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Abstract. We find an upper bound for the asymptotic dimension of a hy-
perbolic metric space with a set of geodesics satisfying a certain boundedness
condition studied by Bowditch. The primary example is a collection of tight
geodesics on a curve graph. We use this to conclude that a curve graph has
finite asymptotic dimension. It follows then that a curve graph has property
A1. We also show that the asymptotic dimension of mapping class groups of
surfaces with genus ≤ 2 is finite.

1. Introduction

The asymptotic dimension of a metric space was defined by Gromov [17, page
29] as the large-scale analog of Lebesgue covering dimension. Gromov originally
denoted asymptotic dimension asdim+, but the notation asdim has become more
standard. There are several equivalent definitions of asymptotic dimension of a
metric space (see [2, 31]), but we will only use the following one in terms of r-
multiplicity of a cover. In a metric space X , let N(x; r) denote the r-ball centered
at x in X. Define asdim X ≤ n if for every (large) r ∈ N there exists a cover {Ui}i

of X by uniformly bounded subsets of X so that ]{i | N(x; r) ∩ Ui 6= ∅} ≤ n + 1
for all x ∈ X. Asymptotic dimension is a quasi-isometry invariant; moreover it is
a coarse invariant (see below). For more information on asymptotic dimension see
the survey article [2] or Roe’s book [31], where asymptotic dimension is defined for
coarse spaces.
A metric space is said to be proper if closed, bounded sets are compact. Most

of the interest in asymptotic dimension arose following a result of Yu [39] saying
that the coarse Baum-Connes conjecture holds for proper metric spaces with finite
asymptotic dimension. Applying the so-called descent principle, he concludes that
the Novikov conjecture holds for finitely generated groups with finite classifying
space and finite asymptotic dimension. This result has since been improved upon
by Yu [40] and Kasparov-Yu [26].
The notion of a δ-hyperbolic space is due to Gromov [16] and has been studied

extensively. A geodesic triangle in a metric space X is said to be δ-thin if each of
its sides is contained in the δ-neighborhood of the union of the other two sides. A
geodesic space X will be called δ-hyperbolic if every geodesic triangle in X is δ-thin.
By a hyperbolic metric space we mean a geodesic metric space which is δ-hyperbolic
for some δ ≥ 0. We will also say that a finitely generated group is hyperbolic if
its Cayley graph is a δ-hyperbolic metric space for some δ ≥ 0. Observe that this
property is a quasi-isometry invariant – although the value of δ is not – so being
hyperbolic is invariant of the choice of finite generating set.
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Gromov remarked [17, page 31] that finitely generated hyperbolic groups have
finite asymptotic dimension. Recently Roe [32] improved on this result, showing
that a hyperbolic geodesic metric space with bounded growth (see below) has finite
asymptotic dimension. This also follows from a result of Bonk and Schramm [6].
A subset A of a metric space X is r-discrete if d(a, a′) ≥ r for all a 6= a′ in A.

The r-capacity of a set Y ⊂ X is the maximal cardinality of an r-discrete set in
Y . A metric space X has bounded geometry if there is an r > 0 and a function
c : [0,∞) → [0,∞) so that for any x ∈ X the r-capacity of N(x; R) does not exceed
c(R). For a discrete metric space, this simply means that the cardinality of any
R-ball is bounded by c(R).
A metric space X has bounded growth at some scale if there are constants r and

R with R > r > 0, and N ∈ N such that every open ball of radius R in X can be
covered by N open balls of radius r. A metric space with bounded geometry has
bounded growth: take r from the definition of bounded geometry, take R > r and
put N = c(R). Clearly the Cayley graph of a finitely generated hyperbolic group
has bounded geometry, and so has bounded growth.
Below we consider the asymptotic dimension of hyperbolic geodesic graphs which

are not locally finite but satisfy some boundedness condition in terms of geodesics.
Although the property is stated locally, it is indeed a global condition. For example,
an infinite-valence tree does not satisfy the bounded growth condition, but does
satisfy our boundedness condition.
We mentioned that asymptotic dimension is a quasi-isometry invariant, but we

will need a stronger statement. It is also a coarse invariant [31]. Let X and Y be
metric spaces. A map f : X → Y is bornologous if for every R > 0 there is an S > 0
such that d(f(x), f(x′)) < S whenever d(x, x′) < R. The map f is metrically proper
if f−1(B) has bounded diameter in X for each bounded subset B ⊂ Y. A coarse
map is a map f : X → Y that is bornologous and metrically proper. A coarse
map f : X → Y is a coarse equivalence between X and Y if there is a coarse map
g : Y → X and a constant K ≥ 0 so that d(fg(y), y) ≤ K and d(gf(x), x) ≤ K for
all x ∈ X and y ∈ Y.
As mentioned above, one of the main applications of finite asymptotic dimension

is to the coarse Baum-Connes and Novikov conjectures. The coarse Baum-Connes
conjecture is a conjecture about proper metric spaces. Many of the examples we
consider in this paper are not proper and moreover, they are not even coarsely
equivalent to proper metric spaces, so the coarse Baum-Connes conjecture does not
apply. In fact, Yu showed in [39] that the requirement of bounded geometry in
the coarse Baum-Connes conjecture could not be dropped, by exhibiting a counter-
example to the conjecture that admits a uniform embedding into Hilbert space,
but does not have bounded geometry. In [40], Yu defines a property of discrete
metric spaces called “property A” guaranteeing the existence of a large-scale (or
uniform) embedding into Hilbert space. The existence of this embedding implies
the coarse Baum-Connes conjecture for discrete spaces with bounded geometry.
As a consequence, finitely generated groups with this property satisfy the Novikov
conjecture. Yu’s property A is a coarse invariant [40, 37].
In the fourth section of this paper we show that spaces with our boundedness

condition have property A in the sense of Tu [37], which we call property A1. This
property reduces to Yu’s property A when the spaces are discrete with bounded
geometry. Property A1 for spaces with our boundedness condition follows from
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the fact that they have finite asymptotic dimension and the proof of a theorem of
Higson-Roe [20, Lemma 4.3].
This paper is organized in the following way. In the second section we state our

boundedness criterion and find an upper bound for the asymptotic dimension of
hyperbolic metric spaces with a set of geodesics satisfying this condition. In the
third section we apply this result to the curve complex of a compact orientable
surface and a Farey graph. In the fourth section we show that hyperbolic spaces
with a set of geodesics satisfying our boundedness condition have property A1. We
change tack in the fifth section and derive upper bounds for the asymptotic dimen-
sion of certain mapping class groups (assuming finite dimensionality of others). In
particular, we are able to show that the mapping class group of a surface with genus
at most 2 is finite; moreover combining our upper bounds with a recent result of
Dranishnikov’s [14], we obtain exact formulas for the asdim of mapping class groups
of surfaces with genus 0 or 1. We conclude the paper with a list of open questions
about curve complexes and mapping class groups.
Acknowledgements. We wish to thank A. Dranishnikov and G. Yu for many

helpful remarks and J. Behrstock, B. Bowditch, and S. Schleimer for very helpful
comments on a preliminary version of the paper. The second author would like
to thank K. Bromberg for a helpful discussion and the Max Planck Institute for
Mathematics in Bonn for their hospitality. Finally, the authors would like to thank
organizers of the International Conference on Geometric Topology in Będlewo where
collaboration for this paper began.

2. Boundedness condition

Let Γ be a δ-hyperbolic graph. Suppose that L is a set of geodesics in Γ such
that for any a, b ∈ V (Γ), there exists γ ∈ L connecting a, b.
For a, b ∈ V (Γ), let L(a, b) be the set of all geodesics in L connecting a, b. We

write G(a, b) = ∪L(a, b) ⊂ Γ. Given A, B ⊂ V (Γ), let L(A, B) = ∪{L(a, b) |
a ∈ A, b ∈ B} and G(A, B) = ∪L(A, B). We write G(a, b; r) to mean the set
G(N(a; r), N(b; r)).
In [8], Bowditch considered the following boundedness property, which we call

property B : there are constants `, k, D such that if a, b ∈ V (Γ), r ∈ N and c ∈ G(a, b)
with d(c, {a, b}) ≥ r + `, then G(a, b; r) ∩ N(c; k) has at most D elements. We also
assume that any geodesic connecting N(a; r) to N(b; r) must intersect N(c; k).
We remark that if this property is satisfied, then we can assume that k = 2δ

because Γ is δ-hyperbolic. Also, it should be noted that this property is not a
quasi-isometry invariant, as the following example shows.

Example. We shall define a graph X , which is quasi-isometric to R, but does not
have property B. For the set of vertices of X take the set {(i, j) | i ∈ Z, j ∈
Z} ∪ {ci}i∈Z. There is an edge connecting every pair of vertices of the form (i, j)
and (i + 1, j), for all i and j and for each i there is an edge between each vertex of
the form (i, j) and ci, for all j ∈ Z. Now, the set {(i, 0) | i ∈ Z} is an embedded copy
of the graph R with integer vertices, which is quasi-isometric to X . On the other
hand, let L be a set of geodesics so that any two points of X are connected by an L-
geodesic. We show L does not have property B. For each i > 0 and each j, there is a
unique geodesic in X connecting (−i, j) to (i, j), which has to be in L. The geodesic
contains the point (0, j). Note that for each i, all points of the form (i, j), j ∈ Z are
contained in N((i, 0); 2), and also all points of the form (−i, j), j ∈ Z are contained
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in N((−i, 0); 2). Therefore, G((−i, 0), (i, 0); 2)∩N((0, 0); 2) contains the infinite set
{(0, j) | j ∈ Z}. Letting i → ∞, we find that L does not have property B.

Theorem 1. Let Γ be a δ-hyperbolic graph. Suppose L is a set of geodesics in Γ
such that any two vertices of Γ are joined by a geodesic in L. If L satisfies property
B with constants `, k = 2δ and D, then the asymptotic dimension of Γ is at most
2D − 1.

Proof. Suppose r ∈ N is given. We may assume that ` ∈ N, and ` ≥ 10δ. Fix
x0 ∈ Γ. For each n ∈ N, define

An = {x ∈ Γ | 10(n − 1)(r + `) ≤ d(x, x0) ≤ 10n(r + `)}.

Clearly ∪nAn = Γ. Let

Sn = {x ∈ Γ | d(x, x0) = 10n(r + `)}.

For each n ≥ 3, we define subsets {Un
i }i of An such that ∪iU

n
i = An as follows.

Write out the elements of Sn−2 as {si}. Define

Un
i = {x ∈ An |∃ [x, x0] ∈ L s.t. si ∈ [x, x0]},

where [x, x0] is a geodesic from x to x0. If n = 1 or 2, let Un
1 = An. Clearly,

∪iU
n
i = An for each n, so the collection {Un

i }i,n covers Γ.
Claim: (1) for any i and for each n, diam Un

i ≤ 40(r + `); and
(2) for an r/2-ball V in Γ and for each n, there are at most D subsets Un

i such that
Un

i ∩ V 6= ∅.
To see (1), suppose x, y ∈ Un

i . If n = 1 or 2 this is clear, so suppose n ≥ 3.
Then, d(x, si) ≤ 20(r + `), and d(y, si) ≤ 20(r + `), so that d(x, y) ≤ 40(r + `).
For (2), we observe that this is clear if n = 1 or 2, so suppose n ≥ 3. Suppose

Un
i ∩V 6= ∅ and Un

j ∩V 6= ∅. Choose yi ∈ Un
i ∩V, yj ∈ Un

j ∩V . Then, d(yi, yj) ≤ r,
so that yj ∈ N(yi, r). Therefore, sj ∈ G(yi, x0; r), because sj ∈ [x0, yj ] ∈ L. By
the δ-hyperbolicity of Γ, sj ∈ N(si; 2δ), since d(yi, si) ≥ r + ` and ` ≥ 10δ. We find
sj ∈ G(yi, x0; r) ∩ N(si; 2δ). Fixing i and allowing j to vary we see, by property
B (letting x0 = a, yi = b, si = c), that there are at most D such sj satisfying this
property since d(x0, si) ≥ r + `. So we have the claim.
It follows that the collection {Un

i }i,n is a uniformly bounded cover with r/2-
multiplicity ≤ 2D. The last item is clear from claim (2) because for any x ∈ Γ
there can be at most two sets of the form An with An ∩ N(x; r/2) 6= ∅. Thus,
asdimΓ ≤ 2D − 1 as required. �

Examples. (1) Let T be a tree, which is 0-hyperbolic. Let L be the set of all
geodesics in T . L satisfies the property B with D = 1, k = 0, ` = 0, so that
the asymptotic dimension of T is at most 1. We should note that this was
known to Gromov [17, 1.E., Example (b)] and an explicit proof appears in
Roe’s book [31].

(2) Let Γ be the Cayley graph of a word-hyperbolic group G with respect to a
finite generating set, S, with S−1 = S. Let |S| = s. Let L be the set of all
geodesics in Γ. Any two points are joined by a geodesic. Suppose that Γ is
δ-hyperbolic. For a point a ∈ V (Γ), let D = |N(a; 2δ)| ≤ s2δ. Note that D
does not depend on a since G acts transitively on Γ by isometries. Then,
L satisfies property B with k = 2δ, ` = 10δ and D. Thus, we conclude that
asdim Γ ≤ 2s2δ − 1.
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3. Curve graph

Let S = Sg,p be a compact orientable surface of genus g with p punctures.
The curve complex of S was defined by Harvey [19] and has been successfully
used in the study of mapping class groups, for example in [5, 18, 22]. For our
purposes, we will restrict attention to the 1-skeleton of the curve complex, called
the curve graph. The curve graph X of S is a graph whose vertices are isotopy
classes of essential, nonparallel, nonperipheral, simple closed curves in S and two
distinct vertices are joined by an edge if the corresponding curves can be realized
simultaneously by pairwise disjoint curves. In certain sporadic cases X as defined
above is 0-dimensional or empty. (This happens when there are no curve systems
consisting of two curves, i.e. 3g − 3 + p ≤ 1.) In the theorem below these cases
are excluded. (One could rectify the situation by declaring that in those cases two
vertices are joined by an edge if the corresponding curves can be realized with only
one intersection point.) The mapping class group Mod(S) of S (see section 5) acts
on X by f · a = f(a). H. Masur and Y. Minsky proved the following remarkable
result.

Theorem 2 ([28]). Let S be a compact orientable surface of genus g with p punc-
tures. Suppose 3g − 3 + p > 1. Then the curve graph X(S) is δ-hyperbolic.

It is known (see [28]) that X is connected, locally infinite, and its diameter is
infinite. In general, for a, b ∈ X there are infinitely many geodesics connecting
them, however Masur-Minsky found a set, L, of geodesics, called tight geodesics
such that L(a, b) is not empty and finite for any a, b ∈ X .
Bowditch showed the following.

Theorem 3 (Theorem 1.2, [8]). Let X denote the curve graph of a surface Sg,p

with 3g − 3 + p > 1. Let L be the set of tight geodesics on X. Then L satisfies
property B for some k, ` and D.

It follows from Theorem 1 that the asymptotic dimension of the curve graph X
is at most 2D − 1 so in particular it is finite.

Corollary 4. Let Sg,p be an orientable surface of genus g with p punctures such
that 3g − 3 + p > 1. Then asdimX(Sg,p) < ∞.

Remark. As we said, the curve graph of S is the 1-skelton of the curve complex of
S. They are quasi-isometric, so they have same asymptotic dimension.

There is a modified definition of a curve graph for an exceptional surface. For
example, if S satisfies g = 1, p = 1 (a once-punctured torus) we put an edge between
curves if their intersection number is 1. Then we obtain a Farey graph, X . It is
the 1-skelton of a planar 2-complex whose dual tree is a binary tree. The following
result was explained to us by Bowditch.

Proposition 5 ([7]). A Farey graph is quasi-isometric to a regular infinite-valence
tree.

Applying Example 1 from Section 2, we immediately obtain the following result
(see the remarks before Question 3 in Section 6 for the lower bound).

Corollary 6. The asymptotic dimension of a Farey graph is 1.
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From Proposition 5 it is easy to see that a Farey graph is not quasi-isometric to
a finite valence tree. (See Proposition 11 for a stronger statement.) It seems that
there is no proof of Proposition 5 in the literature. We follow an argument given
by Bowditch in lectures at Osaka University [9].

Proof of Proposition 5. Let G be a Farey graph, with V (G) and E(G) denoting the
sets of vertices and edges, respectively. Observe that G is a planar graph. For a
vertex v ∈ V (G), label the edges at v as ei, i ∈ Z in such a way that the index i
increases monotonically clockwise around v. For each i, the edges ei and ei+1 are
contained in a unique triangle (face) at v, which we denote by fi. For a given i, we
produce a connected, planar graph, G′, by “cutting” at (v, fi) as follows. We call
(v, fi) a cut. V (G′) is obtained from V (G) by “separating” v into two new vertices,
v1 and v2. Namely, V (G′) = (V (G)\v) ∪ {v1, v2}. For the set of edges, we have
E(G′) = E(G) and form G′ as follows:

• e ∈ E(G) is connected to a ∈ (V (G)\v) if and only if e ∈ E(G′) is connected
to a ∈ (V (G′)\{v1, v2}).

• e ∈ E(G) is connected to v if and only if e ∈ E(G′) is connected to v1 or v2

such that if e = ej (j ≤ i) then e is connected to v1, and if e = ej (i+1 ≤ j)
then e is connected to v2.

Our plan is to cut G at all but two vertices (see below) to obtain a tree which
is quasi-isometric to G. Let {fi}, i ∈ Z be the set of faces of G. Suppose that for
each i, there is a vertex vi ∈ V (G) which is contained in fi such that if i 6= j then
vi 6= vj . We call such collection a system of cuts.
First, we show that such a system of cuts must exist for a Farey graph. Let T

be the dual tree of a Farey graph G. The set of vertices of T is {fi}. Take f0 as a
base vertex. For each i 6= 0, the vertex fi ∈ V (T ) is joined to f0 in T by a unique
geodesic, γi, which is an edge path in T . The dual of an edge of T is an edge of G,
and γi contains only one edge, ei ∈ E(G) (as a dual), which is contained in the face
fi. Let vi ∈ V (G) be the vertex that is in the face fi but not in the edge ei. For
f0, choose v0 ∈ V (G) to be any vertex in the face f0. By the way we chose vi using
the based dual tree T , if i 6= j, then vi 6= vj , so that {(vi, fi)} is a system of cuts
for G. We use this system in what follows. We remark that {vi} = V (G)\{u, w},
where u, w are the vertices of f0 which are not v0.
For every i, we cut G at (vi, fi) and obtain a planar graph Γ. Each vertex of

Γ has countably many edges. We claim that Γ is a tree and quasi-isometric to G.
To see that Γ is quasi-isometric to G, we construct a surjective map p : Γ → G
as follows. Since E(Γ) = E(G), define p(e) = e for each edge e. There are two
types of vertices in Γ: those belonging to V (G) and those produced by separating
vertices in V (G). For the first kind, we define p(v) = v. For the second kind, if
v ∈ V (G) is separated into v1, v2 ∈ V (Γ), then define p(vi) = v. We claim that p is
a quasi-isometry. It is clear that for any x, y ∈ V (Γ), d(p(x), p(y)) ≤ d(x, y) because
E(G) = E(Γ). On the other hand, each vertex v ∈ V (G) admits at most one cut
(i.e., one of the form (f, v)). So, if a geodesic (i.e., a sequence of edges) in G is
given, then we obtain a (connected edge) path in Γ by replacing a vertex v ∈ V (G)
in the geodesic by the three edges of f whenever the system of cuts contains a cut
of the form (f, v). It is clear then that the length of the path is at most four times
of the length of the geodesic. So, we have shown for any x, y ∈ V (Γ),

d(p(x), p(y)) ≤ d(x, y) ≤ 4d(p(x), p(y)) + 3.
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So G and Γ are quasi-isometric via the quasi-isometry p. We have also shown that
Γ is connected.
Lastly, the connected planar graph Γ ⊂ R

2 is a retract of R
2, which shows

that Γ is a tree. Indeed, since every face of G (i.e., every bounded component of
R

2\G) contains a cut in our system, it becomes unbounded after we cut G at there.
Therefore there exists no bounded component of R2\Γ. Since Γ ⊂ R

2 is connected,
it is a retract. �

4. Property A1

G. Yu introduced property A for discrete metric spaces as a means to guarantee
the existence of a uniform embedding into Hilbert space [40]. The existence of this
embedding implies the coarse Baum-Connes conjecture for discrete metric spaces
with bounded geometry. (As mentioned in the introduction many of the spaces we
consider are not examples of such spaces.) Yu’s definition was the following:

Definition. Let fin(Z) denote the collection of finite, nonempty subsets of Z. The
discrete metric space Z has property A if there are maps An : Z → fin(Z × N)
(n = 1, 2, . . .) such that

(1) for each n there is some R > 0 so that

An(z) ⊂ {(z′, j) ∈ Z × N | d(z, z′) < R}

for every z ∈ Z and
(2) for every K > 0

lim
n→∞

sup
d(z,w)<K

|An(z)∆An(w)|

|An(z) ∩ An(w)|
= 0.

Following Tu [37] and Dranishnikov [13], define (for p ∈ R∪+∞) a metric space
X to have property Ap if there exist maps an : X → `p(X) such that ‖an

x‖p = 1,
an

x(y) ≥ 0 for all x, y ∈ X , n ∈ N, and

(1) there is a function R = R(n) so that for all x ∈ X, supp(an
x) ⊂ N(x; R),

and
(2) for every K > 0,

lim
n→∞

sup
d(x,y)<K

‖an
x − an

y‖p = 0.

This definition is similar to a characterization of property A for discrete metric
spaces with bounded geometry given by Higson and Roe in [20]. There they show
that for discrete metric spaces with bounded geometry property A1 is equivalent
to Yu’s Property A. Dranishnikov showed in [13] that discrete metric spaces with
property Ap admit a coarse embedding in `p. In [37, Proposition 3.2], Tu shows
that property A1 and A2 are equivalent. The proposition is stated for discrete
metric spaces, but the remarks following the proof state that the equivalence holds
in general. Also in remarks following this proposition, Tu states that Property
A (in the sense of Yu) implies property A1. On the other hand, it is unknown
whether A1 implies property A without the requirement of bounded geometry. In
[13, Proposition 3.2], Dranishnikov shows that properties Ap and Aq are equivalent
for any 1 ≤ p, q < ∞.
The relation between finite asymptotic dimension and these properties is the

following:
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Lemma 7 (Lemma 4.3, [20]). Let X be a discrete metric space with bounded ge-
ometry and finite asymptotic dimension. Then X has property A.

In fact, they show X has property A1, which is equivalent to property A for such
spaces. Their argument along with Theorem 1 can be used to show the following
result:

Theorem 8. Let Γ be a δ-hyperbolic graph. Suppose L is a set of geodesics in Γ
such that any two vertices of Γ are joined by a geodesic in L. If L satisfies property
B with constants `, k = 2δ and D, then Γ has property A1.

We reproduce the argument from [20] for the reader’s convenience. We also fill in
some details using our definition of asymptotic dimension in terms of r-multiplicity
of the cover.

Proof. By Theorem 1, asdim Γ ≤ 2D− 1. By the definition of asdim, we know that
for any r ∈ N we can find a uniformly bounded cover U of Γ with 5r-multiplicity
≤ 2D. Define a cover V of Γ by V = {N(U ; 2r) | U ∈ U}, where N(U ; 2r) denotes
the 2r-neighborhood of U in Γ. Clearly V covers Γ and diam(V ) ≤ 4r + diam(U),
so V consists of sets with uniformly bounded diameters. Next, if x ∈ N(U ; 2r)
then N(x; 5r) meets U. For any x there are at most 2D such U, so the multiplicity
(or order) of V is ≤ 2D. Finally, let A ⊂ Γ with diam(A) < r. If x ∈ A, then
A ⊂ N(U ; 2r) where U ∈ U is any set containing x. Thus, any set with diameter
< r is entirely contained within some element of the cover V . (This says exactly
that r is a Lebesgue number for V .)
For each V ∈ V , define a map φr

V : Γ → [0, 1] by

φr
V (x) =

d(x, V̄ )
∑

W∈V
d(x, W̄ )

,

where the bar denotes the complement in Γ. Clearly, each φr
V 6≡ 0. For each V ∈ V

let xV denote some point with φr
V (xV ) 6= 0. Now, define ar : Γ → `1(Γ) by

ar
x(z) =

∑

V ∈V

φr
V (x)δx

V
(z),

where δx
V
is the Dirac-δ function. Clearly ar

x assumes a nonzero value at no more

than 2D points in Γ and so ar
x ∈ `1(Γ).

Claim:

(1) ar
x(z) ≥ 0 for all z ∈ Γ;

(2) ‖ar
x‖1 = 1;

(3) there is some R = R(r) so that supp(ar
x) ⊂ N(x; R) for all x ∈ Γ; and

(4) for every K > 0

lim
r→∞

sup
d(z,w)<K

‖ar
z − ar

w‖1 = 0.

Item (1) is clear. For item (2), we compute

‖ar
x‖1 =

∑

z∈Γ

∣

∣

∣

∑

V ∈V
φr

V (x)δx
V

(z)
∣

∣

∣

=
∑

V ∈V
φr

V (x) = 1.

To see item (3), we take R(r) = 4r + diam(U) where diam(U) is an upper bound
for the diameters of the sets in U . Now, ar

x(z) > 0 means that z = xV for some V
containing x. Thus, z ∈ V , so d(z, x) ≤ R.
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Finally, for item (4), let K > 0 and ε > 0 be given. Take r so large that
(4D + 1)2K/r < ε. The triangle inequality says if z, w ∈ Γ and V ∈ V , then
|d(z, V̄ ) − d(w, V̄ )| ≤ d(z, w). Also, observe that for any w ∈ Γ,

∑

U∈V
d(w, Ū ) ≥ r

since r is a Lebesgue number for the cover V . Thus, we have

|φr
V (z) − φr

V (w)| =

∣

∣

∣

∣

d(z, V̄ )
∑

U∈V
d(z, Ū)

−
d(w, V̄ )

∑

U∈V
d(w, Ū )

∣

∣

∣

∣

≤

∣

∣d(z, V̄ ) − d(w, V̄ )
∣

∣

∑

U∈V
d(z, Ū)

+

∣

∣

∣

∣

d(w, V̄ )
∑

U∈V
d(z, Ū)

−
d(w, V̄ )

∑

U∈V
d(w, Ū )

∣

∣

∣

∣

≤
d(z, w)

∑

U∈V
d(z, Ū)

+
d(w, V̄ )

∑

U∈V
d(z, Ū)

∑

U∈V
d(w, Ū )

∑

U∈V

∣

∣d(w, Ū ) − d(z, Ū)
∣

∣

≤
1

r
d(z, w) +

1

r

(

∑

U∈V

∣

∣d(z, Ū) − d(w, Ū)
∣

∣

)

≤
1

r
d(z, w) +

4Dd(z, w)

r
=

(4D + 1)

r
d(z, w).

Then,

‖ar
z − ar

w‖1 =
∑

x∈Γ |ar
z(x) − ar

w(x)|

=
∑

x∈Γ

∣

∣

∣

∑

V φr
V (z)δx

V
(x) −

∑

V φr
V (w)δx

V
(x)
∣

∣

∣

=
∣

∣

∣

∑

V (φr
V (z) − φr

V (w)) δx
V

∣

∣

∣

≤ |φr
V (z) − φr

V (w)| 4D

≤ 4D (4D+1)
r

d(z, w) ≤ (4D+1)2K

r
< ε.

So item (4) is proved. Thus, Γ has property A1. �

As mentioned in Theorem 3, Masur-Minsky’s tight geodesics L on a curve graph
satisfy property B. Thus we have the following result.

Corollary 9. Let S be an orientable surface of genus g with p punctures such that
3g − 3 + p > 1. Then the curve graph of S has property A1.

Tu [37, Proposition 8.1] also proved that a discrete hyperbolic metric space X
with bounded geometry has property A1 by fixing a ∈ ∂X and taking for the
functions collections of geodesic rays marching off to a. As it stands, this argument
cannot be applied directly to discrete hyperbolic spaces with a collection of geodesics
satisfying property B as the following example shows.

Example. Let T be the following tree. Let x0 be a vertex with infinite valence.
Issuing from x0 take edges of length 1, 2, 3, . . . . Clearly, T is hyperbolic and the
collection of all geodesics in T satisfies property B, but ∂T = ∅, so Tu’s argument
does not apply.

On the other hand, suppose Γ were a discrete hyperbolic space with a collection
of geodesics L with property B such that any two points in Γ are connected by
a geodesic in L. If Γ has the additional properties that ∂Γ 6= ∅ and that γ ∈ L
implies any subgeodesic of γ is also in L, then Tu’s argument can be applied with
very few changes to show that Γ has property A1. The point of this remark is that
when we follow his argument we use only geodesics in the set L to deal with the
problem that Γ may not have bounded geometry. We note that since the set of tight
geodesics of a curve graph satisfies these additional properties, this approach gives
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another argument to show that a curve graph has property A1. We are informed
that Y. Kida [27] has shown that a curve graph has not only property A1 but also
property A.
A natural question at this point is whether the coarse Baum-Connes conjecture

is true for a curve complex. We settle this question by showing that a Farey graph
is not coarsely equivalent to a proper metric space, so the coarse Baum-Connes
conjecture cannot be formulated for it. The following lemma is well known.

Lemma 10. Let f : X → Y be a coarse equivalence with coarse inverse g : Y → X.
Then, for every R there is an S so that d(x, x′) ≥ S implies d(f(x), f(x′)) ≥ R.

Proof. Since X and Y are coarsely equivalent, there is some K > 0 so that
d(fg, 1Y ) ≤ K and d(gf, 1X) ≤ K. Let R be given. Since g is a coarse map,
there is a Sg > 0 so that d(y, y′) ≤ R implies that d(g(y), g(y′)) ≤ Sg . Put
S > 2Sg + 2K. Then, if d(x, x′) ≥ S, we have d(gf(x), gf(x′)) ≥ 2Sg + 2K − 2K.
So, if d(f(x), f(x′)) < R, then we have d(gf(x), gf(x′)) ≤ Sg , which is a contradic-
tion. �

Proposition 11. Let G be a Farey graph. Then G is not coarsely equivalent to a
proper metric space.

Proof. Let T be a tree with infinite valence. We saw that G and T are quasi-
isometric. Since a coarse isometry between G and a proper metric space X would
yield a coarse isometry between X and T , it suffices to show that T and X are not
coarsely isometric.
To this end, suppose that there were coarse maps f : T → X and g : X → T

whose compositions were K-close to the identity. Let R = 1 and take S so that
d(t, t′) ≥ S implies that d(f(t), f(t′)) ≥ 1. Put L = S + K. Fix some vertex t0 ∈ T
and define S(t0; L) = {t ∈ T | d(t0, t) = L}. Now, S(t0; L) is a bounded, 2L-
discrete, 2L-bounded subset of T. Since L > K we know that gf(S(t0; L)) fixes
S(t0; L) pointwise. Since f(S(t0; L)) is an infinite bounded subset in the proper
metric space X it contains a convergent subsequence. But, d(f(t), f(t′)) ≥ 1 for all
t, t′ ∈ T, a contradiction. �

We remark that the above argument shows that there is no map f : G → X
such that there exist C > 0 and ε ≥ 0 such that for any x, y ∈ G, 1

C
d(x, y) − ε ≤

d(f(x), f(y)) ≤ Cd(x, y) + ε.

5. Mapping class groups

In this section we turn our attention to mapping class groups. The reader is
referred to Ivanov’s paper [21] for an thorough introduction to mapping class groups.
We reproduce many of the definitions and results contained therein for the reader’s
convenience. Let Sg,p denote the compact orientable surface of genus g with p
punctures. The mapping class group of Sg,p, Mod(Sg,p), is the group of isotopy
classes of orientation-preserving diffeomorphisms Sg,p → Sg,p. They are also known
by the name modular groups, which explains the notation.
Let Γ be a finitely generated group. Fixing a (finite) set of generators S = S−1

endows Γ with a left-invariant word metric defined by dS(g, h) = ‖g−1h‖S, where
‖g−1h‖S is the length of the shortest S-word presenting the element g−1h. Notice
that two finite generating sets give rise to quasi-isometric metric spaces, so we
define asdim Γ to be the asymptotic dimension of (Γ, dS) where S = S−1 is any
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finite generating set. We will have occasion to consider countable groups that
are not finitely generated. J. Smith [34] showed that every countable group could
be endowed with a left-invariant proper metric and that all left-invariant proper
metrics are coarsely equivalent. Thus, when speaking of countable groups that may
not be finitely generated, we will always assume that the group has a proper left-
invariant metric on it. As a consequence, we see that asdimH ≤ asdimG for any
subgroup H of a finitely generated group G.
The mapping class group, Mod(Sg,p) is finitely generated, (in fact it is finitely

presented, see [21]). Recently, Storm [35] combined a theorem of T. Kato and a
result of Hamenstädt to show the Novikov conjecture for mapping class groups. A
natural question is whether these groups have finite asymptotic dimension.
It is easy to obtain an obvious lower bound on asdimMod(Sg,p), namely

asdimMod(Sg,p) ≥ 3g + p − 3.

Indeed, there are k = 3g + p − 3 simple closed curves on Sg,p and Dehn twists
by these curves commute because they are disjoint. Thus, there is a copy of Z

k

inside Mod(Sg,p). Dranishnikov, Keesling and Uspenskij showed that asdim Z
k = k

in [15]. Finally, if Y ⊂ X in a metric space X, then any uniformly bounded cover
of X by sets with r-multiplicity ≤ n + 1 will restrict to a uniformly bounded cover
of Y with r-multiplicity ≤ n + 1, so asdim Y ≤ asdimX. Thus, we conclude that
asdimMod(Sg,p) ≥ k.
This lower bound is unlikely to give the exact asymptotic dimension as we now

demonstrate.
Observe that the Euler characteristic of Sg,p is 2−2g−p. The second part of [21,

Theorem 2.8.C] states that when 2 − 2g − p < 0, the following sequence is exact:

1 → π1(Sg,p) → PMod(Sg,p+1) → PMod(Sg,p) → 1,

where PMod(S) is the pure mapping class group of S, defined as the group of all
isotopy classes of all orientation-preserving diffeomorphisms preserving the bound-
ary components of S set-wise. Since PMod(S) is the kernel of the action of
Mod(S) on the set of punctures, PMod(S) ⊂ Mod(S) with finite index. Thus,
asdimPMod(S) = asdimMod(S).
A. Dranishnikov has informed us of the following inequality for virtually finitely

presented groups [14]:

(1) vcdΓ ≤ asdimΓ.

Ivanov computes the virtual cohomological dimension of mapping class groups
in [21], Theorems 6.4.A, 6.4.B and 6.4.C:

Theorem 12 ([21]). The following equalities hold for Sg,p, the surface of genus g
and p boundary components:

vcdMod(S0,p) =

{

0, if p ≤ 3;
p − 3, if p ≥ 3;

vcdMod(S1,p) =

{

1, if p = 0;
p, if p ≥ 1;

vcdMod(Sg,p) =

{

4g − 5, if g ≥ 2, p = 0;
4g − 4 + p, if g ≥ 2, p ≥ 1.
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Combining Theorem 12 with Dranishnikov’s result (1) gives an improved lower
bound on asdimMod(Sg,p) in certain cases.
Next, we turn our attention to an upper bound for asdimMod(Sg,p). Let G

be a finitely generated group and let 1 → K → G → H → 1 be exact. Being the
surjective image ofG,H is finitely generated. On the other hand,K is countable but
not necessarily finitely generated, so we consider any proper left-invariant metric
on K. For example, we could give K the metric it inherits as a subset of G.
Suppose 1 → K → G → H → 1 is exact and G is finitely generated. When

asdimK and asdim H are both finite, Bell and Dranishnikov prove that asdimG ≤
asdimH + asdimK in [3]. If we abuse notation slightly, allowing the terms of our
inequalities to be infinity, we get a formula

asdimPMod(Sg,p+1) ≤ asdimPMod(Sg,p) + asdim π1(Sg,p),

when 2 − 2g − p < 0. Since asdim PMod(S) = asdim Mod(S), we get

asdim Mod(Sg,p+1) ≤ asdimMod(Sg,p) + asdimπ1(Sg,p),

when 2− 2g − p < 0. Thus, we can apply an inductive argument on the number of
punctures of S. We begin with an easy computation.

Lemma 13. Let Sg,p denote the compact surface with genus g and p punctures.
Then

asdimπ1(Sg,p) =

{

1, if p > 0;
2, if p = 0.

Proof. Observe first that π1(Sg,p) is a free group if p > 0, so in this case asdimπ1(Sg,p) =
1. If p = 0 and g > 1, then π1(Sp,0) is quasi-isometric to H

2, so asdim π1(Sp,0) = 2.
Finally, π1(S1,0) = Z ⊕ Z so asdimπ1(S1,0) = 2. �

Theorem 14. Let p ≥ 0 and 2 − 2g − p < 0. If asdim Mod(Sg,0) < ∞, then

asdimMod(Sg,p) ≤ asdim Mod(Sg,0) + p + 1.

In particular, if asdimMod(Sg,0) < ∞ then asdim Mod(Sg,p) < ∞ for p ≥ 0.

Proof. This follows easily from the lemma. Indeed,

asdim Mod(Sg,p) ≤ asdim Mod(Sg,p−1) + asdim π1(Sg,p−1)
...
≤ asdim Mod(Sg,0) + asdim π1(Sg,p−1) + · · · + asdim π1(Sg,0)
= asdim Mod(Sg,0) + p + 1

�

We can say more when g ≤ 1. Ivanov explains in [21, 9.2] that Mod(S0,4) is
commensurable with PSL(2, Z). Since PSL(2, Z) ∼= Z2 ∗ Z3, asdimMod(S0,4) = 1
in these cases by a formula of Bell-Dranishnikov-Keesling [4]. Ivanov also explains
that Mod(S1,1) ∼= SL(2, Z) ∼= Z4 ∗Z2

Z6, and so asdimMod(S1,1) = 1. Thus we
obtain upper bounds for asdim Mod(Sg,p) for g = 0 or 1. The lower bounds follow
from Theorem 12 and Dranishnikov’s estimate (1); combining these bounds gives
the following equalities.

Corollary 15. If p ≥ 4 then

asdimMod(S0,p) = p − 3

and for p ≥ 1,
asdim Mod(S1,p) = p
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Finally, we can give a rough upper bound for the case g = 2. The Torelli group
Ig is the subgroup of Mod(Sg,0) acting trivially on H1(Sg,0, Z), i.e. the group Ig

arising in the following exact sequence:

1 → Ig → Mod(Sg,0) → Sp(2g, Z) → 1.

Johnson showed in [24] that Ig is finitely generated if g ≥ 3, but I2 is non-finitely
generated and free, [29]. To make sense of the asymptotic dimension of I2, we
endow it with a proper left-invariant metric. One such metric on I2 is the one it
inherits as a subset of Mod(S2,0). Since I2 is isomorphic to a subset of F2 the free
group on two letters, asdim I2 ≤ 1. Since it contains a bi-infinite geodesic we can
conclude that asdimI2 = 1. This computation allows us to get the following bounds
on asdim:

Corollary 16. When p = 0, we have

3 ≤ asdimMod(S2,0) ≤ 10.

If p ≥ 1, then
4 + p ≤ asdim Mod(S2,p) ≤ 11 + p.

Proof. The lower bounds are by Theorem 12 and (1). First, since Sp(4, Z) ⊂
GL(4, Z), we have asdimSp(4, Z) ≤ asdim GL(4, Z) ≤ 9 by [12], where 9 is the
dimension of the symmetric space associated to SL(4, R). Thus, Mod(S2,0) ≤ 10.
Next, since g = 2, χ(Sg,p) < 0 for all p ≥ 0, so we can apply Theorem 14 to get the
desired upper bound. �

We should remark that this result can be improved upon by finding the exact
value of asdimSp(4, Z).
It is interesting to observe that putting our lower bound for asdimMod(Sg,p)

together with Theorem 14 we get

4g − 4 + p ≤ asdimMod(Sg,p) ≤ asdimMod(Sg,0) + 1 + p,

(when 2 − 2g − p < 0) so that if asdim Mod(Sg,0) is finite, then asdimMod(Sg,p)
increases like the number of punctures.

Lemma 17. Suppose 1 → K
ι
−→ G

φ
−→ H → 1 is an exact sequence of groups with

G finitely generated. Suppose asdimH < ∞ and K has property A with respect to
some (hence any) proper, left-invariant metric. Then G has property A.

Proof. Take a finite, symmetric generating set, S = S−1, for G and consider the
word metric dS on G. Taking the word metric dφ(S) corresponding to the generating
set φ(S) onH implies that φ is 1-Lipshcitz. Let G act onH by the rule g.h = φ(g)h.
In [1], the first author showed that if a finitely generated group G acts on a group
H with finite asymptotic dimension so that for every R, the set WR = {g ∈ G |
dφ(S)(g.e, e) ≤ R} has property A, then G has property A.
We will prove that WR = N(ι(K); R), where the R-neighborhood is taken in G,

with respect to the word metric in G. Thus, WR is quasi-isometric to ι(K). Thus
WR has property A if ι(K) does. Since K is countable, the metric space ι(K) and
the group K with its given proper metric are coarsely equivalent. Since property
A is an invariant of coarse equivalence, this will say that WR has property A for
every R, and hence, that G has property A.
First assume g ∈ WR. Then ‖φ(g)‖φ(S) ≤ R. So, there exist s1, . . . , sk ∈ S, with

k ≤ R, so that φ(g) = φ(s1) · · ·φ(sk). Take g′ = s−1
k · · · s−1

1 ∈ G. Then, gg′ ∈ K,
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and d(gg′, g) ≤ R. On the other hand, if g ∈ N(K; R), then there is a k ∈ K with
d(g, k) ≤ R. Since φ is 1-Lipschitz, we have d(φ(g), e) ≤ R, as required.

�

Corollary 18. Endow the Torelli group Ig with a proper (left-invariant) metric.
Then Ig has finite asymptotic dimension if and only if Mod(Sg,0) does. It has
property A if and only if Mod(Sg,0) does.

Proof. We showed in Corollary 15 that asdim Mod(Sg,0) < ∞ when g < 2 and so
these groups (being finitely generated) also have property A. For g < 2 the Torelli
groups are trivial so they, too, have both properties.
If g = 2 we only have to show that I2 has property A, but this follows from

the corresponding fact for the free group on two generators, which contains it as a
subgroup, and the fact that property A is a coarse invariant.
Let g ≥ 3. In both cases these properties pass to subsets. The exact sequence

1 → Ig → Mod(Sg,0) → Sp(2g, Z) → 1

and the fact that asdim is finite for arithmetic groups by [25] implies the result for
finite asymptotic dimension. Lemma 17 implies the result for property A. �

We briefly discuss Teichmüller spaces. Let T (S) be the Teichmüller space of the
surface S with negative Euler characteristic.
See [23] or Chapter 5 in [21] for definitions and information. The group Mod(S)

acts on T (S) naturally. We set d(Sg,p) = 3g − 3 + p. It is known that T (Sg,p) is
homeomorphic to R

m, where m = 6g − 6 + 2p = 2d(S). There is a natural metric
on T (S), called the Teichmüller metric, which is a Finsler metric. With respect to
this metric, T (S) is proper, and the action by Mod(S) is proper and by isometries.
Therefore, we obtain

Proposition 19. Suppose S has negative Euler characteristic and endow T (S)
with the Teichmüller metric. Then asdim Mod(S) ≤ asdim T (S), where we allow
the possibility that the terms of this inequality are infinite.

Proof. The group Mod(S) acts on T (S) (with the Teichmüller metric) properly by
isometries [23, Chapter 6.3], so Proposition 2.3 from [25] applies to this setting.
We outline an argument. We fix a point x ∈ T (S) and identify each element
g ∈ Mod(S) with g.x ∈ T (S). We wish to consider the metric on Mod(S) induced
from being a subset in T (S), but this is a pseudo-metric as we could have non-
trivial g with g.x = x. Since the action is proper, such a g must be torsion, so
we may (if necessary) pass to a torsion-free subgroup of Mod(S) of finite index,
[21]. This subgroup has the same asdim as Mod(S). The point is that the metric
this group inherits as a subset of T (S) is a coarsely equivalent to a word metric on
Mod(S). Thus, the asymptotic dimension of Mod(S) as a finitely generated group
is the same as the asymptotic dimension of Mod(S) as a subset of T (S). It follows
that asdim Mod(S) ≤ asdimT (S). �

6. Some open problems

Our results lead to some natural questions. Again, we let Sg,p be the compact
orientable surface of genus g with p punctures and let X(Sg,p) denote its curve
graph.

Question 1. What is the asymptotic dimension of X(Sg,p)?
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We remark that it is known that dim X(Sg,p) = 3g+p−4 (in the non-exceptional
cases where this number is positive). Generally, there is no relation between dim
and asdim, indeed there are countable metric spaces with arbitrary (even infinite)
asdim whereas dim of these spaces is necessarily 0. On the other hand, any compact
metric space has asdim = 0.
In Theorem 14, we showed that asdim Mod(Sg,p) (if finite) depends on g and

p. It would be very interesting if asdim X(Sg,p) were independent of g and p. This
leads to the following questions.

Question 2. What is an upper bound for asdim X(Sg,p)? Does it depend on g and
p or is there some C < ∞ so that asdim X(Sg,p) ≤ C for all g and p?

Perhaps a promising approach to these problems would be to examine the bound-
ary ∂X(Sg,p). For finitely generated hyperbolic groups Γ, one can combine results
of [11] and [36] to conclude that dim ∂Γ+1 = asdimΓ. Unfortunately, for more gen-
eral hyperbolic spaces, X one can only conclude [30] that dim ∂X ≤ asdim X . The
drawback to this approach is that the boundary of X(Sg,p) is not well understood.
In the non-exceptional cases X(Sg,p) contains a bi-infinite geodesic, (see [8]) so

asdimX(Sg,p) ≥ 1, but it appears that we are not even able to answer the following
question.

Question 3. Do we have asdimX(Sg,p) ≤ 1 for all g, p ?

Although a Farey graph is quasi-isometric to a tree, so that its asymptotic di-
mension is one, it appears unlikely that a curve graph is quasi-isometric or even
coarsely equivalent to a tree. Indeed, S. Schleimer [33] applied results of Behrstock
and Leininger to show the following property for X = X(Sg,1) with g ≥ 2: for any
x ∈ X and r ∈ N, X\N(x; r) is connected. This easily implies X is not coarsely
equivalent to a tree. As Schleimer points out, it is unclear how to extend his result
to the case of more (or fewer) punctures.
Although we had some finiteness results for asdimMod(Sg,p) the question re-

mains open when g ≥ 3.

Question 4. Is the asymptotic dimension of Mod(Sg,p) finite when g ≥ 3?

Indeed, to our knowledge, the following question remains unanswered.

Question 5. Does Mod(Sg,p) have property A when g ≥ 3?

Notice that an affirmative answer to question 4 would immediately imply an
affirmative answer to this question. As we mentioned, Storm [35] showed that the
Novikov conjecture holds for mapping class groups, so it would be very surprising
if they did not have property A.
A naive approach to questions 4 and 5 would be to attempt to use the Hurewicz-

type theorem of Bell and Dranishnikov [1, 3]. The groupMod(Sg,p) acts on X(Sg,p)
by isometries. Since X(Sg,p) has finite asymptotic dimension, we would be able to
conclude that Mod(Sg,p) has finite asymptotic dimension (or property A) provided
we could show that the set {g ∈ Mod(Sg,p) | dX(g.x0, x0) ≤ r} has finite asymptotic
dimension (respectively, property A) for all r ∈ N. Here, x0 is any point of X . We
remark that if we regard x0 as a curve on S the set we need to analyze contains the
stabilizer subgroup of x0, which is Mod(S\x0). A problem is that those two sets
are not necessarily coarsely equivalent (cf. proof of Lemma 17).
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L. Ji proved, in [25], that arithmetic groups have finite asymptotic dimension.
Ivanov draws a comparison between mapping class groups and arithmetic groups
in Chapter 9 of [21]. Although the groups are different (cf. [5]), many things that
are proved true for arithmetic groups are later proved to be true for mapping class
groups. So, an affirmative answer to question 4 does not seem unlikely. Ji gave
an upper bound of the asymptotic dimension of an arithmetic group, Γ, as follows
(cf. proof of Proposition 19). Let X be the symmetric space associated to Γ. Then
asdimΓ ≤ asdimX dim X So, in connection with question 4, we ask the following
(see Proposition 19).

Question 6. Let S = Sg,p with negative Euler characteristic and endow T (S) with
the Teichmüller metric. What is asdim T (S)? Is it finite? Is asdim T (S) strictly
bigger than asdim Mod(S)? If not (i.e., if they are same), then is Mod(S) coarsely
equivalent to T (S) ?

We can ask similar questions on the asymptotic dimensions of a Teichmüller
space with the Weil-Petersson metric (cf.[23]), gWP, but we do not even know if a
statement similar to Proposition 19 holds because the space is not proper. Let n be
the greatest integer less than or equal to (d(S) + 1)/2. Brock and Farb (Theorem
1.4 [10]) proved that there is a quasi-isometric embedding R

n → (T (Sg,p), gWP). It
follows that asdim(T (S), gWP) ≥ n.
Let S, S′ be compact orientable surfaces. If there exists a system of disjoint

curves, C, on S so that one of the connected components of S\C is homeomor-
phic to the interior of S′, we write S′ < S. Then we have asdim(T (S ′), gWP) ≤
asdim(T (S), gWP). This follows from the fact that (T (S), gWP) contains a subset
which is quasi-isometric to (T (S ′), gWP). Indeed (cf. [38]), although the met-

ric space (T (S), gWP) is not complete, its metric completion (T (S), gWP) contains
(T (S′), gWP) as a totally geodesic subspace in such a way that (T (S ′), gWP) ⊂

(T (S), gWP)\(T (S), gWP). For ε > 0, let N be the ε-neighborhood of T (S ′) in

T (S). Then (N\T (S′)) ⊂ T (S) is quasi-isometric to T (S ′).
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