GRAVITY AND THE STANDARD MODEL WITH NEUTRINO MIXING

ALI H. CHAMSEDDINE, ALAIN CONNES, AND MATILDE MARCOLLI

ABSTRACT. We present an effective unified theory based on noncommutative geometry for
the standard model with neutrino mixing, minimally coupled to gravity. The unification is
based on the symplectic unitary group in Hilbert space and on the spectral action. It yields
all the detailed structure of the standard model with several predictions at unification scale.
Besides the familiar predictions for the gauge couplings as for GUT theories, it predicts the
Higgs scattering parameter and the sum of the squares of Yukawa couplings. From these
relations one can extract predictions at low energy, giving in particular a Higgs mass around
170 GeV and a top mass compatible with present experimental value. The geometric picture
that emerges is that space-time is the product of an ordinary spin manifold (for which the
theory would deliver Einstein gravity) by a finite noncommutative geometry F. The discrete
space F is of KO-dimension 6 modulo 8 and of metric dimension 0, and accounts for all the
intricacies of the standard model with its spontaneous symmetry breaking Higgs sector.
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1. INTRODUCTION

In this paper we present a model based on noncommutative geometry for the standard model
with massive neutrinos, minimally coupled to gravity. The model can be thought of as a form
of unification, based on the symplectic unitary group in Hilbert space, rather than on finite
dimensional Lie groups. In particular, the parameters of the model are set at unification scale
and one obtains physical predictions by running them down through the renormalization
group using the Wilsonian approach. For the renormalizability of the gravity part of our
model one can follow the renormalization analysis of higher derivatives gravity as in [[[2] and
[21]. Later, we explain in detail how the gravitational parameters behave.

The input of the model is extremely simple. It consists of the choice of a finite dimensional
algebra, which is natural in the context of the left-right symmetric models. It is a direct sum

(1.1) CoHeH® Ms(C),

where H is the involutive algebra of quaternions. There is a natural representation M for
this algebra, which is the sum of the irreducible bimodules of odd spin. We show that the
fermions of the standard model can be identified with a basis for a sum of N copies of M,
with NV being the number of generations. (We will restrict ourselves to N = 3 generations.)
An advantage of working with associative algebras as opposed to Lie algebras is that the
representation theory is more constrained. In particular a finite dimensional algebra has only
a finite number of irreducible representations, hence a canonical representation in their sum.
The bimodule M described above is obtained in this way by imposing the odd spin condition.
The model we introduce, however, is not a left-right symmetric model. In fact, geometric
considerations on the form of a Dirac operator for the algebra ([LTl) with the representation
H = M®3 lead to the identification of a subalgebra of ([Tl of the form

(1.2) CoH® M;s(C) C CoHeHo Ms(C).

This will give a model for neutrino mixing which has Majorana mass terms and a see-saw
mechanism.

For this algebra we give a classification of all possible Dirac operators that give a real spectral
triple (A, H, D), with H being the representation described above. The resulting Dirac
operators depend on 31 real parameters, which physically correspond to the masses for leptons
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and quarks (including neutrino Yukawa masses), the angles of the CKM and PMNS matrices,
and the Majorana mass matrix.

This gives a family of geometries F' = (A, H, D) that are metrically zero-dimensional, but
that are of dimension 6 mod 8 from the point of view of real K-theory.

We consider the product geometry of such a finite dimensional spectral triple with the spectral
triple associated to a 4-dimensional compact Riemannian spin manifold. The bosons of the
standard model, including the Higgs, are obtained as the inner fluctuations of the Dirac
operator of this product geometry. In particular this gives a geometric interpretation of the
Higgs fields which generate the masses of elementary particles through spontaneous symmetry
breaking. The corresponding mass scale specifies the inverse size of the discrete geometry F'.
This is in marked contrast with the grand unified theories where the Higgs fields are then
added by hand to break the GUT symmetry. In our case the symmetry is broken by a specific
choice of the finite geometry, in the same way as the choice of a specific space-time geometry
breaks the general relativistic invariance group to the much smaller group of isometries of a
given background.

Then we apply to this product geometry a general formalism for spectral triples, namely the
spectral action principle. This is a universal action functional on spectral triples, which is
“spectral”, in the sense that it depends only on the spectrum of the Dirac operator and is of
the form

(1.3) Te(f(D/A)),

where A fixes the energy scale and f is a test function. The function f only plays a role
through its momenta fo, f2, and f; where f = [;° f)wF=tdv for k > 0 and fo = £(0).
(cf. Remark below for the relation with the notations of [§]). These give 3 additional
real parameters in the model. Physically, these are related to the coupling constants at
unification, the gravitational constant, and the cosmological constant.

The action functional ([C3]), applied to inner fluctuations, only accounts for the bosonic part
of the model. In particular, in the case of classical Riemannian manifolds, where no inner
fluctuations are present, one obtains from ([3]) the Einstein—Hilbert action of pure gravity.
This is why gravity is naturally present in the model, while the other gauge bosons arise as
a consequence of the noncommutativity of the algebra of the spectral triple.

The coupling with fermions is obtained by including an additional term

(1.4 T/ (D/A) + 5 (7, DY),

where J is the real structure on the spectral triple, and ) is an element in the space H, viewed
as a classical fermion, i.e. as a Grassman variable. The fermionic part of the Euclidean
functional integral is given by the Pfaffian of the antisymmetric bilinear form (Jv', D).
This, in particular, gives a substitute for Majorana fermions in Euclidean signature (cf. e.g.
20, [55)).

We show that the gauge symmetries of the standard model, with the correct hypercharge
assignment, are obtained as a subgroup of the symplectic unitary group of Hilbert space
given by the adjoint representation of the unimodular unitary group of the algebra.

We prove that the full Lagrangian (in Euclidean signature) of the standard model minimally
coupled to gravity, with neutrino mixing and Majorana mass terms, is the result of the
computation of the asymptotic formula for the spectral action functional ([CZ]).

The positivity of the test function f in ([[L3]) ensures the positivity of the action functional
before taking the asymptotic expansion. In general, this does not suffice to control the sign of
the terms in the asymptotic expansion. In our case, however, this determines the positivity
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of the momenta fy, fs, and f4. The explicit calculation then shows that this implies that the
signs of all the terms are the expected physical ones.

We obtain the usual Einstein—Hilbert action with a cosmological term, and in addition the
square of the Weyl curvature and a pairing of the scalar curvature with the square of the Higgs
field. The Weyl curvature term does not affect gravity at low energies, due to the smallness
of the Planck length. The coupling of the Higgs to the scalar curvature was discussed by
Feynman in [23].

We show that the general form of the Dirac operator for the finite geometry gives a see-saw
mechanism for the neutrinos (c¢f. [37]). The large masses in the Majorana mass matrix are
obtained in our model as a consequence of the equations of motion.

Our model makes three predictions, under the assumption of the “big desert”, in running
down the energy scale from unification.

The first prediction is the relation go = g3 = \/5/—3 g1 between the coupling constants at uni-
fication scale, exactly as in the GUT models (cf. e.g. [B7] §9.1 for SU(5) and [I1] for SO(10)).
In our model this comes directly from the computation of the terms in the asymptotic formula
for the spectral action. In fact, this result is a feature of any model that unifies the gauge
interactions, without altering the fermionic content of the model.

The second prediction is the Higgs scattering parameter o at unification scale. From this
condition, One obtains a prediction for the Higgs mass as a function of the W mass, after
running it down through the renormalization group equations. This gives a Higgs mass of
the order of 170 GeV and agrees with the “big desert” prediction of the minimal standard
model (cf. [E5]).

The third prediction is a mass relation between the Yukawa masses of fermions and the W
boson mass, again valid at unification scale. This is of the form

(1.5) Z m2 +m2 + 3m3 + 3m2 = 8M3,.

generations

After applying the renormalization group to the Yukawa couplings, assuming that the Yukawa
coupling for the v, is comparable to the one for the top quark, one obtains good agreement
with the measured value.

Moreover, we can extract from the model predictions for the gravitational constant involving
the parameter fo/fy. The reasonable assumption that the parameters fo and fo are of the
same order of magnitude yields a realistic value for the Newton constant.

In addition to these predictions, a main advantage of the model is that it gives a geometric
interpretation for all the parameters in the standard model. In particular, this leaves room
for predictions about the Yukawa couplings, through the geometry of the Dirac operator.
The properties of the finite geometries described in this paper suggest possible approaches.
For instance, there are examples of spectral triples of metric dimension zero with a different
KO-homology dimension, realized by homogeneous spaces over quantum groups [20].
Moreover, the data parameterizing the Dirac operators of our finite geometries can be de-
scribed in terms of some classical moduli spaces related to double coset spaces of the form
K\(G xG)/(K x K) for G a reductive group and K the maximal compact acting diagonally
on the left. The renormalization group defines a flow on the moduli space.

Finally, the product geometry is 10-dimensional from the K O-homology point of view and
may perhaps be realized as a low energy truncation, using the type of compact fibers that
are considered in string theory models (cf. e.g. [25]).
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Naturally, one does not really expect the “big desert” hypothesis to be satisfied. The fact
that the experimental values show that the coupling constants do not exactly meet at unifi-
cation scale is an indication of the presence of new physics. A good test for the validity of
the above approach will be whether a fine tuning of the finite geometry can incorporate addi-
tional experimental data at higher energies. The present paper shows that the modification
of the standard model required by the phenomenon of neutrino mixing in fact resulted in sev-
eral improvements on the previous descriptions of the standard model via noncommutative
geometry.

In summary we have shown that the intricate Lagrangian of the standard model coupled with
gravity can be obtained from a very simple modification of space-time geometry provided one
uses the formalism of noncommutative geometry. The model contains several predictions and
the corresponding section 5 of the paper can be read directly, skipping the previous sections.
The detailed comparison in section 4 of the spectral action with the standard model contains
several steps that are familiar to high energy particle physicists but less to mathematicians.
Sections 2 and 3 are more mathematical but for instance the relation between classical moduli
spaces and the CKM matrices can be of interest to both physicists and mathematicians.
The results of this paper are a development of the preliminary announcement of [[17].

Acknowledgements. It is a pleasure to acknowledge the independent preprint by John
Barrett [4] with a solution of the fermion doubling problem. The first author is supported by
NSF Grant Phys-0601213. The second author thanks G. Landi and T. Schucker, the third
author thanks Laura Reina and Don Zagier for useful conversations. We thank the Newton
Institute where part of this work was done.

2. THE FINITE GEOMETRY
2.1. The left-right symmetric algebra.

The main input for the model we are going to describe is the choice of a finite dimensional
involutive algebra of the form

(2.1) Arr = C@HL@HR@Mg(C).

This is the direct sum of the matrix algebras My(C) for N = 1,3 with two copies of the
algebra H of quaternions, where the indices L, R are just for book-keeping. We refer to (1)
as the “left-right symmetric algebra” [I0].

By construction Ay g is an involutive algebra, with involution

(22) ()\7QL7QR7m)* = (5‘7QL76R7m*)7

where ¢ — ¢ denotes the involution of the algebra of quaternions. The algebra A admits
a natural subalgebra C @ M3(C), corresponding to integer spin, which is an algebra over C.
The subalgebra Hy, @ Hpg, corresponding to half-integer spin, is an algebra over R.

2.2. The bimodule MFg.

Let M be a bimodule over an involutive algebra A. For u € A unitary, i.e. such that
wu* = u*u = 1, one defines Ad(u) by Ad(u)§ = uéu* , V¢ € M.

Definition 2.1. Let M be an Apgr-bimodule. Then M 1is odd iff the adjoint action of
s=(1,-1,-1,1) fulfills Ad(s) = —1.

Let A% g denote the opposite algebra of App.
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Lemma 2.2. An odd bimodule M is a representation of the reduction B = (ALr ®r A%R)p
of ALr ®Rr A%R by the projection p = % (1 — s ®s%). This subalgebra is an algebra over C.

Proof. The result follows directly from the action of s = (1, —1,—1,1) in Definition 211 O

Since B = (ALgr ®r A% r)p is an algebra over C, we restrict to consider complex representa-
tions.

Definition 2.3. One defines the contragredient bimodule of a bimodule M as the complex
conjugate space

(2.3) MO={&; e M}, alb=b¢a*, Va,be Arr.

The algebras My (C) and H are isomorphic to their opposite algebras (by m +— m? for matrices
and ¢ — @ for quaternions. We use this antiisomorphism to obtain a representation 7% of the
opposite algebra from a representation 7 .
We follow the physicists convention to denote an irreducible representation by its dimension
in boldface. So, for instance, 3° denotes the 3-dimensional irreducible representation of the
opposite algebra M3(C).
Proposition 2.4. Let Mg be the direct sum of all inequivalent irreducible odd A r-bimodules.
e The dimension of the complex vector space Mp is 32.
o The Arg-bimodule Mp = E @ EY is the direct sum of the bimodule
(2.4) E=2,21"92;21°02;, ®3°® 252 3"

with, its contragredient £°.
e The Arr-bimodule Mg is isomorphic to the contragredient bimodule M% by the an-
tilinear isometry Jr given by

(2.5) Jp(&,n) =08, V& nef
e One has
(2.6) JP=1, €b=Jb"J¢, VéEeMp,be Arr

Proof. The first two statements follow from the structure of the algebra B described in the
following lemma.

Lemma 2.5. The algebra B = (Apr ®r AOLR)p is the direct sum of 4 copies of the algebra
Ma(C) & M(C).
The sum of irreducible representations of B has dimension 32 and is given by
27 2.01°¢02z21'¢2,23°¢2;23°010200122% 03220 @32 2)
Proof. By construction one has

B = (Hy & Hg) ®r (C & M3(C))° & (C & M3(C)) ®r (Hy, & Hg)"
Thus the first result follows from the isomorphism:

Her C= My(C), H®r M3(C)= Ms(C)

The complex algebra My (C) admits only one irreducible representation and the latter has
dimension N. Thus the sum of the irreducible representations of B is given by (7). The
dimension of the sum of irreducible representations is 4 x 2 +4 x 6 = 32. O

To end the proof of Proposition 24 notice that by construction Mg is the direct sum & @ £°
of the bimodule (Z4) with its contragredient, and that the map (ZH) gives the required
antilinear isometry. Note moreover that one has (28 using (23)). O
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2.3. Real spectral triples.

A noncommutative geometry is given by a representation theoretic datum of spectral nature.
More precisely, we have the following notion.

Definition 2.6. A spectral triple (A, H, D) is given by an involutive unital algebra A repre-
sented as operators in a Hilbert space H and a self-adjoint operator D with compact resolvent
such that all commutators [D,a] are bounded for a € A.

A spectral triple is even if the Hilbert space H is endowed with a Z/2- grading ~y which
commutes with any a € A and anticommutes with D.

The notion of real structure (cf. [I5]) on a spectral triple (A, H, D), is intimately related to
real K-homology (cf. [2]) and the properties of the charge conjugation operator.

Definition 2.7. A real structure of KO-dimension n € Z/8 on a spectral triple (A, H, D) is
an antilinear isometry J : H — H, with the property that

(2.8) J?=¢, JD=¢DJ, and Jy=¢e"yJ (even case).

The numbers e,e’',e" € {—1,1} are a function of n mod 8 given by

Inf0 1 2 3 4 5 6 7]
el1 1 -1 -1 -1 -1 1 1
el1 -1 1 1 1 -1 11
e’ | 1 -1 1 -1

Moreover, the action of A satisfies the commutation rule

(2.9) [a,b°] =0 Va,be A,
where
(2.10) W=JvJ ! Ve A,

and the operator D satisfies the order one condition:

(2.11) [D,a],b°]=0  Va,be A.

A spectral triple endowed with a real structure is called a real spectral triple.

A key role of the real structure J is in defining the adjoint action of the unitary group U of

the algebra 4 on the Hilbert space H. In fact, one defines a right A-module structure on H
by

(2.12) Eb=0"¢, VeEeH, be A

The unitary group of the algebra A then acts by the “adjoint representation” on H in the
form

(2.13) Ho3E— Adw)é=uéu™, VEEH, ueAdA, uwu" =u u=1.
Definition 2.8. Let Q}) denote the A-bimodule

(2.14) Qb ={>_a;[D,bj]]a;,b; € A},
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Definition 2.9. The inner fluctuations of the metric are given by
(2.15) D—-Dy=D+A+e JAJ?
where A € Q1. A= A* is a self-adjoint operator of the form

(2.16) A=>"a;[D,bj], a;b; €A
J

For any gauge potential A € QL,, A = A* and any unitary v € A, one has
Ad(w)(D+A+¢& JAT HAA(*) = D+ 4y (A) + &' Ty (A) J71
where v,(A) = u[D,u*] + uAu* (cf. [16]).

2.4. The subalgebra and the order one condition.
We let Hp be the sum of N = 3 copies of the Ay g-bimodule M g of Proposition 24, that is,
(2.17) Hp = M3

Remark 2.10. The multiplicity N = 3 here is an input, and it corresponds to the number
of particle generations in the standard model. The number of generations is not predicted by
our model in its present form and has to be taken as an input datum.

We define the Z/2-grading vp by

(2.18) yr=c¢— Jpedp, c¢=(0,1,—-1,0) € App.
One then checks that
(2.19) Jg—u:l, Jryr = —vr JF.

The relation (ZI9]), together with the commutation of Jp with the Dirac operators, is char-
acteristic of K O-dimension equal to 6 modulo 8 (c¢f. Definition E1).

By Proposition B4 one can write Hp as the direct sum

(2.20) Hrp=Hf®Hf

of N = 3 copies of £ of (Z4]) with the contragredient bimodule, namely
(2.21) Hy=EDEBE, Hf=E"aE &

The left action of Apg splits as the sum of a representation = on H s and a representation 7’
on Hy.

These representations of App are disjoint (i.e. they have no equivalent subrepresentations).
As shown in Lemma .12 below, this precludes the existence of operators D in H g that fulfill
the order one condition (ZIT]) and intertwine the subspaces Hy and ‘H 7

We now show that the existence of such intertwining of Hy and Hy is restored by passing to
a unique subalgebra of maximal dimension in Az g.

Proposition 2.11. Up to an automorphism of Apr, there exists a unique subalgebra Ap C
Arr of maximal dimension admitting an off diagonal Dirac operators, namely operators that
intertwine the subspaces Hy and Hy of Hp. The subalgebra is given by

(2.22) Arp={(\qr,\,m) | A€ C, qp € H, me M3(C)} ~CapH® M3(C).
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Proof. For any operator T' : Hy — Hjy we let
(2.23) A(T)=1{bec ALr | #'(b)T = T (b), ©'(b*)T = T=(b*)}.

It is by construction an involutive unital subalgebra of Arg.
We prove the following preliminary result.

Lemma 2.12. Let A C Apgr be an involutive unital subalgebra of Arr. Then the following
properties hold.

(1) If the restriction of m and 7' to A are disjoint, then there is no off diagonal Dirac
operator for A.

(2) If there exists an off diagonal Dirac for A, then there exists a pair e, e’ of minimal
projections in the commutants of m(Arr) and ' (ALr) and an operator T  such that
eTe=T+#0 and A C A(T).

Proof. 1) First the order one condition shows that [D,a’] cannot have an off diagonal part
since it is in the commutant of A. Conjugating by J shows that [D,a] cannot have an off
diagonal part. Thus the off diagonal part D,¢s of D commutes with A i.e. [Dys,a] =0, and
D, s = 0 since there are no intertwining operators.

2) By 1) the restrictions of 7 and 7’ to A are not disjoint and there exists a non-zero operator
T such that A C A(T). For any elements z, 2’ of the commutants of = and 7/, one has

A(T) C A(2'Tx)

since 7'(b)T = Tw(b) implies 7/(b)2'Tx = 2'Txm(b). Taking a partition of unity by minimal
projections there exists a pair e, e/ of minimal projections in the commutants of 7 and =’
such that ¢Te # 0 so that one can assume €'Te =T # 0. O

We now return to the proof of Proposition EZTIL

Let A C Apgr be an involutive unital subalgebra. If it admits an off diagonal Dirac, then
by Lemma it is contained in a subalgebra A(7T) with the support of 7' contained in a
minimal projection of the commutant of m(Argr) and the range of T' contained in the range
of a minimal projection of the commutant of 7'(ALR).

This reduces the argument to two cases, where the representation 7 is the irreducible represen-
tation of H on C? and 7’ is either the representation of C in C or the irreducible representation
of M3(C) on C3,

In the first case the support E of T' is one dimensional. The commutation relation (ZZ3])
defines the subalgebra A(T) from the condition \T¢ = T¢&, for all £ € E, which implies
A — ¢ = 0. Thus, in this case the algebra A(T') is the pullback of

(2.24) {Ag)eCaH|qs=As, VEcE}

under the projection on C @ H from Apg. The algebra (224]) is the graph of an embedding
of C in H. Such an embedding is unique up to inner automorphisms of H. In fact, the
embedding is determined by the image of i € C and all elements in H satisfying 22 = —1 are
conjugate.

The corresponding subalgebra Arp C Aprg is of real codimension 4. Up to the exchange of
the two copies of H it is given by (Z22).

In the second case the operator 7" has at most two dimensional range R(7"). This range is
invariant under the action 7’ of the subalgebra A and so is its orthogonal since A is involutive.
Thus, in all cases the M;3(C)-part of the subalgebra is contained in the algebra of 2@ 1 block
diagonal 3 x 3 matrices which is of real codimension 8 in M3(C). Hence A is of codimension
at least 8 > 4 in Ay g.
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It remains to show that the subalgebra (Z22) admits off diagonal Dirac operators. This
follows from Theorem [ZZ1] below. O

2.5. Unimodularity and hypercharges.
The unitary group of an involutive algebra A is given by
UA) ={ue A|uwu* =u"u=1}
In our context we define the special unitary group SU(A) C U(A) as follows.
Definition 2.13. We let SU(Af) be the subgroup of U(Ap) defined by
SU(Ar) ={u € U(Ap) : det(u) =1}
where det(u) is the determinant of the action of u in Hp.

We now describe the group SU(AF) and its adjoint action.
As before, we denote by 2 the 2-dimensional irreducible representation of H of the form

a g
- (%)
with «, 8 € C.

Definition 2.14. We let | T) and | |) be the basis of the irreducible representation 2 of H of
@28)) for which the action of A € C C H is diagonal with eigenvalues X on | 1) and X on | |).

In the following, to simplify notation, we write | and | for the vectors | 1) and | |).

Remark 2.15. The notation T and | is meant to be suggestive of “up” and “down” as in
the first generation of quarks, rather than refer to spin states. In fact, we will see in Remark
below that the basis of Hr can be naturally identified with the fermions of the standard
model, with the result of the following proposition giving the corresponding hypercharges.

Proposition 2.16. (1) Up to a finite abelian group, the group SU(AF) is of the form
(2.26) SU(AFr) ~ U(1) x SU(2) x SU(3).

(2) The adjoint action of the U(1) factor is given by multiplication of the basis vectors in
Hy by the following powers of A € U(1):

T®1% | 21" 123 | @39
1 1

2r 0 -2

ol

wino

Proof. 1) Let u = (A, ¢q,m) € U(AF). The determinant of the action of u on the subspace H ;
is equal to 1 by construction since a unitary quaternion has determinant 1. Thus det(u) is
the determinant of the action 7/(u) on H 7- This representation is given by 4 x 3 =12 copies
of the irreducible representations 1 of C and 3 of M3(C). (The 4 is from 29 @ 2% and the
3 is the additional overall multiplicity of the representation given by the number N = 3 of
generations.)

Thus, we have

det(u) = A2 det(m)'2.
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Thus, SU(AF) is the product of the group SU(2), which is the unitary group of H, by the
fibered product G = U(1) x 12 U(3) of pairs (\,m) € U(1) x U(3) such that A\'? det(m)!? = 1.
One has an exact sequence

(2.28) 1— pus — U(1) x SUB) - G5 g — 1,

where uy is the group of roots of unity of order N and the maps are as follows. The last map
wis given by u(A,m) = X det(m). By definition of G, the image of the map  is the group g9
of 12th roots of unity. The kernel of p is the subgroup Gy C G of pairs (A\,m) € U(1) x U(3)
such that A det(m) = 1.

The map U(1) x SU(3) — G is given by (\,m) — (A3, A"1m). Its image is Gy. Its kernel is
the subgroup of U(1) x SU(3) of pairs (A\,A13) where A € ug is a cubic root of 1 and 13 is
the unit 3 x 3 matrix.

Thus we obtain an exact sequence of the form

(2.29) 1 — p3 — U(1) x SU(2) x SU(3) — SU(Ap) — p12 — 1.

2) Up to a finite abelian group, the U(1) factor of SU(Ap) is the subgroup of elements of
SU(AFr) of the form w()\) = (A, 1,A\"Y313), where A € C, with |\ = 1. We ignore the
ambiguity in the cubic root.

Let us compute the action of Ad(u())). One has Ad(u) = u(u*)? = ub® with b =
(N, 1, A1315).

This gives the required table as in (ZZ1) for the restriction to the multiples of the left action
27. In fact, the left action of u is trivial there.

The right action of b = (\, 1, )\1/313) is by X on the multiples of 1° and by A'/3 1% on multiples
of 39,

For the restriction to the multiples of the left action 2 one needs to take into account the
left action of w. This acts by A on T and X on |. This adds a 1 according to whether the
arrow points up or down. ]

Remark 2.17. Notice how the finite groups ps and p12 in the exact sequence (229) are of
different nature from the physical viewpoint, the first arising from the center of the color
U(3), while the latter depends upon the presence of three generations.

We consider the linear basis for the finite dimensional Hilbert space H r obtained as follows.
We denote by ff,&L the basis of 17, ®3°, by fﬁB,R the basis of Tr ®3°, by ff,g,L the basis of
|z ®3% and by ff’?)’R the basis of | p ®3°. Similarly, we denote by fﬁLL the basis of 11, ®19,
by fﬁl,R the basis of Tr ®1°, by ff,l,L the basis of |7, ®1Y%, and by fﬁ17R the basis of |z ®10.
Here each 71, TR, 11, | r refers to an N = 3-dimensional space corresponding to the number
of generations. Thus, the elements listed above form a basis of H ;, with x = 1,2, 3 the flavor
index. We denote by fﬁg’ 1» etc. the corresponding basis of H 7.

Remark 2.18. The result of Proposition shows that we can identify the basis elements
fﬁs,Lv f’ﬁ37R and ff,g,L and fﬁB,R of the linear basis of Hp with the quarks, where « is
the flavor index. Thus, after suppressing the chirality index L, R for simplicity, we identify
le73, f%?,, j"%3 with the up, charm, and top quarks and flly?,, fﬁg, ff’y?’ are the down, strange,
and bottom quarks. Similarly, the basis elements ffl and f ') are identified with the leptons.
Thus, fT171’ f%l, f%l are identified with the neutrinos v, v,, and v, and the f 1171’ ffyl, fﬁl are
identified with the charged leptons e, u, 7. The identification is dictated by the values of
(22186]), which agree with the hypercharges of the basic fermions of the standard model. Notice



12 CHAMSEDDINE, CONNES, AND MARCOLLI

that, in choosing the basis of fermions there is an ambiguity on whether one multiplies by
the mixing matrix for the down particles. This point will be discussed more explicitly in SH

below, see (E20).

2.6. The classification of Dirac operators.

We now characterize all operators Dp which qualify as Dirac operators and moreover com-
mute with the subalgebra

(2.30) Cr C Ap, CF:{(A,)\,O),)\EC}

Remark 2.19. The physical meaning of the commutation relation of the Dirac operator
with the subalgebra of (Z30) is to ensure that the photon will remain massless.

We have the following general notion of Dirac operator for the finite noncommutative geom-
etry with algebra Ar and Hilbert space Hp.

Definition 2.20. A Dirac operator is a self-adjoint operator D in Hp commuting with Jg,
Cr, anticommuting with v and fulfilling the order one condition [[D,a],b°] = 0 for any
a,be Ap.

In order to state the classification of such Dirac operators we introduce the following notation.
Let Y( 1), Y{11), Y(13), Y(13) and Yg be 3 x 3 matrices. We then let D(Y") be the operator in
Hp given by

(2.31) DY) = [; ﬂ
where
(2.32) S =51 ®(53®13).

In the decomposition (Tgr, |r, T, lr) we have

00 Yy O 0 0 Yy O

033 s—| 0 0 0 Y R I
Yoy O 0 0 Yo 0 0 0
0 Yy 0 0 0 Yy 0 0

The operator T maps the subspace Er =1z ®1° C Hp to the conjugate Jr Er by the matrix
YR, and is zero elsewhere. Namely,
T\gy : Er — JpER, Tl|pyf =YrJrf

(2.34)
Tlnpor, = 0.

We then obtain the classification of Dirac operators as follows.

Theorem 2.21. (1) Let D be a Dirac operator. There exist 3 X 3 matrices Y1, Yo,
Y(13), Y3) and Yr, with Yr symmetric, such that D = D(Y').
(2) All operators D(Y') (with Yr symmetric) are Dirac operators.
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(3) The operators D(Y) and D(Y') are conjugate by a unitary operator commuting with
Arp, vr and Jr iff there exists unitary matrices V; and W; such that

Yiy =WYunVs', Yoy = V2 Yy Vs
Yiisy = WiYusy W', Yiig) = Wa ¥y W5, Y = Va YRV

Proof. The proof relies on the following lemma, which determines the commutant A’ of Ap
in Hp.

Pi1 Pro

L 2.22, Let P =
emma € [le Pay

} be an operator in Hp = Hy @ Hy. Then P € A’z iff the

following holds

e Piy is block diagonal with three blocks in My3(C), M12(C), and 19 ® My2(C) corre-
sponding to the subspaces where the action of (\,q,m) is by X\, X and q.

e Pi5 has support in 1 ® 2% Pl® 2% and range in Tpr 1% T ®3°.

e P51 has support in Tr ®1°6 1r ®3° and range in 1 ® 2% e1® 2%.

o Py is of the form

(2.35) Py =Ty @ (To ® 13)
Proof. The action of Ap on Hp = Hy @ Hjy is of the form
(A q,m) 0
(2:36) 0 w(g.m)
On the subspace H; and in the decomposition (Tr, |r, Tz, |r) one has
A0 0 O
00X 0 O
(237) ﬂ-()\a q, m) - 0 0 3 ﬁ ® 112
0 0 -3 @

where the 12 corresponds to (1° @ 8%) x 3. Since (236)) is diagonal the condition P € A’ is
expressed independently on the matrix elements P;;.

Let us consider first the case of the element P;;. This must commute with operators of the
form 7(\,q,m) ® 112 with 7 as in (Z31), and 112 the unit matrix in a twelve dimensional
space. This means that the matrix of Pj; is block diagonal with three blocks in Mi5(C),
M;i2(C), and 12 ® M;5(C), corresponding to the subspaces where the action of (A, ¢, m) is by
A, A and q.

We consider next the case of Pa3. The action of (A, q,m) € Ap in the subspace H 7 is given
by multiplication by A or by m thus the only condition on Pss is that it is an operator of the
form (235]).

The off diagonal terms Pip and P»; must intertwine the actions of (A,q,m) € Ap in H; and
Hy. However, the actions of ¢ or m are disjoint in these two spaces, while only the action by
A occurs in both. The subspace of H; on which (X, ¢, m) acts by Ais Tr ®1%¢ 1R ®3°. The
subspace of H ¢ on which (X, ¢,m) acts by Ais 1® 29 &1 ®2%. Thus the conclusion follows
from the intertwining condition. U

Let us now continue with the proof of Theorem 2211

0 Y3
Yr O
Anticommutation with vr holds since the operator v restricted to Er ® Jrp ER is of the form

1) Let us first consider the off diagonal part of D(Y") in (Z31]), which is of the form
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[—01 ﬂ . Moreover the off diagonal part of D(Y') commutes with Jg iff (Yz&) = Y§§ for all

£ i.e. iff Y is a symmetric matrix. The order one condition is automatic since in fact the
commutator with elements of Ap vanishes exactly.

We can now consider the diagonal part [g % of D(Y). It commutes with J and anticom-
mutes with vz by construction. It is enough to check the commutation with Cr C Ap and
the order one condition on the subspace H . Since S exactly commutes with the action of A%
the order one condition follows. In fact for any b € Ap, the action of b° commutes with any
operator of the form (E30)) and this makes it possible to check the order one condition since
P = [S,m(a)] is of this form. The action of Ap on the subspace Hp is given by ([Z37) and
one checks that m(\, \,0) commutes with S since the matrix of S has no non-zero element
between the T and | subspaces.

2) Let D be a Dirac operator. Since D is self-adjoint and commutes with Jp it is of the form
o-[3 %]

where T' = T" is symmetric.

Let v =(—1,1,1) € Ap. One has

(2.38) yré=vE, V&€ H;.

Notice that this equality fails on Hj.

The anticommutation of D with v implies that D = —% ~vr [D,7vr]. Notice that vp is given
by a diagonal matrix of the form

0
YF = {g —g] .
Thus, we get
1 1
S = _59[579] - _§U[S7U]

using (Z38]).

The action of v in Hp is given by a diagonal matrix (EZ36), hence v [S,v] coincides with the
Ajqq block of the matrix of A = v[D,v].

Thus, the order one condition implies that S commutes with all operators b°, hence that it
is of the form (EZ32).

The anticommutation with vz and the commutation with Cg then imply that the self-adjoint
matrix S can be written in the form (233]).

It remains to determine the form of the matrix 7. The conditions on the off diagonal elements

of a matrix
Py Pro
P= ,
[le Py
which ensure that P belongs to the commutant of A% = JrpAp Jp, are
e P has support in 1 ® T% D3R T% and range in 27 ® 1°® 2z ® 19.
e Py has support in 27 ® 19 @ 2 ® 1° and range in 1 ® T% DI ® T%.
This follows from Lemma E222], using Jg.
Let then e = (0,1,0). One has 7’(¢) = 0 and 7(e) is the projection on the eigenspace vp = 1
in Hp. Thus, since [D,e] belongs to the commutant of .A% = JpAp Jp by the order one
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condition, one gets that 7/(e)T — T'm(e) = —T'w(e) has support in 27, ® 1° @ 2 ® 1° and
range in 1 ® T% DP3I® T%. In particular v = 1 on the range.

Thus, the anticommutation with vp shows that the support of T'7(e) is in the eigenspace
v = —1, so that T'r(e) = 0.

Let e3 = (0,0,1) € Ap. Let us show that T e = 0. By Definition E220, T commutes with
the actions of v(\) = (A, \,0) € Ap and of Ju(\)J~! = v(A\)°. Thus, it commutes with €.
The action of eg on Hy is the projection on the subspace o ® 30, The action of eg on Hy is
zero. Thus, [T,e] = T €Y is the restriction of T to the subspace e ® 3°. Since [T,e9] = 0
we get T' eg = 0. We have shown that the support of T is contained in 2z ® 1°. Since T is
symmetric i.e. T = T* the range of T is contained in 1 ® 2%.

The left and right actions of (A, g, m) on these two subspaces coincide with the left and right
actions of v(\). Thus, we get that 7 commutes with Ap and A%. Thus, by Lemma 227 it
has support in 1 ®1° and range in 1® T%.

This means that T is given by a symmetric 3 x 3 matrix Yr and the operator D is of the
form D = D(Y).

3) By Lemma 222, the commutant of the algebra generated by Ag and A% is the algebra of

matrices
Py Pro
P =
[le Py
such that
e Pj5 has support in 1® T% and range in T ®1°.
e P has support in T ®1° and range in 1® T%.
e P;; is of the form
1 3
Pjj = Pj; @ (Pj; ®13)

where
P]‘-l(l) 0 0
Pfj = 0 Pj‘-’(2) 0 a=13, j=1,2.
0 0 1o ® P;’(B)

A unitary operator U acting in Hpr commuting with Ar and J is in the commutant of the
algebra generated by Ap and A%. If it commutes with g, then the off diagonal elements
Ui; vanish, since yp = —1 on g ®1% and v =1 on 1® T%. Thus U is determined by the
six 3 x 3 matrices U (k) since it commutes with J so that U$(k) = U&(k) . One checks that
conjugating by U gives the relation 3) of Theorem EZZI1 O

Remark 2.23. It is a consequence of the classification of Dirac operators obtained in this
section that color is unbroken in our model, as is physically expected. In fact, this follows
from the fact that Dirac operators are of the form (E31]), with the S term of the form (E232).

2.7. The moduli space of Dirac operators and the Yukawa parameters.

Let us start by considering the moduli space C3 of pairs of invertible 3 x 3 matrices (Y( 13)s Y(Tg))
modulo the equivalence relation

(2:39) Vi) = Wi ¥ W . g = W Yog) W5,
where the W) are unitary matrices.

Proposition 2.24. The moduli space C3 is the double coset space
(2.40) C3 = (U(3) x U(3))\(GL3(C) x GL3(C))/U(3)

of real dimension 10.
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Proof. This follows from the explicit form of the equivalence relation (2239). The group U(3)
acts diagonally on the right. O

Remark 2.25. Notice that the 3 in C3 corresponds to the color charge for quarks (like the 1
in C; below will correspond to leptons), while in the right hand side of (2240) the 3 of GL3(C)
and U(3) corresponds to the number of generations.

Each equivalence class under (239) contains a pair (Y(|3), Y{13)) where Y{;3) is diagonal (in
the given basis) and with positive entries, while Y(3) is positive.

Indeed, the freedom to chose W5 and W5 makes it possible to take Y(;3) positive and diagonal
and the freedom in W; then makes it possible to take Y 3) positive.

The eigenvalues are the characteristic values (i.e. the eigenvalues of the absolute value in the
polar decomposition) of Y(13) and Y(3) and are invariants of the pair.

Thus, we can find diagonal matrices d; and d; and a unitary matrix C such that

Y =01, Yyg =C0,C"

Since multiplying C' by a scalar does not affect the result, we can assume that det(C) = 1.
Thus, C' € SU(3) depends a priori upon 8 real parameters. However, only the double coset
of C' modulo the diagonal subgroup N’ C SU(3) matters, by the following result.

Lemma 2.26. Suppose given diagonal matrices d1 and 6 with positive and distinct eigen-
values. Two pairs of the form (61,C §; C*) are equivalent iff there exists diagonal unitary
matrices A, B € N such that

AC =C'B.
Proof. For AC = C’ B one has
AY(y5 A" = Y(/Ts) , AYgh AT = Y(/l?,)

and the two pairs are equivalent. Conversely, with W; as in (239) one gets Wy = W3 from
the uniqueness of the polar decomposition

5 = W Wy) (W3, W3).

Similarly, one obtains Wy = W3. Thus, W3 = W is diagonal and we get
WCsC*W*=C'6 C"™,

so that W C' = (' B for some diagonal matrix B. Since W and B have the same determinant

one can assume that they both belong to N. ([

The dimension of the moduli space is thus 3 + 3 +4 = 10 where the 3 4+ 3 comes from
the eigenvalues and the 4 = 8 — 4 from the above double coset space of C’s. One way to
parameterize the representatives of the double cosets of the matrix C is by means of three
angles 6; and a phase 9,

C1 —S51C3 —S5183
(2.41) C = | sico cieocs — s9sges  c1co83 + saczes |
§182 €182C3 + Cc253€5  C15283 — CacC3€s

for ¢; = cosb;, s; = sinb;, and es = exp(id). One has by construction the factorization

(2.42) C = Ry3(02) d(6) Ri2(01) Ros(—03)
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where R;;(6) is the rotation of angle 6 in the ij-plane and d(J) the diagonal matrix

10 0
d@g)=101 0
0 0 —e¥

Let us now consider the moduli space C; of triplets (Y( 11)7Y(T1)=YR)7 with Yz symmetric,
modulo the equivalence relation

(2.43) Yin =Yg Yy =VY Vs

(2.44) Y, =Vo YR Vs
Lemma 2.27. The moduli space Cy is given by the quotient
(2.45) C1 = (U(3) x U(3))\(GL3(C) x GL3(C) x 8)/U(3),

where S is the space of symmetric complex 3 X 3 matrices and
e The action of U(3) x U(3) on the left is given by left multiplication on GL3(C) X
GL3(C) and by ZZ4) on S.
e The action of U(3) on the right is trivial on S and by diagonal right multiplication
on GLg(C) X GLg((C)
It is of real dimension 21 and fibers over Csg, with generic fiber the quotient of symmetric
complex 3 x 3 matrices by U(1).

Proof. By construction one has a natural surjective map
m:C1 — Cs

just forgetting about Yz. The generic fiber of 7 is the space of symmetric complex 3 x 3
matrices modulo the action of a complex scalar A of absolute value one by

Yr — N Yg.

The (real) dimension of the fiber is 12 —1 = 11. The total real dimension of the moduli space
C; is then 21. 0

The total 31-dimensional moduli space of Dirac operators is given by the product
(2.46) Cl X Cg.

Remark 2.28. The 31 real parameters of (246l correspond to the Yukawa parameters in the
standard model with neutrino mixing and Majorana mass terms. In fact, the parameters in
C3 correspond to the masses of the quarks and the quark mixing angles of the CKM matrix,
while the additional parameters of C; give the lepton masses, the angles of the PMNS mixing
matrix and the Majorana mass terms.

2.8. Dimension, KO-theory, and Poincaré duality.

In [T4] Chapter 6, §4, the notion of manifold in noncommutative geometry was discussed in
terms of Poincaré duality in K O-homology. In [[I6] this Poincaré duality was shown to hold
rationally for the finite noncommutative geometry used there. We now investigate how the
new finite noncommutative geometry F' considered here behaves with respect to this duality.
We first notice that now, the dimension being equal to 6 modulo 8, the intersection pairing
is skew symmetric. It is given explicitly as follows.
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Proposition 2.29. The expression
(2.47) (e, f) = Tr(yeJfJ ™)

defines an antisymmetric bilinear pairing on Ko x Ko. The group Ko(AFp) is the free abelian
group generated by the classes of e1 = (1,0,0), ea = (0,1,0) and f3 = (0,0, f), where
f € M3(C) a minimal idempotent.

Proof. The pairing (Z47) is obtained from the composition of the natural map
Ko(Arp) x Ko(Ap) — Ko(Ar @ A%)
with the graded trace Tr(v-). Since J anticommutes with +, one checks that
(f.e) = Te(y f Jed ™) = = Tr(y T\ f T €) = = Tr(ye JfT™") = —(e, f),

so that the pairing is antisymmetric.

By construction, A is the direct sum of the fields C, H and of the algebra M3(C) ~ C (up
to Morita equivalence). The projections e; = (1,0,0), ea = (0,1,0) and f3 = (0,0, f) are the
three minimal idempotents in Apg. O

By construction the KO-homology class given by the representation in Hp with the Z/2-
grading v and the real structure Jg splits as a direct sum of two pieces, one for the leptons
and one for the quarks.

Proposition 2.30. (1) The representation of the algebra generated by (Ap, Dp, Jp,vr)
i Hp splits as a direct sum of two subrepresentations

Hr =HY & HY.

(2) In the generic case (i.e. when the matrices in D have distinct eigenvalues) each of
these subrepresentations is irreducible.

(3) In the basis (e1, ez, f3) the pairing D) is (up to an overall multiplicity three corre-
sponding to the number of generations) given by

0 20 0 0 2
(2.48) (M =1 =2 00 (M =] 0 0 =2
r 0 00 e -2 2 0

Proof. 1) Let H%) correspond to

(2.49) 2,01°02z01°0122) e122%
and Hg) to

(2.50) 2,23 02;23° 0322 @322%.

By construction, the action of Ap in Hp is block diagonal in the decomposition Hr =

Hg) &3] Hg’). Both the actions of Jr and of v are also block diagonal. Theorem EZ2T] shows
that Dp is also block diagonal, since it is of the form D = D(Y').

2) It is enough to show that a unitary operator that commutes with Ag, v, Jp and Dp is a

scalar. Let us start with Hg). By Theorem ZZ1] (3), such a unitary is given by three unitary
matrices W; € M3(C) such that

Y3 = Wi Y3 W5, Yz = Wa Y43 W3
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We can assume that both Y(;3) and Y 3) are positive. Assume also that Y(y3) is diagonal.
The uniqueness of the polar decomposition shows that

Yz = Wi Wg) (WaY( 3 Wy) = WiW3s =1, W3Y( 3 Wy =Y3)

Thus, we get W1 = Wy = W;3. Since generically all the eigenvalues of Y(;3) or Y3 are
distinct, we get that the matrices W; are diagonal in the basis of eigenvectors of the matrices
Y(13) and Y(|3). However, generically these bases are distinct, hence we conclude that W; =1

for all j. The same result holds “a fortiori” for H%l) where the conditions imposed by Theorem

2211 (3) are in fact stronger.

3) One computes the pairing directly using the definition of vr. On H%) the subalgebra

M3(C) acts by zero which explains why the last line and columns of the pairing matrix
vanish. By antisymmetry one just needs to evaluate

(e,er) = —(ep,e) = —Tr(yep JeJ 1) = —Tr(yer) =2 x 3,
(3)

where 3 is the number of generations. On H .’ the same pair gives (e,er,) = 0, since now the
right action of e is zero on Hy. In the same way one gets (f3,er) = 2 x 3. Finally one has

(e, f3) = Tr(yeJfsJ ') =2x3.
O

Of course an antisymmetric 3 x 3 matrix is automatically degenerate since its determinant
vanishes. Thus it is not possible to obtain a non-degenerate Poincaré duality pairing with a
single KO-homology class. One checks however that the above pair of KO-homology classes
suffices to obtain a non-degenerate pairing in the following way.

Corollary 2.31. The pairing Ko(Ar) ® Ko(Ar) = R®R given by
(2.51) ot = Gl @ Gy
18 non-degenerate.

Proof. We need to check that, for any e in Ko(Ap) there exists an f € Ko(Ap) such that
(€, [)1r # (0,0). This can be seen by the explicit form of (-,-)|, 1) and (-,-)[, ) in @IF). O
F F

Remark 2.32. The result of Corollary 3] can be reinterpreted as the fact that in our
case K O-homology is not singly generated as a module over K, but it is generated by two
elements.

3. THE SPECTRAL ACTION AND THE STANDARD MODEL

In this section and in the one that follows we show that the full Lagrangian of the standard
model with neutrino mixing and Majorana mass terms, minimally coupled to gravity, is
obtained as the asymptotic expansion of the spectral action for the product of the finite
geometry (Ap, Hp, Dp) described above and a spectral triple associated to 4-dimensional
spacetime.
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3.1. Riemannian geometry and spectral triples.

A spin Riemannian manifold M gives rise in a canonical manner to a spectral triple. The
Hilbert space H is the Hilbert space L2(M,S) of square integrable spinors on M and the
algebra A = C*° (M) of smooth functions on M acts in ‘H by multiplication operators:

(3.1) (f @) = f@)&(x), VaeM.

The operator D is the Dirac operator
(3.2) Dor = V=TIV
where V¢ is the spin connection which we express in a vierbein e so that
V=",
1
(3.3) VS =0, + Zw:b (€) Yab-
The grading + is given by the chirality operator which we denote by 75 in the 4-dimensional

case. The operator J is the charge conjugation operator and we refer to [24] for a thorough
treatment of the above notions.

3.2. The product geometry.

We now consider a 4-dimensional smooth compact Riemannian manifold M with a fixed spin
structure. We consider its product with the finite geometry (Ap, Hp, D) described above.
With (A;, H;,v;) of KO-dimensions 4 for j = 1 and 6 for j = 2, the product geometry is
given by the rules

A=A10A, H=H1®Hs, D=D1®1+7 @D, y=711 R, J=J1®J.

Notice that it matters here that J; commutes with 1, in order to check that J commutes
with D. One checks that the order one condition is fulfilled by D if it is fulfilled by the D;.

For the product of the manifold M by the finite geometry F' we then have A = C*®°(M)RAr =
C®(M,Ar), H=L*(M,S)®@ Hp = L*(M,S @ Hp) and D = §,, ® 1 + 5 ® Dp where @,
is the Dirac operator on M. It is given by equations (B2) and B3]).

3.3. The real part of the product geometry.

The next proposition shows that a noncommutative geometry automatically gives rise to a
commutative one playing in essence the role of its center (cf. Remark below).

Proposition 3.1. Let (A, H, D) be a real spectral triple in the sense of Definition [Z_]} Then
the following holds.

(1) The equality Ay = {z € A; xJ = Ja} defines an involutive commutative real
subalgebra of the center of A.

(2) (As,H,D) is a real spectral triple.

(3) Any a € A; commutes with the algebra generated by the sums Y a;[D,b;] for a;, b;
in A.

Proof. 1) By construction A; is a real subalgebra of A. Since J is isometric one has
(JaJ YH* = Ja*J~! for all a. Thus if z € Ay, one has JxJ ! = x and Ja*J ! = z*,
so that z* € Aj;. Let us show that A is contained in the center of A. For x € Ay and b e A
one has [b,2°] = 0 from ZH). But 2° = J2*J~! = 2* and thus we get [b, z*] = 0.

2) This is automatic since we are just dealing with a subalgebra. Notice that it continues to
hold for the complex algebra A; ®r C generated by Aj.
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3) The order one condition (EZIT) shows that [D,b] commutes with (a*)° and hence with a
since (a*)? = a as we saw above. O

While the real part A is contained in the center Z(A) of A, it can be much smaller as one
sees in the example of the finite geometry F'. Indeed, one has the following result.

Lemma 3.2. Let F be the finite noncommutative geometry:
e The real part of Ap is R ={(A\,\,\),A € R} C Ap.
e The real part of C>°(M, Ar) for the product geometry M x F is C*°(M,R).

Proof. Let x = (\,q,m) € Ap. Then if x commutes with Jp, its action in Hy C Hp coincides

with the right action of z*. Looking at the action on H%) , it follows that A = X and that
the action of the quaternion ¢ coincides with that of A\. Thus A € R and ¢ = . Then looking

at the action on Hg’) gives m = A. The same proof applies to C*°(M, Ar). a

Remark 3.3. The notion of real part A can be thought of as a refinement of the center
of the algebra in this geometric context. For instance, even though the center of A is non-
trivial, this geometry can still be regarded as “central” in this perspecive, since the real part
of Ap is reduced to just the scalars R.

3.4. The adjoint representation and the gauge symmetries.

In this section we display the role of the gauge group C*°(M,SU(Ap)) of smooth maps from
the manifold M to the group SU(AF).

Proposition 3.4. Let (A,’H, D) be the real spectral triple associated to M x F'.

e Let U be a unitary in H commuting with v and J and such that U AU* = A. Then
there exists a unique diffeomorphism o € Diff (M) such that

(3.4) UfU*=fop, VYfeAj.

o Let U be as above and such that o = id. Then, possibly after passing to a finite abelian
cover of M, there exists a unitary u € C*°(M,SU(AF)) such that U Ad(u)* € C, where
C is the commutant of the algebra of operators in H generated by A and JAJ .

We refer to [35] for finer points concerning the lifting of diffeomorphisms preserving the given
spin structure.

Proof. The first statement follows from the functoriality of the construction of the subalge-
bra A; and the classical result that automorphisms of the algebra C°°(M,R) are given by
composition with a diffeomorphism of M.

Let us prove the second statement. One has H = L?(M,S) ® Hp = L?*(M,S ® Hp). Since
¢ = id, we know by (B4 that U commutes with the algebra A; = C°°(M,R). This shows
that U is given by an endomorphism x +— U(x) of the vector bundle S ® H g on M. Since U
commutes with J, the unitary U(z) commutes with J, ® Jp.
The equality U AU* = A shows that, for all x € M, one has

(3.5) U(z) (id @ Ap) U*(z) = id ® Ap.

Here we identify Ap with a subalgebra of operators on S ® Hg, through the algebra homo-
morphism 7' +— id ® T'.

Let a be an arbitrary automorphism of Agr. The center of Ap contains three minimal idem-
potents and the corresponding reduced algebras C, H, M3(C) are pairwise non-isomorphic.
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Thus « preserves these three idempotents and is determined by its restriction to the corre-
sponding reduced algebras C, H, M3(C). In particular, such an automorphism will act on
the subalgebra C either as the identity or as complex conjugation.

Now consider the automorphism o, of Ar determined by (B3). It is unitarily implemented
by B3). The action of C C Ap on S ® Hp is not unitarily equivalent to its composition
with complex conjugation. This can be seen from the fact that, in this representation, the
dimension of the space on which C acts by A is larger than the one of the space on which
it acts by A. It then follows that the restriction of o, to C C Ap has to be the identity
automorphism.

Similarly, the restriction of a, to M3(C) C Ap is given by an inner automorphism of the
form f — v, f v}, where v, € SU(3) is only determined modulo the center Z3 ~ us3 of SU(3).
The restriction of o, to H C Ap is given by an inner automorphism of the form f — ¢, f ¢}
where ¢, € SU(2) is only determined modulo the center Z5 ~ ps of SU(2). Thus passing to
the finite abelian cover M of M corresponding to the morphism 71 (M) — Za X Z3 ~ juig, one
gets a unitary element u = (1,¢q,v) € C°°(M,SU(Ap)) such that a(f) = Ad(u)fAd(u)* for
all f € C°(M, Ar). Replacing U by U Ad(u)* one can thus assume that U commutes with
all f € C*°(M, Ar), and the commutation with J still holds so that U Ad(u)* € C, where C
is the commutant of the algebra of operators in H generated by A and JAJ L. O

3.5. Inner fluctuations and bosons.

Let us show that the inner fluctuations of the metric give rise to the gauge bosons of
the standard model with their correct quantum numbers. We first have to compute A =
Ya;[D,a}] aj,a; € A Since D = @,; ® 1 + 75 ® D decomposes as a sum of two terms, so

(0,1)

does A and we first consider the discrete part A coming from commutators with v5® Dp.

3.5.1. The discrete part A%V of the inner fluctuations.
Let z € M and let a;(xz) = (Ni, qi, my), ai(xz) = (X}, ¢;,m}), the computation of Y a;[ys ®

(2
Dy, a}] at z on the subspace corresponding to Hy C Hp gives 75 tensored by the matrices

Ago’l) and Ago’l) defined below. We set

(3.6)
0 X Yig o1 Yig 2 Yiray @) Y3 %
40D _ { }@)1 Cox=| Taaer Yamer | X/:[ (1) ¢1 Yus) ¥
3 X0 ’ —Y(3 P2 Y3 %1 —Yi3 P2 Y(13) 1

for the Hg’) part, with
(3.7) 1 = Z Aileg = Nj) s 2= Z i

(3.8) o= aiN = o) + BB, b= (i + BN — &),
where we used the notation
_| o B
q= -3 a
for quaternions. For the H%l) part one obtains in the same way
(3.9)
A§071) _ [ 0/ Y } v = Y(E) ‘P} Y(:n) 462 Y= [ Y(Tl) ‘Pi/ Y(ll) 96:2
Y© 0 =Yy e Yy e Yo ee Yo e
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Here the ¢ are given as above by (B1) and [BX).
The off diagonal part of D, which involves Yg, does not contribute to the inner fluctuations,
since it exactly commutes with the algebra Ag. Since the action of Agp on Hjy exactly

commutes with Dp, it does not contribute to A1), One lets

(3.10) q=e1+¢2i, ¢ =@ +¢hi

where j is the quaternion [ _01 (1) }

Proposition 3.5. 1) The discrete part AOD of the inner fluctuations of the metric is pa-
rameterized by an arbitrary quaternion valued function

HGCOO(MvH)v H=p1+¢p27, @]ECOO(M7C)
2) The role of H in the coupling of the T-part is related to its role in the coupling of the | -part
by the replacement B
H— H=jH.

Proof. 1) First one checks that there are no linear relations between the four terms (B) and
B3X)). We consider a single term a[Dp,a’]. Taking a = (),0,0) and o’ = (N, 0,0) gives

pr=- N, p2=¢1=¢h=0
Taking a = (),0,0) and ' = (0,5 3, 0) gives

=X p1=¢=py=0
Similarly, taking a = (0,a,0) and o’ = (X, 0,0) gives

g =aN, @1 =py=p;=0
while taking a = (0,4 3,0) and a’ = ()X, 0,0) gives

pn=0N, p1=p2=¢) =0.

This shows that the vector space Qg’l) of linear combinations Y, a;[Dr,a}] is the space of

pairs of quaternion valued functions ¢(z) and ¢'(z).

The selfadjointness condition A = A* is equivalent to ¢ = ¢* and we see that the discrete
part A1 is exactly given by a quaternion valued function, H (x) e Hon M.

2) The transition is given by (1, p2) — (—@2, $1), which corresponds to the multiplication
of H = 1 + @2 j by j on the left. O

For later purposes let us compute the trace of powers of (D+ A1 4+ JAOD ) Let us define

(3.11) DOY = p 4+ AOD 4 40 g

Lemma 3.6. 1) On 'Hg’) C HF one has

(3.12) Te((D5™)%) = 1201+ HP (Y3 Yiga) + Y{is) Vi)
(D)) = 121+ H|"Tr((Vig) Vi) + (Vi Y0)?)

2) On Hg) C Hr one has

(313) (D)) = 4L+ HP TGy Yo + YY) + 2 Tr(ViYR)

T((DF)") = 414+ HIM (V) Yin)® + (Vi Yan)?) + 2 Tr(ViYR)?)
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+8[1+ H* Te(YRYRY (1) Y1)

Proof. 1) The left hand side of (BI3)) is given by 2 Tr((A(0 1)) ), after replacing H by 1+ H
to take into account the operator Dj3. The product X X* is given by the diagonal matrix

YiyYis O

X X* — (13)
Yis)

0 Y(ia)

One has Tr((A(O 1)) ) = 3Tr(X X"+ X*X) = 6Tr(X X*). This gives the first equality.
Similarly, one has Tr((A g ) 1) = 3Tr((X X*)? + (X*X)?) = 6 Tr((X X*)?), which gives the
second identity.

2) Let us write the matrix of (D + AOD 4+ 7AOD 1) in the decomposition (T, g, 17,1
aTvaR’TL’lL) We have

Y(?:s)Y(T?») (101 + p202) 0 — |HP?
0 Y13 Y(s) (P11 + 22)

0 0 Y@) 1 Y(:Tl) 2 Y5 0 0 0
0 0 —Yine2 Yiyo 0 0 0 0
Yoper Yuny2 0 0 0 0 0 0
Yapez Yoy @ 0 0 0 0 o0
R 0 0 0 0 0 Yiner Y e2
0 0 0 0 0 0 —Yie2 Yipe
0 0 0 0 Yoner —Ynee 0 0
0 0 0 0 Yinee Yyner 0 U
The only matrix elements of the square of (D + AV + JAOD J); involving Yp or Y} are
[ YaYe+ Y, Yoy [HP 0 0 0 0 0 Vi¥iyer YiViuye ]
0 0 0 0 0 0 0 0
0 0 0 0 Yoy Yzer 0 0 0
0 0 0 0 Yo Yiee 0 0 0
0 0 YrY(Gy w1 YaYiyee Yo, YaulHP +YRY; 0 0 0
0 0 0 0 0 0 0 0
Yoy Yrer 0 0 0 0 0 0 0
I Vi) Yags 0 0 0 0 0 0 0

This shows that one only gets two additional terms involving Yx for Tr((D + AOD +
JAOD 1)2) and each gives Tr(YrY}). The trace Tr((D + AV + JAOD 1)1) is the Hilbert-
Schmidt norm square of (D4 A1 4 JAOD 1)2 and we just need to add to the terms coming
from the same computation as (BI2)) the contribution of the terms involving Y. The term
Y,;YRJFY(*;DY(M |H|? contributes (after replacing H + 1+H) by 2|1+ H|? Tr(YYRY () Y (i)
and Tr((Y7YR)?). The term Y(Tl Y(Tl) |H|?+YRY}, gives a similar contribution. All the other
terms give simple additive contributions. One gets the result using

Tr(Y(11)YRYRY (}1)) = Te(YRYRY (1) Y(11))

which follows using complex conjugation from the symmetry of Yz i.e. Yz = Yz O

Thus, we obtain for the trace of powers of D1 the formulae

(3.14) Tr(DOY)?) = a1 + H|? + 2¢

and

(3.15) Te(DONYYY = 4b|1 + H* +2d+ 8e|l + H|?,
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where

(316)  a = T(¥qyYay + Yy Yay + 35 Yas) + Y5 Yas))
b= Te((YinYon)® + (Y Yan)? +3(Yis Yas) +3(Y(15 Yus)?)
c = Tr(YpYR)
d

= Ti(
= Tr((Y;Yr)*)
= TI"(YRYRY(M (11))-

Remark 3.7. The coefficients in (BI6) appear in the physics literature in the renormalization
group equation for the Yukawa parameters. For instance, one can recognize the coefficients
a and b respectively as the Y5(S) and H(S) of [1I.

3.5.2. The vector part A0 of inner fluctuations.
Let us now determine the other part ALY of A, i.e.
(3.17) AL =37 4,y © 1), df].

We let a; = (Ni,qi,mi), a; = (N, ¢}, m}) be elements of A = C*°(M, Ar). We obtain the
following.
(1) A U(1) gauge field

(3.18) A=Y NdX
(2) An SU(2) gauge field

(3.19) Q= Z qi dg;
(3) A U(3) gauge field

(3.20) V=" midmj.

For 1) notice that we have two expressions to compute since there are two different actions
of A(z) in L?(M, S) given respectively by

E(z) = M) €(@),  &(x) = Mz) ().
For the first one, using (B2)), the expression A = 3 A;[(@,; ® 1), \}] is of the form
A=V=T) 7 NONA = A
and it is self-adjoint when the scalar functions
Ay =vV=1> " XNouN,
are real valued. It follows then that the second one is given by
Zj‘j[(@M(@l \/_ZAO)\V = — A

Thus, we see that, even though we have two representations of the A(x), these generate only
one U(1) gauge potential. We use the notation

(3.21) A, = % B,
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for this U(1) gauge potential, which will play the role of the generator of hypercharge (not
to be confused with the electromagnetic vector potential).

For 2) notice that the action of quaternions H can be represented in the form

q:fO‘i'ZifaO-aa nyfaeCoo(MaR)

where o are the Pauli matrices

(3.22) 01:[?”, 02:[? _OZ} 0'3:|:(1) _01}.

The Pauli matrices are self-adjoint. Thus the terms of the form

fol@y ®1), i fo0°

are self-adjoint. The algebra of quaternions admits the basis (1,i0®). Thus, since the elements
of this basis commute with @,,, one can rewrite

Yo al@y @)@l =) fol@y @), il + D fal@y @), i fo0%),

where all f and f’ are real valued functions. Thus, the self-adjoint part of this expression is
given by

Q=) fal@y®1),ifoo],
which is an SU(2) gauge field. We write it in the form
92
(3.23) Q= Q" Qu=2Zwgon
Using (B2), we see that its effect is to generate the covariant derivatives

2" o
(3.24) Ou — 592 Wy o®.

For 3), this follows as a special case of the computation of the expressions of the form

A= "a((@y ®1).0f], a;, aj € C®(M, My(C)).

One obtains Clifford multiplication by all matrix valued 1-forms on M in this manner. The
self-adjointness condition A = A* then reduces them to take values in the Lie algebra of
U(N) through the identifications A = ¢ H and

Lie(U(N)) = {H € My(C), H* = —H}.

We now explain how to reduce V' to the Lie subalgebra SU(3) of U(3). We consider the
following analogue of Definition of the unimodular subgroup SU(AF).

Definition 3.8. A gauge potential A is “unimodular” iff Tr(A) = 0.

We can now parameterize the unimodular gauge potentials and their adjoint action, i.e. the
combination A+ JAJ~L.

Proposition 3.9. (1) The unimodular gauge potentials are parameterized by a U(1) gauge
field B, an SU(2) gauge field W and an SU(3) gauge field V.
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(2) The adjoint action A+ JAJ! on Hy is obtained by replacing 0, by 0, + A, where
A, = (Al o Af;) ® 1 (where the 13 is for the three generations), and

-2gB,®13 0 0
0 0 (—%QQW3JQ—%ngH®12)®13

+ 14 ® <—593VM)\ > ,

0 0 0
Al=10 igB, 0
0 0 (—%92W50a+%ngM®12)

Here the ¢ are the Pauli matrices (B22)) and A’ are the Gell-mann matrices

010 0 i 0 1 0 0 00 1

(325) A1=|10 0] ,d=|- 00|,X=|0-10],X\=]000
000 0 00 0 0 0 100

00 —i 000 00 0 L1 oo
M=]00 0 |,X=]001|,x=|00 |, =—=]01 0
i 0 0 010 0 i 0 V310 0 —2

which are self-adjoint and satisfy the relation
(3.26) Tr(A' M) = 26% .
Proof. 1) The action of A on the subspace Hy is of the form

A O 0 0
0 —-A O 0
0 0 Qu Q2
0 0 Q2 Q2

on leptons and quarks. Thus, it is traceless, since () is traceless as a linear combination of
the Pauli matrices. The action of A on the subspace H 7 1s given by A on the subspace of
leptons and by V' on the space of quarks. One has 4 leptons and 4 quarks per generation
(because of the two possible chiralities) and the color index is taken care of by V’. Thus, the
unimodularity condition means that we have

3-4-(A+Te(V')) = 0.

Thus, we can write V'’ as a sum of the form

A0 O
1 1
(3.27) Vi=-V--0 A O :—V—§A13,
0 0 A

where V' is traceless, i.e. it is an SU(3) gauge potential.

2) Since the charge conjugation antilinear operator Jj; commutes with @,,, it anticommutes
with the <, and the conjugation by J introduces an additional minus sign in the gauge
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potentials. The computation of A + J AJ~! gives, on quarks and leptons respectively, the
matrices

A=V’ 0 0 0
0 A=V’ 0 0
0 0 Qu -V’ Q12
0 0 Q21 Q2 — V'
0 0 0 0
0 —2A 0 0
0 0 Qu-A Qi

0 0 Q21 Qun—A

Thus, using ([EZT), we obtain for the (1,0)-part of the inner fluctuation A + J A J~1 of the
metric the matrices

sA+V 0 0 0

0 —ZA+V 0 0

0 0 Qu+3A+V Q12

0 0 Q21 Q22 + % A+V
0 O 0 0
0 —2A 0 0
0 0 Qu-A Qn
0 0 Q21 Qa—A

This completes the proof. O

Remark 3.10. Thus, we have obtained exactly the gauge bosons of the standard model,
coupled with the correct hypercharges Y7, Yg. They are such that the electromagnetic charge
Qem is determined by 2 Q.., = Yg for right handed particles. One also has 2 Q¢ = Y7, +2 13,
where I3 is the third generator of the weak isospin group SU(2). For Q¢ one gets the same
answer for the left and right components of each particle and 2, —% for the wu,d quarks,
respectively, and 0 and —1 for the v and the e leptons, respectively.

3.5.3. Independence.

It remains to explain why the fields H = @1 + j @2 of Proposition and B, W,V of Propo-
sition are independent of each other.

Proposition 3.11. The unimodular inner fluctuations of the metric are parameterized by
independent fields o1, w2, B, W, V, as in Propositions [Z3 and [Z3.

Proof. Let Z be the real vector bundle over M, with fiber at x
CeoCaoT;MaT,;M ® Lie(SU(2)) ® Ts M ® Lie(SU(3)).

By construction the inner fluctuations are sections of the bundle Z.

The space of sections S obtained from inner fluctuations is in fact not just a linear space over
R, but also a module over the algebra C°° (M, R) which is the real part of C*°(M, Ar) (Lemma
B2). Indeed, the inner fluctuations are obtained as expressions of the form A = " a; [D,d’].
One has to check that left multiplication by f € C'°°(M,R) does not alter the self-adjointness
condition A = A*. This follows from Proposition 1], since we are replacing a; by fa;, where
f commutes with A and is real so that f = f*.

To show that S = C*°(M, Z) it is enough to know that one can find sections in S that span
the full vector space Z, at any given point x € M. Then C*°(M,R)-linearity shows that the
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same sections continue to span the nearby fibers. Using a partition of unity one can then
express any global section of Z as an element of S.

Choose first the elements a;(y) = (\i, ¢, mi), a,(y) = (N, g}, m}) independent of y € N(x)
in a neighborhood of x. Using Proposition B0 one knows that H(x) can be an arbitrary
element of H, while B(z), W (z),V (z) all vanish because they are differential expressions of
the al.

The independence of A, ¢ and m in the formulae (BI), (B19), (B20) implies that one can
construct arbitrary B(z), W(z), V(x) in the form Y, a;[D,al]. These, however, will not
suffice to give an arbitary value for ¢ and 2, but this can be corrected by adding an
element of the form described above, with vanishing B, W, and V. O

3.6. The Dirac operator and its square.

The Dirac operator D4 that takes the inner fluctuations into account is given by the sum of
two terms

where DV is given by II) and DM is of the form
(3.29) DO = /=TA*(V5 + Ay),

where V* is the spin connection (cf. (B82)).
The gauge potential A, splits as a direct sum in the decomposition associated to Hp =
Hy & Hy and its restriction to Hy is given by Proposition

In order to state the next step, i.e. the computation of the square of D 4, we introduce the
notations

0 0 Mf o1 M oo

0 0 —M5 @2 M35 oq
3.30 T(M;, My, @) = 2 2
(3.30) (My, Mo, ) Migr —Mso o 0 0

Myigas Moy 0 0

with ¢ = (¢1, p2) and M; a pair of matrices, and
(3.31)

M(p) = T(Y(13), Y(13),¥) @ 13 © T(Y(11), Y(11), ) © T (Y13, Y(13), ») @ 13 © T(Yq1y, Y( 1), )
By construction M(¢p) is self-adjoint and one has

(3.32) Te(M(p)*) =dalel*, a= Te(Yiy) Y + Y)Yan + 305 Yas) + Y(isYus)

Lemma 3.12. The square of D4 is given by

(3.33) D% =V*'V-¢,
where V*V is the connection Laplacian for the connection
(3.34) V=V+A
and the endomorphism & is given, with s = —R the scalar curvature, by
1 . .
(3.35) —E=15®id+ ) 1" ®Fu —i57" © M(Dye) +11® (DO1)?

p<v
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with H = p1 + @aj as above, and ¢ = (p1,p2). Here F,, is the curvature of the connection
A and ¢ = (¢1,¢2) is a row vector. The term D, in ([B30) is of the form

(3.36) Dugpzaucp—kgggWﬁgpaa—%ngucp.
Proof. By construction D'° anticommutes with 5. Thus, one has

D% = (DY) 41, ® (D*1)? — 45 [DYY, 14 @ D).
The last term is of the form

(DY, 14© D% = V=14*[(V}, + Ay), 14 @ D).

Using (B3), one can replace V7, by 0, without changing the result. In order to compute the
commutator [AN,DOJ], notice first that the off diagonal term of D%! does not contribute,

since the corresponding matrix elements of Aﬁ are zero. Thus, it is enough to compute the
commutator of the matrix

~iqB, 0 0 0
(3.37) W = 8 igbBH | —gggwj —592(W3 _aw
0 0  —Lgp(Wi+iWy) L92W3
with a matrix of the form
0 0 M1 M g
(3.38) T(M, My, ) = M?% ) o Mg Mi
Mgz M2y 0 0
One gets
(3.39) (W, T (M, Ma,p)] = T(My, Mz, 1)),
where
(3.40) (U1, 12) = —%ngu(¢1=¢2) + %Q2W,7 (1, p2) 0.

3.7. The spectral action and the asymptotic expansion.

In this section we compute the spectral action for the inner fluctuations of the product
geometry M x F.
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Theorem 3.13. The spectral action is given by

(3.41) S = %(48f4A4—f2A2c+%d)/\/§d4x
n 96f221};2—f00/R\/§d4x
o BN [iop gpats
+ %/a|D“¢|2\/§d4m
- o [ aRlP ad's
+ %/@5 G, GM"" + g5 F, e gg% B, B") /gd'z

fo
+ b!go]4\/_d4
where
* % 1 uvpo af pyd
R°R" = 1€ €apro Ry, o

is the topological term that integrates to the Euler characteristic. The coefficients (a,b,c,d,e)

are defined in BIQ) and D, is defined in (B30).

Proof. To prove Theorem BI3l we use (B33]) and we apply Gilkey’s theorem (see Theorem
below) to compute the spectral action. By Remark below, the relevant term is —%R + &,
which is the sum

(3.42) &' = —%idJré’ (Eld— 1, ® (D)) = > 49" @Fuy +ivs9" @ M(Dy ¢).
<v
We need to compute the sum '
(3.43) 5 8£ 2Ty(g') + 3;0 Tr((E)2).
Lemma 3.14. The term ¥ in BZ3) is given by
(3.44) 2= Lper L eaee+ Lonem, e
" 8{?2 B ((12 (Dm) )+ 1(;002 Tr (I, F).

Proof. The contribution of Tr(€’) is only coming from the first term of (B:42]), since the trace
of the two others vanishes due to the Clifford algebra terms. The coefficient of %12\—2 R is
% - +4-96 = 4. To get the contribution of Tr((£’)?), notice that the three terms of the sum
(B22)) are pairwise orthogonal in the Clifford algebra, so that the trace of the square is just
the sum of the three contributions from each of these terms. Again the factor of 4 comes
from the dimension of spinors and the summation on all indices uvr gives a factor of two in

the denominator for 1g° 5. O
s
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Notice also that the curvature €2, of the connection V is independent of the additional term
DO We now explain the detailed computation of the various terms of the spectral action.

3.7.1. A*-terms.

The presence of the additional off-diagonal term in the Dirac operator of the finite geometry
adds two contributions to the cosmological term of [§]. Thus while the dimension N = 96
contributes by the term

48
— fa A / Vogdiz
we get the additional coefficients

f 2 A2 TH(YyYR) =

Cf 2,9
g A
which are obtained from the Second term of (B44)), using (BI4]). Finally, we also get

fo w2y dfo
) Tr((YzYR)) = ypl

which comes from the fifth term in (B:44]). Thus, the cosmological term gives

1
(3.45) F(ALS faAY — fo A? Te(YAYR) + ";0 Tr((Y5YR)?) / Vgdiz.

3.7.2. Riemannian curvature terms.

The computation of the terms that only depend upon the Riemann curvature tensor is the
same as in [§]. It gives the additive contribution

1 3
(3.46) = /(4 fo A2R— 0 foCuvpo C’ul/po)\/gd4x
together with topological terms. Ignoring boundary terms, the latter is of the form
11 fo / 4
3.47 R*R*\/gd x.

There is, however, an additional contribution from the fourth term of (BZ4l). Using BI4),
this gives

f fO 2 fO
e TE Al My

Notice the presence of the terms in R||? (cf. 23] equation 10.3.3).

(3.48) S RTr((D1)?) = — cR.

3.7.3. Scalar minimal coupling.

These terms are given by

fo

872

Jo
using (B32) and (B44).

Notice that there is a slight change of notation with respect to [[7] since we are using the
Higgs doublet H instead of H with the notations of [[7].

Te(M(Dy ¢)?) = a|Dypf?
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3.7.4. Scalar mass terms.

There are two contributions with opposite signs. The second term in (BZ4) i.e.

gives, using ([BI4]), a term in
2f2 2 | 12
——5 A alel®.
T

The fourth term in ([B24) gives, using (BIH),

Thus, the mass term gives

(3.50)

3.7.5. Scalar quartic potential.

The only contribution, in this case, comes from the fourth term in (BZ4]) i.e. from the term
Jo 0,114

—— Tr((D"")%).

Jo oy
Using (B1H), this gives
fo 4
3.51 ——b .
(351) Lo bl

3.7.6. Yang-Mills terms.

For the Yang-Mills terms the computation is the same as in [8]. Thus, we get the coefficient
24{22 in front of the trace of the square of the curvature. For the gluons, i.e. the term G fw e
we get the additional coefficient 3 -4 -2 = 24, since there are three generations, 4 quarks per
generation (ug,dg,ur,dr,), and a factor of two coming from the sectors H s and ‘H 7 In other

words, because of the coefficient £}, we get

fogs

472
where we use ([B26]). For the weak interaction bosons W we get the additional coefficient
3-4-2 =24 with the 3 for 3 generations, the 4 for the 3 colors of quarks and 1 lepton per
isodoublet and per generation (u;r,d;r,vr,er), and the factor of 2 from the sectors H; and
Hjy. Thus, using Tr(040p) = 2045, we obtain the similar term

2 .
Te(G oy G = f093 G, e = 1095 gi g

Jo 92 Jo 92 fo 92
P, B = FS FH.
472 42 22 M
For the hypercharge generator B,, we get the additional coefficient

2 (50 + G +2(5)°) 3+ (2% +2)) -3 =50,

which gives an additional coefficient of % in the corresponding term

Tr(F,, F*™) = 2

10 f091 5 fogi
w B" = B,, B*.
3 4n? 3 272 M
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This completes the proof of Theorem O

4. THE LAGRANGIAN

The K O-dimension of the finite space F'is 6 € Z/8, hence the KO-dimension of the product
geometry M x F' (for M a spin 4-manifold) is now 2 € Z/8. In other words, according to
Definition 7, the commutation rules are

(4.1) J?>=-1, JD=DJ, and Jy=—~J.

Let us now explain how these rules define a natural antisymmetric bilinear form on the even
part

(4.2) HE={¢cH,v¢=¢}
of H.

Proposition 4.1. On a real spectral triple of KO-dimension 2 € Z/8, the expression
(4.3) Ap(€,6)=(J¢, D¢y, VEE eHT

defines an antisymmetric bilinear form on HT = {£ € H , v& = £}. The trilinear pairing
E3) between D, & and & is gauge invariant under the adjoint action of the unitary group of
A, namely

(4.4) Ap(¢,§) = Ap,(Ad(u)¢', Ad(u)§), Dy = Ad(u) D Ad(u”).

Proof. 1) We use an inner product which is antilinear in the first variable. Thus, since J is
antilinear, A is a bilinear form. Let us check that A is antisymmetric. One has

AD(§7£/) = <J€7D§/> = _<J€7 J2D£/> = _<JD€/7 §> = _<DJ§/7 §> = _<J§/7 D§>

where we used the unitarity of J, i.e. the equality
(4.5) (J&Tn)=(n,§), Y& neH.

Finally, one can restrict the antisymmetric form Ap to H* without automatically getting
zero since one has
vyJD = JD~.

2) Let us check that Ad(u) commutes with J. By definition Ad(u) = u (u*)° = u JuJ '
Thus

JAd(u) = JuJuJ ' = uJuJJ ' = uJu=Ad(u)J,
where we used the commutation of u with JuJ. Since Ad(u) is unitary, one gets (EE4l). O

Now the Pfaffian of an antisymmetric bilinear form is best expressed in terms of the functional

integral involving anticommuting “classical fermions” (cf. [42], §5.1) At the formal level, this
means that we write

(4.6) PE(A) = / ¢~3A@ DI

Notice that A(&,&) = 0 when applied to a vector &, while A(é, 5) # 0 when applied to
anticommuting variables £&. We define
(4.7) M ={: ceH}

to be the space of classical fermions (Grassman variables) corresponding to H™ of (E2).
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As the simplest example let us consider a two dimensional vector space E with basis e; and
the antisymmetric bilinear form

A(E,6) = a(&1ée — &61)
For & anticommuting with &, using the basic rule (cf. 2], §5.1)

/5jdf~j=1

/ e‘%A(é)D[a — / e—aflfz dgldgz — a

one gets

Remark 4.2. It is the use of the Pfaffian as a square root of the determinant that makes it
possible to solve the Fermion doubling puzzle which was pointed out in [36]. We discuss this
in 4T below. The solution obtained by a better choice of the K O-dimension of the space
F and hence of M x F' is not unrelated to the point made in [27].

We now state our main result as follows.

Theorem 4.3. Let M be a Riemannian spin 4-manifold and F the finite noncommutative
geometry of KO-dimension 6 described above. Let M x F' be endowed with the product metric.

(1) The unimodular subgroup of the unitary group acting by the adjoint representation
Ad(u) in H is the group of gauge transformations of SM.

(2) The unimodular inner fluctuations of the metric give the gauge bosons of SM.

(3) The full standard model (with neutrino mizing and seesaw mechanism) minimally
coupled to Einstein gravity is given in Euclidean form by the action functional

1 - - -
where D 4 is the Dirac operator with the unimodular inner fluctuations.

Remark 4.4. Notice that the action functional (E8) involves all the data of the spectral
triple, including the grading v and the real structure J.

Proof. We split the proof of the theorem in several subsections.
To perform the comparison, we look separately at the terms in the SM Lagrangian. After
dropping the ghost terms, one has five different groups of terms.

(1) Yukawa coupling Lp ¢

(2) Gauge fermion couplings L,y

(3) Higgs self-coupling L

(4) Self-coupling of gauge fields £,

(5) Minimal coupling of Higgs fields £ x4

4.1. Notation for the standard model.

The spectral action naturally gives a Lagrangian for matter minimally coupled with gravity, so
that we would obtain the standard model Lagrangian on a curved spacetime. By covariance,
it is in fact sufficient to check that we obtain the standard model Lagrangian in flat spacetime.
This can only be done by a direct calculation, which occupies the remaining of this section.
In flat space and in Lorentzian signature the Lagrangian of the standard model with neutrino
mixing and Majorana mass terms, written using the Feynman gauge fixing, is of the form
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Lsy = —50,920,9% — 9 f " 0ug8gh9s — 1921 F % ghgglgs — DLW, FO,W, — MPW W, —
30,200,725 — 5 M2Z022 — 30, AL0L A, —igew (0, Z5(WIW, = WIW,) = ZO(W, oW, —
Woo,WhH + Z(Wiro,w, — W;&,,Wj)) — 195w (0 Au(WIW, = WIW) — A, (WO W, —
W o,WH) + A (WFo,W,r — W, 0,W,H) = 2*WEW WIW, + S WIiWw, Wiw, +
PE(ZOWF ZOW, —Z0Z0W, W, )+ g2 (AW AW, — Ay AW W)+ %8 e (A ZOW W, —
WiW, ) = 24, 20W W, ) — 10, HO, H — 2M2ap H? — 8,6 8,6~ — 18,6°9,6° —
2 4
On (28 + 2LH + L(H2 4 ¢°6° +20767) ) + 2y, — ganM (H + Hg*0" +2Ho+o™) -
$%an (H* + (¢°)* + 4(¢T¢7)? + 4(¢") 29T ¢~ + 4H?¢T ¢~ + 2(¢°)2H?) — gMW W,  H —
%Q%ZSZSH - %ig (WJ(¢Oau¢7 — ¢ 0u¢°) — WJ(QbOaMbJF —¢79,4%)) +
$9(WH(HO,¢™ — ¢~ 0, H) + W, (HOud™ — ¢ 0,H)) + 39 (Z0(HO,4° — ¢°0, H) +
52 — — . — —
M (200,80 + W, 0,67 + Wy 0,6%) —ig2e MZOUW,F¢™ —W,, ¢+)—|—zgstA#(Wj¢ W t) -
= Zh07 00— 0,6") +igsuAul9 0,07 6~ u0t) - JPWI W (H2 £ (9 4 20%07) -
59 2%%322 (H? + (¢°)? +2(2s3, = 1)%¢T¢7) — 5 25“’ 2 Z0¢0(WiEe™ + W, ot) —

52 — — —_
%i92$Z2H(WJ¢ — W, ¢T)+ 39%s0 A" (W™ + W, (b*) + 5ig%sw A HW o™ — W oh) —
9232 (2, = V) Z)ALGT O™ — gPsh AuAudT O + 5igs NG (@ " qF )gpy — N (v0 + my)er — (70 +
WA 00 md)ud - DD+ A +igsa A () + H@d) - @) +
%Zﬁ{(DAv“(l F W) + (eMF(Asy, — 1= 4%)ed) + (3" (550, — 1 = ¥°)d}) + (ujy*(1 — §si, +

VYN + ZH Wi (AL +7°) U P se) + (@3 (1 +9°)Cxndy)) +
2 Wy (( ﬁUl@PLwﬂ(l + W)+ (@ECH (1 7)) +
stz ®t (~mE AU A (1 = 77)e) +m (AU e (L +7°)e") +
m(EU P (1+77)) = mp (@ U (L= 7)) = § 5 H) = § 50 H(Ee) +
gbo( Ay — Zq m. Te¥(@MPer) — 3 ME (1 —v5)0 — 3 o0 ME (1 — 45)0 +
QWW (“mita 7O (1 =~°)d5) +m3<a;cm<3 +9°)d5) + A
s (mABCL( +79u) — m(BCL 0~ 2P — 55 H ) - § 2 (@) +
. m)\ i mk —
50 (@7°u) — 51 () d)

2M\f¢

ig
2

Here the notation is as in [46], as follows.

e Gauge bosons: AM,Wj,ZS,gﬁ
e Quarks: uf, d¥, collective : ¢
Leptons: e, v

Higgs fields: H,¢°, ¢+, ¢~
Ghosts: G4, X° X+, XY,

Masses: m},mj, mg, mp, M (the latter is the mass of the W)

2

Coupling constants g = v4wa (fine structure), gs = strong, aj;, = %g
Tadpole Constant 3

Cosine and sine of the weak mixing angle ¢, Sy
Cabibbo—Kobayashi—-Maskawa mixing matrix: C),

Structure constants of SU(3): fab

The Gauge is the Feynman gauge.

Remark 4.5. Notice that, for simplicity, we use for leptons the same convention usually
adopted for quarks, namely to have the up particles in diagonal form (in this case the neu-
trinos) and the mizing matriz for the down particles (here the charged leptons). This is
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different from the convention usually adopted in neutrino physics (cf. e.g. [1] §11.8), but it
is convenient here, in order to write the Majorana mass matrixz in a simpler form.

Our goal is to compare this Lagrangian with the one we get from the spectral action, when
dealing with flat space and Euclidean signature. All the results immediately extend to curved
space since our formalism is fully covariant.

4.2. The asymptotic formula for the spectral action.

The change of variables from the standard model to the spectral model is summarized in
Table [

We first perform a trivial rescaling of the Higgs field ¢ so that kinetic terms are normalized.
To normalize the Higgs fields kinetic energy we have to rescale ¢ to:

(4.9) H= @,

so that the kinetic term becomes
1
/ 5\DMHP\/gd‘*:c

The normalization of the kinetic terms, as in Lemma EET0 below, imposes a relation between
the coupling constants g1, g2, g3 and the coefficient fy, of the form

2
93f0_1 9 9 D 9
(4.10) ox2 93 = 92 —ggl-

The bosonic action (B41]) then takes the form
s=J <2L R+ ag Cups C"77 + 70 + 10 R*R”
w b 1Gh G+ LB PR+ LB, B

© YD HE - u2HP - & RIHP + Ao\Hr‘*)wd%,

where
1 _ 96 fo A2—foc
K2 1272
A2
pi= 28—
Qo = _1%{?2
(412) Y
Yo = #(48]041\4—]021&26"1'%(1)
w2 b
M= 5
b= 1

Notice that the matrices Y(13), ¥{|3), Y(11) and Y{|y) are only relevant up to an overall scale.
Indeed they only enter in the coupling of the Higgs with fermions and because of the rescaling
(E39) only by the terms

™

(4.13) ke = NI Yy, we{(1l,))}
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Standard Model

notation

notation

Spectral Action

Higgs Boson

p= (2

+ H —i¢", —iv/2g7)

S

H:% (1 +19)

Inner metric(®1)

Gauge bosons

0 +
AM? Zu, WM JQZ

(B,W,V)

Inner metric(:0)

Dirac®) in 1

Fermion masses My, My Y(13) = 0(13), Y(11) = 9(11)
U, v
CKM matrix CF,mg Y3 =Cd3,| ol Dirac(®1) in (13)
Masses down
Lepton mixing Ulery,.,me Yy = Uler d(11) ylert Dirac(®1) in (11
Masses leptons e
Majorana Mpg Yr Dirac(®1) on
mass matrix Er® JpER
Gauge couplings || g1 = gtan(6y), 92 = 9,93 = gs g =93= gg% Fixed at
unification
2
Higgs scattering %gz ap,Qp = 4%12 Ao = ¢° a% Fixed at
parameter unification
Tadpole constant B, (—ay, M? + %) |2 ué 2f2f/OX - < —pd H?
Graviton I D Dirac(1:0)

TABLE 1. Conversion from Spectral Action to Standard Model

which are dimensionless matrices by construction. In fact, by (BI6])

a= Tr(Y(j) Yo + Yy Yy + 308 Yirs) + Y15 Yu3))

has the physical dimension of a (mass)~.
Using (EEIQ) to replace —V‘;fo by L e

(4.14)

H =

1

V2

2

NG
a 2M
g

Lasw) = EL i —iof -iven),

the change of notations for the Higgs fields is
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4.3. The mass relation.

The relation between the mass matrices comes from the equality of the Yukawa coupling
terms Lpgy. For the standard model these terms are given by Lemma E7 below. For the
spectral action they are given by 5 M(p) with the notations of (B28) and B31]).

After Wick rotation to Euclidean and the chiral transformation U = €% ® 1 they are the
same (c¢f. Lemma below) provided the following equalities hold

41 SR
( 5) (k(T3)) M My, 50
g
(k(l3))0’i = 2IM ms CUN(sZC;H
_ 9 o sk
(k(Tl))U/i ~ oM my 60
g le lept
(kqn)on = 537 me U PondpgU®

Here the symbol 5{ is the Kronecker delta (not to be confused with the previous notation
011)-

Lemma 4.6. The mass matrices of (EEID) satisfy the constraint
(4.16) > ()% + (m?)? + 3 (m)? + 3 (m3)* = 8 M>.

Proof. It might seem at first sight that one can simply use (BT to define the matrices k,
but this overlooks the fact that (EI3]) implies the constraint

(4.17) Tr(kz(Tl)k(Tl) + kal)k(ll) + 3(/€Z<T3)/€(T3) + kaf%)k(l?’))) = 292 ,

where we use ([EI0) to replace by 2 g%. Using (BIH), we then obtain the constraint (EZIH]),

where summation is performed Wlth respect to the flavor index o. Notice that g2 appeared
in the same way on both sides and drops out of the equation. O

We discuss in 6.4 below the physical interpretation of the imposition of this constraint at
unification scale.

4.4. The coupling of fermions.

Let us isolate the Yukawa coupling part of the standard model Lagrangian, ignoring first the
right handed neutrinos (i.e. using the minimal standard model as in [46]). We consider the
additional terms later in Lemma In the minimal case, one has

(4.18) L=

—é)‘mé‘e’\—ﬂ»mﬁu-

Y miu) = dym) )+ SR (—0 (1= 77)e) 67 (1 + 7)) -
455 (H(EY) +i0°(@7°eY) + 0™ (—mi(@)Con(1 = 77)d5) + A(*A-%(lw%d@)
i (mA@CL 0+ 7)) — mi(BCL (1 =) — $FEH ) ~ §H (@) +
éﬁéo(u’\fy%)‘) zgmd¢0(dA 5d’\)

A




40 CHAMSEDDINE, CONNES, AND MARCOLLI

The matrix C), is the mixing matrix. It does enter in the Lagrangian elsewhere but only
in the two gauge coupling terms where the down and up fermions are involved together and
which are part of the expression

(4.19) Ly =
Yigs N (@7 v"q9) gt — e(r0)e* — Pyt — ) (0)u} — d}(10)d} +
igswAy < (@y1et) + 3 (ajyHu)) — %(@-’Y“dﬁ»)) + 1L Z{ (7 'Y“(l + ) + (M (4ss, —
1—~%)ed) + (diy* (550, — 1 —2°)d)) + (a3 (1 — s +7°)ul)} +
Wi (P2 (1L44%)e) + (@y(1+ 75)and’f”)>
W (@91 +972) + (@CH (1 +77)))

Since the matrix C'y, is unitary the quadratic expressions in d;‘ are unchanged by the change
of variables given by

(4.20) dyj = Candi, dyj= Crudf = Cl dF

and in this way one can eliminate C, in L.
Once written in terms of the new variables, the term L, reflects the kinetic terms of the
fermions and their couplings to the various gauge fields. The latter is simple for the color
fields, where it is of the form
5180 N9 (@774}

where the X are the Gell'mann matrices (B2H)).

It is more complicated for the (A,Wi,ZO). This displays in particular the complicated
hypercharges assigned to the different fermions, quarks and leptons, which depend upon
their chirality. At the level of electromagnetic charges themselves, the assignment is visible
in the coupling with A,. There one sees that the charge of the electron is —1, while it is 2

3
for the up quark and —% for the down quark.

Lemma 4.7. Let the fermions f be obtained from the quarks and leptons by performing the
change of basis [EZ20)) on the down quarks. Then the following holds.

(1) The terms Lgs are of the form

- . Oq Y A
(4'21) £gf = - Z[fL'VM(a,u - Zggwua - ZQITLBM - Zgﬂgb ub)fL

— .Y )
+  frY"(Ou — ZQITRBH —ig" Vi) fr]

and similar terms for the leptons, with WJ = %, W, = % and
(422) g =gtan(bu), ¢"=gs. Bu=codu—suZ,, W= sudi+cuZ,
(2) The terms Ly are given with the notation (B30) by
(4.23) Lyp=—fT0,Ke,0) f— fT(Kuy,Ka, ) f
where

2M
(4.24) pr=——+H- i0°, 2= —iv29"
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and

g g
(4.25) (Ke)up = 2Mmu5p (Ku)pp = mm%p (Kd)up 2M
Proof. 1) In Minkowski space a quark ¢ is represented by a column vector and one has the
relation

(4.26) a=4q

between ¢ and ¢. Thus, ¢ and ¢ have opposite chirality.

Since the v switch the chirality to its opposite and all the terms in (EI9) involve the ~*,
they can be separated as a sum of terms only involving fr, fr and terms only involving fr,
fr. The neutrinos v* only appear as left handed, i.e. as the combination (1 + %),

The last two lines of (EEI9) correspond to the terms in ig%WM for the off diagonal Pauli
matrices o1, 0. The first line of (EEI9) corresponds to the gluons and the kinetic terms. The
terms involving the gluons gj; in (ET3) give the strong coupling constant ¢” = gs. The second
and third lines of (EEI9) use the electromagnetic field A, related to B, by

(4.27) 95w (A, —tan(0y) ZB) = ¢’ B,.
This gives (note the sign — x — = + in ({2]])) the terms

myCund5CL.

. /YR . . S%U 0
(4.28) ig 73u =19 5w Ay Qem — 19 - Z, Qem
for the right handed part. On the left handed sector one has
YL o3
Qem - 2 + 2 .

The diagonal terms for the left-handed part

o3 YL
zg;Wug +zg’7Bu

are then of the form
(& .
zggwus g s (Au — tan(0) Z))(Qem — ) =
. 0 . . oy 93
19 Sw Ay Qem — zg - Z Qem + (igWyz —ig s (A — tan(6y) Zu))j'
The relation

: . ig
(4.29) (tgWy3 — ig Sy (A, — tan(fy) Zg)) = o 22

then determines W3 as a function of A, and ZS. It gives
Wys = su (Ay — tan(0y) Z) + L Z)
Cuw
1.e.
(4.30) Wys = sw Au+ cw Z))

The diagonal terms for the left-handed sector can then be written in the form

, sz o
(431) g Sw Au Qem — 19 c_w 22 Qem + ZS 23
w
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This matches with the factor 4i— in (@IM) multiplying (1 4+ 4°). The latter is twice the
projection on the left handed particles. This takes care of one factor of two, while the other
comes from the denominator in 5.
The term

g _ _

1 Zl A A+ 7)) + (9" (45, — 1= 77)e?)

w
is fine, since the neutrino has no electromagnetic charge and one gets the term — ig % ZS Qem
for the electron, while the left handed neutrino has o3 = 1 and the left handed electron has
o3 = —1. The other two terms

g 0( (@ nd 2 5y A 1 (A 8.

give the right answer, since the electromagnetic charge of the down is — § and it has o3 = —1,
while for the up the electromagnetic charge is % and o3 = 1.

2) We rely on [B7] equation (2.14) at the conceptual level, while we perform the computation
in full details. The first thing to notice is that, by (EE26), the ¢ have opposite chirality. Thus,
when we spell out the various terms in terms of chiral ones, we always get combinations of
the form gy, X qr or gr X qr.. We first look at the lepton sector. This gives

—md I (A 1= 1)) + 0@ (1410~ L (@) + i)
2v2 M 2 M
The terms in € X e are of two types. The first gives
A\ 9, A gH e — &) gH e}
- 1 = 1+2)ed — 1+ 2=
The second type gives
A A
gme . me .
—§ﬁz¢°(e*’vse*) —ﬁwo(eie%) 5 ¢0( )
Thus, they combine together using the complex field
(4.32) Yy = H — i¢!
and give
g1 g
—epmp (1+ m) ®—epme (1+ m)

The terms where both e and v appear involve only vy, hence only er. The fields ¢& are
complex fields that are complex conjugates of each other. We let

(4.33) Yo = —iV2¢T.
The contribution of the terms involving both e and v is then
AoA 92 g
v m (2 M) Rt € (2 M)
We use the notation (B30), that is,
0 0 Kipr Kigs
0 0 —K3 02 K¢
T(Ky, Ko, p) = _ 2 2
(F, Kz, ) Kip1 —Ka 9 0 0

Kipo Ko 0 0
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We then get that, for the lepton sector, the terms L are of the form

(434) - fT(()?KEuSO) f7 Y1 = ¢1 + %7 Y2 = 1/}27

where K, is the diagonal matrix with diagonal entries the 5% m).

Let us now look at the quark sector, i.e. at the terms

2M\/
el (md<d;0iﬂ<1+v>uj>— HBCL (- )uy) - §RFH @) — §5HH (@) +

ig m) igm
gﬁ(ﬁO(uA,ﬁuA) 9 d¢0(d)\ 5d>\)

—ug‘m’\u)‘ d>‘m d)‘ g ( (]C’,\,i(l— )df)+m>‘(_)-‘0>\,i(1+fy5)d’?>

Notice that we have to write it in terms of the dy; given by ([20) instead of the d,?. The
terms of the form @ X u are

)\)\ 0/=A5, A
9 ) + T ).

They are similar to the terms in € X e for the leptons but with an opposite sign in front of
#°. Thus, if we let K, be the diagonal matrix with diagonal entries the 7 m2, we get the
terms depending on ¢ and K, in the expression

(435) _fT(KuyKd7(10) f7

where K4 remains to be determined. There are two other terms involving the m , which are
directly written in terms of the d);. They are of the form

G I+ dy) — s 67 (g (1= 7)),

2M\/_
This is the same as

g g2
2M 2M
which corresponds to the other terms involving K, in (30]).

—dym)y (5 )U - a;\Rm ( ) dxjiL,

The remaining terms are

_ Z ’rTL — 7, K
(4.36) —d; m) dy + g ———d(—¢T (@) Cru(1 —7°)d5) + & (d?CIH(l + 90 )uf))
2M+/2
A
agm A A . A A
—aﬁd(H(djdj) + i¢%(d}°dy))).

Except for the transition to the the d;, these terms are the same as for the lepton sector.
Thus, we define the matrix K4 in such a way that it satisfies

drjr K2 dujr + dyjr KN dujr, = 2?4 & m)) ).

We can just take the positive matrix obtained as the conjugate

(4.37) (Kd) up
as in (E2H).

The only terms that remain to be understood are then the cross terms (with up and down
quarks) in (E36). It might seem at first that one recognizes the expression for dy; = C, dy,

2M myCndsCl
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but this does not hold, since the summation index x also appears elsewhere, namely in m/.
One has in fact

2M CMd"‘— mgcwégc,ipdpj:(f(dd)ﬁ

Thus, the cross terms in (E36]) can be Written in the form
? _ K -7 K K
50T @RI (L= 7)dg) + 67 (A (KD (L+ 7)),

Thus, we get the complete expression (EE35]). O

We still need to add the new terms that account for neutrino masses and mixing. We have
the following result.

Lemma 4.8. The neutrino masses and mizing are obtained in two additional steps. The
first is the replacement

T(0, Ke, ) = T(Ky, Ke, ),
where the K. of (2R is replaced by

(4.38) (K)ae = ﬁmu(]zep woeutert
while K, is the neutrino Dirac mass matrix
(4.39) (K))ae = ﬁmgagﬁ.
The second step is the addition of the Majorana mass term
1._ . 1< -
(4.40) Lrmass = =7 VA (MR)xs (1 —75)% 1 (MR)xe (1 +75)vk

Proof. After performing the inverse of the change of variables (EZ2) for the leptons, using
the matrix U instead of the CKM matrix, the new Dirac Yukawa coupling terms for the
leptons imply the replacement of

A

_gme YN 1 0(ZA 5 A

Y <H(ee)+z¢ (e’ye))

by

g VH(I/)\I/)\) gm—é\H(é’\e’\)+i—gm—/\¢0(uA 51/)\) Z'_gm_)\qu(e)\ 56)\)
2 M o @V o 7

and of
g m + 5\ A\ — (=X 5\, A
2\fM( oH (1= 77)e) + 07 (@ (1 + Y

by

sz¢+ (=mE(AUP (1 = 4P)e) + m(PAUP . (1 4 75)e”) +
0 (MU 7) — i@ UL (1=

where the matrix U'P plays the same role as the CKM matrix. Since the structure we
obtained in the lepton sector is now identical to that of the quark sector, the result follows
from Lemma BTl

The Majorana mass terms are of the form (E40), where the coefficient % instead of % comes
from the chiral projection (1 —~v5) = 2R. The mass matrix Mg is a symmetric matrix in the
flavor space. O
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In order to understand the Euclidean version of the action considered above, we start by
treating the simpler case of the free Dirac field.
It is given in Minkowski space by the action functional associated to the Lagrangian

(4.41) —uy0u —umu.
In Euclidean space the action functional becomes (cf. [13], “The use of instantons”, §5.2)
(4.42) S =— / Y (iv" 9, — im) ¢ d*z,

where the symbols ¢ and ¥ now stand for classical fermions i.e. independent anticommuting
Grassman variables.
Notice that, in (EEZ2), the gamma matrices v* are self-adjoint and the presence of i = /—1
in the mass term is crucial to ensure that the Euclidean propagator is of the form

p+im

p2+m?
In our case, consider the Dirac operator D 4 that incorporates the inner fluctuations. Recall
that D4 is given by the sum of two terms

where DV is given by II) and DM is of the form
o DD _ /T8 + 4,

where V? is the spin connection (cf. (B2)), while the A, are as in Proposition
Lemma 4.9. The unitary operator
U=¢e1% g1
commutes with A and v. One has JU = U*J and
(4.45) UDsU =DM 4 DOY,

Proof. Since 5 anticommutes with the %, one has D19 ¢131% = =757 D(1.0) Moreover

U (75 ® D(O,l)) U = (75 ei%%) ® D(O,l) —i ® D(O’l)

The result of Lemma can be restated as the equality of antisymmetric bilinear forms
(4.46) (JUE , DaUE) = (J€', (D10 4§ @ DODe),

4.4.1. The Fermion doubling problem.

We can now discuss the Fermion doubling issue of [36]. As explained there the number
of fermion degrees of freedom when one simply writes the Euclidean action (1, Dv) in our
context is in fact 4 times what it should be. The point is that we have included one Dirac
fermion for each of the chiral degrees of freedom such as er and that we introduced the mirror
fermions f to obtain the Hilbert space Hp.

Thus, we now need to explain how the action functional (L8] divides the number of degrees
of freedom by 4 by taking a 4’th root of a determinant.

By Proposition BTl we are dealing with an antisymmetric bilinear form and the functional
integral involving anticommuting Grassman variables delivers the Pfaffian, which takes care
of a square root.
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Again by Proposition BTl we can restrict the functional integration to the chiral subspace
Hi} of (™), hence gaining another factor of two.

Let us spell out what happens first with quarks. With the basis g1, qr, qr,Gr in Hp, the
reduction to H makes it possible to write a generic vector as

(4.47) (=¢®qr+Er®qr+ MR ® qr + 11 D R,

where the subscripts L and R indicate the chirality of the usual spinors ¢7,... € L2(M, S).
Similarly, one has

(4.48) JC¢ = JIméL @ ar + Jnér ® qr + Jung @ qr + Jung, @ qr

and

(4.49) ¢" = (P, ®1) I = Py I @A+ Pag IMER TR+ Doy IR @ qr+Pay I, @ 4R

Thus, since the operator @,, Jy anticommutes with v5 in L?(M, S), we see that the vector
¢" still belongs to H i.e. is of the form ([EEZT). One gets

(Prr @ 1) I Q) = Doy Jnalsmr) + Doy Ini€ponn) + (Dag Iinls E0) + Doy Jnami . Er)-
The right hand side can be written, using the spinors £ = £, 4+ &g etc, as

(4.50) (@y @ 1) IO = Doy Tna&'sm) + (Dag Tt €)-
This is an antisymmetric bilinear form in L?(M,S) @ L?(M,S). Indeed if ¢/ = ( i.e. £ = ¢
and ' = 7 one has

(4.51) (Prr Tn€sm) = —(Dag T, €,

since Jys commutes with @,, and has square —1.
At the level of the fermionic functional integral the classical fermions & and 7 anticommute.
Thus, up to the factor 2 taken care of by the % in front of the fermionic term, one gets

/ el A §) Dl DIE],

where 5 and 77 are independent anticommuting variables. (Here we use the same notation as

in (7).
This coincides with the prescription for the Euclidean functional integral given in [[I3] (see
“The use of instantons”, §5.2) when using .Jys to identify L?(M,S) with its dual.

The Dirac Yukawa terms simply replace @,, ® 1 in the expression above by an operator of
the form

@M®1+75®T7

where T' = T'(z) acts as a matrix valued function on the bundle S ® H .
By construction, T" preserves ‘Hy and anticommutes with yr. Thus, one gets an equation of
the form

(50 T)J ¢ =T Jnér @ qr+ To Jnér ® ar + Ts Jung @ qr + T Juny, ® qr,

where the T are endomorphisms of the spinor bundle commuting with the 5 matrix. In
particular, it is a vector in H . Thus, one gets

(s T)JC Q) = (T Im&rsme) + (To In€l, mr) + (T3 Iving, Er) + (Ta Jumy, EL)-
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The expression (L) remains valid for the Dirac operator with Yukawa couplings, with the
Jv€&', Jym' on the left, paired with the n and £ respectively. Thus, the Pfaffian of the
corresponding classical fermions as Grassman variables delivers the determinant of the Dirac
operator.

We now come to the contribution of the piece of the operator D which in the subspace vg, v

is of the form
_| 0 M
r= L
where Mp is a symmetric matrix in the flavor space. We use (EEZT) and (4], replacing

quarks by leptons, and we take a basis in which the matrix Mg is diagonal. We denote the
corresponding eigenvalues still by Mgz. We get

(=&, QUL +ERPVR+NR® VL + 1 D UR

J¢ = JTué, @ oL+ Juér @ vr + Junr @ v + Junp, @ v
so that
(5 @T) J (' = s MpJyuér @ vi + s MpJumy, @ vr

(4.52) (150 T)J ¢, ¢) = Mp{(v5IméR, ER) + MR{vs MR, NR)

The only effect of the 5 is an overall sign. The charge conjugation operator Jy; is now
playing a key role in the terms (EE52l), where it defines an antisymmetric bilinear form on
spinors of a given chirality (here right handed ones).

Notice also that one needs an overall factor of % in front of the fermionic action, since in the
Dirac sector the same expression repeats itself twice, see (ELEI]).

Thus, in the Majorana sector we get a factor % in front of the kinetic term. This corresponds
to equation (4.20) of [37]. For the treatment of Majorana fermions in Euclidean functional
integrals see e.g. [29], [38]. O

4.5. The self interaction of the gauge bosons.
The self-interaction terms for the gauge fields have the form
(4.53) Ly =

—%8593 uogfi —Ogsf“blc@ug;ig%gﬁo— ilgif“bcf“degzgﬁgﬁgﬁ - OSWJJ?M_/; — J\f 2W_jW; —
iaVZuaVZu — ﬁM 2,2, — 50, A0, A, — zgcw(&,Zu(Wu W, —W,yw, ) —
0TI+ - - + 0TI+ - - + ' 11—
1 QWJ:W_uW*WI: 1 ;Wiw—wl;ﬂjv—“ 2 2M201V4/+V20lﬁv— —%Ogofv+w—
2229 ,u+,u_1/ y+2.g+u_zx 51 V+gC(JW(H ,u_uu _puuou)+_
s (AW AW, — Ay AWIW,) + ¢ swew (A Z)(WEW, = WIW D) =24, Z)WFW,7).

We show that they can be written as a sum of terms of the following form.

(1) Mass terms for the W+ and the Z°

2) Yang-Mills interaction —1 F@ F!* for the gauge fields B, W, g°
4=y Ko P I

(3) Feynman gauge fixing terms L e,y for all gauge fields
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Lemma 4.10. One has

1
p plp = g P ta 2
a

1 1
_ 2717+ 2 r70 70 a v a\2
(4.54) Lg=—-MW W, — —2012”M zZ,7,—-F F" — — E ( %l OHG“)

Proof. It is enough to show that the expression

—aVMO/;aVW; — 30, (cw Z0 + sw Aug&,(cw Z0+ suw Ay) — z’gcw(ayzg(WjW; —~W,wW,) -
ZyW oW, =W o,W,h) + Z)(WFo,W,, — W, 0,W,)) —igsw(0, A (WFW, —
Wiw.) = AWFoW, =W, oW, + A (W,o,W, — W, 0,W,;)) —
SPWIWoWIW, + 2*W W, WIEW, + g2 (ZOW,F Z0W, — Z0Z0W W, ) +
9PPsa (AW IAW, — A AWIW) + P swcw (A Z)(WIW, — WiHW) — 24, Z0W W)

coincides with the Yang—Mills action of the SU(2)-gauge field.
In fact, the kinetic terms will then combine with those of the B-field, namely

1
_gay(—sw 22 + cw Ap)Ou (5w Zg + cw Ap).
One can rewrite the above in terms of W3 = s, A, + ¢y Zg. This gives
—O,W oW — 50,W,u30,Wys — ig(aVWug(lmng,/_ - Ww,) —1W£V3(W;3VW; -
W, o,W,r) + Wug(Wja,,VZ; — W, 0W,) = 5@ WIW  WIW, + 5 WIW, WiIW, +
g (WM3W;W,,3WV_ — WN3WH3W;WI/_)’

Using W, = % and W, = %, one checks that it coincides with the Yang-Mills

action functional —1 Eg, Fi of the SU(2)-gauge field W;.
More precisely, let

V, =0, - igwgaa.
One then has

V., V,] = _ig@wg — WMo, + (—ig)%wngab o — WYWio, o)

and, with oy 0. — 0. 0p = 2i €4pc 04, this gives
(4.55) Fi, = 0uW, — O,WY + g €ape WiwY.
One then checks directly that the above expression coincides with

1 a v 1 a\2
(4.56) — Fi B = 5 PO
w

a
Notice that the addition of the Feynman gauge fixing term —%(Z 4 (‘?MG“)2 to the kinetic
term —% |dG|? of the Yang-Mills action for each of the gauge fields G* gives kinetic terms of
the form —% 0,G" 0,G* and very simple propagators.

This addition of the gauge fixing term is not obtained from the spectral action, but has to
be added afterwards together with the ghost fields. O
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4.6. The minimal coupling of the Higgs field.

We add the mass terms (f54]) to the minimal coupling terms of the Higgs fields with the
gauge fields which is of the form

(4.57) Ly =
—30,HO H — 8,¢" 0,0~ — 30 ¢Oau¢0 — gMW,FWH - 5gM Z0Z0H —
319 (W, (6°0,0~ — ¢ 9u°) — (¢05u¢+ ¢+<9 ¢0))
59 WH(HOup™ — ¢~ 0,H) + W (Hp+ — ¢+a WH)) + 39 (Z0(HO,¢° — "0, H) —
2
ig5e MZY(W,f 6™ — Wy o) + igsu MA(W,F o™ — W, ¢+) — ig 52 Z0(p 00
¢~ 0u") +igswAu(¢T0udT — &7 0u™) — 1PWIW, (H? 4 (¢°)% + 20T ¢7) —
Lo 22020 (H? + (¢°)? +2(25%, — )67 ¢ )1 Z°¢°<W+<z> + W ot) -
Lig?Se Z0H(W,E ¢~ — Wy ¢T) + 1925, Aud® (Wi ¢~ +W ) + 3ig*sw A H (W ¢~ —
WJ¢+)—92%(QC%U—1)ZBAM¢+¢ —g?s2 AL A pT o —I—M( ZoﬁuQSO—I—WJr@uqS +W, ™).
This is, by construction, a sum of terms labeled by u. Each of them contains three kinds

of terms, according to the number of derivatives. We now compare this expression with the
minimal coupling terms which we get from the spectral action.

Lemma 4.11. With the notation [E22) of Lemma [[.], the minimal coupling terms (ER)
are given by

1
(4.58) Ly = —5 Dyl

with Dy given by B30G), with g2 =g, g1 = ¢ .
Proof. We have from (B30])
1
Dyp=0up+s gW"‘w“ — 59 Bup, ¢ =tan(lu)g
where, by Lemma EET, we have
lLL )

2M . .
‘P:(8017<P2):(7+H_Z¢07—Z\/§¢+)7 B, = chu—stO Wiz = swAu+ CwZS

and the matrix W7 o® is given by

W o — Su)Aiu‘i“szZS WM—ZW2 . _ SwAu—F CwZS \/EWJ
5 WH—FzWu —Suw Ay — ch ﬁWu_ —Suw Ay — chB

The kinetic terms are simply
1 _ 1
— 5O HOH — Oupt 0™ — §a“¢oau¢0

and one checks that they are obtained.

Let us consider the terms with no derivatives. The combination W ¢ o is given by

2M , . _ 2M , .
((7+H—z¢0)(sw Ayt cw Z0)—2i ¢ W, (7+H—z¢0)\/§Wj—|—z V26" (sw Aut cw Z20)).

The term B, ¢ is given by

B,y = ((% + H —i¢")(cw Ay — sw Z5), — V20T (cw Ay — sw Z))).-
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The dangerous term in M A, (which would give a mass to the photon) has to disappear.
This follows from g’ = tan(f,)g. This means that we consider the expression W ¢ o® —
tan(6,) By ¢. It gives

(4.59) We oo® —tan(b) By = (X1, Xa) =
((%Hﬁl—wo) Z0-2i 6% W, (%JFH—WO)\@WJ”*@W?SW Ayt (0= 32) 20).

One has to multiply by §1/—1 and then take —% of the norm square. The direct computation
gives

—MPWIW, — 5 MPZ3Z) — gMW T W, H — §gMZOZOH igSe MZOW, ¢~ —
Wi o) + igswM A, (W6~ — Wrg™) — L WEW, (H? + (¢) +20767) —
§9°Z 202y (H? + () + 2025, — 1)°0%97) — 5 QSwZ%O(WW + Wit -
Lig?Se Z0H(W,F o~ — Wy dh) + Lg2suAud® (Wi ¢ + W) + big2sw Ay H(W, ¢ —
W/jqfr) 25w (1 252 )ZOAM¢+¢_ — 9232 A,A <;S+¢_

Taking into account the terms (EB4), the terms with no derivatives in (ER1) are

82 —
—MzVVJW}j — ﬁM2ZSZS — gMWJW}jH — §g 2 ZOZOH zgﬁMZS(WJ(ﬁ —
Wi o%) +igsyMAL(Wi¢™ =W, ¢%) - 192W+W (H? + (6°)* +2¢7¢7) —
VPR 2070 (H? + (°)% +2(25%, — 1)°6%¢7) — 1>t Z°¢°<W+<z> W gt) -

. 82 — — —
59?22 ZOH(W, ¢~ — W o™) + 59750 Aud® (WS o™ + W oh) + Jig*sw Ay H(W, o™ —
Wrdt) - ghon (a2 — 1) Z0A,0t 6~ — g2 Ay Audt o
Thus, there is only one difference with respect to the above, namely the replacement (2c2, —

1) — (1 — 2s2) in the 13’th term. This has no effect since s2 + 2 = 1.

We now need to take care of the terms with one derivative. With the notation as above, we
compute the cross terms of

1 g
~3 |(Outp1, Opspa) + Bl (X1, X2)|?,
i.e. the terms

1 . - . -
5 (Oup1 %Xl — 0w %Xl + Oup2 %Xz — Oup2 %Xﬁ-
The computation gives
—3ig (W (0°0,07 = ¢70,8°) = W, (¢°0,0" — ¢78,0")) +
39 (WH(HO,¢™ — ¢~0,H) + W, (HO,6T — 70, H)) + %gi(ZO(HC‘WO ~ ¢09,H) -
'912020” Z(¢T0u0™ — 67 0ud) +igswAu(¢T0ud™ — ¢ 0udT) + M (= 200,¢° + W, 0,0™ +
W, 0,9m),

which agrees with the sum of terms with one derivative in (EERT). O
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4.7. The Higgs field self interaction.
The Higgs self coupling terms of the standard model are of the form
(4.60) L=
—1m2H? - 3, (wg—z + 2L 4 L(H? + ¢°¢° + 20 ¢~ )) + 2, —
gon M (H + HOQ0 + 2 6+6) -
§9%an (H + (6°)" +4(¢7¢7)* + 4(¢°)’ 0t ¢~ + 4H?¢ ¢~ + 2(¢")°H?) .

Lemma 4.12. Let ¢ be given by [E3A) and assume that
2

mp
(4.61) =13
Then one has
1 2 4 2 ﬁh 2
(4.62) L =—goanlel" + (an M” = Z5) o]

Proof. The expression (EEG0) can be simplified in terms of the field ¢. The quartic term is
simply given by

1 _ _ _ 1
—g9%an (H* + (0% +4(0767)% + 40?677 + A 6T 0™ + 26" H?) = —<g’any[*,
since
W1 = [ + Wol* = H? + (6°)° + 20707
The cubic term is
—gapM (H? + H"¢" + 2H¢T¢7) = —gan M H |9,
which arises in the expansion of
1
(4.63) —59an el
with ¢ given by (B3], so that
4M*
o2 = ol + 2+ 2
g 9
and ) . X
8M 16M 16M 32M
lo* = || + H|¢|2 —H? + |7/)|2 o — g—gH

Thus, the natural invariant expression with no tadpole (i.e. with the expansion in H at an
extremum) is

1

(4.64) —ggzah ol + an M? ||,
It expands as

1 4
(4.65) —ggzah|¢|4 — gapM H |9 — 20 M? H? + =——ap,

21‘/‘2[4 . Thus, we get

1, 4 20 12 2 1 o990 DBy oo

(4.66) Ly = (—gg ap ™ + an M7 [¢|%) + (200, M* — §mh)H -5 ol
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since the quadratic “tadpole” term in (E60) is

2M?  2M 1
(4.67) ~n (B + B (0 4 060+ 20%0) ) = - o
The assumption (EEGT) of the lemma implies that the coefficient of the term in H? in (G0
vanishes. O

Remark 4.13. The tadpole term (67]) is understandable, since in renormalizing the terms
one has to maintain the vanishing of the term in H. The assumption (EE6T) is a standard
relation giving the Higgs mass (cf. [46]).

4.8. The coupling with gravity.

By construction the spectral action delivers the standard model minimally coupled with
Einstein gravity. Thus the Lagrangian of the standard model of §FLT]is now written using the
Riemannian metric g, and the corresponding Dirac operator @,, in curved space-time. We
shall check below that the Einstein term (the scalar curvature) admits the correct physical
sign and size for the functional integral in Euclidean signature. The addition of the minimally
coupled standard model gives the Einstein equation when one writes the equations of motion
by differentiating with respect to g,,, (cf. for instance [A7] Chapter 12 §2).

The spectral action contains one more term that couple gravity with the standard model,
namely the term in R H?. This term is unavoidable as soon as one considers gravity simulta-
neously with scalar fields as explained in [23]. The only other new term is the Weyl curvature
term

3f vVpo
(4.68) —10;!/ Chavpo CH7P7 fg d'z

This completes the proof of Theorem

5. PHENOMENOLOGY AND PREDICTIONS
5.1. Coupling constants at unification.

The relations

5 o
391
we derived in (LI0) among the gauge coupling constants coincide with those obtained in
grand unification theories (cf. [I1] and [B7] §9). This indicates that the action functional
(EETT) should be taken as the bare action at the unification cutoff scale A and we first briefly

recall how this scale is computed.

g =g =

The electromagnetic coupling constant is given by (28] and is g sin(6,,). The fine structure
constant ., is thus given by

_9
47

Its infrared value is ~ 1/137.036 but it is running as a function of the energy and increases
to the value aep,(Mz) = 1/128.09 already, at the energy My ~ 91.188 GeV.

(5.1) Qem = sin(Gw)2 o,
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Assuming the “big desert” hypothesis, the running of the three couplings «; is known. With
1-loop corrections only, it is given by ([32], [I])

(5.2) By = (4m) "2 b; g}, with b= (4—61,—1—69,—7),

so that ([44])

(53) 0T (A) = (M) - 5 log -
042_1(A) = (Mz)-i—% log MAZ
03(4) = 05" (M) + 1= log

where My is the mass of the Z° vector boson. For 2-loop corrections see [I].

It is known that the predicted unification of the coupling constants does not hold exactly,
which points to the existence of new physics, in contrast with the “big desert” hypothesis.
In fact, if one considers the actual experimental values

(5.4) g1(Mz) =0.3575, g2(Mz) =0.6514, g3(My) = 1.221,
one obtains the values
(5.5) a1(Mz) =0.0101, «ay(Mz)=0.0337, as(Mz)=0.1186.

Thus, one sees that the graphs of the running of the three constants «; do not meet exactly,
hence do not specify a unique unification energy (cf. Figure [l where the horizontal axis labels
the logarithm in base 10 of the scale measured in GeV).

5.2. The Higgs scattering parameter and the Higgs mass.
When written in terms of H, and using (EI0), the quartic term

2f02/b]90]4\/_d4x———/] ‘ \/_d4

gives a further relation in our theory between the )\\H]4 coupling and the gauge couplings to
be imposed at the scale A. This is of the form

~ b
(5.6) AA) = g3 —.
We introduce the following notation. For v = % we define the elements (y7) with o0 = 1,2,3
the generation index and - = u, d, v, e by the relation
v ag g
(5.7) —=(7) = (m?),

V2

where the (m?) are defined as in (IH). In particular, yJ for o = 3 gives the top quark
Yukawa coupling. We also set

A
. =1
(5-8) t=log(3 -

We consider the Yukawa couplings (y?) as depending on the energy scale through their
renormalization group equation (cf. [I], [6], [A1]). We consider in particular the top quark

) and p = Mge.
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FIGURE 1. The running of the three couplings.

case yJ (t) for o = 3. The running of the top quark Yukawa coupling y; = vy (t), with o = 3,

u

is governed by the equation (cf. [A5] equation (2.143) and equation (A9) of [II)

% 1 17 9

9
= iyg - (ag% +bg% +cg§) Ye| » (avbvc) = (E?Z?

(5.9) dt 1672

8)
The relation (B28) could be simplified if we assume that the top quark Yukawa coupling is

much larger than all the other Yukawa couplings. In this case equation (B8 simplifies. In
fact, one gets a ~ Bm%Op and b ~ 3mfop, where my,, = m{, with 0 = 3 in the notation of

(ETH), so that

4
(5.10) A(A) ~ 3 mas(A).
This agrees with [7] equation (3.31). In fact, the normalization of the Higgs field there is as
in the Lh.s. of (B23) which gives A(u) = 4A(), with p as in (B8). In terms of the Higgs
scattering parameter «y, of the standard model, (I0) reads

(5.11) ap(A) ~ 3
which agrees with [32] equation (1). Therefore, the value of A = 4 X at the unification scale of
A =10'" GeV is A\g ~ 0.356 showing that one does not go outside the perturbation domain.
Equation (BI0) can be used, together with the RG equations for A and yZ(t), with o = 3, to
determine the Higgs mass at the low-energy scale M.
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FIGURE 2. The running of the quartic Higgs coupling.

For simplicity of notation, in the following we write

(5.12) yr =yo(t), with o=3.
We have (cf. [45] equations (2.141), (2.142), (4.2) and the formula (A15) of [1]) the equation
dA 1
5.13 — =M+ 12\ +B
(513) B dt g (12X 4 B)
where
1
(5.14) 7= 5120 - 995 —341)
3
B = 15392 +297 95 +91) — 3y

The Higgs mass is then given by

M? 2M
(5.15) mi = 8)\?, my = 2>\7

The numerical solution to these equations with the boundary value Ao = 0.356 at A = 107
GeV gives A(Mz) ~ 0.241 and a Higgs mass of the order of 170 GeV. We refer to [5] and to
[32] for the analysis of variants of the model.

Remark 5.1. The estimate of equation (B0 is obtained under the assumption that the
Yukawa coupling for the top quark is the dominant term and the others are negligible. How-
ever, due to the see-saw mechanism discussed in 8§53 below, one should expect that the
Yukawa coupling for the tau neutrino is also large and of the same order as the one for the
top quark. Thus, the factor of 4/3 in (BI0I) should be corrected to 1 as in (229 below. One
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can check by direct calculation that this does not affect substantially the estimate we obtain
for the Higgs mass which is then around 168 GeV.

5.3. Neutrino mixing and the see-saw mechanism.

Let us briefly explain how the see-saw mechanism appears in our context. Let D = D(Y') be
as in (Z3T). The restriction of D(Y) to the subspace of Hp with basis the (vgr,vr, Vg, 7r) is
given by a matrix of the form

0 M ML 0
M, 0 0 0

(5.16) My o 0 il
0 0 M, o0

where M, = %KV with K, as in ({E39).
The largest eigenvalue of My is set to the order of the unification scale by the equations of
motion of the spectral action as in the following result.

Lemma 5.2. Assume that the matriz Mg is a multiple of a fired matriz kg, i.e. is of the
form Mg = xkgr. In flat space, and assuming that the Higgs vacuum expectation value is
negligible with respect to unification scale, the equations of motion of the spectral action fix x
to be either x = 0 (unstable) or satisfying

g2 22 A? Tr(khkr) ‘
foTr((kRkr)?)
Proof. The value of z is fixed by the equations of motion of the spectral action

(5.18) uTr(f(Da/A)) =0,

with u = x2.

One can see from (BI0) that = only appears in the coefficients ¢, d, and e. In the variation
(BIX)), the terms in the spectral action (BZT]) of Theorem containing the coefficient ¢ and
e produce linear terms in 22, proportional to the scalar curvature R and the square |¢|? of the
Higgs vacuum expectation value, and an additional linear term coming from the cosmological
term. The cosmological term also contains the coefficient d, which depends quadratically
on x2. In flat space, and under the assumption that |p|? is sufficiently small, (EIS]) then
corresponds to minimizing the cosmological term.

This gives

(5.17)

fo

(5.19) Ou(—fa A% c+ 1 d)=0, c=a>Tr(kkg), d=az"Tr((kkkr)?).

Thus, we get Mr = xkr with x satisfying (BI7). In other words we see that
2 fo A2 Kk Tr(kkR)

(5.20) MpMp = = Tr((k3kr)?)

0

The Dirac mass M, is of the order of the Fermi energy v and hence much smaller. The
eigenvalues of the matrix (B2I6]) are then given, simplifying to one generation, by

1
(5.21) 5(imR +\/m% +40?),
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where mpg denotes the eigenvalues of Mg, which is of the order of A by the result of Lemma
B2 see (B20).

This gives two eigenvalues very close to +mp and two others very close to :l:% as can be
checked directly from the determinant of the matrix (EI8]), which is equal to |M,|* ~ v?* (for
one generation).

Remark 5.3. This is compatible with the scenario proposed by Fukigita and Yanagida (cf.
[37]) following the ideas of Sakharov and t’Hooft, to explain the asymmetry between matter
and antimatter in the universe.

Typical estimates for the large masses of the right handed neutrinos i.e. the eigenvalues of
Mpg, are given (cf. [37]) by

(5.22) (mg)1 > 10°GeV , (mg)s > 102GeV,  (mp)s > 10°GeV .

5.4. The fermion—boson mass relation.

There are two different normalizations for the Higgs field in the literature.
(1) In Veltman [6] the kinetic term has a factor of
(2) In Mohapatra—Pal it has a factor of 1 (¢f. [37] equation (1.43))

One passes from one to the other by

1
(5.23) Pmp =

ﬁ Poelt

In [7] we used the second convention. Let us then stick to that for the definition of the
Yukawa couplings (y7)(¢) which is then given by (&) above.

The mass of the top quark is governed by the top quark Yukawa coupling y; = y9(t) with
o = 3 by the equation

1 2M 1
524 m t) == ——— = — ,
( ) top( ) \/5 g yt \/i yt
where v = % is the vacuum expectation value of the Higgs field. The running of the top

quark Yukawa coupling y; = yJ(t), with o = 3, is governed by equation (B.9).
In terms of the Yukawa couplings (y?) of (&), the mass constraint (EZI8]) reads as

2
v
(5.25) 5 2 WP+ W) +3 (D) +3(u7)* = 2070,

with v = % the vacuum expectation value of the Higgs, as above.

In the traditional notation for the Standard Model the combination
Yo=Y (0 + W0)* +3 )" +3(y3)°

[

is denoted by Y, = Y5(S) (¢f. [M]). Thus, the mass constraint (EEI6)) is of the form
(5.26) Y2(S) = 44°.

Assuming that it holds at a unification scale of 10! GeV and neglecting all other Yukawa
couplings with respect to the top quark yJ, with ¢ = 3, we get the following approximate

form of (EI6),

(5.27) Yo = with o = 3.

2
Vi
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F1GURE 3. The running of the top quark Yukawa coupling.

The value of g at a unification scale of 1017 GeV is ~ 0.517. Thus, neglecting the 7 neutrino
Yukawa coupling, we get the simplified relation

2
(5.28) Yt 7 g~0597, t~346.
Thus, in first approximation, numerical integration of the differential equation (B9) with the
boundary condition (B28]) gives the value yo =~ 1.102 and a top quark mass of the order of
T5Yov ~ 173.683y9 GeV.
The see-saw mechanism, however, suggests that the Yukawa coupling for the 7 neutrino is of
the same order as the top quark Yukawa coupling. Indeed, even if the tau neutrino mass has
an upper bound of the order of (cf. [31])

m,. < 18.2 MeV,

the see-saw mechanism allows for a large Yukawa coupling term by the relation (BZIl) and
(B22). It is then natural to take the Yukawa coupling y7, with o = 3 for the tau neutrino to
be the same, at unification, as that of the top quark. This introduces in (E22]]) a correction

factor of \/g. In fact, for z; = yZ(t) and y, = yJ(t), with 0 = 3, we now have

4

(5.29) Ya(S) ~ a? + 3yf ~ 2

3y =dyi =y ~g
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This has the effect of lowering the value of yy to yg ~ 1.04, which yields an acceptable value
for the top quark mass, given that we neglected all other Yukawa couplings except for the
top and the tau neutrino.

5.5. The gravitational terms.

We now discuss the behavior of the gravitational terms in the spectral action, namely

1
(5.30) /<ﬁ R+ agCpype C**P7 + 99+ 10 R*R* — & R |H|2> Vadiz.
0

The traditional form of the Euclidean higher derivative terms that are quadratic in curvature
is (see e.g. 211, [12])

1 w 0
31 — Cps OFP7 — — 2L °E d*
(5.31) /<2ncwc Rl >\/§ .,
with £ = R*R* the topological term which is the integrand in the Euler characteristic
1 1
32 M)= — | Eygdlz=— “R*/gd*
(532 O = oz [ Bvide= o [ RR G

The running of the coefficients of the Euclidean higher derivative terms in (B:31), determined
by the renormalization group equation, is gauge independent and is given by (see e.g. [3]
equations 4.49 and 4.71 and [21], [12])

1 133
577 = - (47‘()2 1—0772
1 25+ 1098w + 200 w?
o=~y 60 7
1 7(56—1716)
Bo = a2 %

while the graphs are shown in Figures H, Bl Bl Notice that the infrared behavior of these
terms approaches the fixed point n = 0, w = —0.0228, § = 0.327. The coefficient 1 goes to
zero in the infrared limit, sufficiently slowly, so that, up to scales of the order of the size of
the universe, its inverse remains O(1). On the other hand, n(t), w(t) and 0(t) have a common
singularity at an energy scale of the order of 102> GeV, which is above the Planck scale.
Moreover, within the energy scales that are of interest to our model 7)(¢) is neither too small
nor too large (it does not vary by more than a single order of magnitude between the Planck
scale and infrared energies).

The only known experimental constraints on the values of the coefficients of the quadratic
curvature terms R, R* and R? at low energy are very weak and predict that their value
should not exceed 10™ (cf. e.g. [21]). In our case, this is guaranteed by the running described
above. Note that we have neglected the coupling R H? with the Higgs field which ought to
be taken into account in a finer analysis.

The coefficient of the Einstein term is of the form
1 . 96f2A2 - f()C

5.33 =
(5.33) K3 1272
With the above notation, by the result of Lemma B2 we get

2 fo A2 (Tr(kjykr))?
e = o Te(kiph) = 2Ll
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1 0g1o (1/GeV)

FIGURE 4. The running of the Weyl curvature term in (B31]).

(Tr(kzkr))?

Thus, the range of variation of T((kn)?)
R L

for N generations is the interval [1, N]. In partic-
ular, with N = 3 we get
90 foA2 1 94 fo A?
e Rl SN S Sl
1202~ K2 1272
This estimate is not modified substantially if one takes into account the contribution from

the RH? term using the vacuum expectation value of the Higgs field. Thus we see that

independently of the choice of kg the coefficient x 2 of the Einstein term % i R\/§d4:ﬂ is

positive and of the order of fy A%2. Thus the result is similar to what happened for the
Einstein-Yang-Mills system [8] and the sign is the correct one. As far as the size is concerned
let us now compare the value we get for kg with the value given by Newton’s constant. In

our case we get
-1
Ko ~ A \/?2

Thus if we take for A the energy scale of the meeting point of the electroweak and strong
couplings, namely A ~ 1.1 x 1017 GeV, we get

kgl ~ 1.1 x 107 \/f, GeV

On the other hand using the usual form of the gravitational action

1
(5.35) S(0) = 7o /MRdv,

and the experimental value of Newton’s constant at ordinary scales one gets the coupling
constant

(5.34)

IN

ko(Mz) = V8rG, Kyt ~1.22110" /v81 ~ 2.43 x 10'® GeV.
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FIGURE 5. The running of the ratio of the coefficients of the R? term and the
Weyl term in (B33T]).

One should expect that the Newton constant runs at higher energies (cf. e.g. [21]], [40], [39])
and increases at high energy when one approaches the Planck scale. Thus the ratio

(5.36) p = ro(A)/ko(Mz)
for A ~ 1.1 x 10’7 GeV, which measures the running at unification scale, should be larger
than 1.

By the normalization of the kinetic terms of the gauge fields, one has (EI0)

2

T
- T 1845,
0= 227 Saa(hy

Thus
1.1 x 10" \/fy ~ 4.726 x 10'7
It follows that if

(5.37) folfo=7%/p", T~51

one obtains the correct physical value for the Newton constant. In fact starting with a test
function g such that go = go, equality (B231) holds provided one performs the transformation

g—f, fle)=gZ).

T
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FIGURE 6. The running of the ratio of the coefficients of the topological term
and the Weyl term in (B3T]).

5.6. The cosmological term.
The cosmological term depends, in our model, on the remaining parameter f4.

Lemma 5.4. Under the hypothesis of Lemma L3, the cosmological term gives

1 _wf_%> s
2 <48f4 To((kpkr)?) fo)

Proof. In (BZ0) we have the cosmological term

(5.38)

% (48 f4A — focA? + %d) ,
where the coefficients ¢ and d are given by
c=Tr(Y;Yr) and d=Tr((YiYR)?)).
We use the result of Lemma and (B20). We obtain
2 fa A% Tr(khkr)? 4f3AY Tr(kykg)?
T ks T T Tk

O

The positivity of the f;, and the freedom in choosing the f; makes it possible to adjust the
value of the cosmological term. Notice that, if one assumes that the function f is decreasing
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(and positive as usual), then the Schwartz inequality gives the constraint

13 < foha
The Schwartz inequality also gives the estimate

Tr(kikg)? s
Tr((kpkr)?)

in (B3])). Thus, for a decreasing positive function, this cosmological term is positive. Of
course to obtain the physical cosmological constant one needs to add to this term the con-
tribution from the vacuum expectation value of the various fields which give an additional
contribution of the order of (96 — 28)%;1&4 and generate a fine tuning problem to ensure
that the value of the cosmological constant at ordinary scale is small. It is natural in this
context to replace the cut-off A by a dynamical dilaton field as in [9], ¢f. §o73 below.

5.7. The tadpole term and the naturalness problem.

The naturalness problem for the standard model arises from the quadratically divergent
corrections to the tadpole term

(5.39) 5Bn ~ A* > ey log(A/Mg)"

that are required in order to maintain the Higgs vacuum expectation value at the electroweak
scale (cf. [43] §I1.C.4). In our set-up the only natural scale is the unification scale. Thus, an
explanation for the weak scale still remains to be found. We shall not attempt to address
this problem here but make a few remarks.

5.7.1. Naturalness and fine tuning. When the cutoff regularization method is used a number
of diagrams involving the Higgs fields are actually quadratically divergent and thus generate
huge contributions to the tadpole bare term. To be more specific, one has the following
quadratically divergent diagrams:

e Minimal coupling with W and B fields

e Quartic self-coupling of Higgs fields

e Yukawa couplings with fermions
If we want to fix the Higgs vacuum at % in the standard model we need to absorb the huge
quadratic term in A in the tadpole term of the action. The tadpole constant 3; then acquires
a quadratically divergent contribution

1 2
(5.40) 500 ~ g5z a(t), t =log(A/Mz),
where (cf. [22], [31], [E3])
9 3
(5.41) q(t) = 95+ 797 + 61— 67,

where, as above, y; = yJ(t), with ¢ = 3 is the top quark Yukawa coupling. This form of
(BT holds under the assumption that the contribution coming from the top quark is the
dominant term in the Yukawa coupling (see, however, the previous discussion on the term
Y9 (t) with o = 3 in §o.I).

One can check that the contribution y; is sufficiently large in the standard model so that, for
small ¢, q(t) is negative. However, as shown in Figure [1 the expression ¢(¢) changes sign at
energies of the order of 10'0 GeV, and is then positive, with a value at unification ~ 1.61.
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While the plot [ uses the known experimental values, one can show directly that our boundary
conditions at unification scale t,,;¢ also imply that q(t,,:r) > 0. In fact it is better to replace
3y? by Y5 and we can then use our mass relation at unification in the form (E28])
Y2 =4 92

Also at unification we have a precise form of A namely (B6l), together with A\ = 4 and get

b
42
We can thus rewrite (BZ1l) as (with g = g2)

9 3 b
(5.42) q(tuniy) = 1 9+ 1 gi +244° P 8¢%,

We can now use the inequality
b S 1
a2 ~ 4
which holds even with a large tau neutrino Yukawa coupling, to get
9 3 1 1 3
(5.43) A(tunif) > 9%+ 791 +249" 7 —8¢" = 1 g" + 91 > 0.

5.7.2. Sign of the quadratic term. In the spectral action we also have a similar term which
is quadratic in A namely the term —u2 H? of {@II]) where pu3 = 2%—2‘2 — £. We show that,
under the simplifying hypothesis of Lemma B2 the coefficient of A% in uZ in the spectral
action is generally positive but can be small and have an arbitrary sign provided there are
at least two generations and one chooses suitable Yukawa and Majorana mass matrices. The
reason why we can use Lemma is that we are interested in small values of u2, a more
refined analysis would be required to take care of the general case. By Lemma we have

Mpg = zkg with z as in (BI7).

Lemma 5.5. Under the hypothesis of Lemma i3, the coefficient of the Higgs quadratic term
—,ug H? in the spectral action is given by

f 492 A2
(5-44) puy = 2A2f_§(1_X): 1-x) =1,
where
(5.45) X — Tr(kykr kiky) Tr(kikr)

- Tr(kpky + kike + 3(Kpky + Kjka)) Tr((kpkR)?)

Proof. One has u = 2 hf—é@ — £ with e and a as in (BTH).

Using (B20) and [I3) we then get the first equality in (B244). The second follows from
ET). O

In order to compare X with 1 we need to determine the range of variation of the largest

eigenvalue of %’;fl as a function of the number of generations.
R L

Lemma 5.6. The range of variation of the largest eigenvalue,
krkr Tr(kRkR) I

AR = I )
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FIGURE 7. The running of the tadpole term.

for kr € Mn(C), is the interval
1
1, 501+ V)

Proof. Notice first that one has
Tr((kjpkr)?) < Tr(kjkr) |k kgl

so that the inequality > 1 follows. Moreover this lower bound is reached exactly when kxkr
is a multiple of an idempotent which means that kg is a multiple of a partial isometry. To
understand the upper bound, we can assume that kjkgr is diagonal with eigenvalues )\?.

. . L. A2 S0 A2 .
We just need to understand the range of variation of Fy(\) = %. Using Lagrange
J
multipliers one gets that, at an extremum, all the )\? for j # 1 are equal. Thus, one just
needs to get the range of variation of the simpler function fy(u) = %. Computing
the value of fy at the maximum u? = 1 + v/N yields the required answer. O

We thus see that the maximal value for X obtained by replacing kjkr by its maximal
eigenvalue, yields the inequality
(1++VN) Tr(kXk,)

2 Tr(kiky, + kike + 3(kiky + kjka))
As we show now the range of variation of the simplified quadratic term (i.e. the right hand
side of equation (B:44l)) depends on the number N of generations.

(5.46) X<

Proposition 5.7. Let N be the number of generations.
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(1) If N =1, or if kg is a scalar multiple of a partial isometry, the quadratic term (.24
2
is positive and its size of the order of %

(2) If N > 2, the quadratic term (B4l can vanish and have arbitrary sign, provided one
chooses kg, k, appropriately.

Proof. 1) By lemma B0 we have p(kr) = 1 and thus by (B4H),

X < Tr(kjk,) <1
Tr(kik, + kike + 3(kik, + k;‘lkd))
Thus
=282 x)
fo
fa A2

is positive and of the same order as o

2) We take N = 3 and explain how to choose kg, k, etc... so that the coefficient of the
quadratic term vanishes. We choose kpr such that the eigenvalues of kjkr are of the form

(14 +/3,1,1). Then as in lemma B8] the eigenvalues of %ﬁﬁ? are %(1 ++/3,1,1). We
R

can now choose k, in such a way that it is is diagonal in the same basis as k;kr with a single

order one eigenvalue on the first basis vector while the two other eigenvalues are small. It

follows that

Tr(kpky)

~1
(kjky + kike + 3(kiky + Ejkg))

1
X~ =(1
2( +\/§)Tr

provided that

1
5(\/5 — 1) Tr(kik,) ~ Tr(klke + 3(kiky + k5kg))

Neglecting the Yukawa couplings except for the tau neutrino and the top quark, one gets
ky, ~ 2.86 k. While the seesaw mechanism allows for a large Yukawa matrix for the
neutrinos, the above relation yields a Yukawa coupling for the tau neutrino which is quite a
bit larger than the expected one as in GUT theories where it is similar to the top Yukawa
coupling. In summary we have shown that ,u% > 0 except under the above special choice
of Yukawa coupling matrices. We have been working under the simplifying hypothesis of
Lemma and to eliminate that, a finer analysis involving the symmetry breaking of the
potential in the variables z and ¢ (after promoting x to a scalar field) would be necessary.

5.7.3. The dilaton field. In fact there is another scalar field which plays a natural role in the
above set-up and which has been neglected for simplicity in the above discussion. Indeed as
in [9] it is natural when considering the spectral action (in particular on non-compact spaces)
to replace the cut-off A by a dynamical dilaton field. We refer to [9] for the computation of
the spectral action with dilaton and its comparison with the Randall-Sundrum model. Its
extension to the present set-up is straightforward using the technique of [9]. One obtains a
model which is closely related to the model of scale invariant extended inflation of [28].
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5.7.4. Geometric interpretation. Our geometric interpretation of the standard model gives a
picture of space-time as the product of an ordinary spin manifold (in Euclidean signature)
by a finite noncommutative geometry F. The geometry of F is specified by its Dirac operator
Dr whose size is governed by the vacuum expectation value of the Higgs field. In other words
it is the (inverse of the) size of the space F' that specifies the electroweak scale. It is thus
tempting to look for an explanation for the smallness of the ratio Mz /Mp along the same
lines as inflation as an explanation for the large size of the observable universe in Planck
units.

6. APPENDIX: GILKEY’S THEOREM

The square of the Dirac operator appearing in the spectral triple of a noncommutative space
is written in a form suitable to apply the standard local formulas for the heat expansion (see
[26] §4.8). We now briefly recall the statement of Gilkey’s Theorem ([26] Theorem 4.8.16).
One starts with a compact Riemannian manifold M of dimension m, with metric g and one
lets I’ be a vector bundle on M and P a differential operator acting on sections of F' and
with leading symbol given by the metric tensor. Thus locally one has,

(6.1) P =—(g"I10,0, + A"d, + B),

where g"” plays the role of the inverse metric, I is the unit matrix, A* and B are endomor-
phisms of the bundle F'. The Seeley-De witt coefficients are the terms a,(x, P) in the heat
expansion, which is of the form

(6.2) Tre f ~ t%/ an(z, P) dv(x)
n>0 M

where m is the dimension of the manifold and dv(z) = y/det g, d™ x where g,,, is the metric
on M.

By Lemma 4.8.1 of [26] the operator P is uniquely written in the form
(6.3) P=V*'V-¢&

where V is a connection on F';, V*V the connection Laplacian and where £ is an endo-
morphism of F. The explicit formulas for the connection V and the endomorphism £ are

(6.4) Vi=0u + w,
1
(6.5) wy, = 3 G (A” +T7 -id)
(6.6) E=DB—g" (0w, +w,w, —Th, w))

Where one lets '}, (g) be the Christoffel symbols of the Levi-Civita connection of the metric
g and

I (g) = g"1%, (9)
One lets Q be the curvature of the connection V so that (cf. [26] Lemma 4.8.1),

(67) Q;w = ,uwllj -0y CUL + [w:u wz//]
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The Seeley-de Witt coefficients a,(P) vanish for odd values of n. The first three a,’s for
n even have the following explicit form in terms of the Riemann curvature tensor R, the
curvature {2 of the connection V and the endomorphism &,

Theorem 6.1. [26] One has :

(6.8) ap(z,P) = (4m)"™2Tr(id)
(6.9) as(z,P) = (4m)"™2Tr (—% id + 5)
(6.10) as(z,P) = (477)—”1/2%%(—12}%;“ "+ 5R* — 2R, R™

+ 2Ryp0 RMP7 —60RE +180E% 4+ 60&;, *
+ 309, Q")
Remark 6.2. Notice that £ only appears through the terms
R R
(6.11) Tr (—Eid—l—é“) , Tr ((—Eid~|—5)2>
and the boundary term Tr(E;, ).
Here R;, # = V,V*R and similarly &;,# =V ,VHE.

6.1. The generalized Lichnerowicz formula.

Let M be a compact Riemannian spin manifold of dimension m, S the spinor bundle with
the canonical riemannian connection Vg. Let V' be a hermitian vector bundle over M with
a compatible connection Vy.. One lets @, be the Dirac operator on S ® V' endowed with the
tensor product connection ([34] Proposition 5.10)

(6.12) VE®v)= (Vs ®@v+ {® (Vo)
Let then Ry be the bundle endomorpism of the bundle S ® V' defined by

m

(6.13) Ru(€ev) = 5 3 (rwd) ® (R(V)jv)
k=1

where R(V) is the curvature tensor of the bundle V.
One then has ([34] Theorem 8.17)

Theorem 6.3. let s = —R be the scalar curvature of M, then the Dirac operator @, satisfies

1
(6.14) @%=v*v+zs+ Ry
where V*V is the connection Laplacian of S® V.

Notice that all three terms of the right hand side of (B4l are self-adjoint operators by
construction. In particular Ry is self-adjoint. One can write Ry in the following form
where the terms in the sum are pairwise orthogonal for the natural inner product on the
Clifford algebra (induced by the Hilbert-Schmidt inner product (A, B) = Tr(A*B) in the
spin representation )

(6.15) Ry =Y 7w ®R(V)j
i<k
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6.2. The asymptotic expansion and the residues.
The spectral action can be expanded in decreasing powers of the scale A in the form

(6.16) Trace (F(D/A) ~ 3 fi Ak ][ DI + £(0)¢p(0) + ofL),

keIl+
where the function f only appears through the scalars

o
(6.17) fo— / Fv) o5 do.
0
The term independent of the parameter A is the value at s = 0 (regularity at s = 0 is
assumed) of the zeta function
(6.18) (p(s) = Tr(|D|™°).
The terms involving negative powers of A involve the full Taylor expansion of f at 0.

Let us briefly review the classical relation between residues and the heat kernel expansion in
order to check the numerical coefficients.
For the positive operator A = D? one has,

(6.19) ID|=5 = A™%/2 = L /OO e A2 gy
L'(3) Jo

and the relation between the asymptotic expansion,
(6.20) Trace (e 7*4) ~ Z g t° (t —0)
and the ¢ function,
(6.21) (p(s) = Trace (A™%/?)
is given by the following result.
Lemma 6.4. o A non-zero term a,, with o < 0 gives a pole of (p at —2« with
(6.22) Ress=—24 Cp(s) = Fifz)

e The absence of logt terms gives regularity at 0 for (p with
(6.23) ¢(p(0) =ap.

Proof. We just check the coefficients, replacing Trace (e 7*2) by a4 t* and using

1
/ o271 a = (o +5/2)7!

0
one gets the first statement. The second follows from the equivalence
1 s
~=, s—=0
r(3) 2

so that only the pole part at s = 0 of

(o]
/ Tr(e tA) t3/>7 1 dt
0
contributes to the value {p(0). But this pole part is given by
! 2
a(]/ ts/Q_l dt = ap
0

S
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so that one gets (G23]). O

Remark 6.5. The relations (622) and (E23)) in particular show that our coefficients fy, f2
and f4 are related to the coefficients of the asymptotic expansion of the spectral action as
written in [§] in the following way. Our fy is the f4 of [§]. Our fa is 1/2 of the f2 of [§. Our
f1is 1/2 of the fgy of [§]. In fact our f(u) = x(u?), for x as in (2.14) of [N].
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