BASES IN THE SOLUTION SPACE OF THE MELLIN SYSTEM

ALICIA DICKENSTEIN AND TIMUR SADYKOV

ABSTRACT. We consider algebraic functions z satisfying equations of the form

(0.1) A 2™+ x12™ F w02+t 2™ +any1 = 0.
Here m > my > ... >m, >0, m,m; € N, and z = z(ao,...,an,11) is a function
of the complex variables ayg, ..., a,+1. Solutions to such equations are classically

known to satisfy holonomic systems of linear partial differential equations with
polynomial coefficients. In this paper we investigate one of such systems of dif-
ferential equations which was introduced by Mellin. We compute the holonomic
rank of the Mellin system as well as the dimension of the space of its algebraic
solutions. Moreover, we construct explicit bases of solutions in terms of the roots
of (0.1) and their logarithms. We show that the monodromy of the Mellin system
is always reducible and give some factorization results in the univariate case.

1. INTRODUCTION

Consider the class of algebraic functions which satisfy algebraic equations with sym-
bolic coefficients, i.e., equations of the form

(1.1) apz™ + a12™ + a2™ + ...+ a2+ ape = 0.

Here m > mqy > ... >m, >0, m,m; € N, z = z(aop,...,a,+1) is a function of the
complex variables ag, . .., a,+1. Any solution to (1.1) satisfies the A-hypergeometric
system defined by Gelfand, Kapranov and Zelevinsky [7] (see also [15, 10]) associated

to the matrix
Ao ( 1 1 ... 1 1 )
m my ... m, 0

and the homogeneity vector (0, —1). In particular, a solution to (1.1) has a double
homogeneity property and can therefore be considered as a function of n variables.
This implies that we can arbitrarily prescribe the values of any two nonzero coef-
ficients in (1.1) without losing any essential information on the general solution to
this equation. It turns out to be convenient to divide (1.1) by —a,; and then set
y = (—ag/ans1)"/™2, reducing (1.1) to an equation of the form

(1.2) y"+oy™ + .+ ay" —1=0.

A classical result of Mellin from 1921 (see [9]) states that solutions to such equations
satisfy certain systems of partial differential equations of hypergeometric type. More
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precisely, if y(z) = y(x1,...,z,) is a solution to (1.2), then it satisfies the following
system of n partial differential equations:

m;—1 m;-—l
[T (mabs + o+ may + mk+ 1) T (s + ...+ my, 0, + mk — 1)y(x) =
k=0 k=0
o 0My(x)
1.3 —1)a =1
(1.3) (=)™m"——r=, i=1.n,

j
where 0; = xj£ and m;- = m — m;. In this article we will only consider algebraic
J

equations of the form (1.2). The system (1.3) will be referred to as the Mellin system
of equations associated with (1.2).

The goal of this paper is to describe all the solutions of the Mellin system of
equations and to construct explicit bases of local complex analytic solutions for any n
and any value of the greatest common divisor d of m, my, ..., m,. We describe the
space of algebraic solutions and we exhibit explicit non-algebraic solutions in terms
of the roots of (1.2) and their logarithms. These problems arose in the framework
of the general theory of hypergeometric functions and their relations with algebraic
equations, see [4],[5],[12], [15], and [16].

The special case of the trinomial equation y™ + xy?” — 1 = 0 (which corresponds
to ordinary Mellin equation) was thoroughly studied in [8]. The Mellin equation is
always reducible and unless p = m — 1, it is never the linear differential equation
with polynomial coefficients of smallest order satisfied by the roots of the trinomial
equation. Moreover, in this case all solutions to the Mellin equation are algebraic
except in the case when d = 1 and p < m — 1, where we exhibit an explicit non-
algebraic solution, as a special case of our mainTheorem 4.3.

We show that the monodromy of the Mellin equations is always reducible. This
could be deduced when d = n = 1 from the general results in [16] since in this
case the homogeneity ( has integer coordinates. In the last section, we give some
factorization results in the univariate case.

Acknowledgements: The authors are grateful to Martin Mereb for useful com-
ments on Theorem 4.3 and to Michael Singer for interesting discussions and for his
help in the proof of Proposition 5.5. T. Sadykov is greatly indebted to his col-
leagues and staff at the Max-Planck Institut fiir Mathematik in Bonn for creating a
wonderful working atmosphere.

2. CONVENIENT BASES AND GENERATING SOLUTIONS OF THE MELLIN SYSTEM

Mellin calls the solution of (1.2) which assumes the value 1 for 2y =... =2, =0
the principal solution of this equation. He shows (see [9]) that the power series
expansion of the principal solution to (1.2) around the origin is given by

(_1)Iu\ Hlli_ll(ml’/l + ..+ muu, —mpu+1)

mlv| vl vy,

V1
it

Un
n -

(21) yprle) = Y

V1y..0sn >0

Here |v| = vy + ...+ 1, and the empty product is defined to be 1.
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For a multi-index I = (iy, . ..,4,) and a complex vector x = (r1,...,7,) € C" we
use the standard notation x! = zi ... zi. By B we denote the set

B ={(i1,...,i,) €2":0<i;<m—1, forany j=1,...,n}.

Theorem 2.1. The dimension of the space of analytic solutions to (1.3) at a generic
point, i.e., the holonomic rank of the Mellin system, equals m™. There exists a
basis { fr}rep around the origin such that

(22) f[(l’) = xlfl(mgn’.”,x;n%
where fr is analytic at 0 and f;(0) # 0 for any I € B.

We say that a system of functions of the form (2.2) forms a convenient basis in
the solution space of the Mellin system (1.3).

The proof of this theorem can be deduced from Theorems 2.8 and 3.1 in [13] by
adjusting the arguments in [13] to the case of a nonconfluent hypergeometric system.
For the benefit of the reader we give now a proof which uses the results of [13] as
little as possible. We will reprove a part of this theorem in the next section, as
a consequence of the relation with the A-hypergeometric system associated to the
exponents m,my, ..., My, 0, and its translation to a Horn system [5].

’

Proof. For the sake of brevity we will use the notation M = (mq,...,m,), M =
(my,...,m,), 0 = (0y,...,0,) and denote by (-,-) the scalar product. We multiply
the j-th equation in (1.3) with #7". This will not affect the space of holomorphic

solutions to (1.3). Let us denote by P;(#) the polynomial [[17; " ((M,6) + mk +
1) H:ZO_IQM/, 0) + mk — 1) and by G; the differential operator

(2.3) G =2 P;(0) — (‘Umjmm%ﬁ@a J=
Let D be the Weyl algebra in n variables [3], and define M = D/ Z?:l DG; to be
the left D-module associated with the system of differential operators (2.3). Let
R =Clz,...,2,) and R[z| = R[z1,...,2n) =Clz1, ..., T, 21, .. ., 2,). We make R[z]
into a left D-module by defining the action of d; on R[z| by

1,...,n.

0
(24) aj = 6—% + Zj.

Let us define the operators D; : R[x] — R|z] by setting

(2.5) D,

:Zja—Zj+ZL’ij, j: 1,...,71,.

It was pointed out in [1] that the operators (2.5) form a commutative family of
D-linear operators. Let D denote the vector (Dy,...,D,). For any j =1,...,n we
define the operator V; : Rlz] — R[z] by V; = z;' D;. This operator commutes with
the operators 0y since both D; and the multiplication by zj_l commute with 0.
Moreover, the operator V; commutes with Vj for all 1 < j,k < n and with Dy,

for j # k. In the case j = k we have V;D; =V, + D;V;.
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Let us define a family of linear operators {W;}}_, acting on the ring R[z] by
m—1
W, =P(D)Vy — (-)™m™ [[(D;— k), j=1,....n.
k=0

We claim that the family of operators {W;}%_, is commutative. Indeed, using the
fact that {D;}7_, is a commutative family of operators and the identity V7'D; =
(Dj +m)VT we conclude, that

WjWk = PJ(D)Pk(Dl,,D] —i—m,...,Dn) V;”VZ“ =

mj+mg—1 m;+m;—1
II .D)+mp+1) [ ((M,D)+mu—1)|Vyvy.
u=0 ©n=0

Computing the composition of the operators W; and W}, in the reversed order, we
arrive at the same expression.

Using Lemma 2.2 and Theorem 2.4 in [13] we conclude that the D-module asso-
ciated with the modified Mellin system (2.3) is isomorphic to the quotient

R[z] / (Z WjR[x]>.

By the commutativity of the operators W, and Lemma 2.7 in [13], the dimension
of this quotient as a complex vector space equals the product of the degrees of the
operators in the Mellin system, i.e., m™. This justifies the first claim of the theorem.

Let us now prove the second statement of the theorem. Let I € B and consider
a power series of the form

(2.6) filz) = Y els)r,

semNg—l—I
where mN{ + 1 = {(s1,...,5,) € N} : S = mpy + ix, for some py € Ng}. To compute
the action of the operator G; on fr(z) we notice that
am m—1
(2.7) T w = H(ej — k)
k=0
and that

Fi(0)fix) = Y Pi(s)p(s)a’.
semN{ +1

Since HZL:_Ol(ij — k) = 0 for any I € B and any j = 1,...,n, it follows, that
G fi(x) = 0 if and only if

m—1
(2.8) o(s)Pj(s+I)=(—=1)""m™p(s + me,) H (s; +m+i; — k).

k=0
Heree; = (0,...,1,...,0) with 1 in the j-th place. It is always possible to satisfy this
relation by choosing ¢(s) in an appropriate way. Indeed, the product H;n:_ol(sj +
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m + i; — k) is never zero and hence the recurrent relations (2.8) can always be
solved. Thus for any I € B there exists a formal series solution to (1.3) of the
form (2.6). Notice that the resultant of the principal symbols of the operators in
the Mellin system (1.3) is different from zero at the origin. By Proposition 2 in [11],
any formal series solution to the Mellin system of the form (2.6) converges in some
neighbourhood of the origin. The m™ series {f;(x)};ep are linearly independent
since their initial monomials are different. Thus they form a convenient basis in
the space of analytic solutions to the Mellin system. This completes the proof of
Theorem 2.1. U

Definition 2.2. We call an analytic solution y(z) to the Mellin system (1.3) defined
near the origin a generating solution to this system if for any I € B,

9y (0
)= o

As we will see in Theorem 2.4, a generating solution gives rise to a basis in the
solution space of the Mellin system. On the other hand, the sum of the elements of
a convenient basis is a generating solution to (1.3).

Example 2.3. The Mellin equation associated with the quadratic equation y? +
xy — 1 = 0 has the form

(2.9) (2® +4)y" + 2y —y = 0.

A convenient basis in the solution space of this second-order differential equation
is given by the functions fi(x) = z, fa(xr) = va? + 4. Another basis is given by
the roots y; = %(—fl + f5) of the quadratic equation y? + zy — 1 = 0, which are
generating solutions.

We denote by e the m-th primitive root of unity ¢ := €27/,

Theorem 2.4. Let y(x) be an analytic function near the origin which is a solution
to the Mellin system (1.3). Then, y(x) is a generating solution if and only if the
family of m™ functions y;(z) = y(e"xy,...,e"x,), [ = (i1,...,1,) € B is a basis in
the solution space of (1.3).

Proof. Assume that y(x) is a generating solution. The differential operators 0, =
2 and 8—m are invariant under the Change of variables t, = eikxk for any k =

1,...,n. Indeed, Tk a(z = gk, k3t gfc’z e Bty . The invariance of 2 —k follows from

xké)

the identity e™ = 1. Since the differential equations in the system (1.3) only contain
such operators, it follows that the function y;(z) = y(e“a1,...,ex,) solves (1.3)
for any I € B.

Let us show that the family of m™ functions {y;(x)};ep is linearly independent.
This will prove the assertion of the theorem. Let

= wls)

seNg
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be the Taylor series expansion of y(z) around the origin. For a given I € B consider
its subseries defined by

(2.10) filz) = Y pls),
semN{ +1
where mN{ + I = {(s1,...,8,) € Nj : s, = mpy, + iy, for some p;, € No}. By assump-
tion y(z) is a generating solution to (1.3). Hence the family of series {f;(x)}rep is
linearly independent since their initial monomials are different. Being subseries of a
convergent power series, they all converge in some neighbourhood of the origin. It
follows directly from the definition of f;(x) that y(z) = >, f1(2).
Suppose that the family of functions {y;(x)};cp satisfies a linear relation

(2.11) > eryi(x) =0

for some ¢; € C. Let J = (J1,...,Jn) € B be a multi-index. Using the definition of
the function f; and the identity €™ = 1 we conclude that

fr(E"xy, ... emay,) = Z o(s)(e"x)) ... (e a,) =

semN{+J
Z €i1j1+...+z‘njn<p(8)xs - Z 5“"])@(5);1:5 — €<I,J>fj(x)7
semNg+J semNg+J
where (I, J) denotes the scalar product. Thus the relation (2.11) can be written in
the form
0= Z cryr(z) = Z cry(emy, ..., emxy,) =
IeB IeB

(2.12) Z cr Z fr(eay, ... e, = Z (Z cfeu"])) fs(x).

IeB  JeB JeB \IeB

The assumption that y(z) is a generating solution to the Mellin system (1.3) implies
that the family of functions {f;} ep is linearly independent. It therefore follows
from (2.12) that

(2.13) cheu"]) =0, forany J € B.
IeB

The matrix of this system of linear homogeneous algebraic equations is the n-th
exterior power of the Vandermonde matrix

1 1 1 e 1
1 £ g2 o.ooeml
1 g2 et ... gdm=l)
1 eml 2me) 1
This Vandermonde matrix is nondegenerate since the numbers 1,¢e,¢2,...,e™ ! are

all different. It is known that the eigenvalues of the exterior product of two matrices
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are products of the eigenvalues of the factors. Thus the exterior product of two non-
degenerate matrices is nondegenerate and hence so is the matrix of the system (2.13).
This implies that ¢; = 0 for any I € B and hence the functions {y;(z)};cp are lin-
early independent.

Assume now that y(x) is not generating and let J € B such that d;y(0) = 0.
Then, d,y;(0) = 0 for all I € B. By Theorem 2.1 there exists a solution f; with
05 f7(0) = 1. Then, the family {y;(z), I € B} cannot be a basis of solutions of the
Mellin system. This completes the proof. 0

Recall that we denote d = GCD(m, my,ms, ..., m,).

Corollary 2.5. If d > 1 then {yp(c"x1,...,e"a,)}iep is a basis in the solution
space to the Mellin system (1.3). Here y,,(x) is the principal solution (2.1) to the
Mellin system. In particular, under the above assumption all solutions to the Mellin
system are algebraic functions.

Proof. If d > 1 then the term mqvq + ...+ m,v, — mv + 1 in the numerator of the

coefficient of (2.1) is never zero. In particular, it is nonzero for (v4,...,v,,) € B and
hence y,-(x) is a generating solution to the Mellin system. The conclusion of the
corollary follows now from Theorem 2.4. ([l

Example 2.6. Consider the algebraic equation
(2.14) Yo+t 4+ oy —1=0.

A generating solution for the corresponding Mellin system is given by the function

12113’2 — 41}%

u(zy, x2)

y(xy, z9) = \/—2:131 + u(zy, x9) —

where u(xy,z9) = </108 + 362179 — 8% 4+ 124/81 + bdw 19 — 1223 + 1223 — 32722
A simple computation in Maple shows that all of the initial exponents for (2.14) are
present in the series expansion of y(x1, x2), as predicted by Corollary 2.5. In contrast

with Example 4.2 below, in this case it is possible to give a generating solution to
the Mellin system associated with (2.14) in terms of the solutions to (2.14) itself.

Remark 2.7. From the point of view of the original algebraic equation (1.2) it is,
of course, very unnatural to make the assumption that d > 1. Indeed, the change of
unknown u(z) = y(z)¢ reduces (1.2) to an equation with relatively prime exponents.
However, it turns out that the Mellin system associated with this transformed equa-
tion differs essentially from the Mellin system associated with the original algebraic
equation. This is illustrated by Examples 5.7 and 5.3, and by Examples 2.6 and 4.2,
since in case d > 1 all solutions are algebraic by Corollary 2.5, while as we will see,
incased=1,n=1,m; <m—1ord=1,n> 1, there always exists a non-algebraic
solution. Thus from the point of view of the Mellin system the case when d > 1
cannot be trivially reduced to the case of relatively prime exponents.
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3. A—HYPERGEOMETRIC, HORN HYPERGEOMETRIC AND MELLIN SYSTEMS

Given the equation (1.1), its roots (thought of as functions of a = aq, ..., a,11))
satisfy the A-hypergeometric system with parameter 3 := (0, —1) (cf [15]), where
11 ... 1 1
(3.1) A':(m mi ... My 0)'

Namely, it is the left ideal in the Weyl algebra Clao, . . ., ani1, 0o, - - -, Ont1] generated
by

(3.2) the toric operators 9“ — 9" for w,v € N"™? with A.-u=A-v,

n+1 n
(3.3) and the Euler operators Z a;0; and mag+ Z mja;0; + 1.
=0 j=1

Note that the corresponding A-hypergeometric system is the same as the hyper-
geometric system associated with the matrix

, (1 1 ... 1 1
(3-4) A= (m/d mi/d ... my/d O)
and homogeneity 3’ = (0, —1/d).
Consider now the following matrix B € zM+)xm.

—my7 —Mo —my,
m 0 0
0 mo ... 0
0 0 e.m
-my —mby ... —m],
where as above m, = m—m;, i =1,...,n. Let c=(=1/m,0...,0,1/m) and denote
by Horng(c) = (Hy,..., H,) the corresponding Horn system, as in Definition 2.1
in [5], which we now recall. For j = 1,...,n, the Horn operator H; in the variables
w = (wy, ..., w,) equals
(3.6)
m—1 mj—1 1 m;—l 1
g(mej—k)—wj g (=mith—... =1 ———F) ka (=mith—. .=t ——h).

We deduce from Lemma 5.1 and Corollary 5.2 in [5] the following result.

Lemma 3.1. Let ¢(wy, ..., w,) be a function of n complex variables and let p(a) be
the following function of n + 2 variables (defined in suitable simply connected open
sets):

1
a m ay a
(3.7) pla) = (— P ——r |
mq M m m
an+1 a’O la 1 a’(] na'n_l:bl

n+1
Then, ¢ is a solution to the A-hypergeometric system with parameter B if and only
if ¥ is a solution to Horn g(c).
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Setting ap = 1, a,+1 = —1, we deduce the relation

1

o(lyay, ... a,,—1)=(=1)m zb((—l)mlla’l“, N 1)m”am)

We thus make the change of variables w; = (—1)"5z™

7 and we get that given a

holomorphic function ¥ (wy, ..., w,) as above, the function
(3.8) i, oma) = (@) = w((—1)a, . (—1) )
verifies
(3.9) (—D)mp(ar, ... an) = o(1,ay, ..., an, —1).
We now translate the Horn operators in the w variables to the x variables. Since
wj% = %xj%, we get for all j =1,...,m,
J J
i, i m 1
/ m m n
Hy:= J]0;— k) —( H(——91 ..—Eé’n—a—k‘)o
k=0
m; 1 ! ! 1
m m
3.10 ——, — -0, +— -k,
( ) 1!;[0 ( mo m + m )
where now 01, ..., 0, refer to derivatives with respect to the variables (x1, ..., z,),
ie., 0, = xzax,z—l M.

Note that []7" (6, — k:) =2 (%) - Multiplying H! by (—1)™+1m™ and divid-
ing by 27" we get the Mellin operators (1.3).
We immediately deduce:

Lemma 3.2. A holomorphic function p(z1, ..., x,) is annihilated by the Mellin op-
erators (1.3) if and only if the function (w1, ..., w,) verifies the Horn system (3.6),
where p and ¢ are related by (3.8) (in suitable open sets).

We now take advantage of these translations to provide a new proof of the rank of
the Mellin system stated in Theorem 2.1. Note that the greatest common divisor g
of the maximal minors of B equals ¢ = m" 'd. The normalized volume of A
equals m/d. Moreover, by the results in [6], the lattice ideal Ip is a complete
intersection. We deduce from [5, Theorem 2.5] that the rank of Horn z(c) equals
m" 'd x m/d = m". Using the translation of solutions in Lemma 3.2, it is easy to
check that the holonomic rank of the Mellin system is also m™.

Theorem 3.3. In suitable open sets, given an A-hypergeometric function p(a) with
parameter 3 = (0, —1), the function of n variables defined by specialization

(3.11) (e, ..o xn) = (1, zq, .. 2, —1),

s a solution to the Mellin system.

Proof. Given a choice of m-roots of the coordinates, define
o L B 1
Y(wy, .. wy) = ple"™Mw, L e Mg,
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1 m

where ¢’ is a primitive m-root of —1. Note that w; = (—1)™ <5’_m§wf) o=

1,...,n. By Lemma 3.2, it is enough to verify that 1 is a solution to the Horn
system. Now, by Lemma 3.1, this happens if and only if the function ¢’ defined by:

1
“m m m
/ L ) " aq a,
QO(CL) T ¢ m m. M, m/n )
(n+1 a’O 10’ ! aO an—l—l

n+1

satisfies the A-hypergeometric system with parameter 3. But calling A an m-th root
of —ag/a,+1 we deduce from the definitions of the functions and the homogeneity
(0, —1) satisfied by ¢ that

1

Sa) = e () T elara e A )
= Aju((—ﬁ)r_’:;..-7(—$)§:n)
= )\ @(17—m)\ ,...,—m)\ ,—1):@((1),
and we are done. O

4. SOLUTIONS IN TERMS OF ROOTS

Mellin not only observed in [9] that the roots yi(x),...,ym(x) of the algebraic
equation (1.2)
Yt ay™ 4+ oy —1=0
satisfy the Mellin system (1.3), but he also made the following easy observation.
Given the principal solution y,,.(z) in (2.1), all the solutions have the form

NYpr(N™ 21, ... 0" y),

where 7 runs through the m-roots of 1.
It is also clear that for any choice of I = (iy,...,4,) € N", the function y;(x) =
Ypr(€" 21, ..., e"xy,) is a root of the algebraic equation

(1) y"e™ry ™ 4. e,y —1 =0,

where, as in Section 2, we denote € = e2™/™. Moreover, as we have already remarked,

all these functions lie in the solution space of (1.3). So, the Mellin system has not
only the roots of the algebraic equation (1.2) as solutions, but also the roots of the
associated equations (I). It is clear that we only get m”" different equations this
way, and we could parametrize them taking I € B. We denote by Y the C-vector
space generated by all the roots of all the equations of the form (). The roots of
the original equation (1.2) correspond precisely to the functions ey jm,  _jmn), J =
0,...,m—1. Note that these m functions are all distinct, but of course they are not
linearly independent if d > 1 or if d = 1 and m; < m. In case d > 1 we have seen
in Corollary 2.5 that Y coincides with the solutions space of the Mellin system.

Example 4.1. The polyquadratic equation. Consider the equation
(4.1) Y+ oy —1=0.

Its 2k roots are &’ ]\“/(—:)3 +va2+4+4)/2,j=0,...,k—1, where ¢ is the primitive k-th
root of unity. Observe that these roots span a vector space of dimension 2. A basis
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in the 2k-dimensional solution space of the Mellin equation associated with (4.1) is
given by the functions v/ —z &+ vVaZ +4ed, j =0,...,k — 1.

For the rest of this section we will then assume that d = 1. Our task is to explain
and generalize the following example.

Example 4.2. The general cubic. Consider the algebraic equation
(4.2) v+ 2y 4wy — 1 =0.
The corresponding Mellin system is given by

—2792(92 — 1)(92 — 2)y = x§(291 + 92 + 1)(91 + 292 — 1)(91 + 292 + 2>y

The three solutions to (4.2) are linear combinations of the following functions:

(4.3)

2
3ry — 7

y1($17$2) = T, y2(x1,x2) =3 U($17$2)7 y3($17$2) =
u(xy, )

where u(ry, z9) = 108436775 — 823 +124/81 + 5dwyx9 — 1223 + 1223 — 3x323. The
expansions of ys and y3 into power series around the origin are given by

2 4 2 4 1 1 1
y2:6+§x1x2—ﬁx?+ﬁx§—ﬁxfxg%—..., y3:§x2—6xf—ﬁx1x§+...
In this example, the set of initial exponents is given by B = {(i,7) € z2: 0 <4,j <
2}. The expansions of y, y9, and y3 into power series contain 7 of the 9 elements in B.
This could be also checked differentiating (4.2) implicitly and evaluating at 0. The 2
missing exponents are (2,1) and (0,2). Thus the solution space of (4.3) contains a
two-dimensional subspace which is not spanned by solutions to (4.2).

Remark that the roots of the equations (/) above with any index set of the form
I; = (jmy,...,jm,) for any j = 1,...,m — 1, are just constant multiples of the
roots of the original equation (1.2) (corresponding to j = 0). More generally, there
are m™ subsets G, ... G of algebraic equations of the form (I), each of
them consisting of m equations, such that for any pair of equations (7),(J) in the
same subset G*) | the corresponding solutions only differ by multiplicative constants.
Denote by I' = {IM ... 10" )} where each I® € B is a choice of an index set in
the subset G®) of algebraic equations, for all k = 1,...,m" '. The analytic roots
of the algebraic equation (I*)) defined in a small neighborhood of the origin will be

denoted by ygk), e ,yﬁ,lf).

Given a complex vector ¢ = (¢ . .. ,c(mn_l)), denote by y. the function defined
by
mnfl
k k
(4.4) Xe = Y B log(y) + -+ P log(yH)),
k=1

where log denotes a holomorphic branch of the logarithm defined in the union of the
images of the roots.
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When the exponents m,my, ..., m, are relatively prime, is it shown in [4, Th.
2.4] (see also [8, Cor. 3.6]) that the dimension of the vector space generated by the
solutions to the algebraic equation (1.2) is equal to m if m; =m — 1 and it is equal
tom — 1 if my < m — 1. Thus, when d = 1 the only possible linear relation between
the solutions to the algebraic equation (1.2) is the obvious one: the roots of (1.2)
sum up to zero if the coefficient by ™! in (1.2) is zero.

Our main result is the following.

Theorem 4.3. The space Y coincides with the space of algebraic solutions to the
Mellin system of equations around the origin. Its dimension equals dimY = m"™ —
m» 1t +1in case m; = m — 1 and dimY = m™ — m™ ! otherwise. The space of
relations

mn—l
Ri={cec™ /> P+ +yl) =0}
k=1

has dimension dim R = m" ' —1 in case m; = m—1 and dim R = m"~ ! otherwise.
Moreover, for any nonzero ¢ € R, the function x. defined by (4.4) is a non-algebraic
solution to the Mellin system, the space

S:={x./c€ R}

has dimension dim S = dim R and the sum S®Y is direct and equals the full solution
space of the Mellin system.

When n = 1, S is non zero only when m; < m—1 and in this case it is spanned by
the non-algebraic function x = y; log(y1) + - - - + Ym 10g(ym ), where yi (), ..., ym(x)
denote the roots of y™ + xy™ — 1 = 0, while the space of algebraic solutions Y has
dimension m — 1. This is the content of Theorem 3.5 in [4] for A-hypergeometric
systems associated to monomial curves, which can be directly translated to the
Mellin equation via our computations in Section 3. So, Theorem 4.3 is inspired by
and generalizes this result.

Example 4.4. ( Example 4.2 continued) In this case dim R = dim § = 3—1 = 2,
as we have seen. There are 3 subsets of 3 equations each and we could choose the
following representatives to form our set I':

(1) Yoy’ +ay—1 = 0,
(1) YAy fery—1 = 0,
(I3) VA Felry—1 = 0,

where ¢ is a primitive cubic root of 1, and I; = (0,0), I, = (0,1), I3 = (0, 2).

A basis of relations in R is given for instance by the two relations (1,—1,0),
(1,0, —1), since the sum of the roots of each of the 3 equations above equals the same
value x1. On the other side, the space Y spanned by the functions y](-k), 7, k=1,2,3
has dimension 7. So a basis of the solutions near the origin is given by choosing
seven of these roots together with the two non-algebraic functions x1,-1,0), X(1,0,-1)-

Proof of Theorem 4.3. We begin by computing the dimension of Y. Call ¢,, for
v € Nj, the coefficients in the expansion (2.1) of the principal solution y = y,, of
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the algebraic equation (1.2):

ENZEN e —
(45) g, = CO m (mumn 4 o vt =g 1)
m 27
Note that when d > 1, the solution y,, is generating. This is proven in Theorem 2.4,
whose proof we now generalize with similar notations.

Let fr,I € B, be defined as in (2.10). Observe that when ¢; = 0, then ¢p =0
for all I' € I + mNj. It follows that when ¢; = 0 then f; = 0. Let B’ = {I €
B : pr # 0}. We claim that dimY = #B’. Clearly, y = >, p fr and the family
{fr : I € B’} is linearly independent. Suppose that the family of functions {y;},;cp
satisfies a linear relation

(4.6) ZClyl(x) =0,

IeB

for some ¢y € C. Then,

Z (Z c;€<I’J>) fi(z) =0,

JeB' \IeB

which implies that
(4.7) ZCI€<I’J> =0, forany J € B'.

IeB

In fact, (cr)rep satisty (4.6) if and only if these last equalities hold. Since the full
matrix (5/)); jep is of maximal rank, it follows that the system of equations (4.7)
has rank #B’ and so the dimension of the space of linear relations R’ among the
algebraic functions {y;, I € B} is equal to #B — #B’. Dualizing, we conclude that
their linear span Y has dimension #B’, as wanted.

We now prove that the cardinality of B’ equals m” —m"™ ' 41 in case m; = m —1
and dimY = m" — m"~! otherwise. Call B” = B\ B’ its complement in B. It
is clear that ¥ € B’ if and only if there exists a positive integer pu strictly smaller
than |v| such that

mivy + - +mpv, —mp+1=0,
which we simply write as (M,v) —mu+1 =0, where M = (my, ..., m,). Note that
when this equality holds, it follows that the integer p satisfies 1 < p < |v|, since
0<m,<---<m; <m and all v; are non negative. Moreover, it is easy to check
that the equality p = |v| can only hold when my =m—land py =1y =1landv; =0
for any 7 > 1. So it is enough to prove that the cardinality of the set

{veB: (Mv)y=-1 mod (m)}

equals m™~ . We claim that for any r = 0,...,m — 1 there exist precisely m"~! =
m™/m solutions v € B to the modular equation (M,r) = r mod (m). Since we
are assuming that d = 1, there exists an integer n-tuple X = (x4, ..., x,) satisfying

(M,X) =1 mod (m) and so the equation (M,r) = r mod (m) has a solution
for any r. Then it is easy to see that for any v, {(M,v) mod (m),(M,v + X)
mod (m),...,(M,v+ (m —1)X) mod (m)} takes all the values r = 0,...,m — 1
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precisely once. Moreover, two such subsets are disjoint or equal, from which the
result follows since the cardinality of B is m™.

It follows that the space R’ of linear relations among the algebraic functions
{yr, I € B} has dimension m"~! — 1 in case m; = m — 1 and m"~! otherwise. The
relations R define in principle a subspace of R’ corresponding to those vectors ¢
which have a special pattern of repeated coordinates, but it is easy to see that it has
the same dimension. Indeed it is very easy to find a linear relation between the sum
of the roots in each equation (which equals minus the coefficient of y™~!, which is
a constant multiple of z; if m; = m — 1 and 0 otherwise), with the sum of the roots
of the original equation (1.2). This gives m™~! —1 independent linear relations in R
and we get moveover the relation ¢ = (1,0,...,0) in case m; < m. Then, R = R’
and we recover in particular the quoted result in [4, Th. 2.4] about the only possible
linear relation among the roots of a single sparse algebraic equation with generic
coefficients.

In order to see that for any ¢ € R the function x. is a solution to the Mellin system,
we will need the translations described in Section 3 between the Mellin system and
the corresponding Horn and A-hypergeometric systems. This will allow us to use
the results in [4] based on the study of the relation between lattice hypergeometric
ideals and A-hypergeometric ideals explained in [5]. We sketch the main ingredients
of the proof and refer the reader to [4, 5] for the details. Since the lattice generated
by the columns of the matrix B € Z™+)*™ in (3.5) equals m" ' and the associated
lattice ideal is a complete intersection, the Horn system (3.6) gets translated by
homogenization (as in Lemma 3.1) to the hypergeometric system Hp corresponding
to this lattice. We get m"~! hypergeometric systems H;,i = 0,...,m" ' — 1 which
are torus translates of the A-hypergeometric system, all with the same homogeneity
3 = (0, —1) and such that all solutions of any H; satisfy the system Hy. The different
functions y; € Y which satisfy the Mellin system, and thus the Horn system after the
change of variables in Lemma 3.2, satisfy (after A-homogenization as in Lemma 3.1)
different systems in the family H;,i = 0,...,m" ! —1 according to (I). Each system
is satisfied precisely by m of these homogenized functions, which we denote by z(a).
The functions z7(a) also satisfy the corresponding algebraic equation:

(4.8) 2™ + a1 2™ 4 £2a92™ + ..+ €, 2" + angq = 0.
In particular, when I = (iy,...,4,) with iy = jm; mod (m) forall k =1,...,n and
some fixed 7 = 0, ..., m—1, the function z; satisfies the differential A-hypergeometric

system recalled in Section 3 and the algebraic equation (1.1). Recall that y;(z) =
zr(1,z1,...,2,,—1) as in Theorem 3.3. Changing a little bit the notation of the
homogeneous roots as in (4.4), in order to prove that the function y. is a solution
of the Mellin system, it is enough to prove that the homogenized function

mn—l
Y= Y e log(ef) + 4 2 log =)
k=1

satisfies the lattice hypergeometric system Hy. Then, it is possible to prove that
each of the functions Z%k) log(z§k)) TR log(zgf)) satisfies the toric operators in
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the corresponding torus translate of the A-hypergeometric system as in the proof of
Proposition 3.2 in [4]. Moreover, the fact that ¢ lies in R allows one to prove that
the whole sum %, satisfies the homogeneity equations.

The theorem will be proved if we show the following statement: If a linear com-
bination x := Y7, Aix.» Is algebraic, where \; € C and W, ..., % € R, then
S, A\ic® = 0. Note that this implies in particular (since the function 0 is alge-
braic) that the dimension of the linear span of the functions {x. : ¢ € R} equals
the dimension of R, from which we deduce not only that the sum S @ Y is direct
but also that it equals the full solution space of the Mellin system. In order to
prove the above statement, we proceed as follows. We will assume that one of the
exponents my is coprime with m (if not, the proof is similar) and set all coefficients
x; = 0 for i # (. Consider the restrictions g]](-k) (x) = y§’“)(0, ..., x,...,0) and denote
by

a®(z) = 1" log (1) + - + 5 log (G,
defined in a small neighborhood of the origin. As in [4, Th. 3.5], it is possible to
find a loop v such that analytic continuation around ~ will return all the restricted
roots g]](-k) to their original values, while there is a subset S*) containing m; < m

of the roots, such that the logarithms of the roots in S*) will be increased by 27i.
Then 7v*(a®(z)) — a®(z) equals 27 times the sum of the m; roots in S, which
cannot be zero since R = R'. We denote this sum of roots by ygm. Assume now
that x» 1= >.;_; A\iXeo is an algebraic function and let x, be the corresponding
univariate restriction, which is then also algebraic. We have that

S 1’n"71 s mnfl
)~ =7 (z S c,<;>a<k>> SN Y a®,
i=1 k=1 i=1 k=1
which, after dividing by 27, equals

s mn—1 . mn—1 s '
AT = S (z Az-c,@) o
=1 k=1 k=1 \i=1

Since yg is not the complete sum of all the roots corresponding to one equation, the
only way in which a finite iterate of the action of v returns x, to its original value

is when »7 | )\ic,(;) =0 for all k, i.e.,, Y5 N\ie® = 0, as asserted. O
We also deduce:

Corollary 4.5. The monodromy representation of the Mellin system (1.3) is always
reducible.

Proof. Suppose that n > 1. By Theorem 2.1, the dimension of the space of analytic
solutions to (1.3) equals m™. Since the solutions to the algebraic equation (1.2) span
a linear space of dimension at most m, there is a nontrivial invariant subspace in
the solution space of (1.3). If n = 1 and m; < m — 1, then the solutions of the
algebraic equation form a nontrivial invariant subspace of dimension m — 1. Finally,
for n =1 and m; = m — 1, the one-dimensional linear space spanned by the rational
solution x; is invariant under the action of the monodromy. 0
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5. THE CASE OF DIMENSION ONE

In this section we further investigate the special case of the Mellin system of
equations associated with the trinomial algebraic equation

(5.1) y" +axy™ —1=0.

In this case the Mellin system (1.3) consists of a single ordinary differential equation
of order m, namely the equation

(5.2)
( [] mio+mk+1) T[] ((m—mi)0+mk—1) - (-1)m1mm$—mm) y(z) =0,

where § = z-L. Let m = da, m; = db, where d = GCD(m, m;). The discriminant
of the algebraic equation (5.1) (computed with respect to y) is given by x%b*(a —
b)a=t — (=1)%a®. For d = 1, this expression coincides with the leading coefficient in
the differential equation (5.2). Throughout this section, we will call the differential
operator in the left-hand side of (5.2) the Mellin operator and denote it by M (m, my).
Special instances of this operator are considered in Examples 2.3,5.1,5.3, and 4.1.

Example 5.1. Consider the cubic equation

(5.3) v +ay?—1=0.

The corresponding Mellin equation can be written in the form
(5.4) (4a® — 27)y" + 182%y" + day’ — 4y = 0.

A basis in the solution space of the differential equation (5.4) is given by the functions

n) =2 (o) = 3108 - 809 + 12VET 128, () = 0/l
or by the roots of the algebraic equation (5.3).
Notice that after multiplication with 22 the differential operator defining the equa-
tion (5.4) can be factorized as follows:

d? d? d
2 3_ o & 2 47 a4
x <(4:E 27) e + 18z T2 + 4xd:17 4)

2

4 3 2
This factorization makes the rational solution y;(x) =  obvious.

More in general, assume m; = m — 1. Since the roots yi(z),...,ym(x) of the
trinomial satisfy the equation (5.2) and sum up to z, it follows that the operator §—1
(which is the annihilator of z) can be factored out of M (m,m—1). This factorization
is described in the following proposition.
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Proposition 5.2. For m; = m — 1, the only nontrivial decomposition of the Mellin
operator defining the equation (5.2) in the Weyl algebra of linear differential opera-
tors with polynomial coefficients is given by

(5.5) ™M (m,1) = <xmﬁ (m—10+mk+1)+ (—m)mHﬁ (0 — k:)) 0—1).

k=0 k=2

The proof of this proposition is analogous to the proof of Proposition 5.4 below.
Assume now that m > m; + 1 and d = GCD (m, m;) = 1.

Example 5.3. Consider the cubic equation

(5.6) y?+ oy —1=0.
The corresponding Mellin equation can be written in the form
(5.7) (42® 4 27)y" + 182%y" + 10xy’ — 2y = 0.

Since the coefficient by y* in (5.6) is zero, the solutions to (5.6) generate a two-
dimensional vector space and thus there exists a solution y to the differential equa-
tion (5.7) which is not a solution to the algebraic equation (5.6). The following
functions give a basis of solutions to the Mellin equation (5.7):

z(z) = 6/108 + 12v1223 + 81, 2(x) = x/z(x),

X(x) = y1log(y1) + y2log(y2) + yslog(ys),

where y1(x), y2(z), y3(x) are the three (linearly dependent) solutions to (5.6).

Notice that the differential operator defining the equation (5.7) can be factorized
as follows:

d? d? d d d? d

42% 4+ 27)— +182°— + 102— — 2= — | (42® 4+ 27)— + 62— — 22 | .

(42" + )da:3+ :dez—l— Yix dw<($+ )da:2+xda: v
The functions 21, z5 give a fundamental system of solutions to the second-order factor
in this decomposition. This operator is described in [8].

It turns out, that the Mellin operator corresponding to m; = 1 allows a similar
decomposition.

Proposition 5.4. For m; = 1, the only nontrivial decomposition of the Mellin op-
erator defining the equation (5.2) in the Weyl algebra of linear differential operators
with polynomial coefficients is given by

(5.8) M(m, 1) = 2 <xﬁ((m 0tk —1) 4 mm ) |

dz dxm—1
k=0

Proof. The validity of (5.8) follows from the Weyl algebra identity § + 1 = - o
x. Here 'o’ denotes the composition of differential operators in the Weyl algebra.
Let us denote the second factor in the right-hand side of (5.8) by M,,. We would

like to show that the differential equation M,y = 0 has irreducible monodromy.
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Multiplying this equation with 2™, using the identity (2.7) and making the change
of variables t = 2™, we arrive at the equation

(5.9) < - mltH(@ mz_l) ﬁ(@t——)>y—0

where 6, = t<L. By Proposition 3.3 in [2] the monodromy of the differential equa-
tion (5.9) is reducible if and only if (mi — 1)/m(m — 1) + j/m € z, for some i, j =
0,...,m—2. This condition can only be satisfied when (mi—1)/m(m—1)+j/m = 1.
Clearing the denominators and considering the obtained relation modulo m we con-
clude that it can never be satisfied. Thus the monodromy of (5.9) is irreducible and
hence My, does not admit any further decomposition. O

In case d > 1 the Mellin operator always factors.

Proposition 5.5. There exist d linear operators Qq, . ..,Qq4-1 of order % with co-
efficients in C(x) such that M(m,my) = Qo ...Q4-1.

Proof. According to Corollary 2.5 and the discussion in Section 4, all solutions to
M (m,my) are algebraic (so its associated Galois group coincides with the mon-
odromy group) and a basis of solutions is given by the functions

{fir(x) = 5jypr(5jm1+kx), j=0,....m/d—1,k=0,...,d—1},

where ¢ is a primitive m-root of 1 and y,, is the principal solution described in (2.1).
For each k = 0,...,d — 1, the m/d functions {f;x(z), 7 = 0,...,m4_1} are the
(linearly independent) roots of the algebraic equation

y" 4+ efry™ —1=0, k=0,...,d—1.

Then, they span a monodromy invariant subspace V. of the solutions V' to M (m, m1)
of dimension m/d, which gives a right factor Ly of order m/d of the Mellin operator
whose solution space equals Vj. Moreover, we have the direct sum decomposition
V = Vo®---@®Vy_1. Then, it follows by the results in [14] that there exist operators
Qo, ..., Q41 (with @, equivalent to L; in the sense of [14]) such that M (m,m,)
decomposes as M(m,m1) = Qo ... Qq1- O

Example 5.6. Let n = 1, m = 4, m; = 2. The Mellin equation associated with the
algebraic equation y* + xy? — 1 = 0 is given by

(5.10) (162" — 256)y™ + 1602%y" + 3602%y" + 1202y’ — 15y = 0.

In accordance with Corollary 2.5, a basis in the solution space of (5.10) is given by
solutions to the algebraic equations y* + zy? — 1 = 0 and y* + izy? — 1 = 0. After
a suitable normalization this basis is given by the functions \/ —x ++v/x2 £ 4. The
solution space of (5.10) splits into two 2-dimensional invariant subspaces spanned

by \/ —x V2?2 + 4 and \/ —x £ /22 — 4. This decomposition of the solution space
corresponds to the factorization of the differential operator defining (5.10):

4 3 2

d 5 d o d d
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(42° 16)d2+20 d+15 (4 +16)d2+4 d 1
x°—16)— r— x — 44— —
dx? dx dx? dx
Example 5.7. Let n =1, m = 6, m; = 2 and consider the algebraic equation
(5.11) Y+ oy —1=0.
The Mellin equation associated with (5.11) is given by
(10242° — 46656)y® + 276482°y® + 2428162y +

(5.12) 818944x3y" + 9557802y + 236180y’ — 6545y = 0.

A basis in the space of solutions to (5.12) is given by {f(¢'z), i = 0,...,5}, where
e = €™/ and f(x) is the principal solution to (5.11). The differential operator
defining the equation (5.12) admits the following factorization:

(1024 46656) @ + 276482° d5 + 2428162* d4 +
z° — — r°— Tt —
dxb dad dx?
a3 d? d
818944x% — + 95578022 — + 2361802 — — 6545 =
dx? dx? dx
(3223 — 216)— T a3 L 15960 41300
x° — r¢— T—
dx3 dx? dx

d? d? d
((32:5 + 216)ﬁ + 1442° ) + 86:13% — 5)
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