0 such that, once F' € F satisfies |[K FAF| < §'|F| then

(6.1) + 2nlog |U| < h*(G, U|Usy) + 2¢

(6.2) 1 max log N(Up, K) < h*(G,UUy) + ¢.
|F| Ke(Uz)r
Observing that Uy € C% and U; € C% satisfy Uy = Us, we can choose 6" > 0 such
that, for each U; € U; there exists Uy € Uy containing the open ¢”-neighborhood
of Uy. Now let [ € N and ' > 0 be as given by Lemma 6.2 with respect to 7 = 7
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and 7. In ¢ we take eq € Fy C --- C F such that |F L Fy, \ Fy| < o/|F}| for
each k = 2,--- [l and |KF,AFy| < §|Fy| for all k = 1,--- I. As the group G is
amenable, such subsets Fy,--- , F} must exist. Thus, by (6.2),

1 _
(6.3) max — max log N(Up,, K) < h*(G, UMW) + .
k=1 |Fi| Ke)r,

For each k = 1,--- ,l and any K € (Uy)g,, let 6(k, K) > 0 be as given by Lemma

6.3 with respect to K, Fy, and U, and then set 0 = min{d(k, K) : K € (Uy)x, }. We

take 0 > 0 such that § < min {(5")275%7 07 uZT\} and

[1Fi]4d]
(6.4) > < > < (14 &) for all large enough d € N.

i=0 \J

Now let o : G — Sym(d) be a good enough sofic approximation for G with some
d € N (and hence d € N is large enough). If (z1,--- ,z4) € X}, 5, then

d

1
—p? i Loy (i)) < &
max ;dp (523, Tay (i)

which implies that |J(z1,- -, 24, F1)| > (1 — |F7|d)d, where
J(xy, - xq, F) = {z e{l,---,d}: Iréz}rxp(sxi,xas(i)) < \/5} .
sEF;

Denote by © the set of all subsets of {1,---,d} with at least (1 — |F}|0)d many
elements, and for each § € © denote by X, 5, the set of all (z1,--- ,z4) € X, 5,
with J(xy, -+, x4, F}) = 0. Then

[|Filéd] d
(6.5) o= > <]> < (1+4¢)? (using (6.4)) and | X;ém,c,ﬁ = X;?ﬂl,é’g.

j=0 6cO
Let 0 € ©. As o is good enough, by Lemma 6.2 there exist C4,--- ,C; C 0 with
(1) the sets o(Fy)Cyk, k € {1,--- 1} are pairwise disjoint;

)

(2) {o(Fg)c: c € Cy} is n-disjoint for each k =1,--- ,;

(3) {o(F)Cy : k€ {1,---,1}} (1 —2n)-covers {1,--- ,d}; and

(4) for every k € {1,--- ,1} and ¢ € Cy, Fy 3 s — 0,(c) is bijective.
Set Jy ={1,-- ,d} \U{o(F})Cy : k € {1,--- ,1}}. Then

l 1 d
6.6) 1ol <2nd and 3 [B - [Chl < —— 3 [o(F)CH < ——.
k=1 L=ni3 L=mn

Now let W € (Uy)?, say W = I, U and for each i = 1,--- ,d the open §"-
neighborhood of Ul(l) is contained in UQ(Z) € Uy. For each £ = 1,---,[ and any
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ek € Cg,as Cp C 0 and Fy, C F, if (xq,-+- ,14) € Xfulwae N W, then

rsré%xp(xg (r) STep,) < V<8,

and so sz, € U (as Toy(cp) € UL for all s € F, by the selection of 8",
thus
Te, € ) s_lUUS(C" (denoted by Q) € (Uy)F,,

seFy
which implies by applying Lemma 6.3 and (6.3) that we can cover

{(zi)icoFen : (@1, @) € XG5, VWY
C {(xz‘)ieo—(Fk)ck ; Isléz]ai(p(xas(ck), sx) < 0, for some x € Q}
by at most (observing the selection of Jy)
N(Up,, Q) < ol Pl [ (G U[Uz) +e]
elements of UFe)ex and so it is not hard to cover

{(z)icomcy (1, ,2q) € Xf 5,9 MW}

using at most
el Crl-[Fe| [ (G UUz) +e]

elements of UECk . Thus

log N(UY, XT 5,,NW) < Z\Ck |Fy| - [h(G, U|Uy) + €] + | Jg| log |U|

< d (h“(G,lu_]'lf;) °q 2nlog ]U|) (using (6.6))
(6.7) < d(h*(G,UUy) + 2¢) (using (6.1)).

Combining (6.5) with (6.7) we obtain
log N(U%, X1 5, N W) < d(h*(G,UUz) + 2¢ + log(1 + ¢)).
By the arbitrariness of € > 0 and W € (U, )¢ we obtain the conclusion. O

We also have [KL13b, Lemma 4.6], an improved version of Lemma 6.2 for an
amenable group. Recall that the group G is amenable throughout the whole section.

Lemma 6.5. Let 0 < 7 < 1,0 <n <1 and K € §Fg,0 > 0. Then there are an
leNand Fy,--- ,F, € §g with |KFy \ Fy| < 0|F)| and |Fy K \ Fy| < 6|Fy| for all
k=1,--- .1, such that for every good enough sofic approzimation o : G — Sym(d)
for G with some d € N and any set V-C {1,--- ,d} with |V| > (1 —7)d, there exist
Ci, - ,C, CV such that

(1) the sets o(Fy)Cy, k € {1,--- |1} are pairwise disjoint;
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(2) {o(F§)Ck : ke {1,--- ,I}} (1 =7 —mn)-covers {1,--- ,d}; and
(3) for every k € {1,--- 1}, the map F}, x Cy 3 (s,¢) — os(c) is bijective.
Let U € Cx,e >0and F € §g,0 > 0. We set
1
hrs(G,e|lU) = limsup — log max N (X}li(;a_ NV, p4) (recalling (2.1)),
ivoo di C Veud 0
h(G, 6|u) = Flggfg (151>1£ hF,J(GJ €|U)
Now let V € Cx and 1,9 > 0. Assume that diam(V) < &; and any open ball with
radius €, is contained in some element of V. It is easy to obtain
hF,5(Ga61|u) S hF,(S(GavH/() S hF,é(Ga€2|u)a
WG 21l < (G, V) < h(G, s 1),
Thus we have
(6.8) h(G, X|U) = h_I}I(l) h(G,e|U) = sup h(G, e|U).

e>0
Following the ideas of [KL13b, Lemma 5.2] we have:

Proposition 6.6. Let U € Cx. Then h(G, X|U) > h*(G, X|U).

Proof. Let U; € C%. We only need to prove h(G, X|U) > h%(G, U;|U).

We choose € > 0 such that any open ball with p-radius ¢ is contained in some
element of Uy, and let 8 > 0, F' € §¢,0 > 0. We are to finish the proof by showing
(6.9) ~ogmax N, (Xfs, 0V, pg) > W(GL U NG — 30
once o : G — Sym(d) is a good enough sofic approximation for G with some d € N.

Let M > 0 be large enough and § > 0 small enough such that the diameter of
the space X is at most M and

o
(6.10) VoM < 5 0'log U[ < 0 and (1 — 8 (G,Us[U) > h* (G, Ua[U) — 0.
Applying Lemma 6.5, there are an [ € N and F},--- , F] € §¢ so that

! TFRNF
(6.11) minmin 5 L0 F Sy
k=1 s€F | |
and
o1
(6.12) min —— max log N((U;)r,, K) > max{0, h*(G,U;|U) — 0},

k=1 |F}| Keug,
such that once o : G — Sym(d) is a good enough sofic approximation for G with
some d € N then there exist Cy,---,C; C {1,--- ,d} satisfying
(1) the sets o(Fy)Ck, k € {1,--- ,1} are pairwise disjoint;
(2) {o(F)Cy - ke {1,---,1}} (1 = ¢)-covers {1,---,d};
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(3) for every k € {1,--- 1}, the map Fj, x Cy > (s,¢) — 05(c) is bijective; and
(4) for all k € {1,--- ,I} and s € F, s € Fy, ¢ € Cy, 055, (k) = 0505, (ck).
Remark again that the group G is amenable, such subsets Fi,--- , F; must exist.

Now assume that ¢ : G — Sym(d) is a good enough sofic approximation for G
with some d € N and let C4,--- ,C; C {1,--- ,d} be constructed as above.

For each k € {1,--- i} and any K € U, , we take a maximal (pp,, €)-separated
subset B i of K which is obviously finite, where

pr,(x,z') = max p(gz, g2') for z,2’ € X.
geF
Then for each y € K there exists an « € Ej, i such that pg, (2, y) < e. Observe that

any open ball with p-radius ¢ is contained in some element of U;, and hence any
open ball with pp,-radius € is contained in some element of (U;)p, , thus

(6.13) |Erx| > N(Uy)p,, K).
Now let (yi,--- ,y;) be any [-tuple with
Yk € H Ey k., where k € {1,--- 1} and K, € Up, for each ¢ € Cj.

ceCl
From the construction of C,--- |}, it is not hard to see that there exists at least
one point (z1,---,14) € X? such that once i € o(Fy)C}, for some k € {1,---,1},
say i = 05, (cx) with s € Fy, and ¢; € Cy, then z; = spyp(ck). Let (21, -+ ,24) €

X4 be such a point (corresponding to the I-tuple (y1,---,%)). Let s € F and
i€ {l,---,d}. Once i = o, (cx) for some s € Fy and ¢ € Cy, k € {1,--- 1}, if
ssy € Fy, then sx; = sspyp(cr) = Lo, (r) = Tosos, (er) = Too(i)- Which implies that

2 1 2 M2
P50 toy) = 5 D P(STi Teym) < 7|{17'“ LA} \ El,

d
(6.14)
=1 d ie{l, d}\E

ISR

(2

where

l
FE = U U(S_le N Fk)Ck
k=1

Using the construction of C4,--- ,C; again, by (6.11) one has

l l
(6.15) |E| =Y [s " FuNEy| - [Ch| > (1=6") Y |Fi| - |Ch| > d(1—6")* > d(1—2").
k=1 k=1

Combining (6.14) with (6.15), we obtain

1 d 2 vy

gZP (53, Zo,(5)) < 206'M”.
i=1

In particular, (z1,-- ,x4) € X%,a,o follows from the selection of M and ¢'.
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On one hand, from the above constructions, it is easy to check that, given
K, € Up, for each k € {1,---,1} and any ¢ € Cy, each point (x1,--- ,z4) € X
corresponding to an [-tuple from Hi::l [l.cc, Bk k. is contained in a fixed element of

1
l 1, ,d o(Fy)C,
W = H UFOCH 5 {X}{ }\Ig1 (Fx) k'

k=1
On the other hand, assume that (zy,--- ,z4) € X?and (2, --- ,2,) € X4 correspond
to distinct I-tuples (y1,- -+ ,4) and (y;, - ,y;) from [T},_; [leec, Bk k., where K. €
Up, for each k € {1,---,l} and any ¢ € Cy, respectively. Thus, for some k €
{1,---,1} and ¢ € Cy, yx(c) and y;(c) are distinct elements of Ej g, in particular,
pr(yk(c), Yy (c)) > €, and then

Pd(($1, T ’xd)’ (xlla e 7:B21)) > _max p<xi>$;)
i€o(Fy)c

= max p(syu(c), syx(c)) = pr (Yk(c), Yr(c)) 2 e

This implies that

l
II II Erx.

max N, (Xf;’(;’g nw, pd) >

=11 II |Ekx.]

Wew k=1 ceCy, k=1 ceCy
l
> II I MW, K.) (using (6.13)).
k=1 ceCy,

Combining the above estimation with the fact that {o(F})Cy : k € {1,---,l}}
(1 —¢')-covers {1,--- ,d}, we obtain that

log

u|®e max N. (Xg5,NV, pd)}

eud
d
> logmax N: (Xjzs, N, pa)

!
> ];]Ckllgrel%i{k log N((Uy) g, K)
!
> |Cl - |Fi| - max{0, n*(G, U; |U) — 0} (using (6.12))
k=1

d(1 —¢") max{0, h*(G, U |U) — 6}
d[h*(G,U;|U) — 26] (using (6.10)).

v

>
(6.16) >

Then (6.9) follows from (6.10) and (6.16). O

Now let us prove our main result of this section.
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Proof of Theorem 6.1. Assume that (X, G) is asymptotically h-expansive. Let ¢ >
0. Then there exists U; € €% such that h(G, X|U;) < e. Thus A**(G,X) <
h*(G, X|Uy) < e by Proposition 6.6, and finally h**(G, X) = 0.

Now assume that A**(G,X) = 0 and let € > 0. By the definition, there exists
Us € €% with he(G, X|Us) < e. As X is a compact metric space, we can take
Uy € €4 with Uy = Us, then h(G, X|U,) < e by Proposition 6.4, and so h*(G, X) <
h(G, X|Uy) < g, thus h*(G, X) < 0. That is, (X, G) is asymptotically h-expansive.

We could prove similarly the remaining part of the theorem. U

Setting U; = Uy = {X} in Proposition 6.4 and U = {X} in Proposition 6.6, we
obtain directly the following observation [KL13b, Theorem 5.3].

Corollary 6.7. h(G,X) = h*(G, X).

7. ACTIONS OVER COMPACT METRIC GROUPS

In this section we shall provide more interesting asymptotically h-expansive ex-
amples when we consider actions of countable discrete amenable groups.

Recall that any C'*° diffeomorphism on a compact manifold is asymptotically h-
expansive by Buzzi [Buz97]. Moreover, if we consider a differentiable action (X, G)
in the sense that the homeomorphism of X given by each g € G is a C") map, where
X is a compact smooth manifold (here we allow a smooth manifold to have different
dimensions for different connected components, even including zero dimension) and
G is a countable discrete amenable group containing Z as a subgroup of infinite
index, then the action (X, G) has zero topological entropy by Li and Thom [LT14,
Lemma 5.7], and so it is h-expansive.

Moreover, inspired by Misiurewicz’s work [Mis76, §7], in the following we prove:

Theorem 7.1. Let G be a countable discrete amenable group acting on a compact
metric group X by continuous automorphisms. Then the action (X, G) is asymptot-
ically h-expansive if and only if h*(G, X) < oco.

Remark 7.2. Let G be a countable discrete amenable group acting on a compact
metrizable group X by continuous automorphisms. If (X,G) has finite topological
entropy then, by Corollary 3.7, Corollary 6.7 and Theorem 7.1, it admits an invari-
ant measure with mazimal entropy. If the amenable group G is infinite and (X, G)
has infinite topological entropy, then, by the affinity property of measure-theoretic en-
tropy (for actions of a countable discrete infinite amenable group), it will also admit
an invariant measure with mazximal entropy. Indeed, if let v be the normalized Haar
measure of the compact metric group X (and hence p is automatically G-invariant),
then the measure-theoretic p-entropy coincides with the topological entropy of the
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system [Den06, Theorem 2.2]. Remark that X was assumed to be abelian in [Den06,
Theorem 2.2/, which is in fact not needed.

Remark 7.3. The conclusion of Theorem 7.1 does not hold if we remove the group
structure from X even for the Z-actions. There are many such actions. The first one
may be the Gurevic’s example (for the detailed construction see for example [Wal82,
Page 192]), which is a Z-action having finite entropy and without any invariant mea-
sure attaining mazimal entropy. Another example is [Mis76, Example 6.4/, which is
a Z-action with finite entropy such that it is not asymptotically h-expansive, while
its each invariant measure has maximal entropy.

The “only if” part of Theorem 7.1 comes from Corollary 3.3. The proof of its
“if” part relies on the concept of homogeneous measures. And so first we recall the
definition of homogeneous measures following [Mis76, §7].

Let G be a group acting on a compact metric space X, and denote by « the
action. Let p € M(X). For each U € C%, we set

P(U) = mEJX {U eU:ze€Uand pu(U) = ng}%g}évﬂ(v)} € C%.
The measure p is called a-homogeneous if there exist mappings D : €% — C% and
¢:C% — (0,00) such that for any U € €% and each F' € Fi we have

p(V) <ce(Wu(U) for all U € P(Ug) and V € D(U)p.

In general, it is not easy to check if a measure is homogeneous. While for G = 7Z
Misiurewicz gave a sufficient condition for the existence of such a measure [Mis76,
Theorem 7.2], which can be generalized to a general group G as follows.

Following the spirit of Misiurewicz [Mis76], let H be a group acting on a compact
metric space (X, p) with the action ®, that is, ® is a homomorphism of H into the
group of all homeomorphisms of X. Recall that ® is transitive if for any z,y € X
there exists g € H with gr = y, and equicontinuous if for each € > 0 there exists
d > 0 such that p(z1,z9) < d implies p(gz1, grs) < € for all x1,25 € X and g € H.
Recall that p € M(X) is invariant with respect to ® if gu = p for each g € H.
While the transitivity here is different from the usual one in topological dynamics,
the definitions of equicontinuity and invariance of a measure are just as usual.

Lemma 7.4. Let G be a group acting on a compact metric space X, and denote by
a the action. Let H be a group with T, an action of G on H by homomorphisms
g — T, for each g € G, equivalently, each Ty : H — H is a homomorphism. Now
assume that ® is a transitive equicontinuous action of H on X by homeomorphisms
such that p € M(X) is invariant with respect to ® and g(hx) = (T,h)(gx) for all
xe€ X, g€ G and h € H. Then p is a-homogeneous.
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Proof. Let U € C%. We aim to construct some D(U) € C% with ¢(U) = 1 such that
both of mappings D and c satisfy the condition of u being a-homogeneous.

Let € > 0 be a Lebesgue number of U. By the equicontinuity of ® there exists
d > 0 such that p(z1,z) < 0 implies p(hxi, hay) < § for all 21,20 € X and h € H.
Now let W be a non-empty open set with diameter at most 6. For each x € X,
denote by W, the set of all ¥y € X such that both x and y are contained in hWW for
some h € H, then p(x,y) < s for each y € W,, and so W, C U, for some U, € U.

Observe that the family of non-empty open subsets {hW : h € H} covers X by the
transitivity of the action ®, and so we could choose D(U) € €% with D(U) C {AW :
h € H}. Now we show that D(U) and ¢(U) = 1 satisfy the required properties.

Let I € Fg. Set Wre = Nyer Y Wahe C Nyerv 'Uye € Up for each z € X.
Let U € D(UW)p, and say U = Nyepg ' (hyW) with hy € H for any g € F. Then
gx € hyW and hence hyW C W, for all z € U and g € F. Thus, for any x € U,

U=Ng'(hW)C (g Woe=Wrz >

geF geF
and hence (observing We, C N, vy U, € Up)
(7.1) p(U) < p(Weg,) <max{u(V):zeVand V € Up}.

Let v € X and k € H. For y € X, y € kW,, equivalently k~'y € W,, if and
only if both = and k~'y are contained in hW for some h € H, equivalently both
kx and y are contained in khW for some h € H, if and only if y € Wy,. Thus
kW, = Wi,. Now let h € H)Y C X and g € G. By assumptions, g(h(¢g~'Y)) =
(T,h)(g(g7'Y)) = (T,h)Y, equivalently, h(¢'Y) = ¢ ' ((T,h)Y"). And hence

h(g_lng) = g_l((Tgh)ng’) = g_l(W(Tgh)(gx)> = g_l(Wg(hx))~
Which implies that, for all x € X and any h € H, F' € Jg,

hWF,a: =h <ﬂ 7_1W7x> - m h(7_1W7x> - ﬂ '7_1W'y(h:c) - WF,hx-
yEF YEF YEF

As the action @ is transitive and p is invariant with respect to ®, we obtain
(7.2) (W) = p(Wpgy) for all z,y € X and any F € Fg.

Summing up, for each F' € F5 and any U € D(U)r and @ € P(Ur), let x € U, and
by the construction of P(Ug) we could choose y € @ with u(Q) = max{u(V):y €
V and V € Ur}, and then

uwU) < p(Wrg) (using (7.1)) = p(Wry) (using (7.2))
< max{u(V):yeVand V € Up} (using (7.1) again) = u(Q).
Recalling ¢(U) = 1, we see that the measure p is a-homogeneous. 0

As a direct corollary, we have:



26 NHAN-PHU CHUNG AND GUOHUA ZHANG

Proposition 7.5. Let G be a group acting on a compact metric group X by contin-
uous automorphisms, and denote by « the action. Let p € M(X) be the normalized
Haar measure of the group X. Then u is a-homogeneous.

Proof. Set H = X and let T" be the action o of G on H by automorphisms 7T}, :
H — H,h — gh. Now let ® be the action of H on X by homeomorphisms h : X —
X,z + hx for all h € X. Obviously, the action ® is transitive and the measure p is
invariant with respect to the action ® and

g(hz) = (gh)(gx) = (Tyh)(gx) for all x € X, g € G and h € H,

recalling that G acts on H = X by automorphisms. Observe that by the well-known
Birkhoff-Kakutani Theorem the compact metric group X admits a left-invariant
compatible metric (for example see [EW11, Page 430, Lemma C.2]), which implies
that the action ® is equicontinuous. Thus the measure p is a-homogeneous by
Lemma 7.4. U

For a Z-action acting on a compact metric space X, if the action admits a ho-
mogeneous measure and has finite topological entropy, then it is asymptotically
h-expansive [Mis76, Theorem 7.1]. In the following, we shall see that the proof
there also works for a general countable discrete infinite amenable group G.

Let (X,G) be an action of a countable group G on a compact metric space X
with p € M(X),F € Fg,U € C%. We put

Mp(U) = Iax uw(U) >0 and mp(U) = min p(U).

UcP(Ur)

For U,V € €%, Mp(V) < Mp(U) whenever V > U, and if u is a-homogeneous then

(7.3) Mp(V) < Mp(D(U)) < c(Wmp(U) and hence mp(U) > ]\?(29)7)

whenever V = D(U). Let U € C% and Y C X. The star of Y with respect to U and
the star of U is defined, respectively, as

stV Uy =U{U e U: UNY # 0} and StU = {st(U,U) : U € U} € C%.

>0

Following [Mis76, Lemma 7.1], it is easy to obtain:

Lemma 7.6. Let (X,G) be an action of a countable group G on a compact metric
space X with pp € M(X) and U,V € C& with V = U. Then

max N((StV)p, K) - mp(V) < Mp(StU).

KeUup
Proof. Observe St(Vg) = (StV)r as done in [Mis76, Lemma 3.3]. Let U € Up with
(7.4) max N((StV)p, K) < max N(St(Vp), K) = N(St(VF),U) (denoted by p).
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Using [Mis76, Lemma 3.1], we could select a disjoint family € C P(Vpg) such that
CNU #{ for each C' € € and U C U{st(C, P(Vr)) : C € C}. Observing P(Vg) C
Vi by the definition, € C Vg (and hence st(C,Vg) € St(Vp) for each C' € €) and
U C U{st(C,Vp) : C € €}, which implies p < |C|. Now say U = N,y U, with
U, € U for each v € F, then

yeF

( )
st(U,Vp) = uiWevF:Wmmfleﬁéa)}

C () sty Uy TV) = () v st (UL, V)

veF YEF
(7.5) c (7 'stU,, W) (as V= U) € (StU)p (as U, € U for all y € F).
YEF

As € C Vg and CNU # ) for each C € C, UC C st(U, V) by the definition. Now
recalling that € C P(Vp) is a disjoint family and p < |C|, we have

p-mp(V) < p(UC) < pu(st(U, Vr)) < Mp(StU)
by (7.5). Then the conclusion follows from (7.4) and the above estimation. O

The following result generalizes [Mis76, Theorem 7.1] to the case of G being a
general countable discrete infinite amenable group.

Proposition 7.7. Let « be the action (X,G) with G a countable discrete infi-
nite amenable group and p € M(X,G). Assume that pu is a-homogeneous and
h*(G,X) < oco. Then the action (X, G) is asymptotically h-expansive.

Proof. As p is a-homogeneous, let D : €% — €% and ¢ : €% — (0, 00) correspond
to u. Setting U = {X} (and hence StU = {X}) in Lemma 7.6 we obtain
1
((StV)p, X)
for each V € C%. And then once V,'W € C% satisty W = D(V), N(Wpg, X)Mp(W) >
1 and hence combining (7.3) with (7.6) we obtain
1 c(V)
d Mp(W) < .
N Wy, Xjew) 1MW) < e X
Now fix any €,D € €C%. We choose V € C% with StV = C A € C% with
StA = D(V) and € € C% with St€ = D by [Mis76, Proposition 3.5]; and then find
G €@ with G = A, B e C% with B = A and B = € (and hence StB = D) and
W € €% with W > D(B). Observing mp(B) > 0 by (7.3) for any F' € F¢, we have

max N((StB)p, K) < max N((StB)p,K) (as G = A)
Ke(Q)r KeAp

(7.6) N((StV)p, X) -mp(V) <1, equivalently, mp(V) < ¥

(7.7) mp(V) >
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Mp(StA) , .
W (using Lemma 7.6, as B = A)
< o) e(B) ) ging (7.7)),

CN((StV)p, X)

as StA = D(V) and W = D(B); and then (recalling that G is a countable discrete
infinite amenable group and observing StV = € and StB = D)

h(G,D|S) < h*(G, StB|S) < h*(G, W) — h*(G, StV) < h*(G, X) — h*(G, @).
By the arbitrariness of D € C%, one has
(G, X) < h*(G, X|9) < h*(G, X) — h*(G, C),

and then by the arbitrariness of € € €% and observing h*(G, X ) < oo, we obtain
h**(G, X) = 0. That is, (X, G) is asymptotically h-expansive by Theorem 6.1. [J

Now we are ready to prove Theorem 7.1.

Proof of Theorem 7.1. The “only if” part comes from Corollary 3.3.

Now we prove the “if” part. If G is finite, it is trivial to see from the definition
that h%(G, X) < oo implies the finiteness of the group X, then the action (X, G)
is expansive and hence asymptotically h-expansive. Now assume that G is infinite.
Let p € M(X) be the normalized Haar measure of the compact metric group X.
By Proposition 7.5 and Proposition 7.7, we only need to show p € M (X, G), which
is obvious by the assumption, as it is well known that each continuous surjective
homomorphism of the compact metric group X preserves pu. O

It is natural to ask the following question which we haven’t solved currently.
Question 7.8. Does Theorem 7.1 hold when the acting group is sofic?

At the end of this section, we present further discussions about actions of count-
able groups over a compact metrizable abelian group by continuous automorphisms.

Let a be an action of a countable group G acting on a compact metrizable abelian
group X by continuous automorphisms. On one hand, by [CL, Theorem 3.1], the
action (X, @) is expansive if and only if there exist some k € N, some left ZG-
submodule J of (ZG)*, and some A € M, (ZG) being invertible in My (¢*(G)) such
that the left ZG-module X is isomorphic to (ZG)*/.J and the rows of A are contained
in J. On the other hand, suppose that G is amenable and Xisa finitely presented left
ZG-module, and write X as (ZG)¥/(ZG)"A for some k,n € N and A € M, ,(ZQ),
then h%(G, X) < oo if and only if the additive map (ZG)* — (ZG)" sending a to
aA* is injective [CL, Theorem 4.11], which implies that (X, G) is asymptotically
h-expansive by Theorem 7.1. As a consequence, if G is amenable, then for any non-
zero divisor f in ZG which is not invertible in ¢*(G), the principal algebraic action
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ay, the canonical action of G over ZG/ZG f, is asymptotically h-expansive but not
expansive. See [CL, §3 and §4] for more details.

8. APPENDIX

In this appendix, we will give some comments about Proposition 5.1. We assume
again that G is always a countable discrete amenable group.

There are several versions for the well-known Ornstein-Weiss Lemma for amenable
groups. Among them, the following version of it (cf. [LW00, Theorem 6.1], see also
[HYZ11, Lemma 2.4]) may be used mostly in the literature.

Proposition 8.1. Let f : §o — R be a function such that 0 < f(Eg) = f(F) <
f(EUF) < f(E)+f(F) forall E,F € §¢ and g € G. Then for any Folner sequence
{F, :n € N} of G the sequence {J](;::]) 'n € N} converges and the value of the limat
is independent of the selection of the Folner sequence {F, : n € N}.

While, as shown by the following remark, it is not clear for us how to define the
topological conditional entropy h%(G, Wi|Ws) with Wi, Wy € Cx for actions (X, G)
of countable discrete amenable groups using Proposition 8.1.

Remark 8.2. Let U,'W € Cx. It is easy to check that the function myw : §¢ — R
satisfies 0 < myw(Eg) = myuw(E) and myw(EUF) < myw(E) +myw(F) for all
E.F € §¢ and g € G; whereas, it may happen that myw(E) > myw(E U F) for
some E, I € §¢ even in the case of U € C% and W € C. Thus we could not obtain
directly from Proposition 8.1 the convergence of the sequence {‘F—lnlmu,w(Fn) 'n € N}
for a given Folner sequence {F,, : n € N} of G.

In the following we shall present such an example. Let G = Zy X Z. Then G is a
countable discrete amenable group with unit (0,0). We consider the compact metric
space X = {a,b}%, where G acts naturally on it. Set

U = {[d](0.0), [lio,0) } € €& and W = (1,0)"'U € €%
with [i)0.0) = {(%g)gec : T0) =1}, @ € {a,b}. Let S € §z and set
E={0,s):s€S}eFc and F={(1,s):s€ S} =(1,0)- FE € Fq.
It is straightforward to check that Up = U1,0).r = Wg and Ug = Wp, and then
mu,W(E) = mu7w(F) = ’S‘ 10g2 >0= mu’w(E U F)
In fact, given a Fglner sequence {F,, : n € N} of G, in a previous version of the
paper the authors proved convergence of the sequence {ﬁmwhm (F,):n € N} only
in the case of W; € €% and Wy € €% using another way different from Proposition

5.1 (at that time the authors were unaware of Proposition 5.1), where the value of the
limit is independent of the selection of a Fglner sequence of the group G. Hanfeng Li
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told us that the sequence {ﬁmw1,w2(Fn> ‘n e N} converges for all Wi, W, € Cx,
which helped us to find finally Proposition 5.1 in [Gro99b]. Following Gromov’s
idea in [Gro99b], it is not hard to prove Proposition 5.1 using the terminology and
results by Ornstein and Weiss in [OW8T] (see also [RW00, WZ92]), which is small
modifications of the proof of Proposition 8.1 presented in [HYZ11].
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